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Preface

Problem Solving in Soil Mechanics is primarily designed as a supplement to Soif
Mechanics: Basic Concepts and Engineering Applications, but can be used as an
independent problem solving text, since there is no specific reference to any equation or
figure in the main book. This book is written for university students taking first-degree
courses in civil engineering, environmental and agricultural engineering. Its main aim is
to stimulate problem solving learning as well as facilitating self-teaching. The book is
wrilten with the following objectives:

I. To present the solution of unsolved problems of Soil Mechanics.: Basic Concepts and
Engineering Applications.

2. To provide all necessary methods, equations and figures in a clear step by step
explanation of the solution to cach problem.

Each chapter is composed of three sections: introduction, worked examples and
references for further readings. In the introduction section, the main objectives and the
range of problems covered are presented. The second section includes those unsolved
problems of the corresponding chapter in the main book. The summary of the theory
including equations and figures are described within the solution of each problem.

The special structure of the book makes it possible to be used in two, three and four
year undergraduate courses in soil mechanics. However, as new and advanced topics are
included, the book will also be a valuable resource for the practicing professional
engineer.

The use of S.I. units throughout, and frequent references to current international codes
of practice and refereed research papers, make the contents universally applicable. This
book is written for readers that have prior knowledge in soil mechanics; however,
necessary basic information is included in each worked example.

The author is grateful to those scientists and authors whose methods have been used in
the solution of the worked examples of this book. The author is also grateful to Professor
A. S. Balasubramaniam of Griffith University, Australia for his continuous encouragement.

[ am in debt to my family, especially my wife Pari, for her support and patience during
this project.

A. Aysen, M.Eng., Ph.D.
aysena{@bigpond.com
October 2002



CHAPTER 1

Nature of Soils, Plasticity and Compaction

1.1 INTRODUCTION

This chapter encompasses the three major topics in relation to the basic characteristics of
soil, and its physical properties. These topics are associated with the mass-volume
relationships (Problems 1.1 to 1.5), index properties (Problems 1.7 to 1.9) including
particle size distribution (Problems 1.6, 1.11 and 1.12) and compaction (Problem 1.10).
The mass-volume relationships describe parameters, which control the engineering
behaviour of the soil. These parameters are void ratio e, porosity n, degree of saturation
Sy, air content 4,, moisture content m or w, density of soil p (dry, saturated and natural),
and density of solids p, or specific gravity of solids Gy. The particle (grain) size analysis,
and plasticity indices are needed for soil classification. Problems 1.11 and 1.12 show the
engineering application of the particle size analysis where the particle size distribution of
a mixture is obtained by knowing the particle size distributions of the individual materials
within the mixture. Soil compaction is necessary to improve its strength and bearing
capacity. In a laboratory technique explained in Problem 1.10 the relationship between
moisture content and density is demonstrated to yield the optimum moisture content
corresponding to the maximum dry density.

1.2 PROBLEMS

Problem 1.1

The following data are given for a specimen of soil:
M=221g, M;=128g, G;=2.7,5,=75%.

Determine the total volume and the porosity of the specimen.
Solution:

Mass related symbols are:
M, = mass of solids (or dry mass), M, =mass of water, M, =mass of air = 0.

M = Total mass of soil sample= M + M, (1.1)
M=2210=M,+M, =1280+M,, M, =930g
p,, = density of water = | g/c:m3 = 1Mg/m3.
V,=93.0/p,=93.0/1.0=93.0em’.

‘ﬂ



2 Problem Solving in Soil Mechanics

Volume related symbols are defined as follows:

V', = volume of the air within the voids between particles.

V., = volume of the water within the voids between particles. V; = volume of the solids.
V., = volume of the voids within a given sample =V, +7V.

}” = Total volume of soil sample =V, +V, (1.2
Density of solids ps is the ratio of the mass of the solids to the volume of the solids:
MS
= 1.3
P V. (1.3)
Specific gravity of solids G is the ratio of the density of the solids to the density of water:
P :
G, =—% (1.4)
P
P =M Ve > M =p xV, =G xp, =V, =2Tx1.0xV =128.0,
v, =474cm’.
Degree of saturation S, is the ratio of the volume of the water to the volume of the voids:
V
S, == 1.5
= (1.5)

v

S, =0.75=V,/V,=93.0/F, =V, =124.0 cm’, thus
V=V, +V,=474+124.0=1714 cm’.
Void ratio e is the ratio of the volume of the voids to the volume of the solids:

V.,
e=— 1.6
v (1.6)
Porosity # is the ratio of the volume of voids to the total volume:
v v,
n=-t sp=—t =% (1.7)
V Ve+V, l+e

n=V, /V=1240/1714=0.723 =72.3%.

Problem 1.2

Dry soil with G, = 2.71 is mixed with 16% by weight of water and compacted to produce
a cylindrical sample of 38 mm diameter and 76 mm long with 6% air content. Calculate
the mass of the mixed soil that will be required and the void ratio of the sample.

Solution:

1(3.8)°
4

V =7.6x% =86.19cm’. p, =G,p,, = 2.71x1.0 = 2.71 glem’.

Ve+V, +V,=86.19,

M. 0.16M
S8 1 0.06%86.19=86.19, py, = 1 glem”, hence:
2.71 P
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Volume (cm?) Mass (g)
AIR 0
29.7 —
WATER 245
86.19 177.6
56.49 SOLIDS 153_‘]

Figure 1.1. Problem 1.2.

M, =153.1g, M =153.1+0.16x153.1=177.6 .
M, =153.1=V,xp, =V, xG xp, =271V,

v, =153.1/2.71=56.49 cm’.

V, =V -V, =86.19-56.49=29.7 cm’,
e=V, IV, =29.7/56.49=0.52.

The results are shown in Figure 1.1.

Problem 1.3

During a field density test 1850 g of soil was excavated from a hole having a volume of
900 cm’. The oven-dried mass of the soil was 1630 g. Determine the moisture content, dry

density, void ratio and degree of saturation. G, =2.71.

Solution:
Moisture content and different types of density are according;
M,
w= W
M

p (bulk or wet density) = %[_

M +VPw

V

M
p (dry density)= ﬁ P o (saturated density) =

The relationship between dry density, moisture content and bulk or wet density is:

__P
I+w

M, =M-M,=1850.0-1630.0 =220.0 g.
w=M, /M, =220.0/1630.0 = 0.135 = 13.5%.

pg =M, /V =1630.0/900.0 =181 g/em’ or Mg/m”.

Pa

(1.8)

(1.9)

(1.10)

(1.11)
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V, =1630.0/(2.71x1.0) = 601.48 cm’,

V, =900.0-601.48 =298.52 cm’.

€=298.52/601.48 =0.496.
S, =V, 7V, =(220.0/1.0)/298.52=0.737 = 73.7%.

Problem 1.4

A soil specimen has a moisture content of 21.4%, void ratio of 0.72, and G, = 2.7.
Determine:

(a) bulk density and degree of saturation,

(b) the new bulk density and void ratio if the specimen is compressed undrained until full
saturation is obtained.

Solution:

Assume V=1 m3, thus

V,+V,=1Le=0.72=V,/V; solving for V', and V:
V,=0419m* ¥, =0.581m°>,

(a) M, =V, xG,p, =0.581x2.7x1.0 = 1.569 Mg,

M =1.569+1.569x0.214 =1.905 Mg,

p=1.905/1.0 =1.905 Mg/m".

S, =V, /V, =(1.569%0214/1.0)/0.419 =0.801 = 80.1%.

(b) p=M/V =1.905/(0.581+1.569x0.214/1.0) = 2.08 Mg/m".
e=V,/V, =(1.569x0.214/1.0)/0.581 = 0.578.

Problem 1.5

The moisture content of a specimen of a clay soil is 22.4%. The specific gravity of the
solids is 2.71,

(a) Plot the variation of void ratio with degree of saturation and calculate the void ratio,
and the dry and wet densities at 50% saturation,

(b) a sample of this soil with initial degree of saturation of 50% is isotropically
compressed to achieve a void ratio of 0.55. Calculate the volume change in terms of
percentage of the initial volume. How much of this volume change is due to the outward
flow of water from the sample?

Solution:

(@) S, =V, /V, =(M,x0224/1.0)/V, =V, x2.71x1.0x0.224/1.0}/V, = 0.607/¢.
The plot of e versus Sy is shown in Figure 1.2.

For S, =50%:e=0.607/0.5=1.214.

Assume V=1 m’:

V,+V,=le=1214=V /V,

V,=05483m>, ¥, =0.4517m>,

M, =V.G.pp, =04517x2.71x1.0=1.224 Mg.
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Figure 1.2. Problem 1.5: part (a).

py =M,V =1224/1.0=1224 Mg/m’.

M =1224+1224x0.224 =150 Mg.
p=MIV=150/1.0=1.5Mg/m’.

(b) e=0.55=V,/0.4517 >V, =0.2484m°,

P =0.2484+0.4517=0.7001 m".

Volume change % = (1.000 — 0.7001) / 1.0 = 0.2999 = 30%.

The volume of the outward flow = (1.224x0.224 /1.0 -0.2484) =0.0258 = 2.6% .
The results of part (b) are shown in Figure 1.3.

Volume (m?3)
A
o AIR 3
piy Volume (m?)
<t —
0 I < —_
o w0
= WATER c‘{!‘ii WATER
. (]
a )
o
~ ~ ~
o SOLIDS © © SOLIDS
<t =
o <o
X AN
Isotropic .

compression

Figure 1.3. Problem 1.5: part (b).
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Problem 1.6

The results of a particle size analysis are shown in the table below:

Sieve size  Mass retained  Sieve size  Mass retained

(mm) (g) (mm) (8)
63 0.0 4.75 50
37.5 26 236 137
19.0 28 1.18 46
132 13 0.6 31
9.5 20 0.212 34
6.7 49 0.075 30

The total mass was 469 g. Plot the particle size distribution curve and determine the
coefficient of uniformity, coefficient of curvature and soil description.

Solution:

The calculations are summarized in the table below and presented in Figure 1.4, from
which:

Particle Individual  Individual Cumulative  Cumulative

size (mm} mass percentage percentage percentage
retained (g) retained retained finer

63 0.0 0.00 0.00 100.00

37.5 26 5.54 5.54 94.46

19 28 5.97 11.51 88.49

132 18 3.84 15.35 84.65

9.5 20 4.26 19.61 80.39

6.7 49 10.45 30.06 69.94

4.75 50 10.66 40.72 59.28

2.36 137 29.21 69.93 30.07

1.18 46 9.81 79.74 20.26

0.6 31 6.61 86.35 13.65

0.212 34 7.25 93.60 6.40

0.075 30 6.40 100.00 0.00

D1g = 0.36 mm, Dip = 2.35 mm and Dgo = 4.8 mm, where D1g, D3¢, Dgn are the particle
sizes corresponding to 10%, 30% and 60% passing (or finer) respectively. The coefficient
of uniformity Cy, and the coefficient of curvature Ce are found from:

Deg

Cpy=—2= (1.12)
Dy
D2
o = —Dio (1.13)
Do Do
D6O _ 4.8

c =13.3.

"D, 036



Nature of Soils, Plasticity and Compaction 7

100 T
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100
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Figure 1.4. Problem 1.6.

. D 2352
© DDy 48x036
The soil may be classified as G (well graded gravel).

=3.2.

Problem 1.7

The following data were recorded in a liquid limit test using the Casagrande apparatus.
Determine the liquid limit of the soil. Classify the soil assuming plastic limit PL = 19.8%.

Number Mass of Mass of wet Mass of dry

of blows can (g) soil + can (g) soil + can (g)
8 11.80 36.05 29.18
16 13.20 34.15 28.60
27 14.10 36.95 31.16
40 12.09 33.29 28.11

Number Moisture

of blows content
8 0.395
16 0.360
27 0.339
40 0.323

The results of the calculations for moisture contents are shown in the table above and
Figures 1.5 (moisture content against number of blows) and 1.6 (plasticity chart:
ASTM D-2487) from which:

LI =34.2%.
The soil is classified as CL.
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40
39
38
37
36
35
34
33
32
31
30

Maisture content (%)

Number of blows

Figure 1.5. Problem 1.7: moisture content against number of blows.

60

o)
o
T

N
o
=T

MH or OH

N
o

Plasticity index (%)
[4%)
o

-
[sn]

o

1 1 - 1 1

0 10 20 30 40 50 60 70 80 90 100 110

Liquid limit (%)

Figure 1.6. Problem 1.7: plasticity chart (ASTM D-2487).

Problem 1.8

The recorded data in a liquid limit test using the cone penetration method are as follows.
Determine the liquid limit of the soil.

Cone penetration (rmm) 141 183 221 27.2
Moisture content (%) 283 422 524 634

Solution:
The results are plotted in Figure 1.7 from which LL = 47%.
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Moisture content (%)

10 20 100
Cone penetration (mm)

Figure 1.7. Problem 1.8.

Problem 1.9

The maximum and minimum void ratios for a sand are 0.805 and 0.501 respectively. The
field density test performed on the same soil has given the following results:

p=1.81 Mg/m>, w = 12.7%. Assume G = 2.65.

Compute the density index.

Solution:

To express the consistency states of sand and gravel, the natural void ratio is compared

with the maximum and minimum void ratios obtained in the laboratory. Density index (or
relative density) is defined by:

(loosest) 0 < [ <1(densest) (1.14)

€max ~ €min

Dry density in the field is calculated from Equation 1.11:

o 1.81 3
=P 1 _1606Mg/m’.
Pd = T T 110127 £
Assume V=1 ml, thus
M, = 1.606 Mg,
M.
v s L6064 co6m?.

ST G, xp,  2.65x10
V,=1.0-0.606=0394m’.
e =10.394/0.606 = 0.650. From Equation 1.14:

0.805-0.650 _

Wil 0 Y,
D 0.805-0.501
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Problem 1.10

The following results are obtained from a standard compaction test:

Mass of compacted soil (g)  1920.5 2051.5 21385 2147.0 21200 2081.5
Moisture content (%) 11.0 12.1 12.8 13.6 14.6 16.3

The specific gravity of the solids is 2.68, and the volume of the compaction mould is 1000
cm. Plot the compaction curve and obtain the maximum dry density and optimum
moisture content. Plot also the 0%, 5% and 10% air void curves. At the maximum dry
density, calculate the void ratio, degree of saturation and air content. If the natural
moisture content in the field is 11.8%, what will be the possible maximum dry density if
the soil is compacted with its natural moisture content?

Solution:

The results of computations are tabulated and shown in Figure 1.8 from which:
Wopr = 13% and pgmay = 1.907 Mgz’mB.

Sample calculations for test number 3:

p=M/V =2138.5/1000.0 = 2.1385 g/em’ or Mg/ m’.

Py =p/(l+w)=2.1385/(1+0.128) =1.896 Mg/m’,

Dry density expressed in terms of G, w, and 4, (air content: A, =V_/V )

despw(l_Av) (1.15)
1+wG,
Gipy .
=—r Zero air curve 1.16
Pa T+ wG, (1.16)
G.p,. 2. . 3
For zero air (4, = 0) with w=12.8%: p, = sPw__ ol 1.995 Mg/m”.

1+wG, 1+0.128x2.68
For 5% air p; =1.995x0.95=1.896 Mg/m’.
For 10% air p, =1.995x0.9 =1.796 Mg/m”.

At the maximum dry density and assuming J'=1 m’:

N 3 Y
w (%) Pd(Mg/mB) pd(Mn’fln ) Pd(Mg/T“ ) pd(Ma/m ):

0 % air 5 % air 10 % air
11.0  1.730 2.070 1.966 1.863
12.1  1.830 2.024 1.922 1.821
12.8 1.896 1.995 1.896 1.796
13.6  1.890 1.964 1.866 1.768
4.6 1.850 1.926 1.830 1.734
16.3  1.790 1.865 1.772 1.679
17.0 1.841 1.749 1.657

18.0 1.808 1.717 1.627
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22
2.1 F
2 | 1.907
T 19 -
i) 1 0%
2 18 Looeo . :
= ! i 5%
12 [ Lo
! ' 10%
1
16 | Ti i
15 I |:| jwoetz TBO/Dl 1 I
10 11 12 13 14 15 16 17 18 19
W(%)
Figure 1.8. Problem 1.10.
M 1.907
v s = =071 m’.

ST G xp,  2.68x1.0
V,=1.0-0711=0289m’.

e=0.289/0.711=0.406.

S, =V,/V,=(1.907x0.13/1.0)/0.289 = 0.858 = 85.8%.

A, =V 1V =(,-V,)/1.0,

A, =(0.289-1907x0.13/1.0)/1.0=0.041=4.1%.

From Figure 1.8 for w = 11.8% the corresponding dry density is ~ 1.8 Mg/m3.

Problem 1.11

The results of two particle size analyses on sand and gravel samples are shown in the first
and second columns of the following table. The mass of each specimen is 5 kg. Plot the
particle size distribution curve for both specimens. A third specimen is made by mixing
two volumes of sand with one volume of gravel. Plot the particle size distribution curve
for the mixture assuming that the densities of gravel and sands are equal.

Solution:

The results are tabulated below and shown in Figure 1.9. In the table corresponding to the
mixed sample the retained mass on the individual sieve related to the sand is multiplied by
2. Thus the total mass of the assumed mixture is 15 kg. If the particle size distribution for
the mixture was given (either as a single curve or a zone bounded by two curves), then a
trial and error procedure in terms of the mass ratios of sand and gravel must be adopted
until the required distribution is obtained.
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Sieve size  Individual Individual Cumulative Cumulative

{mm) mass percentage percentage percentage
retained (g) retained retained finer
Gravel
50 0 0.00 0.00 100.00
25 375 7.50 7.50 92.50
12.5 825 16.50 24.00 86.00
6.7 1000 20.00 44.00 56.00
345 1350 27.00 71.00 29.00
2 1450 29.00 100.00 0.00
Sand
2 0 0.00 0.00 100.00
1.4 500 10.00 10.00 90.00
1.18 200 4.00 14.00 86.00
0.85 550 11.00 25.00 75.00
0.6 1100 22.00 47.00 53.00
0.425 1750 35.00 82.00 18.00
03 900 18.00 100.00 0.00

In the case where the densities of the given two materials are not equal then the mass of
the material | on the individual sieve must be multiplied by , according:
m‘,_l — ﬁ— X &
2 P2
where V7 / V> represents the volume ratio (in this example is 2) and p; and p; are the
corresponding densities.

(1.17)

Sieve size Individual  Individual Cumulative  Cumulative

(mm) mass percentage percentage percentage
retained (g) retained retained finer

50 0 0.00 0.00 100.00

25 375 2.50 2.50 97.50

12.5 825 5.50 8.00 92.00

6.7 1000 6.67 14.67 85.33

3.45 1350 9.00 23.67 76.33

2 1450 9.67 33.34 66.66

1.4 1000 6.67 40.01 59.99

1.18 400 2.66 42.67 57.33

0.85 1100 7.33 50.00 50.00

0.6 2200 14.67 64.67 3533

0.425 3500 23.33 88.00 12.00

0.3 1800 12.00 100.00 0.00
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100 _
9 |——| sand
80
70
60
50

40 |

30 '

20

10
0

Gravel

Percentage finer by weight

0.1 1 10 100
Particle size (mm)
Figure 1.9. Problem 1.11.

Problem 1.12

Re-work Problem 1.11 with tl;le volume raticg (sand to gravel) of 1.0. The densities of
gravel and sand are 1.25 Mg/m™ and 1.5 Mg/m™ respectively.

Solution:

The mass of the sand on each individual sieve is multiplied by m,.:

Bl gt
Py 1.25

The corresponding calculations are tabulated and shown in Figure 1.10; total mass of the
mixture = 11 kg.

=12.

1
M =X
2

Sieve size  Individual Individual Cumulative  Cumulative

(mm) mass percentage percentage percentage
retained (g) retained retained finer

50 0 0.00 0.00 100.00

25 375 341 341 96.59

12.5 825 7.50 10.91 89.09

6.7 1000 9.10 20.01 79.99

345 1350 12.27 32.28 67.72

2 1450 13.18 45.46 54.54

1.4 600 5.45 50.91 49.09

1.18 240 2.18 53.09 46.91

0.85 660 6.00 59.09 40.91

0.6 1320 12.00 71.09 28.91

0.425 2100 19.09 90.18 9.82

0.3 1080 9.82 100.00 0.00
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Figure 1.10. Problem 1.12.
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CHAPTER 2

Effective Stress and Pore Pressure in Saturated Soils

2.1 INTRODUCTION

The stress related to the internal forces acting on the contact points of the particles is
termed the effective stress whilst the stress within the liquid phase or water is termed pore
pressure. The combination of these two stresses represents the total stress at a point:

o=0¢"+u 2.1)

where o is the total normal stress at a point in a specified plane, ¢’ is the effective normal
stress on that plane resisted by the particles and w is the pore pressure acting on the plane.
In drained loading the effective stress controls the strength of the soil and its deformation.
In the undrained conditions the total stress is of major concern. Both conditions may occur
in the field in the form of moving from undrained conditions to the drained conditions as
the time passes; the process being controlled by the drainage conditions. The change in
the effective vertical stress within the soil is the major factor in the consolidation
settlement in clay soils. For a soil section composed of » layers, above the point of
interest, and each having a thickness of /;, Equation 2.1 yields:

i=n i=n
oL, =3 vh —u=Y vk (2.2)
i=1 i=1

where v.; is the effective unit weight of each layer. The problems in this chapter are
designed to cover three major areas. First, the main definition of the effective stress is
investigated through Problems 2.1 and 2.2. Second, the case of the water with a high
pressure (artesian conditions) that is located at some depth from the ground surface has
been considered (Problems 2.3 and 2.4). The third area is the concept of the increase in
the effective vertical stress due to dewatering that is explained in Problem 2.5. Note that
only the stresses due to gravity are considered. The cases of external surface loading will
be discussed in Chapter 6.

2.2 PROBLEMS

Problem 2.1

For the soil profile shown in Figure 2.1 plot the variation of total vertical stress, pore
pressure and effective vertical stress with depth.
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0.0Mm <S>
WT  Soil 1: pgry= 1.70 Mg/m?

1.2m —
Psat= 1.90 Mg/m3
25m
Soil 2 Pear=2.10 Mg/m?
50m
S0il3: Pegr= 2.15 Mg/m?®
80m

Figure 2.1. Problem 2.1: soil profile.

Solution:

On the ground surface, o, = 0.0, = 0.0, ¢', =0.0.
Atz=1.2m:

o, =1.7x9.81x1.2 = 20.0 kPa, # = 0.0, 6", = 20.0 kPa.
Atz=25m:

G, =20.0+1.9x9.81(2.5-1.2) = 44.2 kPa,
u=1.0x9.81(2.5-1.2) =12.7 kPa,
o =442-12.7=31.5kPa.

Atz=50m:
G, =44.2+2.1x9.81(5.0-2.5)=95.7 kPa,

u=10x981(5.0-1.2)=373kPa,

Stress (kPa)

0 50 100 150 200
0 T T T
1L Soil 1
2
E 3
< 4 Soil 2
o
B 5 e AN Nl
6 Soil3
7 | Pore EffectiveNJ otal
g pressure

Figure 2.2. Problem 2.1: variation of pore pressure, total and effective vertical stresses with depth.
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G|, =95.7-37.3=58.4 kPa.

Atz=8.0m:
G, =9574+2.15x9.81x3.0 =159.0kPa,

#=1.0x9.81(8.0-1.2)=066.7 kPa,
o, =159.0-66.7 = 92.3 kPa. The results are presented in Figure 2.2,

Problem 2.2

For the given soil profile of Figure 2.3 calculate the effective vertical stress at a depth of
7.5 m.

Solution:

For soil 1 and assuming V'= 1m3:
S, =V, /V,=05,
Vi=M,/p,=014xM_/1.0,V, =1-V V=M, /p =M (G, xp,).

o Vw__0maM, .
T M, =1531Mg.
2.68%1.0

p=(M, +wM)/V =(1.531+0.14x1.531)/1.0 = 1.745 Mg/m".

V, =1.531/(2.68x1.0)=0.571 m’,

V,=1.0-0.571=0.429 m’, thus

Pout = (Ve xGypy, +V, xp )1V =(1.5314+0.429x1.0)/1.0 = 1.960 Mg/m”.

Soil 2:
Assume F=1 m3, thus

V,+V,=le=V,/V, =50;solving for V', and V:
Vv, =0833m3, ¥, =0.167m>.
Peat =V xGyp,, +V, xp, )V =(0.167x2.0x1.0+0.833x1.0)/1.0=1.167 Mg/m’.

Soil 3:
V,+V,=le=V, /V, =1;solving for I, and V:

00 M 5S35

WT W= 14%, Sr: 50%
1.5mM ——
Soil 1: G, =2.68
30m
Soil 2: Peate =5, G, = 2.0
6.0m

Soil 3:e=1,G=27

Figure 2.3. Problem 2.2.
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V,=0.5 m3, Ve=05 m?.
Poar =(0.5%2.7x1.0+0.5x1.0)/1.0 =1.850 Mg/m’.

Atz=75m:
o, =(L.745%1.5+1.960x1.5+1.167x3.0+1.850x1.5)x 9.81,
o, =116.1kPa,

u=1.0x9.81%6.0=58.9kPa,
o, =116.1-58.9 =572 kPa.

Problem 2.3

A clay layer of 4 m thick with pgz =2 Mg;’m3 is overlain by a 4 m sand with pgy = 1.9
Mg/m3 and pgqy = 1.65 Mg/1n3, the top of this layer being the ground surface. The water
table is located 2 m below the ground surface. The clay layer is underlain by a sand
stratum that is in artesian conditions with the water level in a standpipe being 4 m above
the ground surface.

Calculate the effective vertical stresses at the top and the base of the clay layer. If the dry
sand is excavated, in what depth the effective stress at the bottom of the clay layer will
become zero?

Solution:

At the top of the clay layerz =4 m:

o, =(1.65%2.0+1.90x2.0)x9.81=69.6 kPa,
u=10x981x2.0=19.6 kPa,

o), =09.6-19.6 = 50.0 kPa.

At the base of the clay layer z = 8§ m:
o, =09.0+2.0x9.81x4.0=148.1kPa,

u=1.0x9.81(8.0+4.0)=117.7 kPa,

o, =148.1-117.7 = 30.4 kPa.

Assume [J is the depth of excavation in the sand layer, thus at the base of the clay layer:
o, =148.1-1.65x9.81x D =148.1-16.2D kPa,

o, =148.1-16.2D-117.7=0,

D =1.9m < 2.0 m (the thickness of the dry sand layer).

Problem 2.4

A clay layer 10 m thick has a density of 1.75 Mg/m3 and is underlain by sand. The top of
the clay is the ground surface. An excavation in the clay layer failed when the depth of the
excavation reached to 6.5 m from the ground surface. Calculate the depth of water in a
standpipe sunk to the sand layer.

Solution:

Calculate the total vertical stress at the base of the clay:
o, =1.75x9.81(10.0 - 6.5) = 60.1 kPa.

The pore pressure on the boundary of sand and clay is:




Effective Stress and Pore Pressure in Saturated Soils 19

u=1.0x981xh, =9.81h,,

where /,, is the height of water above the boundary.
Set the effective vertical stress at the base of the clay to zero:

G, =60.1-9.81h, =0,
h,=6125m.
Depth of the piezometric level from the ground surface = 10.0 = 6.125 =3.875 m.

Problem 2.5

A stratum of soil is 15 m thick and its top surface is the ground surface. Formulate the
effective vertical stress within the layer if:

(a) the water table is at the ground surface,

(b) the water table is lowered 3 m by Rumping.

Per=2 Mg/m3 and pgyy = 1.65 Mg/m”.
Solution:

(a) At a depth z from the ground surface:
G, =P,;82=2.0x981xz=19.62zkPa,

u#u=1.0x981xz=9.81zkPa,

o, =19.62z-9.981z =9.81z kPa.

(b) At a depth z > 3.0 m from the ground surface:

O, =Py %8 x3.0+ psmg(z—l()) kPa,

o, =1.65x9.81x3.0+2.0x9.81(z—3.0) =19.62z -10.30 kPa,
u=10x9.81(z-3.0)=9.81z -29.43 kPa,

o, =19.62z-10.30-9.81z+29.43 =9.81z+19.13 kPa.

The increase in the effective vertical stress after pumping is:
Ac, =9.812+19.13-9.812=19.13 kPa,

which is independent from the depth of the point of interest.
In general the increase in the effective vertical stress is:

Ac'=AHp, g -AHg(p ., —P,,) (2.3)

where AH is the magnitude of the drop of the water surface, p,, is the density of water and
P 18 the density of the dewatered zone.
For example forz >3 m:

Ac’'=3.0%x1.0x9.81-3.0x9.81(2.0-1.65) =19.13kPa.
At a depth z < 3.0 m from the ground surface:

G, =0, =Py, xgx2z=1.65x9.81xz=16.19z kPa.
The increase in the effective vertical stress is:

Ac, =16.192z-9.81z = 6.38z kPa.

The formulation at this region is as follows:

Ao’ =gz(pm +pw*psar) (2.4)
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CHAPTER 3

The Movement of Water through Soil

3.1 INTRODUCTION

The problems that are solved in this chapter investigate the flow of water through
interconnected pores between soil particles in both one and (two dimensions. To obtain the
coefficient of permeability k (or hydraulic conductivity) two common laboratory test
methods of constant head and falling head are used. These methods are described through
Problems 3.1 to 3.3. The flow is assumed laminar and Darcy's law is valid. Problem 3.4
shows the application of Darcy's law in formulating the flow rate in a two-dimensional
flow problem. Problems 3.5 and 3.6 are related to the in-situ test methods of abtaining the
coefficient of permeability in unconfined and confined aquifers. The equivalent
coefficients of permeability in layered soils (parallel and normal to the stratum) are
explained in Problem 3.7. Using a simplified approach the flow nets that, describe the
seepage flow, are constructed and used to obtain the flow rate under the impermeable
dams or sheet piles (Problems 3.8 and 3.9). The flow within a permeable dam is explained
by Problems 3.10 and 3.11.,

3.2 PROBLEMS

Problem 3.1

In a laboratory constant head permeability test, a cylindrical sample 100 mm in diameter
and 150 mm high is subjected to an upward flow of 540 ml (c1n3)/111in. The head loss over
the length of the sample is measured to be 360 mm. Calculate the coefficient of
permeability in m/s.

Solution:

The hydraulic gradient within the length L is a dimensionless parameter and is defined as
the rate of change in total head (or head loss) Ak over the length L:

Ah
i=— 3.1
i (3.1}
If we assume the flow obeys Darcy” law:
v=Fki (3.2)

where v is the velocity and & is the coefficient of permeability of the material. The
quantity of water that flows in a unit of time through an area of 4 or flow rate is:
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q=%:Av:Aki:Ak"A]:—h (3.3)

Using Equation 3.3 for a constant head permeability test:

__ oL _ 4L (3.4)
Ahx At Ahx A )
OL 540.0%1070 x150.0 %1072

k: = y
Ahx At 360.0x1073(100.0% x /4)1070 x1.0% 60
k=48 x 1041 m/s.

Problem 3.2

In a laboratory falling head test, the recorded data are: diameter of the tube = 20 mm,
diameter of the cell = 100 mm, length of the sample = 1000 mm. The head measured from
the top level of the sample dropped from 800 mm to 600 mm within 1 hour and the
temperature of the water was 30 °C. Calculate the coeeficient of permeability at 20 °C.

n = 1.005 x 107 N.s/m” (at 20 °C), 1 = 0.801 x10™ N.s/ m" (at 30 °C).

Solution:

At the start of the test and at # = 0 the head in the vertical capillary tube is equal to /. The
valve on the tube is opened and the time ¢ for the head to fall to Ay is recorded. The
coefficient of permeability is calculated from:

iy

al
k=23—1 3.5
< 08, (3.5)

2
where a is the internal sectional area of the capillary tube and A is the sectional area of the
soil.
20,02 x /4 _1000.0x1073  800.0
P log

k:2.3)( Ob 5
10002 xn/4  1.0x60x60 600.0

ke =3.19%107° mys.
To include the effect of temperature, the following equation may be used:

e = ey 2 (.6)
Nz20

where 0 is the temperature of the outflow water in degrees Celsius, 42 and kg are the
coefficients of permeability at 20 °C and at 8 °C, 129 and ng are the dynamic viscosities
of water at 20 °C and 0 °C respectively.

0.801x1073
1.005x1073"

Jiyg = 2.54 %1070 mys.

kag =3.19x1070 x
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‘ Flow
Qverflow

375mm

Discharge

Figure 3.1. Problem 3.3.

Problem 3.3

For the test arrangement shown in Figure 3.1, calculate the volume of water discharged in
20 minutes. The cross-sectional area of the soil is 4000 mm™ and k& = 4.0 mm/s.

Solution:

¢ =20.0x60=1200.0s.
A=4000.0x1076 = 4.0x1073 m’.
k=4.0x10"m/s.

. :\/(300.0)2 +(225.o)2 e
1000 1000

Ah_ 225.0+375.0-150.0 _
L 375.0

Using Equation 3.3:

1.2,

Q=rAk%j1=1200.0><4.0x10‘3 x4.0x1073 x1.2,

0=23.04x10" m? =23.041.

Permeable

X

Figure 3.2. Problem 3.4.
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Problem 3.4

A long trench is excavated parallel to a river, as shown in Figure 3.2. The soil profile
consists of a permeable soil of thickness D confined between two impermeable layers.
Initially the water level in the trench is the same as that in the river. Water is pumped out
of the trench at a flow rate of g.

(a) Formulate ¢ in terms of the geometrical parameters shown in Figure 3.2,

(b) for L (the average horizontal distance between the trench and the river's slope) =
100m, D=5m,z,=7m,and k=4 x 107 m/s, calculate the flow rate corresponding to a
drawdown of Dy, =2 m,

(c) calculate ¢ when the water table in the trench is 2 m below the surface of the
permeable layer,

Solution:
(a) For full flow between points a and b using Equation 3.3:

z,—D
qg= Av:Akiz(Dxl.O)k“f,

where / is the average horizontal distance between river's slope and the section where the
drawdown starts. For the flow between sections » and ¢:

dz
= Av=Aki=(zx1.0)k(-—),
g =Av=Aki=(zx1.0)k( dx)
gdx = —kzdz,
“de =k [Pzdz,

k k
q(x. —xp) =5(z§ 2y s g(l-N)= E[Dz —(z,,-D,)?}

. D*—(z,-D,)*
= 2L-1)
Equating the flow rates of two zones:
2Lz, —D)

C2D(z,,-D)+DY~(z,-D,)*
Replacing / in the flow rate equation:
k
g= Z[zD(ZW -Dy+D? - (2, — Dw)z].
(b) Substituting numerical values for the case with D, =2 m:
4.0%107° x3600x 24
2x100.0

(c) In this case D,, =4 m:

[2x5.0(7.0—5.0) +5.0° —(7.0—2.0)2]=0.346 m’/day.

_ 4.0x107° x3600x 24
2x100.0

[z x5.0(7.0-5.0)+5.02 (7.0 4.0)2]= 0.622 m’/day.
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Problem 3.5

A well of diameter 0.3 m is constructed to the full depth of an unconfined aquifer of
thickness of 150 m. The water table is 10 m below the ground surface. A pumping test of
12 m’/hour has resulted a drawdown of 10 m. Assuming r, = 400 m; calculate the
coefficient of permeability of the aquifer. If the flow rate increases to 18 m’/hour, and in
the absence of any other data, what will be the best estimate for the drawdown in the well?

Solution:

In the unconfined aquifer the piezometric level z (measured from the bottom of the well),
in terms of » (the distance of any point from the centre line of the well) and an observation
well data (or a known point), may be expressed in the following form:

2,49, F
+—~—In— 3.7
1 k n (3.7)

Forr=03/2=0.15m,z=150.0-10.0-10.0=130.0 m.

The radius of influence r, defines the point(s) where the water level fully recovers to its
original value; thus for ¥ = 400.0 m, z = 150.0 — 10.0 = 140.0 m.

