Lecture Notes: Introduction to Finite Element Method Chapter 1. Introduction

Chapter 1. Introduction

|. Basic Concepts

Thefinite element method (FEM), or finite element analysis
(FEA), is based on the idea of building a complicated object with
simple blocks, or, dividing a complicated object into small and
manageable pieces. Application of this smpleidea can be found
everywherein everyday lifeaswell as in engineering.

Examples:

- Lego (kids' play)
- Buildings

- Approximation of thearea of acircle;

“ Element” §

. 1, .
Areaof onetriangle: S =7 R*sinq

. ) 1, . . a0 ,
Areaof thecircle Sy =a S =§R NsngW;,@ pR asN® ¥
i=1

where N = total number of triangles (elements).
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Why Finite Element Method?

- Design analysis. hand calculations, experiments, and
computer simulations

- FEM/FEA isthe most widely applied computer simulation
method in engineering

- Closdly integrated with CAD/CAM applications

Applications of FEM in Engineering

- Mechanical/Aerospace/Civil/Automobile Engineering
- Structure analysis (static/dynamic, linear/nonlinear)

- Thermal/fluid flows

- Electromagnetics

- Geomechanics

- Biomechanics

Examples.
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A Brief History of the FEM

1943 ----- Courant (Variational methods)
-+ 1956 ----- Turner, Clough, Martin and Topp (Stiffness)
- 1960 ----- Clough (“Finite Element”, plane problems)

- 1970s ----- Applications on mainframe computers
- 1980s ----- Microcomputers, pre- and postprocessors

- 1990s ----- Analysis of large structural systems
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FEM in Structural Analysis
Procedures:

Divide structure into pieces (elements with nodes)

Describe the behavior of the physical quantities on each
element

- Connect (assemble) the e ements at the nodes to form an
approximate system of equations for the whole structure

- Solve the system of equations involving unknown
guantities at the nodes (e.g., displacements)

- Calculate desired quantities (e.g., strains and stresses) at
selected elements

Example:
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Computer | mplementations

- Preprocessing (build FE moddl, loads and constraints)
- FEA solver (assemble and solve the system of equations)

- Postprocessing (sort and display the results)

Available Commercial FEM Software Packages

- ANSYS (General purpose, PC and workstations)

- DRC/I-DEAS (Complete CAD/CAM/CAE package)
- NASTRAN (General purpose FEA on mainframes)

- ABAQUS (Nonlinear and dynamic analyses)

- COSMOS (General purpose FEA)

- ALGOR (PC and workstations)

- PATRAN (Pre/Post Processor)

- HyperMesn (Pre/Post Processor)

- Dyna-3D (Crasnh/impact analysis)
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Objectives of ThisFEM Course

- Understand the fundamental ideas of the FEM

- Know the behavior and usage of each type of elements
covered in this course

- Be ableto prepare a suitable FE model for given problems

- Can interpret and evaluate the quality of the results (know
the physics of the problems)

- Be aware of the limitations of the FEM (don’t misuse the
FEM - anumerical tool)
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|I. Review of Matrix Algebra

Linear System of Algebraic Equations

a X, ta,X, +..+a, X, =b
A, X, +a,X,+...+a, X =b, 1)
a, X, +ta,X,+.+a X =b
where x,, X, ..., X, are the unknowns.
In matrix form:;
AX =D (2)
where
éall a12 aln l‘;l
é U
A:[a-]:éaﬂ Ay, a'znu
: (f: . u
e
@nl an2 a‘nn H
Co . (3)
I X, i b U
Io1 I I
| X, | _ _ I,bz |
x={x}=1"y b={b}=1"y
I I
tX.p tb.p
A iscalled anxn (square) matrix, and x and b are (column)
vectors of dimension n.
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Row and Column Vectors

v:[v1 v, v3] W:}_Wzy

Matrix Addition and Subtraction

For two matrices A and B, both of the same size (mxn), the
addition and subtraction are defined by

C=A+B with c”.:aij+b|j
D=A-B with dij =a, - bij

Scalar Multiplication

|A=]la]

Matrix Multiplication

For two matrices A (of sizelxm) and B (of size mxn), the
product of AB is defined by

C=AB with ¢, = ) a, b,
k=1
wherei=1,2,...,1; j=1,2, ..., n.
Notethat, in general, AB* BA, but (AB)C =A(BC)
(associative).
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Transpose of a Matrix

If A =[a], then thetransposeof A is
AT :[aji]

Noticethat (AB)' =B'A".

Symmetric Matrix
A square (nxn) matrix A is called symmetric, if

A=A" or a, =a,

Unit (I dentity) Matrix

el 0 Ou
0 1 ol
| =€ u
€ o .. 1f

Notethat Al = A, Ix = X.

Determinant of a Matrix

The determinant of square matrix A isascalar number
denoted by det A or |A|. For 2x2 and 3x 3 matrices, their
determinants are given by

7 b \
dety u=ad- bo
& dg
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and

éan A, Q3 l‘;|
detg, 8y, B QB + BBy + 888
@31 a32 a33 Q

- Q38,85 - Q,8,,85; - ApAg,dy,

Singular Matrix

A square matrix A issingular if det A = 0, which indicates
problems in the systems (nonunique solutions, degeneracy, €tc.)

Matrix I nversion

For a sguare and nonsingular matrix A (detA 1 0), its
inverse A™ is constructed in such away that

AA T =ATA =
The cofactor matrix C of matrix A is defined by
G, = (-1 Mm,
where M; is the determinant of the smaller matrix obtained by
eliminating the ith row and jth column of A.
Thus, theinverse of A can be determined by
At = 1 C’

 det A
We can show that (AB) * =B *A™".
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Examples:

@ by’ 1 éd -by

7

& d¥ “(ad-b)&c al

61 -1 Oy’ & 2 Iy & 2 1y
2 &1 Y = 2 ¥4 =% 2 1

€ u - (4-2-1¢ u € u

60 -1 249 gl 1 15 @& 1 1
Checking,

61 -1 008 2 1y & 0 Oy

€1 2 -1 2 U=9 1 oY

e ue u e u

80 -1 2l 1 1y & 0 1§

If det A =0 (i.e, A issingular), then A™* does not exist!

The solution of the linear system of equations (Eq.(1)) can be
expressed as (assuming the coefficient matrix A is nonsingular)

x=A"'b

Thus, the main task in solving alinear system of equationsisto
found the inverse of the coefficient matrix.
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Solution Techniquesfor Linear Systems of Equations
- Gauss eimination methods

|terative methods

Positive Definite Matrix

A sguare (nxn) matrix A issaid to be positive definite, if for
any nonzero vector x of dimension n,

XTAX >0

Note that positive definite matrices are nonsingular.

Differentiation and I ntegration of a Matrix

Let
A(t) =[a; ()]
then the differentiation is defined by
éda, (H)u

d
—A(t) = 2
it (® € dt H

and the integration by

\ _éx V
OR(ct = 55, (et
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Types of Finite Elements

1-D (Line) Element

.——

(Spring, truss, beam, pipe, €tc.)

2-D (Plane) Element

(Membrane, plate, shell, etc.)

3-D (Solid) Element

(3-D fields - temperature, displacement, stress, flow velocity)
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[11. Spring Element

“Everything important is simple.”

One Spring Element

T X .
i J
o NWWWS—,

Two nodes: I, ]
Nodal displacements: Ui, Ui (in, m, mm)
Nodal forces: fi, fj (Ib, Newton)

Spring constant (stiffness):  k (Ib/in, N/m, N/mm)
Spring force-displacement relationship:

F=kD withD=u; - u
Linear
F Nonlinear
Kk
D

k=F/D (>0)istheforce needed to produce a unit stretch.
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We only consider linear problemsin thisintroductory

course.

Consider the equilibrium of forces for the spring. At nodei,

we have

fi=-F=-k(u - u)=ku - ku,
and at node|,

f, =F=k(u; - u)=-ku +ku,
In matrix form,

ék -kaud ifd

&k kiup it
or,

ku=f
where

k = (element) stiffness matrix
u = (element nodal) displacement vector

f = (element nodal) force vector

Notethat k issymmetric. Isk singular or nonsingular? That is,
can we solve the equation? If not, why?

© 1998 Yijun Liu, University of Cincinnati
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Lecture Notes: Introduction to Finite Element Method

Spring System
—
ky Ko
— NNV ——
1 2 3
up, F1 U, F> Us, F3
For element 1,
ékl B kl':ﬁ, ul';l_\l fll';l
A fl =
&k k Jup
eement 2,
ék, -kuuwig if’0
A fl =
8’ K, K, 0iu, 1 fzz

where f, "isthe (internal) force acting on local nodei of element
m(i =1, 2).
Assembl e the stiffness matrix for the whole system:

Consider the equilibrium of forces at node 1,

F =1
at node 2,
F,=f, +f?
and node 3,
F =17
16
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That is,
|:1 = k1“1 - k1u2
Fz = - k1“1 + (kl + kz)uz - k2u3
F3 = - kzuz + k2u3

In matrix form,
ek, -k Ouun iR
B | g a0 11
? _____ k 1. k 1+k2 B kzguz)'/: | Fz)'/

or
KU=F
K isthe stiffness matrix (structure matrix) for the spring system.

An alternative way of assembling the whole stiffness matrix:

“Enlarging” the stiffness matrices for elements 1 and 2, we
have

¢k, -k Ouug 1f'o
60 0 Ogup }o,o
€@ 0 OGuyu jog
Dk -kJuy=ifly
0 -k k gup b
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Adding the two matrix equations (superposition), we have

N\

é k, - k, Ouuu | fl U
Sk Ktk -kh%uzy Piret2y

g0 B kz kz glu3b { fzz l)
Thisisthe same equation we derived by using the force

equilibrium concept.

Boundary and load conditions:

Assuming, uu=0 ad F,=F=P

we have
é k, - k, OuoOu iRU
Sk Ktk -k'a%uzy_.Py
80 -k kduh {Pp
which reducesto
& +k, -kuuig 1Py
-k, k Bu) ip
and
1:-k1U2
Unknowns are
y- U

|
1
Iu3

g and thereaction force F, (if desired).

© 1998 Yijun Liu, University of Cincinnati

18



Lecture Notes: Introduction to Finite Element Method

Chapter 1. Introduction

Solving the equations, we obtain the displacements

2P1k,
2P/k, +P/k,}

N\
I S

and the reaction force
F=-2P

Checking the Results
- Deformed shape of the structure
- Balance of the external forces

- Order of magnitudes of the numbers

Notes About the Spring Elements
- Suitable for stiffness analysis

- Not suitable for stress analysis of the spring itself

- Can have spring elements with stiffnessin the lateral

direction, spring elements for torsion, etc.

© 1998 Yijun Liu, University of Cincinnati
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Example 1.1
Ky ke P ks
SN — &
1 2 3 4

Given:  For the spring system shown above,
kK, =100 N/ mm, k, =200 N/mm, Kk, =100 N/mm
P=500N, u,=u, =0
Find: (a) the global stiffness matrix
(b) displacements of nodes 2 and 3
(c) thereaction forces at nodes 1 and 4
(d) theforcein the spring 2
Solution:

(@) Thedement stiffness matrices are

é100 - 100y

k, = & 100 100 0 (N/mm) (1)
S u
200 - 200

k, = & 200 200 0 (N/mm) (2)
e u
é100 - 100y

k, = a 100 100 0 (N/mm) (3)
e u
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Applying the superposition concept, we obtain the global stiffness
matrix for the spring system as

U,

6100 - 100 0 0 |

o _§100 100+200 -200 0
&0  -200 200+100 - 100
&0 0 -100 100 H

or

6100 -100 0 0 y
€100 300 -200 O 3
0 -200 300 - 1000
0 0 -100 100

K =

MD:D> D> (D

which is symmetric and banded.
Equilibrium (FE) equation for the whole system is
¢100 -100 O O auwu 1R

2100 300 -200 0 Yuf fof
0 -200 300 -100Guy Py
0 0 -100 100 gup fFp

D

(4)

D:D> D D

(b) Applying the BC (u, = u, = 0) in Eq(4), or deleting the 1% and
4" rows and columns, we have
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300 - 200u| o 1 Ou

: - 5
€ 200 300 Y4 u}ﬁ .P?; ©)
Solving Eqg.(5), we obtain
iwa 1 P/2500 120
2y = =1y (mm) 6)
.u}S .3P/500}§ .3\5

(c) From the 1% and 4™ equationsin (4), we get the reaction forces
F, =-100u, =-200 (N)
F, =-100u, =-300 (N)

(d) The FE equation for spring (element) 2is
6200 -200uua 1fa
2 |
€ 200 200&,% i)

Herei =2, ] = 3for dement 2. Thuswe can calculate the spring
forceas

F=f =-f =[- 200 200]' -y

3

120

=[- 200 200]f

[ ]%3%/
= 200 (N)

Check the results!
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Example 1.2
Ky =
—
K4 1
N\ 2
4 @ Ko Fp , Ks

Problem: For the spring system with arbitrarily numbered nodes
and e ements, as shown above, find the global stiffness
matrix.

