Chapter 9, POPOV

SKEW BENDING



Sign Convention

1) Axis: Right hand screw rule to set the axis.

2)
3)

However, convention used herein is “X” axis is the
longitudinal axis of the beam. Normally “Y” axis is
the vertical direction of the section. “Z” axis is from
the right hand screw rule.

Stress: Tensile stress positive.

Moment: When a screw is placed along an axis and
the moment is applied to it, if the screw head
moves towards the positive direction of the axis,
than the applied moment is positive.
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Bending Stress for Uniaxial Moment (M )
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Bending Stress for biaxial Moment (Mz, My)
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Example 9-1The 100-by-150-mm wooden beam shown in Fig. 9-4(a) is
used to support a uniformly distributed load of 4 kN (total) on a simple
span of 3 m. The applied load acts in a plane making an angle of 30°
with the vertical, as shown in Fig. 9-4(b) and again in Fig. 9-4(c).
Calculate the maximum bending stress at mid-span, and, for the same
section, locate the neutral axis. Neglect the weight of the beam.

4 kN (total)

(a)



P,=4Cos(30)=3.464 (kN-Total),
P,=4Sin(30)=3 (kN-Total)

L 3
M, = P,.— = 3.644.— = 1.3 kN.m (positive)

Ry 0

M, = Px-g = 2.§ = 0.75 kN.m (positive)
J = 100x150% _ 54 14106 mm?
% 12

_ 150x100% .
Iy = 1 = 12.5x10° mm

P M, M,

Oy = E = Ey ~+ ?Z

0 1.3x10° . 0.75x10°
Ox = 47 281x105” T 12.5x106°



A (-75,50), B (-75,-50), C (+75.,-50) & D (+75,+50)

1.3x10¢
%x4 = T 281x106
— 6.47 MPa
1.3x10¢
°xB = T 58.1x106
— 0.47 MPa
1.3x106
%x¢ = T 281x106
— —6.47 MPa
1.3x106

%xD = T 581x106
— —0.47 MPa

0.75x10°

(=75) + T5 =796 (50) = 347 +3.00
0.75x10°

~75) + 5=—og (=50) = 3.47 — 3.00

0.75x10°

(+75) + 5= (=50) = ~3.47 — 3.00
0.75x10°

(+75) + 5= (50) = —3.47 + 3.00



Example 9-2

A 50-by-75-mm, 1.5-m-long elastic bar of negligible weight is loaded as
shown in mm in Fig. 9-7(a). Determine the maximum tensile and compressive
stresses acting normal to the section through the beam.

3.6 kN

75
25 kN ‘ } 25 kN
Lﬁgiia————1u5————4
(a)
3.6 kN

25kN 25 kN 4
|

-1
2.7 kN 0.9 kN
(b)



I N
Oy A IZ y + Iy Z
P = 25x103 N,
B 3.6x103x375x1125 10255106 N
2= @75+ 1125) o mm
M, =0
B 50x753

Iz - 12 — 1.76)(106 mm4

_ 25410° 1.025410°

% = 50x75  1.76x106 ¥ - 067708y

o, = —15.08 MPa ‘EA
op = 28.42 MPa

o
T




Example 9-4

Consider a tapered block having a rectangular cross section at the base, as

shown in Figs. 9-9(a) and (b). Determine the maximum eccentricity “e” such
that the stress at B caused by the applied force P is zero.

In order to maintain applied force P in equilibrium,
there must be an axial compressive force P and a

moment “Pe” at the base having the senses shown.
' Mgy o
\Pivere  Tx T2, Y I #
P _ =P _o4 Pe
‘b’VﬁWAIb 9 =55 " w2~
22200000 12

L—%—-I—;—‘—-I To satisfy the condition for having stress at B equal to
l zero, it follows that

{c)




Example 9-5

Find the stress distribution at section ABCD for the block shown in mm

in Fig. 9-11(a) if F = 64 kN. At the same section, locate the line of zero
stress. Neglect the weight of the block.

(b)

(c)



P = —64x103 N,

M, =

—64x103x(75 +75) = —=9.6x10° N — mm

M, = —64x10°x150 = —9.6x10° N — mm
A = 150x300 = 45x10° mm?

7 =

I, =

Oy =

O,y =

300x1503 )
= = 84.375x10° mm
150x3003
5 = 337.5x10° mm*
p_it, M,
~1° L7 I
—64x103 —9.6x10° —9.6x10°

45x10°  84.375x106” ' 337.5x1062



g, = —1.422 + 0.1138y — 0.0284z
A (-75, 150), B (-75,-150), C (+75,-150) & D (+75,+150)

0,4 = —1.422 + 0.1138(=75) — 0.0284(150) MPa
0., = —1.422 — 8.533 — 4.267 = —14.22 MPa

0.5 = —1.422 — 8.533 4+ 4.267 = —5.69 MPa
0,c =—1.422 + 8.533 + 4.267 = +11.38 MPa
0.p = —1.422 + 8.533 — 4.267 = +2.84 MPa




Example 9-6

Find the zone over which the vertical downward force P, may be
applied to the rectangular weightless block shown in Fig. 9-12(a)
without causing any tensile stresses at the section A-B.

X) SOLUTION
Po The force P = - P, 1s placed at an arbitrary point in
. the first quadrant of the y-z coordinate system
f/4// shown. Then the same reasoning used in the
_ A< — preceding example shows that with this position of
/ S the force, the greatest tendency for a tensile stress
' A _; 2 exists at A. With P=-P,, M, =+ Py, and
ﬁ M,= - P.z, and setting the stress at A equal to zero
—A—" b fulfills the limiting condition of the problem

P M M - - — L
Oy :———zy+—yz 0= PO_PU'y b 4 Py.z (—h
A4 I Iy bh  hb3\ 2 bhe \ 2
12 12
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Example 9-7

Consider a "weightless" rigid block resting on a linearly elastic
foundation not capable of transmitting any tensile stresses, as shown in
Fig. 9-13(a). Determine the stress distribution in the foundation when
applied force P 1s so placed that a part of the block lifts off.

SOLUTION

Assume that only a portion AB of the foundation of length x and width
b 1s effective in resisting applied force P. This corresponds to the
shaded area in Fig. 9-13(c). The stress along line B-B 1s zero by
definition.

(b)

[—— O —




Hence, the following equation for the stress at B may be written:

P M, +My
O-XB_A [ y Iy
P=-P,Zp=~>
X
M, P(E—k)
M, =0
_b.x3
Yy o12
X
i =—P+_P(§_"‘)(_f)=0
B px b. x3 2
12
x = 3k
—2P



TO DO LIST FROM POPOV

Solve problem numbers given below from
POPOQV in addition to other text books.

Problems from Chapter 9 (2" ed):
2,3,4,5,9,11,12,13,14,15,17,19,23,25



Problem 9-9. Determine the bending stresses at the corners in the
cantilever loaded, as shown 1n the figure, at a section 600 mm from the
free end. Also locate the neutral axis.

M, = —600x10 = —6000 kN — mm
M, = 15x480 = +7200 kN — mm

100x200° 2
I, = 1 = 66.7x10° mm
_200x100° _ 5 g
Iy = ﬁ —;67}(10 mm
4 ¥
Oy = —wmr—— Yo7
YA I L,

—6000x10° N 7200x10°3
66.7x105 © ' 16.7x106

o, = 0.09y+ 0.431z

0,4 = 30.6 MPa

o,pg = 12.6 MPa

0yc = —30.6 MPa

o,p = —12.6 MPa

o, =0—



Problem 9-12. A frame for a punch press
has the proportions shown in the figure.
What force P can be applied to this frame
controlled by the stresses in the sections
such as a-a if the allowable stresses are
4000 psi mn tension and 12,000 psi in
compression?

A=30in*  y=3" L= 470 in*

M, = (20 + 3)P = 23P
P M, M

Y
L i O
Oy =———y, y=-3"&+5"
112P
Oxym—3) = = < 12000, P = 9100 lh
164P
Oxiy=s) = =5z < 4000, P = 18600 lb

Ans: Py = 9100 1b

Section a-a



Problem 9-19. An inclined tensile force F is applied to an aluminum
alloy bar such that its line of action goes through the centroid of the
bar, as shown in mm in the figure. (The detail of the attachment 1s not
shown.) What is the magnitude of force F if it causes a longitudinal
strain of € = +20x107° in the gage at A? Assume that the bar behaves
as a linearly clastic material and let E = 70 GPa.

£=4+20x10"%0 = 20x10~°x70x10% = 1.4 MPa
_ 40x30°

s .
I = —,— = 90000 in*,
= ScAl = 160000 in*
y = 12 = n
P = +EF
B 13 | 2

M, = ZF.500, M, = —=F.500

% 1 ’ 2

gF EFXSOO —gFJCSOU
14=1200 " "90000 ¢S 160000 L12)
Ans:F = 2625 lh




Problem 9-25. Determine the kern for a member having a solid circular
cross section.

Z=rcosf, y =rsinf, Iy=IZ=
M, =P.r.sinf ,M, = —P.r.cos 0
P MZ My | d/2.Cos6_
O, = i I ol Iy Z . dj2sind
P P.r.sinfd —P.r. cosf@d
0=nd2— — i 551n6'+ — Ecosﬁ
4 64 64
d
==



A 1600 1b-in couple is applied to a ~ SOLUTION:
rectangular wooden beam in a plane
forming an angle of 30 deg. with the
vertical. Determine (a) the
maximum stress in the beam, (b) the
angle that the neutral axis forms
with the horizontal plane.

» Resolve the couple vector into
components along the principle
centroidal axes and calculate
the corresponding maximum
stresses.

) .LM: = .LM COS@ _LM}, = .LM S]Il 9

1600 1b - in.
\/
35 in. * Combine the stresses from the
component stress distributions.
_LM } _LM ,J/‘
O-x = ) + -
i ] I

Z y

1.5 in.



* Resolve the couple vector into components and calculate

y the corresponding maximum stresses.
D E M, =(16001b-in )cos30 =1386 1b-in
16001b -in, | __ | M .. =(16001b-in)sin30 =800 Ib-in
__;__< e I, =L(1.5in)3.5in)’ =5359in
% M c
- 1 fa . . _ P |
o mciifh ».- I, =(3.5in)1.5 in) =09844in
. The largest tensile stress due to M, occursalong 4B
A B W 4 ;i i
UL__ 5 _ M,y _(13861Ib m)(lfs in) _ 152.6psi
o I; 5.359in

The largest tensile stress due to M, occursalong 4D

M,z ' 51
gt _(8001b mj(o.?,m):mg_spsi
.4
I}-‘ 0.98441n

* The largest tensile stress due to the combined loading
occurs at A4.

Cpax = 01+ 03 =452.6+609.5 |Cmax = 1062 psi|

1062 psi



Chapter 11, POPOV

Stress and Strain Transformation
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Fig.11-2 Representations of stresses acting on an element.
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Example 11-1 Let the state of stress for an element of unit thickness be as
shown 1n Fig. 11-3( a). An alternative representation of the state of stress at the
same point may be given on an infinitesimal wedge with an angle ofa =
22.5% as in Fig. 11-3(b ). Find the stresses that must act on plane AB of the
wedge to keep the element in equilibrium.

