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ENGINEERING MECHANICS OF SOLIDS
Concept of Stress

The main objective of the study of mechanics of materials 1s
to provide the future engineer with the means of analyzing
and designing various machines and load bearing structures.

Both the analysis and design of a given structure involve the
determination of stresses and deformations. This chapter 1s
devoted to the concept of stress.

» Stress: Stress is defined as the intensity of force per unit
area at any point. To designate stress notations o
(normal stress) and 1 (shear stress) are used.
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Free Body and Internal Linear Force

Fig.1-2 Sectioned body: (a) free body with some internal forces,
(b) enlarged view with components of AP.
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Concept of Stress

« Normal Stress: Stress resulting from force that 1s normal to
the surface is called normal stress. It can be either tensile
stress or compressive stress. If the normal force 1s away
from the surface, the resulting stress is tensile normal
stress and if the force acts on an inward direction to the
surface the resulting stress 1s compressive normal stress.
Notations o is used to designate normal stress.

» Shear Stress: Stress that results from forces that are along
the surface 1s called shear stress. Notations T 1s used to
designate shear stress.
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* A member subjected to a general combination of loads 1s cut
into two segments by a plane passing through QO

* The distribution of mnternal stress components may be
defined as,

* For equilibrium, an equal and opposite internal force and

stress distribution must be exerted on the other segment of
the member.
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Concept of Stress

* Direction of Stress: Direction of stress 1s the direction of force
from which the stress occurs. Two subscripts are required to
completely indicate the direction of stress: the first subscript
indicates the direction of normal to the plane on which the stress
acts, the second subscript indicates the direction of the force
from which the stress occurs.

Y 11‘14,50',,
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Thus 6, 1s complete notations of
normal stress that occurs on a plane for
which direction of normal is the
direction of x axis and direction of
force 1s the direction of x axis, and Ty,
1s complete notations of shear stress
that occurs on a plane for which
direction of normal is the direction of x
axis and direction of force is the
direction of y axis. For the plane
shown direction of normal 1s the x
axis, thus first subscript of any stress
acting on this plane 1s x and the second
subscript is the direction of the force
from which the stress occurs.
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Concept of Stress

Sign convention for stress components: If the direction of the
positive normal stress 1s the direction of the positive axis on any
plane, the direction of positive shear stress 1s the direction of
respective positive axis and 1f the direction of the positive normal
stress 1s the direction of the negative axis on any plane, the
direction of positive shear stress i1s the direction of respective
negative axis.

Stress Tensor: A force P can be resolved into three components (in
the direction of the axis system in Cartesian coordinate system) |

load can be written 1n vector form.
Px

P=|Py
Pz

Analogously, the stress components
can be assembled as follows:
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Concept of Stress

At first glance it appears that a total
of nine stress components (three on
each face x three face) are required to
fully define the state of stress at a
point.

Stress components are defined for the
planes cut parallel to the x, y and z
axes. For equilibrium, equal and
opposite stresses are exerted on the
hidden planes.

The combination of forces generated by the
stresses must satisfy the conditions for
equilibrium:

ZFI:ZFJ' =2 F=10
ZLMI :Z*}I‘{j' :Zﬂrﬁ{z :0
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State of Stress

(a
Fig.1-4 Elements in pure shear.

Consider the moments about the z axis:
S M,=0=(r dxcd:)dy -z, dv.de )dx
Ty =T
similarly, 7,, =7,

It follows that only 6 components of stress are required to define
the complete state of stress
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Differential Equations of Equilibrium

1-5. Differential Equations of Equilibrium

An infinitesimal element of a body must be in equilibrium. For the two-
dimensional case, the system of stresses acting on an infinitesimal element
(dx)(dy)(1) is shown in Fig. 1-6. In this derivation, the element is of unit thick-

4

-l—dx—-

0
Fig. 1-6 Infinitesimal element with stresses and body forces.
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ness in the direction perpendicular to the plane of the paper. Note that the
possibility of an increment in stresses from one face of the element to another
is accounted for. For example, since the rate of change of o, in the x direction
is do, /dx and a step of dx is made, the increment is (do,/dx) dx. The partial
derivative notation has to be used to differentiate between the directions.

The inertial or body forces, such as those caused by the weight or the
magnetic effect, are designated X and Y and are associated with the unit
volume of the material. With these notations,

2F1=0—} e (crx+ %dx)(dyxl)“ux(dyxl)

BT_M

+ (T‘“ + : dy) (dx X 1) —71,(dx X 1)+ X(dxdy X1) =0
Yy
Simplifying and recalling that 7,, = 7, holds true, one obtains the basic
equilibrium equation for the x direction. This equation, together with an
analogous one for the y direction, reads
do,  OT,

+
ox

+X=0
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The moment equilibrium of the element requiring 2 M, = 0 s assured by

having 1,, = 7,,.
It can be shown that for the three-dimensional case, a typical equation

from a set of three is

0o, 6‘-rh

aT,
+E'E+ +X =0

ax y (i ¥4

Note that in deriving the previous equations, mechanical properties of the
material have not been used. This means that these equations are applicable
whether a material 1s elastic, plastic, or viscoelastic. Also it 1s very
important to note that there are not enough equations of equilibrium to
solve for the unknown stresses. In the two-dimensional case, given by Eq.
1-5, there are three unknown stresses, and only two equations. For the
three-dimensional case, there are six stresses, but only three equations.
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Stress Analysis of Axially Loaded Bars

1-6. Maximum Normal Stress in Axially Loaded Bars

Cutting plane

.
N

~ /S a
Bar axis Centroid

(a)

a

Moy L S R 1 o
I 4.4 a =
< = dz

. iar xl_‘_ o= i
(c) (d) (e) (f)
Fig.1-7 Successive steps in determining the largest normal stress in an axially loaded bar.
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Bearing Stress

Sometimes compressive stresses arise where one body is supported by
another. If the resultant of the applied forces coincides with the centroid of
the contact area between the two bodies, the intensity of force, or stress,
between the two bodies can again be determined from Eq. 1-6. It is
customary to refer to this normal stress as a bearing stress. Figure 1-9,
where a short block bears on a concrete pier and the latter bears on the soil,

illustrates such a stress.

These bearing stresses can be
approximated by dividing the applied
force P by the corresponding contact
area giving a useful nominal bearing
stress.
Fig. 1-9 Bearing stresses occur

between the block and pier, as well as
between the pier and soil.
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Shear Stresses
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Fig.1-13 Loading conditions causing shear stresses between interfaces of
glued blocks.
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\ Shear Stresses
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(f)
Fig.1-14 Loading conditions causing shear and bearing stress in bolts.

a\ /b
Section c-c¢
(b)

Fig.1-16 Loading condition causing critical shear in two planes of
fillet welds.
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Example 1-1

The beam BE in Fig. 1-18(a) is used for hoisting machinery. It is anchored by
two bolts at B, and at C it rests on a parapet wall. The essential details are
given in the figure. Note that the bolts are threaded, as shown in Fig. 1-18(d),
with d = 16 mm at the root of the threads. If this hoist can be subjected to a
force of 10 kN, determine the stress in bolts BD and the bearing stress at C.
Assume that the weight of the beam is negligible in comparison with the
loads handled.

== e —— DN —————
d

p—ps , 200 X 300 mm
finished timber

a =— 200 mm

??A’/W”HW Buildi
_—Building

I :
‘5‘ Two 20 mm bolts
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To solve this problem, the actual situation is idealized and a free-body dia-
gram is made on which all known and unknown forces are indicated. This is
shownin Fig. 1-18(b). The vertical reactions of B and C areunknown.They
are indicated, respectively, as Ry, and R, where the first subscript identi-
fies the location, and the second the line of action of the unknown force. As
the long bolts BD are nat effective in resisting the horizontal force, only an
unknown horizontal reaction at C is assumed and marked as R,. The
applied known force P is shown in its proper location. After a free-body
diagram is prepared, the equations of statics are applied and solved for the
unknown forces.

2F. =0 Re =0
ZMp=0My+  1025+1)=-R;,X1=0 R, =35kNT
ZM =0+ 10X25—Rp, Xx1=0 Ry =25kNT
Check: ZF,=0T + -25+35-10=0

25 m———-l

E
] \Distributed force

l 7 equivalent to F
F
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Cross-sectional area of one 20-mm bolt: A = w10? = 314 mm? This is
not the minimum area of a bolt; threads reduce it.
The cross-sectional area of one 20-mm bolt at the root of the threads is

A = w8 =201 mm?

Maximum normal tensile stress'! in each of the two bolts BD:

Rg, 25x10° :
Tomx = 524 = 5% 201 = 62 N/mm* = 62 MPa

Tensile stress in the shank of the bolts BD:

25 x 10°
2 X 314

= 39.8 N/mm® = 39.8 MPa

U'=

Contact area at C:
A =200 X 200 = 40 X 10° mm?

Bearing stress at C:

%= 4 T x10 0.875 N/mm* = 0.875 MPa
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Example 1-2

The concrete pier shown in Fig. 1-19(a) is loaded at the top with a uni-
formly distributed load of 20 kN/m?. Investigate the state of stress at a
level 1 m above the base. Concrete weighs approximately 25 kN/m”.

P=5kN

0.5m
- “."1

Ww, = 20 kN/m?

te,

(b)

NRENNNNNNNN
[Section a-a1
ey

-] T ———
i

W>

A
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In this problem, the weight of the structure itself is appreciable and must

be included in the calculations.
Weight of the whole pier:

W=[(05+ 15)/2) X 0.5 X 2 X 25 = 25kN

Total applied force:
P=20X05X05=5kN

From 2 F, = 0,reaction at the base:
R=W+ P=30kN

Usiné the upper part of the pie1: as a free body, Fig. 1-19(b), the weight
of the pier above the section:

W, =(05+1)X0.5xX1Xx25/2=94kN
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From 2 Fy = (), the force at the section:
’ F,=P+ W, =144kN

Hence, using Eq. 1-6, the normal stress at the level a-a is

= =288kN/m?
X

This stress is compressive as F, acts on the section.
Using the lower part of the pier as a free body, Fig. 1-19(c), the weight
of the pier below the section:

W,=(1+15)xX05X1X25/2=156kN
From 2 F, = 0, the force at the section:
F,=R—-W,=14.4kN
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Example 1-3

A bracket of negligible weight shown in Fig. 1-20(a) is loaded with a vertical
force P of 3 kips. For interconnection purposes, the bar ends are clevised
(forked). Pertinent dimensions are shown in the figure. Find the axial
stresses in members A B and BC and the bearing and shear stresses for pin C.
All pins are 0.375 in in diameter.
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(8)
Fio. 120

+F,(3+6)—3(6)=0 F,
F,, =F/2 =2/2= +1k
F, = 2(V5/2) = +2.23k
+3(6) + F.(9) =0, F., = =2k
Fe, = Fo = =2k
F. = V2(-2) = -2.83k
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Tensile stress in main bar AB:

-
"~ 0.25 X 0.50

= 17.8 ksi

Tensile stress in clevis of bar AB, Fig. 1-20(e):

Tasldevis = 4~ T 27 0.20 X (0.875 — 0.375)

= 11.2 ksi
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Compressive stress in main bar BC:

F, 2.83 ,
. =129k
T8¢ T 4 T 0.875 x 0.25 d

In the compression member, the net section at the clevis need not be inves-

tigated; see Fig. 1-20(f) for the transfer of forces. The bearing stress at the

pin is more critical. Bearing between pin C and the clevis:
).25"

_ _Fe _ 2.83 - ;
% Averms 0355 x020x2 08kl

Bearing between the pin C and the main plate:

%= A T 0375x025  0-2ks ,(

Double shear in pin C:

Fe _ 283
A 2mw(0.375/2)°

T =
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1-11. Deterministic Design of Members: Axially Loaded Bars

allowable and ultimate stresses may be converted into the allowable and
ultimate forces or “loads,” respectively, that a member can resist. Also a

significant ratio may be formed:

ultimate load for a member
allowable load for a member

This is the basic definition of the factor of safety, F.S. This ratio must always
be greater than unity. Traditionally this factor is recast in terms of stresses as

maximum useful material strength (stress)
allowable stress

FS. =

and is widely used not only for axially loaded members, but also for any
type of member and loading conditions. As will become apparent from
subsequent reading, whereas this definition of ES. in terms of elastic
stresses is satisfactory for some cases, it can be misleading in others.

In the aircraft industry, the term factor of safety is replaced by another,

defined as

ultimate load
design load

1
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The application of the ASD approach for axially loaded members is
both simple and direct. From Eq. 1-6, it follows that the required net area
A of a memberis

& e (1-15)

Ulﬂl‘ﬂ'

where P 1s the applied axial force and o,,, Is the allowable stress.

Equation 1-15 is generally applicable to tension members and short com-
pression blocks. For slender compression members, the question of their sta-
bility arises and the methods discussed in Chapter 16 must be used.
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Example 1-5

Reduce the size of bar AB in Example 1-3 by using a better material such
as chrome-vanadium steel. The ultimate strength of this steel 1s approxi-
mately 120 ksi. Use a factor of safety of 2.5.

SOLUTION
Taow = 120/2.5 = 48 ksi. From Example 1-3, the force in the bar AB:

F, = +2.23 kips. Required area: A, = 2.23/48 = 0.0464 in%. Adopt: 0.20-

in by 0.25-in bar. This provides an area of (0.20)(0.25) = 0.050 in?, which is

slightly in excess of the required area. Many other proportions of the bar
are possible.

With the cross-sectional area selected, the actual or working stress is
somewhat below the allowable stress: 0,4, = 2.23/(0.050) = 44.6 ksi. The
actual factor of safety is 120/(44.6) = 2.69, and the actual margin of safety
is 1.69.
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Example 1-6

Select members FC and CB in the truss of Fig. 1-23(a) to carry an inclined
force P of 650 kN. Set the allowable tensile stress at 140 MPa.

P = 650 kN

]—-6 equal spacesat0.5m=3 m-]

(a)

Using the free-bodydiagram in Fig. 1-23(b),
2F. =0 Ry, —520=0 Ry, = 520kN
ZM.=0"+ Rp,X3-390X05-520x15=0
Rp, = 325kN
ZMy,=0"+ Ry X3+520X1.5-390%25=0
Ry = 65kN
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t-a-‘]m-r--

Using the free-body diagram in Fig, 1-23(c),
ZM, =0+  FeeX075+325X1—-520x075=0
Fee = +86.7kN
Ape = Ffec/0 40 = 86.7 X 10°/140 = 620 mm?
(use 12.5 X 50-mm bar)
Using the free-body diagram in Fig. 1-23(d),
2F,=0 —(Fp),+325=0 (Fcp), = +325kN
Feg = \fﬁ(ch),jB = +391 kN
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Problems for Solution from Popov, Chapter-1

Solve following problems in addition to solved problems of
different text books mentioned:

9-12, 23, 27-30, 32-36, 38, 39, 44, 47, 50, 52, 53, 55-58.
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Review of Statics

* The structure 1s designed to
support a 30 kN load

* The structure consists of a

d = 20 mm boom and rod joined by pins
(zero moment connections)

at the junctions and supports

» Perform a static analysis to
determine the internal force
in each structural member
and the reaction forces at the
supports

SO0 mm
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Structure Free-Body Diagram

» Structureis detached from supports and
the loads and reaction forces are indicated

» Conditions for static equilibrium:
SMe=0=4.(0.6m)-(30kN)Y0.8m)
A, =40kN
2B =0=4,+C,
Cy =—4, =—40kN
21, =0=4,+C, —30kN =0

4, +C, =30kN

. Ay and Cy can not be determined from

30 kN these equations
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Component Free-Body Diagram

+ In addition to the complete structure, each

componentmust satisty the conditions for
static equilibrium

* Consider a free-body diagram for the boom:
> Mp=0=-4,(08m)

4,=0
substitute into the structure equilibrium
equation

C, =30kN

» Results:
4=40kN > Cy=40kN <« C; =30kNT

Reaction forces are directed along boom
and rod
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Method of Joints

* The boom and rod are 2-force members, 1.e.,
the members are subjected to only two forces
which are applied at member ends

For equilibrium, the forces must be parallel to
to an axis between the force application points,
equal in magnitude, and in opposite directions

Joints must satisty the conditions for static
equilibrium which may be expressed in the
form of a force triangle:
S Fp=0
F,g  Fpc 30KN
- 5 3
Fu =40kKN  Fgo=50kN
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Stress Analysis

Can the structure safely supportthe 30 kN
load?

From a statics analysis

F =40 kN (compression)
Fz-=50kN (tension)

« At any section through member BC, the
internal force 1s 50 kN with a force intensity
or stress of

3
P 50x10°N
Cha == =159 MPa

4 314%10%m?

* From the matenal properties for steel, the
allowable stress 1s

o, =165 MPa

Conclusion: the strength of member BC is
adequate
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* Design of new structures requires selection of
appropriate materials and component dimensions
to meet performance requirements

For reasons based on cost, weight, availability,
etc., the choice 1s made to construct the rod from
aluminum (¢ ;= 100 MPa). What s an
appropriate choice for the rod diameter?

3
5 |
o= A=t =X _shh1076m?2

4 o1 100x10°Pa

G
4(500><10 m ):2_52x10_2m:25.2mm

T

¢ An aluminum rod 26 mm or more in diameter 1s
adequate




ENGINEERING MECHANICS OF SOLIDS

Axial Loading: Normal Stress

The resultant of the internal forces for an axially
loaded member 1s normal to a section cut
perpendicular to the member axis.

The force intensity on that section 1s defined as
the normal stress.
. AF
o= lim —
Ad—0 A4
The normal stress at a particular point may not be
equal to the average stress but the resultant of the
stress distribution must satisty

P=0ged=|dF =[cd4
A

The detailed distribution of stress 1s statically
indeterminate, 1.e., can not be found from statics
alone.
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Centric & Eccentric Loading

P

« A uniform distribution of stress in a section
infers that the line of action for the resultant of

the internal forces passes through the centroid
of the section.

A uniform distribution of stress is only
possible if the concentrated loads on the end
sections of two-force members are applied at
the section centroids. This is referred to as
centric loading.

If a two-force member 1s eccentrically loaded,
then the resultant of the stress distributionin a
section must yield an axial force and a
moment.

* The stress distributions in eccentrically loaded
members cannot be uniform or symmetric.
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Shearing Stress

Forces P and P’ are applied transversely to the
member AB.

Corresponding internal forces act in the plane
of section C and are called shearingtorces.

The resultant of the internal shear force
distributionis defined as the shear of the section
and is equal to the load P.

The corresponding average shear stress is,
F

Tave = —

A

Shear stress distributionvaries from zero at the
member surfaces to maximum values that may be
much larger than the average value.

The shear stress distribution cannot be assumed to
be uniform.
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Shearing Stress Examples

Single Shear Double Shear
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Bearing Stress in Connections

» Bolts, rivets, and pins create
stresses on the points of contact
or bearing surfaces of the
members they connect.

The resultant of the force
distribution on the surface 1s
equal and opposite to the force
exerted on the pin.

Corresponding average force
intensity is called the bearing
stress,

£
td
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Stress Analysis & Design Example

o = 25 mm

* Would like to determine the
stresses 1n the members and
connections of the structure
shown.

From a statics analysis:
F =40 kN (compression)
Fze=50kN (tension)

Must consider maximum
normal stresses in 4B and
BC, and the shearing stress
and bearing stress at each
pinned connection
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Rod & Boom Normal Stresses

The rod 1s 1n tension with an axial force of 50 kN.

At the rod center, the average normal stress in the
circular cross-section (4 = 314x10°m?)is 65 = +159
MPa.

At the flattened rod ends, the smallest cross-sectional
area occurs at the pin centerline,

4 =(20mm)40mm-—25mm)=300x10"°m?

S oS
Cacond == =—20 N __167MPa

A 300x10%m?

The boom 1s 1n compression with an axial force of 40
kN and average normal stress of —26.7 MPa.

The minimum area sections at the boom ends are
unstressed since the boom 1s in compression.
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Pin Shearing Stresses

» The cross-sectional area for pins at 4, B,
and C,

25mm

s
] —491x10°m?

¥ = .?rrz = ;r[

» The force on the pin at C 1s equal to the
force exerted by the rod BC,

P 50x10°N
P . _ 102 MPa

A 491x10 °m?

* The pin at 4 is in double shear with a
total force equal to the force exerted by

the boom 4B.

T 4.ave = 5 = 20 =40.7 MPa

A 491x10 °m?
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Pin Shearing Stresses

» Divide the pin at B into sections to determine
the section with the largest shear force,

Pz =15kN
Fr =25KkN (largest)

« Evaluate the corresponding average
shearing stress,

P; _ 25kN

A 491x10™°m?

TB.ave = =50.9MPa
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Pin Bearing Stresses

* To determine the bearing stress at 4 in the boom 4B,
we have 1 =30 mm and d =25 mm,

P 40kN

td (30mm)25mm)

Op

» To determine the bearing stress at 4 in the bracket,
we have 1=2(25 mm) =50 mm and d= 25 mm,
P 40kN

=—= =32.0MP
td (50mm)25mm) :

Oh
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Stress in Two Force Members

 Axial forces on a two force
member result in only normal
stresses on a plane cut
perpendicular to the member axis.

Transverse forces on bolts and
pins result in only shear stresses
on the plane perpendicular to bolt
or pin axis.

» Will show that either axial or
transverse forces may produce both
normal and shear stresses with respect
to a plane other than one cut
perpendicular to the member axis.
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Stress on an Oblique Plane

* Pass a section through the member forming
an angle @ with the normal plane.