Solution:

First we construct the following

Element Connectivity Table

Element Nodei (1) | Nodej (2)
1 4 2
2 2 3
3 3 5
4 2 1

which specifies the global node numbers corresponding to the
local node numbers for each element.

Then we can write the e ement stiffness matrices as follows
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Chapter 1. Introduction

,\_
'—\
1
MM D
=~
'—\

U,
k3

k.=
3 k3

D> D

AN

- 3l,J
u
k3 u

Finally, applying the superposition method, we obtain the global
stiffness matrix as follows

U, u,
0 0
k, -k
k,+k, O
0 Kk
-k, O

The matrix is symmetric, banded, but singular.

© 1998 Yijun Liu, University of Cincinnati
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Chapter 2. Bar and Beam Elements.
Linear Static Analysis

|. Linear Static Analysis

Most structural analysis problems can be treated as linear
static problems, based on the following assumptions

1. Small deformations (loading pattern is not changed due
to the deformed shape)

2. Elastic materials (no plasticity or failures)

3. Satic loads (the load is applied to the structure in asow
or steady fashion)

Linear analysis can provide most of the information about
the behavior of astructure, and can be a good approximation for
many analyses. Itisalsothebasesof nonlinear analysisin most
of the cases.
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1. Bar Element

Consider a uniform prismatic bar:

’—» U; - Uj
f-_>" 0_—T
I | 4>x A,E J ]
-¢ L -
L length
A Cross-sectional area
E el astic modulus
u=u(x) displacement
e =e(X) grain
S =s(X) stress

Srain-displacement relation:
_du

= — 1

> (1)
Sress-strain relation:

s = Ee (2)
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Stiffness Matrix --- Direct Method

Assuming that the displacement u isvarying linearly along
the axis of the bar, i.e.,

_&_ X0, . X
u(x) = ? Lbui + L U, )
we have
u -u
o= _D (D = elongation) (4)
L L
S = ke = E) (5)
L
We also have
< :% (F = forcein bar) (6)
Thus, (5) and (6) lead to
- E_LAD = kD (7

where k = E—LA is the stiffness of the bar.

The bar isacting like a spring in this case and we conclude
that element stiffness matrix is
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>

é EA  EAu
k—ék -klilzél— I—l;l
&k ki gEA EAH
e L L u
or
/1 _ AN
=BAgt - ©®)
LE1 1Y

This can be verified by considering the equilibrium of the forces
at the two nodes.

Element equilibrium equation is

EAél -Luuu_ifu
—a d Y= (9)
L&1 1 ,uj}; L f,

Degree of Freedom (dof)

Number of components of the displacement vector at a
node.

For 1-D bar eement: one dof at each node.

Physical Meaning of the Coefficientsin k

Thejth column of k (here] =1 or 2) represents the forces
applied to the bar to maintain a deformed shape with unit
displacement at node ] and zero displacement at the other node.
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Stiffness Matrix --- A Formal Approach

We derive the same stiffness matrix for the bar using a
formal approach which can be applied to many other more
complicated situations.

Define two linear shape functions as follows
N. (x) =1- X, N, (x) =X (10)
where

x=2 0EX£1 (11)

From (3) we can write the displacement as
u(x) = u(x) = N; (x)u + N; (x)u;

or
1U G
u=|IN. N.|if y=Nu (12)
[ J]TUJE
Strainisgiven by (1) and (12) as
du ed
NY = Bu 13
Cdx Bdx f (13)

where B isthe e ement strain-displacement matrix, which is
_d . d dx
= N0 N )= [N N ]

e, B=[-1/L 1/L] (14)
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Stress can be written as
s =Ee=EBuU
Consider the strain energy stored in the bar

2

Y,

=1 O 'edv = % Qu'BEBu)dV
\

é u
= %uT &(3B"EB)dvw
CY H
where (13) and (15) have been used.
Thework done by the two nodal forcesis

W:}fiui+}f.u. =Ly
2 2 ' 2

For conservative system, we state that
U=W
which gives
é u
}uTé(\jBTEB)dVL'u SEX
2 & § 2

We can conclude that
e u
6()B"EBJAV i =1
2y A

or

(15)

(16)

(17)

(18)

© 1998 Yijun Liu, University of Cincinnati
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ku =f (19)

where
k = dBTEB)dV (20)
V

IS the element stiffness matrix.

Expression (20) isageneral result which can be used for
the construction of other types of elements. This expression can
also be derived using other more rigorous approaches, such as
the Principle of Minimum Potential Energy, or the Galerkin’s
Method.

Now, we evaluate (20) for the bar element by using (14)
L
- 1/ L 21 - 1p
k= M HE L vax=BAST U
9 1L}

L&1 1Y

which isthe same as we derived using the direct method.

Note that from (16) and (20), the strain energy in the
element can be written as

U :}uTku (21)
2
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Example 2.1
D@2AE @ AE
1 21 P 3 X
L L

Problem: Find the stresses in the two bar assembly which is
|loaded with force P, and constrained at the two ends,
as shown in thefigure.

Solution: Usetwo 1-D bar e ements.

Element 1,
u u
_2EAEél -1y
K= e g
e u

Element 2,
u2 u3
EAé1l - 1

Imagine africtionless pin at node 2, which connects the two
elements. We can assemble the global FE equation as follows,

é 2 -2 0 ':!i. Ul.U \| Fl.[.]
Il | | |
— =2 3 -1H|’U2y:i|:2)'/

60 -1 1gup iRp
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Load and boundary conditions (BC) are,
u, =u, =0, F,=P
FE equation becomes,
g2 -2 OU‘l OU ‘|F1u
— %2 3 1|2y—|Py
50 -1 1§ oh {rp

Deleting the 1% row and column, and the 3" row and column,

we obtain,

ld{u) =7}

Thus,
_PL
° 3EA
and
iU 100
T 7T _ PLT |
| 2y 3EAI y

Stressindement 11s

s,=Ee, = EB,u, = E[- 1/L uq'“‘
2
_pUW-u _EgPL OQE
L LE83EA & 3A

© 1998 Yijun Liu, University of Cincinnati
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Chapter 2. Bar and Beam Elements

Similarly, stressin element 2is

,=Ee, =EB,u, = E[- 1/L 1/|_]

Uy - U, _ E
L L

PLO

= E
3EAS

1U, 0]

P

3A

which indicates that bar 2 isin compression.

Check theresults!

Notes:

In this case, the calculated stressesin elements 1 and 2
are exact within the linear theory for 1-D bar structures.
It will not help if we further divideelement 1 or 2 into

smaller finite d ements.

- For tapered bars, averaged values of the cross-sectional
areas should be used for the e ements.

- We need to find the displacements first in order to find
the stresses, since we are using the displacement based

FEM.
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Example 2.2
b
®AE © W
+ ® >—+ —
1 2 P 3 X
L L

Problem: Determine the support reaction forces at the two ends
of the bar shown above, given the following,

P=60" 10°N, E=20" 10°N/mm?,
A=250mm*, L =150mm, D=1.2mm

Solution:

Wefirst check to seeif or not the contact of the bar with
thewall on theright will occur. To do this, we imagine the wall
on theright isremoved and cal culate the displacement at the
right end,

_ (607 10%)(150) _

0 = . =18mm>D=12mm
EA (20" 107)(250)

Thus, contact occurs.
Theglobal FE equation isfound to be,

EAél -1 OU|Uu |Fu
A A
—&l 2 -1ju zy—.Fzy

“80 -1 1dub IRb
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Theload and boundary conditions are,
F,=P=60" 10°N
u, =0, u, =D=12mm
FE equation becomes,
61 -1 ou. ou |F1_[_j

=heq o -1|2y P{',
80 -1 1.ng|D ,Fb
The 2" equation gives,
Tz -1 py={7
that is,

E—I:A‘[Z]{uz} :‘i p+E_LAD§

Solving this, we obtain

1§DL 0 =15mm

iy u | Ou
I
|U2y— | 15y(mm)

,ub 112|D

and

© 1998 Yijun Liu, University of Cincinnati
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To calcul ate the support reaction forces, we apply the 1%
and 3" equations in the global FE equation.

The 1% equation gives,
EA 1u g EA
=L -1 o]_%_uz_'y:T(- u,)=-50" 10* N
1 Usp
and the 3" equation gives,
EA 1u i EA
Lo
F, :T[O -1 1]_._u2_y-T(- u, +u,)

1Usp

=-10" 10*N

Check theresults.!
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Distributed Load

.Q o
qL/2 qL/2
—4 —

Uniformly distributed axial load g (N/mm, N/m, lb/in) can
be converted to two equivalent nodal forces of magnitude gL/2.
We verify this by considering the work done by theload q,

L 1 1
V! 1. gL ~
W, = guqu =3 g(x)q(de) = g(x)dx
U

_ q_2L g‘iNi x) N, (x)]‘i LJJ E;dx

J

1 N .
= q—zl_oﬂl- X X]dX,i'\ :IIE

_legl qLuud
2€2 ZEEUJ%
_}[u L a2y
2l TiliqLr2)
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that is,
AN L/2..
=Ly with £, = -
17" " iqL/2p
Thus, from the U=W concept for the element, we have
}uTku :}qu +}qu
2 2 2
which yields

ku="f +1‘q
The new nodal force vector is

£yt i f.+qL/2(
:I’ )
"1 f+aL/2)

In an assembly of bars,

q
> —>'—> —>.

1 2 3
gL/2 o[ gL/2
¢ — P —>

1 2 3

(23)

(24)

(25)
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Bar Elementsin 2-D and 3-D Space
2-D Case

Y
A
> X
L ocal Global
X, Y X, Y
U,V u,V,
1 dof at node 2 dof’s at node

Note: Lateral displacement vi does not contribute to the stretch

of the bar, within the linear theory.

Transformation

. | JU
u, =u, cosq +v, sing =[I m)
IVi%
U, {j
V

vV, =- U sing +Vv, cosq =[- m ]

— — —

where | = cosg, m=snq.
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In matrix form,

b
or,

u =Tu,
where the transformation matrix

T = é Im r|n§ (27)
isorthogonal, thatis, T *=T".

For the two nodes of the bar element, we have

fut él m 0 Ouuyi

tvi €m 1 o olyl

-f-u;f’:go 0 | m:'uy (5)

fvib §0 0 -m uLlTVb
or,

u=Tu with T = ér 93 (29)

éO TG

The nodal forces are transformed in the same way,

f =Tf (30)
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Stiffness Matrix in the 2-D Space

In the local coordinate system, we have

Augmenting this equation, we write

61 0 -1 Quuld £ 0
EAS0 0 O o“.v. i ot
s Iy
L&10 1 0uI P f
§0 0 O O¢Wb fop
or,
kKu =f

Using transformations given in (29) and (30), we obtain
K Tu=Tf

Multiplying both sidesby T' and noticing that T'T =1, we
obtain

Tk Tu=f (31)

Thus, the dement stiffness matrix k in the global coordinate
systemis

k=T'kT (32)

whichisa4” 4 symmetric matrix.
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Explicit form,
u Vv u v
érr  Im -17 -Imu
= EAgIm m -Im - ng (33)
Lé 17 -Im 12 Imd
é

X - X Y -Y
| = cosq = JL -, m=snq = JLI (34)

The structure stiffness matrix is assembled by using the element
stiffness matricesin the usual way asin the 1-D case.

Element Stress

That is,

u
1
y (35)
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Example 2.3

A simple planetrussis made
of two identical bars (with E, A, and
L), and loaded as shown in the
figure. Find

1) displacement of node 2;

2) stressin each bar.