Substituting the above numerical values in Equation 3.7:

12.0 | 0.15

n =k =3.1x10"%mss.
3600xtk 400.0

130.0 = \/140.02 +

Forg =18 m’/hour:

= \/140.03 + LA —In 015 _1247m.
3600« mx3.1x10~ 400.0

D, =150.0-10.0-124.7 =153 m,

Problem 3.6

A pumping test carried out in a 50 m thick confined aquifer resulted in a flow rate of 600
I/min. The thickness of the impermeable layer above the aquifer is 20 m and the original
water level in the well was 2 m below the ground surface (which is also the top of the
impermeable layer). Drawdowns in two observation wells located 50 m and 100 m from
the well are 3 and 1 m respectively. Calculate:

(a) the coefficient of permeability of the aquifer,

(b) the drawdown in the well,

(c) the radius of influence. The diameter of the well is 0.6 m,

Solution;

In the confined aquifer the piezometric level z (measured from the bottom of the well), in
terms of » (the distance of any point from the centre line of the well) and an observation
well data (or a known point), is expressed in the following form:

In-- (3.8)




26 Problem Solving in Soil Mechanics

Forr=50m, z=50.0+20.0-2.0-3.0=65.0 m.
Forr=1000m, z=50.0+20.0-2.0-1.0 = 67.0 m, therefore:

(a) 65.0 = 67.0 +[600.0/(1000 x 60 x 27 x 50.0k)]In(50.0/100.0),
k=1.1x10" mys.
(b) z=67.0+ [600.0/(1 000 % 60x 2% 50.0x1.1x107> )]ln(o.s /100.0) = 50.2 m,

D, =500+200-2.0-502=17.8 m.
{c) Atr=r,, z=50.0+20.0-2.0 =68.0 m; thus

68.0=67.0+ [600.0/(1000x60x 2% 50.0x1.1x 10’5)]111(1’0 /100.0),
r, =141.3m,

Problem 3.7

A soil profile consists of three layers with the properties shown in the table below.
Calculate the equivalent coefficients of permeability parallel and normal to the stratum.

Layer  Thickness z (m) & (parallel, m/s) i (normal, m/s)

1 3.0 2.0x107° 1.0x107
2 4.0 5.0x10° 2.5%107°
3 3.0 3.0x107° 1.5%107

For the flow parallel to the layers:

k

_ ZIkxl +Z2kx2 R (3.9)

k

Xx
Z

wherez =z +z, +---+z,.

3.0x2.0x1070+4.0x5.0x107% +3.0x3.0x107

k. =9.6x107% s,
3.0+4.0+3.0
For the flow normal to the layers:
k, = z (3.10)
Z] /kzl +22 ,’szz +"’+Zn szf?
3.0+4.0+3.0 = 6.1x10"% mys.

Z 7 3.0/1.0x107% +4.0/2.5x1078 +3.0/1.5%103
Problem 3.8

For the sheet pile system shown in Figure 3.3(a), calculate the flow rate in m3/day by
constructing the flow net in the following two conditions:
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Figure 3.3. Problem 3.8: (&) sheet pile system, (b) the flow net under the sheet pile.

(a) k, =k, =5.0x107> mJs, and
(b) K (horizontal) = 5.0x 107 my/s, k_(vertical)=3.0x107" m/s,

Solution:

The flow net is constructed by sketching, as illustrated in Figure 3.3(b). The flow rate is
expressed by:
N
g=kh—L (3.11)
Na

where / is the total loss due to the seepage, Ny is the number of equal drops in total head
and Ny is the total number of flow lanes.
From Figure 3.3(b):

Ny=35, Ng=11; therefore:

AN ;1 (5.0%1075 x5.0%5)3600% 24
Ny I1 ’

(a) g=

g=9.82 m3/day/metre run.

(b) The material can be treated as an isotropic soil by assuming an equivalent isotropic
coefficient of permeabilty of:

k= Jk .k, (3.12)

and using a transformed scale of:

X' =x [=Z (3.13)

X

P;-|x-

As the thickness of the sheet pile is ignored and there is no horizontal element (e.g.
horizontal impermeable layer) thus there is no need to use the transformed scale and the
flow net is the same as of case (a).

Using Equation 3.12:
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(a) (b)

Figure 3.4. Problem 3.9: (a) concrete dam and sheet pile system, (b) the flow net.

ki =5.0x1075 x3.0x1075 =3.87x1075 ms.

_ KN p(3.87.0x107° x5.0x5)3600 % 24

177N, 1

3

g="17.60 m3/dayfmetre run.

Problem 3.9

A3c0ncrete dam retains 8 m of water, as shown in Figure 3.4(a). Calculate the flow rate in
m™/day by constructing the flow net under the dam.

f=5x 107 mis.

Solution:

The flow net is constructed by sketching and shown in Figure 3.4(b) from which:
Ny=3, Ng= 38, therefore:

Impermeable stratum
100.0 m

Figure 3.5. Problems 3.10 & 3.11.
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KRN (5.0x107% x 7.5%3)3600 % 24
Ny 8 ’

q

g=12.15 m3/‘day/melre run.

Problem 3.10

For the earth dam section shown in Figure 3.5, calculate the flow rate in m3/day.
Solution:

A traditional (Casagrande) method defines the phreatic surface as a parabola with its focus
located at the origin O of the xz coordinate system (Figure 3.5). This parabola referred to
as basic parabola can be defined mathematically if the coordinates of one point on the
boundary (or within the seepage zone) is known. Experimental investigations have shown
that the mtersection point of the basic parabola and the water surface, point F, is located
such that FA = 0.3£4, which means that the coordinates of point F are known. The
parabola has to be corrected at point 4 to meet the requirements of the entry conditions.
The distance of any point on the basic parabola from the focus is equal to the distance of
this point from the directrix, which is located at an unknown distance of p from the z-axis.
This condition yields the equation of basic parabola as:
2 2
x=2 -2 (3.14)
2p

By substituting the coordinates of point # in Equation 3.14, the value of p so obtained is:

p:\ﬂx%+z%« —Xp (3.15)

The flow rate is estimated by constructing the flow net schematically. An alternative
solution is to assume a constant hydraulic gradient in the vertical sections:

dz
= Aki =(zx1)k—.
q ( )dx

From Equation 3.14, & =2 and:
dx =z

g=hp (3.16)

In the absence of a toe drain the basic parabola intersects the downstream face at point B
as shown in Figure 3.5. In reality, the phreatic surface must be tangent to the downstream
face at point 7" with a distance g from the origin 0. In the Casagrande method, the
correction length of BT expressed by Aa is found from experimental results. The distance
OB = Aa + a can be easily established, because the equations of the basic parabola and the
downstream face are both known.

An alternative solution, called the Dupuit method gives the distance of a as:

. ) ... (3.17)

cosa cos? o sin®a
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KRN (5.0%107° x7.5%3)3600 % 24

"N, 3

g=12.15 msfday/metre run.

Problem 3.10

For the earth dam section shown in Figure 3.5, calculate the flow rate in 1n3/day.
Solution:

A traditional (Casagrande) method defines the phreatic surface as a parabola with its focus
located at the origin O of the xz coordinate system (Figure 3.5). This parabola referred to
as basic parabola can be defined mathematically if the coordinates of one point on the
boundary (or within the seepage zone} is known. Experimental investigations have shown
that the intersection point of the basic parabola and the water surface, point F, is located
such that F4 = 0.3E4, which means that the coordinates of point F are known. The
parabola has to be corrected at point 4 to meet the requirements of the entry conditions.
The distance of any point on the basic parabola from the focus is equal to the distance of
this point from the directrix, which is located at an unknown distance of p from the z-axis.
This condition yields the equation of basic parabola as:

pdl_ oD
Py A (3.14)
2p

By substituting the coordinates of point / in Equation 3.14, the value of p so obtained is:

p=x 122 —xp (3.15)

The flow rate is estimated by constructing the flow net schematically. An alternative
solution is to assume a constant hydraulic gradient in the vertical sections:

dz
= Aki = (zx 1)k —.
q ( )dx

From Equation 3.14, % =2 and:

z

q=hp (3.16)

In the absence of a toe drain the basic parabola intersects the downstream face at point B
as shown in Figure 3.5. In reality, the phreatic surface must be tangent to the downstream
face at point T with a distance a from the origin 0. In the Casagrande method, the
correction length of BT expressed by Aa is found from experimental results. The distance
OB = Aa + a can be easily established, because the equations of the basic parabola and the
downstream face are both known.

An alternative solution, called the Dupuit method gives the distance of g as:

. 2 -
a= .XF _ JCF _ 4
cosa costa sina

ek

(3.17)

to Tyt
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In this case it is assumed that the correction curve passes through point / and is tangent to
the downstream face, thus the flow rate can be obtained by the following equation, which
is different from Equation 3.16:

g =kasino tano (3.18)

Calculate the slope of the dam (equal for both upstream and downstream sides):

_ 23.0 :
(100.0-8.0)/2
o =26.56°
Referring to Figure 3.5:
Fd= e 42.0m
tan26.56°

xp =100.0-42.04+03x42.0=70.6 m,
zp=21.0m.

tan o

a0,

el

Using Equation 3.17:

706 m\/ 7062 2107
c0826.56°  cos®26.56° sin®26.56°

a=1549 m.
The flow rate is calculated from Equation 3.18;

g =6.0x1077 x15.49x5in 26.56°x tan 26.56° x 3600 x 24 = 0.18 m3/day/metre run.

Problem 3.11

For the earth dam section shown in Figure 3.5, calculate the minimum length of the toe
drain required to ensure that the phreatic surface becomes tangent to the downstream face.
Solution:

The equation of the downstream slope in the zOx coordinate system is:

z
X =

'[Ean‘».

When the point O is located inside of the dam having a distance L (the length of filter)
from the previous origin; the equation of the downstream slope is modified to:

z

-L.

X =
tana

To find the intersection point of this line and the basic parabola, we substitute the x value
from the equation of the line into equation of the basic parabola (Equation 3.14):
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Rearranging the above equation we obtain:

22+ B z+(2pL—p2) =0.
tan o

This equation is in the general form of:
2
az“ +bz+c=0,

which will yield two answers for z.
If the basic parabola is tangent to the downstream slope, these two answers are equal.
Thus

b2 —dac = 0; or:

222> _aapL-p?) =0,

tan o
[ = p(1+cot? a)‘

2

The new x coordinate of point F (on the basic parabola) is:
xp=70.6-L.
Substituting this value in Equation 3.15:

p=y(70.6- L)% +21.02 —(70.6- 1),

The basic parabola is tangent to the downstream face if: L = p(l +cot” «)/2 , therefore:
;o0 +cot?a)  p(1+2.0%)

- 2 2
p=0.4L. Thus

=25p,

0.4L = (70.6— L)% +21.0> - (70.6 - L),
(70.6— L) +441=(70.6-0.61)>,

0.641° —56.48L +441 =0,
L=8.65m.
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CHAPTER 4

Shear Strength of Soils and Failure Criteria

4.1 INTRODUCTION

The problems solved in this chapter describe the shear strength characteristics of soils
and related failure criteria. Problems 4.1 to 4.3 show the applications of the stress
transformation equations in soils. The shear strength parameters, which include cohesion
and internal friction angle, are investigated through Problems 4.4 to 4.9. Both, the
effective stress analysis and the total stress analysis, are applied. The post peak behaviour
of the soil may be predicted by using the critical state models that are now common for
specific types of soils. The practical applications of the critical state theory are described
by Problems 4.10 to 4.12.

42 PROBLEMS

Problem 4.1

At a point 15 m below the ground surface, the relationship between the effective vertical
stress o'; and the effective lateral stress o'y is: @'y = o'z (1 —sing"). If the water table is
2 m below the ground surface, calculate the normal and shear stresses on the two
perpendicular planes P and @ (Figure 4.1ga)) where the angle ¢ for the P plane is
45°4+¢"/2.¢"=0,¢" =40°, pgn = 1.7 Mg/m™ and psgr = 1.95 Mg/m™.

Solution:

Atz=15m:
o, =1.7x9.81x2.0+1.95x9.81x13.0 = 282.0 kPa,
#=1.0x981x13.0=127.5kPa, ¢ =282.0-127.5=154.5kPa.
o', = o’ (1-sin¢’) =154.5(1 - sin 40.0°) = 55.2 kPa. Due to symmetry T,: = 0.
The normal and shear stresses on any plane 2, with angle « to the x-axis, are determined
by the following equations:
, B0y 0,0

et = 2xcos2a+rﬂsin2a 4.1)

T:Ei&sin&x—tr, cos2a (4.2)
> xz

For the plane P, a =45.0°+40.0°/2 =65.0° = 2a =130.0°, Thus
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T
*0‘2— 154.5 op=729
g =38.0
q P PQ
~./.65° S oy=154.5
Gy c,=55.2 L \q\ . >
|
- N
f 03= 554 oq=136.8
s, Tgp=-38.0
(a) (b) (Allin kPa)

Figure 4.1. Problem 4.1.

6 =(154.5+55.2)/2 +[(154.5-55.2)/ 2] c0s130.0° = 72.9 kPa.
t=[(154.5-55.2)/2]sin130.0° = 38.0 kPa.

For the plane 0, o =90.0°+45.0°+40.0°/2=155.0° = 20 =310° or 20 =-50.0°
o =(154.5+55.2)/2+[(154.5 - 55.2) /2] cos(~50.0°) = 136.8 kPa.
©=[(154.5-55.2)/2]sin(-50.0°) = —38.0 kPa.

The results are illustrated in Figure 4.1(b).

Problem 4.2

At a point within a soil mass, the effective lateral and shear stresses are 100 kPa and 50
kPa respectively. Calculate the effective vertical stress to cause the failure of the point.
¢ =0, ¢ =30°

Solution:

The Mohr-Coulomb failure criterion can be expressed in terms of Cartesian stresses by
enforcing the Mohr’ circle of stress (Equations 4.1 and 4.2) to be tangent to the failure
envelope (the concept of failure in the form of T = o' tand’ + ¢'):

(c”. - G'x)?' + (Zsz)Z =[2c'cos¢’'+(c’, + o' )sin o' (4.3)
Which means, the radius of the Mohr’s circle of stress, (square root of the left term) is
equal to the distance of the centre of the circle from the failure envelope (square root of
the right term).

Substituting the numerical values in the above equation and noting that:
G- > oy = 100 kPa:

(6%~ 100.0)% +(2x50.0)% = [(c”. +100.0)sin 30.0°)°. After simplifving and rearranging:

0.75(c",)* —250.05", +17500.0 = 0,
o, =233.3kPa.

Problem 4.3

An element of soil in x-z plane is subjected to a';, 6"y, and 1,.. Assuming that:
Ty = 0.306 o'y, calculate the ratio o'y / o'; at failure. ¢/ =0, ¢’ = 36°.



Shear Strength of Soils and Failure Criteria 35

Solution:

Substituting the given data in the failure criterion expressed by Equation 4.3:
(), —5")? +(2x0.3066",)? =[(5), + 5, )sin36.0°]%.

After rearrangements:
1.029(c", /o, )? —2.69 (o', /5.)+0.6545=0.

o, /o, =0.271,2.344.
Both answers are acceptable, however practically o’y / ¢ is smaller than 1.

Problem 4.4

The results of a direct shear test on a specimen of dry sand are as follows:

Normal stress = 96.6 kPa; shear stress at failure = 67.7 kPa. By means of a Mohr’s circle
of stresses, find the magnitude and directions of the principal stresses acting on a soil
element within the zone of failure.

Solution:

The equation of the failure envelope is:
1=¢' tand’ + ¢', therefore: 67.7 =96.6tan¢' + ¢,
For dry sand assume ¢’ = 0; thus

tand’ = L7 2 0.700 — ¢" = 35.0°,
96.6

The normal and shear stresses on any plane P may be expressed in terms of principal
stresses and the angle of the plane (o) from the major principal stress plane. Thus
rearranging Equations 4.1 and 4.2:

[

’ f ’
G, +C o —0C
_g17% G

! 3 cos2a 4.4
5 (4.4)
i ;U3 sin 2a (4.5)

If P becomes the failure plane, then, 2a=7n/2 + ¢":

lN
O3

\
62.5(‘ ‘Gi/__*r T
. _/( .

=
Failure plane
S

93

Figure 4.2. Problem 4.4,
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t

’ ' r
:01'5'03 _01—03
2

r

sin ¢’

cosd’

Substituting the given data in the above equations:

ol+0; o©]-o o) -0

96.6 = 3 5in35.0°, 67.7 = ———3 c0s35.0°.
2 ) 2

Solving for ¢'| and o3 we obtain:
o'1 =226.7 kPa, 6'3 = 61.4 kPa.

o =(90.0°+35.0°)/2 =62.5°,
The results are shown in Figure 4.2.

Problem 4.5

Data obtained from a drained triaxial test are as follows:

Testno. o3 (kPa) o] - o3 at peak (kPa)

1 50 191
2 100 226
3 150 261

Determine the drained shear strength parameters.
Solution:

Test 1:

In drained test 65 = o5 = 50.0kPa,

o] =50.0+191.0 = 241.0 kPa.

150
100

50

Figure 4.3. Problem 4.5.

(4.6)

(4.7)
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Test 2:

o5 =100.0 kPa,

G'l =100.0+226.0 =326.0 kPa.
Test 3:

0'3 =150.0 kPa,

o) =150.0+261.0 =411.0kPa.

Mohr’s circles of stress are shown in Figure 4.3,
The best estimation for drained shear strength parameters are:
¢ =060 kPaand ¢' = 15°.

Problem 4.6

The results of three consolidated-undrained triaxial tests on identical specimens of a
particular soil are:

Testno. o3 (kPa) o;-o3atpeak (kPa)  u at peak (kPa)

1 200 244 55
2 300 314 107
3 400 384 159

Determine ¢’ and ¢'.
What would be the expected pore pressure at failure for a test with o3 = 100 kPa?

Solution:

Calculate o'y and o'y at failure for each test:

Test 1:

oy =200.0-55.0=145.0kPa, o] =145.0+244.0 = 389.0 kPa.
Test 2:

o5 =300.0-107.0 =193.0 kPa, 5} =193.0+314.0 = 507.0 kPa.
Test 3:

oy =400.0-159.0 =241.0kPa, 5] = 241.0 +384.0 = 625.0 kPa.
Mohr’s circles of stress are shown in Figure 4.4 from which:

¢ =10 kPa and ¢' = 25°,

To calculate the shear strength parameters related to the total stresses:
Test 1:

043 =200.0kPa, o) = 200.0 + 244 .0 = 444 .0 kPa.
Test 2:

o4 =300.0 kPa,5; =300.0+314.0=614.0 kPa.
Test 3:

oy =400.0 kPa, o; =400.0+384.0 = 784.0 kPa.

Mohr’s circles of stress are shown in Figure 4.4 (dashed circles) from which: ¢ =40 kPa
and ¢ = 15°.
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300 -~
T (kPa)
200 gee el
Total
100
0 ' o' (kPa)
0 700

Figure 4.4, Problem 4.6,

To obtain the failure criterion in terms of principal stresses, the normal and shear stresses
on the plane of failure expressed by Equations 4.6 and 4.7 are substituted in the equation
of failure envelope: © =o' tang’ + ¢’

Alternatively Cartesian stresses in Equation 4.3 are replaced by principal stresses and the
Cartesian shear stress is set to zero:

o] =04 tanz(45°+¢'/2)+2c’tan(45°+¢’/2) (4.8)
The above equation may also be presented in the following form:

oy =0 tan?(45°—¢'/2) - 2¢ tan(45° - ¢’/ 2) (4.9)
For o3 = 100 kPa use Equation 4.8 for both total and effective stresses.

For total stresses:

5, =100.0tan2(45.0° +15.0°/2) + 2x 40.0 tan(45.0° + 15.0°/2) = 274.1 kPa.

For effective stresses:
(274.1—u)=(100.0 —u) tan2(45.0° +25.0°/2)+2x10.0tan(45.0°+ 25.0°/2),
u=206kPa.

Problem 4.7

The results of drained and consolidated-undrained triaxial tests on two samples of
normally consolidated clay are shown below:

Type of the test o3 (kPa) o) — o3 at peak (kPa)

Drained 300 650
Consolidated-undrained 200 250
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Determine:

(a) ¢’ from the drained test,

(b) ¢ from the consolidated-undrained test,

(c) the pore pressure in the consolidated-undrained test at failure.

Solution:
(a) For normally consolidated clay ¢’ = 0, thus using Equation 4.8:
o} = o tan?(45°+¢'/2), (300.0 + 650.0) = 300.0tan > (45.0°+ ¢'/2),

an2 (45.0°+ &'/ 2) = 3.1667 — ¢’ = 31.33° ~ 31.3°,

(b) Using the same equation for total stresses and assuming ¢ = 0:

(200.0 +250.0) = 200.0tan” (45.0° + ¢/ 2),

tan?(45.0°+¢/2) =2.25 > ¢ = 22.62° ~ 22.6°.

{c) Substitute the results of the consolidated-undrained test in the equation of the failure
criterion using ¢’ value obtained in part (a):

(200.0 +250.0 — 1) = (200.0 — ) tan” (45.0° + 31.33°/2) = (200 —)3.166; thus
# =84.0kPa.
The results are graphically illustrated in Figure 4.5.

Problem 4.8

A soil has the following properties: n (porosity) = 0.38, E; (Modulus of Elasticity)
= 10MPa, p=10.3, The bulk modulus of the pore water is 2200 MPa. Estimate the pore
pressure coefficient B.

500 -
t (kPa)

400 ¢ 313
22.6°
00 A
200
100 |
0 ' o' (kPa)
0 200 340 /400' 500 600 700 800 900
N 4

84.6 kPa

| 240.4 kPg
325 kPa

625 kPa

| -
< o

Figure 4.5. Problem 4.7.
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Solution:

If an element of saturated soil is subjected to isotropic compression Ao, the instant
increase in pore pressure Au (excess pore pressure) is calculated from:

AM:_I-_AO':BAG (4.10)
nk

By

T4—s
3K(1-2p)

where 7 is the porosity, E is the Modulus of Elasticity of soil, u is the Poisson’s ratio, K
is the bulk modulus of the pore water and 5 is termed the pore pressure coefficient.
Substituting the given data in the above equation:

| |
&= nE, 1, 038100 = 09980,

s

l — B
’ 3K(1-2p) 3x2200.0(1-2x0.3)

Problem 4.9

An unconfined compression test has given a UCS value of 126.6 kPa. The effective shear
strength parameters are: ¢ =25 kPa, ¢' =30°. Assuming the pore pressure parameter
A =-0.09, calculate the initial pore pressure in the sample.

Solution:

Using the failure criterion in terms of effective stresses (Equation 4.8):
o] =04 tan? (45.0° +30.0°/2) + 2 x 25.0tan(45.0° +30.0°/2),

o] =305 +86.6.

The unconfined compression strength represents;

100

50

Initial state of stress
ag'3=0"y =8.6 kPa

Figure 4.6. Problem 4.9.
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o) -0y =0, —0.0 =0} —o5. Thus
o) —03 =126.6 - o] =03 +126.6.
Substituting ¢’y in the equation of the failure criterion:
oy +126.6 =30 +86.6 —» o = 20.0 kPa.
The effective major principal stress is:
o] =05 +126.6 =20.0+126.6 =146.6 kPa.
In unconfined compression test the confining pressure o3 is zero:
6y =05+u=200+u=0—>u=-20.0kPa.
The excess pore pressure in a traditional triaxial compression test is determined from the
following equation where 4 and B are termed pore pressure coefficients:
Au = BlAc, + A(Ao, - Acs)] (4.11)

In an unconfined compression test Agy = 0. Furthermore the incremental stresses can be
replaced by o1 and o3 for evaluation of the average values for 4 and B. Assuming
B =1 and knowing that:

5] —03 =0] — 0%,
the pore pressure coefticient 4 at failure is calculated from:

At Au

A= =— —, thus
G ~-03 01703
A Au
A=-009=—"0 - Y L Ay=_114KPa,
o —oy 1266

The initial pore pressure is:
u; ==20.0-(-11.4) =-8.6 kPa.

The results are graphically presented in Figure 4.6.

Problem 4.10

The values of the critical state parameters for a particular type of clay are:
N=21,,=0087T1=2.05 M=0.95.

Two samples of this soil are consolidated under a confining pressure of 300 kPa. One
sample has been subjected to a drained triaxial test whilst the second sample has been
sheared in an undrained condition. Determine:

(a) the deviator stress at the critical state for both the drained and undrained tests,

(b) the pore pressure in the undrained test at the critical state,

(c) the volumetrie strain in the drained test when the sample approaches the critical state.

Solution:
(a) Projection of the critical state line (CSL) onto the p'-¢" plane defines the state of stress
at the critical state and is a line that passes through the origin with gradient M.

q'=Mp' (4.12)
o) + 20}

where ¢’ = o) —c3and p'= :
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The initial state of the sample is point C in Figure 4.7(a). It can be shown that the stress
path of the drained test on the p'-g" plane has a slope of 3 vertical to 1 horizontal (line
CD). The stress path for the undrained test is represented by CU. Points D and U that are
located on the critical state line represent the states of the two samples at critical state.

For the drained test the equation of the drained path (line CD in Figure 4.7(a)) is:

g'=3(p'-300.0).
This ensures the slope of 3 vertical, 1 horizontal on the p'-g" plane. Substituting ¢’ in the
equation of CSL:

"=0.95p" =3(p"-300.0), thus
p'(at critical state) = 439.0 kPa.
Substituting the above value of p' in Equation 4.12:
q'=0] -0 =0.95x439.0=417.0 kPa.
The state of the sample subjected to an isotropic compression or confining pressure o3 is
defined by a relationship between v and p’ called the normal compression line (VCL), as
shown in Figures 4.7(b) and 4.7(c). Specific volume v is a dimensionless parameter and
represents a volume in which the solids occupy a unit volume. From a phase diagram it
can be shown that v=1 + ¢ where e is the void ratio. The normal compression line is

established by means of a triaxial compression test. The equation of the normal
compression line (NCL) in v, In p’ coordinate system is:

v=N-ilnp' (4.13)
q
A csL
4170 fmmmmm e 2
Note:
160.4 »-U 1. Stress in kPa

2. Not to scale

1.6038

1.5206

o > Inp’

168.8 300.0 439.0 168.8  300.0 439.0
(b) (c)

Figure 4.7. Problem 4.10.
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The projection of the CSL on to the v, In p' coordinate system is approximated by a line
parallel to the NCL (Figure 4.7(c)):

v=[—-%Alnp’ (4.14)

For the undrained test we first substitute numerical values in the NCL equation and
calculate the corresponding specific volume during the test and at failure:
v=2.1-0.087x1n300.0 =1.6038.

The magnitude of p’ at critical state is calculated by substituting the specific volume in the
CSL equation:

1.6038=2.05-0.087x1In p" — p' =168 8kPa.
The deviator stress at the critical state is:

q'=0] -0y =Mp' =095x168.8 =160.4 kPa.

(b) From the definition of p’ we have:

p'=(o] +205)/3=(c] —0; + 05 +20%)/3=(g'+303)/3,
p'=(160.4+355)/3 =168.8,

o4 =115.3 kPa.

u=300.0-115.3=184.7 kPa.
(¢) Calculate the specific volume at critical state (drained test):

v=[-Alnp ' =2.05-0.0871n439.0 =1.52006.
The general definition of volumetric strain is expressed by:

AV
gy =7:81+52+{—;3 (4.15)

where AV is the volume change, I is the initial volume; g1, €2, and 3 are the axial strains
in the direction of major principal stresses. The above equation can be expressed in terms
of specific volume:

_Av

£y = (4.16)

V
Thus & =(1.6038 —1.5206)/1.6038 =0.0519 =5.19%.
The results are illustrated in Figure 4.7.

Problem 4.11

In a drained triaxial test carried out on a sample of the clay of Problem 4.10, the sample
was first consolidated under a confining pressure of 400 kPa. It was then unloaded to 300
kPa and, after equilibrium was reached, it was sheared in drained conditions. If
the x value is 0.037, calculate the volumetric strain at failure.

Solution:

The equation of expansion line (unloading) in v, In p’ coordinate system (Figure 4.8(c)) is
in the form:

v=v,_-xlnp’ (4.17)

where
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VC - VC]
Inp-—In Pe,
is the slope of the expansion line and v, is the magnitude of v at p'=1 kPa. The
parameter v, is not a constant for the soil and its magnitude depends on the magnitude of

pe,-
Note in this example p’cl =400 kPa, and p,- =300 kPa. Alternatively:

K= (4.18)

(v=ve)/(Inp'=Inpr) =i, or: (v =V J(Inp'— Eup&l )=-x (4.19)
Calculate the specific volume for p’ = 400.0 kPa on the NCL:
Voo =2.1-0.087x1n400.0 =1.5787.

Calculate the specific volume after unloading to p' = 300.0 kPa:

=300 ~Vaoo) __ g 437 _~(Vaeo ZL3787)
(In300.0 - In 400.0) " (In300.0 - 1n400.0)

From part (c) of Problem 4.10 the specific volume at critical state is 1.5206.

Volumetric strain from equilibrium conditions at p’ = 300.0 kPa and v = 1.5893 to critical
state at p’ = 439.0 kPa and v = 1.5206 is;

g = (1.5893 -1.5206)/1.5893,

£ =0.0432 =4.32% (compression).

ql
A csL
4170 p-mmm e ——— D
|
i
1
| Note:
I
: 1. Stress in kPa
]
c | > P’ 2. Not to scale
:300.0: 439.0
I I
vV (a): i Y]
A P A
| I
1 | -
: i N=21 p'= 400
Lo =205
I
15893 Fr-aas o= e e | NCL
I
15206 _________ -:_H_ : ________________________ Ir“ CSL
: : = : : > Inp’
168.8 300.0 439.0 300.0 439.0
(b) (c)

Figure 4.8. Problem 4.11.
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A csL

Note:
. 1. Stress in kPa

2. Not to scale

792 |-----

1.62

Figure 4.9. Problem 4.12.

This is less than 5.19% obtained in Problem 4.10 due to its lightly overconsolidated state.
However the deviator stress at critical state is the same as the drained sample of Problem
4.10. Volumetric strain during unloading from p’ = 400.0 kPa to p" = 300.0 kPa is:

_ 1.5787-1.5893

Cy =—————>

1.5787
gy =—0.0067 = -0.67% (expansion).

The behaviour of sample during the test is shown in Figure 4.8.

Problem 4.12

The critical state parameters of a soil are:

M=0857,1=0.095 N=2.1T =2.05, «=0.045.

Specimens of this soil have been consolidated and unloaded to obtain an initial void ratio
of 0.62.

(a) If the specimens are subjected to an undrained triaxial test, find the minimum
overconsolidation ratio (OCR =m) above which the pore pressure at the critical state
becomes negative,

(b) calculate the volumetric strains for three specimens of OCR = 1, OCR = m (as defined
above) and OCR = § that are subjected to drained triaxial tests.

Solution:
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(a) We consider the case where the pore pressure at failure becomes zero. At this state the
effective stress path and the total stress path intersect each other on the CSL (p'-¢' plane)
so that the ¢’ is the same for both stress paths at this point (critical state).

At the critical state the specific volume is: v=1+¢=1+0.62 =1.62.

Using Equation 4.14 the value of p” at v = 1.62 becomes:
v=[-Alnp'=1.62=2.05-0.095Inp’,

p'=92.4kPa.

The deviator stress at the critical state is calculated from Equation 4.12:
qg'=Mp'=0.857x92.4=79.2 kPa.

The progress of the undrained triaxial test in terms of the total stresses, on the p'-g” plane,

is a line with the slope of 3 vertical to 1 horizontal.
Referring to Figure 4.9(a) the equation of the total stress path may be written as follows:

g—79.2
p—-924

Forg=0,p= pr =66.0 kPa.
This means an unloading (after consolidation) has yielded p'c = 66.0 kPa as the initial
state for triaxial test. In order to find the corresponding preconsolidation pressure (the
isotropic compression where the sample was unloaded; point D in Figure 4.9(c)) on the
normal compression line we intersect this line with the expansion (or unloading} line, For
this purpose first we define the slope of the expansion line (Equation 4.18):

Ve~ Vp

1.62-vp,
K=" 30045 = ——x—=—.
In pg- —1In ply In66.0 —1n g

=3, which has a slope of 3 vertical, | horizontal.

Point D is located on the normal compression line; thus
vp=N-Aklnp'=2.1-0.0951n p},.
Substituting vp in the equation of the expansion line:
1.62—(2.1-0.0951n p},)

In66.0—1n p}, '

0.045=

Solving for p'p:

P =340.0 kPa.

The value of v at this point is:

vp=N-4lnp' =2.1-0.095In340.0 =1.5462.

By definition the overconsolidation ratio is the ratio of the preconsolidation pressure to
the existing effective vertical stress on the element:

OCR =340.0/66.0 =5.15.

Having the values of specific volumes at points D and C we may use the following

equation for determination of the overconsolidation ratio which is applicable for any
linear unloading in v, In p’ coordinate system:

OCR = exp [HQJ (4.20)
K
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0.045

For the OCR values lower than 5.15 (p'p < 340.0 kPa) the pore pressure at the critical
state is positive; for the OCR values higher than 5.15 (p'p > 340.0 kPa) the pore pressure
is negative. The pore pressure can be calculated in a way similar to part (b) of Problem
4.10. As an example if p'p = 400.0 kPa:

vp=N-kinp' =2.1-0.095In400.0 =1.5308,
Using the definition of the slope of the expansion line:

WO 3o S (SRS
In pe =Inppy In p- —1n400

OCR —exp(MJ =5.15.

pe =55.1kN <66.0 kPa.

From the definition of p" we have (part (b) of Problem 4.10):

p'=(0) +20%)/3 =(0] -5 +05 +2045)/3 =(g"+3c%)/3 =924 kPa.

p' =(0] +20%)/3=(792+305)/3=92.4 > o4 = 66.0 kPa.

#=55.1-0606.0=-109kPa.

The results of part (a) are shown in Figure 4.9.

{b) For OCR = 1.

vp=1.62=N-kinp'=2.1-0.095In p},

pp =1560.4 kPa.

The p' value at the critical state is:

g'=3(p'—156.4)=0.857p"— p'=2189kPa.

The corresponding specific volume at the critical state:

v=T=AInp =2.05-0.095[n218.9=1.5381.

6y = (1.62-1.5381)
1.62

For OCR=15.15, p' =924 kPa.

v=L-Alnp'=2.05-0.095In92.4 =1.62.

=0.0506 = 5.06% = 5.1% (compression).

62 -1,

SV:QEL__§Q=00=00%,

1.62
For OCR =18:

o 1.62 -
PTIIREL J ket RN 7, ..o

Inpe-—1Inph In(1/8)

vp =1.5264.

Vp = N—kInp) =1.5264=2.1-0.095In p}, — p}, = 419.0 kPa.
pr =419.0/8 =52.4 kPa.
g'=3(p'-52.4)= 03857 p’,
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p'=73.3kPa.
The corresponding specific volume at critical state:
v=L-Alnp'=2.05-0.095In73.3=1.6420.

_(1.62-1.642) _

gy & —0.0136 = —1.36% (expansion).

4.3 REFERENCES AND RECOMMENDED READINGS

Arthur, J. R.F., & Aysen, A. 1977. Ruptured sand sheared in plane strain. Proc. intern. conf. SMFE,
1: 19-22. Tokyo.

Atkinson, J. H., & Bransby, P. L. 1978, The mechanics of soils. London: McGraw-Hill.

Aysen, A. 2002. Soil mechanics: Basic concepts and engineering applications. Lisse: Balkema.

Britto, A. & Gunn, M.J. 1987. Critical state soil mechanics via finite elements. Chichester, UK:
Ellis Horwood.

Jewell, R. A. 1989. Direct shear tests on sands. Geotechnique, 39(2): 309-322.

Powrie, W. 1997. Soil mechanics-concepts and applications. London: E & FN Spon.

Roscoe, K. H.1953. An apparatus for the application of simple shear to soil samples. Proc, 3
intern, conf. SMFE, 1: 186-191. Switzerland.

Roscoe, K.H. & Burland, J.B. 1968. On the generalized stress-strain behaviour of wet clay. In J.
Heyman & F.A. Leckie (eds), Engineering plasticity: 535-639. Cambridge, UK: Cambridge
University Press.

Terzaghi, K., Peck, R. B., & Mesri, G. 1996. Soil mechanics in engineering practice. 3" edition.
New York: John Wiley & Sons.




CHAPTER 5

Stress Distribution and Settlement in Soils

5.1 INTRODUCTION

The problems solved in this chapter are divided into three major categories:

1. Stress distribution within an idealized elastic soil mass due to applied external and
internal loading (Problems 5.1 to 5.11),

2. Calculation of efastic settlement (Problems 5.12 to 5.16).

3. Calculation of contact pressure under the base and settlements through two different
concepts of rigid and elastic footing (Problems 5.17 to 5.21).

In categories 1 and 2 the soil is assumed to be an ideal semi-infinite homogenous elastic
material obeying Hooke's law, and a linear elastic stress-strain model is employed to
determine the stress distribution within the soil. The elastic properties include the
Modulus of Elasticity E; and Poisson’s ratio | For soils where the compressibility
characteristics are non-uniform and depend upon the state of the stress, the concept of a
compressibility index m,, is introduced. In this case, an average m, within a zone of
influence is estimated by in-situ testing.

5.2 PROBLEMS

Problem 5.1

A cylinder of diameter 150 mm and height 300 mm is filled with sand. The surface of the
sand is subjected to a vertical stress of 300 kPa causing 4 mm settlement under the loading
plate. Calculate the lateral stress on the wall of the cylinder and Modulus of Elasticity of
the sand. Poisson's ratio for the sand is 0.2.