* From equilibrium conditions, the
distributed forces (stresses) on the plane
must be equivalent to the force P

« Resolve P into components normal and
tangential to the oblique section,
F =Pcosé@ V =Psiné

* The average normal and shear stresses on
the oblique plane are
F_ Pcos¢ P

Ay Ao A
cosd

o= cos- @

v = PG 2 F sinfcosé
Ag Ay .

cos @

 E—
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Maximum Stresses

P’ —
(. T
AN

(a) Axial loading

(h) Stresses for #=0

frl" J'-'.fu'hlu
T = Pr 5._“

(¢) Stresses for # = 45°

r‘,.l - jj-"-illl.“

<
a'= PI2A,

() Stresses for @ = —45°

Normal and shearing stresses on an oblique
plane

o ZECDSE 8 r zismﬁ cosé

A A,

The maximum normal stress occurs when the
reference plane is perpendicular to the member

The maximum shear stress occurs for a plane at
+ 45° with respect to the axis,

T :isinﬂrS cos45 . =5 53

Aq 24,
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Factor of Safety

Structural members or machines Factor of safety considerations:

must be designed such that the uncertainty in material properties
working stresses are less than the

) ‘ uncertainty of loadings
ultimate strength of the material.

uncertainty of analyses

FS = Factor of safety number of loading cycles

types of failure

o, ultimate stress
FS=—% =
o,y allowablestress

maintenance requirements and
deterioration effects

importance of member to structures
integrity

risk to life and property

influence on machine function
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Stress Concentration: Hole

1.0
0 0.1 0.2

(a) Flat bars with holes

Discontinuities of cross section may result in
high localized or concentrated stresses.
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Stress Concentration: Fillet

~
[—

I —
—
—
| —

T0 002 0.04 006 008 0.10 0.12 0,14 0.16 0.18 0.20 0.22 0.24 0.26 0.25 0.30
r/e
(b) Flat bars with fillets
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Example 2.12

SOLUTION:

* Determine the geometric ratios and
find the stress concentration factor

from Fig. 2.645b.
Determine the largest axial load P

that can be safely supported by a
flat steel bar consisting of two
portions, both 10 mm thick, and
respectively 40 and 60 mm wide,

connected by fillets of radius = 8 Apply the definition of normal stress to
mm. Assume an allowable normal find the allowable load.

stress of 165 MPa.

Find the allowable average normal
stress using the material allowable
normal stress and the stress
concentration factor.
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* Determine the geometric ratios and
find the stress concentration factor

from Fig. 2.646b.
E ~ 60mm
d 40mm

K=182

L
d 40mm

=1.50

o

[ =1 i

+ Find the allowable average normal
- | stress using the material allowable
1.1 normal stress and the stress
concentration factor.
a 165 MPa
Cive = —— =

1.0
0 002 004 006 008 010 002 014 016 018 020 (.22 (024 0.26 0,25 0.30 K‘ 182
riel

) 1o B b b2 g

=90.7MPa

(b) Flat bars with fillets » Apply the definition of normal stress

to find the allowable load.
P=A40,, =(40mm)10mm)90.7 MPa)

~363%x10°N

P =363kN
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Stress & Strain: Axial Loading

* Suitability of a structure or machine may depend on the deformations in
the structure as well as the stresses induced under loading. Statics
analyses alone are not sufficient.

» Considering structures as deformable allows determination of member
forces and reactions which are statically indeterminate.

* Determination of the stress distribution within a member also requires
consideration of deformations in the member.

* This Chapter is concerned with deformation of a structural member under
axial loading. Later chapters will deal with torsional and pure bending

ay loads.

I

g Strain (Linear): Strain (Linear) is defined as the deformation

“_’ elongation or contraction) per unit length at any point. To
2 p 2 yp

>l designate strain notation € is used.
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Normal Strain
B I —_—
C 2L
A
Flg.«:J
‘ c -
M ‘ A i ¢
i I
@\ .
r . Fig. 2.4
> P 2P P P
n o = — = stress oc="=_ o=_
> A 24 4 4
o ; Fo) 26 6
& = — = normalstrain 7ozt P ws
7 L 54 (Y
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Stress-Strain Test

A ) .
Fig. 2.7 This machine is used to test tensile test specimens, such as those

shown in this chapter. Fig. 2.8 Test specimen with tensile load.
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Stress-Strain Diagram: Ductile Materials
60 B0 fesasmassasananan,
ay Rupture oy Rupture
o T
~ 40 | — 40} i
£ : Loyt |
20 - | 20 H:! i
0 ! i i
\ iYield! Strain-hardening Neckmg i i
= i € " : €
i ‘ t 002 02 0.25 ! 0.2
£l 0.0012 0.004
7[‘ (@ b (a) Low-carbon steel (b) Aluminum alloy
>
&
»
=NGINEERING VMIECHAN o JLIL
Stress-Strain Diagram for mild steel
120 T T T T T !
Yield plateau ': i ;
1 ["Strain-hardening region Postultimate stress region ! .
‘ ] « | I . |
/T 1 ;; ' l 3 i Shape of
/ ! l LY \ ! specimen
Ultlwate stress pomt Clesy, dsu) 1 i — near the
80 [-{— ‘ o R P i) A1 a
= = | Failure —k 5
'g ) - Upper yield point { E
» ] A P ...~ S |
& —— 5
40 \ B( ) / l«—»ll
‘ Linear elastic region o O / Original
| H ! diameter of
— E. ! | H specimen
“_’ - Measumd Fig.2-6 Necking of ductile steel
3 3 === Idealize specimen.
M |
I \ 0 0.02 0.04 0.06 0.08 0.1 0.12

Strain (in/in)
Fig.2-5 Stress-strain diagram for ductile steel. (After Ref.11.)
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Engineering and True Stress-Strain diagrams for mild steel

10— ; T
Engineering strLss-strpin } {  Fructure in tension
curve in compression Trué stress-strain
" )/curve in conipress’on
120 |~ | ‘ ‘ =
K et < st Sl
5 el !
= ' True stress-strain
2 i i curve in tension
; 80 ! T ! 1
8 NRAA S
1 Engineeripg stress-strain | l
@ | curve in tension , :
| I Fructure in tension|
40 3 SESTNEESS) USPIVIIG SRR : 2 ._.A._?._,__. _.!_“ _A?,_.,_, e
| L
| | l |
- l i
| ! | ] |
0 0.02 0.04 0.06 0,08 0.1 0.12
Strain, e (in/in)

Fig.2-7 Comparison of tension and compression monotonic stress-strain
diagrams. (After Ref. 11).
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Stress-Strain Diagram: Brittle Materials

o @
Rupture
(0 N0 ) ppateiciatabe ettt

€

Fig. 2.11 Stress-strain diagram for a typical
brittle material.
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Stress-Strain Diagram: Different Materials

| V] [A

Y] [V

40
3 Low-carbon steel
=
;— Aluminum alloy
e
o 20
@ Castiron (C.L.)
Wood Rubber
o .
P
| - 1 |
0.01 0 0.01
Strain, ¢ (infin)
Concrete
- -20
C.lL.
— ~-40

Fig.2-9 Typical stress-strain diagrams for different materials.
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Hooke’s Law: Modulus of Elasticity

Quenched, tempered
alloy steel (A709)

Hightstrength, low-alloy
steel (A992)

Carbon steel (A36)

Pure iron
—

Fig. 2.16 Stress-strain diagrams for
iron and different grades of steel.

» Below the yield stress

a==FEg
E =Youngs Modulusor
Modulusof Elasticity

» Strength is affected by alloying,
heat treating, and manufacturing
process but stiffness (Modulus of
Elasticity) is not.
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Poisson’s Ratio

* For aslender bar subjected to axial loading:

(o3
2 ok
Ey =

z c,=0,=0

* The elongation in the x-direction is

(a)
accompanied by a contraction in the other

' | directions.  Assuming that the material is
E‘a\ , isotropic (no directional dependence),
.= / Tam ’\
e, =¢&,#0

=
£

¢ Poisson’s ratio is defined as

¥ lateralstrain| €y g,
S = —— = —" = —_=
:‘ axial strain £y &
B

=\ NEERING VIECHAN o JLIL

A
Generalized Hooke’s Law

1 * For an element subjected to multi-axial loading,

the normal strain components resulting from the
stress components may be determined from the
principle of superposition. This requires:

1) strain is linearly related to stress
2) deformations are small

» With these restrictions:

= sy =+ 22—t
I E E E
= vo, 9y vo,
<<l £y =— N S
: : E B .E
> Vo, YO0y 6,
£, =— — —
E E E

b)
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Example 2-1

Consider a carefully conducted experiment where an aluminum bar of
50-mm diameter is stressed in a testing machine, as shown in Fig.2-16. At a
certain instant the applied force P is 100 kN, while the measured elongation
of the rod is 0.219 mm in a 300-mm gage length, and the diameter’s dimen-
sion is decreased by 0.01215 mm. Calculate the constant v of the material.

SOLUTION
Transverse or lateral strain:
A _ 001215
&=, = 0 - 0.000243 mm/mm
In this case, the lateral strain €, is negative, since the diameter of the bar

decreases by A,.

|“—‘| Axial strain:
5 A 0219
E_ﬂ g, = 'Z = + %‘ = 0.00073 mm/mm
“_’ Poisson’s ratio:
Dl , (—0.000243)
V=T T T oo D 0

ENGINEERING MECHANICS OF SOLIDS
2-7. Thermal Strain and Deformation

With changes in temperature, solid bodies change their dimensions. If the
temperature increases, generally a body expands, whereas if the tempera-
ture decreases, a solid body will contract. Ordinarily, over a limited range
of temperature change this expansion or contraction is linearly related to
the temperature increase or decrease that occurs. If the body material is |-
homogeneous and isotropic, it has been found that the thermal strain g7 [
caused by a change in temperature A7, measured in degrees Celsius (°C) 1|
or Fahrenheit (°F), can be expressed as

er=a AT (2-10)

| where a is a property of the material, referred to as the coefficient of linear
property

K thermal expansion. The units of a measure strain per degree of tempera- |

& ture. They are 1/°F in the U.S. customary system of units, and 1/°C in the

S S1 system.
lr’ AT =a AT Lo (2-11)

o

—' For a decrease in temperature, AT assumes negative values.
3 An illustration of the thermal effect on deformation of a square and
round specimen, due to an increase of temperature is shown in Fig.2-17.
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2-8. Other Idealizations

of Constitutive Relations

o o (8
’
S ¢
T ’l ’ !
= | 4t
%yp : I / o
1 ,' "R
l ! ‘
0 or T € 4
I E ¥l yp 7 e 7] 7 €
T A~ 7] '
1 ' 7 7
-a, -0,
| ow /4 b i o Y,
1 ’ / ’ i ’
1 / / ’
(R —— | 7  SPERE .
I (a) (b) (c)

= Fig. 2-18 Idealized stress-strain diagrams: (a) rigid perfectly plastic material, (b) elastic perfectly plastic
._I material, and (c) elastic linearly hardening material.
>
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Under rapid or impact loading, two additional material parameters have
relevance: resilience and toughness. Resilience defines the ability of mater-
ial to absorb energy without suffering plastic strain. The area in the elastic
region under a stress-strain diagram, as will be shown in Section 3-5, repre-
sents the density of strain energy that can be absorbed without any perma-
nent damage to the material. This area is called the modulus of resilience Ug
and is equivalent to the shaded triangular area shown in Fig. 2-20(a).
Toughness defines the ability of material to absorb energy prior to frac-
ture. It can be shown (see Section 3-5) that the area under the stress-strain

diagram represents the density of strain energy absorbed by material prior

to fracture. The area under the complete monotonic stress-strain diagram

is called the modulus of toughness Ur. Figure 2-20(b) illustrates the modu-

| lus of toughness for brittle and ductile materials. The figure shows that a

e brittle material, even of greater ultimate strength, generally absorbs much
I less energy from impact loading than a ductile material.
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Brittle material
[ o

Ductile material
Fracture /

Fracture
4

D

fa] Ur

<< (a) (b)
lr’ Fig.2-20 (a) Modulus of resilience Ug.(b) modulus of toughness Uy.

\ NEERIN VIECHAN @ DLIL

In order to formulate the relation, Eq. 2-1 for the normal strain is recast
for a diffcrential element dx. Thus the normal strain g, in the x direction is

_du

T (3-1)

&y

where, duc to the applied forces, u is the absolute displacement of a point
on a bar from an initial fixed position in space,and du is the axial deforma-
tion of the infinitesimal element. This is the governing differential equation

for axially loaded bars.
| L

M Py Py
il —— [eY:] ~—O P | ~+—QP; OD —

dx

= y
P,, i ' P,,4 dPx
- : P---..

DI aed

dx+ exdx

(b)

Fig.3-1 An axially loaded bar.
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Rearrangiﬁg Eq. 3-1 as du = ¢, dx, assuming the origin of x at B, and
integrating,

IOLdu =u(L) = u(0) = LLe,dx

where u(L) = up and u(0) = ug are the absolute or global displacements
of points D and B, respectively. As can be seen from the figure, u(0) is a
rigid-body axial translation of the bar. The difference between these dis-
placements is the change in length A between points D and B. Hence

L
A= f e, dx (3-2)
0

Any appropriate constitutive relations can be used to define &,.

For linearly elastic materials, according to Hooke’s law, ¢, = o,/E,
Eq. 2-8, where o, = P,/A,, Eq. 1-6 or 1-8. By substituting these relations
> into Eq. 3-2 and simplifying,

>l “Pdx
~ = ol Thatni =
A L AL (3-3)
2-19
\ NEERIN VIECHAN 0 JLIL

Example 3-1

Consider bar BC of constant cross-sectional area A and of length L shown
in Fig. 3-2(a). Determine the deflection of the free end, caused by the
application of a concentrated force P. The elastic modulus of the material

is E.
8 [+ Force
(a) 1l P
n
| L I‘ a idhers
# a| | i 0 L x
(b) ’.‘ — Axial force
B -?I C
© P Py=P Strain
@ ' P
(@) AE
I +——, 0
(d pei}=r Axial strain
< o oax
L’ (e) P P Displacement A=PL
o AE
5 " i
[ L A ; -

L
Axial displacement

Fig.32

2-20
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A free-body diagram for an isolated part of the loaded bar to the left of
an arbitrary section a-a is shown in Fig. 3-2(c). From this diagram, it can be
concluded that the axial force P, is the same everywhere along the bar and-
is equal to P.Itis given that A, = A, a constant. By applying Eq. 3-3,

A_jBdex_ide__P_xL_ﬂ
. AE  AE), AE|" |, AE
Hence
PL
= — -4
A=A @9

Since Eq. 3-4 frequently occurs in practice, it is meaningful to recast it
into the following form:

P=(AE/L)A (3-5)
This equation is related to the familiar definition for the spring constant
or stiffness k reading
k=P/A [Ib/in]or [N/m] (3-6)

This constant represents the force required to produce a unit deflection
(ie., A = 1). Therefore, for an axially loaded ith bar or bar segment of
length L, and constant cross section,

A&

. (37)

k=

A \ —FAW a
Example 3-2 -

Determine the relative displacement of point D from O for the elastic steel
bar of variable cross section shown in Fig. 3-3(a) caused by the application
of concentrated forces P; = 100 kN and P; = 200 kN acting to the left, and
P, =250 kN and P, = S0kN acting to the right. The respective areas for bar
segments OB, BC,and CD are 1000, 2000, and 1000 mm?. Let E = 200 GPa.

’72000 mm 1000 1500
A . —=2 Az c

100 kN 220N oo kv
| (c) ST ” o] o
_‘ \

= +100 kN
P> o [ e ]+50 kN
0 it

-150 kN

Axial force
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-3
—9-6 % 10 0.25 x 10-3
T S |

() l
0

.375 x 1073

Axial strain

0.625 mm

1mm

(g)

Y Relative axial displacement

‘ A= PL; _ PosLos . PpcLpc | PeoLep

B

where the subscripts identify the segments.
Using this relation, the relative displacement between O and D is

100 X 10° X 2000 150 X 10° X 1000 50 x 10° X 1500

5 A=+ 100X 200X 10 2000 X 200 X 10° T 1000 X 200 X 10°
1 = +1.000 — 0375 + 0375 = +1.000 mm
NGINEERING VIECHAIN @ OLID
Example 3-3

Determine the deflection of free end B of elastic bar OB caused by its own
weight w 1b/in; see Fig. 3-4. The constant cross-sectional area is A. Assume

that the constant E is given.
wl wlL
t o]
“T1 o T o o 0
X
‘ Ledml i
< I L-x
= Pe=w(l-x)
> | |8 il ‘
i tx ¢ S o
(a) (b) (c) (d)
Fig.3-4
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SOLUTION
The free-body diagrams of the bar and its truncated segment are shown,

respectively, in Figs. 3-4(a) and (b). These two steps are essential in the
solution of such problems. The graph for the axial force P, = w(L — x) is
in Fig. 3-4(c). By applying Eq. 3-3, the change in bar length A(x) at a

generic point x,
"Pdx i w xz)
A(X) —fo A,E — A—E w(L x)dx - AE(LX 2
A plot of this function is shown in Fig. 3-4(d), with its maximum as B.
The deflection of B is
—ay = 2 (12 - L_’) _ wLll_ WL
—— AE(L 2] 24E 2AE

where W = wL is the total weight of the bar.

If a concentrated force P, in addition to the bar’s own weight, were act-
ing on bar OB at end B, the total deflection due to the two causes would be
obtained by superposition as
PL WL _ [P+ (W/2)]L

— +
AE 2AE AE

A=

\ NEERING VIECHAN U &
Example 3-4

For the bracket analyzed for stresses in Example 1-3,determine the deflec-
tion of point B caused by the applied vertical force P = 3 kips. Also deter-
mine the vertical stiffness of the bracket at B. Assume that the members
are made of 2024-T4 aluminum alloy and that they have constant cross-
sectional areas (i.e., neglect the enlargements at the connections). See the
idealization in Fig. 3-6(a).

SOLUTION

As found in Example 1-3, the axial stresses in the bars of the bracket are
0,45 = 17.8 ksi and o5 = 12.9 ksi. The length of member AB is 6.71 in and
that of BCis 8.49 in. Per Table 1A in the Appendix, for the specified mate-
rial, E =10.6 X 10* ksi. Therefore, according to Eq. 3-4, the individual
member length changes are

PL|l _|_L 17.8 X 6.71 _ 4%
[ LB—[G ]AB 106 < 10° =113 X 1077 in

AAB

AE E
(elongation)
12.9 x 8.29 3 %
= = ==103 X107
Ape 106 < 10° 10.3 X 107" in (contraction)
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If Ais the deflection or displacement of point B to position B,, Fig. 3-6(c),
and changes in bar lengths A, = BB, and 4,5 = BB,,

Age-=Acos®, and A,z = AcosH,

On forming equal ratios for both sides of these equations, substituting the
numerical values for Az~ and A,z found earlier, and simplifying, one
obtains

cos6, _ Agc _ 103 x107°

cos8, ~ B, 1M3x103 0912

However,since
0, = 180° — 45° — 26.6° — 6, = 108.4° — 6,

i 7\ >

- 26.6°

< B

45° .“ 8726'60 A

|l B,

Example 3-5 L]

Determine the displacement of point B in Example 34 caused by an
increase in temperature of 100°F. See Fig. 3-7(a).

SOLUTION

Determining the deflection at point B due to an increase in temperature is
similar to the solution of Example 3-4 for finding the deflection of the
same point caused by stress. Per Table 1A in the Appendix, the coefficient
of thermal expansion for 2024-T4 aluminum alloy is 12.9 X 107 per °F.
Hence, from Eq. 2-11, and using the lengths of members given in Exam-
ple 3-4,

A =129 % 107 X 100 X 6.71 = 8.656 X 10~3in

Age =129 X 107® X 100 X 849 = 10.95 X 103in

Deformed
shape




: Hence,
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Here the displacement A of point B to position By, Fig. 3-7(b), caused
by a change in temperature, is related to the bar elongations in the follow-

ing manner:

Arcosb,=A,; and Ajycosf, = Age

Forming equal ratios for both sides of these equations, substituting numer-
ical values for A,z and Az, and simplifying leads to the following result:

-3
:.%;gf = 2“ = % = 0.7905
Here, however, 8, = 45° + 26.6° — 6, = 71.6° — 6,; therefore,
cosf, = cos71.6°cos8, + sin71.6°sin6,
and

cos 6,

= cos71.6° + sin71.6° tan 6, = 0.7905
cos 6,

tan 6, = 0500 and 6, = 26.6°
Based on this result,
AT = ABC/OOSO, =122 X 10-3 in

forming an angle 0f 45° — 6, = 18.4° with the horizontal.

It is interesting to note that the small displacement A is of comparable
order of magnitude to that found due to the applied vertical force P in
Example 34.

1\ NEERING VIECHAIN o JLIL
3-3. Saint-Venant’s Principle
and Stress Concentrations

b

: I
B - -\ J_

Oy -
1.3870,
Oav
(c)
t Omax = 1.027 a5y
P (d)

(a)
Fig.3-9 Stress distribution near a concentrated force in a rectangular elastic plate.
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Fig. 3-11 Stress-concentration factors for flat bars in tension.

Oux = Koy -K§ (3-11)

where K is an appropriate stress-concentration factor, and P/A is the aver-
age stress per Eq. 1-6.

\ NEERIN VIECHAN 0 JLIL

Example 3-7
Find the maximum stress in member AB in the forked end A in Example 1-3.

SOLUTION
Geometrical proportions:

radius of the hole _ 3/16
net width 1/2

From Fig. 3-11:7 K = 2.15 for r/d = 0.375.
Average stress from Example 1-3: o,, = P/A ., = 11.2 ksi.
Maximum stress, Eq. 3.11: 0,y = Ko, = 2.15 X 11.2 = 24.1 ksi.
This answer indicates that a large local increase in stress occurs at this
hole, a fact that may be highly significant.

= 0.375
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3-5. Elastic Strain Energy for Uniaxial Stress

Ox

Complementary
energy

1

Strain energy

[r’ (a) (b)

Fig.3-17 (a) An element in uniaxial tension and (b) a Hookean stress-
“-x{g‘ strain diagram.