Solution:

Thissmple structureis used
here to demonstrate the assembly
and solution process using the bar element in 2-D space.

In local coordinate systems, we have
. _EAél -1u_ .
k 1= ) U =k 5
Le&l 1y
These two matrices cannot be assembled together, because they
arein different coordinate systems. We need to convert them to

global coordinate system OXY.

Element 1:

g=45", |=m= Q
2
Using formula (32) or (33), we obtain the stiffness matrix in the

global system
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=
<
k=
<

él 1 -1 -1y
é U
. =1 1 -1 -1;
klleTlele—Ag lil
2Lé&1 -1 1 14
&1 -1 1 1§
Element 2
q:135°,I:-Q, mzﬂ
2 2
We have,
u VvV, U, V,
él -1 -1 1y
é U
. - -1
k2:-|-2Tk2T2:E—A

Assembl e the structure FE equation,

ul Vl u2 V2 u3 V3

1 1 -1 -1 0 O0uun
1

e y i Fiy U
a ] ] G 7 i >
a 1 1 -1 0 O i Vv, i F ’
EA&1l -1 2 0 -1 1dGui 1k
o € . y=i. vy
2L & 1 -1 O 2 1 - 7 v, . F2Y i
éo 0 -1 1 1 -1 u, T T F., T
a G 7 ’
eO 0 1 -1 -1 1u|V3p |F3Yp
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Load and boundary conditions (BC):
u1:V1:u3:V3:O’ |:2X:I:)1’ FZY:PZ

Condensed FE equation,

Solving this, we obtain the displacement of node 2,

Lo LI1RG

,v?g_E—A P?g

Using formula (35), we calculate the stresses in the two bars,

100

|O.|.
=By g g L]0
EA; PY T 2A

tPp

1R
Ef LRt 2
1 -1 -1 =Y4(p- P
27 [ ]]EA oy 2A( 2)

Tob

(P +P)

Check theresults:

Look for the equilibrium conditions, symmetry,
antisymmetry, etc.
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Example 2.4 (Multipoint Constraint)

For the plane truss shown above,
P=1000kN, L=1m  E=210GPa,
A=60" 10"’ for dements1and 2,
A=6J2" 10*m? for element 3.
Determine the displacements and reaction forces.
Solution:

We have an inclined roller at node 3, which needs special
attention in the FE solution. We first assemble the global FE
eguation for thetruss.

Element 1:

q=90°, 1=0, m=1
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ul Vl u2 V2
€© 0 0 0y
10°)(60° 104)0 1 0 -1t
kl:(210 10°)(60° 10 6N /)
1 € 0 0 04
O -10 1
Element 2
g=0°, I=1, m=0
u2 V2 u3 V3
6l 0 -1 Oy
- 10°(60" 10450 0 0 oY
k2:(210 10°)(60° 10) & 6N /)
1 &1 0 1 0u
s ,
&0 o o of
Element 3:
1 1
=45, |l=——, m=——
X 20"
ul Vl u3 V3

¢05 05 -05 - 05
_(210° 10°)(6v2° 10°*) g 05 05 - 05 - 05

k
i J2 & 05 -05 05 050
€
& 05 -05 05 05§
(N /m)
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Theglobal FE equation is,

05 05 0 0 -05 -05uun i1Fya
g 15 0 -1 -05 - 05“' 1: : F, :
€ 1 0 -1 OUIUI TF, T
1260" 10° 2 ai y:|' ny
a 1 0 0 i V, T F2Y i
é 15 05uuyl TF,1
a G
eym 05 Gvsp TFwp
Load and boundary conditions (BC):
u=v,=v,=0, and v, =0,

F,=P, F,.=0

From the transformation rdation and the BC, we have

u
V, = g-i V2a Wl \F(u+v) 0,
e U|V?;
that Is,
u,- v, =0

Thisisamultipoint constraint (MPC).

Similarly, we have ardation for the force at node 3,

éJ2 ﬁngxu V2
’ 82 2 0 ngg

(F3X + F3Y) O

that 1S,
F3X + F3Y — O
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Applying theload and BC'sin the structure FE equation by
‘deleting’ 1%, 2" and 4" rows and columns, we have

el -1 Ou|uU IPU
1260° 105e 1 15 05. 3y_IF3xy
@o 05 05glv|g b

Further, from the MPC and the force relation at node 3, the
eguation becomes,

el -1 Ou|uU i PO
1260" 1€ 1 15 0% uy=| F, §
@0 05 05|g;|lu|D 1- Fah
whichis
el -1U\|uu 1 Pou
, 2 ! | I
1260 1052-1 2':?u2g:_i_ Fax y
g0 1g i {' F3xb

The 3% equation yidds,
F,, =-1260" 10°u,
Substituting this into the 2" equation and rearranging, we have

51 1U|Uu i PO
V4 5e

1260° 10°s i Y=,
e UI b 1

Solving this, we obtain the displacements,
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jwg_ 1 §3Pg_j 001191
5| (m)
.u}S 2520° 10°1 P, 10003968}

From the global FE equation, we can calculate the reaction
forces,

i Fiy ¢0 -05 - 059 i - 5000
i Fy :i: eo - 05 - 054 il e L- 500i

1 FZYy 1260° 105é0 0] 0] U’ U3y =i 00 y (kN)
| | I |
 Fox =1 15 R i 500,

fFa b g0 05 05 g f 500 b

Check the results!

A general multipoint constraint (MPC) can be described as,
aAu =0
j
where A’ s are constants and u;’ s are nodal displacement
components. In the FE software, such as MSC/NASTRAN,

users only need to specify thisrelation to the software. The
software will take care of the solution.

Penalty Approach for Handling BC'sand MPC’s
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3-D Case
y
X J
Z
L ocal Global
XY, Z XY, Z
u,v, W u.v, W
1 dof at node 3 dof’s at node

Element stiffness matrices are calculated in the local
coordinate systems and then transformed into the global
coordinate system (X, Y, Z) where they are assembl ed.

FEA software packages will do this transformation
automatically.

Input data for bar elements:
- (XY, 2) for each node

- E and A for each e ement

© 1998 Yijun Liu, University of Cincinnati
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|11. Beam Element

Simple Plane Beam Element

y
Vi, Fi

L length

I moment of inertia of the cross-sectional area
E el astic modulus
v

=V(X) deflection (lateral displacement) of the
neutral axis

q=— rotation about the z-axis

F=F(X) shear force
M=M(X) moment about z-axis

El v M (X) (36)

S =- — (37)
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Direct Method

Using the results from e ementary beam theory to compute
each column of the stiffness matrix.

(Fig. 2.3-1. on Page 21 of Cook’s Book)

Element stiffness equation (local node: i1, ] or 1, 2):
v, g Vj qj

él2 6L -12 6L uvid F

1 R

E|96|_ 412 - 6L 2L2‘,‘|q|', )
L3é12 6L 12 - 6L vy R
&6L 2L° -6L 4L2utqu M
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Formal Approach

Apply the formula,

L

k = (‘jBTEIde (39)
0

To derive this, we introduce the shape functions,
N, (x)=1- 3x* /L2 +2x°/ L
N,(X) =x- 2x*/L+x°/L*

(40)
N,(X)=3x*/L%- 2x°/°
N,(X)=-x*/L+x°/L*
Then, we can represent the deflection as,
v(X) = Nu
1via
i
101 41
SN NG N Ny
v
19, p

which isacubic function. Notice that,
N,+N,=1
N, + N,L+ N, =x

which implies that the rigid body motion is represented by the
assumed deformed shape of the beam.
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Curvature of thebeam is,
d®v _ d®
dx® dx®

where the strain-displacement matrix B is given by,

Nu = Bu (42)

2

S dx?
_é 6 12x 4 6Xx 6 12X 2 b6X{
+ + - —+

N=[N;(X) N, Ny(x) Ny(x)]
(43)

—_—A

EL L° L L2 L L L8
Strain energy stored in the beam eement is

T

L

1~ 1< Myp 1 My g

U :—OTedV == &i _yg _&i —ygdAdX
2v 20A | 9 E | 9

L L T
1~...1 1 a@l’vo _ a&l’vo
=M = Mdx=>¢}, = Elg. 5zx
29\/' El 2Ode2z &dx? o

L
1.
5 (JBu) E!l (Bu)dx

0

1 &, 0
== uTé(ﬁT EIBdx u
2 P
0

We conclude that the stiffness matrix for the ssmple beam
elementis

L

k = (‘jaTElex
0
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Applying theresult in (43) and carrying out the integration, we
arrive at the same stiffness matrix as given in (38).

Combining the axial stiffness (bar element), we obtain the
stiffness matrix of a general 2-D beam el ement,

ui Vi qi uj VJ qj
é EA EA N
et 0 0 -4 0 0y
e 12ElI  6El 12EI  6El U
é o0 3 2 0 - 3 > u
A L L L 12
? 6EI  4El 6EI 2El U
€ 0 T= 0 - = u
K =@ L2 L n L2 L U
& EA U
I T
€ 12El 6El 12El 6EI U
é o0 - 3 - 2 0 3 - >, u
A L L L 12
e u
a 6El 2EI 6EI  4El 4
€ 0 . = o -— —Uu
e L L L L @

3-D Beam Element

The dement stiffness matrix isformed in the local (2-D)
coordinate system first and then transformed into the global (3-
D) coordinate system to be assembl ed.

(Fig. 2.3-2. On Page 24)
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Example 2.5

@ vg\“_/'

1 E.l 2

|

Given:  The beam shown above is clamped at the two ends and
acted upon by the force P and moment M in the mid-
Span.

Find: The deflection and rotation at the center node and the
reaction forces and moments at the two ends.

Solution: Element stiffness matrices are,

Vi q, Vv, 9,
612 6L -12 6Ly
) :EgGL 42 -6L 212V
PoL’é12 -6L 12 -6L
6L 212 -e6L 42

V2 q2 V3 q3

612 6L -12 6L §
_EiSeL 4 -6l 217}
*T1°¢12 -6L 12 -6L
6L 212 -6L 4L’
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Global FE equation is,

Vi 4, Vv, q, Vs d;

612 6L -12 6L 0 O Gv,u iFyu
g6L 4U -6L 2 0 0 o My
El6&12 -6L 24 0 -12 6LGv,i iF,i
g6l 21> 0 8% -6L 2L%%q M,
60 0 -12 -6L 12 -6LGv,i TF,i
80 0 6L 22 -6L 4Ll%{dp i Mgp

Loads and constraints (BC's) are,
F, =-P, M, =M,
Vi =V =0; =05 =0

Reduced FE equation,

El&4 Ouv,u_i- P
3 @ 1 =
80 8LHa,p 1 M

Solving this we obtain,
\lVZU_ L \l' PI—ZU
i0,p 24EI{ 3M }

From global FE equation, we obtain the reaction forces and
moments,
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|F1Yu é- 12 6Lu ‘|2P+3|\/|/L[]
IMll E|e 6L 2L2U}vu 1. PL+M 1
ey é— 12 -6|_urq22§ 4t2p-3m /LY
f M;h e6L 212 f - PL+M

Stresses in the beam at the two ends can be calculated using the
formula,

Note that the FE solution is exact according to the simple beam
theory, since no distributed load is present between the nodes.
Recall that,

d®v
El — = M(X
dx? )
and
dM
o —— =V (V- shear forcein the beam)
X
dv .
d_:q (q - digtributed load on the beam)
X
Thus,
d*v
El — =qg(X
o a(x)

If g(X)=0, then exact solution for the deflection visa cubic
function of x, which iswhat described by our snape functions.
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Equivalent Nodal Loads of Distributed Transverse Load

gL/2
2
gL</12 d _ ‘qu2/12
' J

This can be verified by considering the work done by the
distributed load g.

lmmu}mmw
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LY

-
| ’

Given: A cantilever beam with distributed |lateral load p as
shown above.

Find: The deflection and rotation at the right end, the
reaction force and moment at the left end.