1 MPa A
BN
:f' Ta
TA Ta 2 MPa N Fa
o gpte s |[ 3 MPa c v

2 3 3 MPa & 3
B/

- c B C B C
l’ 2 MPa lzmpa F3 l

1 MPa Fu

(a) (b) (c)



SOLUTION

Wedge ABC 1s part of the element in Fig. 11-3(a): therefore, the stresses on
faces AC and BC are known. The unknown normal and shear stresses acting on
face AB are designated in the figure by o, and 7, respectively. Their sense is
assumed arbitrarily.

To determine a g, and 7, for convenience only, let the area of the face defined
by line AB be unity such as 1 mm?. Then the area corresponding to line

AC is equal to 1x cos @ = 0.924 mm? and

that to BC is equal to 1x sin a = 0.383 mm? .

Forces F1, F2, F.1, and F4, Fig. 1I-3(c), can be obtained by multiplying the
stresses by their respective areas. The unknown equilibrant forces N and S act,
respectively, normal and tangential to plane AB. Then applying the equations of
static equilibrium to the forces acting on the wedge given forces N and S.

F; = 3xcos o =3x0.924 = 2.78 N F, = 2x cos ¢ = 2x0.924 = 1.85 N

F; = 2x sin o¢ = 2x0.383 = 0.766 N Fy = 1xsin « = 2x0.383 = 0.383 N



ZFN =0, N = F, cos X —F, sin X —F5 cos € +F, sin «

— 2.78x0.924 — 1.85x0.383 — 0.766x0.924 + 0.383x0.383
=129 N

Z Fe= 10, S = F; sin « +F, cos € —F5 sin « —F, cos &

= 2.78x0.383 + 1.85x0.924 — 0.766x0.383 — 0.383x0.924
= 212N

6, = 1.29 MPa and 7, = 2.12 MPa



11-3. Transformation of Stresses in Two-Dimensional Problems

y y v
Ty
c c
T
’ +0 = b o
ce x ;
i#h o dAcos b ||
i3 R
ox Y o %%
ez iis )
A & B £ " Ty 5 Tyy dA COS 0 T ED
A B ALEESEN B
+8 I Ty I Txy A sin 0
Ty
2 gy 7y dA sin 6

(a) (b) (c)
Fig.11-4 Derivation of stress transformation on an inclined plane.

Algebraic equations are developed using an element of unit thickness in Fig. 11-
4(a) in a state of two-dimensional stress initially referred to the positive, and are
negative 1f compressive. Positive shear stress 1s defined as acting upward in the
positive direction of the y axis on the right (positive) face DE of the element. Here
the stress transformation 1s sought from the xy coordinate axes to the x'y* axes. The
angle 0, which locates the x' axis, is positive when measured from the x axis
toward they axis in a counterclockwise direction.



The outward normal to the section forms an angle 6 with the x axis. If an area of the
wedge isolated by this section is dA, the arcas associated with the faces AC and AB are
dA.cosB and dA sin 6, respectively. By multiplying the stresses by their respective areas,
a diagram with the forces acting on the wedge is constructed. Fig. 11-4(c). Then, by
applying the equations of static equilibrium to the forces acting on the wedge, stresses
o and 7,s,, are obtained:

> F,=0 o.dA

0,dA cos0 cos® + 0,dA sin6 sin6
+ 1,,dA cosBsin® + 1, dA sin6 cos

== 2 s 2 .
o, = 0,c05°0 + 0, sin"0 + 27, sinBcos O

__1+cos26 1 — cos 26 "
e bl hR N
+ -
o, = = : A > %2 cos 26 + 1, sin 26 (11-1)

Similarly, from = Fi=1,

Tyy = = 5—-;—02 sin 20 + T,, cos 20 (11-2)




Replacing 0 in Eq. 11-1 by 6 + 90° gives the normal stress in the direction of
the y' axis. This stress can be designated as o,/ see Fig. 1-3(b). Hence, on

noting that cos(26+180°) = -cos26 and sin(26+180°) = -sin20, one has:

@ = Gx;ra}’ — 2% 0520 — T,y Sin 26 (11-3)

By adding Eqgs. 11-1 and 11-3;
Oyt + 0, =0, + 0y (11-4)

meaning that the sum of the normal stresses on any two mutually planes
remains the same (i.e., invariant), regardless of the angle 6.



11-4. Principal Stresses in Two-Dimensional Problems

To find the plane for a maximum or a minimum normal stress. Eq. 11-1 1s
differentiated with respect to 6 and the derivative set equal to zero; that i1s:

do..
do 2

Hence,

¥ = = 2222 5in20 + 21,,c0s20 = 0

L
(ax o y)/ 2

Equation 11-6 has two roots, since the value of the tangent of an angle in
the diametrically opposite quadrant is the same, as may be seen from Fig.
11-5. These roots are 180° apart, and, as Eq. 11-6 1s for a double angle, the
roots of O are 90° apart. One of these roots locates a plane on which the
maximum normal stress acts; the other locates the corresponding plane for
the minimum normal stress. To distinguish between these two roots, a

prime and double prime notation is used.

(11-6)



ax-nﬂ'v ? 2

OA =08 = [(Z57) s 13,

sin 26; = - sin 24 = a_:gi
JEZ2) +
2
1 =
cos 26) = - cos 26] = 2 (7%~ o)

B2

Fig.11-5 Angle functions for principal stresses.
On planes on which maximum or minimum nor mal stresses occur, there are no

shear stresses. These planes are called the principal planes of stress, and the
stresses acting on these planes-the maximum and minimum normal stresses-are
called the principal stresses.

The magnitudes of the principal stresses can be obtained by substituting the
values of the sine and cosine functions corresponding to the double angle given
by Eq. 11-6 into Eq. 11-1. Then the results are simplified, and the expression
for the maximum normal stress (denoted by o, ) and the minimum normal stress
(denoted by 0, ) becomes



+ — 2
(er) max = Oror2 = % B \/(EX_Z__U_E) + 1_2 (11'7)
min

where the positive sign in front of the square root must be used to obtain o
and the negative sign to obtain g,. The planes on which these stresses act can
be determined by using Eq. 11-6. A particular root of Eq. 11-6 substituted into
Eq. 11-1 will check the result found from Eq. 11-4 and at the same time will
locate the plane on which this principal stress acts.

11.5 Maximum Shear Stresses in Two-Dimensional Problems

If 0,,0yand 7,, are known for an element, the shear stress on any plane

defined by an angle 6 1s given by Eq. 11-2, and a study similar to the one made
before for the normal stresses may be made for the shear stress. Thus,
similarly, to locate the planes on which the maximum or the minimum shear
stresses act, Eq. 11-2 must be differentiated with respect to 6 and the derivative
set equal to zero. When this is carried out and the results are simplified,

tan 20, = — (0x = 0,)/2 (11-8)

Tey




where the subscript 2 1s attached to O to designate the plane on which the shear
stress 1s a maximum or a minimum. Like Eq. 11-6, Eq. 11-8 has two roots,
which again may be distinguished by attaching to 0, a prime or a double prime
notation. The two planes defined by this equation are mutually perpendicular.

Moreover, the value of tan20, given by Eq. 11-8 is a negative reciprocal of the
value of tan20; mn Eq.11-6.

| T
G s A ay)/2 (11-8) tan 20, = W (11-6)

Tay

Hence, the roots for the double angles of Eq. 11-8 are 90° away from the
corresponding roots of Eq. 11-6. This means that the angles that locate the
planes of maximum or minimum shear stress form angles of 45° with the planes
of the principal stresses. A substitution into Eq. 11-2 of the sine and cosine
functions corresponding to the double angle given by Eq.11-8 and determined
in a manner analogous to that in Fig. 11-5 gives the maximum and the
minimum values of the shear stresses. These, after simplifications, are:

i 2
B = & \[(“-—2—“1) +12 (11-9)

min




Thus, the maximum shear stress differs from the minimum shear stress only
in sign. Moreover, since the two roots given by Eq. 11-9 locate planes 90°
apart, this result also means that the numerical values of the shear stresses on
the mutually perpendicular planes are the same. From the physical point of
view, these signs have no meaning, and for this reason, the largest shear
stress regardless of sign will often be called the maximum shear stress.

The definite sense of the shear stress can always be determined by direct
substitution of the particular root of 6,into Eq. 11-2. A positive shear stress
indicates that it acts in the direction assumed in Fig. 11-4(b ), and vice versa.

Unlike the principal stresses for which no shear stresses occur on the
principal planes, the maximum shear stresses act on planes that are usually
not free of normal stresses. Substitution of 0, from Eq. 11-8 into Eq. 11-1
shows that the normal stresses that act on the planes of the maximum shear
stresses are

o = S (11-10)




Therefore, a normal stress acts simultaneously with the maximum shear
stress unless o, +0,, vanishes. If o, and ay in Eq. 11-9 are the principal

stress, Ty 18 zero and Eq. 11-9 simplifies to

Tma —

o -0

= -2

(u'::') max = O1or2 =
min

g, + o, +

2

2
o, —C
V5 +

(11-7)

(11-11)

Equation 11-7 clearly shows that in the absence of normal stresses, the
principal stresses are numerically equal to the shear stress. The sense of the
normal stresses follows from Eq. 11-6. The shear stresses act toward the
diagonal DF in the direction of the principal tensile stresses; see Fig.11-6.

(a)

Fig.11-6 Equivalent representations for pure shear stress.

{b)

45°

on = |fxy|

o =| 7yl

Txyl

| Tay!

45°

L

|m

(]




Example 11-2

For the state of stress in Example 11-1, reProduced in Fig. 11-7(a),
(a) rework the previous problem for 6 = —22;° using the general equa-
tions for the transformation of stress; (b) find the principal stresses and
show their sense on a properly oriented element; and (c) find the maxi-
mum shear stresses with the associated normal stresses and show the
results on a properly oriented element.

SOLUTION
(a) By directly applying Egs. 11-1 and 11-2 for 6 = —22!°, with o, =
+3MPa, o, = +1 MPa, and 7,, = +2 MPa, one has

__3+1 3-1

o, > + 5 cos(—45°) + 2sin(—45°)
=2+1X0.707 -2 X0707 = +1.29 MPa
Ty = = ; sin(—45°) + 2 cos(—45°)

=+1X0707 +2 X0707 = +2.12MPa

The positive sign of 0. indicates tension;whereas the positive sign of 7., indi-
cates that the shear stress acts in the +y’ direction, as shown in Fig. 11-4(b).
These results areshown in Fig. 11-7(b) as well as in Fig. 11-7(c).