NGINEERING VIECHAN ® JLIL
Consider an infinitesimal element, such as shown in Fig. 3-17(a), sub-
jected to a normal stress o,. The force acting on the right or the left face of
this element is o, dy dz, where dy dz is an infinitesimal area of the element.
Because of this force, the element elongates an amount &, dx, where ¢, is
normal strain in the x direction. If the element is made of a linearly elastic
material, stress is proportional to strain; Fig. 3-17(b). Therefore, if the ele-
ment is initially free of stress, the force that finally acts on the element
increases linearly from zero until it attains its full value. The average force
acting on the element while deformation is taking place is %cr, dy dz. This
average force multiplied by the distance through which it acts is the work
done on the element. For a perfectly elastic body, no energy is dissipated
and the work done on the element is stored as recoverable internal strain
energy. Thus, the internal elastic strain energy U for an infinitesimal ele-
@1 ment subjected to uniaxial stress is
I dU = o, dydz X e ,dx = o, dxdydz = jo,e,dV  (3-12)

] average distance

—
|
—m force
|

—

=
Pl where dV is the volume of the element.

work
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| By recasting Eq. 3-12, one obtains the strain energy stored in an elastic
body per unit volume of the material, or its strain-energy density U,. Thus,

(3-13)

This expression may be graphically interpreted as an area under the
inclined line on the stress-strain diagram; Fig. 3-17(b). The corresponding
area enclosed by the inclined line and the vertical axis is called the comple-
mentary energy, a concept to be used in Chapter 18. For linearly elastic
materials, the two areas are equal. Expressions analogous to Eq. 3-13 apply
to the normal stresses o, and o, and to the corresponding normal strains ¢,
and e,.

Since in the elastic range Hooke’s law applies, o, = Ee,, Eq. 3-13 may

®1 be written as

<

E _

=
2

S
I
SIS
S8R

(3-14)

8 o

u=| Ed (3-15)

ViIECUHAIN @ ) )

X
Z

A |\ -
Example 3-8

Two elastic bars, whose proportions are shown in Fig. 3-19, are to absorb
the same amount of energy delivered by axial forces at the free end.
Neglecting stress concentrations, compare the stresses in the two bars. The
cross-sectional area of the left bar is A, and that of the right bar is A and
2A as shown. o

SOLUTION
The bar shown in Fig. 3-19(a) is of uniform cross-sectional area; therefore, 2A—=
the normal stress o, is constant throughout. Using Eq. 3-15 and integrating

over the volume V of the bar, one can write the total energy for the bar as L

2 o o ‘
wi | oavei 22| ava 2 ‘ —
U, LZEdV 3 Vd 2E(AL) A 1)
4

‘ where A is the cross-sectional area of the bar and L is its length. i j 1
= The bar shown in Fig. 3-19(b) is of variable cross section. Therefore, if
I the stress o, acts in the lower part of the bar, the stress in the upper part is a) (b)
&% 0, Again, by using Eq. 3-15 and integrating over the volume of the bar, it Fig. 3-19

I
IS

|
=
bl
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is found that the total energy that this bar will absorb in terms of the stress

O'zis
2
uz=[idv=‘—’§- dv + MJ av
y2E T M— T —
2 2
=5_’.1A_L) (_Uz/Z_)( £)=2’1(§ )
25( 2t T2 A7) 2R\ gL

If both bars are to absorb the same amount of energy, U, = U, and

2
of Aty Ei(é,u,) or o, =1265¢
2E 2E\8 : ;

ENGINEERING MECHAIN ® JLIL
Example 4-8

A 30-in-long aluminum rod is enclosed within a steel-alloy tube; see
Figs.4-14(a) and (b).The two materials ar¢ bonded together. If the stress-
strain diagrams for the two materials can be idealized as shown, respec-
tively, in Fig. 4-14(d), what end deflection will occur for P, = 80 kips and
for P, = 125 kips? The cross-sectional areas of steel A, and of aluminum
A, are the same and equal to 0.5 in’

oksi ,"
_.._.?. A, K
@ e
g . /
i b ‘

150

100 -

Aluminum

50

|
|
) % t
,
!
;! T
,
,
L I 1

0 167 456.67 10 exI0®

(d)
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From equilibrium:

P,+ P,= Por P,
From compatibility:
. =4 or E, = &
From material properties:
e, =0,/E, and ¢ = o,/E,

By noting that ¢, = P,/A, and o, = P,/A,, one can solve the three equa-
tions. From the diagram the elastic moduli are E, = 30 X 10° psi and
E, = 10 x 10°psi. Thus,

wipw 5w G L
M Su es Ea ES All Ea A, E‘

& Hence. P, = [AE,/(A,E)IP, = 3P,. and P, + 3P, = P, = 80k; there-
[ fore, P, =20 k,and P, = 60 k.

Bl ; By applying Eq. 34 to either material, the tip deflection for 80 kips will
i e

=NGINEERING VIECHAN ® UL IL
From equilibrium:

P,+ P,=PorP,
From compatibility:

A, =4, or &

Il
™

From material properties:
e, =0,/E, and ¢ = 0,/E

By noting that ¢, = P,/A, and o, = P,/A,, one can solve the three equa-
tions. From the diagram the elastic moduli are E, = 30 X 10° psi and
E, = 10 X 10° psi. Thus,

P, P

o = 23
1 EI AaEa ASES

‘:[‘ Hence, P, = (A,E,/(A,E,))P, = 3P,. and P, + 3P, = P, = 80k; there-
[ fore, P, =20 k,and P, = 60 k.

By applying Eq. 34 to either material, the tip deflection for 80 kips will

> be
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K PL PL 20x10°x30
T AE, AE, 05x10x10°

This corresponds to a strain of 0.120/30 = 4 X 107 in/in. In this range,
both materials respond elastically, which satisfies the material-property
assumption made at the beginning of this solution. In fact, as may be seen
from Fig. 4-14(d). since for the linearly elastic response the strain can reach
5 X 1073 in/in for both materials, by direct proportion, the applied force P
can be as large as 100 kips.

At P = 100 kips. the stress in aluminum reaches 50 ksi. According to the
idealized stress-strain diagram, no higher stress can be resisted by this mate-
rial, although the strains may continue to increase. Therefore, beyond
P =100 kips, the aluminum rod can be counted upon to resist only
P, = A,oy = 0.5 X 50 = 25 kips. The remainder of the applied load must
be carried by the steel tube. Therefore for P, = 125 kips, 100 kips must be
carried by the steel tube. Hence, o, = 100/0.5 = 200 ksi. At this stress level,
e, = 200/(30 x 10%) = 6.67 X 1073 in/in. Therefore, the tip deflection

A=eL =667%107x 30 =0200in

=0.120in T

Y

B
Di

| |

Note that it is not possible to determine A from the strain in aluminum,
since no unique strain corresponds to the stress beyond 50 ksi, which is all
that the aluminum rod can carry. However, in this case, the elastic steel
tube constrains the plastic flow. Therefore, since the strains in both materi-
als are the same—that is,e, = g, = 6.67 X 107* in/in: see Fig. 4-14(d).

If the applied force P, = 125 kips were removed, both materials in the
rod would rebound elastically. Thus, if one imagines the bond between the
two materials broken, the steel tube would return to its initial shape. But a

& permanent set (stretch) of (6.67 — 5) X 107* = 1.67 x 107* in/in would
me occur in the aluminum rod. This incompatibility of strain cannot develop if
“L—" the two materials are bonded together. Instead, residual stresses develop,
& which maintain the same axial deformation in both materials. In this case,
i the aluminum rod remains slightly compressed and the steel tube is
m slightly stretched. The procedure for the solution of this kind of prcblem is

>l
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Solve following problems in addition to solved problems of
different text books mentioned (CHAPTER-3, Popov):

11-14, 17-19, 25, 26, 30, 33 & 49

| [&]

I\ NEERIN VIECHAN

Elastic vs. Plastic Behavior

Rupture

D
Fig. 2.18

9
—

\VARIN

| |

+ If the strain disappears when the
stress is removed, the material is
said to behave elastically.

 The largest stress for which this
occurs is called the elastic limit.

* When the strain does not return
to zero after the stress is
removed, the material is said to
behave plastically.
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Fatigue

50 — « Fatigue properties are shown on
S-N diagrams.

Steel (1020HR) . g
* A member may fail due to fatigue

at stress levels significantly below
the ultimate strength if subjected
to many loading cycles.

Stress (ksi)

Aluminum (2024)

K] | | I I I I * When the stress is reduced below
= 10 100 10° 10 107 109 10Y the endurance limit, fatigue

:[‘ Number of completely reversed cycles failures do not occur for any

B Fig. 2.21 ' number of cycles.

=NGINEERING MIECHAN o JL 1L
Deformations Under Axial Loading

From Hooke’s Law:

o=k e=Z= &

E AE

* From the definition of strain:
S
E=—
L

Equating and solving for the deformation,
P
AE

With variations in loading, cross-section or
> Fia. 2.22 material properties,

B F=gii

1 i 4E;

1N
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Example 2.01

. - SOLUTION:
‘s v Hikips * Divide the rod into components at
T o the load application points.
| A —
" 12in, ' 12in. s
* Apply a free-body analysis on each
E =29x10psi component to determine the
D=107in. d=0618in. internal force
) ] + Evaluate the total of the component
Determine the deformation of deflsctions:
the steel rod shown under the
given loads.
=NGINEERING VIECHAN ® UL IL
SOLUTION: » Apply free-body analysis to each

« Divide the rod into three componentto determine internal forces,

components: R =60x10°1b

P, =—15x10°1b

- { D

P, =30x10°1b
' - \ Z‘»()kl]).\
) 175 kips 1 45 kips E
2 ] | H
| : i » Evaluate total deflection,
: i ¥
! | 30 kips
i D s_ghlb L(Rl B, Bl
; u«;;a-k» TAE, E\ A4 4 4
[ ! 30 kips
% | 1 (60><103)12 (—15><103)12 (30><103)16
i : = + +
P, 2 29x10° 0.9 0.9 0.3
30 kips
75 kips 15 kips =75.9x% 10_3in.

(e)

Li=L;=12in. L, =161n.
172 3 5=759x10" in. |

2 . 2

4 =4,=09in" 43=0.3in"
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Sample Problem 2.1

SOLUTION:

» Apply a free-body analysis to the bar
BDE to find the forces exerted by

links AB and DC.
» Evaluate the deformation of links 4B
The rigid bar BDE is supported by two and DC or the displacements of B
links 4B and CD. and D.
| Link 4B is made of aluminum (£ = 70 * Work o the Eeammncty find t}}e
= GPa) and has a cross-sectional area of 500  deflectionat E given the deflections

Bl viv2 Link CDismade ofsteel (E=200 at BandD.
84| GPa) and has a cross-sectional area of (600

H:l For the 30-kN force shown, determine the

B deflectiona) of B, b) of D, and ¢) of E.

=NGINEERING MECHAN o JLIL
Sample Problem 2.1

SOLUTION: Displacement of B:
Free body: Bar BDE L :%
A 4

Fg Fep 30kN f | o . (_60 x103N10.3m)
. ""‘L =706t {500x107 m? |70 x10° Pa)
| | 0.4m ~——] . =-514x10"%m

02m '
F ;= 60 kN

55 =0514mm 7|

> Mg=0

Displacement of D:

) 0=—(30kNx0.6m)+F-px0.2m

| o PL
" | v 5 _ PL
n ‘ Fep =+90kN  tension . AE
B XMp=0 ~ (9O><103N‘k0.4m) |
= 0=—(30kNx04m)-F5x02m  oam || p_ssocr  (600x105m?[200x10° Pa)
Hjl F, g =—60KkN compression g ) —300x10"%m

6p =0.300mm ||

2-50
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Sample Problem 2.1

Displacement of D:
BE _BH
DD HD
0.514mm (200 mm)—x
0.300 mm x
x =73.7mm
EE' HE
85 = 0.514 mm DD HD
< B’ 8p = 0.300 mm
HD / E Sg _ (400+73.7)mm
B\ — T 0300mm  73.7mm
| | 6 Sz =1.928 mm
!
(200 Illl{—.\') I EL
! 200 mm A0 ! |5E =1.928 mm i«|
=NGINEERING MIECHAIN ® JLIL

Static Indeterminacy

» Structures for which internal forces and reactions
150 mm cannot be determined from statics alone are said
to be statically indeterminate.

Ap
~ >
A=250mm=—___

300 kN 150 mm

ls]

A structure will be statically indeterminate
whenever it is held by more supports than are
s required to maintain its equilibrium.

A =400 mm2 [ 50

1k

* Redundantreactions are replaced with
unknown loads which along with the other
loads must produce compatible deformations.

300 kN

* Deformations due to actual loads and redundant
reactions are determined separately and then added
or superposed.

5:5L+5R:0
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Example 2.04

Determine the reactions at 4 and B for the steel
bar and loading shown, assuming a close fit at
both supports before the loads are applied.

A%
A =250 mmi___ |
A =250 mm=—__ 150 mm

L]

300 kN 150 mm
SOLUTION:
150 mm
—%— * Consider the reaction at B as redundant, release
i the bar from that support, and solve for the

displacement at B due to the applied loads.

* Solve for the displacement at B due to the
redundantreaction at B.

* Require that the displacements due to the loads
and due to the redundantreaction be compatible,
1.e., require that their sum be zero.

* Solve for the reaction at 4 due to applied loads
and the reaction found at B.

=NGINEERING MECHAN o JLIL
Example 2.04

SOLUTION:

* Solve for the displacement at B due to the applied
loads with the redundant constraint released,

B=0 P, =P =600x10°N P, =900x10°N

i

A
150 mm

D
300 kN

I

w

150 mm
A =4, =400x10%m? A3 = 4, =250x10"°m?

150 mm
(| Li=L,=L;=I,=0150m
600 kN 150 mm 9
S Y 5 -3 BL _1125x10
AT, E

] Coal—— * Solve for the displacement at B due to the redundant
& constraint,
= 300 mm
= R=F =-Rp

4, =400x10"°m* 4, =250x107%m?
L=L,=0300m

] BL (1.95><103 IRs
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Example 2.04

» Require that the displacements due to the loads and due to
R, the redundant reaction be compatible,

(5:5L+§R :0

_1.125x10° _frosxa0? Rs =

é
E E

300 kN
Rg =577x10°N =577 kN
&
3| o—— ¢ Find the reaction at 4 due to the loads and the reaction at B
)
K > F, =0=R,—300KkN—-600kN+577kN
i B :
< R, =323kN
>|
j:‘ R, =323KN
Bl
- Rg =577kN
=NGINEERING MECHAIN ® DL IL

Thermal Stresses

* A temperature change results in a change in length or
thermal strain. There is no stress associated with the
thermal strain unless the elongation is restrained by
the supports.

* Treat the additional support as redundant and apply
the principle of superposition.

51‘ = (Z(AT)L 5]:)

2
AE
o = thermal expansion coef.

* The thermal deformation and the deformation from
the redundant support must be compatible.
6=87+6p=0 6=06r+6p=0
154 P =—AEa(AT)

=0
A - ~Ea(AT)
A

a(AT )L +
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Dilatation: Bulk Modulus

* Relative to the unstressed state, the change in volume is
e=1-[1+& N1+¢, J1+8,)|=1-l+&,+5, +5|

=&y +E+E,

= (ax +0y +GZ)

=dilatation (changein volumeper unit volune)

+ For element subjected to uniform hydrostatic pressure,
3(1-2v
. )__p

E k

k= L =bulk modulus

3(1-2v)

* Subjected to uniform pressure, dilatation must be

negative, therefore

1
2

’lE‘ (b)
O<v<

=NGINEERING MIECHAN o JL 1L
Shearing Strain

' * A cubic element subjected to a shear stress will
deform into a rhomboid. The corresponding shear
strain is quantified in terms of the change in angle
between the sides,

ey
g

Y

e \ ry = [y

* A plotof shear stress vs. shear strain is similar the
previous plots of normal stress vs. normal strain
except that the strength values are approximately
half. For small strains,

Ty = G/“’xy Sy Gf/)'z T =G

> \ where G is the modulus of rigidity or shear modulus.

X
Fig. 2.47
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Example 2.10

2 in.

2?“/‘\8'
m.

SOLUTION:

* Determine the average angular
deformation or shearing strain of

the block.

» Apply Hooke’s law for shearing stress
and strain to find the corresponding
shearing stress.

A rectangular block of material with
modulus of rigidity G = 90 ksi is
bonded to two rigid horizontal plates.
The lower plate is fixed, while the
upper plate is subjected to a horizontal
force P. Knowing that the upper plate
moves through 0.04 in. under the action
of the force, determine a) the average
shearing strain in the material, and b)
the force P exerted on the plate.

* Use the definition of shearing stress to
find the force P.

\ ® UL IL

* Determine the average angular deformation
or shearing strain of the block.
0.041n.

¥ 7y =0.020 rad
in. -

Vxy AN )y, =

~» Apply Hooke’s law for shearing stress and
strain to find the corresponding shearing
stress.

fuy = Gryy = (90x10°psif0.020 rad) = 1800 psi

» Use the definition of shearing stress to find
the force P.

P =1,y 4 = (1800 psi)8in. (2.5in.) = 36 x10°Ib

2-60
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Relation Among E, v,and G

* An axially loaded slender bar will

elongate in the axial direction and
I contract in the transverse directions.
_ i Ve ) * An initially cubic element oriented as in

top figure will deform into a rectangular
parallelepiped. The axial load produces a
normal strain.

((1)

 If the cubic element is oriented as in the
bottom figure, it will deform into a

rhombus. Axial load also results in a shear
-, X strain.
737 : » Components of normal and shear strain are

related,
E
—=(1+v
2G( )
1\ NEERIN VIECHAN o JLIL

Sample Problem 2.5

A circle of diameter d =9 in. is scribed on an
unstressed aluminum plate of thickness = 3/4
in. Forces acting in the plane of the plate later
cause normal stresses 6, = 12 ksi and 6, = 20

ksi.

For E=10x10%psi and v = 1/3, determine the
change in:

a) the length of diameter 4B,

b) the length of diameter CD,

¢) the thickness of the plate, and
d) the volume of the plate.
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SOLUTION:

* Apply the generalized Hooke’s Law to « Evaluate the deformation components.

find the three components of normal

Spy4 = &xd = +0.533x10in /in. [0in.)

strain.
G\, VO". VGZ 53/‘4 = +4.8X10_3in.
g’( =4 =
*“'E E E
Scyp = 8,d = [+1.600x10in /in. JOin.)
I (12ksi)—0—1(20ksi) " 3.
10x10° psi 3 Scyp =+14.4x107in.
=+0.533 x10’in./in. 5, = £yt = [-1.067x10 3 in./in.J0.751n.)
g, = Y0 %y Vo, 8 =—0.800x10 > in,
) E E E
=—1.067 x10 " in./in. _ _
* Find the change in volume
vo, VOy o, -3:.3;3
& =——=>t——— =% e=¢&,+&,+& =1.067x107"in"/in
E E E :
— 31.600510= 33t/ AV =eV =1.067x107>(15x15x0.75 )in®
AV =+0.187in?
=NGINEERING MECHAN o JLIL

Composite Materials

Load Y

Layer of
material

* Fiber-reinforced composite materials are formed
from laminaof fibers of graphite, glass, or
polymers embedded in a resin matrix.

* Normal stresses and strains are related by Hooke’s
Law but with directionally dependent moduli of
elasticity,

(o
E =% g =22 EF =2z

3 z

Ex T &y &

» Transverse contractions are related by directionally
dependentvalues of Poisson’s ratio, e.g.,

1

—=2 37 e

/x

* Materials with directionally dependent mechanical
properties are anisotropic.
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Saint-Venant's Principle

| '
[e=———u1]

HH ‘i [ i o N <
EEEEEEE mw| R
Eizocins QEEccs:s::

EEAr , HH

imEE [ ]
]

¥

% I)T

+
Y ?}K\b

Loads transmitted through rigid
plates result in uniform distribution
of stress and strain.

Concentrated loads result in large
stresses in the vicinity of the load
application point.

Stress and strain distributions
become uniform at a relatively short
distance from the load application
points.

Saint-Venant’s Principle:
Stress distribution may be assumed

= 09730, min = 06680, T = 01980, F:

o it e =85 independent of the mode of load
application except in the immediate
vicinity of load application points.

»
=NGINEERING MIECHAIN ® JLIL

Stress Concentration: Hole

|
%‘4_ ' 3.2
P’ P 3.0
- vmm——ny D | BB
28
l([—i_ 26
2 ! 2.6
: 2.4 s, o9
\\
==
—= 20
Il' = ‘4“‘ l S
R s | l (’
/- a 14
5= ’i_l\ 1.2
o
”&n 0.1 0.2 0.3 0.4 0.5 0.6 0.7
rid
(a) Flat bars with holes
Discontinuities of cross section may result in _ Omax
K = Zmax
high localized or concentrated stresses. Gy
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Stress Concentration: Fillet
34
32 \ \
, e MELAVAN
:— D *I —l | \ \ N
' « 28 =
* 2o IO ANN "
[ N
K 22 \\ &-\
AN TN
i i \ — : —— =
P’ 0 121 T \-\_:‘\‘\
-~y : :,,’ o . 1.6 =) [ —]
14 — -
| 12
I.()() 0.02 0.04 0,06 0,08 0.10 0.12 0,14 0.16 0,18 0.20 0.22 0.24 0,26 0.25 0.30
rid
(b) Flat bars with fillets
=NGINEERING MECHAN o JLIL

Example 2.12

SOLUTION:

* Determine the geometric ratios and
find the stress concentration factor
from Fig. 2.645b.

Determine the largest axial load P
that can be safely supported by a
flat steel bar consisting of two
portions, both 10 mm thick, and
respectively 40 and 60 mm wide,
connected by fillets of radius = 8 + Apply the definition of normal stress to
mm. Assume an allowable normal find the allowable load.

stress of 165 MPa.

* Find the allowable average normal
stress using the material allowable
normal stress and the stress
concentration factor.
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[

* Determine the geometric ratios and

find the stress concentration factor

from Fig. 2.645b.
D 60mm ~1.50

D_ _ r_Bmm _ gen
d 40mm d 40mm

>

e iy e B
L //‘ —

1.3 K=1382

[T R =
o 3

K

N * Find the allowable average normal
N

()
=) [E

stress using the material allowable

15

e~
—

normal stress and the stress

1.6

/

= - concentration factor.

1.4

1.2

Omax _ 165 MPa

=90.7MPa

1.0
0 0,02 004 006 0.08 0.10 0.12 0.14 0,16 0.18 0.20 0.22 0.24 0.26 0.28 0.30

(b) Flat bars with fillets

=1\

N

A

Oova-—
e K 1.82
rid

» Apply the definition of normal stress
to find the allowable load.