Solution:
The average strain along the length of the sample is: . =4.0/300 = 0.0133.

In an ideal elastic material Hooke's law relates the axial strains to the axial stresses by the
following linear equations:

1

£, :—E—:(Gx —HO, —HO_),
1

gy :‘(c_y Auoz _“G,\'):

E

g
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ey
E

S
In axisymmetric conditions (about the z-axis) oy = &), &y = &;. Furthermore there is no
lateral strain in the sample of this example and therefore: &; = g, = 0. Enforcing these
conditions on the above first or second equation we obtain:

€, = (GZ*MGX—HGJ,) (5.1)

G :0.=L-0', (5.2)

Therefore: 6, =0, = " 0522 xo, =025c, =0.25%x300.0 = 75.0kPa.

&, =00133= Ei(cz —uo, —HG,) = EL(300.0—0.2x75.0u0.2x 75.0),

s s

0.0133= 2700

— E_ ~ 20300 kPa.

§

Problem 5.2

Referring to Figure 5.1(b), calculate the distribution of vertical stress along a vertical
plane passing through one of the two forces. Specify the values of stress at depths of 1 m,
2m,3m,4mand5m.

Solution:

With the geometry defined in Figure 5.1(a) the following equations represent the vertical
stress component along the depth z:

Figure 5.1. Problem 5.2.

o, =i2(3cos5 0), or (5.3)
2nz

I 50m

|
i
i
. S E Q;=400kN Q,=400kN
|
I
]

(a) (b)
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o 3 ]
27 om (2 +22)5/2’Ol 59
L (T RS I
3
I, = (5.5)

2nf(r/ 2)* +1P72

Atz = 1.0 m and under the load 1(using Equation 5.4):
4000  3(1.0)°

2n (0.0% +1.0%)%/2
400.0  3(1.0)°

2n (5.02 +1.02)%72

0, =0, +0,, =190.99+0.06 ~ 191.0 kPa.

Similar calculations for depths 2 m, 3 m, 4 m and 5 m are carried out and tabulated below.

G (ductoQ)) = =190.99 kPa.

o o(dueto @)= =0.06 kPa.

Depth (m) 1.0 20 30 40 50
o.(kPa)  191.0 481 220 131 9.0

Problem 5.3

Figure 5.2(a) shows a plan view of a footing that applies a uniform load of 300 kPa on a
horizontal ground surface. Calculate the vertical stress component at point A at a depth of
2 m using:

(a) the principle of superposition of vertical forces by dividing the area into elemental [ m
squares (Figure 5.2(b)),

(b) Newmark's influence chart.

Load Load Load

o r{m) o, (kPa) B #(m) o, (kPa) . r(m) a. (kPa)
1 3.808  0.78 10 1.581 10.64 19 2,121 544

2 2915 207 11 0.707  26.68 20 2915 2.07

3 2,121 544 12 0.707  26.68 21 2549 321

4 1.581 10.64 13 1.581 10.64 22 2915 2.07

5 1.581 10.64 14 2549 321 23 3.535  1.04

6 2121 544 15 0.707  26.68 24 3535 1.04

7 2915 207 16 1.581 10.64 25 3.808  0.78

8 3535 1.04 17 2.549 321 26 4301  0.48

9 2549 321 18 1.581 10.64 Total: 186.5
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Figure 5.2. Problem 5.3: (a) plan view of a footing, (b) dividing the area into elemental 1 m squares.

\

Influence factor = 0.005

Scale of depth z

Figure 5.3. Newmark's influence chart used in the solution of Problem 5.3.
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Solution:

(a) The results of computations (using Equation 5.4) are tabulated above where the total
vertical stress component under point 4 at the depth 2 m is 186.5 kPa.

(b) A plan is drawn by assuming that the depth under point A4 is equal to the length of the
scale in Figure 5.3. The re-scaled figure is adjusted on the Newmark's chart so that the
point (under which the vertical stress component is required) is located at the central point
of the chart. The vertical stress component due to a unit contact pressure is equal to the
number of elements within the plan multiplied by the influence factor, or

o = (number of elements covered) x /; x ¢ (5.6)

where f; = 0.005 (for the chart of Figure 5.3) is called the influence factor,
The best estimate for the number of elements is 123. Therefore:
G, =123x0.005x300.0 =184.5 kPa.

Problem 5.4

Re-work Problem 5.3 using Fadum's equations (or chart).
Solution:

The vertical stress component at a specified depth under a corner of a rectangular loaded
area is calculated from:

o,=gx{ (5.7
“ q

where I, is the influence factor, a dimensionless parameter defined by:

1 2mnNm? +n® +1 m2+”2+2+ _1 2mnNm? +n® 4]

I =— tan (5.8)
T An| m? 0 21+ mPn? m? v n? 41 m? +n? +1-mn?
and m and # are interchangeable parameters defined as:
L B
m=—, n=— (5.9)
z z

whege L and B are the plan dimensions of the loaded rectangle. For negative values of
tan ., 7 should be added to the calculated angle measured in radians.

The loaded area is divided into the 3 rectangles Abcd, Adef, Aghb as shown in Figure
5.2(b). Note that all rectangles share a common corner of 4.

Results are tabulated below.

Rectangle L (m) B(m) m # I o (kPa)
Abed 3.0 2.0 1.5 1.0 0.1936  58.08
Adef 4.0 3.0 20 1.5 02236  67.08
Aghb 4.0 2.0 20 1.0 01999  59.97

Total vertical stress component at 4 = 185.1 kPa.
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Figure 5.4. Problem 5.5.

Problem 5.5

Figure 5.4(a) shows a plan view of a rectangular footing with a 2 m x 2 m square hole
(through its entire thickness). The hole is located at 1 m from the left edge and is equally
positioned between the top and lower edges of the footing. If the uniform contact pressure
under the footing is 200 kPa, use Fadum’s equation (or chart) to compute the vertical
stress component at a point 2 m below the centre of the square hole.

Solution:

The centre of the square hole is outside the loaded arca then a few of the rectangles that
share this common corner cover areas that are not loaded. In this case it is convenient to
assume that the rectangles that cover the unloaded areas are subjected to a negative
contact pressure, €.g..

vertical stress at depth z due to area ebedgf (Figure 5.4(b)) =

vertical stress due to arca abed — vertical stress due to area Aefg.

The results of the computations are summarized in the table below. Because of symmetry
only the upper half of the footing is considered.

Rectangle L (m) B(m) m & I o (kPa)
Abed 3.0 2.0 1.5 1.0 0.1936  38.72
Ahib 2.0 2.0 1.0 1.0 01752 3504
Aefg 1.0 1.0 0.5 05 00840 -16.80
Ajfke 1.0 1.0 05 05 00840 -16.80
Total:  40.16

Total vertical stress component at 4 =2 x 40.16 = 80.3 kPa.

Problem 5.6

Compute oy, o, and T, at point A (Figure 5.5(b)) due to the two line loads shown.
Solution:
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1.5m

20.0 kN/m‘ ‘ 10.0 kN/m

X

Figure 5.5, Problem 5.6.

The stress components at depth z are calculated from the following equations with sign
conventions shown in Figure 5.5(a).

2
c, =2—qcos285in29: 2?qx 22 : (5.10)
nz T(x“ +z°)
b 3
o, =Lcos* e:% (5.11)
nz T(x*+z°)
2
T, =2—qcos3 Osin6 = o (5.12)
nz Tn:(x2 +22)2

For the line load of 10 kN/m the coordinates of point 4 are:
x4=00,z4=2.0m:

G, = 0.0.

2423 2x10.0x2.03
G, = = RS 318 KPa,

m(x2 +22)2 7(0.02 +2.0%)2

T)CZ] S 0.0.

For the line load of 20 kN/m the coordinates of point 4 are:
x4=15m,z4=2.0m:

o 2gx%z 2x20.0x1.52x2.0

= = =1.5 kPa.
m(x?+22)2 w(1.5% +2.0%)2

Ox2

2qz3 _ 2x20.0x 2.0°
nx? +2z2)?  n(1.5% +2.0%)?

=2.61kPa.

022
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2qxz2 2x20.0x1.5x2.0°

= =2.0kPa.
mr(x? +z2) w(1.52 +2.0%)2

Ty =

Superposing two results:
G, =0, +0,, =00+1.5=15kPa.

U Zl+0’,2—318+261—58kl)a
T, =T T, =0.0+2.0=2.0KkPa.

Problem 5.7

Compute the magnitudes of the major and minor principal stresses within a soil that is
subjected to an infinitely long line load applied at the ground surface.

Solution:

Using Equations 5.10 to 5.12 the position of the centre and the radius of the Mohr’s circle
of stress are obtained by:

(o ey i
g=—"—"= i((:054 6 +cos? 0sin? @),
2 nz
s=T cos?0.
nz

2
t= \/ [(o, *GX)fZ]Z -E-’C:fx = \( ﬂg—(cos4 6 - cos? Osin? G)} ~1—(£]—cos3 Bsin 6)2 s
nz nz

2
{= MJ [(cos? @ —sin2 0)]2 +(2cosBsin )2,
nZ

2
{ =m\/c052 20+sin? 20 :icos2 0.

nz nz
Gy=s5—-1=0,
q _2q
6, =5 +1=—-cos’ 0+-Lcos26="Tcos?0.
nz nz nz

The direction of the major principal stress plane is calculated from:

21 2- qcos Bsin®
tan20, = Xz 5 nz ’
92 7% “(cos*0-cos® Osin? 6)
"
30 .
tan20, = 2cos” Bsin@ ~ 2cosOsin@  sin20 020,

cos? B—cos? 0sin20 cos2O—sin2@ cos20

This means that at any point the angle between the major principal plane and the x-axis is
0 or the major principal stress is on the line connecting the point of interest to the
application point of the line load.
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Problem 5.8

Under the centre line of an infinite strip footing, calculate the depth at which the vertical
stress component is 10% of the applied load.

Solution:

Referring to Figure 5.6 the vertical stress component is according:

c, :1[a+sinacos(a+2f>)] (5.13)
T .

Angles o and [ are defined by:

a=tan EHE gyt xib, B=tan~! xob (5.14)
z z Z
Along the centre line x = 0, thus
b —b b b
a=tan”' ——tan”! —=2tan"' =, B =tan =
z z z z
which means § = — a / 2. Substituting these conditions in Equation 5.13 and setting the

result to 0.1g:

c,.=0.lg =—f;[a+sinacos(a—a)] ,

O0.lr=ca+sina.
A trial and error method yields o = 9.02°.

0 =9.02°=2tan"! 2,

z
12685 2=Z-634
b 2b B

Figure 5.6. Problem 5.8.
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Problem 5.9

A strip loading of infinite length is shown in Figure 5.7. Compute the vertical stress
component at points 4, B, C, and D.

Solution:

Atpoint4, x=0,z=1.0m:

o = tan~'[(0.0+1.0)/1.0]— tan~"[(0.0-1.0)/1.0] = 90.0°,

B =tan"'[(0.0-1.0)/1.0]= —45.0°.

Using Equation 5.13:
100.0[90.0°x «

:_[ 180.0°

Atpoint B,x=10m,z=1.0m:

o = tan ' [(1.0+1.0)/1.0]~ tan "1 [(1.0~1.0)/1.0] = 63.43°,

B=tan~![(1.0-1.0)/1.0]= 0.0°.

100.0[ 63.43°x
- A[ 180.0°
Atpoint C,x=2.0,z=1.0m:

o = tan"![(2.0+1.0)/1.0]- tan~'[(2.0-1.0)/1.0] = 26.56°,
B =tan'[(2.0-1.0)/1.0]=45.0°.

100.0[ 26.56°x 1
- [ 180.0°
Atpoint D, x=3.0,z=1.0m:

o =tan"'[(3.0+1.0)/1.0]- tan " [(3.0-1.0)/1.0] = 12.53°,
B =tan"![(3.0~1.0)/1.0]= 64.43°,

100.0[12.53°x

b [ 180.0°

z

+51n190.0°c0s(90.0° -2 x 45.0")} =81.8 kPa.
T

Z

+5in63.43%cos(63.43° + 2 x 0.0)} =48.0 kPa.
s

c, +sin 26.56“005(26.56°+2x45.0")} =8.4kPa.
i

z

+sin12.53°cos(12.53° + 2x 64.43°)} =1.7kPa.
T

Figure 5.7. Problem 5.9.
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Problem 5.10

An earth embankment is 2.5 m high and has a slope of 2 horizontal to 1 vertical. If the
base of the embankment is 20 m, find the vertical stress component at a point on the
centre line at a depth of 7 m_(measured from the base). The unit weight of the
embankment material is 18 kN/m™.

Solution:

Figure 5.8(a) shows a vertical distributed load applied to an infinitely long strip and
linearly increasing across its width 2h. Using ‘the sign convention shown, the stress
components are:

2
glx =z Rf
G, =—|—a—-—In—-+sin2 5.15
, ZR{b s ﬁ} (5.15)
g [x .
=—| —a—sin2 5.16
o, Zn{ba sin B] (5.16)
q z
T, =—=|l+cos2f-—a 5.17
xz 275[ p bJ (5.17)
Angles o and {3 are defined by:
= -2
a=tan"! X tan~12 2b,ﬁ=tan'1x‘ﬁ:~1i (5.18)
z Z z

The vertical stress component under a linear and uniform loading combination shown in
Figure 5.8(b) is obtained by combining Equations 5.13 and 5.16:

b
5. =q[a2+a1“ ) (5.19)

I a

| 2b |(__a_,|<_b_>|

q
q
P ' s <
\»im \ . N i
- | ~ N 1
o "l \\ Y |
\\ X R | \\ \ I
AN 20 So X |
[y D \ 1
~ R \B| ~ \ Iz
Z \\ 1 \ b \ I
. \ a S k !
N "| 4 ~ Oy \(12:
S oy T ~ \\ |
N — xz !
¥ 0 N
<
e -—-—I-* AT -a— o,
¥ o
—g—

Figure 5.8. Problem 5.10.
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where o and a; are calculated from Equations 5.18:

_pa+b b
o =tan laTmccz, o, = tan 1; (5.20)

Referring to Figure 5.8(b):

a = 2.5 (the height of embankment) x 2 =5.0 m.

b =half of the width of the embankment at the top,

b=(20.0-2xa)/2=(20.0-2x5.0)/2 =5.0 m. From Equations 5.20:

o, =tan~1(5.0/7.0) = 35.54°,

oy = tan"}(5.0+5.0)/7.0] - o, = 55.00° - 35.54° =19.46°.

g =18.0x2.5=450kPa.

From Equation 5.19 and multiplying the result by 2:

_ 2x45.0(35.54°x7t L 1946°xm 5.0+5.0
180.0° 180.0° 5.0

] =37.2 kPa.

z
T

Problem 5.11

A vertical pile carrying a load of 1500 kN has been driven 18 m into the ground. Calculate
the vertical stress component at a point 19.8 m below the ground surface and 3 m from the
centre line of the pile for the following cases:

(a) the entire load is transmitted to the soil through the base of the pile,

{b) the base carries one half of the load and the rest is carried by skin friction. p = 0.3.

Solution:

The vertical stress component at any point with a horizontal distance r from the load Q
and a depth z > L 1s:

G, = L%] p (5.21)
where L is the depth of vertical load Q and /; is given by Tables 5.1(a) and 5.1(b)
(for 1 =0.3). The coordinates of the point of interest are expressed in dimensionless forms
of m=z/L,and n=r/L.
m=z/L=198/180=1.1,and n=r/L=3.0/18.0=0.167.
(a) Using Table 5.1(a) and interpolating /,; values between = 0.1 and = 0.2:

(3.9054-0.5978)

[q =3.9054 - {(0.167 —-0.1) = 1.7003.

0, _15000

ag

(b) From Table 5.1(b) and interpolating /; values between r=0.15 and r = 0.2:

1, =0.8368— (0'836352'6419) x(0.167-0.15) =0.7705.

(1500.0/2)

2

o,=79/2+ x0.7705=5.7 kPa.
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Table 5.1(a). Vertical stress influence factors due to a vertical load applied in the interior of the soil
{(H=03).

n— 000 0.1 020 030 040 050 075 100 150 200
er

1.0 « 0.1013 0.0986 0.0944 0.0889 0.0824 0.0641 0.0463 0.0209 0.0087
1.1 19.3926 3.9054 0.5978 0.2123 0.1287 0.0986 0.0668 0.0475 0.0222 0.0097
1.2 49099 2.9275 1.0358 0.4001 0.2027 0.1303 0.0722 0.0493 0.0235 0.0106
1.3 22222 1.7467 0.9757 0.4970 0.2717 0.1687 .0.0808 0.0519 0.0247 0.0116
1.4 1.2777 1.1152 0.7905 0.4891 0.3032 0.1974 0.0908 0.0555 0.0260 0.0125
1.5 0.8377 0.7686 0.6070 0.4356 0.3012 0.2098 0.0999 0.0594 0.0274 0.0134
1.6 0.5968 0.5626 0.4768 0.3738 0.2809 0.2086 0.1063 0.0631 0.0288 0.0143
1.7 04500 0.4312 0.3819 03177 0.2538 0.1988 0.1094 0.0661 0.0302 0.0152
1.8 03536 0.3424 0.3122 02706 0.2262 0.1849 0.1096 0.0682 0.0315 0.0161
1.9 0.2866 0.2795 0.2600 0.2321 0.2006 0.1697 0.1076 0.0693 0.0326 0.0169
2.0 0.2380 0.2333 0.2201 0.2007 0.1780 0.1547 0.1039 0.0694 0.0336 0.0177

Table 5.1(b). Vertical stress influence factors due to uniform shear force applied in the interior of
the soil (n = 0.3).

n— 000 002 004 006 008 010 005 020 050 1.00 2.00
ol

1.0 « 6.8419 3.4044 2.2673 1.6983 1.3567 0.8998 0.6695 0.2346 0.0686 0.0076
1.1 1.9219 1.8611 1.7072 1.5134 1.3211 1.1503 0.8368 0.6419 0.2335 0.0728 0.0091
1.2 0.9699 0.9403 0.9166 0.8825 0.8400 0.7922 0.6683 0.5588 0.2292 0.0760 0.0105
1.3 0.6430 0.0188 0.6099 0.5992 0.5850 0.5675 0.5157 0.4597 0.2207 0.0782 0.0120
1.4 04867 0.4558 0.4507 0.4461 0.4396 0.4316 0.4063 0.3761 0.2082 0.0796 0.0134
1.5 0.3766 0.3561 0.3533 0.3510 0.3476 0.3432 0.3291 0.3115 0.1834 0.0800 0.0148
1.6 0.3339 0.2895 0.2878 0.2863 0.2843 0.2817 0.2732 0.2621 0.1777 0.0796 0.0160
1.7 0.2664 0.2438 0.2414 0.2399 0.2384 0.2369 0.2313 0.2239 0.1623 0.0784 0.0172
1.8 0.2025 0.2065 0.2054 0.2044 0.2038 0.2026 0.1989 0.1938 0.1479 0.0766 0.0182
1.9 0.1847 0.1794 0.1785 0.1777 0.1768 0.1760 0.1733 0.1696 0.1347 0.0744 0.0191
2.0 0.1634 0.1565 0.1561 0.1556 0.1551 0.1545 0.1525 0.1498 0.1229 0.0718 0.0199

Problem 5.12

Two flexible square footings 2 m x 2 m are constructed 4 m apart (centre to centre) on the
ground surface (Figure 5.9). The uniform contact pressure under one footing is 200 kPa
and is 400 kPa under the other. Calculate the elastic settlement at the centre of each
footing and at the mid-point of the line connecting the two centres. £y = 10000 kPa,
u=0.35.

Solution:

The elastic settlement S, of a flexible footing, either rectangular of dimensions L x B
(L > B) or circular of diameter B, is given by:

l*u2

S, =gB I (5.22)

5
5
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20mx2.0m
1 1
b, h g e ; C
. —--!--- A
1 1
B -SR] I < - I
! ; X
! ; !
; i

Figure 5.9. Problem 5.12.

where /; is an influence factor depending on the shape and L / B ratio. The influence factor
for a flexible rectangular footing at the corner of a loaded rectangular area is:

z
§ 2| Ly LAGIB 1 +1n(§+~./(L/B)2 +1] (5.23)

| B L/B
Iy(centre) =21} (5.24)
I (average) = 1.696 [ (5.25)

For a rigid rectangular footing the influence factor is approximately 0.926 of the average
influence factor of the flexible footing.
Hence, 5 (rigid) = 0.926 x [ (average) = 0.926 x 1.696 I, or:

I (rigid) = 1.5701; = (n / 2)1 (5.26)

For a square loaded area (L / B = 1), [} = 0.561, thus at the centre f; = 1.122. The
settlement of each footing with no contributions from the adjacent loadings is:

.
S, (forqg = 200.0kPa) = 200.0x2.0x[——£x1.122 =0.0394m.
10000.0

S_ (forg = 400.0 kPa) = 0.0788 m.

Contribution of the adjacent loads are calculated and summarized in the second and third
rows of the table below:

Rectangle L(m) B(m) L/B I

Abed 50 1.0 50 1052
Abef 30 1.0 3.0 -0.891
Cged 30 1.0 3.0 0891
Cgef 1.0 1.0 1.0 -0.561

_ 2
S, (forg = 2000 kPa) = 0.0394+2><400.0x1.0x%’)%(1.052—0.891) ~0.0507m.

S, (forg = 200.0kPa) = 51 mm.
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2
S, (forq = 400.0kPa) = 0.0788 +2x200.0x I.Ox%(l 052-0.891) = 0.0844 m.

S, (forg = 400.0 kPa) ~ 84.5 mm.

The areas involved at point C are explained in the lower two rows of the table above.
Because of the geometrical symmetry only areas at the right hand of this point are
considered; hence:

_ 2
S, (at point C) = 2x200.0x 1.0 10357 991-0.561) +
10000.0

Ty
2 400.0x1.0x%(0.891—0.561) ~0.0347 m, S, (at point C) = 34.7 mm.

Problem 5.13

A flexible circular footing 4 m in diameter exerts a pressure 300 kPa at the ground
surface. The soil is a saturated clay with E; = 8000 kPa, and an incompressible stratum is
located 12 m below the ground surface. Calculate the settlement under the centre of the
footing using:

(a) a semi-numerical method by dividing the depth into 6 layers of 2 m thickness,

(b) Steinbrenner's influence factors.

Solution:

(a) For the point that is located on a vertical axis passing through the centre of the loaded
circle, the integration process for the vertical stress component (Equation 5.4 or 5.5) is
straightforward and yields:

1
= 1— .
% q{ [(Ro/2)? +1]3’2} ©-27)

where R¢ is the radius of the loaded area. The radial and tangential stress components
(Figure 5.1) are:

.= :11 L — 2(I+l_|,) 1 .
G, =0, 2{ + i [(RC/Z)2+]]1/2+[(RC/Z)2+1]3/2 ( )

Using Equations 5.27 and 5.28 along with Hooke's law (Equations 5.1) the following
results are obtained. For the saturated clay we assume p = 0.5.

Layer  Depth(m) o,(kPa) o,(kPa) o.-2no,(kPa) e.x 107 As (mm)

1 1.0 273.17 112.17 161.00 20.12 40.24
2 3.0 127.19 11.98 115.21 14.40 28.30
3 5.0 59.88 2.25 57.63 7.20 14.40
4 7.0 33.31 0.66 32.65 4.08 8.16
5 9.0 20.92 0.25 20.67 2.58 5.16
6 11.0 14.28 0.12 14.16 1.77 3.54

Total: = 100
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Sample calculation for layer 3:

1
o, =300.0{1-
: { [(2.0/5.0)% +11*/2

}: 59.88 kPa.

SR 1) PP (- NS B Gy
2 [(2.0/5.02 +11V2  [(2.0/5.0)2 +1]

(6,-po, —po,) (o,-2po,) (59.88-2x2.25) 57.63

=7.20x1073,

‘ E. 8000.0 8000.0 80000

B

As =g, xz; =7.20x107° x 2000.0 = 14.4 mm.

(b) If an incompressible layer (for which £y — <o) is located at depth A from the ground
surface, the /s values for a flexible rectangular footing are given by:

I (comer)=1 =1, + ]1_&13, I (centre) = 21,7 (average) =1.6961;  (5.29)

[1+J(L/B)2 +1)J(L/B)2 +(H/B)?

oy |t~

1
T

L/B(1+J(L/B)2+(H/B)2+1J

(L/B+J(L/B)2 +1)\/1+(H/B)2

In (5.30)
LIB+(L/B)? +(H/B)? +1
13 = (H’IB) tan'l L/B (531)
o (H/BW(L/B)? +(H/B)? +1

The equivalent L or B is: \/nD2 /4= \/rr4.02 /4 =3.545m.
Thus / = 0.383, /3 =0.0432, 11 =0.383, [ (centre) = 2/| = 2x0.383 =0.766.

1-0.52

S, (atcentre) = 300.0 x3.545x x0.766 =764 =77 mm.
8000.0

Problem 5.14

A flexible rectangular footing for which 8 =2 m and L =4 m, exerts 300 kPa, 2 m below
the ground surface. The Modulus of Elasticity for the soil is 8000 kPa, and n=0.5. An
incompressible stratum is located at 10 m below the ground surface. Calculate the average
settlement of the footing using:

(a) Steinbrenner's influence factors and Fox’s correction factor for depth,

(b) the improved chart of Janbu et al. (Figure 5.10).

Solution:
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(a) Fox's correction factor /5 for the effect of the embedment of a footing (D) on the
average elastic settlement of a uniformly loaded rectangular area is given in Table 5.2.

Table 5.2. Depth factors I (u =0.5).

D/B L/B=10 L/B=20 L/B=30 L/B=40 L/B=50 L/B=10.0

0.00  1.0000 1.0000 1.0000 1.6000 1.0000 1.0000
025 0.9424 0.9650 0.9723 09760  0.9783 0.9883
0.50 0.8501 0.8993 0.9184 0.9284 0.9348 0.9489
0.75  0.7760 0.8372 0.8651 0.8808 0.8909 0.9139
1.00  0.7234 0.7864 0.8196 0.8394 0.8525 0.8829
1.50  0.6587 0.7150 0.7510 0.7750 0.7919 0.8334
2 0.6220 0.6698 0.7039 0.7288 0.7473 0.7957
0.5828 0.6180 0.6459 0.6684 0.6868 0.7412
0.5625 0.5899 0.6126 0.6319 0.6485 0.7030
0.5502 0.5724 0.5913 0.6079 0.6226 0.6746
0.5419 0.5606 0.5767 0.5911 0.6040 0.6526
0.5315 0.5456 0.5580 0.5692 0.5796 0.6210
0 0.5252 0.5366 0.5466 0.5557 0.5643 0.5998
50 0.5050 0.5073 0.5094 0.5113 0.5131 0.5212
100 0.5025 0.5037 0.5047 0.5056 0.5065 0.5106

— 00 N W B W

0.95
0.925 |-
ug 09 E
0.85 %:
08 L

01 5 10 15 20
D/B
2

q Y

15 _MD

11
0.80F---—2 .
05 Circle
0
0.1 1 4 10 100 1000

H/B

Figure 5.10. Improved (originally Janbu et al., 1956) influence factors L and p, for saturated clays
(Christian & Carrier, 1978) used in the solution of Problem 5.14.
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Assume the base of the footing is located at the ground surface, therefore:
H/B=10.0/20=50,L/8=4.0/2.0=2.0.

From Equations 5.30 and 5.31: /2 =0.526, /3 = 0.058. Thus using Equation 5.29:
I (corner) = [} =0.526, [ (average) =1.696x0.526 = 0.892.

1-0.52

S, (average)=300.0x2.0x . x0.892=0.050 m = 50 mm.

Using Table 5.2 the Fox’s depth factor is found to be 0.7864; thus
S, (average)=50.0x0.7864 = 39.3 mm.

(b) For the saturated clay the settlement is calculated from:

S, = Uy a8 (5.32)
ES
where g and pp are influence factors for depth and layer thickness respectively. With
definitions described in Figure 5.10:
H/B=(10.0-2.0)/20=4.0,L/8=4.0/20=2.0,D/8=2.0/2.0=1.0.
From Figure 5.10: pg = 0.925, and p = 0.80, therefore using Equation 5.32:

S, =0.925%x0.80x%300.0x2.0/8000.0 =0.055 m = 55 mm.

Problem 5.15

A footing has plan dimensions of 3 m x 5 m and exerts a uniform net contact pressure of
200 kPa on the underlying saturated sand. The base of the footing is at the ground surface,
and the average SPT number at a depth of 3 m is 19. Calculate the settlement of the
footing using Burland and Burbidge method.

Solution:

For a normally consolidated sand and square footing the general equation for the
settlement is:

1.7

=3 (5.33)

s —pg07s
B

where S, is in mm, ¢ is the contact pressure in kPa, B is the width of the footing in m
and N is the average SPT number within the influence depth Zy defined by:

Zy =R (5.34)
The value of N is corrected for saturated sands and gravelly sands according:

N'=15+0.5(N -15) saturated sand (5.35)

N'=125N gravelly sand (5.36)

For overconsolidated soils, and for ¢ > p'.. (preconsolidation pressure) the settlement is the
sum of the recompression and normally consolidated stages, and a different value for
compression index:m, =1.7/N'%at the recompression side has to be evaluated.
Assuming the compressibility index at the recompression stage is 1 / 3 of the normally
consolidated stage:
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075 1.7 . .
S, =8 W(q—2pc/3) forg > p'c (5.37)
If the applied contact pressure is less than p’.. this becomes:
_po7s L7 - ) i
S, =8 i (g/3) forg <p'c (5.38)

The above equations are also applicable to footings located at some depth below the
ground surface if the preconstruction vertical stréss is substituted for p'.. For rectangular
footings with L / B > 1.0, the settlement is increased by a shape factor according:

2
1.25L/B
[ = —— (5.39)
L/B+0.25
If the incompressible layer is located within the influence depth Z;, the calculated
settlement is multiplied by a correction factor defined by:
_HQ2-H/Z))
Z

where H is the depth of the incompressible layer from the footing level.
The influence depth relating to the average NV value is calculated from Equation 5.34:

I, (5.40)

Z; =3.0%7 =2.3m, thus no correction for N is needed. Correction for saturated state
using Equation 5.35:
N'"=15+0.5(19-15) =17. Settlement is computed from Equation 5.33:
% % 200.0 = 14.7 mm. Shape factor from Equation 5.39:
17"
2
I, =[(1.25x5.0/3.0)/(5.0/3.0+0.25)]° =1.18.
S,3mby5Sm}=147x1.18=17.3 mm.

S,(3mby3m)=3.007

Problem 5.16

A rectangular footing of width 2 m and length of 20 m is located at the ground surface. It
exerts a net uniform contact pressure of 180 kPa to the underlying deep deposit of sand.
Calculate the settlement of the footing using Schmertmann’s modified strain influence
factor diagrams. The average results of the Cone penetration test (CPT) are shown in the
table below.

Depth (m) 1.0 2.0 3.0 4.0 5.0 6.0 7.0
ge(kPa) 1600 1600 2000 1800 2400 2400 2600

For calculation of £5 use the plane strain conditions expressed by: s =3.5¢,.
Solution:
An alternative method of estimating settlement is based on the following equation:

S = fi(gzzl)i (5.41)

i=1
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where # is the number of the layers within an influence depth of Z, (z7); is the thickness of
a typical layer and (g:); is the average vertical strain of the layer. Substituting (g-); from
Hooke’s law (Equations 5.1) into Equation 5.41 we obtain:

izn| o, —o,.+0,)
Se=2 {*E . Z;} (5.42)
i=1 i

5

Schmertmann's proposal in sands involves introducing a strain influence factor /; to
replace the stress term in Equation 5.42, The settlement of each layer is defined by:

O, Mo, +0,) L AS = gx1i,

, = z 5.43
z q e E5 ! ( )
Equation 5.41 may therefore be written as:
Zi 1.
S,=q ) -z (5.44)
0 Es
The influence depth Z; is defined by:
L
Zy :2B[l+log5} (5.45)

The Modulus of Elasticity must be determined for each layer by means of in-situ testing,
preferably using the Cone Penetration Test (CPT). Strain influence factors, given by
Schmertmann (1970) idealize the Boussinesq pattern by straight lines and are based on
extensive in-situ tests, and are shown in Figure 5.11. The results obtained from Equation
5.44 must be multiplied by depth and time factors defined by:

¢, =1—0.5(p;fq)20.5 (5.46)

Cy =1+0.2log(r/0.1) (5.47)
Strain influence factor Strain influence factor

0 0.2 0.4 0.6 08 @ 0.2 0.4 0.6 0.8

1 | Axisymmetric

Pla_ne_istrain

Depth ratioz /B

(b)

Figure 5.11. (a) Strain influence factor (Schmertmann, 1970), (b) improved strain influence factor
(Schmertmann, et al., 1978) used in the solution of Problem 5.16.
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where p',, is the effective overburden pressure at the footing level and ¢ is the elapsed time
in years. The term ¢ represents the net contact pressure at the foundation level. If the
footing is at some depth below the ground surface, g has to be replaced by ¢ — p',. In the
improved strain influence factor diagram the maximum value of I: is given by:

/ q-p,
fz(max):0.5+0.l T—O (5.48)
P(B/20rB)

where p'(5 /2 or B is the effective overburden pressure at the depth of B/ 2 or B from the
footing level depending on the L / B ratio. For L / B =1 (axisymmetric) and L. / B > 10
(plane strain), the effective overburden pressures corresponds to B/ 2 and B respectively.

Calculate J, ) from Equation 5.48:

T, ) = 0-3+0.1/(180.0-0.0)/18.0%2.0 =0.7236.
The soil under the footing is divided into 8 layers cach having 1 m thickness. The
influence factors and the Modulus of Elasticity are then calculated at the centre of each
layer. Equations of lines B4 and BC (Figure 5.11(b)) are:

. -02 [/.-02
28002 L5 —I_=02618z+0.2

2.0-0.0 z-0.0 -
0.7236-0.0 /. -0.0

2.0-8.0 z—8.0
The results are summarized in the following table. The I: values are shown in the third

column whilst the forth column shows estimation of E; values at the mid-point of each
layer.

(BA) —

(BC) - — 1. =—0.1206z +0.9648,

Layer z(m) I Eg(kPa) I x z;/ E, (mm/kPa) S (mm)

1 0.5 03309 5600 59.1 % 107 10.6

2 1.5 0.5927 5600 105.8 % 107 19.0

3 2.5 0.6633 6300 105.3 % 10 18.9

4 35 0.5427 6650 81.6x 10~ 14.7

5 45 04221 7350 574 % 107 10.3

6 5.5 0.3015 8400 359 %107 6.5

7 6.5 0.1809 8750 207 % 1072 3.7

8 75 0.0603 9100 6.6 %107 12
Total: =85

Problem 5.17

Calculate the contact pressures under the corners of a rigid square footing using the
following data:
P =600 kN, My =-60kN.m, M,=100kN.m,L=8=2m.

Solution:
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Consider a rigid footing subjected to parallel vertical forces and moments that are applied
about the axes in the plane of footing. This system is equivalent to a single resultant force
P that is perpendicular to the plane of footing. It is more convenient to express the contact
pressure in terms of the coordinate system Gxyz where G represents the centroid of the
footing, z is perpendicular to the footing and parallel to the contact pressure, and xGy is
the plane of the footing. To simplify the problem the resultant force P is moved from its
application point to point G, which requires the addition of the two external moments, M
and M,, to maintain equilibrium:

My=—-Pyo, My=Pxo (5.49)

where x¢ and yo are the coordinates of point O (assumed both positive) in the xGy
system, and the right-hand rule sign convention for moments is adopted. For a footing
symmetrical about the Gx or Gy axes the contact pressure is:
M M, P
g=—Lx-——Ey+— (5.50)

1, 1,°s

where 5 is the (plan) contact area of the footing, /. and [} are the second moments of area
of the footing about the x and y axes. For a rigid rectangular footing with the symmetric
loading (about the x-axis), we can use Equation 5.50 to obtain the contact pressures at the
two edges of the rectangle.

P Ge P 6e
q}]]ﬁ){ ='E’E(1+ZJAX=L1”2, qlnin =LB(1—7]—>X=—L/2 (5.51)

where xo is replaced by e to give the familiar expressions used in soil mechanics-
geotechnical engineering textbooks.