1.29 M&/
2.12 MPa @

2 MPa
1 i
2/ 3 MPa
*.“N’
[
fi'

NI

(a) (b) (c)

(b) The principal stresses are obtained by means of Eq. 11-7. The planes on
which the principal stresses act are found by using Eq. 11-6.

3+1 3 -1\
0'1,2="'2_'i\f(2 )+2’=2:2.24
o, = 4.24 MPa (tension) o; = 0.24 MPa (compression)

Tey 2

0. —-¢o)2 (B-1/2
20, = 63°26' or  63°26' + 180° = 243°26’

Hence,

2

tan 20, =

0; =31°43" and 6] = 121°43'



This locates the two principal planes, AB and CD, Figs. 11-7(d) and (e), on
which o, and o, act. On which one of these planes the principal stresses act
is unknown. So Eq. 11-1 is solved by using, for example 6; = 31°43’. The
stress found by this calculation is the stress that acts on plane AB. Then,
since 20, = 63°26',
_3+1 5 3=.1
* 2 2
This result, besides giving a check on the previous calculations, shows that
the maximum principal stress acts on plane AB.The complete state of stress

at the given point in terms of the principal stresses is shown in Fig. 11-7(f).
Note that the results satisfy Eq. 11-4.

o

cos 63°26" + 2sin 63°26' = +4.24 MPa = ¢,




(c) The maximum shear stress is found by using Eq. 11-9. The planes on
which these stresses act are defined by Eq. 11-8. The sense of the shear
stresses is determined by substituting one of the roots of Eq. 11-8 into

Eq. 11-2. Normal stresses associated with the maximum shear stress are
determined by using Eq. 11-10.

Toax = VIB = 1)/2F + 22 = V/5 = 224 MPa
G- _

S -
20, = 153°26' or  153°26' + 180° = 333°26'

tan 20, = —0.500

Hence,

0, =76°43' and 0] = 166°43'’
These planes are shown in Figs.11-7(g) and (h).Then, by using 26, = 153°26'
in Eq.11-2,

- sin 153°26" + 2 cos 153°26' = —2.24 MPa

TI']" = = 2

which means that the shear along plane EF has an opposite sense to that of
the y' axis. From Eq. 11-11,

+
=221 oM

2
The complete results are shown in Fig. 11-7(i). Note again that Eq. 114 is
satisfied.

6_!



2.24 MPa
'_.::-‘_';:r" 2

2.24 MPa




11-6. Mohr's Circle of Stress for Two-Dimensional Problems

A careful study of Eqs. 11-1 and 11-2 shows that they represent a circle written
in parametric form. That they do represent a circle 1s made clearer by first
rewriting them as

+ _—
o, - % > =% > % cos20 + T,y Sin 26 (11-12)
Ty = = =——2sin 20 + 1,, c0s 20 (11-13)

Then by squaring both these equations, adding, and simplifying,

2 _ 2
(crxr- E"';LE") +Ti-,-=(3-2—$) + 7, (11-14)

In a given problem, o, ay, and T,y are the three known constants, and o,
and 1, are the variables. Hence, Eq. 11-14 may be written in more com-
pact form as

(o, —a) + ‘sz.y- = B* (11-15)

where a = (o, + 0,)/2and b* = [(0, — 0,)/2)* + 12, are constants.



This equation "is the familiar expr::ssion of Janalytical geometry,
(x — a)* + y* = b? for a circle of radius b with its center at (+a,0). Hence, if
a circle satisfying this equation is plotted, the simultaneous values of a
point (x, y) on this circle correspond to o,. and 7,., for a particular orienta-
tion of an inclined plane. The ordinate of a point on the circle is the shear
stress 7,.,-; the abscissa is the normal stress o,.. The circle so constructed is
called a circle of stress or Mohr'scircles of stress.3

By using the previous interpretation, a Mohr’s circle for the stresses
given in Fig. 11-8(a) is plotted in Fig. 11-8(c) with o and 7 as the coordinate
axes. The center C is at (a,0), and the circle radius R = b. Hence,

+
o 00 = ‘—’—2—5’-‘1 (11-16)

and

= 2
b=R = J(u) i szy (11_17)
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Fig.11-8 Mohr’s circle of stress.
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The coordinates for point A on the circle correspond to the stresses in
Fig. 11-8(a) on the right face of the element. For this face of the element,
8 = 0° (i.e., the xy and the x'y’ axes coincide), o, = 0, and 7, = 7,,. The
positive directions for these stresses coincide with the positive directions of
the axes. Since AD/CD = 7,,/[(0, — 0,)/2],accordingto Eq. 11-6, the angle
ACD is equal to26,. The coordinates for the conjugate point B correspondto
the stresses in Fig. 11-8(a) on the upper face of the element. This follows
from Eqgs. 11-1 and 11-2 with 8 = 90° or, for o, from Eq. 11-3 with 6 = 0°.

The same reasoning applies to any other orientation of an element, such
as shown in Fig. 11-8(b). A pair of conjugate points J and K can always be
found on the circle to give the corresponding stresses, Fig. 11-8(c). An infin-
ity of possible states of stress dependent on the angle 6 are defined by the
stress circle. Therefore, the following important observations regarding the
state of stress at a point can be made based on the Mohr’s circle:

1. The largest possible normal stress is o,; the smallest is o,. No shear
stresses exist together with either one of these principal stresses.



The largest shear stress 7., is numerically equal to the radius of the
circle, also to (oy — 0,)/2. A normal stress equal to (o;, + 0,)/2 acts on
each of the planes of maximum shear stress.

If o, = 0, Mohr’s circle degenerates into a point,and no shear stresses
at all develop in the xy plane.

If o, + o, = 0, the center of Mohr’s circle coincides with the origin of
the o7 coordinates, and the state of pure shear exists.

The sum of the normal stresses on any two mutually perpendicular
planes is invariant; that is,

o o, =0 + 0, = 0, + 0, = constant



11-7. Construction of Mohr's Circles for Stress Transformation

The transformation of two-dimensional states of stress from one set of
coordinates to another can always be made by direct application of statics as in
Example 11-1, or, using the derived equations i Sections 11-3, 11-4, and 11-5.

Method I The basic problem consists of constructing the circle of stress
for given stresses o,, o,, and T,,, such as shown in Fig. 11-9(a), and then
determining the state of stress on an arbitrary plane a-a. A procedure for
determining the stresses on any inclined plane requires justification on the
basis of the equations derived in Section 11-3.

According to Eq. 11-16, the center C of a Mohr’s circle of stress is
located on the o axis at a distance (o, + o,)/2 from the origin. Point A on
the circle has the coordinates (o,, 1,,) corresponding to the stresses acting
on the right-hand face of the element in the positive direction of the coordi-
nate axes. Fig. 11-9(a). Point A will be referred to as the origin of planes.
This information is sufficient to draw a circle of stress, Fig. 11-9(b).



0+ a =26,
a=26,—6

< FCJ + 2a = 26,
< FC] =26, — 2a

< FC] = 20 — 20,4

< FC] =20, —2(26,—8)
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Fig. 11-9 Construction of Mohr's circle for determining stresses on an arbitrary plane.



The next step consists of drawing on the circle of stress a line through A
parallel to plane a—a in the physical plane of Fig. 11-9(a). The intersection
of this line at J with the stress circle gives the stresses acting on plane a-a.
This requires some justification. For this purpose, the indicated geometric
construction must be reviewed in detail.

According to the previous derivation shown in Fig. 11-8(c), angle ACF
in Fig. 11-9(b) is equal to 26,. Further, since line CH is drawn perpendicular
to line AJ, angle ACJ is bisected, and a = 26, — 6. Hence, angle JCF is
0 — a = 26 — 20,,and it remains to be shown that the coordinates of point J
define the stresses acting on inclined plane a—a. For this purpose, one notes
from Fig. 11-9(b) that if R is the radius of a circle, R cos 28, = (o, — 0,)/2
and R sin 26, = 7,,. Then, forming expressions for the normal and shear
stresses at J based on the construction of the circle in Fig. 11-9(b) and mak-
ing use of trigonometric identities for double angles, one has



+
o, = “—2-32 + R cos(20 — 20,)

E!%! + R (cos 20 cos 20, + sin 20 sin20,)  (11-18)

=0'x+o',+ i~
2 2

P cos 20 + T,y SiN 26

and
7, = Rsin (20 — 20,) = R sin 26 cos 28, — R cos 20 sin 26,

_ (11-19)
& = % §in 20 — T,y COS 20

Except for the sign of 1, the last expressions are identical to Eqs. 11-1
and 11-2 and, therefore, define the stresses acting on the element shown
in the upper right quadrant of Fig. 11-9(b). The hatched side of this ele-
ment is parallel to line AJ on the stress circle, which is parallel to line a-a
in Fig. 11-9(a). However, since the sign of 7, is opposite to that in the
basic transformation, Eq. 11-2, a special rule for the direction of shear
stress has to be introduced.



For this purpose, consider the initial data for the element shown in
Fig. 11-9(a), where all stresses are shown with positive sense. By isolating
the shear stresses acting on the vertical faces, Fig. 11-9(c), it can be seen
that these stresses alone cause a counterclockwise couple. By considering
lines emanating from the origin of planes A, for the first case, Fig. 11-9(c),
the circle is intersected at E, whereas for the second case, Fig. 11-9(d), it is
intersected at G. This can be generalized into a rule: If the point of inter-
section of a line emanating from the origin of planes A intersects the circle
above the o axis, the shear stresses on the opposite sides of an element
cause a clockwise couple. Conversely, if the point of intersection lies below
the o axis, the shear stresses on the opposite sides cause a counterclockwise

couple. According to this rule, the shear stresses at J in Fig, 11-9(b) act with
a clockwise sense.
This general procedure is illustrated for two particularly important
cases. For the data given in Fig. 11-10(a), the principal stresses are found in
Fig. 11-10(b), and the maximum shear stresses are found in Fig. 11-10(c).



For the first case, it is known that the extreme values on the abscissa, o,
and o,, give the principal stresses. Connecting these points with the origin
of planes A locates the planes on which these stresses act. Angle 0, can be
determined by trigonometry. Either one of the two solutions is sufficient to
obtain the complete solution shown on the element on the right.

The magnitudes of the maximum absolute shear stresses are known to
be given by the radius of the Mohr’s circle. As shown in Fig. 11-10(c),
these stresses are located above and below C. Connecting these points
with the origin of planes A determines the planes on which these stresses

act. The corresponding elements are shown in the upper two diagrams of
the elements, where the associated mean normal stresses are also indi-
cated.Either one of these solutions with the aid of equilibrium conceptsis
sufficient for the complete solution shown on the bottom element in the
figure.