P = A0 4, =(40mm)10mm)90.7 MPa)

=363x10°N

[\ VIECHAN o OLIL

Elastoplastic

Materials

o

B

c'

» Previous analyses based on assumption of
linear stress-strain relationship, i.e.,
stresses below the yield stress

20y

D .* Assumption is good for brittle material

Ty

~y

/ which rupture without yielding

o o If the yield stress of ductile materials is
exceeded, then plastic deformations occur

* Analysis of plastic deformations is
simplified by assuming an idealized

A - elastoplastic material
/

» Deformations of an elastoplastic material
are divided into elastic and plastic ranges

* Permanent deformations result from

€ loading beyond the yield stress
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Plastic Deformations

Tnax

-

|
I
| P omax4 ¢ Elastic deformation while maximum
! s P = Gpypd = Zmax2 : .
. K stress is less than yield stress
|
T (@)
| & . .
: g Maximum stress is equal to the yield
Eéi P, B = % stres§ at the maximum elastic
l loading
-
:Um.n = Oy (’))
| + At loadings above the maximum
I P . . .
- ) s elastic load, a region of plastic
K | i deformations develop near the hole
I : (¢)
< ! * As the loading increases, the plastic
N I ) v fr=9v1  region expands until the section is at
| — . .
= i =KP, auniform stress equal to the yield
| —— @ stress
NGINEERING MECHAN & JLIL

Resid

ual Stresses

» When a single structural element is loaded uniformly
beyond its yield stress and then unloaded, it is permanently
deformed but all stresses disappear. This is not the general
result.

* Residual stresses will remain in a structure after
loading and unloading if

- only part of the structure undergoes plastic
deformation

- different parts of the structure undergo different
plastic deformations

* Residual stresses also result from the uneven heating or
cooling of structures or structural elements
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Example 2.14, 2.15, 2.16

A cylindrical rod is placed inside a tube
of the same length. The ends of the rod
and tube are attached to a rigid support
on one side and a rigid plate on the
other. The load on the rod-tube
assembly is increased from zero to 5.7 ‘
kips and decreased back to zero. | 30 in. ,

a) draw a load-deflection diagram B .
for the rod-tube assembly 4y =0.075m.% 4; =0.1001n.
b) determine the maximum E, =30x10°psi E; =15x10°psi

elongation oy » =36ksi oy =45ksi
c¢) determine the permanent set

d) calculate the residual stresses in
the rod and tube.

=NGINEERING MIECHAN o JL 1L
Example 2.14, 2.15, 2.16

a) draw a load-deflectiondiagram for the rod-

tube assembly
. B, = 0y, 4, = (36ksif0.075in? | = 2.7kips
0 36 5, (10%in.) ' ’ 5 '
ips R Oy » i i 23
i Y, Borc o pes T "B 36x106p51301n.:36x10 3in.
QP e ! ' ' Ey,  30x10°psi
18-===== E
§ | By =0y 4y = (45 ksi)(o.loo in? )= 4.5kips
0 SIG s;o 8, (102 in.) & 45 103 .
- 4> X . o
P, (kips) o Oy; =&y L= r= 6ps?30m. =90x10"%in.
O s L e s 2 - EY:t 15x10 ps1
% E
45------- ’ i
| | P=P +PR
i é =0, =6
0 3IS 910 8 (107 in.)
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Example 2.14, 2.15, 2.16

+ ataload of P =5.7 kips, the rod has reached the

60

8, (10%in.)

)‘I

plastic range while the tube s still in the elastic range
F. =Py, =2.7kips
P.=P—P. =(5.7-2.7 kips = 3.0kips

" I t_fL_Lk‘pzs_wk
‘1[ 0.1in
3.
; 7. 5, =atL=ﬁL=3OL06pS‘30in. Smax = 8 = 60x10 3.
E, 15x10°psi
P (kips) Y,
o, I % the rod-tube assembly unloads along a line parallel to
T 07,
/o Ski —
S 1 P m= 4_1{1};5 =125kips/in. =slope
A l 36x10in.
T 5 o—tmax __ STKIPS s cq0-3n
5w m 125 kips/in.
8 = 60 X 10 in , 3.
8p = Omax +J =(60-45.6)x10™"in. &p —144x10 3in.
=NGINEERING MIECHAIN ® JLIL
Example 2.14, 2.15, 2.16
P, (kips) Y C
e 1 » calculatethe residual stresses in the rod and tube.
- /// calculate the reverse stresses in the rod and tube
0 E]/ o s00°m caused by unloading and add them to the maximum
2, (kips) g stresses.
Bneny "' , & —456x107in. T
! g=—=—"""—""=-152x10""in/fin.
! L 301n.
E :
0 1 (;() 8, (10%in.)
P Gkis) Y, o, = ¢E, =(—1.52x10_3 X30><106psi)= —45.6ksi
| -l o) = £E, =[-152x1073 115 ><106psi)=—22.8ksi
, B4
e ===""y // E
Sl P Gresidual.y = Oy + 0 = (36 —45.6 )ksi = —9.6 ksi
/ ! =
» o Crosiduals = 01 + 0, = (30 —22.8)ksi = 7.2ksi
‘E IF '

& (10%in,)
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Shear Force, Axial Force
and Bending Moment
Diagrams




ENGINEERING MECHANICS OF SOLIDS

Classification of Beam Supports

Statically
Determinate
Beams

Statically

Beams

Indeterminate

1-5-—15—,}3—1—5-:-

(a) Simply supported beam (b) Overhanging beam

l ; I: ||E‘E | ; |

’«— £y ——]-— By

(d) Continuous beam (e) Beam fixed at one end
and simply supported
at the other end

(¢) Cantilever beam

(f) Fixed beam
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Internal Hinge
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7-3. Calculations of Beam Reactions

Example7-1
Find the reaction at the supports for a simple beam loaded as shown
in Fig. 7-7(a). Neglect the weight of the beam.

f-
Rax 233 et ] B

A -“123' ,!s! |$ 28

0.1m I Ray # 0.4m i Rs
I | |

200 Nem ‘100 N ‘160 N 250 N ‘100 N ‘160 N

(a) (b)
Fig. 7-7

SF=0 Ry=0
SM,=0\+ 200+100x02+160 X 03— Ry;%x04 =0
Rp=+610NT

SMp=0M+ R, X04+200-100 X02-160x01=0
R, = —410N
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Example7-2

Find the reactions for the partially loaded beam with a uniformly varying
load shown in Fig. 7-8(a). Neglect the weight of the beam.

P=§x3x 10 =15 kN

R
o= 10 kN/m i

/frrﬂ/‘:—/‘ﬁ‘ ‘

I8 B
Rax
A
A

NNNNNNN

am RA’"§><3=2mI =
5m 5m
(a) (b)
Fig. 7-8
EE!=0 Ry =
EM,=0"N + +15X2-Ry X5 =0 Ry =6kN

SMg=0M + —Ry X5+15%x3=0 R, =9kN |
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Example 7-3
Determine the reactions at A and B for the beam shown in Fig. 7-9(a) due
to the applied force. - 65
5N
A Rax A r.{{ N B Rex
. J 3 - 4 o ! '\ 1
x 1
~- y Ray Rsy Rg
“ 3| 9'— 3 o
i o (b)
(a) Fig. 7-9

SM,=0 M+ 4X3-RgX12=0 Rz =1kT =|Ry|
S, =0+ Ry x12-4x9=0 R, =3kT
SF,=0- + R,-3-1 =0  Rp=~4k=
R, = V& +3 =5k
Ry = V1P +12= V2

Check:2F,=0 T + +3-4+1=0




ENGINEERING MECHANICS OF SOLIDS

Hinges or pinned joints

2 ‘p Hinge p
i \
1 £ |
<$= B Tt A -
S S )
2 )E‘
B c' <
P
2

oy & |

(b)

Occasionally, hinges or pinned joints are introduced into beams and frames. A hinge
is capable of transmitting only horizontal and vertical forces. No moment can be
transmitted at a hinged joint. Therefore, the point where a hinge occurs is a
particularly convenient location for "separation of the structure into parts for
purposes of computing the reactions. This process is illustrated in Fig. 7-10. Each
part of the beam so separated is treated independently. Each hinge provides an extra
axis around which moments may be taken to determine reactions. The introduction
of a hinge or hinges into a continuous beam in many cases makes the system
statically determinate. The introduction of a hinge into a determinate beam results in
a beam that is not stable. Note that the reaction at the hinge for one beam acts in an
opposite direction on the other beam.
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DIRECT APPROACH FOR P, V & M (Method of Sections)

W, (total uniformity
varying load)

P,

(a)

.

(b)

(c)

X

M\’fﬂ / W, (total load)

M

e

-A—‘T“'=&—

ok

fr
e ™ &

Fig.7-11 An application of the method of sections to
a statically determinate beam.
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Definition of positive shear

Resultant of all forces
(including reactions)
% } /to the left of section

1 +V
(a) 0 \ -
‘J X
P ]
I
T U T
Arbitrary A
9 * Section %
(b)
A
+V P 3

Fig. 7-12 Definition of positive shear.

+V +V

e
\\“\\\
o
S

Beam
element

(c)

+V

|

(d)

[\\§\]
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Positive shear and Bending moment

’ +V i l +M *M(IA !j*M
D Fibers in Fibers in

tension compression

(a)

y PTG ) i)

d Q—-—j T

(a) (c)
Fig. 7-14 Definition of bending moment signs.

(b)

Fig.7-13 Positive sense of shear and
bending moment defined in (a) is used
in this text with coordinates shown

in (b).
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Example7-4

Consider earlier Example 7-2 and determine the internal system of forces
at sections a-a and b-b; see Fig. 7-15(a).

¥ -—3m———i
10 kN/m

“_3—

b x
Ve

6 kN

1 2
—2 2o~ f——et—a—] Vo==9+ 2 x2x 3 X10=-233kN
(a) (c 2

M,=-9%2+ % X2X 2 X10X % X2 =-136kN-m

—bM "] % V, = +6kN

B8
(": - MyS=-6x1=-6kN-m
My

() (d
Fig. 7-15
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P, V, and M Diagrams

Example 7-5 Pl e
£ = - 1 ! ‘lk 2k
2 = " s ; 3k 2X8-4X3=
w 8w R L5 s o — ==} ) 3
VVwuw ! ' ol .
ox % X p :
V.V ol n i
© v own ‘ . . :
5§ 8§58 et —— m O =1
W e N B (b) -~ ! T 3K ! - ! i
i Axial force |
2k 3k :
& =X 2k :
< ) 4 k-ft 4 ket I = :
st iﬁ»_z—_l’%i“ ( {r-z-'-‘— @ W —
' © F sz : 2k
2k : Shear '
& 2 2 5
+ 1 =~y !
" 3k ! 2k mkft +10kkt |
& e “"’\ 0 *W
' &k : Bending moment
)‘ -.—5
& ¥ :
)
~ | :
™ a5 3k })IOI(-R ®
N~ - S — -
+ I+ + “1 Deflected shape
wononon
-~ > == Fig.7-16
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Example7-6

Determine axial-force, shear, and bending-moment diagrams for the
cantilever loaded with an inclined force at the end; see Fig. 7-17(a).

2P ‘
NG .
(a) . |
P
(d) +
[ L 0
Axial force
P P
PP L / (e) +
b) ——| 0 sh
3 ear
i :
PL PL- Px W | —Tp-pn

o =7
L w ——

Deflected shape

Fig.7-17
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Example7-7

Construct shear and bending-moment diagrams for the beam loaded with
the forces shown in Fig. 7-18(a).

N

’P

' ' j)M-m
E 1 1 | t i
- i ——— 4 -
# | | # ()
P P e
' (a) 0

: P) Shear -P
} (d)

P M= Px
* / -~ \J’a
(b) 0 % /
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Example7-8

Plot shear and a bending-moment diagram for a simple beam with a

uniformly distributed load; see Fig. 7-19.
wp N/m

\ {\ 11‘} |

N|-
3
r~
G
P
_V
w
- 2
(]
Z
I
|-
3
P

(a) (c)
1 ‘ 2
| ‘ {J L ‘ )M wol wox? /NEM;OL
"2 :
%woL“ . Moment
WI | Vg @

(b)
Fig. 7-19
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Example7-9

For the beam in Example 7-4, shown in Fig. 7-20(a), express the shear V
and the bending moment M as a function of x along the horizontal member.

14 14 y

‘ A | ywm
I B |

-

A"

0 6kN

A‘ A
lSkN 9 kN
| am T

(a)
Fig.7-20
der in Fig. 7-20(c). The required expressions for 0 < x < 3 are

1. fx 5
V(x) = -9 + Ex(g X 10)— -9+ gxsz

X

M(x) = —9x + %,\:('E X 10)( 3

e 5 .
3 )—- 9x + 9x’kN m
For3<x<S5,

V(x) = -9+ 15=+6 kN

M(x) = =9x + 15(x —2) =6x —30kN-m
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Example 7-10

Write analytic expressions for V and M for the beam shown in Fig. 7-21.
y

w, N/m
(NI,
<r/MA M(x) x
” . Vix) Va#
Fig. 7-21

SOLUTION
Unlike the preceding cases, this is a statically indeterminate problem to the
first degree having one redundant reaction. There is no horizontal reaction
at A. Except for carefully identifying the unknown reactions as V4, V5, and
M 4, the procedure is the same as before,although numerical results cannot
be obtained until the reactions are determined. On this basis, at a distance
x away from the origin,

V(x) = VA - wox
and

M(x) = M, + V,x — (w,x)x/2

=M, + V,x —w,x*/2
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Example 7-11

Consider a structural system of three interconnected straight bars, as shown
in Fig. 7-22(a). At arbitrary sections, determine the internal forces P, V, and
M in the members caused by the application of a vertical force P, at D.

Xy Ya
- b 2P Mix,)
a
B c ol AT AN
m =R
I
|
|
2 il Poy Pt Vix)
(@
n BN
2a yD_ M) : Vi) Syl
A
P‘I X3
Py
2Pa 2P,a
X { )
A 14} A\H
P YA
(a)

(b)

Fig.7-22
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SOLUTION

The solution begins by calculating the reaction at A, which is then
shown on beam segment AB. At an arbitrary section through this beam,
the internal forces are seen to be

P(x,) = +P,V(x,) =0 and M(x,) = +2Pa

These forces are constant throughout the length of the vertical bar and
become the reactions at B for the beam segment BC. It is important to
note that the axial force in member AB acts as shearin BC. After the reac-
tions at B for BC are known, the usual procedure gives the following inter-
nal forces:

For member CD, except for the need for resolving the force P, at C, the
procedure for determining the internal forces is the same as before, giving

P(x;) = =P,/V2,V(x;) = =P,/V2, and M(x,) = +Pa — Pyx,/V2

By substituting x, = V2a into the last expression, it can be verified that
the bending moment at D is zero, as it should be.

Shear and bending-moment diagrams for this structural system can be
plotteddirectly on the outline of the frame.
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V AND M BY INTEGRATION

7-9. Differential Equations of Equilibrium for a Beam Element
4

+M+ AM

(a) Beam sign convention / 1

]
X

V+AV

y q(x) load per unit length e

(c)

—_—] |-— AX

(b)
Fig. 7-24 Beam and beam elements between adjoining sections.

- 20
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Consider a beam element Ax long, isolated by two adjoining sections
taken perpendicular to its axis. Fig. 7-24(b). Such an element is shown as a
free body in Fig. 7-24(c). All the forces shown acting on this element have
positive sense. The positive sense of the distributed external force g is
taken to coincide with the direction of the positive y axis. As the shear and
the moment may each change from one section to the next, note that on
the right side of the element, these quantities are, respectively, designated
V+ AVand M + AM.

From the condition for equilibrium of vertical forces, one obtains3

2F=0T+ V+gAx—(V+AV)=0
or
AV
= - 7-1
For equilibrium, the summation of moments around A also must be zero.
So, upon noting that from point A the arm of the distributed force is
Ax/2,one has

SM,=0"+ (M+AM) - VAx — M — (gAx)(Ax/2) = 0

1-21
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o + > (7-2)

Equations 7-1 and 7-2 in the limit as Ax — 0 yield the following two
basic differential equations:

dv

- (7-3)
and

dM

_— = 7-4

il 4 (74)

By substituting Eq. 7-4 into Eq. 7-3, another useful reaction is obtained:
d (dM M
dx(dx)' a1 (75

This differential equation can be used for determining reactions of stati-
cally determinate beams from the boundary conditions, whereas Eqs. 7-3

and 74 are very convenient for construction of shear and moment dia-
grams. These applications will be discussed next.
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7-10. Shear Diagrams by Integration of the Load

%" =q (7-3) V= j'qu +C (7-6)
q=+q
q=+q
1} . }Q ; oi } !' A//I/‘/’/'/]S
Va Ve val , |

- |—dx

dV=-w, dx

=1 [-ve 1’" ¥
Slope = z—‘:-{z\ I I -
VA %‘_/. +q \

(a) o -/
X
(b)
Slope of shear diagram
av_ —"+Slope

dx 9 ~~a-Slope

Fig. 7-25 Shear diagrams for (a) a uniformly distributed load intensity, and
(b) a uniformly increasing load intensity.




ENGINEERING MECHANICS OF SOLIDS

By assigning definite limits to this integral, it is seen that the shear at a sec-
tion is simply an integral (i.e., a sum) of the vertical forces along the beam
from the left end of the beam to the section in question plus a constant of
integration C,. This constant is equal to the shear on the left-hand end.
Between any two definite sections of a beam, the shear changes by the
amount of the vertical force included between these sections. If no force
occurs between any two sections, no change in shear takes place. If a con-
centrated force comes into the summation, a discontinuity, or a “jump,” in
the value of the shear occurs. The continuous summation process remains
valid nevertheless, since a concentrated force may be thought of as being a

distributed force extending for an infinitesimal distance along the beam.
On the basis of the preceding reasoning, a shear diagram can be estab-

lished by the summation process. For this purpose, the reactions must
always be determined first. Then the vertical components of forces and
reactions are successively summed from the left end of the beam to pre-
serve the mathematical sign convention for shear adopted in Fig. 7-12. The

shear at a section is simply equal to the sum of all vertical forces to the left,

of the section.

-24
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When the shear diagram is constructed from the load diagram by the
summation process, two important observations can be made regarding
its shape. First, the sense of the applied load determines the sign of the
slope of the shear diagram. If the applied load acts upward, the slope of
the shear diagram is positive, and vice versa. Second, this slope is equal to
the corresponding applied load intensity. For example, consider a seg-
ment of a beam with a uniformly distributed downward load w, and
known shears at both ends, as shown in Fig. 7-25(a). Since here the
applied load intensity w, is negative and uniformly distributed (i.e.,
q = —w, = constant), the slope of the shear diagram exhibits the same
characteristics. Alternatively, the linearly varying load intensity acting
upward on a beam segment with known shears at the ends, shown in
Fig.7-25(b), gives rise to a differently shaped shear diagram. Near the left
end of this segment, thre locally applied upward load q, is smaller than the

corresponding one g, near the right end. Therefore, the positive slope of
the shear diagram on the left is smaller than it is on the right, and the
shear diagram is concave upward.
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7-11. Moment Diagrams by Integration of the Shear

+Qo
= q = "Wo
L= LT Y (] »2
VA VA Vg
-VAII\< = ! _T T
f - Ve Ve + o ; Ve
Aatar R ass
; ﬂ\’\_{ V‘I Lt rz
i dMdx =~V "~
I s T Z P
= . dM/dx = +V3 | ~
c dM, = -V, dx -Me
Ay e
] . +:‘:
mi [ s
(a) dM, l:V1 dx
(b)
Slope of moment diagram
gM- v _—" + Slope
>"' ax .- Slope
E |.§ Fig.7-26 Shear and moment diagrams for (a) a uniformly distributed load intensity, and (b) a uni-
formly increasing load intensity.
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where C; is a constant of integration corresponding to boundary condi-
tions at x = 0. This equation is analogous to Eq. 7-6 developed for the con-
struction of shear diagrams. The meaning of the term V dx is shown
graphically by the hatched areas of the shear diagrams in Fig. 7-26. The
summation of these areas between definite sections through a beam corre-
sponds to an evaluation of the definite integral. If the ends of a beam are
on rollers, pin-ended, or free, the starting and the terminal moments are
zero. If the end is built-in (fixed against rotation), in statically determinate

beams, the end moment is known from the reaction calculations. If the
fixed end of a beam is on the left, this moment with the proper* sign is the
initial constant of integration C,. ’

By proceeding continuously along the beam from the left-hand end
and summing up the areas of the shear diagram with due regard to their
sign, the moment diagram is obtained. This process of obtaining the
moment diagram from the shear diagram by summation is exactly the
same as that employed earlier to go from loading to shear diagrams.
The change in moment in a given segment of a beam is equal to the area
of the corresponding shear diagram. Qualitatively, the shape of a
moment diagram can be easily established from the slopes at some
selected points along the beam. These slopes have the same sign and
magnitude as the corresponding shears on the shear diagram, since
according to Eq. 7-4, dM/dx = V. Alternatively, the change of moment
dM =V dx can be studied along the beam. Examples are shown in Fig.
7-26. According to these principles, variable shears cause nonlinear vari-
ation of the moment. A constant shear produces a uniform change in
the bending moment, resulting in a straight line in the moment dia-
gram. If no shear occurs along a certain portion of a beam, no change in
moment takes place.
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Since dM/dx = V, according to the fundamental theorem of calculus,
the maximum or minimum moment occurs where the shear is zero.

In a bending-moment diagram obtained by summation, at the right-
hand end of the beam, an invaluable check on the work is available again.
The terminal conditions for the moment must be satisfied. If the end is free
or pinned, the computed sum must equal zero. If the end is built-in, the end
moment computed by summation equals the one calculated initially for the
reaction. These are the boundary conditions and must always be satisfied.
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Example 7-13

Construct shear and moment
diagrams for the symmetrically
loaded beam shown in Fig. 7-27(a)
by the integration process.

(b)

(c)

Elastic curve
(d)
Fie. 7-27
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Example 7-14

Consider a simple beam with a uniformly increasing load intensity from an
end, as shown in Fig. 7-28(a). The total applied load is W. (a) Construct
shear and moment diagrams with the aid of the integration process.