Using Equation 5.50 with:
I,=1,=20(20)*/12=1333m",

100.0 —60.0 600.0
=——(-1.0) - ——(+1.0) + ———— =120.0 kPa (left-t !
=130 a0 000 2 (lefl-top comer)
100.0 -60.0 600.0
= ——(+1.0) - ——(+1.0) + ———— = 270.0 kPa (right-t ).
9= 13 O T O 00 a (right-top corner)
g= l@(ﬂ .0) —ﬂ(—l 0)+ 000, =180.0 kPa (right-bottom corner).
1.333 1.333 2.0x2.0
g= M(—1 .0) —ﬂ(—l 0y + 6000 =30.0 kPa (left-bottom corner).
1.333 1.333 2.0x2.0

Problem 5.18

Calculate the contact pressures for the rigid footing of Figure 5.12 at points @, b and c.
Solution:

Find the centroid: total area of the footing,

S =S(abda") + S(b'c'c"d") =5 +5, =2.0x1.0+2.0x1.0=4.0 m”.
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Figure 5.12. Problem 5.18.

Taking the moments of the area about the left edge:

S %X+ Sy xx5 =85xx,20x10x1.0+20x10x25=40xx",

x'=1.75m.
Calculate 1
3 3
I, =M+1.Ox2.0x(1.75—1.0)2 +M+1.0x2.0x(2.5—1.75)2,
¥ 12 12
_ 4
1,=3.0833m",

M, =1000.0x GA =1000.0(3.0-0.9 - 1.75) = 350.0 kN.m.
Using Equation 5.50 (note M, = 0):
350.0 1000.0

~L75)+ = =513 kP,

9030833 ) 00

gm0 e et N org g,
3.0833 20

g, = LI —(3.0 75)+10000 =391.9 kPa.
3.0833 2.0

Problem 5.19

The following data apply to a square footing located at the ground surface:
L=B=18m,P=270 kN, M,=-160 kN.m, M, = 160 kN.m. Determine:
(a) the contact pressure at the corners of the footing,

71
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(b) the equation of the zero pressure line, its readjusted position (by formulation) and the
maximum contact pressure (assume readjustment occurs parallel to the original zero
pressure line),

(c) the size of the footing to limit the maximum contact pressure to 280 kPa and the
position of the new zero pressure line.

Solution:
(a) Using Equation 5.50 with [ = fy =1.8(1.8)° /12 =0.8748 m4,

160.0 -160.0 270.0
= —0.9)- 0.9) + =83.3 kPa (left-t ).
720575 " 0873 %) T Taxrs 2 (lefi-top comner)
160.0 -160.0 270.0
= +0.9)- +0.9) + =412.5kPa (right-t .
7205748 " " 0a7as T Tais 2 (right-top corner)
g= Lokl (+0.9) - = (-0.9) + 200 =83.3 kPa (right-bottom corner).
(0.8748 0.8748 1.8x1.8
g = ﬂ(foy) - ﬂ(—OQ) + 0 =-245.9 kPa (left-bottom corner).
0.8748 0.8748 1.8x1.8

(b) To find the equation of zero pressure line we set Equation 5.50 to zero:

1600 -160.0  270.0
q= X y+
08748 08748 1.8x1.8

=0, x+ y+0.4556=0.

The zero pressure line (ZPL) is shown in Figure 5.13 (line ¢f).

To locate the readjusted zero pressure line (R-ZPL), we assume it is located at the right
side of point G (line /) as shown in Figure 5.13. Calculate the second moment of area of
triangle Hk/ about its base A/:

2
N
-U .
L
L
O

Figure 5.13. Problem 5.19.
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bh* hit
I:F%h:hl and b =kl = 2h;. Thus I=?.

Calculate the moment of the resultant of external forces about (R-ZPL):
The application point of the resultant (P = 270 kN} is point O and its distance from
(R-ZPL) is:

h=hy —(bG - OG) = by —(Lcos45.0° =2 xe, or e,),
h=h —(§2x1.8/2-2x160.0/270.0) = b, —0.435m,
M =270.0(h —0.435).

Mhy 270.0(hy —0.435)h,
w6 ’

¢, = contact pressure at b =

~1620.0(h —0.435)
1113 .
Equate the soil reaction with the applied force (vertical equilibrium):

1620'0”’13_ 0.435) x%x Wi =270.0 = by =0.87 m.

hi

qy

gp -1— x area of triangle bk/ =
3

_ 1620.0(0.87 - 0.435)
0.87°

(¢) Define parameter / in terms of the length of the square footing L:

h=h —(N2xL12-+2x160.0/270.0) = b, —(0.707L —0.838) m.

=~ 1070 kPa.

dp

Mhy 2700 x6[h —(0.707L - 0.838)]x Jy

M =270.0[h, —(0.707L - 0.838)], ¢, = x

_270.0x 6]y —(0.707L —0.838)]

P = 280.0. Vertical equilibrium:
1

qp

g, x%x area of triangle hk/ = 280.0x éx /112 =270.0 = 7y =1.7 m. Substituting /21 in g5:

270.0x6[1.7 - (0.707L - 0.838)]

=2800—>L=24m.
1.73

e

Iy = (\/E/Z)L. Thus the new zero pressure line is ac (Figure 5.13).

Problem 5.20

For a trapezoidal rigid footing shown in Figure 5.14 compute the dimensions £ and A4 that
will ensure a uniform contact pressure of 200 kPa.

Solution:
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,Columns:0.5 m x 0.5 m,

o
o A

- 6.0m

*2000 kN 1600 kN*

Figure 5.14. Problem 5.20.

Locate the application point of the soil reaction. Taking moments about the left edge of
the footing:

2000.0x0.25+1600.0%x 5.75 = (2000.0 + 1600.0)x",
e 9700.0

3600.0
For a uniform contact pressure this point must be the centroid of the contact area:

,_L24+B _6024+8B

=2.694m.

X = - =2.694.
3 A+B 3 A4A+B

£=1.882.

A

For a uniform contact pressure of 200 kPa:

A+BG'OX200‘0:3600-0—>A+B=M= 0
6.0x200.0

Solving for 4 and B:
A=208m,5=392m.

Problem 5.21

Predict the soil settlement and reaction at selected points for the finite beam shown in
Figure 5.15. The thickness of the footing is 0.7 m and its width is 1 m. The beam is
divided into 5 equal segments of 2 m each.

Er=22 x 10° kPa, E; = 10440 kPa, 1 = 0.3.
Solution:
The modulus of subgrade reaction is defined as:

ky=qlS, (5.52)
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where g is the contact pressure under a loading plate and S, is the corresponding
settlement. This modulus is measured in kN/m™.

The relationship between k; and Modulus of Elasticity Es; has been extensively
investigated, and the Vesi¢ equation is often used in design:

EBY E
k. =0.65x%12— -‘2 (5.53)

where Ej, Erare the Moduli of Elasticity of soil and footing respectively, B is the width of
the footing, /ris the second moment of area of the footing section, p is Poisson's ratio for
the soil, and &'y = k B. '

A simplified version of Equation 5.53 is also used:

E
B(-p?)
The Winkler model (beam resting on bed of springs) can be simplified by replacing the
bed of springs with a finite number of springs of stiffness X where:

K= contact area corresponding to a single spring x ks =B xax ky=ksa (5.55)

where a 1s the horizontal distance between the parallel springs; thus

R; =Kz, =k,az; =k Baz; (5.56)
The governing differential equation for the deflection of the beam is:
2 —_—
£ (5.57)
dx?  EI

where M(x) is the bending moment at distance x from the origin (say left edge) and E/ is
the flexural stiffness of the beam. Using Equation 5.53 to calculate &'y

4
k;—4165x;# L 10349 _ 5300 kpa,

X
22x10°(0.7)° x1.0/12  1-0.3°

K=F&:»a=5300x2.0=10600 kN/m. For the edges: K = &'y x (a /2y = 5300 kN/m.

10.0 m
2000 kN

50m 1.0m

-
[\*]
w
B

[4;]
[=>]

Figure 5.15. Problem 5.21.
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Thus, R; =5300 z1, R> = 10600 z2, R3 = 10600 z3. Because of the symmetrical loading,
the required parameters at points 1, 2 and 3 are equal to the corresponding values at points
6, 5, and 4. To solve the problem three linear equations involving the three unknowns of
z1, 72 and z3 (settlements at points 1, 2 and 3) must be developed. Applying the finite
difference equations at points 2 and 3, we have:

(E) — 2.!'+1 +Zf*1 -—2.Zt- — _Mf

dx?”’ a? El

(dzz _23 +Zl_222 _*Mz

a2t 202 ELC

(d2z) 224 +22_223 =22_23 ="‘M3
dx? 2.02 20 Bl

Note z3=1z4.
EI=22.0x10% x(1.0x0.73 /12) = 628833.33 kN.m".

Calculate bending moments at points 2 and 3:
My =Ry x2.0=10600z],

My=Ry x4.0 + Ry »x2.0=21200z] + 21200z;.
Substituting M> and M3 into the finite difference equations:
zy+z) -2z 10600z

4.0 628833.33°

2y —z3 _ ~(21200z) +21200z,)
4.0 628833.33 i

The third equation is obtained from (static) equilibrium of the vertical forces:
2R1+ 2R2+ 2R3 = 2000.0,

R+ R2+ Ry=1000.0 or:

5300 z; + 1060023 + 1060023 = 1000.0.
Simplifying and rearranging the equations:
671233.332) — 1257666.6622 + 628833.33z3= 0.0,
84800z) + 713633.3322 — 628833.33z3= 0.0,
5300z, + 10600z + 1060023 = 1000.0.
Solving for z1, z2, and z3:

21=26.2 % 107 m = 26.2 mm.

27=36.4x 10° m = 36.4 mm.

23=44.8 x 107 m = 44.8 mm.

R1=5300x 262 x 107 ~ 139 kN. T
Ra=10600 x 36.4 x 107> ~ 386 kN. 1
R3=10600 x 44.8 x 107 ~ 475 kN. T
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CHAPTER 6

One Dimensional Consolidation

6.1 INTRODUCTION

The problems solved in this chapter are related to the prediction of both magnitude and
rate of one-dimensional consolidation settlement including the determination of
consolidation characteristics in the laboratory and in the field.

The parameters calculated from the laboratory results include the compression index
Ce, the coefficient of volume compressibility my, the preconsolidation pressure p'., and the
coefficient of consolidation c,. Parameters C, and m, represent the basic load-deformation
models. These models are based on the laboratory results that are shown in e-logs” (e
being the void ratio) coordinate system for C., and AH/H (AH being the vertical
deformation of the laboratory sample)-¢’ coordinate system for m,. For the effective
vertical stresses greater than preconsolidation pressure the e-logs” curve obtained in the
laboratory test can be approximated by a straight line (virgin compression line) where
parameter C,. defines the slope of this line. The parameter m, is the slope of the AH/H-c'
curve and, which changes with the stress level.

The determination of the above two parameters are described in Problems 6.1 and 6.4.
Estimation of C. in the field and other consolidation characteristics are explained in
Problem 6.9.

Assuming that the field values of C; and m, are identical to the values obtained in the
laboratory, both parameters may be used to calculate the vertical deformation of a finite
layer within a given time span (Problems 6.2, 6.5, and 6.6).

In order to estimate the progress of consolidation settlement with time (rate of
consolidation) it is necessary to evaluate the coefficient of consolidation ¢, from the
laboratory consolidation test (Problem 6.3) or from the field based measurement data
(Problem 6.9). The mathematical relationship between the rate of consolidation defined by
the average degree of consolidation and time can also be approximated by parabolic
equations; this is explained in Problem 6.7.

Lowering the water table in the field (by pumping) induces an increase in the vertical
effective stresses and causes the consolidation settlement as described in Problem 6.8.

Problem 6.10 explains a simplified design for vertical drains. The vertical drains
facilitate the horizontal flow of water and thereby accelerate consolidation process.

In the derivation of the mathematical relationships for one-dimensional consolidation it
is common to assume that the increase in the effective vertical stress is instantaneous.
However, construction work is normally a gradual process and may be idealized as linear
function of time as explained in Problem 6.11.
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6.2 PROBLEMS

Problem 6.1

Data obtained from a laboratory consolidation test are tabulated as follows:

Test points 1 2 3 4 5 6

o' (kPa) 20 50 100 200 400 800
Total AH (mm) 023 0.87 190 3.62 555 7.25

Gy=2.70, Hy= (initial thickness at zero pressure) = 22.5 mm,
w = (moisture content at the beginning of the test) = 0.78.
Plot the e-loga’ curve and calculate C..

Solution:
The compression index C, is the absolute value of the gradient of the virgin compression
line:

€y~ € _ &9

(6.1)

logo} —logay  log(a) /op)

where the subscripts 0 and 1 represent the initial and final states of void ratios and
corresponding effective vertical stresses. In a fully saturated soil undergoing a vertical
deformation AH, the following can be derived from the phase diagram (Chapter 1):
Ae _ [ + 60
AH  H
In saturated soil:
e=wG; thus ¢y =0.78x 2.7 =2.106 (at zero pressure).

(6.2)

Using Equation 6.2 the corresponding void ratios are calculated and shown in Figure 6.1,

2.106-¢; 1+2.106

= — e =2.074.
0.23 225
2.106 - .
B e %6,
0.87 22.5
2.106 -
A LR P V)
1.90 225
2.106— :
ey _ 1+2.106 > e, =1.606.
3.62 225
2.106— :
o 1H2I06 1340,
5.55 225
2.106 -
o _lia 0 05

7.25 225
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Void ratio

R S E— ! | }

Figure 6.1. Problem 6.1.

The value of C. is estimated by assuming a line through test points 4 and 6, therefore
using Equation 6.1:
_ 1.606-1.105
“ 10g800.0-10g200.0

Problem 6.2

An open layer of clay 4 m thick is subjected to loading that increases the average effective
vertical stress from 185 kPa to 310 kPa. Determine:

(a) the total settlement,

(b) the settlement at the end of 1 year,

(¢) the time in days for 50% consolidation,

(d) the time in days for 25 mm of settlement to occur.

nty = 0.00025 m>/kN, ¢ = 0.75 m*/year.

Solution:

(a) Combining Equations 6.1 and 6.2 and replacing AH by consolidation settlement (in the
field) S, the following equation is obtained:

S, =——log—- (6.3)

where H is the initial thickness of the clay layer and o'y and o' represent the average
effective vertical stresses within the layer at initial and final states respectively. The
compressibility of a clay layer can also be represented by the coefficient of volume
compressibility 2, defined by:
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_AHIHy o Aei+e)

m v

Vv

(6.4)

r ! [ r
G1~ Gy 6] =0y

From this definition we can find the consolidation settlement for a layer of thickness /-
S, = AH =m H(c}| - o)) (6.5)
Using the above equation:

S, =0.00025x4.0(310.0-185.0)=0.125 m = 125 mm.
{b) A dimensionless variable called the time factor 7, is defined as:

T,=-Y (6.6)

The parameter ¢, is called the coefficient of consolidation and is derived by considering
the flow continuity:
k
e, = (6.7)
MY,
where k is the coefficient of permeability and v, is the unit weight of water. The
parameter o represents the maximum drainage length that a particle of water has to cover
to reach to the free draining boundary. The degree of consolidation at any depth is:

U, =it Y (6.8)

z
Ui iy

where u; and u, are the initial and excess pore pressures (due to loading) at depth z
respectively. The average value of degree of consolidation for a layer can be expressed in
terms of the time factor 7, by:

=00

U=1-73% %exp(szTv) (6.9)

m=0
where M =n(2m +1)/2. U may be approximated by the following:
T, = nU? /45U <0.6, Tv=-0933log(1-U)-0.085—> U 0.6 {6.10)
It can be shown that the average degree of consolidation is:

=it (6.11)

C

where S is the settlement at time # and S, is the final settlement (z — o).

The step procedure for calculation of the settlement at a specified time includes:
1. Calculate time factor 7, from Equation 6.6.

2. Calculate average degree of consolidation U from Equations 6.9 or 6.10.

3. Use Equation 6.11 for calculation of S. Thus

_0.75%1.0
(4.0/2)?
2. T, =nU%/4=0.1875 — U = 0.4886 < 0.6.

1. T

v

=0.1875.
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3. U=58/125.0=0.4886 — 5§ =61.0 mm.
(¢) For 50% consolidation T, = 0.197, therefore:

lg7 - 0751
(4.0/2)%
(d) U=25.0/1250=02,T, =rU%/4=nx02%/4=0.0314,

— ¢ =1.0507 year = 383.5 days.

il :ix’z =0.0314 —> 1 = 0.1675 year = 61.0 days.
(4.0/2)
Problem 6.3

Data obtained from a laboratory consolidation test are shown in the table below:

Time (min) 0.25 1 4 9 16 25 36 81 1440
Total AH (mm) 0.622 1244 2468 3400 3.838 3970 4.000 4.051 4.100

o’np=100 kPa, ¢’'; = 200 kPa, Hg = 23.6 mm. Determine:

(a) ¢, from the root time plot in mzf'year,

(b) ¢, from the log time plot in 1n2/year,

(c) kin m/s.

Solution:

(a) H,, (averagethickness ) =23.6—-4.1/2=21.55mm,d = 21.55/2 =10.775 mm.
The square root time plot is shown in Figure 6.2(a) from which

\/f9_0 =3.25, 99 = 10.56 min. At 90% consolidation T\, = 0.848; thus from Equation 6.6:

¢, =0.848%10.775% x107° /[10.56 /(365 x 1440)| = 4.9 m*/year.
(b) The log time plot is shown in Figure 6.2(b) from which t50=2.35 min.
¢, =0.197x10.775% x1070 /[2.35/(365 x1440)] = 5.1 m*/year.

(c) Calculate m,:

AH/H,  4.1/236
o) —apy  200.0-100.0
Using Equation 6.7 with an average value of ¢, =5 mZ/year:

ke=c,my,, =5.0x1.737x107 x9.81/(365x 24x 60 x 60) = 2.7x10™ mys,

=1.737%10~3 m*/kN.

From Equation 6.4 m,, =

Problem 6.4

In a one-dimensional consolidation test the time required for 50% consolidation has been
measured at 154 seconds (through the observation and measurement of pore water
pressure). The settlement of the sample at the end of the test was 2.5 mm.

c'g= 60 kPa, ¢’) = 120 kPa, eg= 0.65, Hg = 20 mm. Determine;:
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time (min)
0
t90=3.255 10 15 20
0
0.5 -p2 !
= |
= 1.5 |
= 2 | e -
g 25
5 3 . |
=_= |
g 35 |32 |
4 |3 , |
45 ’
(a)
time (min)
0.1 1 10 100 1000 10000

=

—

(4%}

Settlement (mm)
= ¢ n ;
A kW AN GO0 O

Figure 6.2. Problem 6.3: (a) square root time method, (b) log time method.

(a) the time required for 90% consolidation,
(b} the coefficient of permeability in m/s,
(c) the compression index.

Solution:
(a) Using Equation 6.6 for 50% and 90% consolidation:

¢, x154.0

0.197 = PR

0.848 = 90
dZ

Combining the above two equations:
0.197 _cvx154.OX d?
0848 g2 ¢ xlgg
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0.197 1540
0848 1
(b) Calculate ¢, and m,:

o =20.0-2.5/2=1875mm,d =18.75/2 =9.375 mm.

197x9.3752 x1075
FromEquation6.6:cv:0 97><?53470 il =1.124x1077 m?ss.

AH/Hy  2.5/200

O =2.083x10 m*kN.
o) —oy  120.0-60.0

From Equation 6.4:m, =

Using Equation 6.7:

k=c m,y, =1.124x1077 x2.083x 107> x9.81=2.3x10~" m/s.
(c) From Equation 6.2:

Ae  1+0.65
25 200
Thus the compression index is found from Equation 6.1:

_ 0.2062 _
© log(120.0/60.0)

Ae =0.20062.

Problem 6.5

For a 4 m layer of the clay of Problem 6.4, how long would it take to reach 50% degree of
consolidation under the same drainage, physical and stress conditions? What will be the
settlement of the clay layer at this stage?

Solution:

2
Using Equation 6.6: ¢, =1.124x1077 x24x60x60:w—>t:81.1days.
f

The final consolidation settlement is calculated from Equation 6.3:

0.685x 4.0
5, = 2089x40, 1208 _ ) 5 m =500 mm.
14065 600

Therefore: S(50%) = 500.0x 0.5 =250.0 mm.

Problem 6.6

A surface load of 60 kPa is applied on the ground surface over a large area. The soil
profile consists of a sand layer 2 m thick, the top of which is the ground surface, overlying
a 4 m thick layer of clay. An impermeable boundary is located at the base of the clay
layer. The water table is 1 m below the ground surface. If the preconsolidation pressure
for a sample of soil from the mid-point of the clay layer is 60 kPa, calculate the
consolidation settlement of the clay layer. The properties of the soil section are: sand:
Py = 1.6 Mg/m Psar=1.9 Mg/m3 clay: pgar = 1.65 Mg/’m3 en=15,C.=06,C.=0.1.
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Solution:

If the initial effective vertical stress o'g is less than the preconsolidation pressure
(overconsolidated state) and the final state is on the virgin compression line (normally
consolidated state), then the settlement is calculated in two stages according:

CH ' C.H
= lgp—rc+—c log

o]
1+e¢, oy l+e, D

S

(6.12)

C

where e, is the void ratio corresponding to the preconsolidation pressure and C, is the
recompression index, which can be obtained from either the overconsolidated segment of
the e-loga’ plot or an unloading-reloading cycle.

0y =1.65%2.0x9.81+1.9x1.0x9.81+1.6x1.0x9.81-1.0%3.0x9.81 =37.3 kPa.
o] =37.3+60.0=97.3 kPa.

In the e-logo’ coordinate system the equation of the recompression line is:
e=1.5-0.I{loga'—log37.3), thus

e, =15~ 0.1(Jog60.0 —10g37.3) =1.479. Using Equation 6.12:

0 0 3
s %373 141479 5600
S. =0.033+0.203 = 0.236 m = 236 mm.

0.1x4.0 600 0.6x4.0, 973
= log + 1

Problem 6.7

A soil profile consists of a sand layer 2 m thick, whose top is the ground surface, and a
clay layer 3 m thick with an impermeable boundary located at its base. The water table is
at the ground surface. A widespread load of 100kPa is applied at the ground surface.
Construct isochrones corresponding to 10%, 50%, and 90% consolidation, indicate the
amount of excess pore pressures on the impermeable boundary and determine the amount
of settlement after 2 years. Assume that the soil is in a normally consolidate state. The
properties of the soil section are:

sand: veq =20 kN/mB, clay: vgqr = 16 kN/mB, ep=13,C.=05,¢,=6.5 mz/year.

Solution:

The distribution of excess pore pressure in depth is according:

m=e, 2
u,= i[sin%}exp(—MZTV) (6.13)
m=0

The definitions of #; and M are described in the explanations of Equations 6.8 and 6.9.
The magnitudes of 7', for 10%, 50% and 90% consolidation are calculated from Equations
6.10 and are 0.008, 0.197 and 0.848 respectively. Using Equation 6.13 the following 3
tables are constructed for each 7,. The magnitudes of excess pore pressures on the
impermeable boundary are found to be 100.0 kPa, 77.8 kPa and 15.7 kPa for T, values of
0.008, 0.197 and 0.848 respectively. The corresponding isochrones are shown in Figure
6.3. To predict the settlement after 2 years we first find the final settlement:

oy (at the centre of clay layer)=16.0x1.5+20.0x2.0 —(1.5+2.0) x9.81=29.7 kPa.
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Exp (- M'T})

m M 2/ M
T,=0.008 T,=0.197 T7,=0.848

0 05m 12732 09804 0.6150  0.1234
I 157 04244 08372 0.0126  0.0000
2 257 02546 06105 0.0000  0.0000
3 35m 01819 03801 0.0000  0.0000
4 457 01415 02021 0.0000  0.0000
5 55m 01157 00918 0.0000  0.8000
6 651 00979 00356 0.0000  0.0000
7 75m 00849 00118 0.0000  0.0000
sinfMz/d)
m z/d
L 025 0500 0750  1.000
0 03827 07071 09239  1.0000
I 09239 07071 -0.3827 —1.0000
2 09239 07071 03827  1.0000
303827 07071 09239 -1.0000
4 -03827 07071 -09239  1.0000
509239 07071 03827  -1.0000
6 -09239 -0.7071 03827  1.0000
7 03827 -0.7071 09239 -1.0000
z/d 0.250 0.500 0.750 1.000
z=0.75m z=15m z=225m z=3.0m

T,=0.008
woy/w;  477.703x107°  882.634x107°  1153.254x107°  1248.245%10
wiy/wp 328.268x107°  251.238x107°  —135.976x10 7 —355.307x107°
uoy/ui 143.605x10 70 —109.907x10 " — 59.484x107°  155.433x10 "
ugylug  26460x107°  — 48.889x107° 63.879x10 7 — 69.140x10°

B -3 -3
way/u;  -10.944x107°  20221x107°  — 2642110 28.597x10

-3 -3 -3
u(s)/in‘] _ 9.8[3><1073 7.510x10 4.065x10 — 10.621x10

X -3 -3 -3

we/uy - 32201070 = 2464x10 ’ 1.334x10 3.485x10
wn/u; - 0383x1070 — 0708x1071 = 0926x1077 - 1.002x10"
welu;  951.676x107 0 999.635x10 0 999.725x10 °  999.690x10 "
U, 0.0483 0.0004 0.0003 0.0003

we(kPa)  95.17 99.96 99.97 99.97
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z/d 0.250 0.500 0.750 1.000
z=0.75m z=15m z=225m z=30m

T,=0.197

woy/ ui 299.661x10 77 5536721077 723.430x107°  783.018x10

uy! 4.940x10 > 3781x10 70 -2.046x107°  —5347x107°

welu;  304.601x107°  557.453x107°  721.384x107°  777.671x10 >

U, 0.6954 0.4425 0.2786 0.2223

u. (kPa) 3046 55.74 72,14 77.77

z/d 0.250 0.500 0.750 1.000
z=0.75m z=15m z=225m z=30m

T, =0.848

woy/ w;  60.127x107° 1110941077 145.157x107°  157.113x107°

weluwp  60.127x107°  111.094x107°  145.157x10 70 157.113x107°

U. 0.9399 0.8889 0.8548 0.8429

uo (kPa)  6.01 1111 14.52 15.71

o] =29.7+100.0 =129.7 kPa. Using Equation 6.3:

£ - 0.5x3.0 Iog129.7 —0417m.
1+1.3 29.7
u, (kPa)
100 90 80 70 60 50 40 30 20 10 O
T T T T T T T T 0
T,=0.008 1os
T,=0.197 41
A 4 15
T,=0.848 4 2
A
425
< 3

Figure 6.3. Problem 6.7.

z(m)




One Dimensional Consolidation 89

Follow the step procedure explained in Problem 6.2,
From Equation 6.6:

_6.5x%2.0
302
The average degree of consolidation is computed from Equations 6.10:
T,=1.444=-0.933log(1-U)-0.085,

U =0.9770, thus

= 1.444.

v

U=09770 = - — §=0.407 m.
0.417

Problem 6.8

If the water level in Problem 6.7 is lowered to the surface of the clay layer; calculate the
consolidation settlement of the clay layer after 6 months if:

(a) the drawdown is instantaneous,

(b) the drawdown takes 2 months,

Assume there is no surface load and take the unit weight of the sand layer 17.5 KN/m”
after the drawdown has taken place.

Solution:

(a) From Problem 6.7: o (at the centre of claylayer)=29.7 kPa.

o (at the centre of claylayer)=16.0x1.5+17.5x2.0~1.5x9.81=44.3kPa.
Using Equation 6.3:

SR L s T

€ 1+13 29.7
From Equation 6.6:

6.5%(6.0/12)
3.02

Tv=10.361=-0.9331og(1-U)-0.085,
U =0.6674, thus

U =0.6674 =2 =5 _

T

Vv

=0.361.

S =0.075m.

{(b) Terzaghi’s method for the correction of the time-settlement relationship is based on
the following assumptions. The corrected settlement at ¢ 2 ¢, (in this example ¢, = 2
months) is equal to the settlement on the uncorrected curve corresponding to 7/ 2. For
t < . further correction is needed by considering the load ratio at the time of interest. The
load ratio is the ratio of the load at the time ¢ to the final load Ac. The settlement
corresponding to ¢/ 2 is multiplied by this ratio. This method implies that for a specified U
the amount of time is twice of the time required for instantaneous loading.
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As t 2 ¢, therefore from Equation 6.6:
T - 6.5%(6.0/2)/12

} s 0180s

T, :%UZ =0.1805 — U = 0.479 < 0.6. Thus

U =0479 :Lm) 5 = 0.054 m.
0.113

Problem 6.9

A stratum of clay is 5 m thick and is overlain by 3 m of sand, the top of which is the
ground surface that is subjected to a widespread load of 200 kPa. The water table is 1.5 m
below the ground surface, and the pore pressure at the impermeable boundary was
measured to be 242.5 kPa after 18 months. If the settlement of the ground surface was 230
mm, determine the field values of ¢, and C,, the final consolidation settlement, and the
settlement and pore pressure at the base of the clay layer after 3 years, using the concept
of parabolic isochrones. The properties of the soil section are:

sand: pgpy = 1.75 Mg/mB, Psar =2 Mg/m3,
clay: pgar=1.95 Mg/m3, eg=0.8.
Solution:

Two general types of the parabolic isochrones are shown in Figure 6.4. The middle
portion of the isochrone corresponding to a low value of 7% (the left hand parabola) is
approximately a vertical line, indicating high excess pore pressures and that the process of
consolidation has not yet progressed into this part. It can be shown that the time factor 7,
corresponding to z, = d, is 1/12. The isochrone with a time factor of 7, > 1/12 represents a
more developed case and is well approximated by a parabola. For a uniform distribution
of the initial excess pore pressure and 7). < 1/12 the excess pore pressure, average degree
of consolidation and z, are expressed by:

2
-z 2z
U, =U;| ——F——= (6.14)
e 1[120‘,1 1,‘126},!]

T
U=27 (6.15)

z, =y12¢,1 (6.16)

For T, > 1/12:

2
z¢ 2z 1 3eyt
", =ui[__d2 oy Jexp[z— 2 ] (6.17)

U=l—§exp(i—37’v} (6.18)
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Figure 6.4. Parabolic isochrones.

The excess pore pressure on the impermeable boundary is:
1, =242.5-(5.0+1.5)9.81 =178.7 kPa.
Thus assuming 7, > 1/12 and using Equation 6.17:

507 2x5.0 [1 3¢, x18.0/12
7T © T A2 I
502 50

u, =178.7:200.0[— Xp 7 s

4.5c,
178.7 = 200.0exp| L - 2% |
4 250

c,=2.0 mzfyear.
Check T, from Equation 6.6:

_2.0x18.0/12
5.02

The area between the left hand side of the isochrone (plotted in the u.-z coordinate
system) and z-axis (area S in Figure 6.5), when multiplied by m,, will yield the settlement
at that specific time. Similarly, the total area (z x u;) multiplied by m, will equal the final

T

v

=0.12>1/12=10.083.

u, (kPa)
200 150 100 50 0
T T T 0
T,=0.12 or t = 18 months ] (13-5
115
S, 12
125 E
13 N
Sz 1as
1 a
'/178.7 kPa . 3-5

Impermeable boundary

Figure 6.5. Problem 6.9: parabolic isochrone for 7, = 0.12 or # = 18 months.
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settlement providing that m, is constant within the layer:
A zmvx(doer)xui—mvx(a’oer)xéue_d (6.19)

where 1, 1s the excess pore pressure on the impermeable boundary with & representing
the thickness of layer. In the open layer the thickness of the layer is represent by 24 and
Ue—g 18 the excess pore pressure at the mid-point of the layer. Therefore:

S, =023=m,x5.0x200.0-m, x50 ><-§—>< 178.7,

m, =5.69x10™ m*/kN.
From Equation 6.4:

Acl(l+ey)  Ae/(1.0+0.8)

’

m, =5.69x107% = : -

where ¢’) and o’g are initial and final (or at the end of a specified time) effective vertical
stresses at the centre of the clay layer.

Gy =1.95x9.81%x2.54+2.0x9.81x1.5+1.75x9.81x1.5-1.0x9.81(2.5+1.5),
gy =63.8 kPa.

o) (final) = 63.76 +200.0 = 263.8 kPa.
Substitute 6"y and o'g in the #1, equation:

I.
m, =5.69x107* = e/l
200.0
Ae=0.205.
From Equation 6.1:
Ae 0.205

0.332.

C = e 3
© log(o]/cp)  log(263.8/63.8)
To find the final settlement we use Equation 6.11:

yoS 023
S, S

& [

where [/ is the average degree of consolidation of the layer after 18 months (7, = 0.12).
Using Equation 6.18:

U=l—%exp[i-3x0.12}:0.4028. Thus

0.23

U=04028= — 5, =0.57m.

<

To compute the settlement after 3 years we follow the step procedure of Problem 6.2:

- 2.0x3.0

T
5.02

v

=0.24,
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U=1- %exp [;Z —3x0.24J =10.5833,

U=8/570=0.5833—-5=033m.
Excess pore pressure at the base of the clay layer is calculated from Equation 6.17:

— |C
502 5.0 4 5.0%

u (after 3 years) =125.04+(5.0+1.5)x9.81 =188.8 kPa.

One may estimate the pore pressure by adding the average excess pore pressure within the
layer to the hydrostatic pore pressure that existed before loading:

u (after 3 years) = 200.0(1 - 0.5833) + (5.0 +1.5) x 9.81 = 147 kPa.

2
", :200‘0(_2._0__+ 2x5.0} Xp[l_wlzms.o kPa,

Problem 6.10

In the soil profile of Problem 6.9, vertical drains of diameter 0.3 m are constructed in a
square pattern. It is required that 95% of the combined consolidation be ac7l1ieved after 1.3
years. Calculate the required distance between the vertical drains. ¢ =4 m™/year.
Solution:

Vertical drains are arranged in triangular or square patterns. The influence zone of each
drain defines a soil cylinder of diameter D, that is a function of the distance L between the
drains:

D, =1.128 L rectangular pattern, D, = 1.505 L (riangular pattern (6.20}

The parameters ¢ (the coefficient of consolidation in the horizontal) and U}, (the average
degree of consolidation in the horizontal) are defined by:

k
¢ =—4— (6.21)
rnV'YHI
-8T
U, =1-exp| —= (6.22)
F(n)

where kj is the coefficient of permeability in the horizontal direction and n, F(»), and T},
are defined below in which D, is the diameter of the drain:

DG
n= (6.23)
D\V
!
7, =2 (6.24)
D(?
2 2
n 3nc -1
F(n)= Inn— 6.25

For the values of 7 > 10, F(n) may be approximated by:

F(ny=Inn —% (6.26)
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The combined excess pore pressure is given by:

u, = ”‘fuﬂ (6.27)
i

where u,., is the excess pore pressure due to vertical drainage only (Terzaghi's solution)
and .y, 1s the excess pore pressure due to radial flow. Consequently, the combined degree
of consolidation can be written in the following form:

U=1-(1-U)1-U)) (6.28)
where Uy and U, are the degrees of consolidation for radial and vertical flow respectively.
From Problem 6.9 for 1.5 years 7, = 0.12 and U, = 0.4028. Using Equation 6.28:

U =095(givendata) =1 -(1-U/,)(1-0.4028) = U; =0.9163.
From Equations 6.23 and 6.24:

D, 1.128L
D

W
_ 40x15 4716

(1.1280y2 1%
Substituting Ty, and » values in Equation 6.22:

=3.76L, therefore:

h

U, =09163=1-exp ~8x——24'& .
i L* % F(n)
The value of F(#) is substituted from Equation 6.26:

U, =09163=1-exp —SXML ,
i I? x(lnn—3/4)

U, =09163=1-exp| -8

” 4.716
I? x(In3.76L-3/4) |
The above equation may be solved by trial and error from which L = 3.0 m will

reasonably satisfy the equation.
Note: # =3.76 L = 11.28 > 10, which justifies the use of Equation 6.26.

Problem 6.11

In Problem 6.7, calculate the consolidation settlements at 3 months, 6 months and 2 years
if the load is increased linearly to 100 kPa over 6 months.

Solution:

For 7 = 3 months:

et _6.5x(3.0/2)/12.0
d? 3.02

'

v

=0.0903,
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T:nU;l

Vv

=0.0903 - U =0.3391.

Correction for linear loading:
U =0.3391%3.0/6.0=0.1695.

§=5,%x01695=0417x0.1695=0.0707m = 71 mm.

For t = 6 months:

- ¢l 6.5%(6.0/2)/12.0
VTR 3.02

_aU?

=0.1805,

T

Vv

=0.1805 - U/ =0.4794.

No further correction is needed, thus

§=5,.%0.4794 =0.417 x0.4794 = 0.1999 m = 200 mm.
For ¢ =2 years:

_ et 6.5%(2.0/2)
42 302

T, =-0.933log(1-U)-0.085=0.7222 - U =0.8636 > 0.6.
No further correction is needed, thus

S=58,%x0.8636 =0.417x0.8636 = 0.360]1 m = 360 mm.