Example 11-3

Given the state of stress shown in Fig. 11-12(a), transform it (a) into the
principal stresses. and (b) into the maximum shear stresses and the associ-
ated normal stresses. Show the results for both cases on properly oriented

elements. Use Method 1.
4 wvira

T]|4MPa ¥
—-1 i l|=+— 2 MPa f
[} 4
. / F(1,5)

1 MPa

.- Tmax = 5 MPa

6 MPa
(b)

Fig. 11-12



Example 11-4

Using Mohr's circle, transform the stresses shown in Fig. 11-14(a) into
stresses acting on the plane at an angle of 22;° with the vertical axis. Use
Method L.

iy
3 MPa
3 MPa
0 a
(a)
1.41 MPa P J (4.83, -1 -4]
‘X k:.as MPa

(b)

Fig. 11-14



Annex-A, Maximum shear stress angles
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TO DO LIST FROM POPOV

Solve problem numbers given below from
POPOQV in addition to other text books.

Problems from Chapter 11 (2" ed): 2-6, 17-20,
22-36.



Chapter 14, POPOV

Beam Deflection by Direct Integration
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Fig.14-1 Deformation of a beam in bending.
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The center of curvature O for the elastic curve for any element can be
found by extending to intersection any two adjoining sections,such as A’ B’
and D'C’. In the enlarged view of element A’'B'C’'D’ in Fig. 14-1(d), it can
be seen that in a bent beam, the included angle between two adjoining sec-
tions is A#. If distance y from the neutral surface to the strained fibers is
measured in the usual manner as being positive upward, the deformation
Au of any fiber can be expressed as

Au = —y AD (14-1)

For negative y's. this yields elongation, which is consistent with the defor-
mation shown in the figure.

The fibers lying in the curved neutral surface of the deformed beam,
characterized in Fig 14-1(d) by fiber ab, are not strained at all. Therefore,
arc length As corresponds to the initial length of all fibers between sections
A’'B" and D'C’. Bearing this in mind, upon dividing Eq. 14-1 by As.one can
form the following relations:

Au A du do

fim == = —ylim == or —o =y (14-2)

=¥

(g
As
= b
Au
e
C!
Ax | Af

(d)



One can recognize that du/ds is the normal strain in a beam fiber at a dis-
tance y from the neutral axis. Hence,

due

o =g (14-3)

The term d0/ds in Eq. 14-2 has a clear geometrical meaning. With the
aid of Fig 14-1(c), it is seen that, since As = pA#,

lim . .
As=0 As ds. p
du _  db du do
ds 7 ds ds °© ds
s 2 M.y
P “=E- E
¥ M3
p El
(c)
M 1
EI »p



In texts on analytic geometry, it is shown that in Cartesian coordinates, the
curvature of a line is defined as

%
1 dx? v
; = dv\2 132 = [1 3 (v:)z]yz (14-8)
[+ (4]

where x and v are the coordinates of a point on a curve. For the problem at
hand,distance x locates a point on the elastic curve of a deflected beam,
and v gives the deflection of the same point from its initial position.

If Eq. 14-8 were substituted into Eq. 14-6, the exact differential equa-
tion for the elastic curve would result. In general, the solution of such an

equation is very difficult to achieve. However, since the deflections tol-
erated in the vast majority of engineering structures are very small, slope
dv/dx of the elastic curve is also very small. Therefore, the square of
slope 2’ is a negligible quantity in comparison with unity, and Eq. 14-8
simplifies to

d*

1
; = Ei (14-9)



This simplification eliminates the geometric nonlinearity from the problem,

and the governing differential equation for small deflections of elastic
beams? using Eq. 14-6 is

E?- = EI' (14-10)

where it is understood that M = M,and / = I..

It is important to note that for the elastic curve, at the level of accuracy
of Eq. 14-10, one has ds = dx. This follows from the fact that, as before, the
square of the slope dz/dx is negligibly small compared with unity, and

ds = Vd + dv* = V1 + (v')?dx ~ dx (14-11)

+
14 +V 4
+Meee
" CT*‘“ 3,
% X Ve

Curvature forM >0

(a)



14-5. Alternative Forms
of the Governing Equation

The differential relations among the applied loads. shear, and moment,
Eqs. 7-3 and 7-4. can be combined with Eq. 14-10 to yield the following use-
ful sequence of equations:

v = deflections of the elastic curve

0= dT:’ = v’ = slope of the elastic curve
P
d*v
M = El— = ER" (14-13)
dx-
dM d dzv P
- &= (E1E) = e
dv  d* d*v -



In applying these relations, the sign convention shown in Fig. 14-3 must
be adhered to strictly. For beams with constant flexural rigidity EI1, Eq. 14-
13 simplifies into three alternative governing equations for determining
the deflection of a loaded beam:

¥ & Initial plane d*
" 0% 90tion E;Ei = M(x) (14-14a)
- B
- y EIF‘; = V(x) (14-14b)
dv
':JL I.WA \:_\ s x d*v
)ﬁ“ﬂsﬁfﬂeﬁf’"‘ El = i q(x) (14-14¢)

Fig.14-4 Longitudinal displacements in a
beam due to rotation of a plane section.



14-6. Boundary Conditions

1. Clamped or fixed support: In this case, the displacement 2 and the
slope dv/dx must vanish. Hence, at the end considered, where x = a,

v(a) =0 v'(@) =0 (14-15a)

2. Roller or pinned support: At the end considered, no deflection # nor
moment M can exist. Hence,

v@)=0 M(a) = ER'(a)=0 (14-15b)

Here the physically evident condition for M is related to the derivative
of »with respect to x from Eq. 14-14.

vy v
Beam
/ - g —

0 = 04 o

| X X
{v{a) =0
- - M(a) = Ev'(a) =0
via)=0 (b) Simple support

fla)=v'(a =0
{a) Clamped support



3. Freeend: Sl..lch anendis frce'of moment and shear. Hence,
M(a) = EV'(a) = 0 V(a) = (EN"),.,=0 (14-15¢)

4. Guided support: In this case, free vertical movement is permitted, but
the rotation of the end is prevented. The support is not capable of

resisting any shear. Therefore,

v'@=0 V() =(El),.,=0 (14-15d)

vi vy Roller

‘5- - -
; % O ——

—te g =
-3
{M{a! =ENV(a)=0 .
Vi(a) = Elv”(a) =0 {f’ EIZI} : té_ ;:l{;}nﬂ 5
(c) Free end

(d) Guided support



14-7. Direct Integration Solutions

As a general example of calculating beam deflection, consider Eq. 14-14c,
Ely' = q(x). By successively integrating this expression four times, the
formal solution for » is obtained. Thus,

d*v . AP
ER" = EIF = EIE(‘U ) = q(x) 14-16a

m‘:?hx""=J:;n:i)t+Cl
0

x

EIv"=Id.qudx+C,x+ G,
0

0
x

El' = r4:1'}:[4:;&[ gdx + CX*/2+ Cx + C,
0 0

J0

(14-16b)

r-.l' x x x
Elv = dxj dxf dx] gdx + CX*/3! + Cx2/2! + Cx + C,
0 0 0 0



In these equations the constants C,, C;, C;, and C, have a special physical
meaning. Since, per Eq. 14-14b, Efv»™ = V, by substituting this relation
into the second of Eqgs. 14-16 and simplifying, Eq. 7-6 is reproduced; that
IS,

V= f gdx + C, (7-6)
0

By substituting this relation into Eq. 7-7 and integrating, a different form
of Eq.7-7 is obtained.

M= f de gdx + Cix + G, (14-17)
0 ]

The right side of this equationis identical to the third of Eqs 14-16.



Example 14-2

A bending moment M, is applied at the frec end of a cantilever of length L
and of constant flexural ngidity £/, Fig. 14-8(a). Find the equation of the

elastic curve. d*v
EIS= =M= M,
F-Vt dx-
i M dv
(a) | ?\ El— = Mx + C_;
1 ‘} ) dx
|
lfv‘m:{) : {Mtn=+M,| But 6#(0) = O:hence.atx = 0, one has E//(0) = C, =0 and
8(0)=0 WL =0 ; !(“_, ”
S — = M,x
dx :
M M 1
- ( -‘) Elv = EM,J: +C,
.H_x—.-| But 2(0) = 0;hence, EI2(0) = C, = 0 and
_ Mx?
N v= 25 (14-20)
vi
“ +M, 0 dx
l +M, L2/2EI
0 x (f)
Fig. 14-8 .E.__...-——-" -
X




Example 14-3

A simple beam supports a uniformly distributed downward load #z,. The
flexural rigidity EI/ is constant. Find the elastic curve by the following three
methods: (a) Use the second-order differential equation to obtain the
deflection of the beam. (b) Use the fourth-order equation instead of the
one in part (a). (c) Illustrate a graphical solution of the problein.

Y.V
q = -w, Ibfin
wlx wx
M= —= - ==
;auuir’f‘f\‘Hv’vain__;t > ;
| L
{H;?{;: 00 :-’;:.I]f 00 d2 Lx 2
B B v 'Uﬂ i w{JI
=M=~
v +WT°L dv wBsz w“xJ
Ei_" = - + CJ
dx 4 6
© op ¥ - wilx  wx*
- X = 4] = (1] + +
]"‘ LR Ev==3 2w Text G
_ ol
2 But 2(0) = 0: hence, E/¥(0) = 0 = Cy;and,since (L) =0,
W 3
Y wel? By =0= "L g1 and € =-2L

& 24

24
° (14-21)
(c) K 1’=_M(L3_2LI2+XJ) :
i 24E]




Because of symmetry, the largest deflection occurs at x = L /2. On substi-
tuting this value of x into Eq. 14-21, one obtains
(i 5w, L*
mX o 3B4EI

(b) Application of Eq. 14-14c to the solution of this problem is direct. The
constants are found from the boundary conditions.

(14-22)

d*v

EISS = q) = —w, Y

e ® }"’”
de* ' 0
2 w0, _—

EI‘&? = + Gt G

But M(0) = 0; hence, Ely"(0) = 0 = Cy;and, since M(L) = 0,
2
IRy == =20 4 6L o8 Cm S

2
hence,
dv _ w,lx  w,x’

i 2 2

x1
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Example 14-4

A beam fixed at both ends supports a uniformly distributed downward
load #,, Fig 14-10(a). The EI for the beam is constant. (a) Find the expression
for the elastic curve using the fourth-order governing differential equation.
(b) Verify the results found using the second-order differential equation.

y.v 4
g =-wy N/m
M,

Wy 7 RERIZERE X
0 X
¥ —

RAX Rg _ Wl
- L %
vi{0)=0 vil)=0
{v'm] =0 {v'{Ll =0
2 X
_Wol?
12

{d)




SOLUTION

(a) As discussed in connection with Fig. 14-6(c), this beam is statically inde-
terminate to the second degree since horizontal reactions are assumed to be
zero. The solution is obtained by four successive integrations of Eq. 14-14c
in a manner shown in Egs. 14-16. Then the constants of integration are
found from the boundary conditions.

d*v
EI:_!?' =q(x) = —w,
dl’r
Erd—xij = —w,x + C,
d*v w, x*
dv w, x> x?
w, x* x3 x?