Solution: The work-equivalent nodal |oads are shown below,

y

where
f=pL/2, m=pL?/12
Applying the FE equation, we have
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é12 6L -12 oL v ik,
Bl S6L 4f -6l 2L u'q toimt
Ce12 -6L 12 -6Ldv, y_ F, Y
€6l 212 - 6L 4L2“rq2b fM,p

Load and constraints (BC's) are,
F,=-f, M, =
v, =q, =0

Reduced equation is,
Elé12 -6Liiv,i

I\

_i- Ty
&6l 42dq, %m\é

U‘<

Solving this, we obtain,

iV, _ L i-2L*f +3Lmi |-pL4/8EIu

.q)b’_@ -3|_f+6m}§ _ L/ 6E|2§ *)

These nodal values are the same as the exact solution.
Note that the deflection v(X) (for O < x< 0) in the beam by the
FEM is, however, different from that by the exact solution. The
exact solution by the simple beam theory is a 4™ order
polynomial of x, while the FE solution of visonly a 3™ order
polynomial of x.

If the equivalent moment misignored, we have,

1V, 0 L [-2L2 u
.q)b’ 6EI | - 3Lf?§

- pL*/6El

- pL2/4E1 B)

~
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Theerrorsin (B) will decrease if more elementsareused. The
equivalent moment mis often ignored in the FEM applications.
The FE solutions still converge as more el ements are applied.

From the FE equation, we can calculate the reaction force
and moment as,

| FoO_ L é- 12 6L GV,
M E; El§ 6L 2L2u,q2}§
wheretheresult in (A) isused. Thisforce vector givesthe total

effective nodal forces which include the equivalent nodal forces
for the distributed |lateral 1oad p given by,

pL/2

_1
" i5pL?/12)

i -pL/2q
{- pL?/12p

The correct reaction forces can be obtained as foll ows,
1Fyi_1 pL/2 g 1-pLl/i2a 1 pL g
M, }5pL2/12E§% pL? /12y { pLZ /2

Check theresults!
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Example 2.7

©
©

=
—
4¥
—
w
ANANAAAA
HAN

>
><V

VYVVVVY

Given: P =50kN, k=200kN/m, L =3 m,
E=210GPa, | =2 10*m".

Find: Deflections, rotations and reaction forces.

Solution:

The beam hasaroller (or hinge) support at node 2 and a
spring support at node 3. We use two beam elements and one
spring element to solve this problem.

The spring stiffness matrix is given by,

V, Vv,
k - ku

Adding this stiffness matrix to the global FE equation (see
Example 2.5), we have
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Vl ql V2 q2 V3 q3 V4
g2 6L -12 6L 0 0  0Giv,t 1Ry
g 47 -6L 2 O 0 O H:.ql.:. : M,
é 24 0 -12 6L O dGiv,i 1IF,.
El & 2 2 a bl
E 8L~ -6L 2L 0 d%Yy =M,y
é 124K - 6L - KUvy i Fy.
e u. .. . .
& 4L 0 ggi 1M,
e Symmetry K’ Cltv4b t Fay
In which
3
=Lk
El

IS used to ssimply the notation.
We now apply the boundary conditions,
Vl :ql :VZ :V4 :O’
M, =M, =0, F,=-P

‘Deleting’ thefirst three and seventh equations (rows and
columns), we have the following reduced equation,

égL® -6L 2L°Uiq,u 1 O
El & " a . r_i o0
_3é- 6L 12+ = 6Ll:|| V3>./—.|.' Py
g2l -6L 4Lfag,h 1 0}

Solving this equation, we obtain the deflection and rotations at
node 2 and node 3,
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30
[

19 PL’

I
I
= 7Ly
%y = E|(12+7k)1 y
|CI3|o 19
The influence of the spring k is easily seen from this result.
Plugging in the given numbers, we can calculate

10,0 - 0002492 radij
tv,y={ - 001744 m y

ta.p 1- 0007475 rad},

From the global FE equation, we obtain the nodal reaction
forces as,

1F. i i -6978KN i
I M1 1- 69.78 KN >mf
"B YT q162kN Y
Y | )

fFyp T 3488kN

Checking theresults: Draw free body diagram of the beam

69.78 kN 50 kN
(S
69.78 KN>m T T
116.2 kN 3.488 kN
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Chapter 3. Two-Dimensional Problems

|. Review of the Basic Theory

In general, the stresses and strainsin a structure consist of
SiX components:

SS Sttt for stresses,

and

€,€,,€,,0,:9,,0, for strains,

Under contain conditions, the state of stresses and strains
can be smplified. A general 3-D structure analysis can,
therefore, be reduced to a 2-D analysis.
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Plane (2-D) Problems
Plane stress:
s =t_=t_=0 (e, 0) (1)

A thin planar structure with constant thickness and
loading within the plane of the structure (xy-plane).

y
Z
Plane strain:
e, =9d,, =9, =0 (s,*0) (2)

A long structure with a uniform cross section and
transverse loading along itslength (z-direction).

A Y A Y
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Stress-Strain-Temperature (Constitutive) Relations

For elastic and isotropic materials, we have,

e ¢1/E -n/E O ugs,U Te,l
Ie y:g nfE UE 0 3syriey )
L9, h & 0 1GHt,p |9xyola
o,
e=E's +¢e,

where e, istheinitial strain, E the Young's modulus, n the
Poisson’sratio and G the shear modulus. Note that,

_E
 2(1+n)

(4)
which means that there are only two independent materials
constants for homogeneous and isotropic materials.

We can also express stresses in terms of strains by solving
the above equation,

s u él n 0O we l 1e,l0
ls WL 21 1 0 ggeyb-:yo&- (o)
It ID @O 0 (1- n)/2£1gwtJ ngyobg
or,
S =Ee+s,

where s , = - Eg, istheinitial stress,
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The aboverelations are valid for plane stress case. For
plane strain case, we need to replace the material constantsin
the above equations in the following fashion,

E® E 5
1-n
n
n® — 6
L (6)
G® G
For example, the stressisrelated to strain by
1s U gl-n n 0 e U 1e,Ul0
| é 1 o E U T 17
ISy~ (1+n)(1- 2n) & " - g Sy 180yt
it 80 0 (1-20)/2@lg, ), 19,0pe

in the plane strain case.

Initial strains due to temperature change (thermal loading)
IS given by,
.‘I. exO U ‘IaDTu

R A |
i €,y=i1aDTy (7)

where a isthe coefficient of thermal expansion, DT the change
of temperature. Notethat if the structure is free to deform under

thermal loading, there will be no (elastic) stressesin the
structure.
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Strain and Displacement Relations

For small strains and small rotations, we have,

o v _fu v
ST Ty 9 Ty

In matrix form,

e l:l\v’

bg,b @/ 1/

From thisrelation, we know that the strains (and thus
stresses) are one order lower than the displacements, if the
displacements are represented by polynomials.

Equilibrium Equations

In easticity theory, the stresses in the structure must satisfy
the following equilibrium equations,

s. 1t

w gy 0

X

0 re ©)
Y+—L+f =0

™ Ty 7

where f, and f, are body forces (such as gravity forces) per unit
volume. In FEM, these equilibrium conditions are satisfied in
an approximate sense.
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Boundary Conditions

The boundary S of the body can be divided into two parts,
S and S. Theboundary conditions (BC’s) are described as,

u=u, v=V, on S,

_ _ (10)
t.=t, t =t, on §
In which tx and ty are traction forces (stresses on the boundary)
and the barred quantities are those with known val ues.

In FEM, all types of loads (distributed surface loads, body
forces, concentrated forces and moments, etc.) are converted to
point forces acting at the nodes.

Exact Elasticity Solution

The exact solution (displacements, strains and stresses) of a
given problem must satisfy the equilibrium equations (9), the
given boundary conditions (10) and compatibility conditions
(structures should deform in a continuous manner, no cracks and
overlapsin the obtained displacement fields).
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Example 3.1

A plateis supported and loaded with distributed force p as
shown in thefigure. The material constants are E and n.

A

y

T

x

Y

The exact solution for this ssimple problem can be found
easlly asfollows,

Displacement:
_P _ P
u=-—Xx, Vv=-n—
E Ey

Strain:

eng, ey:-ng, g, =0
ress.

S, =P, s, =0, t,=0

Exact (or analytical) solutions for smple problems are
numbered (supposethereisaholein theplate!). That iswhy we
need FEM!
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1. Finite Elementsfor 2-D Problems

A General Formula for the Stiffness Matrix

Displacements (u, v) in a plane e ement are interpolated

from nodal displacements (u;, vi) using shape functions N; as
follows,

140
Iy ]

Y UQS ,N O N O ”.\:: 1y
%"‘=§ ' ° B%UZ{'/ oo u=Nd (11)
TV% §0 N, 0 N, -f*

Vo

(I

where N is the shape function matrix, u the displacement vector
and d the nodal displacement vector. Here we have assumed

that u depends on the nodal values of u only, and v on nodal
values of v only.

From strain-displacement relation (Eq.(8)), the strain vector
IS,

e = Du = DNd, or e =Bd (12)

where B = DN isthe strain-displacement matrix.

© 1998 Yijun Liu, University of Cincinnati 82



Lecture Notes: Introduction to Finite Element Method Chapter 3. Two-Dimensional Problems

Consider the strain energy stored in an element,

1 1
:EOTedV :Edsxex +s e, +txygw)dv
\% \%

_1\ T _1\ T

—EdEe) edV—Eoe EedV
V V

N

—Ed (ﬁ EB dvd

\Y,

- L47kg
2

From this, we obtain the general formulafor the element
stiffness matrix,

k = (‘j3TEB o\, (13)
\%

Note that unlike the 1-D cases, E hereisamatrix which is given
by the stress-strain relation (e.g., Eq.(5) for plane stress).

The stiffness matrix k defined by (13) issymmetric since E
Issymmetric. Also notethat given the material property, the
behavior of k depends on the B matrix only, which in turn on
the shape functions. Thus, the quality of finite ementsin
representing the behavior of a structureis entirely determined by
the choice of shape functions.

Most commonly employed 2-D elements arelinear or
guadratic triangles and quadrilaterals.
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Constant Strain Triangle (CST or T3)

Thisisthe smplest 2-D element, which isalso called
linear triangular element.

(X1, Y1)

\J

Linear Triangular Element

For this element, we have three nodes at the vertices of the
triangle, which are numbered around the element in the
counterclockwise direction. Each node has two degrees of
freedom (can movein thex and y directions). The
displacements u and v are assumed to be linear functions within
the lement, that is,

u=b, +b,x+b,y, v=Db, +b.x+b,y (14)

whereb; (I =1, 2, ..., 6) are constants. From these, the strains
are found to be,

ex:bZ’ ey:bG’ gxy:Q-l_bS (15)

which are constant throughout the element. Thus, we have the
name “constant strain triangle” (CST).
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Displacements given by (14) should satisfy the following
SiX equations,

u =b +bx +byy,
u2 - b1+bZX2 +Qy2

V3 = b4 +b5x3 +b6y3

Solving these equations, we can find the coefficients by, by, ...,
and bg in terms of nodal displacements and coordinates.
Substituting these coefficientsinto (14) and rearranging the
terms, we obtain,

Tha

.:.vl.:.
i O N O N, Ouui
i ug eN1 ) UI ;/ (16)
.vg; 0 N, 0 Niv,

|u3|

T

TVsp

where the shape functions (linear functionsin x and y) are
_ 1
_ﬂ{(xz)@ - X3y2)+(y2 - y3)X+(X3 - Xz)y}
1
:ﬂ{(x3y1' X1y3)+(y3' yl)X+(X1' X3)y} (17)

:%A\{()qyz' X, Y1) H (Vi - Yo)X+ (X, - Xl)y}

and
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. él X, yu
A:Edetgl X, YZH (18)
€ X Yysf

Isthe area of thetriangle (Prove thigl).