(b) Derive expressions for V and M using Eq. 7-5.

2
v.q ~——x1 = L/y3— i
£ +
W (total) ®) 0 = —-
| -Wi3l
(a) 0
kx= (W% — - \
‘w3 2w 2w

Fig. 7-28

1-30
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SOLUTION

(a) Since the total load W = kL?/2, k = 2W/L? For the given load distrib-
ution, the downward reactions are W/3 and 2W/3, as shown in Fig. 7-28(a).
Therefore, the shear diagram given in Fig. 7-28(b) begins and ends as
shown. Since the rate of applied load is smaller on the left end than on the
right, the shear diagram is concave upward. The point of zero shear occurs
where the reaction on the left is balanced by the applied load; that is,

w 1 2w

-X1 =5 X henc x—-L
3 21L21 e'l \/5

At x,, the bending moment is maximum; therefore,
B - M(L) -t . lLZL"L(l_’-_) - 2L
™ T\V3 3Vv3 2v3L*V33v3/ 9V3
By following the rules given in Fig. 7-26, the moment diagram has the
shape shown in Fig. 7-28(c).

Although the shear and bending moment diagrams could be sketched
qualitatively, it was necessary to supplement the results analytically for
determining the critical values.
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(b) Applying Eq.7-5 and integrating it twice, one has

2 W
d—z =q=+kx=+ 2L—2x
dM  kx®

kx®
| e, = — + +
S =T +C and M= +Cx+ G

However, the boundary conditions require that the moments at x = 0 and
x = L be zero; thatis, M(0) = 0 and M(L) = 0.Therefore, since

M@O0)=0 C,=0
and, similarly, since M(L) = 0,

3 k 2
"—é—+c,1.=o or c,=-—é‘—
With these constants,

and

w
N
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Example 7-15

90 kN/m 160kN 200 kN X1
. 20 kN/m Zm Q04N
3
e — A : B E F
-
A o/ B |E F 6 ¢ TR , A
120 kN #,ssm 120 kN =40 kN
125 kN -60 kN 780 kN
<—2m—-—l-—2m }e—2m !1"‘ 2m-—=te—2m
(a) Moment
(d)
x H_ D |J
c%'_‘*—‘“‘ 3 edeor——dp
A B
L 1 | 1 ]
'C Al e |b '8 e 'F 'G 0.8
|
~120 kN
Axial force 3.06
(b)
Deflected shape
75 kN

40 kN ¢
| - © r_®7\1 |

c' olA ol o |[B e F 'G
-90 kN -85 kN

Fig. 7-29

Shear force
(c)

(e)
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7-12. Effect of Concentrated Moment on Moment Diagrams

+A moment acting on an element of a
SR Lo L MRS beam.

In the derivation for moment diagrams by summation of shear-diagram
areas, no external concentrated moment acting on the infinitesimal element
was included, yet such a moment may actually be applied. Hence, the
summation process derived applies only up to the point of application of an
external moment. At a section just beyond an externally applied moment, a
different bending moment is required to maintain the segment of a beam in
equilibrium. For example, in Fig. 7-30 an external clockwise moment M,
is acting on the element of the beam at A. Then, if the internal clockwise
moment on the left 1s M,, for equilibrium of the element, the resisting
counterclockwise moment on the right must be M, + M,. At the point of
the externally applied moment, a discontinuity, or a "jump," equal to the
concentrated moment appears in the moment diagram. Hence, in applying
the summation process, due regard must be given the concentrated
moments as their effect is not apparent in the shear diagram.

T M Mo + My Fig. 7-30 An external concentrated
24 &
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Example 7-16

Construct the bending-moment diagram for the horizontal beam
loaded as shown in Fig. 7-31(a).

Fig. 7-31
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Example 7-17

Pin 0.4 kN

-0.4 kN

— 400 —»t+——T700 —»

(c)

280 N°m

0.4 kN 0.4 kN}
0.6kN tA B

: 48 N*m
80’ I e p e A T el

(b) (d)
Figc 7'32
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Problems for solution from Popov

In addition to other books mentioned, solve following
problems from Popov:
3-10, 13-19, 24-28, 40-66, 71-73, 77-83 & 88-93
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Sample Problems

20 kN 40 kN SOLUTION:

+ Taking entire beam as a free-body,
T T D calculatereactions at B and D.

+ Find equivalent internal force-couple

|-2.5m»l-—3 m ——L2 m—l systems for free-bodies formed by

cutting beam on either side of load
_ application points.
Draw the shear and bending

moment diagrams for the beam
and loading shown.

* Plotresults.
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SOLUTION:

. Taking entire beam as a free-body, calculate
- reactions at B and D.

+ Find equivalent internal force-couple systems at
sections on either side of load application points.

ZF},:O: —20kN-7; =0 V1 =-20kN

>M>=0: (20kNYOm)+M;=0 |M;=0

Similarly,

V; =26kKN M; =—50kN-m
Vy=26kN M, =-50kN-m
Vs =26kN Ms=-50kN.m
Vg =26kN Mgz =-50kN-m
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e Plotresults.

Note that shear is of constant value
between concentrated loads and
bending moment varies linearly.
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L 40 1b/in. SOLUTION:

+ Taking entire beam as free-body,
calculatereactions at 4 and B.

* Determine equivalent internal force-
couple systems at sections cut within
segments AC, CD, and DB.

Draw the shear and bending
moment diagrams for the beam
AB. The distributed load of 40
Ib/in. extends over 12 in. of the
beam, from 4 to C, and the 400
Ib load is applied at E.

* Plotresults.
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Ib/in. SOLUTION:

—
: E -

|—12 in.
32 in.

+ Taking entire beam as a free-body, calculate
reactions at 4 and B.

ZMA =)z
! B, (32in.)—(4801b)6in.)- (4001b)(22in.) = 0

400 1b

6in. 4in. 10>

E 480 Ib

B, =3651b
dDXMp=0:
(4801b )(26in.)+ (4001b (10in.)— 4(32in.) =0
S F,=0: B, =0

* Note: The 400 Ib load at E may be replaced by a
400 Ib force and 1600 lb-in. couple at D.
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SOLIDS

3 kips/ft !

[ " '
20 kip - £t 318 kip - i

A | ! 1% f
|
! | 10kips 1 34 kips
%
X
M
X

— 96 kip - ft
~ 168 kip - ft

— 318 kip - ft

4ft ) 112 kips
20 kips 12 kips I

Cc
10 ft

D
A, D
6 ft ft —+S ft

20 kips 12 kips 1.5 kips/ft

|

A E
11
|
|
18 kips : 26 kips
|
20 kips 4
|
i
l) M
v
15 ki])\
V (kips)
+18
A (108) +12h (+48)
(—16)
[
-2 X
(—140)
=14
| [
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| |
20 kips 12 kips

15 Lips/ft |

18 kips 26 kips
V (kips)
+18
/—(4‘103) 12 (+48)
(—16)
—9 x
(—140)
—14
M(kip-ft)  +108

Lo
—48
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12 in.—
40 Ib/in.

6 in

45(2 b

r-—x—-

- 14 in.—/
1600 1b-in.

ol

365 b

6

+ Evaluate equivalent internal force-couple systems
at sections cut within segments AC, CD, and DB.

From A to C:
Y F,=0: 515-40x-V =0

V =515 - 40x]

SM;=0: —515x—40x{ix)+M =0
M =515x—20x*

From C to
Bip,=0: 515-480-7=0
>M;=0: —515x+480(x—6)+M =0
M =(2880+35x)1b-in,
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6 in.
12 in. i Zole—14iin.
0 Ib/in.
ok i 1600 Ib-in.
V.

A e A
1 C 2 D 3l
5151b |
400 Ib :
1
|

B

365 Ib

+ Evaluate equivalent internal force-couple
systems at sections cut within segments AC,
CD, and DB.

From D to

EE = 515-480-400-7V =0
V =-3651b

ZMz i)

~515x+480(x—6)—1600 +400(x —18)+ M =0
M = (11,680 —365x)1b -in.|
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~—12 in.

1
40 Ib/in.
= ’ 1600 Ib-in.

14 in. }

\%
5151b

: 4001b |
35 Ib
\!— 18 in. 32in.
19]"" ‘ 1 _3651b
3510 Ib-in. le—5110Ib-in.
X

¢ Plotresults.

From A to
C:[V =515 404

M =515x—20x>

From C to
D{V =351b

M = (2880 +35x)1b -in.|

From D to
BV =365
M =(11,680-365x)1b-in
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20 kips 12 kips 1.5 kips/ft

Draw the shear and
bending-moment
diagrams for the beam
and loading shown.

SOLUTION:

 Taking entire beam as a free-body, determine
reactions at supports.

» Between concentrated load application
points, dV /dx =—w =0 and shear is
constant.

+ With uniform loading between D and E. the
shear variation is linear.

» Between concentrated load application
points, dM [dx =V = constant . The change
in moment between load application points is
equal to area under shear curve between
points.

» With a linear shear variation between D
and E, the bending moment diagram is a
parabola.
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AL

I
|
|
|
|
18 kips |
'

20 hp.\l

18 kips

V(kips)
+18

e—10 ft 8 ft -
kips 1.5 kips/ft

E

c Dt

26 kips

+12 i

(—140)

x

SOLUTION:

 Taking entire beam as a free-body,
determine reactions at supports.

XM, =0:
D(241t)— (20kips )6 ft)— (12 kips )14 ft)

—(12kips)(281t)=0

2. F, =0:
A, —20kips —12kips + 26 kips —12 kips = 0

A4, =18kips

* Between concentrated load application points,
dV /dx = —w = 0 and shear is constant.

» With uniform loading between D and E. the shear
variation is linear.
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M(kip-ft)

20 kips 12 kips

1.5 kips/ft

26 kips

(+108) (+48)
o +12
-16
( ¥ )
- (~140)
-14
+108

<

* Between concentrated load application
points, dM /dx =V = constant. The change
in moment between load application points is
equal to area under the shear curve between
points.

Mg—M,=+108 Mg =+108kip-ft
Mce-Mp=-16 Mc=+92kip-ft

Mp—Mc=-140 My =—48kip-ft

Mg—Mp=+48 Mg=0

» With a linear shear variation between D
and E, the bending moment diagram is a
parabola.
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SOLUTION:

* The change in shear between 4 and B is equal
to the negative of area under load curve
between points. The linear load curve results
in a parabolic shear curve.

e ____‘ B CE
L~ i » With zero load, change in shear between B
and C is zero.

Wy

» The change in moment between 4 and B is

Sket(-:h the shear an_d equal to area under shear curve between
bending-moment diagrams  points. The parabolic shear curve results in

for the cantilever beam and  a cubic moment curve.
loading shown. + The change in moment between B and C is
equal to area under shear curve between

points. The constantshear curve results in a
linear moment curve.
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v
[- %woa"’] [- étfoa(l- —a)
N : 7/ x
I
= lwoa i lwoa
2

SOLUTION:

The change in shear between 4 and B is equal to
negative of area under load curve between points.
The linear load curve results in a parabolic shear
curve.

dv
atd, V,=0, —=-w=-w,

dx
Vo—V R [ . T
B A~ 3”0‘7’ VB =—3Wpa

With zero load, change in shear between B and C is
zero.
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* The change in moment between 4 and B is equal
to area under shear curve between the points.
The parabolic shear curve results in a cubic
moment curve.

sbd, M=y, Py

v dx

> 5
[= %wan] [—%woa(L —a)) Mg-M, = —%woa‘ Mg = —%WOCI"

: Mc-Mp=-Swoa(l-a) Mc =-1wya(3L-a

* The change in moment between B and C is equal
to area under shear curve between points. The
constant shear curve results in a linear moment
curve.

1 2
3 woa

- %woa(3L —a)
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Example 6.1

Find the internal torque at section K-K for the shaft shown in Fig. 6-1(a)
and acted upon by the three torques indicated.

20 N.m
internal torque

(a) (b)

SOLUTION Fig. 6-1
The 30N - m torque at Cis balanced by the two torques of 20 and 10 N - m at

A and B, respectively. Therefore, the body as a whole is in equilibrium. Next,
by passing a section K-K perpendicular to the axis of the rod anywhere
between A and B, a free body of a part of the shaft, shown in Fig. 6-1(b), is
obtained. Whereupon, from 2 M, = 0,or

externally applied torque = internal torque
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the conclusion is reached that the internal or resisting torque developed in
the shaft between A and B is 20 N - m. Similar considerations lead to the
conclusion that the internal torque resisted by the shaft between B and C
iIs30N ' m.

=#

Fig.6-2 Altemative representations
of torque.
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TORSION OF CIRCULAR ELASTIC BARS

6-3. Basic Assumptions for Circular Members

To establish a relation between the internal torque and the stresses it sets
up in members with circular solid and tubular cross sections, it is necessary
to make two assumptions, the validity of which will be justified later. These,
in addition to the homogeneity of the material, are as follows:

1. A plane section of material perpendicular to the axis of a circular
member remains plane after the torques are applied (i.e., no warpage

or distortion of parallel planes normal to the axis of a member takes
place).!

Fig.6-3 Variation of strain in circular
member subjected to torque.

~
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2. In a circular member subjected to torque, shear strains vy vary linearly
from the central axis, reaching -y, at the periphery. This assumption is
illustrated in Fig. 6-3 and means that an imaginary plane such as
DO, 0;C movesto D ‘O,0,C when the torque is applied. Alternatively,
if an imaginary radius O,C is considered fixed in direction, similar
radii initially at O,B and O,D rotate to the respective new positions
O,B' and O,D’.These radii remain straight.

It must be emphasized that these assumptions hold only for circu-
lar solid and tubular members. For this class of members, these
assumptions work so well that they apply beyond the limit of the elas-
tic behavior of a material. These assumptions will be used again in
Section 6-13, where stress distribution beyond the proportional limit
is discussed.

Fig.6-3 Variation of strain in circular
member subjected to torque.

~
(=]
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3. If attention is confined to the linearly elastic material, Hooke’s law
applies, and it follows that shear stress is proportional to shear strain.
For this case complete agreement between experimentally determined
and computed quantities is found with the derived stress and deforma-
tion formulas based on these assumptions. Moreover, their validity can
be rigorously demonstrated by the methods of the mathematical the-
ory of elasticity.
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6-4. The Torsion Formula

Tmax
[0 “ % Trmax
; c == > ‘ ‘ CorD
0 ‘ ‘{
T Hooke's law dA

Shear strain Shear stress
variation variation

Fig.6-3 Variation of strain in circular “:%_“ J RdA=T
member subjected to torque. 5

Fig.6-4 Shear strain assumption leading to elastic shear stress distribution in a cir-
cular member.

In the elastic case, on the basis of the previous assumptions, since stress is
proportional to strain, and the latter varies linearly from the center, stresses
vary linearly from the central axis of a circular member. The stresses
induced by the assumed distortions are shear stresses and lie in the plane
parallel to the section taken normal to the axis of a rod. The variation of the
shear stress follows directly from the shear-strain assumption and the use of
Hooke's law for shear. This 1s illustrated in Fig. 6-4.
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Unlike the case of an axially loaded rod, this stress is not of uniform
intensity. The maximum shear stress occurs at points most remote from the
center 0 and 1s designated Tj, 4, These points, such as points C and D in
Figs 6-3 and 6-4, lie at the periphery of a section at a distance ¢ from the
center. For linear shear stress variation, at any arbitrary point at a distance

p from 0, the shear stress is %Tmax-

The resisting torque can be expressed in terms of stress once the stress
distribution at a section is established. For equilibrium this internal resist-
ing torque must equal the externally applied torque 7. Hence,

p
JETma: dA pi= I
AN

Stress area
\ _J

force arm

it
torque
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where the integral sums up all torques developed on the cut by the infinites-
imal forces acting at a distance p from a member’s axis, O in Fig. 6-4, over

the whole area A of the cross section, and where T is the resisting torque.
At any given section, 1., and ¢ are constant; hence, the previous rela-

tion can be written as

Tmax j p2dA =T (6-1)
€ Ja

However, f 4 P2dA, the polar moment of inertia of a cross-sectional area, is
also a constant for a particular cross-sectional area. It will be designated by
1, in this text. For a circular section,dA = 2mp dp, where 2mp is the circum-
ference of an annulus? with a radius p of width dp. Hence,

o A 7o mwd?

C
I, = 2d = 3 — —_] = —_— = —_—
P Lp A J;Z'rrp dp = 2m 7|, 5 o (6-2)
That is,
wc*  md
= e—— E e— 6-
IP 2 32 =5
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where d is the diaimeter of a solid circular shaft. If ¢ or 4 is measured in mil-
limeters, IP has the units of mm*; if in inches, the units become in*.
By using the symbol I, for the polar moment of inertia of a circular

area, Eq. 6-1 may be written more compactly as

= = (6-3)

This equation is the well-known torsion formula3 for circular shafts that
expresses the maximum shear stress in terms of the resisting torque and the
dimensions of a member. In applying this formula, the internal torque T can
be expressed in newton-meters,N - m, or inch-pounds, ¢ in meters or inches,
and I, in m* or in . Such usage makes the units of the torsional shear stress

[N - m][m] =[§]

[m?] m’

or pascals (Pa) in SI units, or
1-10
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where d is the diaineter of a solid circular shaft. If ¢ or d is measured in mil-
limeters, Ip has the units of mm*: if in inches, the units become in*.

By using the symbol /, for the polar moment of inertia of a circular
area, Eq. 6-1 may be written more compactly as

Toax = (6-3)

This equation is the well-known torsion formula’ for circular shafts that
expresses the maximum shear stress in terms of the resisting torque and the
dimensions of a member. In applying this formula, the internal torque T can
be expressed in newton-meters,N - m, or inch-pounds, ¢ in meters or inches,
and J, 1n m* or in %, Such usage makes the units of the torsional shear stress

[N-m][m] _ [ﬂ]
m]  [m?
or pascals (Pa) in Sl units, or

ﬁmwm=[%]

[in%] in
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A more general relation that Eq. 6-3 for a shear stress, T, at any point a
distance p from the center of a section is

Tp
P gy = = (6-4)
P

Equations 6-3 and 6-4 are applicable with equal rigor to circular tubes,
since the same assumptions as used in the previous derivation apply. It is
necessary, however, to modify IP. For a tube, as may be seen from Fig. 6-5,
the limits of integration for Eq. 6-2 extend from b to c. Hence, for a circular
tube,

2np’dp = — — — (6-5)

f ‘ mc®  mwb*
X 2 3

Ip=fp2dA=
A

or, stated otherwise, Ip for a circular tube equals '”.u for a solid shaft using
the outer diameter and —1/, for a solid shaft using the inner diameter.

For very thin tubes, if b is nearly equal to c,and ¢ — b = 1, the thickness
of the tube, I, reduces to a simple approximate expression:

I, =~ 2Rt (6-6)
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Fig. 6-5 Variation of stress in an elas-
tic circular tube.

{c)

Fig. 6-7 Existence of shear stresses
on mutually perpendicular planesin a
circular shaft subjected to torque.
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Procedure Summary For the torsion problem of circular shafts the
three basic concepts of engineering mechanics of solids as used previously
may be summarized in the following manner:

1. Equilibrium conditions are used for determining the internal resisting
torques at a section.

2. Geometry of deformation (kinematics) is postulated such that shear
strain varies linearly from the axis of a shaft.

3. Material properties (constitutive relations) are used to relate shearstrains
to shear stresses and permit calculation of shear stresses at a section.
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Fracture of brittle materials subjected to torque

Ductile material

failure plane
Tmax
. L
— |
T 4] i‘ T
e - — e
| 5 4

Brittle material

failure surface

Fig.6-8 Potential torsional failure surfaces in
ductile and brittle materials.

Fig.6-10 Fractured cast iron specimen in torsion. The photograph on the right

shows the specimen more widely separated.
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Example 6-2

Find the maximum torsional shear stress in shaft AC shown in Fig. 6-1(a).
Assume the shaft from A to Cis 10 mm in diameter.

SOLUTION

From Example 6-1, the maximum internal torque resisted by this shaft is
known to be 30 N-m. Hence, T=30 N-m, and ¢ =d/2 =5 mm. From
Eq.6-2,

Tc _ 30X 10° X5

1—, ) = 153 MPa
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Example 6-3

Consider a long tube of 20 mm outside diameter, d,, and of 16 mm inside
diameter, d,, twisted about its longitudinal axis with a torque 7 of 40N - m.
Determine the shear stresses at the outside and the inside of the tube; see
Fig. 6-12.

SOLUTION (S
From Eq. 6-5,
w(c*-bY) w(di-d)) =w(20*-16%
I = - ) i = — 4
o 3 ) 3 9270 mm

and from Eq. 6-3,

_ 40X 10 X 10
9270

= 43.1 MPa

& _ It
- = —

Similarly, from Eq. 6-4,

Tp 40X 10°x 8
Tmin = I = 9270 = 34.5 MPa
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6-6. Design of Circular Members in Torsion for Strength

After the torque to be transmitted by a shaft is determined and the
maximum allowable shear stress is selected, according to Eq. 6-3. the

. . I T
proportions of a member are given as: -= = (6-8)

Tmax
I _

where is the parameter on which the elastic strength of a shaft

Tmax
depends. For an axially loaded rod. such a parameter is the cross-sectional

. I nc3 ) . .
area of a member. For a solid shaft, ?p = == where c 1s the outside radius.

By using this expression and Eq. 6-8. the required radius of a shaft can be
determined. Any number of tubular shafts can be chosen to satisfy Eq. 6-8
by varying the ratio of the outer radius to the inner radius. ¢/b. to provide

. I
the required value of :p.
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By definition, I hp does the work of 745.7 N - m/s. One N - m/s is
conveniently referred to as a watt (W) in the SI units. Thus 1 hp can be
converted into 745.7 W. Likewise, it will be recalled that power is equal to
torque multiplied by the angle, measured in radians, through which the
shaft rotates per unit of time. For a shaft rotating with a frequency of f =Hz,
the angle 1s 2nrf rad/s. Hence, if a shaft were transmitting a constant torque
T measured in N - m, it would do (2nf T) N - m of work per second.
Equating this to the horsepower supplied, hp x 745.7 2nf T [N - nv/s]

T = “‘j’,"” [N.m] (6-9)
T = 15‘;"“’ [N.m] (6-10)

In the U.S. customary system of units. 1 hp does work of 550 ft-1b per
second, or 550 x 12 x 60 in-Ib per minute. If the shaft rotates at N rpm
(revolutions per minute), an equation similar to those just given can be

obtained: T = Z22" iy 1b] (6-11)
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Example 6-4

Select a solid shaft for a 10-hp motor operating at 30 Hz. The maximum
shear stress is limited to 55 MPa.

