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Why study Differential Equations?

Many physical phenomena are best formulated
mathematically in terms of their rate of change.

Upward force

due to air Motion of a swinging pendulum

resistance
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ODE and Engineering practice

F -ma Physical Laws
—=0— — ODE
dt m
Analytical Numerical
v

v(t) = ?::ntanhﬁ %t] V(ti+l):v(ti)_|_|:g_C_dv(ti)2:|(ti+l_ti) Solution

m

Independent variable: spatial or temporal
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Initial value and boundary value problems

Boundary Value problems: solve

2=4-1

ylx) = 2sin(x).

Initial Value problems: solve 3 = 0.85y

General Solution i

Applying I.C. 19 =

— (0B

(1 D80 (=19

y(t) = 19"

v () +y(z) =0
y(0)=0, y(r/2) =2.

General Solution ylii:) = A Eiﬂ{-i'—} + BG‘DE(:F}-

Applying B.C. D=A4-04+F-1

y(0) =19
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Solving initial value problems

ODE of the form %= f(ty) will be solved using the one-
step methods having the general form:

yi+1 — yi + ¢h J’

¢ is called an increment function, and

is used to extrapolate from an old
value y; to a new value y,,,

Techniques:

- EUler | | .

_ Heun "; ’ xf)+1 %
. . Step size = h

- Midpoint

- Fourth-Order Runge-Kutta
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Euler’s Method

The first derivative provides a direct estimate of the
slope at t;:

dy
=2 = f(t,y

Predicted
} error

Euler method uses that True

estimate as the increment
function:

)= f(ti’yi)
Yii =Yi f(ti’yi)h
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Errors in ODE

The numerical solution of ODEs involves two types of
error:

- Truncation errors, caused by the nature of the techniques employed

-Roundoff errors, caused by the limited numbers of significant digits that can
be retained

The total, or global truncation error can be further split
Into:

- local truncation error that results from an application method in question
over a single step, and

- propagated truncation error that results from the approximations
produced during previous steps.
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Error Analysis in Euler’s Method

The local truncation error for Euler’s method is O(h?) and
proportional to the derivative of f(t,y) while the global
truncation error is O(h).

E =

Vi

True solution

0 | | L | -
0 2 4 X

Global error can be reduced by decreasing the step size
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Improvement of Euler’s Method

Main limitation: the derivative at the beginning of the
interval is assumed to apply across the entire interval

Vi

Predicted
i } error

True

Two modifications can be made:
(1) Heun’s method
(2) Mid-point method
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Heun’s Method (Predictor-corrector approach)

Determine derivatives at the beginning and predicted
ending of the interval and average them to obtain an
improved estimate of the slope

i Slope = f(t;+1,¥7+1) i
Slope < 1)+ Flisy yis)
Slope = f(1;,y)) ' ope = 5
[ A t :‘f. Eay t
(a) (b)
O "
Predictor: Yia=Yit f (ti, yi)h E = f (é:) i’
‘ 12
f(t,y)+ft.,,yr ,,
Corrector: Y., =Y, + (6, Y) + Py Vi) h E =O0(1)

2
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Heun’s Method (Predictor-corrector approach)

predictor-corrector approach can be iterated to

convergence. |
) mw S @Y "’f(ﬁ-wD
dﬂ +— y." + > h

SRS e S i —

Euler's method

| "(E
Eﬂr — f (.LJ) h?
[ Heun’s method 124
- E =0

True solution
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Midpoint Method

Similar to Heun’s method, but predicts the slope at the
midpoint of an interval rather than at the end

yi yi

Slope = ftis1/2 Yie12)

Slope = f(f,-ﬂgzs }’;+|;2)

(b)

Vi =Yi + (L, y,)h/2 local truncation error O(h3)
yi+1 — yi + f (ti+l/2’ yi+l/2)h glObaI error O(hz)
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Runge-Kutta Methods: general form

Can achieve the accuracy of a Taylor series approach
without requiring the calculation of higher derivatives.

The increment function ¢ can be generally written as
p=ak +ak, +--+ak
K = f(ti’yi)

Ko = f(ti +ph,Y; +q11k1h)
.(3 — f(ti T p2h1 Yi +q21k1h +qzzkzh)

kn =1 (ti T pn—lh’ it qn—l,lklh 0,10 kzh T qn—l,n—lkn—lh)

a’s, p’s and q’s are constants
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4" order Runge-Kutta method

The most popularly used method

Yoa =Y+ = (k20 + 2k, K

where 49"
= f(/t"y‘) ,_I“ ok, :
1 1 BV e
k,=flt. +=h,y.+=kh b o= 5
2 \|+2 y|+2 1 j - | ¢
K, = f/’[ +£h +£k hj ‘HT“H““"“--M §k4
AR ; %\
k4 — f(tl +h’yi +k3h) t f :

CE 205: Numerical Methods Dr. Tanvir Ahmed



Performance of different methods

. Analytical 100 —
Y4 @@ Euler
__ Il— Heun
®—9 Midpoint
A=A Ralston == Euler
S
@
Q 102 Heun
4 ®
7
o 107* - RK-3d
ik
O
RikK-4th
10=% =
0 | | | | | | | L, Butcher
0 2 4 x .