Four kinematic boundary conditions are available for determining the con-
stants of integration:

Elv(0) = Elv, =0=C,

El'(0) = El}, =0 = G,

w L4 LJ- LI
EIL) = Elvy =0 = — 2"4 + C.? + Cz'?
w L? /g
El'(L) = EWy=0= —=¢=+ C—+ GL

Constants C; and C,; do not enter the last two equations since they are
zero. By solving the last two equations simultaneously.

w,L?
12

w, L

C|= 2

and Cz = o
By substituting these constants into the equation for the elastic curve, after
algebraic simplifications,

_wxt
24E]

Ol = 2
max- 3B4EIl

v = (L — x)? (14-23)



(b) This solution is found using Eq. 14-14a, and, although the vertical reac-
tion at A can be determined directly from statics, it will be treated as an
unknown. On this basis,

w, x?

d*v
EIP =M(x)=M,+ R,x - —‘*’é—-

Integrating twice,
dv 2 w,x’

X
EIS- = Mg+ Ryz = == + C;

2 3 4
E:v=M,.52- +R,,£6~ — %;41 TG

Constants C; and C, as well as R, and M, are found from the four kine-
matic boundary conditions:

EW(0) = El, =0 = C,
ER'(0) = EvA = 0= C,

I? L’ wl
— = = — ——
Elhv(L) = Elvg=0= M, > + R, 3 —"—24
L w,lL*
En'(L) = Elvyg =0=M,L + R;— —

Az 6



Solving the last two equations simultaneously,

“w,L
2

Substituting these expressions into the equation for deflection with
C; = C4 = 0,Eq. 14-23 is again obtained.

RA= al'ld MA=-



Example 14-5

Determine the equation of the elastic curve for the uniformly loaded con-
tinuous beam shown in Fig. 14-11(a). Use the second-order differential

equation. E/ is constant.

y,‘l" y,vr
q=-wp
— ERERIIRRETE PO
ENEFEERAIREEEER :
il 2 B~ T = X oo BT%
/‘/ﬁa F——
- L B L B———————1 ¥
tal (b)
SOLUTION

Because of symmetry, the solution can be confined to determining the
deflection for either span. Also, because of symmetry, it can be concluded
that at the middle support, not only is the deflection zero, but since the
elastic curve cannot rotate in either direction, its slope is also zero. In this

manner, the problem can be reduced to the one-degree statically indeter-
minate problem shown in Fig. 14-11(b) with known boundary conditions.



Second-order differential-equation solution:

d*v w,x?
—— = = R —_ o
El FF. M(x) AX 5
dv ¥ wxl
EIE—R,,z aler + G,
¥  wx
Boundary conditions:
Eh(0) = Elv, =0 = C,
2 3
EI'(L) = ER)y =0 = R,,% - “’g’" +C,
L w,lL*
By solving the last two equations simultaneously,
3w,L w, L’
R, = 3 and Cy=- 43

which, upon substitution into the equation for the elastic curve, leads to

__wox . '
v = - 25 (L = 3L + 20) (14-25)

(14-26)

From symmetry, the reactions at A and C are equal, and, by using statics,
Ry

the reaction at B is
This reaction is also numerically equal to 2V,



Example 14-6

A simple beam supports a concentrated downward force P at a distance a
from the left support, Fig. 14-12(a). The flexural rigidity E/ is constant. Find
the equation of the elastic curve by successive integration.

Y. v
P
A e
D ~n— X
L {b)
Pb T, Pa
L L
- 3 b i v
L ’
vi0)=0 vil) =0 —-—a —
M(0) = 0 M(L) =0 p B
‘L___ Vb X
(a) D v'(a)

(c)



Forsegment AD For segment DB

& _ M _ P vy _ M _Pa_ Pa
i EF EIL* dx®* EI EI EIL
2
dx EIL 2 dc EI" EL 2
Pb x3 Pa . x? Pa x°
= e + =———- —=+Bx+8B
=6 TARTH e S T "B e TR T

To determine the four constants A, A,, B,,and B,, two boundary and two

continuity conditions must be used.

For segment AD:

v(0) =0 =4,
For segment DB:

Pal?
3EI

wWL)=0= +B,L + B,
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With these constants, for example, the elastic curve for segment AD of the
beam, after algebraic simplification, becomes

_ Pbx
6EIL

Deflection v, at applied force P is

v= (L2 - b - 22) (14-27)

Pa*b?
vp =) = -+ (14-28)
The largest deflection occurs in the longer segment of the beam. If a > b,
the point of maximum deflection is at x = Va(a + 2b)/3, which follows
from setting the expression for the slope equal to zero. The deflection at
this point is

ol = Pb(L? — b?)12
- 9V3 EIL

(14-29)



Usually, the deflection at the center of the span is very nearly equal to the
numerically largest deflection. Such a deflection is much simpler to deter-
mine, which recommends its use. If force P is applied at the middle of the
span,when a = b = L/2, by directsubstitution into Eq.14-28 or 14-29.

Io| _ prr
Vlmax = 40T

Here it is helpful to recall the definition of the spring constant, or stiff-
ness, k given by Eq. 3-6. In the present context, for a force P placed at an
arbitrary distance a from a support,

P _ 3EIL

(14-30)

= — = 4-
k = b2 (14-31)
For a particular case,when a = b = L/2, this equation reduces to
k, = -4%? (14-32)

This expression also follows directly from Eq. 14-30.



Example 14-7

A simply supported beam 5 m long is loaded with a 20-N downward force
at a point 4 m from the left support, Fig. 14-13(a). The moment of inertia of
the cross section of the beam is 4/, for segment AB and /, for the remain-
der of the beam. Determine the elastic curve.

VeV )
20N
. : M +16 N°m
yd \ :
A = / c
= +
| o
4N/ % Eae *fﬂiN (d)
! 4m =T T ==
(a) M |. +l§
El +i Eh
R - —— : 16 - 16x,
X
A = c El, Ely
[V lmax Ve !
0
— Vrs= EB o N ———ai >.| x1

{b)
(e)



For segment AB, 0 < x < 4:
M = 4x and EI = 4EI,

dv _ M _ x
dx* EI  EI,
dv x?

= 00 = e i

e 2El, 1

X
E em— e <4
v £, Ax + A,

Atx =0,2(0) =2,=0and 6(0) = 0 ,4. Hence, A, = 6, and A, = 0.
At the end of segment AB:

32
El,

0(4) =05 = 3El



For segment BC,0<x,<1I:
dv 16  16x, )

dx}  EI, EI,
dv _ 16x, &7

= — +
v dx, EI, EI 43
8x? 8x3
w =L~ =Ly + A
v= 1~ 3g; TAH T A

At x, =0, »(0) = vg and 6(0) = 05. Hence, from the solution before,
Ay = vg = 32/3EIl, + 46,, and A, = 63 = 8/EI, + 0,. The expressions for
8 and v in segment BC are then obtained as

16x,  8x} .8

= 1 -
. El, EI, ElI O
8  8x 8 32
+ + —+
El, 3Ern T ErL T Ot gt 4



Finally, the boundary condition at C is applied to determine the value of
04.Atx, = 1, 2(1) = o, = 0; therefore,
8 8 8 32 4.8
= - + + —_— + 4 d = - —
s Tl R i el A
Substituting this value of 6, into the respective expressions for 6 and », equa-
tions for these quantities can be obtained for either segment. For example,

the equation for the slope in segment AB is 6 = x*/2El, — 24/5EI,. Upon
setting this quantity equal to zero, x is found to be 3.1 m. The maximum
deflection occurs at this value of x, and |2|,,, = 9.95/ El,. Characteristically.
the deflection at the center of the span (at x = 2.5 m) is nearly the same,
being 9.4/EI,.
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Chapter 15, POPOV

Beam Deflections by Moment-area
Method



For deriving the theorems, Eq. 14-10a, d*v/dx* = M/EI, can be rewrit-

M

do = —dx (15-1)

El

(15-2)

‘M
. EI

dx

(15-3)

M
El ten in the following alternative forms:
A B,
de*  dx\dx) dx  EI
M
%*@I =
/// ( dt =xdb = Exd.x
fay OA B
dx
v
A
tas 8 +A8
dt BiA
F first moment-area theorem is
(b} >
A' I dﬂ=93—ﬂd=ﬁ93‘m=
dé A
dt| ilde

where A8, is the angle change between B and A. This change in angle mea-

sured in radians between any two tangents at points A and B on the elastic
curve is equal to the M/EI area bounded by the ordinates through A and B.
Further, if slope 0, of the elastic curve at A is known, slope 6at Bis given as

Ga = 9"4 + Aes‘rd

(15-4)



(a OA % %s 7 (& 7 X
"l L E!asé; —:ﬂacx

(b)

Fig. 15-2 Relationship between the M/EI diagram and the elastic curve.




second moment-area theorem:

B B
‘A{B = f dox = f -
A A

Exdx

(15-5)

This states that the tangential deviation of a point A on the elastic curve
from a tangent through another point B also on the elastic curve is equal to
the statical (or first) moment of the bounded section of the M/EI diagram
around a vertical line through A. In most cases, the tangential deviation is
not in itself the desired deflection of a beam.
Using the definition of the center of gravity of an area, one may, for con-
venience, restate Eq. 15-5 for numerical applications in a simpler form as

tap = OF

(15-6)

where @ is the total area of the M/EI diagram between the two points con-
sidered and x is the horizontal distance to the centroid of this area from A.



The previous two theorems are applicable between any two points on a
continuous elastic curve of any beam for any loading. They apply between
and beyond the reactions for overhanging and continuous beams.
However, it must be emphasized that only relative rotation of the tangents
and only tangential deviations are obtained directly. A further considera-
tion of the geometry of the elastic curve at the supports to include the

Elastic
A curve B
i Al e {tan
t
(a) A +tgA (c)
;‘__ —-— X4
Centroid NN M N
—  ofthe \\"g
(b) e M/Elarea (d)
between
Aand B =

Fig.15-3 Interpretation of signs for tangential deviation.



Example 15-1

Consider an aluminum cantilever beam 1600 mm long with a 10-kN force
applied 400 mm from the free end, as shown in Fig. 15-4(a). For a distance
of 600 mm from the fixed end, the beam is of greater depth than it is
beyond, having I, = 50 X 10° mm®. For the remaining 1000 mm of the
beam, /, = 10 X 10°* mm®. Find the deflection and the angular rotation of
the free end. Neglect the weight of the beam, and assume E for aluminum
at 70 GPa.

10 kN 1200

l | a h
‘B — ] o \\f»\“"‘“" f

‘A D C B c

| -0.24!'58

| 600 | 600 ———=1=— 400 -0.12/E

800
(a) -0.60/E 9
{c)
a | b
I f ‘ \ B
i ‘A flg = Aflga 1
-6 % 10% N-mm = Vg = la/a
-12 % 105 N-mm B_L

(b) (d)



The area of triangle afe:

1200 X 0.24 144

BT TTE
The area of triangle feg:
& _ _600x048 144
* 2E E
B
N = | M4 - - — = -3

Vg = g = PX, + P,

144 144
= | —— g | —— = —4,
( E)XIZOO ( E)XSOO 11 mm

The negative sign of A8 indicates clockwise rotation of the tangent at B in
relation to the tangent at A. The negative sign of 75,4, means that point B is
below a tangent through A.