SOLUTION
From Eq.6-2,
119 X hp 119 X 10
T= - = 397N
f 30 -
and from Eq. 6-8.
3
1, _ T _ 39.7 X 10 = 79 mm?
c - 55
3
x o B or c3=3!’3=2>(722=460mm‘
c 2 T 0]

Hence,c = 772 mmord = 2c¢ = 15.4 mm.
For practical purposes. a 16-mm shaft would probably be selected.
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Example 6-5

Select solid shafts to transmit 150 kW each without exceeding a shear stress
of 70 MPa. One of these shafts operates at a frequency of 0.30 Hz and the

other at a frequency of 300 Hz. é’ 2 8.8 2
SOLUTION L&l B
Subscript 1 applies to the low-speed shaft and 2 to the high-speed shaft. S 8 := E 13}
From Eq.6-10. c e 382
C E 2 ., 0
159 x kW 159 X 150 25 28 9
Ti==F—="TG3p ~10Nm 38%?‘;
- o 50§ 5
Similarly. = ’Ebj:” ch'?c
7,=79.5N-m gﬂHg'z
= 2 S5 °C &
From Eq.6-8. 535§ @ g

0 8 By %

& T 79. = a Q0 O

oD B4 % 10° men® ST 85 9

¢ Tia 70 0 5 T P

La  wd 16 D"E s

B=Tbordi=T2(114 X 10° = 581 X 10°mm? =55 et

5 g EE52

Hence. w S5 2 = %D
= 0 0. o-

d=18mm and d,=18mm = EEo=Ss 3
-

N
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b-7. Stress Concentrations

3.4 ——
r d__
3.0 E %
2.6 i g —
K 2.2 I
D i}
20== 1.2
1.8 — N d
NS
1.4 1,00 : —~—
k. — | —
1.0 | I {b)
0 008 , 0.16 0.24
dr

(a)

Fig.6-13(a) Torsional stress-concentration factors in circular shafts of two diameters.
(b) Stressincrease at a fillet.

Trax = K5 (6-12)

where the shear stress Tc/I, is determined for the smaller shaft.
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6-8. Angle of Twist of Circular Members

According to assumption 1 stated in Section 6-3, planes perpendicular to
the axis of a circular rod do not warp. The elements of a shaft undergo
deformation of the type shown in Fig. 6-15(b). The shaded element is
shown 1n 1ts undistorted form in Fig. 6-15(a). From such a shaft, a typical
element of length dx is shown isolated in Fig. 6-16 similar to Fig. 6-3.

- e e e o
-
-
-
—

(b)

Fig. 615 Circular shaft (a) before

Fig.6-16 Deformation of a circular
and (b) after torque is applied.

bar element due to torque.
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In the element shown, a line on its surface such as CD 1s mitially parallel to
the axis of the shaft. After the torque is applied. it assumes a new position

CD'. At the same time, by virtue of earlier assumption 2, radius OD remains

straight and rotates through a small angle d¢ to a new position OD'.

Denoting the small angle DCD’ by v, from geometry, one has two
alternative expressions for the arc DD":

arc DD' = vy, dx or arc DD' = dbc

where both angles are small and are measured in radians. Hence,
Ynax dX = dd ¢ (6-13)

The Yma applies only in the zone of an infinitesimal “tube™ of constant
maximum shear stress T.,,. Limiting attention to linearly elastic response
makes Hooke's law applicable. Therefore, according to Eq. 5-1, the angle
Yeax IS proportional to 7, (i.€., Ypax = Tma/ G ). Moreover, by Eq 6-3,
Tmax = T¢/I,. Hence, Y, = Tc/(1,G).'° By substituting the latter expres-
sion into Eq. 6-13 and simplifying, the governing differential equation for
the angle of twist is obtained:

ol o5 ppulE (6-14)
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This gives the relative angle of twist of two adjoining sections of infinitesi-
mal distance dx apart. To find the total angle of twist & between any two
sections A and B on a shaft a finite distance apart, the rotations of all ele-
ments must be summed. Hence, a general expression for the angle of twist
between any two sections of a shaft of a linearly elastic material is

B B
¢=¢,-¢A=I d¢=f R (6-15)
A A Ipr

where ¢z and ¢, are, respectively, the global shaft rotations at ends B and
A. The rotation at A may not necessarily be zero. In this equation, the
internal torque T, the polar moment of inertia /,,, as well as G, may vary
along the length of a shaft. In such cases, T, = T(x), I,, = I,(x), and
G = G(x).The direction of the angle of twist ¢ coincides with the direction
of the applied torque T.
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Example 6-6

Find the relative rotation of section B-B with respect to section A-A of
the solid elastic shaft shown in Fig. 6-17 when a constant torque T is being
transmitted through it. The polar moment of inertia of the cross-sectional
area [, is constant.

SOLUTION
In this case. 7, = T and /, is constant; hence, from Eq. 6-15.
o DL [T [, o g
B0 o LG 1Glo 1,G Fig, 617
Thatis.
TL
= IP_G (6-16)

In applying Eq. 6-16,note particularly that the angle ¢ is expressed in radi-
ans. Also observe the great similarity of this relation to Eq. 34,
A= PL/AE. for axially loaded bars. Here $ 2 A. TP, [, A and G
<> E. Analogous to Eq. 3-4, Eq. 6-16 can be recast to express the rorsional
spring constant, or torsional stiffness, k, as

T IG |[in-b N-m
_—— —L —_— - e
k, K [ rad ] = I rad ] el




Example 6-7

Consider the stepped shaft shown in Fig. 6-19(a) rigidly attached to a wall
at E,and determine the angle of twist of the end A when the two torques at
B and at D are applied. Assume the shear modulus G to be 80 GPa, a typi-

cal value for steels.

(b}

(]

& x 10° rad

(d) 0

-23.3

Tp= 1000 N*m

b Te= 1150 N'm
b E

AT

Tg =150 N'm
8 |

l o
B

200
| mm

Ta

1150

150|__

Torque diagram

D

-135 18

Angle-of-twist diagram
Fig.6-19
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nd* = x25*
'Up)AB = UP)B'C = 32 =

(Uep = (I)pe = 312@; —dh = % (50* - 25%) = 575 X 10° mm*

E B C D E
¢=[ T,d.x=] T, dx +j Tpcdx [ Tcpdx +I Tpsdx
alL,G i )asG  JgU)ecG  Je (L)edG 1o ()peC

b= L _ Taslas  Tecloc  Teoleo | ToeLoe
i Up}Gi Up).mG Up)BCG Up)C‘DG up)nEG
150 x 10° x 200 150 x 10* x 300
B3 x10° X 80 X 10° * 575 x 10° X 80 x 107
1150 x 10? x 500
575 x 10° x 80 x 10°

=0+98x107 +10%x107° +125x 10 =233 X 10~*rad

=0+
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Example 6-9

Assume that the stepped shaft of Example 6-7, while loaded in the same
manner is now built-in at both ends, as shown in Fig. 6-22. Determine the
end reactions and plot the torque diagram for the shaft. Apply the force

method.
25mm Ta= 150 N'm Tp= 1000 N*m
{50 mm e
—L Ta A B
(a) 250 mm| 200
s 7 mm
Ts
(b) !
¢4
i R e R s A )
Ta
(c)
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Example 7-14

T,
B &= 2
i i (Ip)iGr
» 450 800
8 = b4 ‘1( _— - + )
= To %10 383 x 10° x 80 x 10° 575 x 10 x 80 x 103
o
I g = (147 X 107* + 17 X 107%)T, = 164 X 10"'?'4 rad
= |
IO E = "
5 = Tg= 150 N°'m o 1D|00N "
I l _  YY—t—————
g - O | (=TT
= E 250 mm| 200 | 300mm | 500mm |
x mm - |
i S |
ﬂl E ¢ x10% rad |
Z
o
I
S (e) 0 ? f ?‘/—F Lx
8
: e M1 -110
= 5

Angle-of-twist diagram




ENGINEERING MECHANICS OF SOLIDS

6-12. Shaft Couplings

Bolts
N

(a)
Fig.6-26 Flanged shaft coupling.
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Example 6-12

Estimate the torque-carrying capacity of a steel coupling forged integrally
with the shaft,shown in Fig, 6-27, as controlled by an allowable shear stress
of 40 MPa in the eight bolts. The bolt circle is diameter 240 mm.

SOLUTION
Area of one bolt:
A = (1/9)w(30)? = 706 mm?
Allowable force for one bolt:
Poow = ATyow = 706 X 40 = 28.2 X 10°N
Since eight bolts are available at a distance of 120 mm from the central axis,

T,

how = 282 X 10 X 120 X 8 =27.1 X 10° N -mm = 271 X 10°N-m

Eight 30-mm bolts

,,,FE 240
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TORSION OF SOLID NONCIRCULAR MEMBERS

6-14. Solid Bars of Any Cross Section

hY

i ! ‘ b =
I 1:&‘.
! e ; fmax‘ T
/D |
(a) il l
‘C -— Fig.6-33 Shear stress distribution in
a rectangular shaft subjected to a

torque.

(b)

Fig.6-32 Rectangular bar (a) before and (b) after a
torque is applied.
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T TL
it | ™ | ®=ghrG

(6-30)

Table of Coefficients for Rectangular Bars

b/t 1.00 1.50 2.00

3.00 6.00 10.0

P 0.208 0.231 0.246

0.267 0.299 0.312

0.333

B 0.141 _ 0.196 _ 0.229

0.263 0.299 0.312

0.333

(6-31)
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TORSION OF THIN-WALLED/TUBULAR MEMBERS

6-16. Thin-Walled Hollow Members

one can imagine a constant quantity
of water steadily circulating in this
channel. In this arrangement, the
quantity of water flowing through a
plane across the channel 1s constant.
Because of this analogy, the
quantity q has been termed shear
= - flow.
Next consider the cross section of the tube as shown in Fig. 6-40(c). The
force per unit distance of the perimeter of this tube, by virtue of the
previous argument, is constant and 1s the shear flow q. This shear flow
multiplied by the length ds of the perimeter gives a force q ds per
differential length. The product of this infinitesimal force q ds and r around
some convenient point such as 0, Fig. 6-40(c), gives the contribution of an
element to the resistance of applied torque T. Adding or integrating this,
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T = tﬁ rq ds (6-32)

where the integration process is carried around the tube along the center
line of the perimeter. Since for a tube. q 1s a constant. this equation may be
written as

=4 ?g rds (6-33)

Instead of carrying out the actual integration. a simple interpretation of
the integral is available. It can be seen from Fig. 6-40(c) that r ds 1s twice
the value of the shaded area of an infinitesimal triangle of altitude r and
base ds. Hence the complete integral is twice the whole area bounded by
the center line of :he perimeter of the tube. Defining this area by a special
Symbol @ one obtains

T=2@q o gq-= (6-34)

SR
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This equation? applies only to thin-walled tubes. The arca (4) is approxi-
mately an average of the two areas enclosed by the inside and the outside
surfaces of a tube, or, as noted, it is an area enclosed by the center line of
the wall’s contour. Equation 6-34 is not applicable at all if the tube is slit,
when Eqs. 6-30 should be used.

Since for any tube, the shear flow g given in Eq. 6-34 is constant, from
the definition of shear flow, the shear stress at any point of a tube where
the wall thickness is 7 is

r= (6-35)

For linearly elastic materials, the angle of twist for a hollow tube can be
found by applying the principle of conservation of energy, Eq. 3-16. In this
derivation, it is convenient to introduce the angle of twist per unit length of
the tube defined as 8 = dd/dx. The elastic shear strain energy for the tube
should also be per unit length of the tube. Hence, Eq. 5-5 for the elastic
strain energy here reduces to U, = [,,(+*/2G) dV, where dV = 1 X t ds.
By substituting Eq. 6-35 and then Eq. 6-34 into this relation and simplifying,

T? ds

— T?
% - § g = 1 ¢ o3
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Equating this relation to the external work per unit length of member
expressed as W, = T0/2, the governing differential equation becomes

e————§$ (6-37)

Here again it is useful to recast Eq. 6-37 to express the torsional stiff-
ness k, for a thin-walled hollow tube. Since for a prismatic tube subjected
to a constant torque, ¢ = 0L,

.. (638)
§ ds/t

e—l'ﬂ
~Q
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Example 6-16

Rework Example 6-3 using Egs. 6-34 and 6-35. The tube has outside and
inside radii of 10 and 8 mm, respectively, and the applied torque is 40N - m.

SOLUTION
The mean radius of the tube is 9 mm and the wall thickness is 2 mm. Hence,

q y 40 x 10°
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Example 6-17
| | N o9
An aluminum extrusion has the cross section shown in Fig. 6-42. If torque
T =300 N- mis applied, (a) determine the maximum shear stresses that a 5 T
would develop in the three different parts of the member, and (b) find the @
torsional stiffness of the member. Neglect stress concentrations. 10 ? T
G _mx10°G G —~ T4
— _—= -_=]. b4 —_— 3 20
k) =1, I S 1.57 x 10* 7 +® |
G G '
(k), = Bbt®— = 0.263 x 30 x 10°*— = 0.789 X 1049 t
L L L ~— 40 mm—>
4@ G 4 X (40 x 20)? G G Fig. 6-42
(ks = e — =698 x 10°—
4 % +
&ds}lL (40 +2 X 20)/3 + 40/4 L L

By adding the stiffnesses for the parts, the member torsional stiffness
2 (k); = 9.34 X 10°G/L

The applied torque is distributed among the three parts in a ratio of
(k),/2 (k). On this basis, the torques are 300 x (1.57 X 10°G/L)
(934 x IU‘G/L) = 50.4 N -m for the knob, 25.3 N -m for the bar, and
224 N - m for the box. The maximum stresses in each of the parts are deter-
mined using, respectively, Egs. 6-3,6-30, and 6-34.
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Tc 504 x 10° x 10

T = Z = — 10‘/2 — 32.1 MPa
F § 253 x 10°
Temax = Ch2 T 0267 x 30 X 102 ol ke
4 3
L SANN e dGT WP

Temax T 30D 2x 40 X 20 X 3
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Problems for solution

In addition to other books mentioned, solve
following problems from Popov:

1, 4-6, 10, 11, 16, 19, 20, 24-30, 33, 35, 42, 43, 51,
52 & 58-60
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Symmetric Beam Bending

[Flexural stress in beams]
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Definitions of positive moments

(a)

(b)
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Basic Kinematic Assumption

1. Plane sections through a beam taken normal to its axis remain plane
after the beam 1s subjected to bending.

2. Some fibers or filaments of the beam along a surface do not change
length. These fibers free of stress and strain exist continuously over the
whole length and width of the beam. These fibers lie in a surface called
neutral surface of the beam. Intersection of the neutral surface with a
right section through the beam 1is termed as neutral axis of the beam
(location of zero stress and zero strain in a beam subjected to bending.

3. In a beam subjected to bending, strains in it’s fibers vary linearly or
directly as there respective distance from the neutral surface.

\ X
. dx |'E_ Beabm axis
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|8max| _"| [
_ Omax
-+ - IF]max =C M" i
o= Ee
e
< - ~
Unit length
Neutral

(c)
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N
O

(a) (b)
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Ax Au Au y

—_— ::) —_——

Py Ax  p

g,=~ = o,=FEg, = o,=EZ%
X p X X X p
2=

$dF =0 = $o,dA=0

=>-§ydA=0 = JA=0 =7=0
NA passes through the centroid of the section.

YM,=0 =M,+§adA.y=0

Mz+§§ﬁy2dz‘-l=0 :>Mz+%l=0

M4+ =0 = gp= -2
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6-4. The Torsion Formula

Figure 86 Segment of a bent beam.
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Example8-1

Find the moment of inertia around the horizontal axis passing through the
centroid for the rectangular area shown in Fig. 8-9.

y

e

e

e
[0 B
+o e B
W F

Figure 8-9
SOLUTION

The centroid of this section lies at the intersection of the two axes of sym-
metry. Here it is convenient to take dA as b dy. Hence,

+h/2 +h/2
bh?
e [ann [yl 28

- s 12

Hence,

= — 8-19
T and 1o= m (8-19)
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Example 8-2
: ; : 2 > Y]
Find the moment of inertia about a diameter for a circular area of radius c; z
see Fig. 8-10. f= p

B

SOLUTION
To find [ for a circle, first note that p> = z* + y?, as may be seen from the
figure. Then using the definition of /,, noting the symmetry around both Figure 8-10

axes, and using Eq. 6-2,

Ip=fp2d.4=f(yz+z2)dA=fy2dA+fz"dA
A A A A

= 4. =21
L nct
L=1I= .i‘.’. o (8-20)
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Example 8-3

Determine the moment of inertia I around the horizontal axis for the area

shown in mm in Fig. 8-11 for use in the flexure formula.

S AEp—

y (mm)
Area A (mm?) (from botiom) Ay
Entire area 40 X 60 = 2400 30 72 000
Hollow interior =20 X 30 = —600 35 =21 000
o 2 A = 1800 mm? S Ay = 51000 mm’
. 2A 1 000
y= -S—f = :j-]l-é-{?ﬂ- = 283 mm from bottom
For the entire area:
_ bh® 40 X 60° —
I"_l_— 2 =72 X 10° mm

Ad® = 2400(30 - 28.3) = _0.69 x 10‘mm’
1, =72.69 X 10* mm*

28.3
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For the hollow interior:

) _ bk’ 20 x30°
T 12 12

= 4.50 X 10*mm*

Ad? = 600(35 — 28.3)? = 2.69 X 10*mm*
I, =7.19 X 10* mm*
For the composite section:

I, = (72.69 — 7.19)10* = 65.50 X 10* mm*
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Example 8-4

A 300-by-400-mm wooden cantilever beam weighing 0.75 kN/m carries an
upward concentrated force of 20 kN at the end, as shown in Fig. 8-12(a).

Determine the maximum bending stresses at a section 2 m from the free
end.

JP=20kN ,‘m 0.75 kN-m
0.75 kN/m e sk 7 4.81 MPa
) e B TR
S L 2 4.81 MPa
2m B J B [t
L |
{a) (b) {c) (d)
Figure 8-12
From Eq. 8-19,
bh* 300 x 400°
=— = —— =16 X 10
4 2 T 6 X 10" mm
From Eq. 8-13,

Mc _ 385 X 108 x 200
I

— = = ==
o 16 < 10° +4.81 MPa

max
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Example 8-5

Find the maximum tensile and compressive stresses acting normal to
section A-A of the machine bracket shown in Fig. 8-13(a) caused by the

applied force of 8 kips. <L

(e)
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2 Ay 170
v = = = 1.70in from line ab
YTT A4 T 100

4 %13
I=2(L +Ad*) = 5 TAH §2¢
3
4 -2—’%2-1‘-3- +2 X3 X0.8? = 14.43in*
Oy = Nfrc = oy 11:4); £ = 204 ksi (compression)

Mc 816X 1.7
Ima = 71 7 T 1443

= 15.1 ksi (tension)
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8-6. Stress Concentrations

|

___________ _ Figure 8-15 Meaning of stress-
‘5 concentration factor in bending.

' i
" le— (0ynax) NOMinal = #
Omax actual
Mc
P (ormax) actual (O max)actual = KT (8-23)
i (ormax) nominal
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h
rfd-0.0S_ . i _
i | ] | 1
+ fp

T t $ L.'—' [
30'1.?__
_____ i ' ' =
i | ""}0.2;"“'
._.u._-.r_u.u_.r... e

T -

S EETTIEe

I e LT B O

hi/r

Figure 8-16 Stress-concentration factors in
pure b nding for flat bars with various fillets.

o

22T =005 | 1 | |
E | 0.1}
K 1.8 E 0.2
Lebwd g | i
1.4 —=m==:05 |
e a——0.75
1.0 : '
0 1.0 2.0 3.0 4,0 5.0
hir
Figure 8-17 Stress-concentration factors in
bending for grooved flat bars.
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Example 8-12

Consider a composite beam of the cross-sectional dimensoins shown in
Fig. 8-30(a). The upper 150-by-250-mm part 1s wood, Ew = 10 GPa; the
lower 10-by-150-mm strap is steel, E, = 200 GPa. If this beam is subjected
to a bending moment of 30 kN - m around a horizontal axis, what are the
maximum stresses in the steel and wood?

150
mm

Ll L

150 e
art 7.5 = 150/20
- - — el
T ™
250 mm 183 mm
Neutral axis r
. e it?? mm

Figure 8-30

150
20 X 150 = 3000 mm o
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SOLUTION
Select E,, as E,...Then n, = E/E,, = 20. Hence, the transformed cross sec-

tion is as in Fig. 8-30(b) with the equivalent width of steel equal to
150 X 20 = 3000 mm. The centroid and moment of inertia around the cen-

troidal axis for this transformedsection are, respectively,

X X X X
150 x 250 X 125 + 10 X 3000 255:183mm (from the top)

o 150 X 250 + 10 X 3000
3 3
1==1§°’1;—-32+150x250x532+—300w+10x3000><722

= 478 X 10° mm*
The maximum stress in the wood is

(@) =Mc=0.03><109x183
wonr I 478 x 10°

= 11.5 MPa

The maximum stress in the steel is

0.03 x 10° x 77

B x 107 oo MPa

(0g)pax = o, = 20 X
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ALTERNATIVE SOLUTION
Select E, as E,,. Then n,, = E,/E, = 1/20, and the transformed section is
as in Fig. 8-30(c).