Using the strain-displacement relation (8), results (16) and
(17), we have,

1U.0

|V|

, 1

1 §y23 O vyvu O vy, O U: :
=Bd=_—20 X 0 x; O x21%2(19)

B Vs X3 Ya Xa Yo u: uz:

|V |o
wherex; =x -x andy; =Vyi-Yy; (i,] =1, 2, 3). Again, we see
constant strains within the dement. From stress-strain relation

(Eq.(5), for example), we see that stresses obtained using the
CST element are also constant.

e

y

TJ'_‘< :C

_>_ —_— —

Applying formula (13), we obtain the element stiffness
matrix for the CST eement,

k = (‘jaTEB dV = tA(B"EB) (20)
In which t isthe thickness of the dement. Noticethat k for CST

ISa 6 by 6 symmetric matrix. The matrix multiplication in (20)
can be carried out by a computer program.
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Both the expressions of the snhape functionsin (17) and
their derivations are lengthy and offer littleinsight into the
behavior of the element.

h=0

The Natural Coordinates

We introduce the natural coordinates (x,h) on the
triangle, then the shape functions can be represented ssimply by,

N,=x, N,=h, N;=1-x-h (21)
Notice that,
N, +N,+N,=1 (22)

which ensuresthat the rigid body trandation is represented by
the chosen shape functions. Also, asin the 1-D case,

il at nodei:
N =i

i — 1 (23)
i 0, at the other nodes

and varieslinearly within the element. The plot for shape
function N1 isshown in the following figure. N, and N3 have
similar features.
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Shape Function N, for CST

We have two coordinate systems for the element: the global
coordinates (x, y) and the natural coordinates (x,h). The

relation between the two is given by
X = NX, + NLX, + NX, (24)
y=N,y; + Ny, + Ny,
or,
X = X X + X, + X,
Y =YX+ Ysh +y,

wherex; =x -x andy;; =VYi -y (i,] =1, 2, 3) asdefined earlier.

(25)

Displacement u or v on the eélement can be viewed as
functions of (X, y) or (x,h). Using the chain rulefor derivatives,

we have,

ifTug éTx ﬂywﬂuu i fTug

Iﬂxl o x ﬂxulﬂxl Jlﬂxl (26)

| |
puy ™ eﬂx ﬂywﬂ uy ~ Y

f1hf & ThaTyp 1Tvh

where J is called the Jacobian matrix of the transformation.
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From (25), we calculate,

:@(13 y13l:J 41 eyzs - YisU

Jt= 2 (27)
gxzs yzaH ZAE' X53 X3 H

where detJ = X,,V,, - X,3Y,;5 = 2A has been used (A isthe area of
the triangular element. Prove thig!).

From (26), (27), (16) and (21) we have,

1ug 1 ug
I,ﬂxl,/_ 1 éy23 B y13l:j%.ﬂx'|>',/
BTN U
i EI 2AE Xy Xg u_[ HI (28)
tT1yp 1Thp
_1 e Yas y13UI U - U
2A€' X33 X3 UI U, usg

Smilarly,
ifvu
|ﬂX| 1ey23 - YUl Vi - V3l
29
'ﬂVy 2A& X, X, uuﬂ:v v?; (29)
Tﬂyb

Using theresultsin (28) and (29), and the relations
e = Du = DNd = Bd, we obtain the strain-displacement matrix,
éy23 O y31 O y12 O ';l
B=_6 €0 x, 0 x, O xmg (30)
@XBZ y23 X13 y31 X21 y12 g

which isthe same as we derived earlier in (19).

© 1998 Yijun Liu, University of Cincinnati 89



Lecture Notes: Introduction to Finite Element Method Chapter 3. Two-Dimensional Problems

Applications of the CST Element:
Use in areas where the strain gradient is small.
Use in mesn trangition areas (fine mesh to coarse mesn).

- Avoid using CST in stress concentration or other crucial
areas in the structure, such as edges of holes and corners.

Recommended for quick and preliminary FE analysis of
2-D problems.
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Linear Strain Triangle (LST or T6)

Thiselement isalso called quadratic triangular element.

Quadratic Triangular Element

There are six nodes on this element: three corner nodes and
three midside nodes. Each node has two degrees of freedom
(DOF) as before. The displacements (u, v) are assumed to be
quadratic functions of (x, y),

U:b1+b2X+Qy+b4X2+b5Xy+b6y2
v:b7+b8x+b9y+bloX2 +b11Xy+b12y2

whereb; (I =1, 2, ..., 12) are constants. From these, the strains
are found to be,

(31)

ex :b2+2b4X+b5y
€, =by+h,x+2h,y (32)
9, = (B, +hy)+ (b, +20,)x+(20; +by,)y

which arelinear functions. Thus, we havethe “linear strain
triangle’ (LST), which provides better results than the CST.

© 1998 Yijun Liu, University of Cincinnati 91



Lecture Notes: Introduction to Finite Element Method Chapter 3. Two-Dimensional Problems

In the natural coordinate system we defined earlier, the six
shape functions for the LST element are,

N, =x(2x - 1)
N, =h(2h- 1)
N,=z(2z -1
s =2(Z - 1) (33)
N, =4xh
N, =4hz
Ny =4z X
inwhichz =1- x- h. Each of these six snape functions
represents a quadratic form on the element as shown in the
figure.
Shape Function N, for LST
Displacements can be written as,
6
u=a Nu, v=a Ny, (34)
i=1 i=1

The eement stiffness matrix is still given by
k =BTEBAV, but here B'EB isquadraticin xandy. In
\%

general, theintegral hasto be computed numerically.
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Linear Quadrilateral Element (Q4)

Linear Quadrilateral Element

There are four nodes at the corners of the quadrilateral
shape. In the natural coordinate system (x,h), the four shape

functions are,

N, :1(1- x)(1- h), N, = }(1+x)(1- h)
: :
N, =5 (WH0@+h), N, =5 X)(1+h)

4
Notethat § N. =1 at any point inside the element, as expected.

i=1

The displacement field is given by
4

u=a Nu, v=3a NV, (36)
i=1 i=1

which are hilinear functions over the e ement.
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Quadratic Quadrilateral Element (Q8)

Thisisthe most widdly used element for 2-D problems due
to its high accuracy in analysis and flexibility in modeling.

Quadratic Quadrilateral Element

There are eight nodes for this element, four corners nodes
and four midside nodes. In the natural coordinate system (x,h),

the eight shape functions are,

M:%a-mm-n@+h+n

N, = (1+x)(h - I(h - x +1)
4 (37)
NB:EG&XX1+hXx+h-n

N4:%a-nm+na-h+n
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N :%(1- h)(1- x?)

N, =2 (@+x)(1- h?)

N, :%(1+h)(1- x?)
Ng = %(1- x)(1- h?)

8
Again, we have § N. =1 at any point inside the element.
i=1

The displacement field is given by
8

u=3 N.u, v=a Nv (38)
i=1 i=1

which are quadratic functions over the element. Strains and
stresses over a quadratic quadrilateral element are linear
functions, which are better representations.

Notes:

+ Q4 and T3 are usually used together in a mesh with
linear e ements.

- Q8 and T6 are usually applied in a mesn composed of
guadratic elements.

- Quadratic eements are preferred for stress analysis,
because of their high accuracy and the flexibility in
modeling complex geometry, such as curved boundaries.
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Example 3.2

A sguare plate with a hole at the center and under pressure
In one direction.

Ay

A

A

A
y

N
N

A

A

A

Thedimension of the plateis10in. x 10 in., thicknessis
0.1in. and radius of the holeis 1in. AssumeE = 10x10° ps, Vv
=0.3and p =100 ps. Findthe maximum stressin the plate.

FE Analysis.

From the knowledge of stress concentrations, we should
expect the maximum stresses occur at points A and B on the
edge of the hole. Value of this stress should be around 3p (=
300 ps) which isthe exact solution for an infinitely large plate
with ahole,
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Chapter 3. Two-Dimensional Problems

We use the ANSYS FEA software to do the modeling
(meshing) and analysi's, using quadratic triangular (T6 or LST),
linear quadrilateral (Q4) and quadratic quadrilateral (Q8)
elements. Linear triangles (CST or T3) isNOT availablein

ANSYS,

The stress calculations are listed in the following table,
along with the number of e ements and DOF used, for

comparison.
Table. FEA Stress Results
Elem. Type | No. Elem. DOF Max. s (psi)
T6 966 4056 310.1
Q4 493 1082 286.0
Q8 493 3150 327.1
Q8 2727 16,826 322.3
Discussions:

- Check the deformed shape of the plate

- Check convergence (use afiner mesh, if possible)

- Less elements (~ 100) should be enough to achieve the

same accuracy with a better or “smarter” mesh

- We€'ll redo this example in next chapter employing the

symmetry conditions.
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FEA Mesh (Q8, 493 elements)

ANSYSH 5.3
MAR

W i

; o — — T ‘. ,. M2
Tt - 4 - ,{&;3” S oot St

B-EeL-K-N
u

WV ANSYS Graphice

b
il e L

© 1998 Yijun Liu, University of Cincinnati 98



Lecture Notes: Introduction to Finite Element Method Chapter 3. Two-Dimensional Problems

Transformation of Loads

Concentrated load (point forces), surface traction (pressure
loads) and body force (weight) are the main types of loads
applied to a structure. Both traction and body forces need to be
converted to nodal forcesin the FEA, since they cannot be
applied to the FE model directly. The conversions of these
|oads are based on the same idea (the equival ent-work concept)
which we have used for the cases of bar and beam elements.

Traction on a Q4 element

Suppose, for example, we have alinearly varying traction g
on a Q4 eement edge, as shown in thefigure. Thetraction is
normal to the boundary. Using thelocal (tangential) coordinate
S, we can write the work done by the traction g as,

W, =td,(s)a(s)ds

wheret isthethickness, L the side length and u, the component
of displacement normal to the edge AB.
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For the Q4 element (linear displacement field), we have
u,(s)=(1- s/L)u, +(s/L)u,

Thetraction q(s), which isalso linear, isgiven in asimilar way,
q(s) =(1- s/L)q, +(s/ L)qs

Thus, we have,

—tggfum Usla g S/LL%TTl s/L s/ L]e AtD d

&0 12
L& (1-s/ L)? (s/L)(1- s/L)u, &,u
= te
U U]t R Rs/rLya- s/ (s/ L)? “dSqH
_ 11L& 10d,0

- _unA unB_ 6 8‘- 2{%‘

and the equivalent nodal force vector is,
1 Fal_tLe 10,0
ifh 68 28a.p

Note, for constant g, we have,

|fAu gtL 1 L
f?é'_'l?é

For quadratic elements (either triangular or quadrilateral),
the traction is converted to forces at three nodes along the edge,
instead of two nodes.

Traction tangent to the boundary, as well as body forces,
are converted to nodal forcesin asimilar way.
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Stress Calculation

The stressin an element is determined by the following
relation,

1s U ‘|eu

Isyy Ef e,y = EBd (39)

{twb |9wb

where B isthe strain-nodal displacement matrix and d isthe
nodal displacement vector which is known for each element
once the global FE equation has been solved.

Stresses can be evaluated at any point inside the e ement
(such asthe center) or at the nodes. Contour plots are usually
used in FEA software packages (during post-process) for users
to visually inspect the stress results.

The von Mises Sress:

Thevon Mises stress is the effective or equivalent stress for
2-D and 3-D stressanalysis. For a ductile material, the stress
level is considered to be safe, if

s.Es,

where s _ isthevon Misesstressand s, theyield stress of the

material. Thisisageneralization of the 1-D (experimental)
result to 2-D and 3-D situations.

© 1998 Yijun Liu, University of Cincinnati 101



Lecture Notes: Introduction to Finite Element Method Chapter 3. Two-Dimensional Problems

Thevon Mises stress is defined by

1
Se:ﬁ\/(sl-SZ)Z+(SZ-S3)Z+(SB-81)2 (40)
inwhich s ,,s, ands , arethethree principle stresses at the
considered point in a structure.

For 2-D problems, the two principle stressesin the plane
are determined by

(41)

2

Thus, we can also express the von Mises stress in terms of
the stress componentsin the xy coordinate system. For plane
stress conditions, we have,

S,=(s5,+s,)" - As,5,-t}) (42)

Averaged Stresses.

Stresses are usually averaged at nodes in FEA software
packages to provide more accurate stress values. This option
should be turned off at nodes between two materials or other
geometry discontinuity locations where stress discontinuity does
exidgt.
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Discussions

1) Know the behaviors of each type of elements:
T3 and Q4: linear displacement, constant strain and stress,

T6 and Q8: quadratic displacement, linear strain and stress.

2) Choose the right type of elements for a given problem:

When in doubt, use higher order elements or a finer mesh.

3) Avoid elements with large aspect ratios and corner angles.

where L and Lin arethe largest and smallest characteristic
lengths of an element, respectively.

//
\~

Elements with Bad Shapes
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4) Connect the elements properly:

Don'’t leave unintended gaps or free elementsin FE models.