=0.7222,

v

6.3 REFERENCES AND RECOMMENDED READINGS

Al-Khafaji, AW. & Andersland, O.B. 1992. Equations for compression index approximations.
Jouwrnal GED, ASCE, 118(1): 148-153.

ASTM D-2435. 1996, Standard test method for one-dimensional consolidation properties of soils.
PA, West Conshohocken: American Society for Testing and Materials.

Australian Standard AS 1289.6.6.1. 1998. Methods of testing for engineering purposes, method
6.6.1: soil strength and consolidation tests-determination of one-dimensional consolidation
properties of a soil-standard method. Australia, NSW: Standard Association of Australia.

Aysen, A. 2002. Soil mechanics: Basic concepts and engineering applications. Lisse: Balkema.

Balasubramaniam, A.S. & Brenner, R.P. 1981. Consolidation and settlement of soft clay. In E.W.
Brand & R.P. Brenner (eds), Sofi clay engineering: Developments in geotechnical engineering
20. New York: Elsevier Scientific Publishing Company.

Barron, R.A. 1948. Consolidation of fine-grained soil by drain wells. Tramsactions, ASCE,
113:718-742.

Bergado, D.T., Anderson, L.R., Miura, A.S. & Balasubramaniam, A.S. 1996. Sofi ground
improvement in lowland and other environments. USA: ASCE Press.

BS 1377-6. 1990. Methods of test for soils for civil engineering purposes. Consolidation and
permeability tests in hydraulic cells and with pore pressure measurement. London: British
Standards Institution.

Casagrande, A. 1936. Discussion 34: The determination of preconsolidation load and its practical
significance. Proc. 1 intern. conf. SMFE, 3: 60-64. Cambridge.



96 Problem Solving in Soil Mechanics

Craig, R.F. 1997. Soil mechanics. 6th edition. London: E & FN Spon.

Duncan, J.M. 1993. Limitations of conventional analysis of consolidation settlement. Journal GE,
ASCE, 119(9): 1333-1359.

Hansbo, S. 1981. Consolidation of fine-grained soils by prefabricated drains. Proc. / o™ intern. conf.
SMFE, 3: 12-22. Stockholm.

Hansbo, S. 1987. Design aspects of consolidation of vertical drains and lime column installation.
Proc. 9" Southeast Asian geotechnical con. 2: 8-12. Bangkok, Thailand.

Koppula, S.D. 1986. Discussion: consolidation parameters derived from index tests. Geotechnigue,
36(2): 68-73. .

Leonards, G.A. 1976. Estimating consolidation settlements of shallow foundations on
overconsolidated clays. Special report 163, transportation research board. 13-16.

Mesri, G. & Castro, A. 1987. The Cy/ C, concept and k, during secondary compression. Journal
GE, ASCE, 112(3): 230-247,

Mesri, G. & Godlewski, P.M. 1977. Time and stress compressibility interrelationship. Journal GE,
ASCE, 103(5): 417-430.

Mesri, G. & Rokhsar, A. 1974. Theory of consolidation for clays. Jowrnal GED, ASCE, 100(GT8):
889-904,

Nagaraj, T.S. & Srinivasa Murthy, B.R. 1985. Prediction of the preconsolidation pressure and
recompression index of soils. Geotechnical testing journal, ASTM, (4): 199-202.

Olson, R.E. & Ladd, C.C. 1979. One-dimensional consolidation problems. Jowrnal GED, ASCE,
105(GT1): 11-30.

Powers, J.D. 1985. Dewatering-avoiding its unwanted side effects. Underground technology
research council. New York: ASCE.

Raymond, G.P. & Wahls, H.E. 1976. Estimating 1-dimensional consolidation, including secondary
compression of clay loaded from overconsolidated to normally consolidated state. Special report
163, transportation research board: 17-23.

Rendon-Herrero, O. 1980. Universal compression index equation. Jowrnal GED, ASCE, 106(GT11):
1179-1200.

Rendon-Herrero, O. 1983. Closure: universal compression index equation. Jowrnal GED, ASCE,
109(GT5): 755-761.

Rixner, I.J., Kraemer, S.R. & Smith, A.D. 1986. Prefabricated vertical drains. Engineering
guidelines, federal highway administration, 1(FHWA-RD-86 / 168). Washington DC.

Schmertmann, J.H. 1953, Estimating the true consolidation behavior of clay from laboratory test
results. Journal SMFE, ASCE, 79(311): 26.

Scott, R.E. 1963. Principles of soil mechanics. Reading, Massachusetts: Addison-Wesley.

Skempton, A.W. 1944. Notes on the compressibility of clays. Quart. journal of gealogical society,
(100): 119-135. London.

Skempton, A.W. & Bjerrum, L. 1957. A contribution to the settlement analysis of foundations on
clay. Geotechnique, (7): 168-178.

Terzaghi, K., Peck, R. B., & Mesri, G. 1996. Soil mechanics in engineering practice. 3 edition.
New York: John Wiley & Sons.




CHAPTER 7

Application of Limit Analysis to Stability Problems in
Soil Mechanics

7.1 INTRODUCTION

The main objective of this chapter is to investigate the stability of a soil structure using the
lower and upper bound theorems of plasticity. These theorems are used to predict collapse
loads where analytical solutions either do not exist or are inconsistent with the governing
equations of mechanics. They are also used when the deformations of the soil structure are
negligible.

A lower bound solution provides a safe limit load, whereas an upper bound solution
estimates an unsafe limit Joad under which the failure of material has taken place already.
In a lower bound solution only the equilibrium and yield criterion are satisfied, whilst in
an upper bound solution, only the compatibility and the yield criterion are considered.
These solutions, obtained either manually or numerically, bracket the exact solution
within usually acceptable accuracy (Aysen & Sloan, 1991a).

In a simplified upper bound solution (in two dimensions) the continuum is converted
into a mechanism consisting of rigid blocks sliding on their contact areas. For a virtual
displacement, the external work done by the external forces is equated to the internal work
done by the internal forces to obtain the unknown collapse load as an upper bound to the
true collapse load. The stress-strain model for the soil is idealized as a rigid-perfectly
plastic material.

Problem 7.1 describes the stress discontinuity, which is the basic tool in a lower bound
solution. Application of the lower and upper bounds includes bearing capacity of shallow
footings (Problems 7.2 and 7.3), stability of slopes (Problems 7.4 to 7.7), retaining walls
(Problems 7.8 to 7.10) and tunnel heading (Problem 7.11).

7.2 PROBLEMS

Problem 7.1

A stress discontinuity makes an angle of 60° with the x-axis (Figure 7.1). On the right-
hand side of the discontinuity: ¢’y = 100 kPa, 1., = 50 kPa. Determine:

(a) the magnitude of ¢’ to satisfy the failure criterion,

(b) the normal and shear stresses on the discontinuity,

(¢) the state of the stresses at points on the left-hand side of the stress discontinuity to
satisfy the failure criterion. ¢’ = 20 kPa, ¢' = 30°.
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— sz: 50.0
fxf 50.0

—_—
o', =100.0

(All in kPa)

Stress discontinuity

Figure 7.1. Problem 7.1.

Solution:

(a) Substituting the given data in the failure criterion expresses by Equation 4.3:
(6, - 100.0)% +(2x50.0)% =[2x20.0c0s30.0° + (0", +100.0)sin 30.0°1,

0.75¢"2 —284.640", +12835.90 =0,

o', =327.2kPa (the higher answer is selected).

(b) The normal and shear stresses on the discontinuity are calculated from Equations 4.1
and 4.2:

,327.24100.0 | 327.2-100.0
¢’ = +
2
o 3272-100.0
2

c0s(2x60.0°) + 50.0sin(2x 60.0°) = 200.1 kPa.

sin(2x60.0°) = 50.0cos(2x60.0°) =123 .4 kPa.

{(c) We need to create three equations in terms of &'y, ¢’ and Ty, of the left-hand side of
the discontinuity. Two equations are obtained from equilibrium using Equations 4.1 and
4.2. The third equation is obtained by enforcing the failure criterion of Equation 4.3:

’ ’ /

+G -
o =200.1="22 o ol ol

£ ¢05120.0°+ 1, sin120.0°,

o, -0,
reliidiee

sin120.0° -1, cos120.0°.

Combining the above two equations we obtain:

(0", + 7)) =2(c", —0,) —27.270.

The second equation may be written in the following form:
T,. =—0.866(0”, -0, ) +246.8. Thus

(0", —0" )% +2%[~0.866(c", — 0" ) +246.8)% =
{2%20.0¢0530.0° + [2x (0", —’,) - 27.270]5in 30.0°}2.

The solution of the above equation yields:
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0", —0', =356.97 kPa (the higher answer is selected).

T,. =—0.866(c", —0',) +246.8 = —0.866x356.97 + 246.8 = —62.3 kPa.
(0, +0°,)=2(c, —0,)—-27.270=2%356.97-27.27 = 686.67 kPa.
Solving the following two equations:

o’ +0’. =686.67 kPa,

6. -0’ =356.97 kPa.

o’ =521.8kPa, ¢’, =164.8 kPa.

~ o

Problem 7.2

Figure 7.2 shows a strip footing on ¢, ¢, = 0 with 3 stress discontinuities. It is required to
calculate the ultimate bearing capacity (g,,) of the footing and the stress field within each
zone. Assume that the footing is smooth and take into account the weight of the material.
Solution:

The stress field within each zone along the depth z (Figure 7.2) is constant and / =0,
therefore: 6| — 63 = 2¢y,.

The state of stress in zone | and at depth z is;

0y =7z,0) =2¢, + 2.

The angles o1, o, 03, and oy (all unknown) are selected in a way that the rotation of the
principal stress directions across each discontinuity are all equal and have the identical
value 0f 90.0°/ 3 = 30.0°, where 90.0° is the total rotation (zone 1 to zone 4).

The angles of the major principal planes in zones 1 and 2 with the stress discontinuity CA
are @1 and @7 respectively.

For ¢y, ¢, = 0 soil:

(pl +(P2 =900 (71)

Rotation of the principal stress directions due to the stress discontinuity is defined by w
that is given by:

@

Figure 7.2. Problem 7.2.
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Y =2 — @1 = 30.0° and from Equation 7.1:
@2 + @1 = 90.0°. Solving for @1 and @2: @ = 30.0°, @2 = 60.0°.
The normal and shear stresses on the stress discontinuity CA are calculated from the state
of stress in zone 1:
G, +0 g, —0
GCA b 1 > 3 + 1 5 3 COSZ(P[,

2e,, +yz+'yz+ 2e, +yz -z
2
Oy = l.SCu +7z.

Sy = c0s(2x30.0°),

g, —0C
Teq = L3 sin2q,,
2¢, +Yz—"z
Tey= Ct‘fwsin(QXSO.O") =0.866¢,,.

Note that: o) =90.0°—0; =90.0°-30.0° = 60.0°,
To calculate the principal stresses in zone 2, the normal and shear stresses on the stress
discontinuity CA4 are expressed in terms of the principal stresses in zone 2:

G, +0; G;—C
o B B
2

01 =03

Oy =15¢c, +yz= cos2(,,

TCA :0.8666?‘. = Sln2({)2

Noting that 61 — 63 = 2¢,, and @2 = 60.0°, the stress state at zone 2 is obtained by solving
the above two equations:

O3 =c¢, +Y,0, =3¢, +1z.

Performing a similar calculation and relating the states of stress between zones 2 and 3
and between zones 3 and 4 we find:

Zone 3:

o =30.0°,05 =2c, +vZ,0, =4c, +7z,

Zone 4:

o3 =30.0°,65 =3¢, +v2,6; =3¢, + ¥z, and oy = 60.0°.

Under the smooth footing z =0, thus g, =0, =5¢,,.

The magnitude of g, is independent from the unit weight of the soil and is less than the
analytical value of 5.14 ¢,,.

Problem 7.3

Calculate the bearing capacity factor N, for undrained conditions for a smooth strip
footing if the ground surface outside of the foundation makes an angle of 15° above or
below the horizontal foundation level.

Solution:

Based on the solution presented in Problem 7.2, a general equation for A, in undrained
conditions can be obtained:

=
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q, = 2c, +nc, siny) =2c¢, (1+nsiny),
N, =2(1+nsiny) (7.2)

where » is the total number of stress discontinuities, and v is the rotation of the principal
stress directions per one stress discontinuity. When the ground surface outside of the
foundation makes an angle of 15° above the horizontal foundation level, the total rotation
of the principal stresses is:

y (total) = 90.0° 4+ 15.0° =105.0°. .

Note that only half of the section (similar to Figure 7.2) is taken into account. For
example, for 2 stress discontinuity (3 stress zones):

N, =2[1+2xsin 1052'0 }:5.17.

For = 100:

N, =2|1+100xsin 00 =5.606.
100

When the ground surface outside of the foundation makes an angle of 15° below the
horizontal foundation level:

y (total) = 90.0°—15.0° = 75.0°. For 2 stress discontinuity (3 stress zones):

N, :2[]+2xsin 752'0 J—4.43.

Forn=100: N, —2(1+100xsin 7]562 ]=4.62.

Problem 7.4

For the plane strain slope of 45° shown in Figure 7.3(a), calculate the lower and upper
bound values for ¢ / ¢,. For the lower bound solution select a reasonable value for the
number of the stress discontinuities passing through point 4 and apply the concept used in
Equation 7.2. For the upper bound solution use the mechanism shown in Figure 7.3(a).
Assume the stability number v/ / ¢, = 0, ¢, = 100 kPa.

Solution:

In the zone bounded by line ab, oy is vertical whilst in the zone bounded by cd it is
parallel to cd; thus oy has rotated 45.0°: y (total) =45.0°.
For n = 100 stress discontinuity:

CH

Note that by using the Bishop’s simplified slice method (Chapter 9) a slightly higher
answer of 3.68 will be achieved. From the geometry of the problem:

M =1732m,/ip=12.68m,/=40.0m, o) = 17.6°, 8 =27.4°,

ab=bd=20.0m, bc=4196 m.

The displacement diagram of the sliding blocks are shown in Figure 7.3(b), where v and
vy are the displacements of blocks 1 (abd) and 2 (bed) respectively and viz is the relative
displacement between two blocks.

4 =N, = 2[1+100><sin 5070357
100
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200m

ST

Figure 7.3. Problem 7.4.

From the geometry of the displacement diagram and assuming v = 1, we find vy = 0.887
and vyz =0.690. The external work has one component due to the surface load ¢, only,
because the material is assumed weightless:

E, =20.0xgxv xc0s30.0°=17.32q.

The flow rule in a rigid-perfectly plastic material requires the displacement to make an
angle of ¢’ or ¢, with the sliding surface. It can be shown that the internal works are due
only to cohesion and must have identical signs (positive preferred); thus

E; =abxc, xvycosd, =20.0x100.0x1.0 =2000.00,

E;y =bexce, xvycosd, =41.96x100.0x0.887 =3721.85,
E;y =bd xc, xv5 cosd, =20.0x100.0x0.690 =1380.00.

Total internal work = 7101.85. Equating the external work and the internal work:
17.32g =7101.85,9 =410.0kPa, ¢/ ¢, =410.0/100.0=4.1.

Note that the given angles in the geometry of the mechanism are not optimized values.
The exact value of ¢ / ¢, is between 3.57 and 4.1.

Problem 7.5

A plane strain vertical cut is subjected to a vertical uniform load ¢ at the upper ground
surface (Figure 7.4(a)). If the lower bound for the stability number v/ / ¢’ (with ¢ / ¢" = 0)
is 6.12, (this is obtained from a finite element analysis) calculate a lower bound for the
load parameter g / ¢’ for the given soil parameters.

¢’ =20 kPa, ¢' =30°, y = 19 kN/m”, and H = 5 m.

Solution:

A statically admissible stress field with 2 stress discontinuities (3 stress zones) is shown in
Figure 7.4(a). The stress field (either effective or total) in the three zones above may be
summarized as follows:
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'Y Z+q 7 ’YHI’C’
A
H

A

¥ (H+z)+q
—{i] |=l—

1 (H+z,)+q

1
*‘.’ Z4 z, * y (Hz,)+q
2

(@)
Figure 7.4. Problem 7.5.

Zone 1: 64 =0,6] =yz+q. Zone 2: 65 = y(H + 2] ) +q,0] =y(H + 2 ) +4.

Zone 3: 05 = yz,0) =y(H +z;) +q.

For a ¢, ¢/ material, failure occurs only at the toe of the slope. The relationship between
o'1 and '3 at the toe is given by Equation 4.8 (or 4.9). Replacing ¢'3 and @'| by the
corresponding values defined above, two identical equations in terms of the stability
number and the load parameter are obtained.

T o an(@5°+¢'/2) > q =0 (7.3)
C

H

L —2tan(45°+9'/2) > =0 (7.4)
¢

The highest lower bounds found for the stability number v/ / ¢’ and load parameter g / ¢’

may be related by a linear relationship, as shown by the line 4B in Figure 7.4(b). This

allows the estimation of a lower bound for one of the parameters when the magnitude of

the other parameter is known. Thus from Equation 7.4:

& [for ﬁ - oj =2tan(45.0°+30.0°/2) = 3.46.
C 5

For the case ¢ = 0, a higher value of 6.12 is given; therefore Equation 7.3 will not be used.
The results are shown in Figure 7.4(b) from which the equation of line A8 becomes:

H
i, = —0.5654Y—f- +3.46. The stability number corresponding to the given data is:
c ¢

¥H _19.0x5.0

- 500 =4.75. Substituting this value in the equation of line 45;
¢ .

9 - 0.5654x4.75+3.46=0.774 — g=0.774x20.0=15.5 kPa.

r

0
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Figure 7.5. Problem 7.6: (a) & (b) single mechanism, (¢) & (d) two-block mechanism.

Problem 7.6

For a 45° plane strain slope in a ¢, ¢, = 0 soil, compute the upper bound values for the
stability number yH / ¢,, using the collapse mechanism shown in:

(a) Figure 7.5(a) for a single block and

(b) Figure 7.5(c) for two blocks.

Solution:

(a) The displacement diagram is shown in Figure 7.5(b), where vi (or om) represents the
displacement across the slip plane and on is the vertical displacement of the shding block.
From the geometry of the mechanism and displacement diagram we have:
be=ca=1414H,ab=2.613H,0n=0.383v; - v; =1.0 5> 0on =0.383.

w = weight of the block abc = %H x1.414H x1.0xy=0.707yH .

Compute external work:

E,=wxon=0.707yH> x0.383=0.271yH %,

Compute internal work:

E; =abxc, xvicosy, =2.613H xc, x1.0=2.613Hc,,.
Equate external work to internal work:

0.271yH? =2.613He,,

vH

— =9.64.

Sy
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(b) The displacement diagram is shown in Figure 7.5(d), where v| (or om) and v, (or op)
represent the displacements of blocks across the two slip planes and o# and og are the
vertical displacements of the sliding blocks. The displacement v2; is the relative
displacement of block 2 against block 1 on the corresponding slip plane (de in Figure
7.5(c)). From the geometry of the mechanism and displacement diagram we have:

be=1414H ,cd =0.707H ,bd =1.225H ,da =0.966H ,
vy =1.0,v, =0.866,v,; =0.5,0n=0.707,0q =0.224.

w) = weight of the block 1 = éO.’/’O’/H 5in 60.0°x0.966 H x 1.0y = 0.296yH °.

wy = weight of the block 2 = %1 225H x0.707TH x1.0xy = 0.433yH 2.

Compute external work:
E, = w; xon+w, xog =0.296yH? x0.707 +0.433yH 2 x0.224 = 0.306yH 2.
Compute internal work:

E; =adxc, xv cosd, +dbxc, xvycosd, +cdxc, xvy cosd, —>cosd, =1.0,
E; =0.966H xc, x1.0+1.225H xc, x0.866 +0.707H xc, x0.5 = 2.380Hc,,.
Equate external work to internal work:

vH

Sy

0.306yH > =2.380Hc, — 7.78 < 9.64 (single mechanism) .

Problem 7.7

For a 45° plane strain slope in a ¢, ¢, = 0 soil, calculate the load parameter g / ¢, using
the collapse mechanism of Figure 7.6(a). v/ / ¢, =0.

Solution:

From the geometry of the mechanism and displacement diagram:

be=1414H ,bd =1.454 H ,da = ca=cd =0.863H ,

vy =1.0,v, =0.922,v,, =0.815,0n = 0.860.

Figure 7.6. Problem 7.7.



106 Problem Solving in Soil Mechanics

Compute external work:

E,=gxcaxon=qgx0.863H x0.866=0.747qH .

Compute internal work:

E;=adxc, xvycosd, +dbxc, xv,ycosd, +cdxc, xvy cosd, = cosd, =1.0,

E; =0863H xc, x1.0+1.454H x ¢, x0.922+ 0.863H xc, x0.815=2.907Hc,,.
Equate external work to internal work:

0.747yH? = 2.907He, — I _ 389 < 4.10 (Problem 7.4).

CE{

Problem 7.8

A 10 m height of saturated clay is supported by a rough retaining wall. The properties of
the soil are: ¢, = 60 kPa, ¢,,=0, and y =18 kN/m>. The vertical boundary load is ¢ = 50
kPa and ¢,, (cohesion mobilized between wall and soil) =30 kPa. Calculate the lower
bound value of the horizontal active thrust and the position of its point of application.

Solution:

The formulation for ¢y, ¢, = 0 soil and a rough wall with one stress discontinuity (Figure
7.7(a)) is as follows:
The rotation of the principal stresses along the stress discontinuity is:

6
Y= 7 (7.5)
where 0 is defined by:
sin@ = i) (7.6)
CH
and the angle a is found to be:
T 6
a=——— 7.7
4 4 (7.7)

Hard stratum
(a) (b)

Figure 7.7. Problem 7.8.
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From the geometry of Figure 7.7(b) the active lateral pressure p,y at depth z is:
Pap =(Yz+q)—cz,[1+25in§-+coseJ (7.8)

Integrating the above equation along the wall, the total horizontal active thrust is
expressed by:

2
P, =%+[qcu[l+2sin%+coseﬂﬁ (7.9)

If the number of stress discontinuities is increased from | to », then the term 28in(6/2) in
Equations 7.8 and 7.9 is replaced by 2nsin(6/2#). However, the improvement in the active
thrust is not significant. The passive pressure can be calculated in a similar manner:

Pph _(yz+q)+cu[l+25ing+cosﬁ) (7.10)

The total horizontal passive thrust is:

2
Py =%+[g+cu(l+2sing+c058HH (7.11)

Note that if the horizontal active pressure (Equation 7.8) has negative value at the ground
surface, Equation 7.9 cannot be used because the soil cannot sustain the tensile stress.
Assuming one stress discontinuity and using Equations 7.6 and 7.8:

sing="w 2390 o5 63000
60.0

Cu

30.0°

P, =18.02+50.0-60.0 [1 +2sin +cos30.0°], P =18.02-93.02.

Pan =18.02-93.02=0— z =z, =5.17m (depth of tension crack).
Pan(z=10.0m)=18.0x10.0-93.02 =86.98 kPa.

P, (horizontal thrust) = p_, (z =10.0m)x(10.0-z,)/2,

P, (horizontal thrust) = 86.98x (10.0-5.17)/2 = 210.0 kN.

The application point of the active thrust measured from the base =
(10.0-5.17)/3=1.61m.

Problem 7.9

A retaining wall of height 6 m retains a sandy soil for which ¢’ =0 and ¢’ =35° and
v=19 KN/m°. A uniform load of g =50 kPa acts on the upper ground surface. Assuming
d" (the friction angle mobilized on the interface) = 35°, calculate the lower and upper
bounds for the active thrust (the resultant of the horizontal and vertical components). For
the upper bound solution assume a single variable mechanism similar to Figure 7.9(a).

Solution:

The stress circles for a ¢’ =0, ¢’ material and for one stress discontinuity (similar to Figure
7.7(a)) are shown in Figure 7.8. The shear stress on an element of soil immediately behind
the retaining wall is:
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Figure 7.8. Problem 7.9.

Tyz = Paptand’.

The active pressure is expressed by:

sin{w —A)(1 —sin ¢’ cosB)

=(vz+q)k,, =(yz+ 7.12
Pah =00 dhan = (02 4 L+ sin ) 712
where the angles 8,  and A are defined in Figure 7.8 and:
L (7.13)
sing’

Rotation of the principal stress directions due to the stress discontinuity is defined by v
that is given by:
20, -2¢;, _0
Jj = :—:900—(‘0 7.14
v ) : (7.14)
The angle 6 can be expressed in terms of &' and ¢ by introducing the angle o' defined in
Figure 7.8, then:

Sine’ = sin(8+8") = 30O (7.15)
sin
For the passive case this equation has the following form:
sin’ =sin(0-9") :S?LS, (7.16)
sind

Using a similar approach, the soil pressure coefficient for the passive case can be
obtained:

_ sin(@+A)(1+sin¢’cos )
PR sin(w — 2)(1 —sin ¢')

(7.17)

The total active or passive thrusts are the integral of the soil pressure along the wall:
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HZ
P —[—Y St ]kah (7.18)
2
vH
Poy —[TMHJ/CM (7.19)

It can be shown that the increasing of number of stress discontinuities will not
significantly improve the solution. Using Equation.7.15:

sinw =sind’'/sing’ =sin35.0°/sin35.0°=1.0 - &' =90.0°,
®'=90.0°=0+8"=0+35.0°>0=550"—>0/2=275"
From Equation 7.14:

8/2=275°=90.0°-w— 0=062.5°

Thus the angle A can be found from Equation 7.13:

S sinbost = St %
sin35.0°

Calculate the horizontal component of active thrust using Equations 7.12 and 7.18:
_sinf@—A)(1-sind'cos®)  sin(62.5°—30.6°)(1 -sin35.0°c0s55.0°)

ah . T : ; =0.2257.
sin(m+ A){1+sin¢") sin{62.5° 4+ 30.6°)(1 +sin35.0°)

P, =(yH? 12+ qH)k,, = (19.0x6.02/2+50.0x6.0)x0.2257 = 144.9 kN,

Vertical component of active thrust is I, =144.9x tan35.0° =101.5 kN, thus

P, =v144.9%2 +101.5% =176.9kN.

From the geometry of the upper bound mechanism and the displacement diagram of
Figure 7.9;

ca=H xtana =6tana.
w=H(Hxtana/2)y=6.0x6.6xtanax1/2x1.0x19.0 =342 tan «.
v, =1.0,0n = cos(a.+35.0°),nm = sin(a + 35.0°).

Compute external work:

E,=(gxcat+w)xon—P, sin35.0°xon—F, cos35.0%xnm.

As ¢ =0, therefore the internal work is zero, thus the sum of the external works must
equal to zero:

(50.0x6tan o +342.0tan o) cos(a + 35.09)

- P sin35.0°cos(a+35.0°) - P, c0s35.0°sin(c +35.0°) = 0.

P - 642.0tan c x cos(o +35.0°) _ 642.0tan o x cos(a +35.0°)
@ sin35.0°cos(o+35.0°) + cos35.0°sin(a + 35.0°) sin(c + 70.0°)

Using a trial and error method the value of « corresponding to the maximum value of P,
1s found to be 32.5°, therefore:

p _ 642.0tan32.5°xcos(32.5° +35.0°)
é sin(32.5°+70.0°)

=160.3kN.
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SERERIANE

Figure 7.9. Upper bound mechanism for Problems 7.9 & 7.10.

Problem 7.10

Using the single variable mechanism of Figure 7.9(a), find the upper bound value for the
active thrust using the following data: 3
H=5m,a=34° ¢g=80kPa, 8" =20° ¢ =10kPa, ¢’ =25° and y = 18 kN/m".

Solution:

From the geometry of the upper bound mechanism and the displacement diagram of
Figure 7.9(b):

ca=5.0xtan34.0°=3.37 m,

ab=5.0/co0s34.0°=6.03 m.

w=50x337x1.0x18.0/2=151.7 kN.

v, =1.0,0n = c0s(34.0°+25.0°) = 0.515, nm = sin(34.0° + 25.0%) = 0.857.

Compute external work:

E,=(gxca+w)xon- P, sin20.0°xon—P,cos20.0°x nm,

E,=(80.0x3.37+151.7)x0.515~- P, 5in20.0°x0.515 - P, c0s20.0°x 0.857,

E,=217.0-0981P,.

Compute internal work:
E; =abxc'xv, cosd’ =6.03x10.0x1.0xc0s25.0° = 54.65, |

Equate external work to internal work:
217.0-0.981P, = 54.65,

P, =165.5kN.

Problem 7.11

For the upper bound mechanism of Figure 7.10(a) (a tunnel heading) compute an upper
bound value for g, (internal pressure inside the tunnel applied to the face of the heading).
The given data are:

0=B=60°8=90°, H=10m,D=2m,c, =40kPa,p, =0,7 =20 kN/m>.

Solution:
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Jo

Figure 7.10. Problem 7.11.

From the geometry of the upper bound mechanism and the displacement diagram:
bec=bd =cd=2m, de= L =11.55m.
cos(180.0° - 60.0°-90.0°)
11.0

ab = =12.70 m.
c0s(180.0° - 60.0°-90.0°)

v; =1.0,0n = cos(180.0° - 90.0° - 60.0°) = 0.8606,

nin =sin(180.0°-90.0° - 60.0°) = 0.5,

sin(180.0°-8) _ 1.0xsin90.0°
lsin(180.0°—c—B)  sin60.0°

og =1.155¢c08(60.0° + 60.0° +90.0°~180.0°) =1.155 x c0s 60.0° = 0.577,
Pqg=vyxsina=1.155xsin60.0°=1.0.

=1.155.

sin(a+B+5-180.0°)  1.0xsin30.0°

V?_l =V1 T - =0577
sin(180.0° — o — B) sin 60.0°
)
v = 2.0(11.55 +212.70)><1.0 T
Wy = 2'OX2'OXC§S3O'O 10 0.0 =34.6 kN,

Compute external work:

E,=—q,xdcx pg+w xon+w,y xoq,

E,=-q,%x2.0x1.0+485.0x0.866 +34.6x0.577,
E,=440.0-2gq,.

Compute internal work:

E; =edxc, xv)+abxc, xvy +bcxc, xvy +bdxc, xv,),

E; =11.55x40.0x1.0+12.70x40.0x1.0+2.0x40.0x1.155+2.0x40.0x0.577,
E; =1108.6.

Equate external work to internal work:

440.0-2g, =1108.6 — g, = —334.3 kPa (tensile).
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CHAPTER 8

Lateral Earth Pressure and Retaining Walls

8.1 INTRODUCTION

The problems solved in this chapter are divided into three major categories:

1. The evaluation of the magnitude and distribution of lateral earth pressure behind a
retaining wall and understanding the concepts of active and passive failure. Other factors
considered are the effects of the surface load and stratified backfill (Problem 8.1), sloping
backfill (Problem 8.2), the location of water table (Problem 8.3), and the existence of
friction or adhesion on the interface between wall and backfill (Problem 8.4). In the above
problems a Rankine type method where the lateral pressure increases linearly with depth
is adopted. For this purpose the corresponding active and passive earth pressure
coefficients are formulated. For a wall with significant friction, and irregular ground
surface, a Coulomb wedge analysis, can be applied (Problem 8.5). In this method the
actual lateral pressure distribution is not defined but based on experimental data, the
location of the resultant of these (lateral) pressures can be obtained. The stability of
different types of retaining walls that are subjected to lateral earth pressures are then
explained in Problems 8.6 and 8.7.

2. The static analysis of sheef pile walls are demonstrated in Problems 8.9 and 8.10 along
with determination of the maximum bending moment in the sheet pile and analysis of the
anchorage system in an anchored sheet pile.

3. This category (Problem 8.11) investigates the stability of a reinforced soil where the
lateral earth pressures are resisted by reinforcement elements rather than the retaining
wall.

8.2 PROBLEMS

Problem 8.1

An § m high retaining wall retains a soil comprised of two 4 m thick layers (Figure 8.1(a))
with the following properties:

Upper layer: ¢’ = 10 kPa, ¢' = 18°, y =18 kN/m3;

lower layer: ¢ =0, ¢’ =35°, y=18 kN/m®,
For a surface load ¢ = 50 kPa, determine the active thrust and its distance from the base of
the wall.

Solution:
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The distribution of lateral active earth pressure behind a smooth vertical wall is:

p, =0k, =2k, (8.1
where k, is the lateral active earth pressure coefficient given by:
oSt s g2) (8.2)
1+sind .

For the passive case:

Pp =0k, +2¢ fkp (8.3)
where &, is the lateral passive earth pressure coefficient given by:

= t:ﬂi = tan2(45°+¢'/2) (8.4)
For layer 1:
k, =tan?(45.0°—¢'/2) = tan? (45.0°—18.0°/2) = 0.528.
For layer 2:
k, =tan?(45.0°~35.0°/2) = 0.271.
Atz=0,
o'.=50.0 kPa,
Pa =50.0%0.528-20.0+/0.528 =11.9 kPa.
Atz=4.0m,

o), =18.0x4.0+50.0 =122.0 kPa,

p, =122.0x0.528 -20.0v0.528 = 49.9 kPa.
At z=4.0 m but using k, of the lower layer:

ARRTIATIL.

¢’ =10 kPa, ¢' = 18°,
y =18 kN/m®

4.0m

¢ =0, ¢ =35°

=18 KN/m? S0

Figure 8.1. Problem 8.1.
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o =122.0%x0.271-0.040.271 =33.1 kPa.
Atz=8.0m,
o, =18.0x4.0+18.0x4.0+50.0 =194.0 kPa,
n, =194.0x0.271 =52.6 kPa.

The lateral earth pressure distribution is shown in Figure 8.1(b) from which:
F=11.9%x4.0x1.0=47.6 kN,

Iy =(49.9-11.9)x4.0/2x1.0 =76.0 kN,
F3=33.1x4.0x1.0 =132.4 kN,
=(52.6-33.1)x4.0/2x1.0=39.0kN.

i=4
F,=2F
i=l
P,=47.6+76.0+132.4+39.0=295.0 kN.
Take the moment of every force about the base to find the position of the resultant:
47.6(2.0+4.0)+76.0(4.0/34+4.0)+132.4x2.0+39.0x4.0/3

Z= ' - =342 m
295.0

Problem 8.2

A retaining wall of 5 m height retains a sloping backfill with P (the angle of the sloping
ground with horizontal) = 20°. The properties of the backfill are:

¢'=0,¢ =35 y=17 kKN/m’.

Determine the active thrust on the wall and its horizontal and vertical components.
Solution:

For a granular soil with shear strength parameters ¢’ =0, ¢' and < ¢":

' :cosﬁ—\fcoszﬁ—coszd)' 85)
¢ cosB+\/coszﬁ—cosz¢'

The active earth pressure at depth z 1s:

Pa =72k 4 cosf (8.6)

The total active thrust is parallel to the ground surface and acts at a height // /3 above the

base and is given by:
2

P - —W; k, cosp 3.7

In the passive state the earth pressure coefficient is:

I cos[3+\fcos p- coszd) 8.9)
cosP—+fcos? p— cos?

The passive earth pressure at deplh z and the total passive thrust are calculated using
equations similar to Equations 8.6 and 8.7 in which k, is replaced by k. In the presence of
a surface load ¢, vz must be replaced by vz + ¢.
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Using Equation 8.5: k, = 0.342.
The total thrust from Equation 8.7 is:

P, =0.5%17.0x5.0% x0.342x c0s 20.0°x 1.0 = 68.3 kN.

P, =68.3xc0s20.0°=64.2kN.
P, =68.3xsin20.0° = 23.4 kN (downwards).

Problem 8.3

Re-work Problem 8.1 assuming that the water table is located 2 m beiow3 the ground
surface (Figure 8.2(a)). The saturated unit weight for both layers is 19.5 kN/m™.

Solution:

Atz=0,

o'>=50.0 kPa,

P, =50.0x0.528 -20.040.528 =11.9 kPa.
Atz=2.0m,

o, =18.0x2.0+50.0 =86.0 kPa,

P, =86.0x0.528 -20.0+/0.528 =30.9 kPa,

Atz=4.0m,

o, =18.0%2.0+19.5%2.0+50.0-9.81x2.0 =105.4 kPa,
P, =105.4x0.528 -20.0v0.528 = 41.1 kPa.

Again at z = 4.0 m but using %, of the lower layer:

p, =105.4x0.271-0.040.271 = 28.6 kPa.

Atz=8.0m,
o, =18.0x2.0+19.5%2.0+19.5x4.0-9.81x6.0+50.0 =144.1kPa,

P, =144.1x0.271 = 39.0 kPa.

The lateral earth pressure distribution is shown in Figure 8.2(b).
Calculate the resultant of active forces:
F=11.9%2.0x1.0=23.8 kN,

Fy; =(30.9-11.9)x2.0/2x1.0 =19.0 kN,

Fy=309%x2.0x1.0=061.8kN,

Fy=(41.1-30.9)x2.0/2x1.0=10.2 kN.