Effort
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A system of ODE

d
dd—yt1= (6 YL Yo Yn)
d = PO y)
d

dyt” =f.(tLYL Y, V)

n initial conditions be known at the starting value of t.

One-step method is applied for every equation at each
step before proceeding to the next step

-Euler’s method
-4th order R-K
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Adaptive solution methods

The solutions to some ODE yi

problems exhibit multiple time
scales - for some parts of the '
solution the variable changes

slowly, while for others there are
abrupt changes.

Adaptive algorithms can
change step-size depending

on the region
-Step-halving _
-Performing two RK predictions of 0 1 2 3 1
different order
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Boundary value problems

(l'l'l'| .
—= = hHlt: ¥i> o)

dt
b = (1, ¥1. ¥»
Conditions are not s
known at a single point vy R
but rather are given at o ¢
- ek
different values of the Initial conditions .
independent variable 0 8 -
. (a)
P E—.'EZ..I"f.r._v
Boundary Conditions: i;ereah}: o
-values of variables x=Ly=y, Boundary
. . . Y condition
-values of derivatives of variables \
- /‘\h
condition ““‘---_.},[]
0 ;[ x

(b)
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Example: Boundary value problem

Non-insulated rod positioned between bodies of constant
but different temperature

I~
~-
Sl o
-
I~

d°T
dx?

T, +h'(T,-T)=0

i
| LU
7777777777 77777777777

e
,'#l.:

L

=

Boundary conditions: T(0)=T,=40, T(L)=T, =200
L=10m T,=20 h'=0.01m

Analytical solution:
T =73.4523e""* —53.4523¢7 " +20
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Numerical solution: the shooting method

the boundary-value problem is converted into an
equivalent initial-value problem.

d°T LIS
—+h(T, -T)=0=+ f(i;;
ax =T, -T)

Generally, the equivalent system will not have sufficient
initial conditions

- A guess is made for any undefined values

1 N W1 VAL WV W/

- The guesses are changed until the final solution satisfies all the B.C.

For linear ODEs, only two “shots” are required - the
proper initial condition can be obtained as a linear
interpolation of the two guesses.
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Numerical solution: the shooting method

Solution using RK method:

ir
Je _ L., =T +(ak;,+a,k;,)h
5
(F: — ;E'(T—T } :r-+1 — :r- +(l':-|r1|'F'|._:1 +f'!2r;:.':_:j:|;?
ax o
1;_;1;{%&: +2k, }h b= £r(502) ¢ Koy = frO 4 b+ 2k
) a
ar
k., =z ﬁ:r:3=:f+§kﬂh=:l+%:a
1 2 3 3
Zin = 5T E‘E‘T 1_Ek:.: h k., = f.(x, k., :ﬂ(:"a_zh-ﬂ‘kzkr.lm
aF
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Numerical solution: finite difference

finite differences are substituted for the derivatives in
the original equation

d’T T,,-2T.+T,,

dx? AX?

Ti— _2Ti+Ti+ '
L o ~+h'(T,-T,)=0

~T.,+ (2 + h’sz)I'i ~T,, =WAXT,
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Numerical solution: finite difference

The linear differential equation is transformed into a set
of simultaneous algebraic equations.

Since T, and T, are known (Drichlet boundary conditions),

they will be on the right-hand-side of the linear algebra
system

2rhA - 1) (AT, 4T,
-1 2+ h'AX? -1 h'AX“T

o

3 2+h A \To)  [WAXPT, 4T,
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Numerical solution: finite difference

If there is a derivative boundary condition (Neumann
B.C.), the centered difference equation is solved at the
point and rewriting the system equation accordingly.

For a Neumann condition at T, point:

dT

al,

— T—l = Tl — ZAX(—X

ary _nL-T,
dx|, 2Ax

T4+ (2+NAX ), =T, =AX'T,

dT e A2
—_T1 = ZAX(&J_+ (2+h'AX ), =T, =hAXT,,
(2+h'Ax* )T, - 2T, =WAX’T, - 2Ax[— j
dx |,
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