A C

L L 2
o — [ ]
® ®

B D

Improper connections (gaps along AB and CD)

Readings:
Sections 3.1-3.5 and 3.8-3.12 of Cook’s book.
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Chapter 4. Finite Element Modeling and
Solution Techniques

|. Symmetry

A structure possesses symmetry if its components are
arranged in a periodic or reflective manner.

Types of Symmetry:
- Reflective (mirror, bilateral) symmetry
- Rotational (cyclic) symmetry
- AXisymmetry
- Trandational symmetry

Examples:
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Applications of the symmetry properties:

Reducing the size of the problems (save CPU time, disk
space, postprocessing effort, etc.)

- Simplifying the modeling task
- Checking the FEA results

Symmetry of a structure should be fully exploited and
retained in the FE modéd to ensure the efficiency and quality of
FE solutions.

Examples:

Cautions;

In vibration and buckling analyses, symmetry concepts, in
general, should not be used in FE solutions (worksfinein
modeling), since symmetric structures often have antisymmetric
vibration or buckling modes.
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|1. Substructures (Supere ements)

Substructuring is a process of analyzing alarge structure as
acollection of (natural) components. The FE models for these
components are called substructures or superelements (SE).

Physical Meaning:

A finite edlement model of a portion of structure.

Mathematical Meaning:

Boundary matrices which are load and stiffness matrices
reduced (condensed) from the interior points to the exterior or
boundary points.

r\\ oL ‘
Jf/y : f_g:foh

Fig. 4.11-1. (a) Possible substructures la, 1b. ... 5 of a hypothetical aircraft. (b) Castellated
beam. with typical repeating substructure ABCD. Elements of the substructures are not shown.
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Advantages of Using Substructures/Superelements:

- Large problems (which will otherwise exceed your
computer capabilities)

- Less CPU time per run once the superelements have
been processed (i.e., matrices have been saved)

- Components may be modeled by different groups

- Partial redesign requires only partial reanalysis (reduced
cost)

Efficient for problems with local nonlinearities (such as
confined plastic deformations) which can be placed in
one superelement (residual structure)

- Exact for static stress analysis

Disadvantages.
Increased overhead for file management

- Matrix condensation for dynamic problems introduce
new approximations
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|I1. Equation Solving

Direct Methods (Gauss Elimination):

. Solution time proportional to NB? (N is the dimension of
the matrix, B the bandwidth)

- Suitable for small to medium problems, or slender
structures (small bandwidth)

- Easy to handle multiple load cases

| terative Methods:
- Solution time is unknown beforehand
- Reduced storage requirement

- Suitable for large problems, or bulky structures (large
bandwidth, converge faster)

- Need solving again for different load cases
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Gauss Elimination - Example:

es -2 Ouxu 12U
A R
2-2 4 -3H|’X2y:i-1y

60 -3 3gxp 13h

Forward Elimination:

Me8 -2 0 20
Form  (2) g 2 4 -3 | -4
(3)g0 -3 3 3§

D) +4x(2 P (2):

He -2 0 20
(2)20 14 -12| - 24
(30 -3 3 30

(2) + %(3) b (3)

e -2 0 2 0
(2)20 14 -12| - 24
30 0 2 | 12§

Back Substitution:
X, =12/2=6
X, =(-2+12x,)/14=5
X, =(2+2x,)/8=15

or Ax =Db.
1190

or x:% Si'/.
1 6p
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| terative Method - Example:
The Gauss-Seidel Method

Ax =Db (A issymmetric)
N

o aax =h, i=12,... N.
j=1

Start with an estimate x® and then iterate using the following:

(k+1) _ 1 gb 'S (k+1) d (k)U
X - & - a aijxj - a aijxj o
a; € j=1 j=i+l u

fori =1,2,...,N.

In vector form,
x KD :AD'llb- A x*P - ALTX(k)],
where
A, =éa.i isthediagonal matrix of A,
A isthelower triangular matrix of A,
suchthat A=A_+A_ +A .
|terations continue until solution x converges, i.e.

)

x|

fe,

where e isthe tolerance for convergence control.
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V. Nature of Finite Element Solutions

- FE Modée — A mathematical model of the real structure,
based on many approximations.

- Real Structure -- Infinite number of nodes (physical
points or particles), thus infinite number of DOF's.

- FE Modél — finite number of nodes, thus finite number
of DOF's.

= Displacement field is controlled (or constrained) by the
values at a limited number of nodes.

ENEEN

\ Recall that onan e ement :

4
u=4a N.u,

a=1

Stiffening Effect:

- FE Modd is gtiffer than thereal structure.

- In general, displacement resultsare smaller in
magnitudes than the exact values.
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Hence, FEM solution of displacement provides alower
bound of the exact solution.

A D(Displacement)

* Exact Solution

* FEM Solutions

No. of DOF'’s

The FEM solution approaches the exact solution from
bel ow.
Thisistruefor displacement based FEA only!
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V. Numerical Error

Error 1 Mistakesin FEM (modeling or solution).

Typesof Error:
- Modding Error (beam, plate ... theories)
- Discretization Error (finite, piecewise ...)

- Numerical Error (in solving FE eguations)

Example (numerical error):

Uy U
— —
1 k 2 k X
FE Equations:
ek, -k diuu_iPg
2 1 =1
&k, k +kHu,b 10p

and Det K =kkK,.

The system will be singular if k; issmall compared with k;.
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K, << K; (two lines close):
= System ill-conditioned.

o)

U,

k, +Kk,

A I >

Plk, U,

Large difference in stiffness of different partsin FE
model may causeill-conditioning in FE equations.
Hence giving results with large errors.

[11-conditioned system of equations can lead to large
changes in solution with small changesin input
(right hand side vector).
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VI. Convergence of FE Solutions

Asthemesh in an FE modd is“refined” repeatedly, the FE
solution will converge to the exact solution of the mathematical
model of the problem (the model based on bar, beam, plane
stresg/strain, plate, shell, or 3-D dasticity theories or
assumptions).

Types of Refinement:

h-refinement:  reduce the size of the element (“h’ refersto the
typical size of the elements);

p-refinement:  Increase the order of the polynomialson an
element (linear to quadratic, etc.; “h” refersto
the highest order in a polynomial);

r-refinement.  re-arrange the nodes in the mesh;

hp-refinement: Combination of the h- and p-refinements
(better results!).

Examples:
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VII. Adaptivity (h-, p-, and hp-Methods)
- Future of FE applications

- Automatic refinement of FE meshes until converged
results are obtained

- User’sresponsibility reduced: only need to generate a
good initial mesh

Error Indicators:

Define,
s --- dement by element stress field (discontinuous),
s --- averaged or smooth stress (continuous),

Sg=s-S ---theerror stressfidd.

Compute strain energy,

M
U=3uU, U, :c‘ﬁsTE'lsdv;
i=1 Vi2
- . 1 . .
U =au., U =¢-s E'sadv;
i=1 Vi2
y 1
U.=aU., U, = O=ScE s dV;
i=1 Vi2

where M isthetotal number of elements, V. isthe volume of the
element I.
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One error indicator --- the relative energy error:

(O£h £1)

Theindicator h is computed after each FE solution. Refinement
of the FE modd continues until, say

h £ 0.05.

=> converged FE solution.

Examples:
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Chapter 5. Plate and Shell Elements

|. Plate Theory
» Flat plate
« Lateral loading

* Bending behavior dominates

Note the following similarity:

1-D straight beam mode&d 2-D flat plate model

Applications:
o Shear walls
* Floor panels

 Shelves
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Forces and Moments Acting on the Plate:

A Z

// Qy Mxy
t Z D»—W
Qx :
//x Mid surface
Stresses:
| Z
YN oy
e Yoz Y
//
/// ay
/
// 5
B . I —
Ixz Oy Txy
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Relations Between Forces and Stresses

Bending moments (per unit length):

t

M, = J’_t//zzaxzdz, (N [Bn/m) (1)

t

/2
M, :I_Uzayzdz, (N [in/m) (2)

Twisting moment (per unit length):

t/2
M,y = [ T,2dz (N [/ m) (3)

Shear Forces (per unit length):

12

Q. =f T, dz, (N/m) (4)

t/2 X2

Q, =[,,1,9z (N/m) (5)

Maximum bending stresses:

oM oM
tzx’ (O,)max =% tzy'

(6)

(O ) ma =%

e Maximum stress is always at=+t/ 2

* No bending stresses at midsurface (similar to the beam
model)
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Thin Plate Theory ( Kirchhoff Plate Theory)

Assumptiongsimilar to those in the beam theory):

A straight line along the normal to the mid surface remains
straight and normal to the deflected mid surface after loading,
that is, these is no transverse shear deformation:

yxz = yyz :O'

Displacement

ow
ZA /‘* &
&”\‘\
\ T tw
- X
w=w(X,Y), (deflectior)
ow
u=-z—, I
Ey (7)
ow
V=-z2—.
oy
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Chapter 5. Plate and Shell Elements

Strains:

. 0%w

ST T e

. _0%w
E,=-2 Pyl

2

Y,y =22 il :

oxoy

(8)

Note that there is no stretch of the mid surface due to the

deflection (bending) of the plate.

Stresses (plane stress state):

EUX% E Y 0
[pygzl_vzgr 1 0
= 9=« ¢

or,

Main variable: deflectiorw =w(x,y .)

9)
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Governing Equation:
DO*w=q(x,Y), (10)

where

4 4 4
5+28 +5

D4 E(5X4 dx2§y2 d)/4)’
D= EY  the bending rigidity of the plate)
12(1-v?) ’

q = lateral distributed load (force/area).

Compare the 1-D equation for straight beam:

d'w

El e =q(x).

Note: Equation (10) represents the equilibrium condition
in thez-direction. To see this, refer to the previous figure
showing all the forces on a plate element. Summing the forces
in thez-direction, we have,

QDY +Q,AX +GAxDY =0,
which yields,

0
Q%% 4 g y) =0.
ox oy

Substituting the following relations into the above equation, we
obtain Eqg. (10).
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Shear forces and bending moments:

o =M, M, o =My M,
ox oy )¢ Y
2 0w ‘W 0w
M. = DEp W+v M = DEE +V B
o ox® ayzg T my* oX° L

The fourth-order partial differential equation, given in (10)
and in terms of the deflectiom(x,y) needs to be solved under
certain given boundary conditions.

Boundary Conditions:

Clamped: w =0, ow =0; (11)
on

Simply supported: w=0, M_=0; (12)

Free: Q,=0, M =0 (13)

wheren is the normal direction of the boundary. Note that the

given values in the boundary conditions shown above can be
non-zero values as well.

S

boundary
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Examples:

A sqguare plate with four edges clamped or hinged, and
under a uniform load or a concentrated ford¢eat the centeC.

Z
/ y
L
y -
X Given: E, t, and» = 0.3

For this simple geometry, Eq. (10) with boundary condition
(11) or (12) can be solved analytically. The maximum
deflections are given in the following table for the different
cases.

Deflection at the Center Qv

L

Clamped Simply supportel

Under uniform load q 0.00126qL*/D 0.00406qL"/D

Under concentrated force P 0.00560PL*/D 0.0116PL%D

in which: D= Et¥/(12(1-\/)).

These values can be used to verify the FEA solutions.
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Thick Plate Theory (Mindlin Plate Theory)

If the thickness of a plate is not “thin”, e.g.t/L =1/ 10
(L = a characteristic dimension of the plate), then the thick plate
theory by Mindlin should be applied. This theory accounts for
the angle changes within a cross section, that is,

V., %0, Ve ® 0.

This means that a line which is normal to the mid surface before
the deformation will not be so after the deformation.

- _ow
. /w% W@

\—
\
\L
D
=
X

New independent variables:

6, and@,: rotation angles of a line, which is normal to the

mid surface before the deformation, abouandy-axis,
respectively.
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New relations:

u=z60, v=-20; (14)
00
e =z2—2,
OX
a0,
E,=-2—*,
oy
20, 06
Vo = 2="——22), (15)
oy oX
ow
Ve = & + ey’
ow
yyz = E - ex'
Note that if we imposed the conditions (or assumptions)
that
yxz=%/+6y:0! yyZ:%N—QXZO,

then we can recover the relations applied in the thin plate
theory.