Fs =28.6x4.0x1.0=114.4kN,

Fg=(39.0-28.6)x4.0/2x1.0=20.8kN.

P, =238+19.0+61.8+10.2+114.4+20.8=250.0 kN.

Take the moment of every force about the base to find the position of the resultant:

- 238x7.0+19.0%x6.67+61.8x5.0+10.2x4.67+114.4x2.0+20.8x1.33 —162m
o 250.0 T
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50 kPa

HHH+H

¢’ =10 kPa, ¢’ = 18°,
=18 kN/m?3
= |40m Allin (kPa)
y=19.5kN/m3[2.0m
Y \
¢'=0, ¢ =35°
S 4.0m
v =19.5 kN/m3
_____________ Y. 58.9
(a) (b) (c)

Figure 8.2. Problem 8.3.

Calculate the force due to water pressure behind the wall (Figure 8.2(c)).
u (pore pressure at z =8.0m) = 9.81x6.0 =58.9 kPa.

58.9x6.0x1., . . .
P, = szl—o =176.7 kN. Thus the total force applied to the retaining wall is:

P =250.0+176.7=426.7 kN (per meter run of wall).

Problem 8.4

A 10 m retaining wall retains soil with the following properties: ¢, = 40 kPa, y = 17.5
kN/m ¢w = 17.6 kPa, and &' (friction angle mobilized between wall and soil) = 0.
Determine the magnitude of the active thrust:

(a) when the surface carries no surcharge,

(b) when a surface surcharge of 50 kPa is applied.

In both cases the ground surface is horizontal.

Solution:

This problem can be solved by applying the wedge analysis for ¢, ¢, = 0 soil which can
be formulated for vertical wall with horizontal ground surface,

coto = [1+5% (8.9)

Cy

where o is the angle of the failure plane with horizontal:

H2_,2
p I =%) : Zo)uzcu(ﬂ—zax/l{—w for g = 0 (8.10)
U

If vertical surface loading g exists then:

H?-:2 .
Pa:”(—,)z—olw(ff—zo)—zcu(ﬁ—zo) +5%  forg>0 (8.11)
2 s
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The magnitude of z, is unknown but may be estimated from the following equation which
is based on the linear distribution of the lateral active earth pressure behind a smooth wall:

_2u_a
T, =

Y o r

Alternatively we may assume Equation 8.10 to be equivalent to a linear distribution of

lateral earth pressure given by:

(8.12)

.,
Pa =722, |1+ (8.13)

C[l

where z = 0 at the ground surface and z = H at the base of the wall. With the assumption of
a linear lateral pressure distribution, the depth at which the earth pressure becomes zero is:
2e c.,
z, =—% 1+ (8.14)
-}] CH

The total active thrust is the integral of Equation 8.13 with a correction for the tension
zone (ignoring the tensile area in the stress distribution graph).

H(H - ,
p=YHH 220 oy el (8.15)
2 <,

For g > 0, and p, < 0 at z = 0, the equivalent linear lateral earth pressure, depth of tension
crack and total active thrust are given by:

p,=yz+g-2c, |1+ (8.16)
CZ(
2c c,.
z, = 1y 4 (8.17)
Y cn Y

H(H - H-z
Pa:'}/ ( ZO)+Q( 0)~CM(H720) l+i (8]8)
2 2 Cu

For the passive state:

2
Pp=ﬂ+qH+20uH /1-&i (8.19)
2 c,

The critical magnitude of « is given by Equation 8.9.
(a) From Equations 8.14 and 8.15 (or 8.10):

z, =(2x40.0/17.511+17.6/40.0 =5.48 m.

P, =17.5x10.0(10.0 —5.48)/2 - 40.0(10.0 - 5.48)/1+17.6/40.0 = 178.5 kN.
(b) Similarly; and using Equations 8.17 and 8.18 (or 8.11):

2, =(2x40.0/17.5)41+17.6/40.0 —50.0/17.5 = 2.63 m.

P, =17.5x10.0(10.0 - 2.63) /2 +50.0(10.0 - 2.63)/ 2 —

40.0(10.0 —2.63)4/1+17.6/40.0 = 4754 kN,
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(@) (b)

Figure 8.3. Problem 8.5.

Problem 8.5

A retaining wall of height 12 m (Figure 8.3(a)) retains a two-layer soil having the
following properties: 3

0 m - 5 m below the surface: ¢, = 12 kPa, ¢, =0,y =17 kKN/m".

Below 5 m, ¢y = 35 kPa, dy = 0, and v = 18 kKN/m".

Calculate the magnitude of the total active thrust and the critical value of o. For this
purpose formulate P, in terms of the angle o using the force diagram and set:

aoF,

—£ =0.48"=0and ¢, = 10 kPa.
oo

Solution:

Depth of tension zone from Equation 8.14:

gt it ot
17.0 12.0

Calculate the total weight of the trial wedge using the geometry of the wall and trial edge
shown in Figure 8.3(a):
W =w, +w, =area of AFGDE x1.0x vy, + area of FBG x1.0xy,.

w; = (area of AFGC -area of EDC)x1.0xy,

" =(7.Ocotcc+212.()cota 5 G 1.91x1.91coraJX17_0 7765 cotaL KN,
iy wx 18.0 = 441 0cot a kN.

W =w +w,y, =776.5cota +441.0cota =1217.5cot a.
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Calculate shearing resistances (due to cohesion) on the failure plane and back face of the
wall (due to adhesion):
5.0-1.91 7.0 282.1

T,=GDx10x¢, +BGx1.0x¢c ,=———x12.0+— x35.0 ==
- SIN o SIn o Sin o

kN.

T,=(4AB—-z,)x1.0xc, =(12.0-1.91)x10.0 =100.9 kN.

Calculate the horizontal force due to water pressure in the tension crack:

P, - (Y, xz,)%z,x1.0 _ 9.81x1.91x1.91
2 2

From the polygon of the forces shown in Figure 8.3(b) P, can be evaluated as follows:

P, =fe—ag=getano—(dh-P,)=W T, —eh)tana — (T, cosa — P, ),

P,=(W-T, -T,sina)tanc — (T, cosa.— P, ).

Substituting values of W, Ty, T, and Py

P, =(1217.5cota —100.9 - 282 1) tan «« — (282 . 1cot o —17.9),

P, =12354-383.0tana — 282.1cot o,

Calculate the critical value of o

=17.9kN.

- il
% _ 383.0x R D B . LT 5
da cos~ a sin2 q. cos?o  383.0
tano = &i =0.858 — o = 40.63°. Thus
383.0

P, =1235.4-383.0tan 40.63° — 282 .1cot 40.63° = 578 O kN.

Problem 8.6

A concrete gravity retaining wall is 6.6 m high and 3.2 m wide. If the thickness of the soil
at the front of the wall is 2 m, determine the maximum and minimum base pressures
assuming no base friction or adhesion. The soil has the following properties:

¢ =0,¢" =35 p(forsoil)= 1.8 Mg/rn3. p (for concrete) = 2.4 Mg/m?’.
Solution:

Calculate &, and k,, from Equations 8.2 and 8.4:

k, = tan? (45.0°=35.0°/2) = 0.271.

k, = tan?(45.0°+35.0°/2) = 3.690.

Active pressure distribution and thrust;

Atz=0,0,=00and p, =0.0x0.271-0.04/0.271 = 0.0.
Atz=6.6m, 6. =1.8x9.81x6.6=116.5 kPa,
Pa=116.5%0.271-0.04/0.271 =31.6 kPa.

P 31.6x6.6x1.0

a

=104.3kN.

Passive pressure distribution and thrust:
Atz=0,0":=0.0and p, = 0.0%3.690+0.043.690 =0.0.
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RSN NN
¢ =0, ¢ = 35°,
- 1\ p=1.8Mgmd
C4972KN
: 6.6 m
104.3 kN
i
130.2 kPa Max: 130.2 kN : 31.6 kPa
t

Figure 8.4. Problem 8.6.

Atz=20m, o, =1.8x9.81x2.0 =353kPa,

P, =353%3.690+ 0.04/3.690 =130.2 kPa.

P, = 130.2x2.0x1.0/2 =130.2kN.

Factor of safety against sliding is the ratio of the resisting forces in the sliding direction to
the component of the active thrust or disturbing forces along the same direction:

Fg¢ =130.2/104.3 =1.248 ~ 1.25. The weight of the wall is:
W=66x32x1.0x24%981=497.2kN.

Taking the moments of the forces about the toe (point ¢, Figure 8.4) we have:
(130.2/Fg)x(2.0/3)+497.2x1.6 -104.3x (6.6/3) - N xx =0,

Where N is the total vertical force (or vertical reaction of the soil applied to the base) and
x is the distance of this force from the toe.

From vertical equilibrium N = 497.2 kN; thus

(130.2/1.248)x(2.0/3)+497.2x1.6 - 104.3x(6.6/3)-497 2xx =0,

x=1.278m.

The eccentricity e is calculated from:
L
e= *2' — X (820)

Thus e=1.6-1.278 =0.322 m.

For a rigid rectangular footing the contact pressure distribution under the footing may be
assumed linear. With the symmetric loading about the [.-axis, the contact pressures at the
two edges of the rectangle are (Equations 5.51):

N 6e N 6e
Imax = EE(I + f}’ min = E(l _L] (8-21)

For ¢ > 0 the maximum contact pressure occurs at the toe whilst the minimum contact
pressure occurs at the heel:

=(497.2/3.2x1.0)(1.0+6x0.322/3.2) = 249.2 kPa (at point f, Figure 8.4).
=(497.2/32x1.0)(1.0-6x0.322/3.2}=61.6 kPa (at point A, Figure 8.4).

qmﬂx

Y min
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Problem 8.7

For a concrete gravity retaining wall of 3.2 m width and 6.6 m height, determine the
maximum and minimum base pressures assuming a base friction angle of 8 = 15°, and a
base adhesion of ¢, = 10 kPa. A surcharge load of 20 kPa is applied vertically to the
ground surface on the backfill. The soil has the following properties:

¢ =10 kPa, ¢’ = 25°, p (for soil) = 1.8 Mg/m®, p (for concrete) = 2.4 Mg/m”.

Solution:

Calculate &, and k&, from Equations 8.2 and 8.4:

k,= tan” (45.0°—25.0°/2) = 0.406, k, = tan? (45.0°+25.0°/2) = 2.464 .
Active pressure distribution and thrust:

Atz=0,0",=20.0and p, =20.0x0.406 —2x10.0/0.406 = —4.6 kPa.

The depth of tension crack is calculated by setting Equation 8.1 to zero (or use Equation
8.17 with ¢y, = 0, and replace ¢, with ¢'):

pa =0k, =2k, =(vz, + @)k, —2¢'Jk, =0, thus

. 2¢! _q_ 2c'tan(45°+¢'/2) ¢
¢ 7\[1; Y Y Y
z, =2x10.0/(1.8x9.814/0.406) - 20.0/(1.8x9.81) = 0.64 m.
Atz=6.6m, o, =1.8x9.81x6.6+20.0=136.5 kPa,
P, =136.5x0.406-2x10.04/0.406 = 42.7 kPa.
P, = 42.7x (6.6 -0.64)x1.0
2
Passive pressure distribution and thrust:
Atz=0,¢',=0.0 and pPp= 0.0x2.464 +2x10.04/2.464 =3]1.4kPa.
Atz=2.0m, ¢, =1.8x9.81x2.0=353kPa,
p, =35.3x2.464 +2x10.042.464 =118.4kPa.
Pp =31.4x2.0x1.0 = 62.8kN.
Pny =(118.4-31.4)x2.0x1.0/2 =87.0kN.
P, =62.8+87.0 =149 8kN.

The active and passive pressure diagrams are shown in Figure 8.5, The weight of the wall
is 497.2 kN. Factor of safety against sliding is:
P, +Wxtand'+ Lx1.0x¢
Fg=-1
Pa

Fg =(149.8+4972xtan15.0°+3.2x1.0x10.0)/127.2 = 2.477,
Taking the moments of the forces about the toe:
(62.8/2.477)%(2.0/2)+(87.0/2.477) = (2.0/3)+497.2x1.6 —

[27.2x(6.6-0.64)/3-4972xx=0— x=1.190 m.

The eccentricity e is calculated as:

(8.22)

=127 .2 kN.
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¢ -4.6 kPa
¢ =10.0, ¢ = 25°,
p=1.8 Mg/m3

z,=0.64m

497.2 kN 6.6 m

31.4 kPa

127.2 kN

20m
118.4 kPa

42.7 kPa

Figure 8.5. Problem 8.7.

e=1.6-1.19=041m.

497.2 6x0.41
qmax = 32%1.0 1.0+

J =274.8 kPa (at point ¢, Figure 8.5).

4972 (1_0_6x0.41

Grnin = E 0 % ] =35.9 kPa (at point /, Figure 8.5).

Problem 8.8

The concrete gravity retaining wall shown in Figure 8.6 supports two layers of soil each
having a thickness of 3 m. The properties of the layers are:

upper layer: ¢’ =0, ¢' = 30°, 14, =17.5 kN/m3, and yyq = 19.5 kN/m3;

lower layer: ¢’ = 10 kPa, ¢' = 18°, and ys4r = 19 kN/mB. There is a surface load of 50 kPa
and the water table is 1.5 m below the ground surface. The front of the wall is supported
by soil with ¢’ =20 kPa, ¢’ =25°and y = 18 kN/m”. Determine:

(a) the factor of safety against sliding assuming that the cohesion between the base of the
wall and the soil is 20 kPa, and the mobilized friction angle on this interface is 25°,

(b) the factor of safety against overturning,

(c) the distribution of the contact pressure under the base of the wall.

Take the unit weight of the concrete as 24 KN/m". Assume the back and front faces of the
wall are smooth (¢, = 0, & (wall) = 0).

Solution:

(a) For the upper layer (Equation 8.2): £, = tan”(45.0°-30.0°/2) = 0.333.

For the lower layer: k, = tan?(45.0° - 18.0°/2)=0.528.

Atz=0,0;=50.0kPa, u=0,0";=50.0kPa, p, =o'k, =50.0x0.333=16.7 kPa.
Atz=15m,kPa, u=0, o, =50.0+17.5%1.5="76.2 kPa, o', = 76.2 kPa,
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Figure 8.6. Problem 8.8.

p, =76.2x0.333 =254 kPa,

Atz=3.0m,0c, =50.0+17.5x1.5+19.5x1.5=105.5kPa, v =9.81x1.5 =147 kPa,
o' =105.5-14.7 = 90.8 kPa, using k,=0.333, p, =o"k, =90.8x0.333 =30.3 kPa.
Using ks = 0.528, p, =o'k, —2¢'x [k, =90.8x0.528~2x10.0v0.528 = 33.4 kPa.
Atz=60m,6_ =50.0+17.5x1.5+19.5x1.5+19.0x 3.0 =162.5 kPa,
u=9.81x4.5=44.1kPa, ¢’ =162.544.1=118.4 kPa,

p, =118.4x0.528-2x10.04/0.528 = 48.0 kPa.

The results are shown in Figure 8.6 and the computations are summarized in the table
below. Distance of the total horizontal thrust from the base = 640.85/294.66 =2.175 m.

Arm above Force x arm

Raree G the base (i) (kN.m)
F1=16.7 % 1.5 x 1.0 (per meter run) = 25.05 5.25 131.51
Fr=(254-167)x15x1/2x1.0=6.52 5.00 32.60
F2=254%x1.5%x1.0=3810 3,75 142.87
Fa=(303-254)x15%x1/2x1.0=3.67 3.50 12.84
Fs=334x3.0x1.0=10020 1.50 150.30
F=(48.0-334)x3x1/2x1.0=21.90 1.00 21.90
=441 x45%x1/2x1.0=9922 1.50 148.83

Total thrust = 294,66 = 294.7 Total = 640.85

Passive pressure distribution and thrust:
k, = tan®(45.0°+25.0°/2) = 2.464,
Atz=0,0';=0.0and p,= 0.0x2.464 + 2x20.042.464 = 62.8 kPa.
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Atz=20m, o, =18.0x2.0 =36.0kPa,
Pp=36.0x2.464 +2x20.0¥2.464 =151.5 kPa.
P, =62.8x2.0x1.0=125.6 kN.
P,y =(151.5-62.8)x2.0x1.0/2=88.7kN, P, =125.6 +88.7 = 214.3kN.
Referring to Figure 8.6 the weight of the wall is: W W+ Wy + Wy,

W =35x20x10x240+15x4.0x1.0/2x24.0+2.0x4.0x1.0x24.0,
W =w +wy+wy=168.0+72.0+192.0=432.0kN.
Factor of safety against sliding is:
Pp+Wxtan6’+Lxl.O><cb
Pkl
FS=214'3+432'0Xtar;;j'(7)0+3'5><1'0><20'0:1.648z1.65.

(b) For overturning, the factor of safety is defined as the ratio of the sum of resisting
moments to the sum of disturbing moments about the toe of the retaining wall.

FS=

£, = 2Mr (8.23)
= .
M,
S M, = 125'6; = 88'7;2'0 +168.0x1.75+72.0x1.0+192.0% 2.5 =1030.73 kN.m.

> M, =640.85 kN.m (see the table on the previous page).

M, ~1030.73

Fy =

> M,;  640.85
(¢) Taking the moments of the forces about the toe:
(125.6/1.648)%x (2.0/2) + (88.7/1.648) % (2.0/3) +168.0x1.75+ 72.0x 1.0 +
192.0%x2.5-640.85-432.0xx=0— x=0.734 m.
e=1.75-0.734 =1.016 m.

4320 L0+ 6x1.016
Imax =3 5500 " 35

=1.608=1.61.

) =338.4 kPa (at point ¢, Figure 8.6).

p

4320 (1 _6x1.016

Imin = 35%10 35 ): —91.5 kPa (at point /1, Figure 8.6).

Problem 8.9

A cantilever sheet pile supports a 6 m high backfill with the following properties:
Om-2m:c¢" =0, ¢ =30°v=16.5 KN/m>, 2 m - 4 m: ¢’ =0, ¢ =35% y=17 kN/m3j
4m-6m: ¢ =15kPa, ¢ =20° y=17 kN/m", '
Embedment depth 2 = 3.5 m and the soil under the dredge line (at both sides) is the same
as the soil under the 4 m depth. Determine the factor of safety (in terms of ¢' and k)
assuming a simplified pressure diagram. The case of the cantilever sheet pile in ¢/, ¢ soil
1s not formulated in this chapter.
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Solution:

In¢" =0, ¢ soil values of the earth pressure coefficients k, and k&, are calculated from the
following two equations that are obtained using wedge analysis.

.2 :
k= SinC0°9) (8.24)

: 2
Sinz estn(e + 6:) I:l + \/@(d)' + 6’) Sill(q)' "B) :'

sin(® + 8" sin(6 —3)

where 8 is the angle of the back face of the wall from the horizontal, {3 is the inclination of
the upper ground surface from the horizontal and &' is the friction angle mobilized on the
soil wall interface. For a vertical wall (6 = 90°) and a horizontal ground surface (3 = 0):

2
k= g "k
¢ [«/cosﬁ' +/sin(¢’ +8")sin ¢’ 525

For a smooth (8" = ) vertical wall with horizontal ground surface, &, becomes identical to
Equation 8.2.

-2 :
Po= sin“(0+¢) (8.26)

? 2
sin2 Gsin(ewé') 1— _Sill((t)’+6')sin(¢'+ﬁ)
sin(0—3") sin(6 —P)

For a vertical wall (6 = 90°) and a horizontal ground surface (p = 0):

2
k, = sl (8.27)
P Veosd' = fsin(¢’ +8")sin ¢’

For a smooth (8" = 0) vertical wall with a horizontal ground surface, this equation reduces
to Equation 8.4, In ¢', ¢’ soil the concept of a linear carth pressure distribution can be
employed in the following form:

po=(z+qlk, —2c" /ka(l + ‘i) (8.28)
C

where &, is defined by Equation 8.24 and ¢, is the cohesion mobilized on the soil wall
interface. For the passive case the linear pressure distribution is given by:

pp=(z+q)k, +2 kp[l-r%} (8.29)

Note that the angle of the active and passive thrusts with horizontal is &'. In this example
we assume a value of 8 = 20° in both active and passive sides with ¢,, = 0. In a simplified
pressure distribution behind a cantilever sheet pile it is assumed the active state is created
in the backfill along the entire length of the sheet pile with a single force representing the
passive state (due to the rotation of the sheet pile) acting at the end point of the sheet pile
(Figure 8.7). The front of the sheet pile is in the passive state, which is mobilized to
maintain static equilibrium.
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Figure 8.7. Problem 8.9.

Using Equation 8.25 the active earth pressure coefficients are calculated as follows.
For layer 1: k, = 0.297; layer 2: k, = (0.245 and for layer 3: &, = 0.427.
Atz=0,0=0,p;=0a"-k,=0.

Atz=20m, ¢, =16.5%2.0 =33.0kPa,

Pa=33.0x0297=98—> p,, =9.8xc0820.0°=9.2kPa,

F =92%2.0/2x1.0=9.2kN, arm above the base is 8.167 m.

Atz =2.0m, using k,=0.245,

Pa=33.0x0245=8.1- p,, =8.1x¢c0s20.0°=7.6 kPa.

Atz=40m, ¢, =16.5x2.0+17.0x2.0 = 67.0 kPa,

P, =67.0x0.245=164 — p_, =16.4xc0s20.0°=15.4 kPa.

F, =7.6x2.0x1.0=15.2 kN, arm above the base is 6.5 m.
Fy=(154-7.6)x2.0/2x1.0 =7.8kN, arm above the base is 6.167 m.
Atz=4.0m, using k,=0.427,

P, =07.0x0427-2.0x15.040.427 =9.0 - p_;, =9.0xc0s20.0° = 8.5 kPa.
Atz=95m,0, =16.5x2.0+17.0x2.0+17.0x5.5=160.5 kPa,

P, =160.5x0.427 —2x15.04/0.427 =48.9 — p_, = 48.9xc0520.0° = 45.9 kPa,
F, =8.5x5.5x1.0=46.7 kN, arm above the base is 2.75 m.
Fy=(459-8.5)x5.5/2x1.0 =102.8 kN, arm above the base is 1.833 m.

The results are shown in Figure 8.7.

Passive pressure distribution and thrust:

The value of &, is calculated from Equation 8.27: k; = 3.525. The mobilized cohesion and
carth pressure coefficient are shown by ¢y, and ky,, respectively:

Atz=0,0'.=0.0 and

Pp=2%Cp\kpy = Py = 2%y Ky x0820.0° =1.88¢,, Kk, kPa.

Atz=35m, ¢, =17.0x3.5=59.5 kPa,
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Pp =595k py +2%Ch Jk Ly kP

P i = (59.5k ,,, + 2 Chy fk , 100820.0° =55 9% ,,, +1.88¢), [k, KPa.

P, =188 xc), Jk,, x3.5x1.0=6.58¢, [k, kN.
P, =6.58x15.0/ Fy3.525/F =185.3y1/F* kN,

P,y =559k ,,, x3.5/2%1.0 =978k ,,, kN.

P,y =97.8x3.525/F =344.7/F kN.
Taking the moments of the forces about point e:
9.2x8.167 +152%x65+7.8x6.167 +46.7x2.75+102.8x1.833 —

185.3v1/F? x1.75-344.7/F x1.167 =0,
538.9-324.341/F> —402.3/F = 0. A trial and error method gives F = 1.28.

Problem &8.10

A cantilever sheet pile supports a 9 m high backfill with the following properties:
Om-3m: ¢ =0, =35 v=18 kN/m’,

3m-6m:c = 15KkPa, ¢ = 20°, ygqr=20.3 kN/m’,

6m-9m: e =0, =35 ysqr = 21.1 KN/m”.

There 1s a vertical surface load of 20 kPa applied at the backfill. The water table is 3 m
below the ground surface of the backfill and has the same level at the front of the sheet
pile. The soil under the dredge line (at both sides) is purely cohesive soil with: ¢, = 100
kPa, and ¢, = 0.

(a) Determine the embedment depth D assuming that the full passive resistance is
mobilized,

(b) add a horizontal anchor rod at a depth of 1.5 m and, with the same embedment depth
of part (a), calculate the factor of safety (in terms of mobilized cohesion) and the anchor
rod force,

(c) determine the location and magnitude of the maximum bending moment,

(d) if the anchor rod is supported by a concrete block anchor with thickness of 0.5 m,
width of 2 m (parallel to the sheet pile), and height of 1.5 m, calculate the distance
between anchor rods along the sheet pile (anchor rod is anchored at the centre point of the
concrete block).

Assume no cohesion and friction resistance along the surfaces of the anchor. Include the
surface load in both the active and passive thrusts and assume a factor of safety of 1.5 for
the mobilized &, at the front of the anchor.

Solution:
(a) Using Equation 8.2: for layer 1: k; = 0.271; for layer 2: &, = 0.490 and for layer 3:

fey = 0.271.
Atz =0, o"-=20.0 kPa,

P, =20.0x0271=54kPa.
Atz=3.0m,0", =20.0+18.0x3.0 = 74.0 kPa,
P, =74.0x0.271=20.0 kPa.
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Figure 8.8. Problem 8.10: part (a).

F =5.4x3.0x1.0=16.2 kN, arm above the dredge line is 7.5 m.

F, =(20.0-5.4)x3.0/2x1.0=21.9 kN, arm above the dredge line is 7.0 m.
Atz = 3.0 m, using k,= 0.490,

Do =T74.0%x0.490-2x15.040.490 =153 kPa.

Atz=60m,c, =74.0+20.3x3.0-9.81x3.0=105.5 kPa,

P, =105.5%x0.490-2x15.040.490 =30.7 kPa.

Fy =15.3x3.0x1.0=45.9kN, arm above the dredge line is 4.5 m.

Fy =(30.7-153)x3.0/2x1.0=23.1kN, arm above the dredge line is 4.0 m.
Atz=06.0m, using k,=0.271,

p, =105.5x0.271 = 28.6 kPa.

Atz=9.0m,0", =74.0+20.3x3.0+21.1x3.0-9.81x6.0 =139.3 kPa.

p, =139.3x0.271=37.8kPa.

Fs =28.6x3.0 =85.8 kN, arm above the dredge line is [.5m.
Fg=(37.8-28.6)x3.0/2x1.0 =13.8kN, arm above the dredge line is 1.0 m.

The results are shown in Figure 8.8,

Calculation of resultant R, and its position above the dredge line:
R,=F+F+F+F;+Fs+F;=162+21.9+459+23.1+85.8+13.8 =206.7 kN.
Taking the moments of the forces about the dredge line:
162x75+21.9x7.0+459%x45+23.1x4.0+858x1.5+13.8x1.0=206.7Z,
z =3.465.
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When the material below the dredge line is a purely cohesive soil with ¢, and ¢, =0, the
net pressure diagram under the dredge line will be as shown in Figure 8.8. Noting that in
the clay layer k, =k, = 1, the net pressure at d becomes 4c, — g4, where g is the effective
vertical stress at the dredge line level at the back of the sheet pile. As the active and
passive pressure coefficients under the dredge line are equal, the effect of the weight
disappears and the net pressure below point  remains constant up to the point of rotation
(of the sheet pile). It can be shown that the net pressure at the end point at the back of the
wall is 4¢, + g4 For equilibrium of the horizontal forces and moments about the base: _

_ Di4e, _qd)_Ra
y 4c

u

(8.30)

z

p2_ 2R, D- Ra(IZCuf+Ra) _
44:‘" —qq (4Cu —44 )(zcu + qd)

(8.31)

For the simplified pressure diagram with z; = 0, and with R acting as a concentrated force
at point e:

pro_Ra p  2RZ (8.32)
de, —q de, —qy
The computed D values are increased by 20% to 40% or, alternatively, the mobilized
cohesion ¢y, = ¢,/ F is substituted for ¢, where F =1.5 to 2.0. For a stable sheet pile
deym—qqa> 0 or:

4e, IF>q, (8.33)

Calculate the necessary coefficients:
gy =0 atz=9m=139.3kPa.
dc, —q, =4x100.0-139.3 =260.7 kPa.

2R,  2x206.7
de, —q, 260.7

=1.586, 4c, +q, =539.3kPa.

R, (12¢,z+R,)  206.7(12x100.0 x3.465 +206.7)
(4e, —qy)2c, +q,)  260.7(2x100.0 +139.3)
Substituting into Equation 8.31:

D% -1.586D-10.208 =0,

D=408m=4.10m.
Using Equation 8.30:

z, =(4.10x260.7 -206.7) /(4x100.0) = 2.15m.
From the similarity concept:

ef zZ ef 215
de, +q,; (de, +qy ) +(4c, —q,) 539.3  800.0

=10.208.

—>ef =145m.

(4.10-2.15) + (4,10~ 1.45)
2

A

P, = 260.7 x %x1.0=1599.6 kN,
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R =(539.3%1.45)/2x1.0=391.0 kN. Check statics:
ZF(horizontal) =599.6-206.7-391.0=1.9 kN,

which is due to the rounding off of the embedment depth and z,.
(b} With the net pressure diagram shown in Figure 8.9 and full mobilization of ¢, the sum
of the moments about the anchor rod level yields:

2Rz’
de, —qy
Equilibrium of the horizontal forces is used to determine the force in the anchor rod. The
general expression for the mobilized passive thrust is:

4
P, =D[ 2 —qdj (835)

D? +2H D~ =0 (8.34)

F
z2'=9.0-3.465-1.5=4.035m,
H, =90-1.5=75m.

Use Equation 8.34:

2x206.7x4.035 _

412 +2x7.5x4.1- =
4x100/F —139.3

L

F =249,
From Equation 8.35:

P.=4.10 M—139.3 =87.5kN,
7 2.49

Ry =R, -P,=2067-875=119.2 kN.

20 kPa
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— —_— R Soil1]3.0m

wr A T b Towr Y
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all stresses in kPa c A
3465m g3 [3.0m

400.0/F -139.3 ¥ d Y Y
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Pp —= Soil4 | D=4.1m
e Y

Figure 8.9. Problem 8.10: part (b).
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Figure 8.10. Problem 8.10: part (¢).

(¢) The maximum bending moment occurs at a point where the shear force is zero.
The sum of F1 to Fy is less than the anchor rod force:

F+F+ R+ F,=162+21.9+459+231=107.1kN <119.2 kN.

Thus the position of the zero shear force is located below point ¢ with a depth x measured
from the top of the soil 3 (Figure 8.10). The lateral earth pressure at this depth is:
Do =28.6+(y—v,,)xk,,

P, =28.6+(21.1-9.81)¥x0.271 = 28.6 + 3.06x kPa.

The corresponding forces f] and f are:

J1 =28.6xxx1.0=28.6x kN,

fr =3.06xxx/2x1.0=1.53x2 kN.

Set the shear force to zero:

SF==R, +F|+F,+Fy+F, + fi + f, =0, ~119.2+107.1+28.6x+1.53x% =0,
1.53x? +28.6x-12.1=0 > x=041m.

f1=28.6x0.41=11.7 kN,

fr=1.53x0.41> = 0.3 kN.

The magnitude of the bending moment at this point is:

BM =R, x491-F x4.91-F, x441-F; x1.91-F; x1.41— fi xx/2— f3 xx/3,
BM =1192x4.91-162x4.91-21.9%x4.41-459x191-23.1x1.41-
11.7x0.41/2-0.3%x0.41/3 =286.5 kN.m.

This means that the back of the sheet pile at this point will be in compression, while its
front will be in tension.




Lateral Earth Pressure and Retaining Walls 133

STTTITITIRRIITIII

Concrete
anchor

Not to scale

Figure 8.11. Problem 8.10: part (d).

(d) Using Equations 8.2 and 8.4 for layer 1: k; = 0.271, k, = 0.369.

Referring to Figure 8.11:

a'a=(20.0+18.0x0.75)x0.271 =9.1kPa.

b'b=(20.0+18.0%2.25)x0.271 =16.4 kPa.

P =F +F,=9.1x1.5x1.0+(164-9.1)x1.5x1.0/2=13.6 + 5.5 =19.1 kN.

d'd =(20.0+18.0x0.75) x —3% =82.4 kPa.

de = (20.0+18.0x 2.25) x3—'16§—0 — 148.8 kPa.

Pp =F5+F; =824x1.5x1.0+(148.8-82.4)x1.5x1.0/2=123.6+49.8 =173.4 kN.

For horizontal equilibrium with s being the distance between successive anchor rods:
R x5+ F, x2.0 (width of the concrete anchor) —P, x2.0 =0.

[192xs+19.1x2.0-1734%x20=0—>s5=2.6m.

Problem 8.11

An earth retaining wall 12 m high is reinforced with metal strips of width 100 mm, the
first row of which is at a depth of 0.5 m. The strips are spaced at s, =1 m and s; =1 m,
and the allowable tensile strength of the metal strip is 140 MPa. The thickness of the strip
is 5 mm.
The properties of the backfill soil are:
¢ =0,¢ =35° andy = 18 kKN/m".
The friction angle mobilized in the soil-strip contact area is §;=23°.
Calculate the length of the reinforcements at depths 0.5 m, 5.5 mand 11.5 m.
Solution:
The allowable tensile strength of the reinforcement is computed from the following
equation:

Ty XCRF

r,=—" — 8.36
all Fc XFd XFS ( )
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where T,y and Ty represent the allowable and ultimate tensile strengths respectively. The
parameter CRF < 1 is the creep reduction factor at the order of 40% and higher. The factor
of safety of F.= 1.3 to 1.4 is applied for construction damage and F = 1.2 (slightly higher
for retaining walls) is a general factor of safety to take account of the possibility of
reaching a limit state and other uncertainties during the design life. If necessary, factors of
safety against chemical damages and biological degradations (Fz) must be considered.
The tensile force in the reinforcement is redistributed in the soil through the surface area
of the reinforcement. The friction angle mobilized between the reinforcement and the
adjacent soil 8; is related to the internal friction angle of soil &' using the following
equation, where the magnitude of f; depends on the type of the reinforcement material and
varies from 0.5 to 1.0,

tan Sb :fb taﬂé)’ (837)

Depending on the type of the reinforcement, two design methods are available.

1. For reinforcement with high extensibility such as geotextiles, the active state in the
earth wall is fully mobilized and the active Rankine earth pressure coefficient £, is used.
2. For reinforcement of low extensibility (e.g. metal strips). an active zone that is
separated from the resisting zone by two linear failure planes (Figure 8.12(a)) are
introduced where:

0.3H tan3
1-0.3tan(3

For B =0, H; = H and the inclined failure plane may be continued up to the upper ground
surface or it can be terminated at 0.3 (horizontal distance) from the face of the wall. The
distribution of the appropriate earth pressure coefticient is shown in Figure 8.12(b). In the
absence of hydrostatic water in the soil, the axial tensile load transferred to each
horizontal reinforcement element can be calculated as

H =H+ (8.38)

1.2 1.7 25
T > n=k/k,
1
— I
[ B : Reinforcement Metal t
1 T e strips
H,/2 ¥ i . I
T |, 1= |, > M/ Metal bars,
H 1 1 6.0m f------4 welded wire
1 | Active ,’Resisting grids
H [[Zone .. _zone 1
| — 4 Y
H1 /2 | > Y
- ,l SZ !
_V_ Y H,’ o A
 e— 5 . \(
B s :
(a) (b)

Figure 8.12. Reinforcement of low extensibility: (a) active zone, (b) variation of » = k / k, with
depth.
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P = Pap X8, %8, =(k,0,cosPB)s s (8.39)

where p, is the tensile force in the element, o is the vertical stress at depth z within the
active zone; s, and s, are the horizontal and vertical spacing of the reinforcement elements
respectively. The embedment length /. is calculated to resist the tensile force p,. For a
strip element of width w, the maximum tensile load p; due to the frictional bond on both
sides is:

p; =20, cospl.wtand, =20, cosPl wf}, tan¢’ (8.40)

where o, is the vertical stress on the reinforcement element (at depth z,) in the vicinity of
the resisting zone. If the ground surface is horizontal and there is no surface loading, or
the surface loading is uniform and covers a large area behind the facing panel, we may
assume Gz = O,

Thus, equating Equations 8.39 and 8.40 we obtain:

> KadxS: (8.41)
2wf;, tand

Note that with low extensibility material the term %, in Equation 8.41 must be replaced by
1k, obtained from Figure 8.12(b). The tensile force in the reinforcement must be equal to
or smaller than T,y (Equation 8.36). For continuous grid reinforcement, s, and w are unity
and p, represents the tensile force per unit length of the wall.
Using Equation 8.2 we obtain: k,= 0.271. The position of the potential failure plane is:
o =45.0°+¢'/2=45.0°+35.0°/2 = 62.5° from the horizontal.
Using Equation 8.41 we have:

nx0271x1.0x1.0

"~ 2% (100.0/1000) x tan 23.0°

Referring to Figure 8.12(b) for metal strips the magnitude of the lateral carth pressure
coefficient or the equivalent » value can be found by:

1.7-12 n-12 z
= —>n=—-—+1.7.
0.0-6.0 =z-60 12

Atz=05m,n=166,atz=55m,n=124,andatz=11.5m,n=1.2.
The corresponding /. values are:

1, (0.5m)=3.197=3.19x1.66 =5.29m,
l,(55m)=3.19%124=3.96m, /, (11.5m)=3.19x12=3.83m.