Example 15-2

Find the deflection due to the concentrated force P applied as shown in

Fig. 15.5(a) at the center of a simply supported beam. The flexural rigidity
EI is constant.

5 L

2a
A 1 E

w
o
=7

a a 2a
L=4a
|
e
(a) B £ | .
3P tais ] \\\
+352 P E” tas
4 2 rﬂfE L
— A (d)
(8]
c tgc

(b) tarc

(e)



SOLUTION

The bending-moment diagram is in Fig. 15-5(b). Since EI is constant, the
M/EI diagram need not be made, as the areas of the bending-moment dia-
gram divided by EI give the necessary quantities for use in the moment-
area theorems. The elastic curve is in Fig. 15-5(c). It is concave upward
throughout its length as the bending moments are positive. This curve must
pass through the points of the support at A and B.

It is apparent from the diagram of the elastic curve that the desired
quantity is represented by distance CC’. Moreover, from purely geometri-
cal or kinematic considerations, CC' = C'C" — C"C, where distance C"'Cis
measured from a tangent to the elastic curve passing through the point of
support B. However, since the deviation of a support point from a tangent
to the elastic curve at the other support may always be computed by the
second moment-area theorem, a distance such as C'C" may be found by
proportion from the geometry of the figure. In this case, 7, ;5 follows by tak-
ing the whole M/EI area between A and B and multiplying it? by its X mea-
sured from a vertical through A; hence, C'C" = jt4/. By another
application of the second theorem, ¢/, which is equal to C'C, is deter-
mined. For this case,the M/EI area is hatched in Fig. 15-5(b), and, for it, x is
measured from C. Since the right reaction is P/4 and the distance CB = 2a,
the maximum ordinate for the shaded triangle is + Pa/2.



Ve =C'C"= CC=1t,5/2— t¢p

_ 1 /4a 3Pa\a + 4a 5Pa’
et g 77 )T Tt
_ 1 (2a Pa\2a Pa’
= = — —_— — = + ——
fepp = Bk EI( 2 2 )3 3E]
U__‘Aﬁ_r =5Pa3_Pa3=11Pa3
¢ 2 C/B— 4EI  3EI 12E1

The positive signs of ¢ 4,5 and t¢5 indicate that points A and C lie above the
tangent through B. As may be seen from Fig. 15-5(c), the deflection at the
center of the beam is in a downward direction.

The slope of the elastic curve at C can be found from the slope of one
of the ends and from Eq. 15-4. For point B on the right,

BB — BC + AeB’rc or BC = BB — ABBI‘C
0, ‘as _ 4 _ SP@ _ P’ _ Pd

— —

I 2= BEI _ 2EI _ S8EI (counterclockwise)




The previous procedure for finding the deflection of a point on the elas-
tic curve is generally applicable. For example, if the deflection of point E,
Fig. 15-5(d), at a distance e from B is wanted, the solution may be formu-
lated as

ve=E'E"— E'E = (e/L)typ — tgsp

By locating point E at a variable distance x from one of the supports, the
equation of the elastic curve can be obtained.

To simplify the arithmetical work, some care in selecting the tangent at
a support must be exercised. Thus, although v, = 15,4/2 — 14 (not shown
in the diagram), this solution would involve the use of the unshaded por-
tion of the bending-moment diagram to obtain ¢4, which is more tedious.

ALTERNATIVE SOLUTION

The solution of the foregoing problem may be based on a different geo-
metrical concept. This is illustrated in Fig. 15-5(e), where a tangent to the
elastic curve is drawn at C.Then, since distances AC and CB are equal,

UC — CC, . (rAfC + IBJ,-C)fZ

That s, distance CC' is an average of t ;- and t,¢. The tangential deviation
t4c is obtained by taking the first moment of the unshaded M/ET area in
Fig. 15-5(b) about A, and t5,¢ is given by the first moment of the shaded
M/EI area about B. The numerical details of this solution are left for com-
pletion by the reader. This procedure is usually longer than the first.

Note particularly that if the elastic curve is not symmetrical, the tan-
gent at the center of the beam is not horizontal.



Example 15-3

For a prismatic beam loaded as in the preceding example, find the maxi-
mum deflection caused by applied force P;see Fig. 15-6(a).

p L
AL Lo gf 4o B
ol ! ! ——
A X
3P i
4 4
a a B 28— (©
L=4a
|
(a) E' ° I
A B
.E_______L’__,-"”
i
,3Pa pe e = ey
4 2 teg L
(d)
— &
0
tgc
(b) taic €

(e)



SOLUTION

The bending-moment diagram and the elasticcurve are shownin Figs. 15-6(b)
and (c), respectively. The elastic curve is concave up throughout its length,
and the maximum deflection occurs where the tangent to the elastic curve
is horizontal. This point of tangency is designated in the figure by D and is
located by the unknown horizontal distance d measured from the right
support B.Then, by drawing a tangent to the elastic curve through point B
at the support, one sees that A8;,, = 05 since the line passing through the
supports is horizontal. However, the slope 65 of the elastic curve at B may
be determined by obtaining ¢4,z and-dividing it by the length of the span.
On the other hand, by using the first moment-area theorem, A8,, may be
expressed in terms of the shaded area in Fig. 15-6(b). Equating A8, to 6,
and solving for dlocates the horizontaltangent at D.Then, again from geo-
metrical considerations, it is seen that the maximum deflection represented
by DD’ is equal to the tangential deviation of B from a horizontal tangent
through D (i.e., t5,p).



5Pa’

(see Example 15-2)
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Since 85 = 0, + ABg,p and it is required that 6, = 0,

Pd?> 5Pa’
A8, = 05 3El _ 8EI hence,d = V5a
Vnax = Up = DD’ = g, = ®3X,

3 12EI 12EI

After distance d is found, the maximum deflection may also be obtained as
Vmax = La/D» OF VUpmax = (d/L) 45 —1p/p (not shown). Also note that using
the condition t4,p = t5/p, Fig. 15-6(d), an equation may be set up for d.

It should be apparent from this solution that it is easier to calculate
the deflection at the center of the beam, which was illustrated in Example
15-2, than to determine the maximum deflections yet, by examining the
end results, one sees that, numerically, the two deflections differ little:
Veenter = 11Pa*/12EI as opposed 10 vy, = 11.2Pa*/12EL. For this reason,
in many practical problems of simply supported beams, where all the
applied forces act in the same direction, it is often sufficiently accurate to
calculate the deflection at the center instead of attempting to obtain the
true maximum.

N L(E P_d)@ _ 5Vspa* _ 11.2P8
~ EI\2 4



Example 15-4

In a simply supported beam, find the maximum deflection and rotation of
the elastic curve at the ends caused by the application of a uniformly dis-
tributed load of w, Ib/ft; see Fig. 15-7(a). Flexural rigidity EI is constant.

w, Ib/ft
i,
C
L/2 LR— 08
Abgc
(a) A C 5 JBI,};

lgc= vc
0 / (c)

(b)
Fig. 15-7



SOLUTION

The bending-moment diagram is shown in Fig. 15-7(b). As established in
Example 7-8, it is a second-degree parabola with a maximum value at the
vertex of w,L?/8. The elastic curve passing through the points of supports
A and B is shown in Fig. 15-7(c).

In this case, the M/EI diagram is symmetrical about a vertical line pass-
ing through the center. Therefore, the elastic curve must be symmetrical,
and the tangent to this curve at the center of the beam is horizontal. From
the figure, it is seen that A6, is equal to 6, and the rotation of B is equal
to one-half the area’ of the whole M/EI diagram. Distance CC' is the
desired deflection, and from the geometry of the figure, it is seen to be
equal to tz,c (or 7 4,¢, not shown).

&= L(Z&E’E)_ w, L’

EI\32 8 ) 24EI
w,L’
BB=AGB,’C=¢=+24E]

Ve = VUpax = lgjc = Px = E'E-S-E _ ol
S 24EI1 16  384El
The value of the deflection agrees with Eq. 14-22, which expresses the
same quantity derived by the integration method. Since point B is above

the tangent through C, the sign of v, is positive.




Example 15-5

Find the deflection of the free end A of the beam shown in Fig. 15-8(a)
caused by the applied forces. Eis constant.

(o]
A B (&,
A
(c)
- 3P
r i
o8
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SOLUTION
The bending-moment diagram for the applied forces is shown in Fig. 15-8(b).

The bending moment changes sign at a/2 from the left support. At this point,
an inflection in the elastic curve occurs. Corresponding to the positive

moment, the curve is concave up, and vice versa. The elastic curve is so
drawn and passes over the supports at B and C, Fig. 15-8(c). To begin, the
inclination of the tangent to the elastic curve at support B is determined by
finding 7¢/p as the statical moment of the areas with the proper signs of the
M/ET diagram between the verticals through C and B about C.

terp = D, x, + ,x, + Oyx;

a 2a la
-(+ — 4+ —=(+ +
[2( Pa) 3 22( Pa)(a

LT (§£+2£)]

Sl -

:
3

2 32



The positive sign of {c,g indicates that point C is above the tangent at B.
Hence, a corrected diagram of the elastic curve is made, Fig. 15-8(d), where
it is seen that the deflection sought is given by distance AA’ and is equal to
AA" — A'A". Further, since triangles A'A"B and CC'B are similar, dis-
tance A'A” = tc;5/2. On the other hand, distance AA”" is the deviation of

point A from the tangent to the elastic curve at support B. Hence,
v, = AA' = AA" = A'A" = 1,5/2

1 _ 1[a 2a P’
t = — q} = — -_ - R— = e ——
am = g7 (Paxe) EI[ 2 (~Fa)3 ] 3E1
where the negative sign means that point A is below the tangent through
B. This sign is not used henceforth, as the geometry of the elastic curve
indicates the direction of the actual displacements. Thus, the deflection of
point A below the line passing through the supports is

_ P& 1P Pd

This example illustrates the necessity of watching the signs of the quanti-
ties computed in the applications of the moment-area method, although
usually less difficulty is encountered than in this example. For instance, if
the deflection of end A is established by first finding the rotation of the
elastic curve at C, no ambiguity in the direction of tangents occurs. This
scheme of analysis is shown in Fig. 15-8(e), where v, = grg,c = lyc-



Example 15-6

A simple beam supports two equal and opposite forces P at the quarter
points; see Fig.15.9(a). Find the deflection of the beam at the middle of the
span. EI is constant.

(b) +%‘ '
5. ?rf
(a) ’F IlP f

C *'fl
At T 1 B Pa
- : i 2
P ‘ l #g
: 2 (o

a a a-—+==3
|_'_ 4 A Ac

Fig. 159

SOLUTION

The bending-moment diagram and elastic curve with a tangent at C are
shown in Figs. 15-9(b) and (c),respectively. Then, since the statical moments
of the positive and negative areas of the bending-moment diagram around
A and B, respectively, are numerically equal (ie., | t4,c| =] t5,c |), the
deflection of the beam at the center of the span is zero. The elastic curve in
this case is anfisymmetrical. Noting this, much work may be avoided in
obtaining the deflections at the center of the span. The deflection of any
other point on the elastic curve can be found in the usual manner.