Main variables: w(x, y),6,(x,y)and@, (x,y )

The governing equations and boundary conditions can be
established for thick plate based on the above assumptions.
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Plate Elements

Kirchhoff Plate Elements:

4-Node Quadrilateral Element

ZA / y
Mid surfacewél< /3
/ ’

1
t
w, (P, BN w,
Cox O

mwyQq 10X

DOF at each node: W, d—N d‘—N
Y

On each element, the deflectim(x,y)is represented by
4

W(X,Y) = Zléhiwi +N,, (%V)| + Nyi (%V)| E

whereN;, N, andN,; are shape functions. This is an
incompatible element! The stiffness matrix is still of the form

K :J/’BTEBdV,

whereB is the strain-displacement matrix, afadhe stress-
strain matrix.
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Chapter 5. Plate and Shell Elements

Mindlin Plate Elements:

4-Node Quadrilateral

/ //‘Z
1/% Lo

t

8-Node Quadrilateral

ZA y

DOF at each node: w, 6,and@,.

On each element:

n

W(X, y) =Zl W
QX(X’ y) = i |\Iiexi’

6,(xy)=3 N8,

1=1

* Three independent fields.

» Deflectionw(x,y)is linear for Q4, and quadratic for Q8.

© 1999 Yijun Liu, University of Cincinnati
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Discrete Kirchhoff Element:
Triangular plate element (not availableANSY &

Start with a 6-node triangular element,

DOF at corner nodesv,d—N,d—N,Gx,Hy;

ox oy

DOF at mid side node$. ,0, .

Total DOF = 21.

Then, impose conditiong,, =y , = ,@tc., at selected
nodes to reduce the DOF (using relations in (15)). Obtain:

X
ow ow
At each nodew, GXQ: &Qey% @El

Total DOF =9 (DKT Element).

* Incompatiblew(x,y) convergence is fastew (s cubic
along each edge) and it is efficient.
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Test Problem:

P
//, _ -
e AT
L
w -
X L/t=10,v=0.3

ANSY 3l-node quadrilateral plate element.

ANSYS Result for w

Mesh W, (x PL?/D)
2x2 0.00593
4x4 0.00598
8x8 0.00574
16x16 0.00565
Exact Solution 0.00560

QuestionConverges from “above”? Contradiction to what
we learnt about the nature of the FEA solution?

Reason This is an incompatible element ( See comments
onp. 177).
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l1l. Shells and Shell Elements

Shells — Thin structures witch span over curved surfaces.

Example:

» Sea shell, egg shell (the wonder of the nature);
« Containers, pipes, tanks;

« Car bodies;

* Roofs, buildings (the Superdome), etc.

Forces in shells:
Membrane forces + Bending Moments

(cf. plates: bending only)

od

— %
L
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Example: A Cylindrical Container.

ST A
AR

internal forces:

:TTT// /@/\\

- P

- i i i\\ membrane stresses

dominate

Shell Theory:
e Thin shell theory
» Thick shell theory

Shell theories are the most complicated ones to formulate
and analyze in mechanics (Russian’s contributions).

» Engineeringt Craftsmanship

« Demand strong analytical skill
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Shell Elements:

/ a

o

—

/ plane stress element / plate bending element
v

]
— h.7y %/L._,
A

—

//

/ flat shell element

cf.. bar + simple beam element => general beam element.

DOF at each node:

//. W!//;»
6/ ‘“o0

Q4 or Q8 shell element.
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Curved shell elements:

 Based on shell theories;

» Most general shell elements (flat shell and plate
elements are subsets);

« Complicated in formulation.
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Test Cases:

L/2
q L/

F

Pinched Hemisphere Twisted Strip 90°)

= Check the Table, on page 188 of Cook’s book, for
values of the displacemea under the various loading
conditions.

Difficulties in Application:

* Non uniform thickness (turbo blades, vessels with
stiffeners, thin layered structures, etc.);

=  Should turn to 3-D theory and apply solid elements.
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Chapter 6. Solid Elements for 3-D Problems

|. 3-D Elasticity Theory

Stress State:

X
Z

y,Vv

7—>Tyx
L T

yz Xy
sz

| — - O-X

sz T, X. U
g, !

Z,
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Chapter 6. SolicsElement

do, O
O 0O
0% O
Odo, O
o={o}=0 0O,
Olxy O
Dryz []
O 7 0O
OT,« O
Strains:
[1&x []
L&, [
~ _Ue, [
e={e}= 0, 0
Nl
ngan
Ly, U
Stress-strain relation:
1-v
do, O DV
O, O 0
0y 0O Ov
ot
DTXVD (1+V)(1_2V)|:|
Or,, O 0o
0”0 [
O, O [] 0
0
or

or

[0, ]

\Y; 0

1-v 0

v 1-v 0
0 0 1-2v

2

0 0 0

0 0 0

6 = E¢

D)

(2)

e

o O O o
-
R

PRAgae

x
<

N A I O B

N

(3
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Displacement:

Ou(x,y,z) O 0Ou, [
O 00 0O
u= DV(X1 y1 Z) D_ DUZ D (4)

Hw(x,y,2)H Hu,

]

Strain-Displacement Relation:

ou ov ow
gx g - — ’ Ez ’
ax' Y oy oz
av ou aw ov _du ow
yxy Ac yyz ~ Ve =t (5)
ax ay ay az 0z O0X
or
% ﬁ (,i=12.3)
X|
orsimply,

1 :
£, ZE(U"" +u,;) (tensomotation)
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Equilibrium Equations:

do, +0TXY+6TXZ+f -0

oX oy 0z g

9y 99,9 Lt , (6)
0X oy Z Y

or,, 0T, 00

or

Boundary Conditions (BC’s):
u =1u, on I, (specified displacemat)

t =t on I, (specified traction) (7)
(tractiont, =0, n,)

r(=r,+r,)

Stress Analysis:
Solving equations in (6) under the BC’s in (7).
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Chapter 6. SolicsElement

ll. Finite Element Formulation

Displacement Field:

N
u=>% N.u
; | |
N
v=> N v
=1
N
w=> N;w,

r

Nodal values

In matrix form:

als M, 0 0 N, 0 0 -]
vO =[P N, 0 0 N, 0 -]
Wi,y B0 0 N, 0 0 N, -ff
or u=Nd

L

==

e

X
w
zZ

~

g

(8)

9)

SUNEREN N I .

3Nx1)

Using relations (5) and (8), we can derive the strain vector

e=Bd

(6<1) (6x3N)x(3Nx1)

© 1999 Yijun Liu, University of Cincinnati
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Stiffness Matrix:

k = [BTEBdv (10)

(3xN)  (3NXB)X(6x6)x(6x3N)

Numerical quadratures are often needed to evaluate the
above integration.

Rigid-body motions for 3-D bodies (6 components):
3 translations, 3 rotations.

These rigid-body motions (singularity of the system of
equations) must be removed from the FEA model to ensure the
guality of the analysis.
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[l Typical 3-D Solid Elements

Tetrahedron:

linear (4 nodes) quadratic |10 nodes)

Hexahedron (brick):

!
linear (8 nodes) guadratic (20 nodes)
Penta:
' .'
linear (6 nodes) guadratic (15 nodes)

Avoid using the linear (4-node) tetrahedron element in 3-D
stress analysis (Inaccurate! But it is OK for dynamic analysis).

© 1999 Yijun Liu, University of Cincinnati 144



Lecture Notes: Introduction to Finite Element Method Chapter 6. SolicsElement

Element Formulation;

[1 Linear Hexahedron Element

6
yt 8 2
E ey
4 3  mapping (% &)
X

(_15 E,U,Z =< l)
y4

(-1,1,-1)
GLlJ)%/jT

(-1,-1,-1) 1
(-1,-1,1) 5 /7
e 4

Displacement field in the element:

u:SN.u., vziNivi , W:iNiwi (1D

(|
=1 1=1 =1
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Shape functions:
N, (£.0.0)=2(0-6A-m@-0) |
N, (€0.0)= 1+ A-m@-0) |
N, (€.1.0)= @+ A+ (A-¢) . (12)

N8(&m&)zé(l—é)(lm)(lw) .

Note that we have the following relations for the shape
functions:

Ni (51 ,’7,- 1Zj):5ij 1 i’j:LZ""’S'
iNi(EJ?!Z):l

Coordinate Transformation (Mapping):

8 8 8
X=2 Nix , y=p Ny, 2= Niz (13

=1

The same shape functions are used as for the displacement
field.

[1  Isoparametric element.
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Jacobian Matrix:

DauD [Ox ody azD[auD

ol o IR

R s (14
Png n an a”D[PyD
moug ox dy dzUpup
BCH B¢ 97 0¢ oz
= J Jacobianmatrix
[BuD DaUD
xO DT:E
u@ _, Lou ou E&EOJN
O O-0=J3"0-0, JU - o tel
vn g’ 0o o .
pun] [0u 7
HzE 4=
and
I:DVD DGVD
5L
EP”D
EﬁVD 10V [
HozH = H
also forw.
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N

a_u
0X
ov

(]
(]
]

— O

oy [
(]
(]
D:.

[]
™

<

ow

N

e
I
oo

QOO R0g o0

N
X

0 " use(15) =Bd

X

(g
oy [
s
[@+6WD

[0z &D

D?
D
X

<
N

o e s o
I
=

whered is the nodal displacement vector,
le.,
¢=Bd (16)

XB) (6x24)X(24x1)
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Strain energy,
U=2re" edV=2 [(Es) cdV

2] 2
1 5
——Ia EedV

2y

1 []
=—d"dAB'EBdV 1
= g 5 17

Element stiffness matrix,

k=IBTEB dVv (18
\Y
(24x24)  (246)x(6x6)x(6x24)
In én{ coordinates:
dV=(detJ)dé dndl (19
111
O k:I“'BTEB(detJ)dEdndZ (20)
-1-1-1

( Numerical integration)

o 3-D elements usually do not use rotational DOFs.
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Loads:

Distributed loadg] Nodal forces

l } lpA/S } pAs12

| o
(T LA NN
o
Area =A Nodal forces for 20-node
Hexahedron
Stresses:
c=E¢=EBd

Principal stresses

0,,0,,0,.

von Mises stress

1
O.,=0yy :E\/(O-l _02)2 + (02 _03)2 + (03 _01)2 .

Stresses are evaluated at selected points (including nodes)
on each element. Averaging (around a node, for example) may
be employed to smooth the field.

Examples ...
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Solids of Revolution (Axisymmetric Solids):

/ | o

Baseball bat shaft

Apply cylindrical coordinates:

(x,y,2) 0 (r,6 2)

brvvdveey
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Displacement field:

u=u(r,z), w=w(r,z) (No v-circumferatialcomponent

Strains:
_du _u _ow
r— ;. ! 89__’ 82——,

or r 0z

ow ou

— +— =0 271

yrz ar az (yre yze ) ( )
u
/\\
/K \ (r+u)d 8
da_ /)
vV
rd@
Stresses:
o 0O [1-v v V 0 One
r D _ D r
vl B gv v vV O,
1_

WZD (1+V)(1 2V) DO \(; OV 1 OZVSDS ]
@rz@ @ 2 @ rz@
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Axisymmetric Elements:

|
2 [ 2
L ru
!—>
____________ .3
3 i
(A T 1
i
3-node element (ring) 4-node element (ring)
k:LBT EBrdr d6 dz (23
or
2ml 1

‘!'J'J'B EBr(detd)dé dnd6

= ZNIIBTEBr(detJ)dE dn (24)
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Applications:

* Rotating Flywheel:

A Z
M w argular velociy (rad/s)

% r
J

7

Body forces:

f =prw® (equivalentadialcentrifugd/ inertialforce)
f=-pg (gravitationalforce)
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» Cylinder Subject to Internal Pressure:

L LL L L LL L L

0
T

q=(p)2mr,
VIVVVVYVYITIY

* Press Fit:

ring ( Sleeve) shaft

atr =r.:

u,—u=29

% 0 MPC
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» Belleville (Conical) Spring:

-

0

This is a geometrically nonlinear (large deformation)
problem and iteration method (incremental approach) needs to
be employed.
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Chapter 7. Structural Vibration and Dynamics

- Natural frequencies and modes : F(t)