The reinforcement lengths:
[(0.5m)=529+03H =529+03x12.0=8.9m,

[(5.5m)=3.96+03x12.0x7.6m,
[(11.5m)=3.83+(12.0-11.5)/tan62.5° = 4.1m.
The axial tensile load from Equation 8.39 (note p = 0):
Dy = Pajy * 8 %5, = (kan COSB)Ssz’

P =0271xnx18.0xzx1.0x1.0x1.0 =4.878nz.

Allowable tesile force = Ty x sectional area of reinforcement element,

=3.19n.
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Allowable tensile force =140.0x1000x (100.0/1000) x (5.0/1000) = 70.0 kN.
2,(0.5m) =4.878x1.66x0.5 =4.0kN < 70.0 kN.
p,(5.5m)=4.878x1.24x5.5=33.3kN < 70.0 kN.

p.(11.5m) =4.878x1.2x11.5=67.3kN < 70.0 kN.
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CHAPTER 9

Stability of Earth Slopes

9.1 INTRODUCTION

This chapter examines the stability of earth slopes in two-dimensional space using a limit
equilibrium method where a mass of soil rotates on a circular or non-circular failure
surface at its limit state. On this surface the Mofr-Coulomb failure criterion applies and
the shear strength parameters used correspond to the peak strength obtained by a total or
effective stress analysis. The factor of safety is defined as the ratio of the shear strength to
the mobilized shear stress on the sliding surface required for equilibrium, and is assumed
to be constant along the surface. The average value obtained from a traditional circular
analysis is a reliable indication of overall slope stability. Problems 9.1 to 9.3 investigate
the slope stability in undrained conditions where the factor of safety can be formulated in
terms of geometry of the trial circle and undrained cohesion. For a frictional soil, the mass
is divided into vertical slices to facilitate the application of the force and moment
equilibrium requirements (Problems 9.4 to 9.7). An infinite slope is normally associated
with a translational failure parallel to the ground surface. This case has been explained by
Problem 9.8. The circular method can also be applied to evaluate a reinforced slope as
shown in Problem 9.9. An alternative method to circular solution is the use of wedge
mechanisms for both reinforced soil (Problem 9.10) and unreinforced soil (Problem 9.11).

9.2 PROBLEMS

Problem 9.1

Determine the factor of safety for a I vertical to 2 horizontal slope 5 m high using a trial
toe circle for which x¢c =4.5 m and yc = 8 m (Figure 9.1). The cross-sectional area of the
sliding mass is 40.22 m” and its centroid is located 2.69 m to the right of the centre of the
trial circle. The soil properties are:

cu=18kPa, ¢, = 0, and y = 18 kN/m’.

Solution:

The trial circular failure surface is defined by its centre C, radius R and central angle 6.
Shear stresses along the trial surface are due only to undrained cohesion ¢, and are
mobilized to ¢, / F {to maintain the equilibrium of the sliding block), where F is the factor
of safety. The weight of the sliding block W acts at a distance o from the centre of the
circle (Figure 9.1).
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Figure 9.1. Problem 9.1.

Taking moments of the forces about the centre of the circular arc, and noting that the
normal stresses on the arc pass through the centre, then:

_aR* e, LR
Wd Wd

F (9.1)

where L, is the length of the circular arc,
Geometrical data are:

tan@, =€ =22 _ 0 5625,
ye 8.0
0) =29.4°,

R=+80%+45% =9.18m.

82 :70.95.
0=0,+0, =29.36°+70.92°=100.3°.
W =4022x1.0x18.0=724.0kN.

. ¢, R? _18.0x9.182 x(100.3°/180.0)z
Wd 724.0%2.69

=1.36.

Problem 9.2

For a 45° plane strain slope 30 m high determine:

(a) the factor of safety for a toe circle for which xc = [2.5 m and yc =42 m if there is no
surcharge load on the upper ground surface, and

(b) find the maximum surcharge load g (L = 20 m) that will cause the failure of the slope
on the same slip circle.

The soil properties are: ¢, = 100 kPa, ¢,,= 0, and y =18 KN/m”.
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Figure 9.2. Problem 9.2.

Solution:

(a) Area of the sliding mass:
A= Aj(area of ADL)+ A,(area of AKD)— Ay(areaof AKB).

tan0; =12.5/42.0=0.2976 — 0, =16.6°. Radius of the trial circle is:

R=+42.0% +12.52 =43.82m.
cos0, = CE/CD =(42.0-30.0)/43.82=0.2738 > 0, = 74.1°.
0=0, +0, =16.6°+74.1°=90.7°.

Calculation of the area of ADL and the position of its centroid:

R? _ 43.822

A =7(e —sin0) [7(90.7°/180.0°) —5in 90.7°] = 559.8 m".

e _ 4R (sin0/2)° _ 4x43.82 (sin90.7°/2)* .
173 9-sind 3 m(90.7°/180.0°) —sin90.7° .

XG = 2G| =x¢ +CGysin(6, —8/2) =12.5+36.08sin(74.1°-90.7°/2) = 29.85 m.
Calculate 47 and A3 and the corresponding x values of the centroids:
KD=KE+ED=125+43.82xsin74.1° =54.64 m.

Ay =30.0%54.64/2=819.6m".

Xg, =820y = KD/3=54.64/3=18.21m.

A3 =30.0%30.0/2 = 450.0 m".

XG, = g,Gy =KB/3=30.0/3=10.0 m.

The area of the sliding mass and the position of its centroid are:
A=Aj+ Ay — 43 =559.8+819.6-450.0=929.4 m”.
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xGI A] + sz AZ - XG:! AS

Xxp=gG= ,
e = 29.85x559.84+18.21x819.6-10.0x450.0 2920 m. Thus
929.4

W =929.4x18.0=16729.2 kN and:
d=x5-xc=2920-12.50=16.70 m.

Rze 2 ° o
F:C” :100.0x43.82 x(90.7°/180.0 )T[=1.09=‘-]..1.

wd 16729.2x16.70
(b) If a surcharge load ¢ is applied to the upper ground surface:

c”Rze
=& (9.2)
Wd +qls

where L is the length of the surcharge load on the plane strain section and s is the
horizontal distance of the resultant from the centre of the circle (Figure 9.2).

Check if L < BD:

BD =KD - KB =54.64-30.0=24.64 m.

Thus L =20.0 m < 24.64 m.

s=ER+L/2=300-12.5+20.0/2=27.5m.

¢, R?0  100.0x43.822 x(90.7°/180.0°)%

F = 1 = = 5
Wd+gLs 16729.2x16.70+ ¢ = 20.0x27.5

g =44.7 kPa.

Problem 9.3

Using Taylor’s stability chart (Figure 9.3), re-solve part (a) of Problem 9.2.
Solution:

The stability of an earth slope in undrained conditions can be expressed in terms of a
dimensionless parameter N called the stability number:
vH

N=1Z (9.3)

Cu

For a specified value of [, the magnitude of & at failure (critical stability number) has a
constant value (Ny) and the factor of safety (Equation 9.1) may be expressed by:

F= ﬁ (9.4)
Ny
where Ny is the stability number corresponding to the design values of v, H and ¢,. In
undrained conditions, a horizontal hard stratum located at ngzH below the upper ground
surface affects the critical stability number Nz The stability number increases as ng
decreases.
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Figure 9.3. Taylor’s stability charts used in the solution of Problem 9.3.

For B > 53°, the critical circle is a toe circle and the hard stratum has no effect on the
stability number. The slope stability chart developed by Taylor (1948) is shown in Figure
9.3, where the dashed curves represent the undrained conditions.

For the ¢, ¢’ soils, Taylor adopted a simplifying assumption for the direction of the
resultant of the frictional forces acting on the sliding circle, thus a slice method for these
soils are more convenient. A slice method facilitates the force equilibrium.

Calculate the stability number corresponding to the design values:
_vH  18.0%x30.0

Ny=t==22"""0 o5y
c 100.0

u

From Figure 9.3 Ny=5.52, therefore:

N
el - ATy
N, 540

Problem 9.4

Using Fellenius® method determine the factor of safety for a slope of 1 vertical to 2
horizontal and height / = 4.5 m using a trial toe circle for which xc=4.5 m and y¢ = 6.25
m. The soil mass is divided into 4 slices all having identical width of b = 3 m, whose
average height and angle « are tabulated below.

The soil properties are as follows:

¢ = 6.75 kPa, ¢ = 17°, and p = 1.96 Mg/m".

Solution:
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Sliceno. 1 2 3 4
h (m) 16 37 46 30
o (deg) =23 0 23 51

This method assumes that the shear forces and the normal forces on the two sides of each
slice are equal. The factor of safety is expressed by the following equation:
i=n i=n
Z[c’l +(wcosa —ul)tan (b'] ; Z[c'] +w(cosa —r, seca)tan d)’] p
_i=1 _ =l
Lk i=n - i=n (9.5)
> (wsina); > (wsina);

i=1 i=1

where / is the length of the arc, w is the weight of each slice, a is the angle of the base of
the slice from horizontal, « is the pore pressure at the base of each slice, and » is the total
number of slices. The pore pressure ratio r, is a dimensionless parameter defined by:

~_ub
hw=—"

(9.6)

1%

which is an alternative replacement for pore pressure u.
The results of the calculations are summarized in the table below,

Slice h o w weosoL  wsino
(m)  (deg.) (kN) (kN) (kN)

1 1.6 =23 92.29 84.95 -36.06

2 3.7 0 21343 21343  0.00

3 4.6 23 265.34  244.25 103.68

4 3.0 51 173.05 10890 13448

Total: 651.53  202.10

Sample calculation for slice 3:
w=bxhx1.0xpx9.81=3.0x4.6x1.96x9.81=265.34kN.
wcosa =265.34xc0s23.0°=24425 kN.

wsin o = 265.34 xsin 23.0° =103.68 kN.

Figure 9.4. Problem 9.4.
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From Figure 9.4:

R=v452+625% =7.7m.

tan@; =4.5/6.25=0.72 - 0, =35.75°,

cosb, =(6.25-4.5)/7.7=0.2273 >0, =76.86°,

0=0,+0, =3575°+76.86°=112.61°.
Using Equation 9.5:
i=4 i=4

Z[c'l+(1¢’cosatan¢’)]j 'L, +tan¢' Y (weosa);
F - i=] s f:l
i=4 - i=4 ’
> (wsinw); > (wsina),

i=l i=1

_6.75x7.7xm(112.61°/180.0°) +651.53 xtan17.0°
202.1

F =1.49.

Problem 9.5

A 5 m high slope has an angle of B =45° Data on the 1 m wide slices are given in the
table below where /1, is the height of water measured from the mid-point of the base of
each slice. The trial circle is not a toe circle and slices 1 and 2 are located to the left of the
toe. Using both Fellenius® method, and Bishop’s method determine the factor of safety for
this trial circle. R )
¢ =15 kPa, ¢/ = 20°, y54 = 20.7 kN/m’, and yz= 17.5 kKN/m”.

Solution:

Sliceno. h(m)  hy(m) o(deg)

1 0.20 0.20 -24.0
2 0.60 0.60 -14.0
3 1.35 1.35 -11.0
4 2.40 2.40 -3.0
5 3.40 3.20 0.0

6 4.35 3.60 5.5

7 5.25 3.80 11.5
8 5.60 3.80 14.0
9 5.25 3.70 24.0
10 4.75 3.40 29.0
11 420 3.10 325
12 3.50 2.60 385
13 2.50 1.70 46.0
14 1.25 0.60 57.0

Sample calculation for slice &:

w=bx I, XY g + b=, Y g, =1.0x3.80%20.7+1.0(5.6 -38)17.5=110.16 kN.
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wecoso =110.16xcos14.0°=106.89 kN.
I=b/cosa=1.0/cos14.0°=1.031m.

ul=vy,, xh, xI=9.81x3.80x1.031=3843kN,

(weosa —ul)tand' = (106.89—-38.43)tan20.0° =24.92kN.
¢'x1=15.0%1.031=15.46 kN,

c'T+(wecoso—ul)tang’ =15.46+24.92 =40.38 kN.
wsina, =110.16xs8in14.0°=26.65kN.

Slice 1 2 3 4 5 6 7 8
1w weose  I(m)  ul Q@] ¢l (5)+(6) wsina
(kN) tang’

I 4.14 378 1095 215 0.59 1642 1701  -1.68
2 1242 1205 1031 607  2.18 1546  17.64  —3.00
3 27.94 2743 1019 1349 507 1528 2035  -533
4 49.68  49.61  1.001 2357 948 1501 2449  —2.60
5 69.74 6974 1.000 3139  13.96 1500 2896  0.00

6 87.64 8724 1005 3549 1883 1507 3390 840

7 10404 10195 1.020 3802 2327 1530 3857 2074
8 110.16 10689 1.031 3843  24.92 1546 4038  26.65
9 103.71 9474 1095 3974  20.02 1642 3644  42.18
10 9400 8221 1143 3812  16.05 17.14  33.19  45.57
11 83.42 7036 1186 3607 12.48 1779 3027  44.82
12 69.57 5445 1278 3260  7.95 19.17 2712 4331
13 49.19 3417 1439 2400 3.70 2158 2528 35.38
14 2379 1296 183 1081  0.78 27.54 2832 19.95
Total: 40192 27439

Using Equation 9.5:
_ 40192
27439

The Bishop’s method assumes that only the shear forces on the two sides of each slice are

equal. This method is considered to be more accurate than Fellenius® method. An increase

of 5% to 20% in the factor of safety over Fellenius’ method is usually realised. The factor
of safety is calculated from:

1.46.

1 i b+ w(l-r,)tang’
- i=n Zl: m ’ (97)
> (wsina); ! = J
i=1
where nig 1s defined by:
my = coso+ ot 1Y “;am (9.8)

Equation 9.7 is non-linear in F and is solved by fixed-point iteration.
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A summary of the computations is tabulated below where 3 iterations have been carried
out. The initial value for F in the first iteration was taken 1.5. For the second iteration, the
initial value of F is that computed from the first iteration (1.57). This iteration yields
I = 157, thus the initial and computed factors of safety become equal within a
computational error less than 0.005. As a further check a third iteration is conducted with
an initial value of /= 1.6 which gives a smaller value of 1.58 indicating the initial value
must decrease. In general the factor of safety is selected as 1.57, which is 7.5% higher
than Fellenius” method. Sample calculation for sllce 8:

c'b=15.0x1.0=15.0 kN.

w(l =7, )tand’ = w(l —ub/w)tang’ = (w—ub)tand’,

w(l—r,)tang’ =(110.16-9.81x3.8x1.0) tan20.0° = 26.53 kN,

For first iteration with initial 7= 1.5:

T (o] o]
m, =cosl4.0°+ sinl4.0°x tan20.0 ~1.029
1.5
1 . f .
c’b+w(l~r, )tand _ 150+26.53 — 4036 kN
- 1.029
@ () © F=150 F=157 F=160
Slice  ¢"h  y(l-r a)+ (b
v @09 e —2 o —2— o
Mg, g, Mgy
1 15.0 0.79 15.79 0.815 19.37 0.819 19.28 0.821 19.23
2 15.0  2.38 17.38 0.912 19.06 0.914 19.01 0.915 18.99
3 150 5.35 20.35 (0.935 21.76 0.937 21.72 0.938 21.69
4 150  9.51 24.51 0.986 2486 0.986 24.86 0.987 24 .83
5 15.0 13.96 28.96 1.000 28.96 1.000 28.96 1.000 28.96
6 5.0 19.04 34.04 1.019 33.40 1.018 33.44 1.017 33.47
7 150 24.30 39.30 1.028 38.23 1.026 38.30 1.025 38.34
8 150 2653 41.53 1.029 40.36 1.026 40.48 1.025 40.532
9 150 24.54 39.54 1.012 39.07 1.008 3923 1.006 39.30
10 15.0 22.07 37.07 0.992 37.37 0.987 37.56 0.985 37.63
11 150 1929 34.29 0.974 35.20 0.968 3542 0.966 35.50
12 15.0  16.04 31.04 0.934 33.23 0.927 33.48 0.924 33.59
13 150 11.83 26.83 0.869 30.87 0.861 31.16 0.858 31.27
14 15.0 6.52 21.52 0.748 28.77 0.739 29.12 0.735 29.28

Total =430.51 Total =432.02 Total =432.60
From Equation 9.7: =157 F=1.57 F=158

Problem 9.6

A 7.1 m high slope for which 5 = 35° is composed of two layers of soil with the following
properties (Figure 9.5):
Upper layer: 3.6 m thick, ¢’y =20 kPa, ¢’ = 15°, v = 18 KN/m’.

Lower layer: 3.5 m thick, ¢'2 = 6.3 kPa, §"2 =25°,y2 =20 KN/m’.
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Figure 9.5. Problem 9.6.

The centre of the trial circle is located 5 m to the right and 12 m above the toe and its
radius is 13.9 m. Consequently the failure surface is not a toe circle but passes from a
point 2 m to the left of the toe. The total central angle is 99.6° for which the central angles
corresponding to the upper and lower layers are 17° and 82.6° respectively. Data on the
slices are tabulated below. There are 10 slices 2 m wide each. Calculate the weight of each
slice from the equation:

w=b(y1h1 +7v2h2),

where /1, hy are the heights corresponding to layers 1 and 2 respectively. The angle o for
each slice is to be computed from:
. X
a=sin_ —,
R
where X is the horizontal distance from the mid-point of the base to the centre of the

circle. Using Fellenius” method, calculate the factor of safety for the given trial circle.
=03,

Sliceno. 1 2 3 4 5 6 7 8 9 10

him) 00 00 00 00 14 28 35 36 36 24
hym) 05 20 38 54 52 48 40 28 16 00

Solution:

The results of calculations are summarized in the table below.
Note that the arc related to the last slice is located in the upper layer:
Equation of the trial circle:

(x=x0) 2 +(y=yc)? =(5.0+2.0)% +(3.5+3.6+4.9)> =193.0. For y = 3.5 m:
(x5 -7.0)% +(3.5-12.0)> =193.0,x5 ~18.0m.

This means the right edge of slice 9 passes through point B and only the base of slice 10
(BD) is located in layer 1. Slices | and 10 have both triangular shape. In a triangular slice
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it is convenient to calculate o at the intersection point of a vertical line passing through
centroid of the triangle with the base. Sample calculations for slice 6:
w=b(y  +7v,0,)=2.0(18.0x2.80+20.0x4.8) =292.8 kN.
Xx=60-05b-x-=6%2.0-0.5x2.0-7.0=4.0m,

1 x . 140

g=sin " —=sin —=16.7°,
13.9

cosa —r, seco = c0s16.7°—0.3xsecl6.7° = 0.645.
w(cosa —7, seca) =292.8x0.645=188.9kN.

wsino = 292.8xsinl6.7°=84.1 kN,
Calculation of shear resistance due to cohesion:

ZC'LG =20.0x13.9x17.0°xn/180.0°+6.3x13.9%82.6°x7/180.0° =208.7 kN.

Sliceno. 1 2 3 4 5 6

w (kN) X (m) of(deg) cosa—ryseca (1) x(4)(kN)  wsina (kN)

l 20.0 - 5.67 -24.1 0.584 11.7 —-8.2
2 80.0 -4.0 -16.7 0.645 51.6 -230
3 152.0 -2.0 -83 0.686 104.3 -219
4 216.0 0.0 0.0 0.700 151.2 0.0

3 258.4 20 8.3 0.686 177.3 373

6 292.8 4.0 16.7 0.645 188.9 84.1

7 286.0 6.0 25.6 0.569 162.7 123.6
g 241.6 8.0 351 0.451 109.0 138.9
9 193.6 10.0 46.0 0.263 50.9 139.3
Total (1) 1007.6

10 86.4 11.67 57.1 - 0.009 0.0 72.5
Total (2) 0.0

Total: 1007.6 542.6

Using Equation 9.5:

=n
> [ + w(cos e — 7, seca)tan ']
1 " 208.7+0xtan15.0°+1007.6 x tan 25.0° .
F=4 . = =1.25
i=n 542.6
> (wsina);
i=1

Problem 9.7

A slope of 1 vertical to 2 horizontal and helght of 7.5 m has the following soil properties:
¢ =15 kPa, ¢'=25° and y= 20 KN/m”. Using the stability coefficients of Bishop &
Morgenstern (1960), compute the factor of safety for r,, = 0.0, 0.2, and 0.4.

Solution:

Bishop & Morgenstern method uses twa stability coefficients, m and n, that satisty the
following equation:
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F=m-nr, (9.9)

To estimate the factor of safety, the procedure is as follows:

1. Calculate ¢' / yH from the soil and slope data.

2. For a value of ¢’ / yH just greater than that found in step 1, use the corresponding
section of table below and find m and » for nz = 1. Use linear interpolation (for ¢ values)
if necessary.

3. If » is underlined the critical circle is at a greater depth. Use the next higher value of ng
to find a non-underlined ». Use linear interpolation (for ¢' values) if necessary.

4. Repeat steps 2 and 3 for values of ¢’ / v/ just less than that found in step 1.

3. Use Equation 9.9 to obtain two factors of safety for the upper and lower values of
¢’ /yH. Calculate the final factor of safety by interpolating between these two values.

' /yH =15.0/(20.0x7.5)=0.1.

Thus there is no need to try steps 2 and 4 as Table 9.1 is for ¢' / yH =0.1.

Table 9.1. Stability coefficients by Bishop & Morgenstern 1960 (for ¢'/yH = 0.100) recalculated by
Whitlow (1990).

cotfB 0.5:1 1:1 2:1 3:1 4:1

ng ' i ] m n n # m n m n

1.00 20° 098 080 125 086 1.83 113 241 146 297 183
25 110 1.02 141 1.07 209 142 278 1.84 336 229
30° 1.21 125 158 130 237 172 317 225 391 2.80
35 134 LS50 177 1.57 268 208 359 271 449 334
40° 148 178 199 1.87 3.01 244 407 321 510 397

.25 20° 148 103 1.52 1.09 186 129 227 155 274 1.83
25 172 129 179 138 219 1.63 267 196 321 232
30° 199 159 208 173 253 200 3.09 241 373 284
35 227 190 240 207 291 241 358 290 430 344

40° 258 223 274 244 333 285 409 344 496 4.1

1.0 20°  1.77 130 185 136 207 152 238 173 276 2.00
25 211 le6 220 172 247 193 283 221 328 1253
30° 248 205 258 211 29 238 333 272 386 3.12
35  2.88 247 298 254 337 286 388 328 449 378
40° 333 294 345 303 390 342 449 392 521 451

For ¢ /yH =10.1, cotpp = 2.0 and ngz = 1, » is underlined for the range of ¢’ from 20° to 25°,
thus select = 1.25 for a deeper critical circle.

For ¢’ =25° m=2.19, n=1.63.

For 1, = 0.0:

F=219-1.63x0.0=2.19.

For i, =0.2:

F=219-163x02=1.86.
For r, =0.4:

F=219-1.63x04=1.54.
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Problem 9.8

A long slope is to be constructed using a material with: ¢' =0, ¢' =35°, and vy = 20
kN/m™. Determine the critical slope angles (B.) for both dry condition and steady state
flow parallel to the surface. Calculate the factor of safety for both cases if f = 3./ 1.5.
Solution:

For ¢', ¢ soil the factor of safety is defined by the ratio of shear strength to shear stress on
a failure plane parallel to the ground surface, then:

’

_ c | tan ¢’
yH sinfcosB  tanf

(9.10)

The critical height /. is defined by setting Equation 9.10 to unity:

' 2
e A S ©.11)
v | tanf3 —tand
For the case where 3 < ¢/, the factor of safety is always greater than 1 and is computed

from Equation 9.10. This means that there is no limiting value for A, and at an infinite
depth the factor of safety approaches:

o g (9.12)
tan

For a granular material with ¢’ = 0 and B < ¢/, the factor of safety is computed from
Equation 9.10 (or 9.12). The case where 3 > ¢’ and ¢’ = 0 is always unstable and cannot
be applied to practical situations. This means that the critical value of the slope angle is:

B =9’ (9.13)
For ¢y, ¢ = 0 soil:

u Ci? (9.14)

H.=— e —
ysinfcosf  ysin(2P)

B =0.5sin~! 2 (9.15)
C 'YH

The case of steady state flow parallel to the slope angle 3 and with the water table at the
ground surface;

II' r t r
. L L (9.16)
yH sinfcosf tanp  ytanf
If the water level is at some depth but parallel to the ground surface:
¢ tang’_yh,tang’ 9.17)

F 4
vH sinfcosf  tanf yH tan 3

where A, is the height of the water above the base of the slice. If the unit weights of the
saturated zone and the zone above the water table are not the same, the term v/ in
Equation 9.17 must be replaced by ZyH. Equation 9.17 may be conveniently presented in
the following form:
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f

c " tan ¢’
LY tand

= - (9.18)
yH sinPcosP v tanp
By setting Equation 9.18 to unity the critical height is calculated as:
r 2
c'sec” 3 (9.19)

€ ytanfB —v'tan ¢’

For the values of tanf} < (y'/ y)tand’, the factor of safety expressed by Equation 9.18 is
always greater than 1.0.
At infinite depth the factor of safety is given by:

Fe v tan ¢’

ytan

From Equation 9.20 we can also calculate the factor of safety for a granular material with

¢'= 0. In this case tanf must be less than (y' / y )tand’, otherwise the slope will not be

stable. By setting Equation 9.20 to unity a critical slope angle is defined for granular
materials:

B.= wnél[y'ta—wJ 9.21)
¥

For the dry conditions the critical angle is according to Equation 9.13:
Be = ¢ =35°.
For the steady state flow parallel to the surface use Equation 9.21;

B _tan_l[y’tand)']:tan{(20.0—9.81)‘[&11135.01
c 3
Y

(9.20)

20.0

B, =tan 1(0.357)=19.6°.
For B =P./1.5=35.0°/1.5=23.33° and dry conditions use Equation 9.10:

Fe ¢ N tan¢’  tan35.0°
yH smPcosf tanff tan23.33°

For p =19.6°/ 1.5 = 13.0° and the steady state flow conditions use Equation 9.16:

< . tang’ v, tan¢’ _tan35.0° 9.81xtan35.0°

F=—— = 1.54.
vH sinfcosfp  tanf}  ytanf  tanl3.0° 20.0xtanl3.0°

Problem 9.9

A 7.2 m high slope, which has a batter of 1.0 horizontal to 1.8 vertical, is to be reinforced
with horizontal geosynthetic elements. Properties of the soil are:

d=0,¢'=35v=19 k_N/’m3 and r, = 0.4. For a toe circle of radius 10.54 m tangent to
the base at the toe compute the total tensile force in the reinforcement assuming a factor of
safety of 1.4 and using Bishop’s simplified method.
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Relevant data are given in the table below and & =2 m for all slices.

Slice no. 1 2 3 4 5

fi(m) 1.7 4.9 5.9 44 1.8
o (deg.) 54 16,6 284 418 395

Solution:

In the case of horizontal reinforcement in a ¢, ¢, = 0 soil, adding the moments of the
reinforcement tensile forces to the resisting moments results in the following equation:

cuLaR+ 2[00 =),

F= /=l 922
— (9.22)

where T} is the reinforcement tensile force, )y is the vertical distance of the reinforcement
from the x-axis and m is the number of the reinforcement layers.
For the slope in the ¢, ¢’ soil Bishop’s simplified method is modified as follows:

i=n

{feb+wt=—r)tang']/m,}. + é i[T(yc —y)L-

1l
—_

(9.23)

i=n

> (wsina);

i=I

The total reinforcement force Ty, is the sum of the tensile forces in the reinforcement; it
is equivalent to the integral of the lateral soil pressure o} with the pressure coefficient &
less than k; (for F =1) due to the slope angle. It is convenient to assume a linear
distribution for lateral stress with depth. Equations 9.22 and 9.23 are solved for a specified
Ftovyield Tiopr

Jj=m
=3[ —y)] Tooat e —H 3) = (¢H k1 2)(ye — H/3) (9.24)
j=l

The results of computations are summarized in the table below.

Slice A (m) a (deg.) w(kN) wsina (kN)  w(l — r)tand’ / ny (kN)

1 1.7 54 64.6 6.1 26.0
2 49 16.6 186.2 532 71.0
3 5.9 284 2242 106.6 84.3
4 4.4 41.8 167.2 111.4 65.1
5 1.8 39.5 684 58.9 30.6
Total: 336.2 277.0

Using Equation 9.23:
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Fa142 207 0+AMI0.54 20414 1N.m.

336.2
From Equation 9.24:

AM =2041.4= 1;0,0,(10.54—%}

2041.4
Ttotal = W - 2508kN

Problem 9.10

For the reinforced slope shown in Figure 9.6(a), calculate the total force in the
reinforcement for the trial two-part wedge shown. BC is parallel to AD.

The soil properties are: ¢’ =0, ¢' =29°, and y =18 KN/m”.
Solution:

With a vertical inter-wedge boundary, the mechanism is defined by three independent
variables £, 0| and 65 (Figure 9.6(a)). If the inter-wedge boundary is not vertical then an
additional variable is needed to specify the boundary. In the evaluation of stability, only
force equilibrium is used. The failure criterion is assumed to apply on the three sliding
surfaces, which in turn implies that the shear strength on these surfaces is fully mobilized.
In the two-part wedge method adopted by the Department of Transport, UK, it is assumed
that the friction angle on the inter-wedge sliding surface is zero; which results in reduced
computational effort. Free body diagrams of the wedges (with the above simplifying
assumption) are shown in Figure 9.6(b) where the total reinforcement force Ty is the
sum of T7and 77 corresponding to wedges 1 and 2 respectively.

(b}

Figure 9.6. Problem 9.10.
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The force system is statically determinate and Ty, can be formulated by considering
horizontal and vertical equilibrium of both wedges:

W (tan8; —tan¢") + (U, tand' — C})sec, .
[+tan®; tan ¢’

T

total =

W, (tan @, —tan¢’) + (U, tan¢' — C, )secO,
1+ tan 8, tan ¢’

(9.25)

where the first term represents 7, the second term is T», and Wy, W3 are the weights of
the wedges 1 and 2, C|, C are the forces due to cohesion acting on the sliding bases, and
Ui, Ua are the forces due to water pressure acting on the sliding bases. Similar to the
circular method, the computed value of 7}, is assumed to be linearly distributed along
the slope height. From the geometry of Figure 9.6(a):
BD =40 m, DC = 6.0 m; the horizontal distance of point 4 from B0 is 12.0 m.
0, = tan"! +0 _ 33.69°and,

6.0

0, = tan 20 _ 18430,
12.0

Calculate the weights of the wedges:

 4.0x6.0x1.0

W, x18.0 = 216.0 kN,

_4.0x12.0x1.0

W, x18.0 = 432.0kN.

As the soil is cohesionless, therefore C1 = Cy = 0.
Calculate the forces due to water pressure (/] and {/2) on the sliding bases of BC and AB:

+
Uy =0, UZ:M—A—Zﬁxl.OxAB.

Where #4 and up are pore pressures at points 4 and B respectively.

up=0,1,=981x4.0=3924%Paand,

AB =+v4.0% +12.0% =12.65 m, thus

~39.24+0.00

U, x12.65 = 248.19 kN.

Substituting the above values in Equation 9.25:

216.0(tan33.69° —tan 29.0°)
total = o o +
l1+tan33.69°tan 29.0

432.0(tan18.43° — tan 29.0°) + (248.19tan 29.0°) sec]1 8.43°
I+tan18.43°tan 29.0°
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T +7, =17.72+41.79 = 59.5kN,

Equivalent earth pressure coefficient (assuming a linear earth pressure distribution) from
Equation 8.7 (with horizontal upper ground surface) is:

‘8

total

=50.5= %szk = %x 18.0x8.02k.

k=01

Problem 9.11

For the multiple-wedge mechanism shown in Figure 9.7(a), calculate the factor of safety
for the slope assuming that no cohesion or friction is mobilized on the vertical inter-wedge
planes of CE and BF.

¢ =9.5kPa, ¢' =30.8°, and y = 18 kKN/m’.

Solution:

The free body diagrams of the wedges are shown in Figure 9.7(b) where ¢';, and ¢',, are
the mobilized cohesion and friction angle on the non-vertical sliding surfaces. It is
assumed no cohesion and friction are mobilized on the vertical interfaces, which means
the corresponding internal forces are normal to the boundaries. The solution procedure
involves a selection of a factor of safety and investigating the force equilibrium. The
internal force £7 calculated from wedge 2 (E2r) is compared with the corresponding force
from wedge 3 (£27). For # = 1.9 these values become equal (within an accepted error).
The results of the calculations are tabulated and sample calculation for = 1.9 is included.

For F=1.9:

G as SO,
19 1.9
t -1 tan(b'
=tan" (—),
P 35

¢ =tan"! (-—tanl3g'8 )=17.42°.

i

From the geometry of the mechanism it can be shown that:
EC=20m.ED=140m, CD =2.44 m,
FE=BC=1131m,AF=286m, B4 =3.49 m.

The areas of the blocks are as follows:

Sy (CED) = 1.40 m®,
S (BFEC) = 16.00 m”,
S3 (AFB) =2.86 m".

Calculate weights and cohesion forces:
W, =1.40x1.0x18.0=252kN.

Wy =16.0x1.0x18.0 = 288.0 kN.
Wy =2.86x1.0x18.0=51.48kN.

S il

TR, TR
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Figure 9.7. Problem 9.11.

Cohesion force along CD:
C,=CDx1.0xc, =2.44x5.0=12.2kN.
Cohesion force along BC:

Cy =BCx1.0x%c;, =11.31x5.0 =56.55kN.

Cohesion force along BA:

C3 =BAx1.0xc;, =3.49x5.0=17.45kN.
Vertical and horizontal equilibrium of wedge CED:
W, —C,c0835.0°— R c0s(55.0°~17.42°) =0,

252-12.2¢0s35.0°~ R, c0s37.58° =0,
Ry =19.19kN.
E}+C;sin35.0°= R, sin(55.0°-17.42°) = 0,

7

Hard stratum
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E;+12.25in35.0°-19.198in37.58° =0,

E} =470 kN.
Vertical and horizontal equilibrium of wedge BFEC:
—C5c0845.0°~ R, c0s(45.0°—17.42°) = 0,

288.0-56.55¢0845.0°~ R, c0s27.58° =0,

R, =279.81kN.

Eyp —E| +C,8in45.0° - R, 5in(45.0° ~17.42°) =0,
Eyp—4.7+56.555n45.0°-279.8sin27.58° =0,

Eyp =94.26 kN.
Vertical and horizontal equilibrium of wedge AFB:
W3 +(3c0855.0°~ Ry c0s(35.0°+17.42°) =0,

51.48+17.45¢0855.0°— Ry c0852.42°,

Ry =100.82kN.

Eyp —C58in55.0°— Ry 5in(35.0°+17.42°) = 0,
Ey; —17.458in55.0°~100.82sin 52.42° =0,
Eyp =9419kN = E5p =94.26 kN.

F ¢'m(kPa) ¢y (deg) RI(kN)  Ro(kN) R3(kN)  Exp(kN)  Ep (kN)

1.7 5.59 19.32 17.27 269.96 107.45 74.53 103.26
1.8 5.28 18.32 18.27 275.06 103.88 84.30 98.41
1.9 5.00 17.42 19.19 279.81 100.82 94.26 94.19

Note that the variables in the geometry of the wedges are not optimised yet., This means
with the variation of the angles in wedges 1 and 3 we may obtain a lower value for F.
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CHAPTER 10

Bearing Capacity of Shallow Foundations and Piles

10.1 INTRODUCTION

The problems solved in this chapter are related to the uitimate bearing capacity of shallow
footings, piles and pile groups. The ultimate bearing capacity of a shallow footing is
evaluated using traditional methods (Terzaghi, 1943; Meyerhof, 1951, 1953, 1963, 1965
and 1976) including methods by Hansen (1961 and 1970} and Vesi¢ (1973} with
modifications by Bowles (1996); (Problems 10.1 to 10.4). All the above solutions
introduce bearing capacity factors of No, Ny, Ny, that are functions of the internal friction
angle ¢'. These factors represent the effects of cohesion, surcharge load adjacent to the
footing and the weight of the soil within the failure zone. The improvements suggested by
Hansen and Vesi¢ take account of the geometry of the footing and inclinations of the load
and ground surface. The base capacity of a pile in ¢, ¢’ soil or ¢, ¢, = 0 soil is calculated
using modified methods of Hansen and Vesié (Problems 10.5 and 10.6). For piles in sands
(¢’ =0, ¢") a solution proposed by Fleming et al. (1992) is used (Problem 10.7). This
solution is based on the known values of density index /p, the critical friction angle ¢',,
and the effective overburden pressure p',. The ¢'-N, relationship used is taken from the
theory of ultimate bearing capacity developed by Berezantzev et al. (1961). The shaft
capacity of a pile may be calculated by o method (Skempton, 1959; Tomilinson, 1977)
where the average limiting shear stress T, mobilized on the shaft is estimated as a fraction
of the undrained cohesion ¢,. The improvements proposed by Fleming et al. (1992) and
Randolph and Murphy (1985) are used in the solution of Problem 10.8. An alternative
effective stress analysis suggested by Burland (1973), (3 method) is considered in
Problem 10.9. A pile group is treated using Equation 5.50 assuming a rigid cap resting on
piles. Thus the individual axial force can be evaluated (Problem 10.10). The settlement of
each pile is estimated by establishing the vertical stress distribution under the pile using
Mindlin solution (Problem 10.11). With the settlement calculated, The Winkler spring
model can be applied to analyse the cap as an elastic beam supported by springs.