Example 15-7

Find the maximum downward deflection of the small aluminum beam
shown in Fig. 15-10(a) due to an ap?lied force P = 100 N.The beam’s con-
stant flexural rigidity E/ = 60 N - m°.

| +

) o =
-———1—43.2 N

;P. 100 N

A
M .
{a] A(H—.—‘A +4‘2 +4.32 N -

1 ¢ # @ 0
Ra Rg -4.2 J
! 0.15m 0.10 rnvl I~—a---—a

0.25Rg
+6 N°-m
(b) " /\ +\‘\

-15N'm



SOLUTION

The solution of this problem consists of two parts. First, a redundant reac-
tion must be determined to establish the numerical values for the bending-
moment diagram; then the usual moment-area procedure is applied to find

the deflection.
By assuming the beam is released from the redundant end moment,

a simple beam-moment diagram is constructed above the base line in
Fig 15-10(b). The moment diagram of known shape due to the unknown
redundant moment M, is shovn on the same diagram below the base line.
One assumes M, to be positive, since in this manner, its correct sign is
obtained automatically according to the beam sign convention. The com-

posite diagram represents a complete bending-moment diagram.
The tangent at the built-in end remains horizontal after the application

of force P. Hence, the geometrical condition is 15,4, = 0. An equation for-
mulated on this basis yields a solution for M,.5 The equations of static
equilibrium are used to compute the reactions. The final bending-moment
diagram, Fig. 15-10(d), is obtained in the usual manner after the reactions

are known. Thus, since 15, = 0,

11 1 1 2
E[ 5(025)(6) 3 (0.25 + 0.10) + 5 (025)M,, 3 (025)] =0



Hence. M, = —4.2 N - m. Since, initially, M, was assumed to be positive,
and is so shown in Figs. 15-10(a) and (b), this result indicates that actually
M , has an opposite sense. The correct sense for M, must be used in the
equations of statics that follow and is reflected in the shear and moment

diagrams constructed in Figs. 15-10(c) and (d), respectively.

M, =0/ +100(0.15) — Rg(0.25) —4.2=0 Ryz=432N
A B

E Mg =07\ +100(0.10 + 42 — R,(025) =0 R, =568N

Check: >, F,=0T + 43.2 + 56.8 — 100 =0

The maximum deflection occurs where the tangent to the elastic curve is

horizontal, point C in Fig. 15-10(a). Hence, by noting that the tangent at A

is also horizontal and using the first moment-area theorem, point C is

located. This occurs when the hatched areas in Fig. 15-10(d) having oppo-

site signs are equal; that is, at a distance 2a = 2(4.2/56.8) = 0.148 m from

A.The tangential deviation t,, (or t,,) gives the deflection of point C.
Umax = V¢ = rAfC

111 2

1 1
+ 3 X 0.0?4(~4.2}§ X 0.0?4]

= (1536)107/EI = 0.256 mm (down)



Example 15-8

Find the moments at the supports for a fixed-end beam loaded with a uni-
formly distributed load of w, N/m;see Fig. 15-11(a).

(AUHHHHw )MB
Ral = +w,L2/2

#Rs
(a) 0
+w,olL?/8 +Ma] ]
0
0 A A
+My=1
(b)

-W,l?/2

w,L2/24

(d)

Fig. 15-11



Although this beam is statically indeterminate to the second degree,
because of symmetry, a single equation based on a geometrical condition is
sufficient to yield the redundant moments. From the geometry of the elas-
tic curve, any one of the following conditions may be used: 404, = 0,

tgsa = 0,0rt,,p = 0. From the first condition, 46,5 = 0,

1[2 w,L? ;
E}[ s ) d L“M'*’] e

Then

g, L?
12

The negative sign for these moments indicates that their sense is opposite
from that assumed in Figs. 15-11(a) and (b).

The composite moment diagram is shown in Fig. 15-11(c). In compari-
son with the maximum bending moment of a simple beam, a considerable
reduction in the magnitude of the critical moments occurs.

M,=M, = (15-8)



Example 15-9

A beam fixed at both ends carries a concentrated force P, as shown in
Fig. 15-12. Find the fixed-end moments. E/ is constant.

(a) (b)
(a) AB,,z = 0, since the change in angle between the tangents at A and B
is zero.
(b) tz,4 = 0,since support B does not deviate from a fixed tangent at A.
(c) Similarly,z,,5 = 0.

Any two of these conditions may be used; arithmetical simplicity of the
resulting equations governs the choice. Thus, by using condition (a), which
is always the simplest, and condition (b), the two equations ares

1

3 Pab



or

My+ My= - Pf‘b
Ipia = é[%LP—f{ %(L + b) + %LM,,%L : %LMB%L] =0
or
M, + My = —EEZE(L + b)
Solving the two reduced equations simultaneously gives
M,= - Pzi)z and Mg = — szb

These negative moments have an opposite sense from that initially
assumed and shown in Figs. 15-12(a) and (b).



15-1 through 15-12. Using the moment-area method. determine the deflection
and the slope of the elastic curves at points A due to the applied loads for the
beams, as shown in the figures. Specify the direction of deflection and of rotation
for the calculated quantities. If neither the size of a beam nor its moment of inertia
are given, EI is constant. Wherever needed, let E = 29 x 10" ksi or 200 GPa. In all
cases, a well-prepared sketch of the elastic curve, showing the inflection points,

should be made.
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15-13. Determine the deflection at the midspan of a simple beam, loaded as
shown in the figure, by solving the two separate problems indicated and superim-
posing the results. Use the moment-area method. E/ is constant. (Note: Solution of
complex problems by subdividing them into a symmetrical part and an unsymmet-
rical part is often very advantageous because it reduces the numerical work.)
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Fig. P15-14



15-22. For the beam loaded as shownin the figure, determine (a) the deflection at
the center of the span, (b) the deflection at the point of inflection of the elastic
curve, and (c) the maximum deflection, EI = 1800 Ib-in’.

12 1b 12 Ib
1
£ ' Fow
’ 21 1 .J ~-
; 8" o T-rl !-— 2a —-L-a--‘-na ! 10m
Fig. P15-22 Fig. P15-23 Fig. P15-24

15-25. Determine the maximum upward deflection for the overhang of a beam
loaded as shown in the figure. E and / are constant.
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15-28. A hinged beam system is loaded as shown in the figure. Determine the
deflection and slope of the elastic curve at point A.

r"” /Hi“g" 100 kN-m

L A, g
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15-33 and 15-34. For the beams loaded as shown in the figures, using the moment-
area method, determine the redundant reactions and plot shear and moment dia-
grams. In both problems, Ef is constant.

100 kN/m
" 1 L]
! =
f«*aJ*a*-La:-IQF 4m !Zmlzm!

Fig. P15-33 Fig. P15-34

15-35. For the beam loaded as shown in the figure, (a) determine the ratio of the
moment at the tixed end to the applied moment M 4 (b) determine the rotation of
the end A. Ef is constant.

10k

QMA o m |
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Fig. P15-35 Fig. P15-36




Chapter 16, POPOV

Columns



The selection of structural and machine elements is based on three
characteristics: (1) strength, (11) stiffness, and (111) stability.

The consideration of material strength alone 1s not sufficient to predict the
behavior of slender members. Stability considerations are primary in some
structural systems. The phenomenon of structural instability occurs in
numerous situations where compressive stresses are present. Thin sheets,
although fully capable of sustaining tensile loadings. are very poor in
transmitting compression.

Narrow beams. unbraced laterally, can turn sidewise and collapse under an
applied load. Vacuum tanks, as well as submarine hulls’] unless properly
designed, can severely distort under external pressure and can assume
shapes that differ drastically from their original geometry. A thin-walled
tube can wrinkle like tissue paper when subjected either to axial
compression or a torque; see Fig. 16-1.



Fig. 161 Typical buckling patterns for thin-walled cylinders (a) in compression and

(b) in torsion for a pressurized cylinder. (Courtesy L. A. Harris of North American
Aviation. Inc.)



16-2. Examples of Instability

In numerous engineering applications, compression members have tubular
cross sections. If the wall thickness is thin, the plate like elements of such
members can buckle locally. An example of this behavior is illustrated in
Fig. 16-2(a) for a square thin-walled tube. At a sufficiently large axial load,
the side walls tend to subdivide into a sequence of alternating inward and
outward buckles. As a consequence, the plates carry a smaller axial stress in
the regions of large amount of buckling displacement away from corners;
see Fig. 16-2(b ). For such cases, it is customary to approximate the
complex stress distribution by a constant allowable stress acting over an
effective width w next to the corners or stiffeners.
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£ Stress distribution a-a
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S (a) Fig.16-2 Schematic of buckled thin-

walled square tube.
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Fig.16-3 Column buckling modes: (a) pure flexural, (b) and (c) torsional-

flexural, and (d) pure torsional.
A plank of limited flexural but adequate torsional stiffness subjected to an axial
compressive force is shown to buckle in a bending mode; see Fig. 16-3(a). If the same
plank 1s subjected to end moments, Fig. 16-3(b), in addition to a flexural buckling
mode, the cross sections also have a tendency to twist. This is a torsion bending mode
of buckling, and the same kind of buckling may occur for the eccentric force P, as
shown in Fig.16-3(c). Lastly, a pure torsional buckling mode is illustrated in Fig. 16-
3(d). This occurs when the torsional stiffness of a member 1s small.



Two sections having biaxial symmetry, where

4 centroids C and shear centers S coincide, are
shown in Fig.16-4(a). Compression members
I--—--'ﬁl having such cross sections buckle either in pure
' flexure, Fig. 16-3(a), or twist around S, Fig. 16-
3(d). However, the torsional mode of buckling
generally does not control the design, since the

(a)
usual rolled or extruded metal cross sections
are relatively thick. "
. Flexural buckling would occur for the sections
1 in Fig. 16-4(b) if the smallest flexural stiffness P
around the major principal axis is less than the \MP‘ \’ql\l:_
sllc 5;9.: torsional stiffness. Otherwise, simultaneous P o
Eay flexural and torsional buckling would develop, Pl .
" o s 'J-i. :' -J'-.EL :
| —"1 with the member twisting aroundS. ‘;7\_\“ :}\\\
(5 For the sections in Fig.16-4(c), buckling always

occurs in the torsional mode. In the subsequent
derivations, it will be assumed that the wall “&Q{L ‘L\,L
thicknesses of members are sufficiently large to "
. exclude the possibility of torsional or torsional- b) e}
c flexural buckling. Compression members having

cross sections of the type shown in Fig.16-4(c)
(c) are not considered.