7.5x 250X 1354+ 150 x 10X 5

¥ T T 75 %250 + 150 X 10
= 77mm (from the bottom)
fm B A B oo an g4 X

z 12 12
+ 150 X 10 x 722 = 23.9 X 10° mm*

0.03 x 10° x 77

Clea = “poxiep - 267Mpe
o, 1 _0.03x10"x 183
= 2 ==X — ]Ul
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Example 8-13

Determine the maximum stress in the concrete and the steel for a rein-
forced-concrete beam with the section shown in Fig. 8-31(a) if it is sub-
jected to a positive bending moment of 50,000 ft-Ib. The reinforcement
consists to two #9 steel bars. (These bars are 1} in in diameter and have a
cross-sectional area of 1in2.) Assume the ratio of E for steel to that of con-
crete to be 15 (i.e.,n = 15).

| 10"
|

a
IR N\ 7 je-ss N\
R B
X *_L‘ e R ! _O8; S,y
| b | nAg=30in?

Two #9 bars Unit distance

10"

(a) {b) (c) {d)
Figure 8-31
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It 1s known that this axis coincides with the axis through the centroid of the
transformed section. It is further known that the first (or statical) moment
of the area on one side of a centroidal axis 1s equal to the first moment of
the area on the other side. Thus, let kd be the distance from the top of the
beam to the centroidal axis, as shown i Fig. 8-31(c), where k is the
unknown ratio's and d is the distance from the top of the beam to the center
of the steel. An algebraic restatement of the foregoing locates the neutral
axis

10(kd) _(kd/2)= _ 30 (20 - kd)

concrete arm transformed arm
area steel area

5(kd)* = 600 — 30(kd)
(kd)* + 6(kd) — 120 = 0
Hence,
kd =836in and 20— kd =11.64in
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3 2
N 10(?§6—) + 10(8.36) (?) + 0 + 30(11.64)* = 6020 in*

Mc 50,000 X 12 X 8.36
c/max — I 6020

= =HMC= 15 x 50,000 X 12 x 11.64
" 1 6020

= 833 psi

= 17,400 psi
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Problems for solution

In addition to other books mentioned, solve

following problems from Popov:
11-15, 18, 25-26
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Shear Stresses in Beams

10
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10-2 Preliminary Remarks

In deriving the torsion and the flexure formulas, the same sequence
of reasoning was employed. First, a strain distribution was assumed
across the section; next, properties of the material were brought in
to relate these strains to stresses: and, finally, the equations of
equilibrium were used to establish the desired relations. However,
the development of the expression linking the shear force and the
cross-sectional area of a beam to the stress follows a different path.
The previous procedure cannot be employed, as no simple
assumption for the strain distribution due to the shear force can be
made. Instead, an indirect approach is used. The stress distribution
caused by flexure, as determined in the preceding two chapters, is
assumed, which, together with the equilibrium requirements,
resolves the problem of the shear stresses.
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dM
== (10-1)

Equation 10-1 means that if shear V 1s acting at a section, there will be a
change in the bending moment M on an adjoining section. The difference
between the bending moments on the adjoining sections is equal to V dx. If
no shear i1s acting, no change in the bending moment occurs. Alternatively,
the rate of change in moment along a beam 1s equal to the shear. Thus, if a
shear is (and a bending moment) present at one section through a beam, a
different bending moment will exist at an adjoining section, although the
shear may remain constant. This will lead to the establishment of the shear
stresses on the imaginary longitudinal planes through the members that are
parallel to its axis. Since at a point, equal shear stresses exist on the mutually
perpendicular planes, the shear stresses whose direction 1s coincident with
the shear force at a section will be determined.




ENGINEERING MECHANICS OF SOLIDS

2 =
P P dM=Vdx=Pdx
coj 48 o

1 I
(a) ]t 5 : 1 {c) Pa
?. | | Mo 1
P L
P11 (d)

| L [

T EAS
m  olaiit

] ]

oy
R
]

Shear diagram

Fig.10-1 Shear and bending moment diagrams for the loading shown.

Here at any two sections, such as A and B, taken through the beam anywhere
between applied forces P, the bending moment is the same. No shear acts at
these sections. On the other hand, between any two sections, such as C and
D, near the support, a change in the bending moment does take place. Shear
forces act at these sections. These shears are shown acting on an element of
the beam 1n Fig. 10-1(d). Note that in this zone of the beam, the change in
the bending moment 1n a distance dx 1s P dx, as shear V 1s equal to P.

|
-
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Before a detailed analysis 1s given, a study of a sequence of photographs of]
a model (Fig. 10-2) may prove helpful. The model represents a segment of
an I beam. In Fig. 10-2(a), in addition to the beam itself, blocks simulating
stress distribution caused by bending moments may be seen. The moment
on the right is assumed to be larger than the one on the left. This system of]
forces 1s in equilibrium providing vertical shears V (not seen in this view)
also act on the beam segment. By separating the model along the neutral
surface, one obtains two separate parts of the beam segment, as shown in
Fig. 10-2(b ). Again, either one of these parts alone must be in equilibrium.
If the upper and the lower segments of Fig. 10-2(b) are connected by a
dowel or a bolt in an actual beam, the axial forces on either the upper or the
lower part caused by the bending-moment stresses must be maintained in
equilibrium by a force in the dowel. The force that must be resisted can be
evaluated by summing the forces in the axial direction caused by bending
stresses. In performing such a calculation, either the upper or the lower part
of the beam segment can be used.
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The horizontal force transmitted by the dowel is the force needed to
balance the net force caused by the bending stresses acting on the
two adjoining sections. Alternatively, by subtracting the same
bending stress on both ends of the segment, the same results can be
obtained. This is shown schematically in Fig. 10-2(c), where,
assuming a zero bending moment on the left, only the normal
stresses due to the increment in moment within the segment need be
shown acting on the right. If, nitially, the I beam considered 1s one
piece requiring no bolts or dowels, an imaginary longitudinal plane
can be used to separate the beam segment into two parts; see Fig.
10-2( d). As before, the net force that must be developed across the
cut area to maintain equilibrium can be determined. Dividing this
force by the area of the imaginary horizontal cut gives average
shear stresses acting in this plane.
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(c) For determining the force on a dowel, only a change in moment is needed. (d) The longitudinal shear force divided by the area of
the imaginary cut yvields shear stress.
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Fig.10-2 (e) Horizontal cut below the flange for determining the shear stress.
(f) Vertical cut through the flange for determining the shear stress.

After the shear stresses on one of the planes are found [i.e., the horizontal
one in Fi1g.10-2(d)], shear stresses on mutually perpendicular planes of an
infinitesimal element also become known since they must be numerically
equal; see Eq. 1-2. This approach establishes the shear stresses in the
plane of the beam section taken normal to its axis.
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Fig. 10-3 Shiding between planks not fastened together.

Consider a wooden plank placed on top of another, as shown in Fig.
10-3. If these planks act as a beam and are not interconnected, sliding
at the surfaces of their contact will take place. The interconnection of
these planks with nails or glue is necessary to make them act as an
integral beam.




(d)
c)

B

F AN T A

(b)
Fig. 10-4 Elements for deriving shear flow in a beam.

\ M
Centroid = |

Neutral axis
Y1

ENGINEERING MECHANICS OF SOLIDS

10-3. Shear Flow
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Consider an elastic beam made from several continuous longitudinal
planks whose cross section is shown in Fig. 10-4(a). For simplicity, the
beam has a rectangular cross section, but such a limitation is not necessary.
To make this beam act as an integral member, it is assumed that the planks
are fastened at intervals by vertical bolts. An element of this beam isolated
by two parallel sections, both of which are perpendicular to the axis of the
beam, is shown in Fig. 10-4(b).

If the element shown in Fig. 10-4(b) is subjected to a bending moment
+M, at end A and to + My at end B, bending stresses that act normal to
the sections are developed. These bendingstresses vary linearly from their
respective neutral axes, and at any point at a distance y from the neutral
axis are —Mgy/I on the B end and —M, y/I on the A end.
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From the beam element, Fig. 10-4(b), isolate the top plank, as shown in
Fig. 10-4(c). The fibers of this plank nearest the neutral axis are located by
the distance y,. Then, since stress times area is equal to force, the forces act-
ing perpendicularto ends A and B of this plank may be determined. At end
B, the force acting on an infinitesimal area dA at a distance y from the neu-
tral axis is (—Mpy/I) dA.The total force acting on the area fghj, Agy,;, is the
sum, or the integral, of these elementary forces over this area. Denoting the
total force acting normal to the area fghj by Fz and remembering that, at
section B, Mg, and ] are constants, one obtains the following relation:

F3=J -MfydA=—%J' ydA=—A—4§-Q- (10-2)
arca ’ arca
fehi fehi
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where

0=| yda=Ayjy (10-3)
area

fehj

The integral defining Q is the first, or the statical, moment of area fghj
around the neutral axis. By definition, y is the distance from the neutral axis
to the centroid of Agy,.! Illustrations of the manner of determining Q are in
Fig. 10-5. Equation 10-2 provides a convenient means of calculating the lon-
gitudinal force acting normal to any selected part of the cross-sectional area.

Next consider end A of the element in Fig. 10-4(c). One can then
express the total force acting normal to the area abde as

M M
et puan o
dbde

where the meaning of Q is the same as that in Eq. 10-2 since for prismatic
beams, an area such as fghj is equal to the area abde. Hence, if the
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moments at A and B were equal, it would follow that F, = Fg, and the
bolt shown in the figure would perform a nominal function of keeping the
planks together and would not be needed to resist any known longitudi-
nal forces.

On the other hand, if M, is not equal to Mg, which is always the case
when shears are present at the adjoining sections, F, is not equal to Fj.
More push (or pull) develops on one end of a “plank” than on the other, as
different normal stresses act on the section from the two sides. Thus, if
M, # Mg, equilibrium of the horizontal forces in Fig. 10-4(c) may be
attained only by developing a horizontal resisting force R in the bolt. If
Mg > M, then |Fg| > |F,|,and |F,| + R = |Fg|,as in Fig. 10-4(d). The force
|Fg| — |F4| = R tends to shear the bolt in the plane of the plank edfg.2 If the
shear force acting across the bolt at level km, Fig. 10-4(a), were to be inves-
tigated, the two upper planks should be considered as one unit.
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If M, # Mg and the element of the beam is only dx long, the bending
moments on the adjoining sections change by an infinitesimal amount.
Thus, if the bending moment at A is M,, the bending moment at B is
Mg = M, + dM.Likewise, in the same distance dx, the longitudinal forces
F, and Fg change by an infinitesimal force dF (i.e., |Fp| — |F4| = dF). By
substituting these relations into the expression for Fg and F, found previ-
ously, with areas fghj and abde taken equal, one obtains an expression for
the differential longitudinal push (or pull) dF:

M, + dM M dM
In the final expression for dF, the actual bending moments at the adjoining

sections are eliminated. Only the difference in the bending moments dM at
the adjoining sections remains in the equation.
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Instead of working with a force dF, which is developed in a distance
dx, it is more significant to obtain a similar force per unit of beam length.
This quantity is obtained by dividing dF by dx. Physically, this quantity
represents the difference between Fy and F, for an element of the beam
of unit length. The quantity dF/dx will be designated by ¢ and will be
referred to as the shear flow. Since force is measured in newtons or
pounds, shear flow g has units of newtons per meter or pounds per inch.
Then, recalling that dM/dx = V, one obtains the following expression for

the shear flow in beams:

q_g_;_-‘=m1f VA,,,,,y _vo
i shL

(10-5)
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Example 10-1

Two long wooden planks form a T section of a beam, as shown im mm 1n
Fig. 10-6(a). If this beam transmits a constant vertical shear of 3000 N, find
the necessary spacing of the nails between the two planks to make the beam

act as a unit. Assume that the allowable shear force per nail 1s 700 N.

50 | 50 | 50 |

je——— 200 ———{ 25 — -ttt =25
/7/7 + al_b bl//l a
A ) _" 7%
50 ¢ /// /7,//,//,1_ 87.5 7 v
3 y=625 r - y=625
H \ ' | b b | t
250 ”_ \ NA I '-
A 162.5
| l
(a) 50 (b)

Fig. 10-6
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_ 50X 200 X 25 + 50 X 200 X 150

Ye 50 X 200 + 50 X 200 =SS
X X
I= M + 50 X 200 X 62.5% + w + 50 X 200 X 62.5%

12 12
= 113.54 X 10* mm*
Q - Afm? = 50 X 200 X (87.5 = 25) = 625 X lOJmma

_ VO _ 3000 X 625 X 10°
1= T T T 1135 x 10°

Thus, a force of 16.5 N/mm must be transferred from one plank to the
other along the length of the beam. However, from the data given, each
nail is capable of resisting a force of 700 N; hence, one nail is adequate for
transmitting shear along 700/16.5 = 42 mm of the beam length. As shear
remains constant at the consecutive sections of the beam, the nails should
be spaced throughout at 42-mm intervals.

= 16.5N/mm
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Example 10-2

A simple beam on a 6-m span carriers a load of 3 kN/m, including its own
weight. The beam’s cross section is to be made from several wooden pieces,
as is shown in mm in Fig. 10-7(a). Specify the spacing of the 10-mm lag
screws shown that is necessary to fasten this beam together. Assume that
one 10-mm lag screw, as determined by laboratory tests, is good for 2 kN
when transmitting lateral load parallel to the grain of the wood. For the

entire section, I is equal to 2.36 X 10’ mm?.
Lag screw
3 kN/m
S L £
(/727 INEREEER
af-3is|a Z T A s g
f f‘h"'lli_' -
'\ P g - 1 *
(J -_L_-' 1 A : L
iy i i
LoEs "'.:l_ r 6m
-k i (b)
o X B i =
e ol e i
1 1 100 $
firt B0 r AR i
+ 1.5m
-—— 200 — 50 |=— - -

(a) )
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f ydA =Q

Jehj
Q = Ag,y =24y, + Ay,
=2 X 50 X 100 X 200 + 50 X 200 X 225 = 4.25 X 10°mm?

_ Vo _ 9x425x10°
9= 77 2.36 X 10°

At the supports, the spacing of the lag screws must be
2 X 10°/16.2 = 123 mm apart. This spacing of the lag screws applies only at
a section where shear V is equal to 9 kN. Similar calculations for a sec-
tion where V = 4.5 kN give ¢ = 8.1 N/mm, and the spacing of the lag
screws becomes 2 X 10°/8.1 = 246 mm. Thus, it is proper to specify the
use of 10-mm lag screws on 120-mm centers for a distance of 1.5 m near-
est both of the supports and 240-mm spacing of the same lag screws for
the middle half of the beam. A greater refinement in making the transi-
tion from one spacing of fastenings to another may be desirable in some
problems. The same spacing of lag screws should be used at section b-b as
at section a-a.

= 16.2 N/mm
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Example 6.01

SOLUTION:

* Determine the horizontal force per
unit length or shear flow g on the
lower surface of the upperplank.

» Calculatethe corresponding shear
force in each nail.

A beam is made of three planks,
nailed together. Knowing that the
spacing between nails is 25 mm and
that the vertical shear in the beam 1is
V= 500N, determine the shear force
in each nail.

[
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Example 6.01
0.100 m 0.100 m
r ‘] r 1 SOLUTION:
ot * Determine the horizontal force per
T unit length or shear flow g on the
- lower surface of the upperplank.
— 7O  (500N)(120x10 °m?)
—"‘ }— 0.020 m == =
5 I 16.20x10°m
O=4 =3704N/

=(0.020m x0.100m X0.060m )
=120x10"%m?

I=-1(0.020m)(0.100m)’
+2[£(0.100m)0.020m )’

+(0.020m x 0.100m )0.060m )]
=16.20x10 %m*

* Calculatethe corresponding shear

force in each nail for a nail spacing of

25 mm.

F =(0.025 m)g = (0.025 m)(3704 N/m

F=926N
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Sample Problem 6.2

SOLUTION:

* Develop shear and bending moment
diagrams. Identify the maximums.

* Determine the beam depth based on
allowable normal stress.

A timber beam is to supportthe three
concentrated loads shown. Knowing
that for the grade of timber used,

* Determine the beam depth based on
allowable shear stress.

* Required beam depth is equal to the

o, =1800psi 7,7 =120psi
all all larger of the two depths found.

determine the minimum required depth

d of the beam.
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Sample Problem 6.2

2.5 kips I kip 2.5 kips SOLUTION:
N o J = De\ielop shear and.bendmg moment
' diagrams. Identify the maximums.
3 kips 3 kips
log ot b3 ez o Vinax = 3kips
v : Mo = 7.5kip-ft =90kip-in
3 kips
) (15)
+—lll,-'l kip .
~ 0.5 kip =t '
(-15) |(=6)
— 3 kips
M o g
6 kip - 7.5 kip - ft h
6 kip - ft
o X

6-24
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Sample Problem 6.2

* Determine the beam depth based on allowable

b = 3.5 1n.
normal stress.
M
d Tall =—*
. 90x10°Ib -
1800 psi = —— — =
(0.5833in.)d*
d =9.261.
I= %5 d’ » Determine the beam depth based on allowable
I, shear stress.
. Call Y 4
- L - FA i
= 6(3.Sm.)d S 3 30000
= (0.58331n.)d"” P G sim)d
d=10.71lin.

» Required beam depth is equal to the larger of the two.
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Example 6.04

0.75 in. —~| fi” iﬂ-j |“‘1’-75 1, SOLUTION:

0.75 in. * Determine the shear force per unit
_{ length along each edge of the upper
4.5 in plank.

» Based on the spacing between nails,
determine the shear force in each
nail.

A square box beam is constructed from
four planks as shown. Knowing that the
spacing betweennails 1s 1.5 in. and the
beam is subjected to a vertical shear of
magnitude V= 600 1b, determine the
shearing force in each nail.

]
(=]




ENGINEERING MECHANICS OF SOLIDS

Example 6.04

SOLUTION:

* Determine the shear force per unit
length along each edge of the upper
plank.

.3

, V0. (600b)4.22in°) ) b
J 27.42in* in

= % = 46.152

in

For the upper plank, = edge force per unit length
Q= A"y =(0.75in.{3in.Y1.8751n.)

p— » Based on the spacing between nails,

determine the shear force in each

nail.
For the overall beam cross-section,

I=1(45in) -1 (3in)’ F:ff:[

—27.42in? F —30.8Ib

46.15&]{1.751&1)
n
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10-4. The Shear Stress Formula for Beams

(a) (b) e

Fig.10-10 Sectioning for partial areas of cross sections for computing shear stresses.
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Procedure Summary
The same three basic concepts of engineering mechanics of solids as before
are used in developing the formula for shear stresses in beams. However,

their use is less direct.

L

Equilibrium conditions are used,

(a) for determining the shear at a section

(b) by using the relationship between the shear and the rate of
change in bending moment along a span, and

(c) by determining the force at a longitudinal section of a beam ele-
ment for obtaining the average shear stress.

Geometry of deformation, as in pure bending, is assumed such that

plane sections remain plane after deformation, leading to the conclu-

sion that normal strains in a section vary linearly from the neutral

axis. Since, due to shear, the cross sections do not remain plane, but

warp, this assumption is less accurate than for pure bending.

However, for small and moderate magnitudes of shear, and slender

members, this assumption is satisfactory.

Material properties are considered to obey Hooke’s law, although

extension to other constitutive relations is possible for elementary

solutions.
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Example 10-3

Derive an expression for the shear stress distribution in a beam of solid
rectangular cross section transmitting a vertical shear V.

N

e B 11
H

o aj—
—— af—
—— —
—— —

|
<
- <
=r
< T~

—

-

(a) (b) @ (d)
Fig. 10-11
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Eq. 10-6,the horizontal shear stress is found ar level y, of the beam. At the
same cut, numerically equal vertical shear stresses act in the plane of the
cross section; see Eq. 1-2. So,

h{2
VO VvV 14 (
= — = = - b d
"k T I Le._y “a=wl, 2
feh, (10_7)
vy " Ve,
wip -ﬁ[(i) ""]

As noted before, the maximum shear stress in a rectangular beam
occurs at the neutral axis, and for this case, the general expression for 7,
may be simplified by setting y, = 0:

Vh? Vi’ 3V 3V
v = — = &£ = === IR = =
m= g T BeW/12  2bh 2 A (10-8a)
From the property of the statical moments of areas around a centroidal axis,

the maximum value of Q is obtained by considering one-half the cross-
sectional area around the neutral axis of the beam. Hence, alternately,

=E=E@=§K (10-8b)
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Example 10-5

An I beam is loaded as shown in Fig. 10-16(a). If it has the cross section
shown in Fig. 10-16(c), determine the shear stresses at the levels indicated.
Neglect the weight of the beam.

'1D'Dk
A

{a)
A -
A A
50 k 50k
V=50k , Tmax = 9780 psi
] , \ 'z* q = 4890 Ib/in =570 psi
= 1 1
t/ 21—3 3—12 L(
(b) [ f
1 =
4|14 2 =
50 k 12"
I r E—=—1
— - i
{d)
{c) Section A-A {e) Shear stress
distribution

Fig. 10-16
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Level Agy? yo  Q=AgLy q=VQ/1 t (psi)
1-1 0 6 0 0 6.0 0

6.0 570

2-2 05X 6=3.00 575 17.25 3400 0.5 6800

05%x6=300 575 17.25
2 {0.5 X 05=025 525 1,31} 1856 3650 05 7300

05x6=300 575 1725

= {o.s x55=275 275 156

]24.81 4890 05 9780

%A is the partial area of the cross section above a given level in in’.
by is distance in mm from the neutral axis to the centroid of the partial area.

Vv

(Tm:):pptm = A

(10-10)

In the example considered, this gives

(oo ™ 05 x 12
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10-6. Some Limitations of the Shear Stress Formula

The shear stress formula for beams 1s based on the flexure formula. Hence,
all of the limitations imposed on the flexure formula apply. (1) The material
1s assumed to be elastic with the same elastic modulus in tension as in
compression. (11) The theory developed applies only to straight beams. (i11)
Moreover, there are additional limitations that are not present in the flexure
formula. Some of these are:

Consider a section through the I beam analyzed i Example 10-5. Some of
the results of this analysis are reproduced in Fig. 10-17. The shear stresses
computed earlier for level 1-1 apply to the infinitesimal element a. The
vertical shear stress i1s zero for this element. Likewise, no shear stresses
exist on the top plane of the beam. This is as 1t should be, since the top
surface of the beam is a free surface. In mathematical phraseology. this
means that the conditions at the boundary are satisfied.
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A different condition is found when the shear stresses determined for the I
beam at levels 2-2 are scrutinized. The shear stresses were found to be 570
psi for the elements such as b or ¢ shown in the figure. This requires
matching horizontal shear stresses on the inner surfaces of the flanges.
However, the latter surfaces must be free of the shear stresses, as they are
free boundaries of the beam. This leads to a contradiction that cannot be
resolved by the methods of engineering mechanics of solids. The more
advanced techniques of the mathematical theory of elasticity or three-
dimensional finite element analysis must be used to obtain an accurate
solution.

