
qpp

qd̂2x
¼ AL

2

E

L2
ð�2d̂1x þ 2d̂2xÞ

� �
� f̂2x ¼ 0and

In matrix form, we express Eqs. (3.10.26) as

qpp

qfd̂g ¼ AE

L

1 �1

�1 1

� �
d̂1x

d̂2x

( )
� f̂1x

f̂2x

( )
¼ 0

0

� �
ð3:10:27Þ

or, because f f̂ g ¼ ½k̂�fd̂g, we have the stiffness matrix for the bar element obtained
from Eq. (3.10.27) as

½k̂� ¼ AE

L

1 �1

�1 1

� �
ð3:10:28Þ

As expected, Eq. (3.10.28) is identical to the stiffness matrix obtained in Section 3.1.
Finally, instead of the cumbersome process of explicitly evaluating pp, we can

use the matrix differentiation as given by Eq. (2.6.12) and apply it directly to Eq.
(3.10.19) to obtain

qpp

qfd̂g ¼ AL½B�T ½D�½B�fd̂g � f f̂ g ¼ 0 ð3:10:29Þ

where ½D�T ¼ ½D� has been used in writing Eq. (3.10.29). The result of the evaluation

of AL½B�T ½D�½B� is then equal to ½k̂� given by Eq. (3.10.28). Throughout this text, we
will use this matrix differentiation concept (also see Appendix A), which greatly sim-
plifies the task of evaluating ½k̂�.

To illustrate the use of Eq. (3.10.20a) to evaluate the equivalent nodal loads for a
bar subjected to axial loading traction T̂x, we now solve Example 3.12.

Example 3.12

A bar of length L is subjected to a linearly distributed axial loading that varies from
zero at node 1 to a maximum at node 2 (Figure 3–28). Determine the energy equiva-
lent nodal loads.

Figure 3–28 Element subjected to linearly varying axial load
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Using Eq. (3.10.20a) and shape functions from Eq. (3.10.9), we solve for the
energy equivalent nodal forces of the distributed loading as follows:

f f̂0g ¼ f̂1x

f̂2x

( )
¼

ðð
S1

½N�TfT̂xg dS ¼
ðL

0

1� x̂

L

x̂

L

8>>><
>>>:

9>>>=
>>>;
fCx̂g dx̂ ð3:10:30Þ

¼
Cx̂2

2
� Cx̂3

3L

Cx̂3

3L

8>>><
>>>:

9>>>=
>>>;

L

0

¼
CL2

6

CL2

3

8>>><
>>>:

9>>>=
>>>;

ð3:10:31Þ

where the integration was carried out over the length of the bar, because T̂x is in units
of force/length.

Note that the total load is the area under the load distribution given by

F ¼ 1

2
ðLÞðCLÞ ¼ CL2

2
ð3:10:32Þ

Therefore, comparing Eq. (3.10.31) with (3.10.32), we find that the equivalent nodal
loads for a linearly varying load are

f̂1x ¼
1

3
F ¼ one-third of the total load

ð3:10:33Þ
f̂2x ¼

2

3
F ¼ two-thirds of the total load

In summary, for the simple two-noded bar element subjected to a linearly varying
load (triangular loading), place one-third of the total load at the node where the dis-
tributed loading begins (zero end of the load) and two-thirds of the total load at the
node where the peak value of the distributed load ends. 9

We now illustrate (Example 3.13) a complete solution for a bar subjected to a
surface traction loading.

Example 3.13

For the rod loaded axially as shown in Figure 3–29, determine the axial displacement
and axial stress. Let E ¼ 30� 106 psi, A ¼ 2 in.2, and L ¼ 60 in. Use (a) one and (b)
two elements in the finite element solutions. (In Section 3.11 one-, two-, four-, and
eight-element solutions will be presented from the computer program Algor [9].
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