- Frequency response (F(t)=F, Snwt)
- Transent response (F(t) arbitrary)

|. Basic Equations
A. Single DOF System

k 1 m-mass
f=f() T
m e—» I k - stiffness

c : c - damping
B o). foo

1 m +— f@

= X, U

From Newton's law of motion (ma = F), we have

mu=f(t) ku- cu,
l.e

mu-+cu+ku=f(t) (1)

where u is the displacement, U=du/dt and i=d*u/dt.
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Free Vibration:  f(t) = 0 and no damping (c = 0)
Eq. (1) becomes

mi+ku=0 (2)
(meaning: inertia force + stiffness force = 0)

Assume:
u(t) =U sin(wt)
where w is the frequency of oscillation, U the amplitude.
Eq. (2) yields
- UlPmsin( ut)+kU sin( ut)=0
|.e.,
|- w?m+kJu =0.
For nontrivial solutionsfor U, we must have
|- w2m+k|=0,

which yields

W= (3)
Thisisthe circular natural frequency of the single DOF
system (rad/s). The cyclic frequency (1/s=Hz) is

w

f:z, (4)
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u=Usinwt

NP/

T=1/f

A

y t g
U \\/

[
Ll

Undamped Free Vibration

With non-zero damping ¢, where

O<c<c,=2mw =2./km (c.=critica damping) (5)

we have the damped natural frequency:

W, =W4/1- X?, (6)

wherex = < (damping ratio).
CC

For structural damping: 0£x <0.15 (usualy 1~5%)

W, »W. (7)
Thus, we can ignore damping in normal mode analysis.

u,
\/ ______________________________________ S—= 1
Damped Free Vibration
© 1999 Yijun Liu, University of Cincinnati 159




Lecture Notes: Introduction to Finite Element Method Chapter 7. Structural Vibration and Dynamics

B. Multiple DOF System
Equation of Motion
Equation of motion for the whole structure is
M +Cu+Ku=f(t), (8)

in which: u % nodal displacement vector,
M 3% mass matrix,
C % damping matrix,
K 3 stiffness matrix,
f % forcing vector.
Physical meaning of Eq. (8):
Inertiaforces + Damping forces + Elastic forces

= Applied forces

Mass Matrices
Lumped mass matrix (1-D bar element):

rAL 1 rAL 2 %:r_AL
9 p S °, 2
U, U,

Element mass matrix is found to be

ér AL U
& 0 4
m=s 2 ;
€ rALU
e 0 —u
€ 2 U

diagon;I/ matrix

160
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In genera, we have the consistent mass matrix given by
m = C) I NT NdV (9)

where N is the same shape function matrix as used for the
displacement field.

Thisis obtained by considering the kinetic energy:

o)
1
|

c.

_|

3

c

(cf. %mvz)

1
NP N~ N
O
-
—~ .
Z
c
N
_|
—~
Z
c
N
o1
<

Bar Element (linear shape function):
Q Hl x x]ALdx

61/3 1/60d, (10)
8L/6 1/38u,
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Element mass matrices.
P loca coordinates b to global coordinates

P assembly of the global structure mass matrix M.

Simple Beam Element:
Vl
Aﬁql r,A L qd,
L) |
)
m:QrNTNdV
é156 22l 54 -13Luv,

é 2 2 Uz
_TrAL a22L 4 13 -3l.q
420€ 54 13L 156 - 22L0V,

e u .o
&13L -3 -22L 4% 9,

(11)

Units in dynamic analysis (make sure they are consistent):

Choicel Choicell
t (time) S S
L (length) m mm
m (mass) kg Mg
a (accel.) m/s’ mny/s”
f (force) N N
r (density) kg/m’ Mg/mm®
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1. Free Vibration

Study of the dynamic characteristics of a structure:
- natura frequencies

- norma modes (shapes)

Let f(t) = 0 and C = O (ignore damping) in the dynamic
eguation (8) and obtain

MO +Ku=0 (12)

Assume that displacements vary harmonically with time, that
IS,

u(t) =usn( wt),
u(t) =wu cos( wt),
U(t) = -w?tsin( wt),

where U isthe vector of nodal displacement amplitudes.
Eq. (12) yieds,
|_K-W2|\/| =0 (13)

Thisis ageneraized eigenvalue problem (EVP).

Solutions?
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Trivia solution: U = O for any values of w (not interesting).
Nontrivial solutions: U 1 O only if

K-wM|=0 (14)
Thisis an n-th order polynomia of w?, from which we can

find n solutions (roots) or eigenvalues w;.

- Wi (=1, 2, ..., n) arethe natural frequencies (or
characteristic frequencies) of the structure.

- Wy (the smallest one) is called the fundamental frequency.
- For each w; , Eg. (13) gives one solution (or eigen) vector

K - w?M T =0

U, (i=1,2,...,n) are the normal modes (or natural
modes, mode shapes, etc.).

Properties of Normal Modes
U, Ko, =0,
u'Mu, =0, forilj, (15)

iIf w1 w;. That is, modes are orthogonal (or independent) to
each other with respect to K and M matrices.
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Normalize the modes:
u' MU =1,

U KT =w?. (16)

Note:

Magnitudes of displacements (modes) or stressesin normal
mode analysis have no physical meaning.

For normal mode analysis, no support of the structureis
necessary.
w;=0 U therearerigid body motions of the whole or a
part of the structure.

P apply thisto check the FEA model (check for
mechanism or free elements in the models).

L ower modes are more accurate than higher modes in the
FE caculations (less spatia variations in the lower modes
b fewer eements/wave length are needed).
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Example: y
V2
r, A, El ‘T\qz
1 2"" X
-t L -
V,U 100
-l =)
El 612 - 6Ly rALé156 - 22Ly
rER- 2 [} M="né 2 [
®& 6L 4% 4208 22l 412§
EVP: ‘ 12-158 - 6L+22L1 ‘ 0

- 6L+22L1  4L%- 417

inwhich | =w?r AL* /420 El |
Solving the EVP, we obtain,

. &% 1,0 1 ¢
Fixed Beam Free W 3 533 EI T ; _2 - 1 ,’
g N grAL4 ,:\ 2%1 }13%%

#3 /'#2
— & El cYVz v, 1

Vo0 ]
e T R A
Exact solutions;

ae El oy ae El o}/2

W, =3516 s W, =220% g

We can see that mode 1 is calculated much more accurately
than mode 2, with one beam element.
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lll. Damping
Two commonly used models for viscous damping.

A. Proportional Damping (Rayleigh Damping)

C=aM + BK (17)
where the constants & 3 are found from
Elzawl"'ﬁ, 52=aw2+ ,B ’
2 2w, 2 2w,

with w, w,,&, & &, (damping ratio) being selected.

Design
Spectrum

Damping ratio

bhb—WN————

’31"

Stiffness-proportional

damping: £= % ,B=0

Mass-proportional

/ damping: ¢ _ 2[1 a=0

Frequency

B. Modal Damping

Incorporate the viscous damping in modal equations.
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V. Modal Equations

» Use the normal modes (modal matrix) to transform the
coupled system of dynamic equations to uncoupled
system of equations.

We have
|_K - w,"M Ju_I =0, 1=12,..,n (18)

where the normal mode satisfies:

fori#j,

fori=1,2,...,n.

Form themodal matrix

® ., = [T, T, (19)
Can verify that
o -.- ou
OKO=Q= " U(spectranatrix)
LI - o4 20)
%o .- 0 wf}% (
O'MD =1,
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Transformation for the displacement vector,

u=zuU,+zu,+--+zU =0z (21)

where
Oz, (t) O
_He(hd
z=0"."0
O+ 0O
Hz, (1) B

are calledorincipal coordinates
Substitute (21) into the dynamic equation:
M ®Z+ Cdz+ KDz =1(t).
Pre-multiply by®', and apply (20):
2+ C_ z+Qz=p(t), (22)
whereC , = al + Q (proportional damping),
p=®"f(t).

UsingModal Damping

RE&,w, 0 0 [

[] []

C - [ 0 262&)2 ) []
O 0. (23)

70 28,0,
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Equation (22) becomes,
Z, + 20,2, + 0z, = p(1), i=1.2,...n. (24)

Equations in (22) or (24) are calletbdal equations

These are uncoupled, second-order differential equations,
which are much easier to solve than the original dynamic
equation (coupled system).

To recovew from z, apply transformation (21) again, once
zZ is obtained from (24).

Notes

* Only the first few modes may be needed in constructing
the modal matrixb (i.e.,® could be an »m rectangular
matrix with m<n). Thus, significant reduction in the
size of the system can be achieved.

* Modal equations are best suited for problems in which
higher modes are not important (i.e., structural
vibrations, but not shock loading).
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V. Frequency Response Analysis
(Harmonic Response Analysis)

MU+Cu+Ku= Fsinwt
%/_J
Harmonidoading
Modal method Apply the modal equations,

(25)

Z+2wz+w'z = psinat, i=12,..m  (26)
These are 1-D equations. Solutions are

(+) = P/’ i ]
- x/(l—nf)2+(25ini)2Sm(wt @

where
2&.n.
Eei = arctanf—'n'z, phaseangle
D _ i
] n = w/wi’
] C, o . :
25 =L =—"1_ dampingratio
e E’E' c. 2mw Ping

Recoveu from (21).

Direct Method Solve Eqg. (25) directly, that is, calculate

the inverse. Wity = Te'*" (complex notation), Eq. (25)
becomes

[K +iwC - w?M ]U:f.

This equation is expensive to solve and matrix is ill-
conditioned ifwis close to anw.
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VI. Transient Response Analysis
(Dynamic Response/Time-History Analysis)

» Structure response &rbitrary, time-dependent loading

A O

A u(®)

Compute responses by integrating through time:

Uz

1 1 | Il
[}
t0 1:l 1:2 nttn+1 t
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Equation of motion at instangg, n =0, 1, 2, 3[I{

MO, +Cu, +Ku =f_

Time increment:At=t,,,-t,, N=0, 1, 2, 3/
There are two categories of methods for transient analysis.
A. Direct MethodgDirect Integration Methods)

» Central Difference Method

Approximate using finite difference:

. 1
u = u - u . _,),
n ZAt( n+1 n 1)

1
U, = ———(u.,, - 2u
n (At)z(nl

+ U n—1)

n

Dynamic equation becomes,

M W(u”ﬂ -2u, + un—1)H+ C%(un+1 - Un-1)%+ Ku, =f,,

which yields,

Aun+1:F(t)
where
O 1 1

A = M +—C,
% iy | 2at
2 O 01 1 .0

LF(tY=f - -—M - M-—C .
SRR N A e
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Un+1 IS calculated fronu, & u,.;, and solution is
marching fromt,t, -t t ., ---, until convergent.

This method isunstableif At is too large.
 Newmark Method

Use approximations:

B - 2B)0, +260,..] - (8,0=-)

un+l = l.’In + At[(:l‘_ y)un + yun+l]’
wheref3 & y are chosen constants. These lead to

u.,,=u,+Atu, +

AU n+1 - F(t)
where
A=K + -2 L

C + M,
BAt B(At)®
F(t): f(fn+1’y’B’At’C'M’un’un'un)'

This method isinconditionally stablef

1
B =

which gives the constant average acceleration method.

Direct methods can be expensive! (the need to
computeA™, often repeatedly for each time step).
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B. Modal Method

First, do the transformation of the dynamic equations using
the modal matrix before the time marching:

u= Zm u.z(t) =0z,

Z + 2§ ,w2; + w;z, = p;(1),

| = 1,20m.

Then, solve the uncoupled equations using an integration
method. Can use, e.g., 10%, of the total modes (m= n/10).

* Uncoupled system,

* Fewer equations,

* No inverse of matrices,

» More efficient for large problems.

Comparisons of the Methods
Direct Methods Modal Method

Small model

Large model

More accurate (with smafit) Higher modes ignored

Single loading Multiple loading

Shock loading Periodic loading
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Cautions in Dynamic Analysis

o Symmetrylt should not be used in the dynamic analysis
(normal modes, etc.) because symmetric structures can
have antisymmetric modes.

* Mechanism, rigid body motion meaas= 0. Can use
this to check FEA models to see if they are properly
connected and/or supported.

* Input for FEA: loadind~(t) or F(«) can be very
complicated in real applications and often needs to be
filtered first before used as input for FEA.

Examples

Impact, drop test, etc.
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