Fig.10-17 Boundary conditions are
not satisfied at the levels 2-2.
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In mechanical applications, circular shafts frequently act
as beams. Hence, beams having a solid circular cross
section form an important class. These beams are not
"thin walled." An examination of the boundary
conditions for circular members, Fig. 10.18(a). leads to :
the conclusion that when shear stresses are present. they
must act parallel to the boundary. As no matching shear
stress can exist on the free surface of a beam, no shear

stress component can act normal to the boundary. ,, <

However, according to Eq. 10-6, vertical shear stresses

of equal intensity act at every level, such as ac in Fig.

10-18(b). This 1s incompatible with the boundary
conditions for elements a and ¢, and the solution
indicated by Eq. 10-6 is inconsistent. Fortunately, the
maximum shear stresses occurring at the neutral axis
satisfy the boundary conditions and are within about 5%
of their true value.

T e I8 N A

L e

L)
a \ F c
z A

Fig. 10-18 Modification of shear
stresses o satisfy the boundary
conditions.




ENGINEERING MECHANICS OF SOLIDS

10-7. Shear Stress in Beam Flanges

(b)

q*:.mu OF Q¢ max
q

- F-| F‘I
@ ===
2Ge max =
lu v __
\
1)

bi2

-

) = A —|
F Fr

Fig.10-19 Shear forces in the flanges of an [ beam act perpendicularly to the axis of symmetry.

F+ dF
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In an I beam, the existence of shear stresses acting in a vertical longitudinal
cut, such as c-c¢ in Fig. 10-19(a), was indicated in Fig. 10-2(f) and Section
10-4. These shear stresses act perpendicular to the plane of the paper. Their
magnitude may be found by applying Eq. 10-6, and their sense follows by
considering the bending moments at the adjoining sections through the
beam. For example, if, for the beam shown in Fig. 10-19(b), positive
bending moments increase toward the reader, larger normal forces act on
the near section. For the elements shown, Ttdx or qdx must aid the smaller
force acting on the partial area of the cross section. This fixes the sense of
the shear stresses in the longitudinal cuts. However, numerically equal shear
stresses act on the mutually perpendicular planes of an infinitesimal
element, and the shear stresses on such planes either meet or part with their
directional arrowheads at a corner. Hence, the sense of the shear stresses in
the plane of the section also becomes known.
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The magnitude of the shear stresses varies for the different vertical
cuts. For example, if cut c— in Fig. 10-19(a) is at the edge of the beam, the

hatched area of the beam’s cross section is zero. However, if the thickness
of the flange is constant, and cut c-c is made progressively closer to the
web, this area increases from zero at a linear rate. Moreover, as y remains
constant for any such area, Q also increases linearly from zero toward the
web. Therefore, since V and I are constant at any section through the
beam, shear flow g. = VQ/I follows the same variation. If the thickness of
the flange remains the same, the shear stress 1. = VQ/It varies similarly.
The same variation of g.and t_applies on both sides of the axis of symme-
try of the cross section. However, as may be seen from Fig. 10-19(b), these
quantities in the plane of the cross section act in opposite directions on
the two sides. The variation of these shear stresses or shear flows is repre-
sented in Fig.10-19(c),where, for simplicity, it is assumed that the web has

zero thickness.
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A(8) @ n-(E)) o

If an I beam transmits a vertical shear, these horizontal forces act in the
upper and lower flanges. However, because of the symmetry of the cross
section, these equal forces occur in pairs and oppose each other and cause
no apparent external effect.

The shear forces that act at a section of an I beam are shown in Fig. 10-
19(d), and, for equilibrium, the applied vertical forces must act through the
centroid of the cross-sectional area to be coincident with V. If the forces are
so applied, no torsion of the member will occur. This 1s true for all sections
having cross-sectional areas with an axis of symmetry. To avoid torsion of
such members, the applied forces must act in the plane of symmetry of the
cross section and the axis of the beam.
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Sample Problem 6.3

tp= 0770 in. adadin,
=1 |
]
| [
3.2 in, : 59 — 0. ”"“

= 4815 in.

104 in. ¢

I, =394 in

Knowing that the vertical shear is 50
kips in a W10x68 rolled-steel beam,
determine the horizontal shearing
stress in the top flange at the pointa.

SOLUTION:

* For the shaded area,
=(4.31in }0.770in )(4.815in )
=15.98in°

* The shear stress at a,
7O (50kips)[15.98in° )
It~ (394in*0.770in)
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Unsymmetric Loading of Thin-Walled Members

"I » Beam loaded in a vertical plane

of symmetry deforms in the
symmetry plane without
twisting.

* Beam without a vertical plane
of symmetry bends and twists
under loading.

My 140)
- Tove £ —
I R

Ty =

(V=P,M= Pr)




ENGINEERING MECHANICS OF SOLIDS
Unsymmetric Loading of Thin-Walled Members

AadF = q els

, * If the shear load is applied such that the beam
does not twist, then the shear stress distribution
satisfies

D B E
;—m_g:% V=[gqds F=[qds=—[gds=-F

B A D

« Fand F’ indicate a couple F/ and the need for

the application of a torque as well as the shear
load.

Fh=Ve

II * When the force P is applied at a distance e to the
left of the web centerline, the member bends in a
vertical plane without twisting.
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10-8. Shear Center

Consider a beam having the cross section of a channel; see Fig. 10-20(a). (1)
The walls of this channel are assumed to be sufficiently thin that the
computations may be based on centerline dimensions. (11) Bending of this
channel takes place around the horizontal axis, and although this cross
section does not have a vertical axis of symmetry, it will be assumed that
the bending stresses are given by the usual flexure formula. (111) Assuming
further that this channel resists a vertical shear, the bending moments will
vary from one section through the beam to another.

a c
{ vum| Ta F
T 1 p =1
= TeOr gy
c ]; ! 4 "
h ] h
N ¢ S V=P
—] |-t
"‘_b_"'"! [ | 2 | F1
(a) (b) {c) {d)

Fig. 10-20 Deriving location of shear center for a channel.
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By taking an arbitrary vertical cut such as c¢--c¢ in Fig. 10-20(a), q and, may
be found in the usual manner. Along the horizontal legs of the channel,
these quantities vary linearly from the free edge. just as they do for one side
of the flange in an I beam. The variation of q and ,. is parabolic along the
web. The variation of these quantities 1s shown in Fig. 10-20(b), where they
are plotted along the centerline of the channel's section.

The average shear stress 7,/2 multiplied by the areas of the flange
gives a force F, = (1,/2)bt. and the sum of the vertical shear stresses over
the area of the web is the shear V = j'_::::f 1t dy."? These shear forces act-
ing in the plane of the cross section are shown in Fig. 10-20(¢c) and indicate
that a force V and a couple F,h are developed at the section through the
channel. Physically, there is a tendency for the channel to twist around
some longitudinal axis. To prevent twisting and thus maintain the applica-

bility of the initially assumed bending-stress distribution, the externally
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applied forces must be applied in such a manner as to balance the internal
couple F;h. For example, consider the segment of a cantilever beam of
negligible weight, shown in Fig. 10-20(d), to which a vertical force P is
applied parallel to the web at a distance e from the web’s centerline. To
maintain this applied force in equilibrium, an equal and opposite shear
force V must be developed in the web. Likewise, to cause no twisting of the
channel, couple Pe must equal couple F,h. At the same section through
the channel, bending moment PL is resisted by the usual flexural stresses
(these are not shown in the figure).

An expression for distance e, locating the plane in which force P must
be applied so as to cause no twist in the channel, may now be obtained.
Thus, remembering that F,h = Peand P =V,

” Fih _ (1/2)yr,pth _ bth VQ _ bth Vbi(h/2) _ b*h’t
B P 2P It 2P It 4]

(10-12)

Note that distance e is independent of the magnitude of applied force P,
as well as of its location along the beam. Distance e is a property of a sec-
tion and is measured outward from the center of the web to the applied
force.
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A similar investigation may be made to locate the plane in which the
horizontal forces must be applied so as to cause no twist in the channel.
However, for the channel considered, by virtue of symmetry, it may be seen
that this plane coincides with the neutral plane of the former case. The
intersection of these two mutually perpendicular planes with the plane of
the cross section locates a point that is called the shear center.!? The shear
center is designated by the letter S in Fig. 10-20(c). The shear center for any
cross section lies on a longitudinal line parallel to the axis of the beam. Any
transverse force applied through the shear center causes no torsion of the
beam. A detailed investigation of this problem shows that when a member
of any cross-sectional area is twisted, the twist takes place around the shear
center, which remains fixed. For this reason, the shear center is sometimes
called the center of twist.
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For cross-sectional areas having one axis of synmetry, the shear center
is always located on the axis of symmetry. For those that have two axes
of symmetry, the shear center coincides with the centroid of the cross-
sectional area. This is the case for the I beam that was considered in the
previous section.

The exact location of the shear center for unsymmetrical cross sections
of thick materials is difficult to obtain and is known only in a few cases. If
the material is thin, as has been assumed in the preceding discussion. rela-
tively simple procedures may always be devised to locate the shear center
of the cross section. The usual procedure consists of determining the shear
forces, as F; and V before, at a section, and then finding the location of the
external force necessary to keep these forces in equilibrium.
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Example 10-6

Find the approximate location of the shear center for a beam with the cross
section of the channel shown in Fig. 10-21.

SOLUTION T
Instead of using Eq. 10-12 directly, we may make some further simplifica- |
tions. The moment of inertia of a thin-walled channel around its neutral ——
axis may be found with sufficient accuracy by neglecting the moment of 19| |« T
inertia of the flanges around their own axes (only!). This expression for /
may then be substituted into Eq. 10-12, and, after simplifications, a formula -2 h =250 mm
for e of channels is obtained:

I =1+ (Ad)gunges = thH/12 + 2b1(h/2)} = th*[12 + bth*[2 ¥

l
—_— bh’r _ - b h't e b (10-13) 4691 b=125
41  A(bth*/2 + th"/12) 2 + h/3b Fig 1021

Equation 10-13 shows that when the width of flanges b is very large, e
approaches its maximum value of b/2. When h is very large, e approaches
its minimum value of zero. Otherwise, ¢ assumes an intermediate value
between these two limits. For the numerical data given in Fig. 10-21,

" 125
2 + 250/(3 x 125)

e = 46.9 mm

Hence, the shear center S is 46.9 — 5.0 = 41.9 mm from the outside vertical
face of the channel.
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Example 10-7

Find the approximate location of the shear center for the cross section of the I beam
shown in Fig. 10-22(a). Note that the flanges are unequal.

SOLUTION Sl

This cross section has a horizontal axis of symmetry, and the shear center __ |* _‘ ty I_ﬁ

is located on it; where it is located remains to be answered. Applied "

force P causes significant bending and shear stresses only in the flanges, T’z-f

and the contribution of the web to the resistance of applied force Pis b ] bz

negligible. A S _{_
Let the shear force resisted by the left flange of the beam be V,and _1__

by the right flange V,.For equilibrium, V, + V, = P. Likewise, to have no

twist of the section, from ZM, = 0, Pe = V,h (or Pf = V,h). Thus, only

V, remains to be determined to solve the problem. This may be done by |

noting that the right flange is actually an ordinary rectangular beam. The

shear stress (or shear flow) in such a beam is distributed parabolically, as

seen in Fig. 10-22(b), and since the area of a parabola is two-thirds of the base

times the maximum altitude, V; = b,(q,)m.. However, since the total

shear V = P,by Eq. 10-5,(q;)max = VO/I = PQ/I, where Q is the statical 2. max

moment of the upper half of the right-hand flange and I is the moment of

inertia of the whole section. Hence,

(a)

2 Shear flow in
Pe = V,h = %bz(qz)m“h = ’ﬂ}& rightﬂangtla
(10-14) (b)

i ] Fig.lo-n

g = b2y _ 2hb biti b, hybi _
3l 3 24 112 I
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Alternate Solution for Rectangular Beam

The distribution of shearing stresses in a rectangular section can be obtained by
applying Eq. (5-4) to Fig. 5-25. For a layer at a distance y from the neutral axis,

we have
L) YT
- b
Y/
| i B
l NA
|

Figure 5-25 Shearing stress is distributed parabolically across a rectangular section.

which reduces to
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Example 6.05

¢ Determine the location for the shear center of the
channel sectionwith6=41n.. A=61m.,andr=0.151n.

Fh
Gz
T

« where

byg . ¥ E
[qu—[ ds—jffz

0 0 0
_ Vihb?
4] i
2

B o 23 1,3 [(f? '
I_I“_.ebJrZIﬂgngg_Eﬂ: +2[Ebr +b\5 ‘

=1

th* (6D + 1)

X
12

» Combining,

b 41n. .
e

3b 3(4in.)
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Example 6.06

¢ Determine the shear stress distribution for
V'=2.5kips.

T =

V = 2.5 kips

g_Ka
t It

» Shearing stresses in the flanges,
T—Q—K SI)E—V—hS

It Ik 2 21
- Vhb _ 6VD
B~ 5 -
2L en? 6o+ n)  th6b +)
6(2.5kips f4in ) _555ka

(0.15in X6in )(6x 4in + 6in )

; « Shearing stress in the web,

7. = 3.00 ksi fm==== l— NA
| _ro_ v{Lnefab+ ) (b +h)
& == W l%ml(@Jr hy 2th(6b+ h)
ol _ 3(2.5kips X4 x4in+6in) —

2(0.15in 6in )(6 x 6in + 6in )

(4]
[
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In addition to other books mentioned, solve

following problems from Popov:
2-4, 6, 8-10, 13, 15, 18, 20-23, 28, 29, 38-44
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Pressure Vessels

Pressure vessels are made in different shapes and sizes and are used in
diverse applications. The applications range from air receivers in gasoline
stations to nuclear reactors in submarines to heat exchangers in refineries.
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ri=Inside
radius

:51 sk

do

(a) (b) (c)

P
- 0}(fo—ﬂ}L-P
Aol 90°
A p {
PR
el penl=2p G
7T 260
m
P

(d) (e)

Fig.5-13 Diagrams for analysis of thin-walled cylindrical pressure vessels.

(f)
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The analysis of pressure vessels will begin by considering a cylindrical
pressure vessel such as a boiler, as shown in Fig. 5-13(a). A segment is
isolated from this vessel by passing two planes perpendicular to the axis of
the cylinder and one additional longitudinal plane through the same axis,
shown in Fig. 5-13(b). The conditions of symmetry exclude the presence of
any shear stresses in the planes of the sections, as shear stresses would cause
an incompatible distortion of the cylinder. Along the sections of the
cylindrical free body there can be only normal stresses. The two that occur
are the circumferential or hoop stresses g3 and the longitudinal stresses oy,
identified in Fig.5-13(b) 01= gy, and g,= g;.These stresses multiplied by their
respective areas maintain the cylindrical element in equilibrium with the
internal pressure. On this basis, by making reference to Fig. 5-13(d), the
internal pressure p multiplied by the projected area 2r;L, where r; is the
inside radius, generates the force acting on the cylindrical element. This force
is balanced by the two forces P developed by the hoop stresses o=
op multiplied by their respective areas L(7, - r;). In this relation 7, is the
outside radius of the cylinder. Equating the opposing forces, Fig. 5-13(d), to
assure equilibrium of the horizontal forces, one has
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p(2rL) = 20/(r, — )L (5-25)

and since (r, — r;) = t, the thickness of the cylinder, the basic expression
for determining, the circumferential or hoop stress in a cylinder is

o, = i (5-26)

This equation is valid only for thin-walled cylinders, as it gives the average
stress in the hoop. However, as is shown in Example 5-6, the wall thickness
canreach one-tenth of the internal radius and the error in applying Eq. 5-25
will still be small. Since this equation is used primarily for thin-walled ves-
sels, where r; = r,, the subscript for the radius is usually omitted.

Equation 5-25 can also be derived by passing two longitudinal sections,
as shown in Fig. 5-13(e). Because of the assumed membrane action, the
forces P in the hoop must be considered acting tangentially to the cylinder.
The horizontal components of the forces P maintain the horizontal compo-
nent of the internal pressure in a state of static equilibrium.
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The other normal stress o, acting in a cylindrical pressure vessel acts
longitudinally, Fig. 5-13(b), and it is determined by solving a simple axial-
force problem. By passing a section through the vessel perpendicular to its
axis, a free body as shown in Fig. 5-13(f) is obtained. The force developed
by the internal pressure is pwr?, and the force developed by the longitudi-
nal stress o, in the walls is o,(mr?2 — wr?). Equating these two forces and

solving for o>,

prri= o,(nr} — ar?)

2 2

7, = Pri Pri
— 2 —_

rﬁ - T (ro + ri)(ra - r.i)

However, as pointed out earlier, r, — r; = ¢, the thickness of the cylindrical
wall, and since this development is restricted to thin-walled vessels,

r, = r; = r;hence,

= e
2t

Note that for thin-walled cylindrical pressure vessels, o, = a,/2.

)

(5-27)




ENGINEERING MECHANICS OF SOLIDS
Example 5-3

Consider a closed cylindrical steel pressure vessel, as shown in Fig. 5-13(a).
The radius of the cylinder is 1000 mm and its wall thickness is 10 mm.
(a) Determine the hoop and the longitudinal stresses in the cylindrical wall
caused by an internal pressure of 0.80 MPa. (b) Calculate the change in
diameter of the cylinder caused by pressurization. Let E = 200 GPa and

v=0.25.Assume thatr, = r, = r.

SOLUTION
The stresses follow by direct application of Eqs. 5-26 and 5-27:
_pr_ 08Xx1 _
1= = Tox 10 _ S0MPa
and
_pr 0.8 X1

% 2%X10%X107° =+Mra
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The stress perpendicular to the cylinder wall, o3 = p = 0.80 MPa, on the
inside decreases to zero on the outside. Being small, it can be neglected.
Hence, on setting o, = 0,,0, = 0, and o, = 0 in the first expression in
Eq.5-14, one obtains the hoop strain g;:

o, 0, 80 40

g =0 —v= = -

/ E 200x10° 4 x 200 x 10°

= 0.35 X 107> mm/mm

On pressurizing the cylinder, the radius r increases by an amount A. For
this condition, the hoop strain g, can be found by calculating the difference
in the strained and the unstrained hoop circumferences and dividing this
quantity by the initial hoop length. Therefore,

_2n(r+A)=2nr _ A

g == (529)

€

By recasting this expression and substituting the numerical value for &,
found earlier,

A=¢gr=035x%10"%%10°= 035mm
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Example 54

Consider a steel spherical pressure vessel of radius 1000 mm having a wall
thickness of 10 mm. (a) Determine the maximum membrane stresses
caused by an internal pressure of 0.80 MPa. (b) Calculate the change in
diameter in the sphere caused by pressurization. Let £ =200 GPa and
v =0.25. Assume thatr, = r, = r.

SOLUTION
The maximum membrane normal stresses follow directly from Eq. 5-28.

_pr_ 080 X1
2%t 2x10x%10°3

g, =0, = 40 MPa

The same procedure as in the previous example can be used for finding
the expansion of the sphere due to pressurization. Hence, if A is the increase
in the radius r due to this cause,A = g;r, where &, is the membrane strain on
the great circle. From the first expression in Eq. 5-14. one has
L 40 _ 40
“TFE "VE T20x10° _ 4x200x 10°

Hence,
A=gr=015 %1072 x 10® = 0.15 mm
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Example 5-5

For an industrial laboratory a pilot unit is to employ a pressure vessel of
the dimensions shown in Fig. 5-16. The vessel will operate at an internal
pressure of 0.7 MPa. If for this unit 20 bolts are to be used on a 650-mm
bolt circle diameter, what is the required bolt diameter at the root of the
threads? Set the allowable stress in tension for the bolts at 125 MPa; how-
ever, assume that at the root of the bolt threads the stress concentration
factoris 2.

SOLUTION

The vertical force F acting on the cover is caused by the internal pressure p
of 0.7 MPa acting on the horizontal projected area within the self-sealing
rubber gasket; that is,

F =07 X 10° X m(600/2)*> = 198 X 10°N

Assuming that this force is equally distributed among the 20 bolts, the
force P per bolt is 198 X 10°/20 = 9.90 X 10° N. Using the given stress-
concentration factor K = 2 and applying Eq. 3-11, the required bolt area A
at the root of the threads

P 2X990x10°
Tt 125 x 10°

Hence the required bolt diameter 4 at the root of the threads d =

2V A/m = 14.2 mm. Note from Example 4-11 that initial tightening of the
bolts results in a relatively small increase in total bolt stress when the
vessel is pressurized.

= 158 mm?

A=K

Fig.5-16

1-10
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A large pipe, called a penstock in hydraulic work, is 1.5 m in diameter. Here it is
composed of wooden staves bound together by steel hoops, each 300 mm? in cross-
sectional area, and is used to conduct water from a reservoir to a powerhouse. If
the maximum tensile stress permitted in the hoopsis 130 MPa, what is the maximum
spacing between hoops under a head of water of 30 m? (The mass density of water
is 1000 kg/m?3.)

A
!

P=Ag

NNNNNNN
SEUTENERS

ol

&
|
!

Figure 1-22 Spacing of hoops in a penstock.
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Solution: The pressure corresponding to a head of water of 30 m is given by
[p=pghl p= (1000 kg/m?)X9.81 m/s*}30 m)
= 294 X 10° N/m? = 294 kPa

If the maximum spacing between hoops is denoted by L, then, as shown in
Fig. 1-22, each hoop must resist the bursting force on the length L. Since the tensile
force in a hoop is given by P = Ao, we obtain from the free-body diagram

[pDL = 2P]
(294 X 10°X1.5)L = 2(300 X 107%y130 X 10°)
which gives L=0.177m =177 mm Ans.
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