10.2 PROBLEMS

Problem 10.1

A square footing of | m is located at a depth 1.5 m below the ground surface. The soil
properties are:
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¢ =0, ' =40y = 16.7 KN/MT, Yyar = 20 kN/m”.
Using Terzaghi’s bearing capacity factors calculate the ultimate bearing capacity:

(a) The water table is well below the foundation level,
(b) the water table is at the ground surface.

Solution:

The ultimate bearing capacity for a shallow strip, square and circular footings according to
Terzaghi:

g, =¢c'N, +yDN, +0.5ByN, (10.1)
q, =13c'N, +YDN, +0.4B}'NY (10.2)
g, =12c'N, +yDN, +0.3ByN, (10.3)

The corresponding bearing capacity factors are:
e(BTc /2—¢") tan ¢’

N, = ,
T 2cos?(45°+¢'/2)

N, =cot§'(N, -1),

k
N, =0.5tan¢’( L G (10.4)
cos? o'

From the given values of Ny the following matching empirical equation is proposed:
ke = (8% —4¢" +3.8) tan? (60°+¢'/2) (10.5)

where ¢’ (in the first term) is in radians. Figure 10.1 shows the variation of the bearing
capacity factors with the effective internal friction angle ¢
In the undrained conditions with ¢, and ¢, = 0:

NC=%T|:+I=5.7I,N4:1andNT=O (10.6)

When the water table is on the ground surface the unit weight is replaced by effective unit
weight: Ysar — Yw» Where 7y, is the unit weight of water. If the water table is below the
ground surface then a linear interpolation can be adopted between two results one with the
saturated unit weight and one with the unit weight above the water table.

Using Equations 10.4:

£ (31/2-40.0°x7/180.0°) tan 40.0°
N, = ; =81.27.
2cos2(45.0°+40.0°/2)

As the soil underneath of the footing is cohesionless, there is no need to calculate N,.

40.0°x 1. » 40.0°xm
o ={8($—) —dx—

+3.8 |tan? (60.0°+40.0°/2) = 157.81.
180.0° 180.0°
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Figure 10.1. Bearing capacity factors using Terzaghi’s equations.

The proposed equation for &y overestimates the Ny value about 3% to 5% (at high ¢’
values) which is not significant considering that the Terzaghi’s method underestimates the
ultimate bearing capacity nearly by a factor of 1.5.

157.81
cos? 40.0°
The Terzaghi’s value for Ny is 100.39.

NY = 0.5 tan 40.0°( —-1)=112.41.

(a) g, =c'N, +YDN, +0.5ByN, = 16.7x1.5x81.27+04x1.0x16.7x112.41 = 2787 kPa.
Using Ny = 100.39, g,, = 27006 kPa.

(b) In this case we use the effective unit weight (or submerged unit weight):
Y =Vop =Ty = 20.0-9.81=10.19 kN/m”.

g, =10.19x1.5x81.27+0.4x1.0x10.19x112.41 =1700 kPa.
Using Ny =100.39, g,, = 1651 kPa.

Problem 10.2

Re-work Problem 10.1 using Meyerhofs bearing capacity equations.

Solution:

In the Meyerhof’s bearing capacity equations the shape of the footing, inclination of the
applied load and the depth of the footing are taken into account by introducing the
corresponding factors of s, 7, and 4.

For a rectangular footing of L by B (L > B):
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q, =¢'N_s_i.d, +yDNqsqiqdq +0.5ByN,s.i.d, (10.7)

For vertical load: i, =i, =iy= | and:

g, =c'N s.d.+DN s d +05ByN,s,d, (10.8)
The bearing capacity factors are:
N, =exp(ntan O")tan?(45°+¢'/2), N, = cotq)’(Nq -1,
N, =(N, -D)tan(l.49") (10.9)
The shape, inclination and depth factors are according:
5, =1+0.2%tan2(45°+¢’/2),
s, =5 —1+01Etan2(45°+¢'/2) (10.10)
g~y T L )
For ¢y, ¢, = 0 soil 5g =5, = L.
oo\ o .
iC=iq=[1—900} . i":[l—d)’J (10.11)
For ¢y, §, = 0 soil i? =1,
D o
d, :1+O.ZEtan(45 +¢'/2),
D o i
dq=dY=I+O.IEtan(45 +¢'/2) (10.12)
For ¢y, ¢, =0 soil d, =d, =1. The equivalent plane strain ¢ is related to triaxial ¢’ by:
: ' B
05 = i 1.1—0.1}: (10.13)

For the eccentric load the length and width of the rectangular footing are modified to:
L'=L-2¢;,B'=B-2eg (10.14)

where ez, and ep represent the eccentricity along the appropriate directions.
From Equations 10.9:

N, =™ 400 1an? (45.0°+ 40.0°/2) = 64.19.

N, =(64.19-1)tan(1.4x 40.0°) = 93.68.
Using Equations 10.10 and 10.12:

Sg =5, :1+0.1§tan2(45°+(|)'/2) = I+O.l%ta112(45.0°+40.0°/2) =1.46.

d,=d, =1+0.I%tan(45°+¢’/2) - l.0+O.l:'—gtan(45.0°+40.0°/2) =1.32.
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Figure 10.2. Identification of the terms in Hansen's bearing capacity equations.

From Equation 10.8;
(a) g, =16.7x1.5x64.19x1.46x1.32+0.5x1.0x16.7x93.68x1.46x1.32 = 4606 kPa.

(b) g, =10.19x1.5x64.19x1.46x1.32+0.5x1.0x10.19%93.68x1.46x1.32 = 2811 kPa.

Problem 10.3

Re-work Problem 10.1 using Hansen's bearing capacity equations.
Solution:

Hansen’s method extends Meyerhof's solutions by considering the effects of sloping
ground surface and tilted base (Figure 10.2) as well as modification of ¥, and other
factors. For a rectangular footing of L by B (£ > B) and inclined ground surface, base and
load:

g, =c'N,s i.db.g.+ YDN s i d b2, +05ByN s, i, d.b g, (10.15)

For horizontal ground surface and base b, = by = by= g = g4 = gy= |, the general bearing
capacity equation becomes the same as Equation 10.7. For the undrained conditions:

g, =5-l4c, (1+s, +d. ~i.~b.—g,)+1D (10.16)
The bearing capacity factors of N, and N, are the same as Meyerhof above; Ny is:
N, =15(N, -D)tan¢’ (10.17)

The shape and inclination factors are according:

N, B B B
— g2 e L L. e ;
SC’B_]+NC L"C’B’SQ,B_I+LIQ,BSIH¢"’%B_I 0.4LIY,B >0.6  (10.18)
L L . L
q . ; f .
el =1+—N 2 ie 1 Sq.L =l+;—lg,[. sing’, Sy L =1_0.4—B fy 1 =0.6 (10.19)

o4

For ¢, ¢, = 0 soil:
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Sc,B =0-2§ic,B, 5 =0-2%EC,L (10.20)
—7 (3]
P=i 1y PO P -/
[N g, Nq_ls q.l V+ACb cotd)' f)
Q2
0.7H
b =|l-——— (10.21)
L V + Acy cotd

where 7 (in Equations 10.21) =B or L, 2<a,; <5, 2<a, <5, 4 is the area of the footing
base and ¢ 1s the cohesion mobilized in the footing-soil contact area. For the tilted base:

G2
0.7-m°/450°H;
iw{l—( N )f ’} (10.22)
V+ Acy cotd
For ¢, ¢y, = 0 soil:
. H,
i;=05-_[1- i=Borl (10.23)

Acb

In the above equations B and L may be replaced by their effective values expressed by
Equations 10.14. The depth factors are specified in two sets.

For 251, 2il:
B L

D Y

d, g =1+0'4E’ d, g =1+2tan¢(l—sm¢)ZE (10.24)
D v o 2D

dey =1+04—=d, =1+2tan¢(1—sun1>)2E (10.25)

F0r2>l, £>1:
L

d, g =l+0.4tan_l%, d, p=1+2tan¢'(1-sin¢’)’ tan_I% (10.26)

d,, =1+0.4tan‘1% dy p =1+2tan¢’(1-sin¢")? tan"lg (10.27)

For both sets a’y =1.0 (10.28)
For ¢y, ¢, = 0 soil:

d. = 0.4%, dy g = 0.4% (10.29)

For the sloping ground and tilted base the ground factor g; and base factor b; are proposed
by Equations 10.30 to 10.33. The angles } and 1| are at the same plane either parallel to B
or L:

BO

~ 147 8¢ =8 =(1-05 tan B)° (10.30)

g =1
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For ¢y, ¢, = 0 soil:

g.= 1570 (10.31)
n° , '
bC =1 1470’ bq ::e*zrltaﬂd) . b’y =e*2.7"(‘|tan¢ (1032)

For ¢y, ¢y, = 0 soil:
_ " :
b, = (47 (10.33)
Find A, from Equation 10.17:
N, =L.5(N, -D)tan¢’ =1.5(64.19 —1.0) tan 40.0° = 79.53.

The inclination factors iy = i, = 1.0.
Calculate shape and depth factors from Equations 10.18, 10.26 and 10.28:

s :1+£i sind)’=l+£x1.0xsin40.0°:1.643,
i L1 1.0

s, =1-042; —1-2041%10=04600.
f L 1.0
d, =1+2tan¢'(1-sin¢")? tan~! % =1+2tan40.0°(1 —sin40.0°)? tan " % =1.210,

d,=10.

Tilus from Equation 10.15 and with¢' =0 and b= by =by =g, =g;=gy=1:
(a) g, =16.7x1.5%64.19x1.643x1.210 +
0.5%1.0x16.7x79.53%0.600 x1.0 =3595 kPa.

(b) g, =10.19x1.5x64.19x1.643x1.210+
+0.5%x1.0x10.19%79.53x0.600x1,0 =2194 kPa.

Problem 10.4

Re-work Problem 10.1 using Vesic's bearing capacity equations,
Solution:

Vesi¢’s bearing capacity solution is similar to Hansen's with minor modifications in N,
and some selected factors. This method seems easier to use, since there IS 1o
interrelationships between different factors. In this method Equations 10.15 and 10.16 are
used with the following modifications:

N, =2(N,+])tan o' (10.34)
For ¢y, ¢y, = 0 soil with the sloping ground (Figure 10.2):
N, =-2sinp (10.35)

The other terms are as follows:
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N, B

B B
Se,p =14 T s, p =1+ —tand,s, p =1-04—206
[og

N
8,1 =l+'Ni%95q,L :1+"§“tan¢', 51 =1—0.4%20.6

C

. B L
For ¢y, ¢, =0 soil ScB= O.ZZ, Sel = O.ZE

For i.; use Hansen's equation; other terms are defined by:

m m;+l
H; ! H, ’
fgi=|l-——| b=l ———— i=Borl
’ V'+ Acy, cotd y V+ Acy cotd

mH;
i=Borl

For ¢, ¢, = 0 soil Ley =1-
CpiVe
2+R/L 2+L/B
= . m.L:
1+B/L 1+L/B

For the sloping ground and tilted base (Figure 10.2):

1-§

q 2
— g =g, =(-t
5.14tan¢’ 8q =&y =(1-tanp)

mpg

g =g

For ey, du=10s0il g, = FET

— 2ﬁ _ _ n2
bC —lmm, bq _b'}' —(1*1'[‘:3.11(1))

B

For ¢y, ¢ =0 s0il b, = i

(10.36)
(10.37)

(10.38)

(10.39)

(10.40)

(10.41)

(10.42)
(10.43)

(10.44)

(10.45)

The depth factors are the same as Hansen's method. For a circular base, in both Hansen's

and Vesi¢'s methods, the dimensions of an equivalent square may be used.
N, =2(N, +1)tan ¢ =2(64.19+1.0)tan 40.0° =109.40.

Shape factors are calculated from Equations 10.36:
Sq= 1+(B/L)tand" =1+(1.0/1.0)tan40.0° =1.839,

s, =1 —0.4B/L)=1-0.4(1.0/1.0)=0.60.
Depth factors are the same as Hansen's method: d;= 1,210, dy= 1.0.

(a) g, =16.7x1.5%64.19%1.839%1.210+0.5x1.0x16.7x109.4x0.6 x1.0 = 4126 kPa.
(b) g, =10.19x1.5x64.19x1.839x1.210+0.5x1.0x10.19x109.4x 0.6 x1.0 = 2518 kPa.

Problem 10.5

Using Hansen’s method calculate the base capacity of a square pile of 0.4 m width and

10 m length for the following two cases: )
(a) the water table is well below the pile base withy =16.7 KN/m”,
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(b) the water table is at the ground surface with g4 = 20 kN/m3. Ignore the N, term.
¢ =0, ¢ =40°

Solution:

For ¢, ¢' soil the general form of the ultimate bearing capacity of the pile base is:

gy =N d, +np),N d, (10.46)

where p',, is the effective vertical stress at the base level due to the weight of the soil and
n represents the effect of the at-rest lateral earth pressure. The N, term is negligible in
comparison with the other terms. The Hansen’s bearing capacity equations may be used
where the pile length L replaces D in the depth factors and n = 1.

For ¢;, ¢, = 0 soil (undrained conditions) the ultimate bearing capacity of the pile base is
reduced to:

g, =c,N.d, (10.47)
The term N, may be assumed 9 for most practical purposes.
A, =04x04=0.16m".
Using Equations 10.9 we find N, = 64.19.
Depth factors from Equations 10.26:
d, =1+2tan40.0°(1 -5in40.0°) tan "' (10.0/0.40) = 1.328.
(a) p, =16.7x10.0 =167.0 kPa. Thus using Equation 10.46:
g, =167.0x64.19x1.328 =14236 kPa.

Base capacity:
P, =q,A, =14236x0.16 = 2278 kN.

(b) p!, =10.19x10.0 =101.9 kPa.
g, =101.9x64.19x1.328 = 8686 kPa.

Base capacity:
P, =q,A4, =8686x0.16=1390kN.

Problem 10.6

Re-work Problem 10.5 using Vesi¢’s method with 7, = 20.
Solution:
The values of N[ and N{'; (instead of M. and N in Equation 10.46) derived by Vesic¢ are:

N =(N} ~1)cot (10.48)

3—sin¢’
The term /- is called the reduced rigidity index and is defined by:
I

=—" 10.50
I+epf, { )

4sind’
Ny = 3 {exp[(ﬂ/ 2-¢") tan ¢’ Jtan2 (45°+ ¢/ 21, 3(1wsin ) } (10.49)

I
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where g is the volumetric strain of the soil at the vicinity of the pile base at failure and £
is a rigidity index according:

G

= 10.51
c'+ pl tan ¢’ ( )

,
The term G represents the shear modulus of the soil. Note that in undrained conditions
e =10. The parameter 1| is a function of the coefficient of soil pressure at-rest condition /&,
in the following form:

1+ 2k,
= (10.52)
3
The Vesi¢’s N value for undrained conditions is:
4nf,. +1

¢ 3 2
From Equation 10.49 we find:

4gin 40.0°
N :,; exp [n/zw-}anzmm tan? 65.0° x 20,0 3(1+sin 40.0°) 4
77 3-5in40.0° 180.0°

N;‘ =58.10.

The lateral soil pressure coefficient at-rest £, may be calculated from:
k, =1-sin¢’ (10.54)

Thus k, =1-sin40.0°=0.357.

From Equation 10.52:
nN=(1+2x0357)/3=0.571.

(@) g, =0.571x167.0x 58.1x1.328 = 7357 kPa,
P, =7357x0.16=1177kN.
(b) g; =0.571x101.9x58.1x1.328 = 4489 kPa.
P, =4489%0.16 = 718kN.

Problem 10.7

A pile of length 15 m is embedded in a sand layer with the following properties:

Density index I = 0.75, critical friction angle ¢'c = 33%, v = 17 kN/m’, Yo = 20 kN/m”.
Calculate the base bearing capacity if:

(a) there is no water in the vicinity of the pile base,

(b) the water table is at the ground surface.

Use the iteration based method of Fleming et al. (1992).

Solution:

The critical friction angle ¢’ is a constant property of the soil being independent from the
initial void ratio and stress level. The magnitude of this parameter can be found from:
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sing’. = i

e+ M
where M =¢'/ p’ (Equation 4.12), ¢' equals to (¢'1 —o'3) and p' is the effective mean
stress (o] +2045)/3.
The appropriate value of internal friction angle ¢’ under the pile base is estimated from the
following equation:

@' =0, +31p[54-In(p'/ p,)]-3  (degrees) (10.55)
where p,, is the atmospheric pressure (= 100 kPa). The base bearing capacity is defined by:
qp = PoN, (10.56)

in which N is the bearing capacity factor corresponding to the internal friction angle ¢’
mobilized beneath the base. The effective mean stress p’ in the vicinity of the pile base is
taken as the geometric mean of the base bearing capacity and effective overburden
pressure p',:

p= /qu; (10.57)

To evaluate V, an iterative process is carried out by first assuming an initial value for N
and calculating p’ from Equation 10.57. The corresponding ¢ is then calculated from
Equation 10.55 and, using an appropriate ¢'-N, relationship, the value of N, can be
aobtained. If this value is not sufficiently close to the assumed N, iteration is continued
until the difference in N, between successive cycles becomes insignificant. The ¢'-N,
relationship used is taken from the theory of ultimate bearing capacity developed by
Berezantzev et al. (1961) illustrated in Figure 10.3.

(a) p, =17.0x15.0 = 255.0 kPa. Assume N, = 79.0, thus

p'= N, p, =v79.0x255.0=2266.5 kPa.

1000

10 TR TN Y Y SN N SO N S TN T N TN TN T N
25 30 35 40 45

¢’ (degrees)

Figure 10.3. Bearing capacity factor N, used for piles in sand (Berezantzev et al., 1961).
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o' =33.0°+3x0.75[5.4 - In(2266.5/100.0)| - 3.0° = 35.1°.
From Figure 10.3 N; = 75.0,
For the second iteration we assume N, = 75.0, therefore:

p'= N, p, =750 x255.0 = 2208.4 kPa.

&' =33.0°+3x0.75[5.4 - In(2208.4/100.0) |- 3.0° = 35.2°.

Select Ny =75.0.

gy = pyN, =255.0x75.0 =19125kPa = 19.1 MPa.

(b) p,, =(20.0-9.81)x15.0 =152.8 kPa. Assume N, = 100.0, thus
p'=N D J100.0 x152.8 =1528.0 kPa.

o' =33.0°+3x 0.75{5.4 —In(1528.0/100.0)]-3.0° = 36.0°,
From Figure 10.3 N, < 100.0.
For the second iteration we assume N, = 90.0, therefore:

=[N P = V90.0 x152.8 = 1449.6 kPa.

¢’ =33.0°+3><0.75[5.471n(1449.6/100.0)] 3.0°=36.1°.
Select Ny = 88.0.

gy = PN, =152.8x88.0 = 13446 kPa = 13.4 MPa,

Problem 10.8

Estimate the ultimate pile capacity of a 30 m concrete pile with (.4 m diameter in an
offshore structure where the submerged unit weight is 8.3 kN/m™. The profile of the
undrained shear strength, which changes linearly between the measured points, is:

Depth (m) 0 6 18 24 30
¢y (kPa) 200 440 440 220 220

Solution:

In the conventional analysis called @ method the average limiting shear stress ts
mobilized on the shaft is estimated empirically as a fraction of the undrained cohesion ¢

T, =0C, (10.58)

This method has been improved (Fleming et al., 1992) relating « to the strength ratio
defined by ¢, / p', according:

0.5 -0.5
| G Su :
=|— . ¢,/ py =1 (10.59)
Po ) ne\ Po
0.5 -0.25
c c
cx=( ”} [ “J ¢,/ ph >1 (10.60)
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where the subscript NC represents the normally consolidated state. For normally
consolidated soil ¢ = 1. The shaft capacity may be expressed by:

=n
P, =Y (ac, 4,); (10.61)
i=l
where o, ¢, are the average values related to a finite length of a pile in specified depth,
and A is the perimeter surface area of the finite length. Based on the experimental data
for driven piles reported by Randolph & Murphy'(1985) Equations 10.59 and 10.60 may
be simplified to the following:

-0.5
C
a_o.s[—’f—] “u ) (10.62)
o8 P
—0.25
C o
a=0.5(—‘f] b | (10.63)
P, P,

The results of computations are tabulated where the total shaft capacity is 4824 kN.

Depth ¢, P

. A Ty X Ay
(m) (kPa) (kPa) /P

Ts 5,
(kPa) (m")  (kN)
0-6 320 249 12.85 0.264 84.5 7.54 637.1

o

6-18 440 99.6 4.42 0.345 151.8 15.08 2289.1

18-24 330 1743  1.89 0.426 140.6 7.54 1060.1

2430 220 224.1 0.98 0,505 111.1  7.54 837.7
Total = 4824

Sample calculation for depth 18 m - 24 m:
¢, (average) = (440.0+220.0)/2 = 330.0kPa.

Pl =83x(18.0+24.0)/2 =174 3 kPa.
¢,/ pl =330.0/1743=1.389.

From Equation 10.63:

o =0.5%(1.89)7% =0.426.

T, = 0.426x330.0 =140.6 kPa.

A, = (rx0.4)(24.0-18.0) = 7.54 m".

T, x A, =140.6x7.54 =1060.1 kN.

The ultimate bearing capacity of the pile base is calculated from Equation 10.47:
qp =c,N.d.=c, x9=220.0x9=1980 kPa.

P, =1980.0x70.4% /4 = 2488 kN.

The ultimate bearing capacity P, is the sum of the shaft capacity P and the base capacity
Py

P, =P, + P, =248.8+4824~ 5073 kN = 5.07 MN.
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Problem 10.9

It is required to estimate the length of a frictional concrete pile of 0.4 m diameter
embedded in cohesionless soil. The ultimate bearing capacity of the pile is 1850 kN. The
soil is comprised of 10 m fine sand with y = 16.5 KN/m® and ¢" = 30° underlain by a
course sand of y = 18.8 KN/m® and ¢ =36°.

Assume K (lateral earth pressure coefficient) = 1.5 for both layers,

Solution:

An alternative effective stress analysis suggested by Burland (1973) assumes no effective
cohesion on the pile shaft due to the remoulding eftects of pile installation. The ultimate
frictional shear stress mobilized at a specific depth on the shaft is:

T, =0} tand’ = Kp), tand’ = fp|, (10.64)

where o', is the effective normal stress horizontally applied by the soil on the pile, &' is
the effective friction angle mobilized on the pile surface, p', is the effective vertical stress,
and K represents the lateral earth pressure coefficient. For bored piles in heavily
consolidated soils a value of K=(1+4k,)/2is recommended. For driven piles
experimental results give a range for K from 1.5 to 1.9,

Find the average effective vertical stress at the fine sand layer:

Pl =16.5%(10.0/2) =82.5 kPa.

The average mobilized shear stress on the shaft from Equation 10.64 and by assuming
&' =¢" =30.0°1s:

T, = Kp), tand’ =1.5x82.5x tan30.0° = 71.4 kPa. The corresponding shaft capacity is:

Py =mx04x10.0x71.4=897.2kN < 1850.0 kN.

The pile must be extended to the coarse sand to the depth of 7 with shaft capacity of:
P, =1850.0-897.2 =952.8kN.

Pl =165x10.0+18.8x1/2=165.0+9.4/ kPa,
1, = Kp|, tand’ = 1.5(165.0+9.4]) tan36.0° kPa.
P, =952.8 =x04x]x1.5(165.0+9.40)tan36.0°,

12 +17.551-74.01=0—>7=3.5m.
Thus the total length of the pile is 10.0 +3.5=13.5m.

Problem 10.10

A pile group of Figure 10.4 carries 600 kN vertical force at x = y = 0.7 m. The piles are of
equal diameter with sy = 1.4 m and s, = 1.2 m. Calculate the vertical load at each pile.
Solution:

For the load distribution through a rigid pile cap Equation 5.50 may be used in the
following form;

M, M P
P=S§|—Lx -y += (10.65)
i r[ [y i [x i S}




Bearing Capacity of Shallow Foundations and Piles 175
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Figure 10.4, Problem 10.10.

where P is the total vertical load, My and M, are the moments about the x and y axes
(Figure 10.4), x;, y; are the coordinates of the centriod of each pile, [ and /, are the second
moments of area of the pile group about the x and y axes, §; is the cross-sectional area of
each pile, S is the total cross-sectional area of the pile group (excludes the areca of the pile
cap) and P; is the vertical load taken by the pile i. The origin of the coordinate system is at
the centroid of the pile group, which may be different from the centriod of the rigid cap.
For n piles of equal cross-sectional area:

My i ¥; g (10.66)

P = X —
BEDIE DY

|7, = || = 600.0x0.7 = 4200 kN.m.

Considering the right-hand rule sign convention:
My =-420.0 kN.m, M, = 420.0 kN.m,

S x? =6x1.4> =11.76m’,
Zyl-z —6x1.22 =8.64m".
From Equation 10.66:

p =200, 4 2200, 10,8090 4o
11.76 8.64 9

Py =200,00- 2200, 15, 000 g3
1176 8.64 9
420.0 —420.0 600.0

I x4 —-———x-12+——=583kN.
11.76 3.64 9
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Similarly,
Py=16.7TkN, P5=066.7 kN,

Pg=116.7 kN, P =75.0 kN,
Pg=125.0 kN, and Pg = 175.0 kN.

Problem 10.11

A pile group has 3 coaxial piles all having equal length of 10 m and are spaced equally at
1.5 m. The central pile carries 600 kN; the side piles each has 450 kN. Calculate the
settlement of the central pile assuming skin resistance load mechanism.

i (Poisson’s ratio) = 0.3, £; = 8§ MPa.

Solution:

The base settlement may be calculated using the Mindlin stress distribution. After
dividing the soil under the base of the pile into a finite number of layers the vertical stress
is computed using Table 10.1 (or relevant equations, see Aysen (2002) regarding tables
for different values of 1 and influence factors for end bearing piles).

Table 10.1. Vertical stress influence factors due to uniform shear force applied in the interior of the
soil (p=0.3).

n—>0.00 002 004 006 008 010 015 020 050 1.00 2.00
m

1.0 = 6.8419 3.4044 2.2673 1.6983 1.3567 0.8998 0.6695 0.2346 0.0686 0.0076
1.1 1.921% 1.8611 1.7072 1.5134 1.3211 1.1503 0.8368 0.6419 0.2335 0.0728 0.0091
1.2 0.9699 0.9403 0.9166 0.8825 0.8400 0.7922 0.6688 0.5588 0.2292 0.0760 0.0105
1.3 0.6430 0.6188 0.6099 0.5992 0.5850 0.5675 0.5157 0.4597 0.2207 0.0782 0.0120
1.4 0.4867 0.4558 0.4507 0.4461 0.4396 0.4316 0.4063 0.3761 0.2082 0.0796 0.0134
1.5 0.3766 0.3561 0.3533 0.3510 0.3476 0.3432 0.3291 0.3115 0.1834 0.0800 0.0148
1.6 0.3339 0.2895 0.2878 0.2863 0.2843 0.2817 0.2732 0.2621 0.1777 0.0796 0.0160
1.7 0.2664 0.2438 0.2414 0.2399 0.2384 0.2369 0.2313 0.2239 0.1623 0.0784 0.0172
1.8 0.2025 0.2065 0.2054 0.2044 0.2038 0.2026 0.1989 0.1938 0.1479 0.0766 0.0182
1.9 0.1847 0.1794 0.1785 0.1777 0.1768 0.1760 0.1733 0.1696 0.1347 0.0744 0.0191
2.0 0.1634 0.1565 0.1561 0.1556 0.1551 0.1545 0.1525 0.1498 0.1229 0.0718 0.0199

The vertical stress component at any point with a horizontal distance » from the load O
and a depth z > L (pile length) is:

. _ 0
oL =51 (10.67)

where 7, is given by the above table. The coordinates of the point of interest are expressed
in the dimensionless parameters of m=z/L, and n=r/L. The settlement of the base is
approximately:

i=n g
Wy = LD, (10.68)
i=1 5
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where / is the thickness of the finite layer, o'; is the increase in the effective vertical stress
at the mid-point of the layer due to loading, and Ej is the Modulus of Elasticity of each
finite layer.

For a uniform E; and assuming: ¢ = allowable load applied to the pile = P,, substituting
o', from Equation 10.67 into Equation 10.68:

P i=n
w, =—42- 5 ),
b LzE‘qzé qg’i
If =l =ly=---=1, and

fy +15 +15 ++--+1, = L (length of the pile}:

W’b =

Pa i=n [q Pa
B 3 T 10.69
LE, E[ n) LE, g(average) (100

which simplifies the use of the above or similar tables.
The soil beneath the base is divided into 5 layers of equal thickness of:

h=ly=hL=I4=I5=L/5=20m.

11 (due to the central pile)=»/L=0.0/10.0=0.
ny and 3 (due to side piles) =r/L=1.5/10.0=0.15.
my (centre of layer 1)=z/L=11.0/10.0=1.1,
ma=13,m=15my=1.7 and ms=1.9.
The results are tabulated below:

Layer z(m) m=z/L [;(n=00) [I;(n=015)

1 11.0 1.1 1.9219 0.8368
2 130 13 0.6430 0.5157
3 15.0 1.5 0.3766 0.3291
4 17.0 1.7 0.2664 02313
3 19.0 1.9 0.1847 0.1733
Total:  3.3926 2.0862

Average: 0.6785 0.4172

Using Equation 10.69:
600.0

wy (due to middle pile) = ———————x 0.6785 = 5.1x10 "  m = 5.1 mm,
10.0%8000.0
wy, (due to side piles) = 2 x ﬂ-lo—x 04172=4.7x10"> m = 4.7 mm.
10.0x8000.0

The base settlement of the central pile is:
wy (total) = 5.1+ 4.7=9.8 =10 mm.
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Index

Active earth (or soil) pressure 107, 114
Alr content 1

Anchored sheet pile 113

Anchors (concrete) 128

Angle of internal friction 33

Base capacity (piles) 161, 168, 169
Base settlement (piles) 176

Basic parabola 29

Beam (on an elastic foundation) 74
Bishop and Morgenstern method (stabil-
ity of slopes) 149

Bishop's simplified method (stability of
slopes) 101

Bulk density (see density of soil)
Burland and Burbidge method 66

Cantilever sheet piles 125, 128
Capillary rise 22

Coarse sand 174

Coefficient of consolidation 79, 82, 93
Coefticient of curvature 6

Coefficient of permeability 21
Coefficient of soil (or earth) pressure at-
rest 170

Coefficient of uniformity 6
Coefficient of volume compressibility
79

Cohesion 33

Collapse mechanisms 104
Compaction: 1; standard test 10
Compression index 79, 80

Concrete piles 172, 174

Cone liquid limit 8

Cone penetration test 67

181

Confined aquifer 21, 25

Consistency states 26
Consolidated-Undrained test (triaxial)
37

Consolidation: average degree 82; cor-
rection for construction period 79. 94.
degree 82; settlement 81, 82; test 80
Constant head test 22

Contact pressure 49

Coulomb wedge analysis 113

Critical stability number 142

Critical state: line 41; parameters 41.
theory 33

Darcy's law 21

Degree of saturation 2

Density: of soil 3; of solids 2; dry 3
Density index 9

Depth factor 65

Description of a soil 6, 7

Deviator stress 41, 43, 45, 46

Direct shear test 35

Displacement diagram 101

Drained: loading 15; test (triaxial) 36
Dry density-moisture content relation-
ship 10

Dynamic viscosity 22

Earth pressure coefficient(s) 114
Effective angle of internal friction 162
Effective cohesion 174

Effective stress (concept) 15

Effective unit weight 15

Elastic settlement 49; semi numerical
solution 63
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Excess pore pressure 40, 82

Factor of safety: retaining walls 121,
123, 125, 134; slopes 139, 142, 143, 146
Failure criterion 34, 33, 38

Failure envelope 34

Falling head test 21, 22

Fellenius® method (stability of slopes)
143

Flow nets 21, 26, 28

Flow rate 21

Flow rule 102

Gravity retaining walls 120

Hydraulic conductivity 21
Hydraulic gradient 21

Influence depth 66

Influence factor: stress 33, 61; settle-
ment 62, 65 strain 68

Isochrone 86; parabolic 90

Isotropic compression 40, 42, 46

Lateral earth pressure 113
Limit analysis 97

Limit equilibrium method 139
Limit load 97

Liquid limit 7

Log time method 83

Lower bound 97

Mass-volume relationships 1

Modulus of Elasticity 39, 69

Modulus of subgrade reaction 74
Mohr’s circle of stresses 34, 35, 37, 56
Mohr-Coulomb (failure criterion) 34,
139

Moisture content 1, 3

Negative contact pressure 54
Negative pore pressure 45, 47
Newmark's influence chart 52
Normally consolidated: clay 38; sand
066, state 86, 173

Open layer 81

Optimum moisture content 1, 10
Overconsolidated: soil 66; state 45, 86
Overconsolidation ratio 45, 46

Particle size distribution I, 6, 11
Passive earth (or soil) pressure 107, 114
Passive resistance 128

Plasticity chart 7, 8

Plasticity indices 1

Plastic limit 7

Permeability of aquifer 25
Permeability of stratified soils 26
Permeability tests (laboratory) 21
Phreatic surface 29

Pile: Axial ultimate bearing capacity
169, 172; groups 174, 176; settlement
176

Poisson's ratio 40, 49

Pore pressure 15

Pore pressure coefficients 39

Pore pressure ratio 144

Porosity 2

Potential failure (plane) 135
Preconsolidation pressure 46, 66, 79
Pumping test 25

Radius of influence 25

Rankine theory 113, 134
Recompression: 66; index 86; line 86
Reinforced soil (retaining walls) 113
Root time method 83

Schmertmann’s method 67

Seepage: flow 21; zone 29

Settlement: alternative influence factors
forlddiurated clays 66; flexible and rigid
footings 49; the effect of embedment
depth 65

Shaft capacity of piles 161

Shape factor 67, 168

Shear modulus 170

Shear strength: 33, 139, 151, 154; pa-
rameters 36, 37, 40, 115, 139; undrained
172

Sheet pile walls 113

Sieve (analysis) 6

Skin friction 60



Sliding block(s) 101, 104, 139
Specific gravity of solids 2

Specific volume 42

Stability number 101, 142

Stability (of infinitely long earth slope)
151

Stability (of reinforced earth slopes) 154
Standard compaction test 10

Steady state flow 151

Stress discontinuity 97

Stress path 42, 46

Stress-strain model 49, 97

Submerged unit weight 163, 172

Taylor’s (slope) stability chart 142
Time factor 68, 82, 90

Total active thrust 115, 118, 119
Total head 21

Total passive thrust 115

Total stress (concept) 15

Triaxial compression test 41
Tunnel heading 97, 110

Two-part wedge method 154

Ultimate bearing capacity of shallow
foundations: 161; Hansen's method 165;
Meyerhof's method 163; Terzaghi's
method 162; Vesié¢'s method 167
Ultimate bearing capacity of strip foot-
ing (limit theorems) 99

Unconfined aquifer 21, 25

Unconfined compression test 40
Undrained: cohesion 139, 161, 172;
conditions 15, 41, 100, 139, 142, 143,
162, 165, 169, 170; shear strength 172
Upper bound: theorem 97; solution 97

Vertical cut 102

Vertical drains 79, 93

Virgin compression line 79, 80, 86
Void ratio 1, 2

Volumetric strain 41, 43

Wall adhesion 113, 120

Wall friction 113, 120

Wedge (mechanism for reinforced
slopes) 154

Index 183
Well pumping test (see pumping test)
Wet density (see density of soil)
Winkler model 75, 161

Yield criterion 97

Zero air curve 10