16-4. Euler Load for Columns with Pinned Ends

—

The significant flexural rigidity EI of a column

I *E ,L depends on the minimum I, and at the critical
— load a column buckles either to one side or the

Fig. 16-12 Flexural column bUCkling Other In the plane Of the major axis_
occurs in plane of major axis.

P P Consider the ideal perfectly straight column with pinned supports at
% ! bothends;see Fig. 16-13(a). The leastforce at which a buckled mode is pos-
X . sible is the critical or Euler buckling load.
I " In order to determine the critical load for this column, the compressed
X column is displaced as shown in Fig. 16-13(b). In this position, the bending
_L moment according to the beam sign convention!? is —Pv. By substituting
‘M = -py this value of moment into Eq. 14-10, the differential equation for the elas-
L tic curve for the initially straight column becomes

— == =-=0 (16-5)

Letting A2 = P/EI and transposing gives

d%
P - +\v=0 (16-6)

(a) (b)

Fig.16-13 Column pinned at both
ends.



This is an equation of the same form as the one for simple harmonic
motion, and its solution is

v = Asin Ax + Bcos Ax (16-7)

where A and B are arbitrary constants that must be determined from the
boundary conditions.These conditions are

v0)=0 and o(L)=0
Hence,
v(0)=0=Asin0+ Bcos0 or B=0
and
v(L) =0= Asin AL (16-8)

This equation can be satisfied by taking A = 0. However, with AB each
equal to zero, as can be seen from Eq. 16-7, is a solution for a straight col-
umn and is usually referred to as a trivial solution. An alternative solution is
obtained by requiring the sine term in Eq. 16-8 to vanish. This occurs when
An_equals nm, where n is an integer. Therefore, since A was defined as
V P/EI, the nth critical force P, that makes the deflected shape of the col-
umn possible follows from setting V P/EI L = nw. Hence,

nnlEl
P E

(16-9)



These P,’s are the eigenvalues for this problem. However, since in stability
problems only the least value of P, is of importance, n must be taken as
unity, and the critical or Euler load" P, for an initially perfectly straight
elastic column with pinned ends becomes

P = w2El

= =3 (16-10)

where E is the elastic modulus of the material, / is the /east moment of
inertia of the constant cross-sectional area of a column,and L is its length.
This case of a column pinned at both ends is often referred to as the funda-
mental case.

Fer 4P, 9P,
1

r

(a) (b) (c)

Fig.16-14 First three buckling
modes for a column pinned at both
ends.



16-5. Euler Loads for Columns with Different

. P
End Restraints
SAY"
e v
The same procedure as that discussed before can be used to determine the Vow E’:__o }

critical axial loads for columns with different boundary conditions. The
solutions of these problems are very sensitive to the end restraints.
Consider, for example, a column with one end fixed and the other pinned,
as shown in Fig. 16-15, where the buckled column is drawn in a deflected g b2 L
position. Here the effect of unknown end moment M, and the reactions
must be considered in setting up the differential equation for the clastic
curve at the critical load:

dv M -Pv+ M, -x/L)

-&—;-z- = -IE} = El (16-12) ; -% P
Letting A> = P/EI as before, and transposing, gives ‘
d% M, 2 x|
dx? + Ny = P (1 il E) (16-13) Fig. 16-15 Column fixed at one end

and pinned at the other.

The homogeneous solution of this differential equation (i.e., when the right
side is zero) is the same as that given by Eq. 16-7. The particular solution,
due to the nonzero right side, is given by dividing the term on that side by
A% The complete solution then becomes

v = Asin Ax + Beos hx + (M,/P)(1 —x/L)  (16-14)

where A and B are arbitrary constants and M, is the unknown moment at
the fixed end.The three kinematicboundaryconditions are

v0)=0 olL)=0 andv'(0)=0



Hence,
v(0)=0=B+ M,/P
(L) =0 = Asin AL + Bcos AL
and
v'(0)=0= AN — M, /PL

Solving these equations simultaneously, one obtains the following tran-
scendental equation:

AL = tanAL (16-15)

which must be satisfied for a nontrivial equilibrium shape of the column at
the critical load. The smallest root of Eq. 16-15 is

AL =4493

from which the corresponding least eigenvalue or critical load for a col-
umn fixed at one end and pinned at the other is

20.19E1 _ 2.05w2EI
a 12 - L2

(16-16)
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Fig. 16-16 Effective lengths of columns with different restraints

All the previous formulas can be made to resemble the fundamental
case, provided that the effective column length is used instead of the actual
column length. This length turns out to be the distance between the inflec-
tion points on the elastic curves. The effective column length L, for the fun-
damental case is L, but for the cases discussed it is 0.7L, 0.5L, and 2L,
respectively. For a general case, I, = KL, where K is the effective length fac-
tor, which depends on the end restraints. Hence, a more general form of the
Euler formula, incorporating the concept of the effective column length L,

can be written as

mEl

P

w2El

«~ KL}

L

(16-18)



16-6. Limitations of the Euler Formulas

The elastic modulus E was used in the derivation of the Euler formulas for
columns; therefore, all the reasoning presented earlier is applicable while
the material behavior remains linearly elastic. To bring out this significant
limitation, Eq. 16-10 is rewritten in a different form. By definition,/ = Ar?
where A is the cross-sectional area and r is its radius of gyration.
Substitution of this relation into Eq. 16-10 gives

w’El _ w’EAr?

Pa _ 12 = 12
or
4 Lk |
Al ok (16-19a)

Sl AT (L)

where the critical stress o, for a column is defined as P./A (i.e.,as an aver-
age stress over the cross-sectional area A of a column at the critical load
P_). The length of the column is L., and ris the least radius of gyration of
the cross-sectional area, since the original Euler formula is in terms of the
minimum /. By using the effective length L,, the expression becomes gen-
eral. The ratio L,/r of the column length to the least radius of gyration is

called the column slenderness ratio. No factor of safety is included in the last
equation.
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Fig.16-17 Variation of critical column stress with slenderness ratio for
three different materials.

A graphical interpretation of Eq. 16-19ais shown in Fig. 16-17, where the
critical column stress is plotted versus the slenderness ratio for three differ-
ent materials. For each material, E is constant, and the resulting curve is a
hyperbola. However, since Eq. 16-19a is based on the elastic behavior of a
material, o, determined by this equation cannot exceed the proportional
limit of a material. Therefore, the hyperbolas shown in Fig. 16-17 are drawn
dashed beyond the individual material’s proportional limit, and these por-
tions of the curves cannot be used. The necessary modifications of Eq. 16-19a
to include inelastic material response will be discussed in the next section.

20




Example 16-2

Find the shortest length L for a steel column with pinned ends having a
cross-sectional area of 60 by 100 mm, for which the elastic Euler formula
applies. Let E = 200 GPa and assume the proportional limit to be 250 MPa.

SULUTION

The minimum moment of inertia of the cross-sectional area I, =
100 X 60°/12 = 1.8 x 10° mm*. Hence, the least radius of gyration r is given
as

and
1.8 X 10°
Fin T V3 x 10 mm

Then, using Eq. 16-19a and noting that for a column with pinned ends
L,= L,o, = wE/(L/r)’. Solving for the slenderness ratio L/r at the pro-
portional limit,

L\ _ «'E _ = X200Xx10® _ .
(?) B B 250 =

acr

or

w | P

=89 and L =89V3 x 10 =1540mm



16-7. Generalized Euler Buckling-load
Formulas

\
\
v
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Euler's hyperbola
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V. e
<=t Intermediate—{<——Long columns

0 € (0] Lg/r
(a) (b)

Fig.16-18 (a) Compression stress-strain diagram, and (b) critical stress in columns versus slenderness ratio.



A typical compression stress-strain diagram for a specimen that is pre-
vented from buckling is shown in Fig. 16-18(a). In the stress range from O
to A, the material behaves elastically. If the stress in a column at buckling
does not exceed this range, the column buckles elastically. The hyperbola
expressed by Eq. 16-19a with an elastic E, is applicable in such a case. This
portion of the curve is shown as §T'in Fig. 16-18(b). It is important to recall
that this curve does not represent the behavior of one column, but rather
the behavior of an infinite number of ideal columns of different lengths.The
hyperbolabeyond the useful range is shown in the figure by dashed lines.

A column with an L,/rratio corresponding to point S in Fig. 16-18(b) is
the shortest column of a given material and size that will buckle elastically.
A shorter column, having a still smaller L,/r ratio, will not buckle at the
proportional limit of the material. On the compression stress-strain dia-
gram, Fig. 16-18(a), this means that the stress level in the column has

passed point A and has reached some point B perhaps. At this higher stress
level, it may be said that a column of different material has been created,
since the stiffness of the material is no longer represented by the elastic
modulus. At this point, the material stiffness is given instantaneously by
the tangent to the stress-strain curve [i.e., by the tangent modulus E; see
Fig. 16-18(a)). The column remains stable if its new flexural rigidity E/ at B
is sufficiently large, and it can carry a higher load. As the load is increased,



the stress level rises, whereas the tangent modulus decreases. A column of
ever “less stiff material” is acting under an increasing load. Substitution of
the tangent modulus E, for the elastic modulus E is then the only modifica-
tion necessary to make the elastic buckling formulas applicable in the
inelastic range. Hence, the generalized Euler buckling-load formula, or the
tangent modulus formula, becomes

mE
a=

-~ T a6

Since stresses corresponding to the tangent moduli can be obtained
from the compression stress-strain diagram, the L,/r ratio at which a col-
umn will buckle with these values can be obtained from Eq. 16-20. A plot
representing this behavior for low and intermediate ratios of L,/r is shown
in Fig. 16-18(b) by the curve from R to S.Tests on individual columns verify
this curve with remarkable accuracy.

The tangent modulus formula gives the carrying capacity of a column
at the instant it tends to buckle. As a column deforms further, the stiffness
of the fibers on the concave side continues to exhibit approximately the



tangent modulus E,.. The fibers on the convex side, however, on being
relieved of some stress, rebound with the original elastic modulus E, as
shown in Fig.16-19 at point C.Inasmuch as two moduli, E, and E, are used
in developing this theory, it is referred to as either the double-modulus
or the reduced-modulus theory of column buckling. For the same column
slenderness ratio, this theory always gives a slightly higher column buck-

ling capacity than the tangent-modulus theory.

N As mentioned earlier, columns that
. buckle elastically are generally referred
T to as long columns. Columns having

. small i—e ratios exhibiting no buckling

phenomena are called short columns. The

& remaining columns are of intermediate
L : .
length. At small TE ratios, ductile
0 e materials "squash out" and can carry very

Fig.16-19 Stress-strain behaviorin large loads.
buckled column.



Since length L, in Eq. 16-20 is treated as the effective length of a
column, different end conditions can be analyzed. Following this
procedure for comparative purposes, plots of critical stress g, versus the

- :
slenderness ratio = for fixed-ended columns and pin-ended ones are
T

shown in Fig.16-21. It 1s important to note that the carrying capacity for
these two cases per Eqs.16-10 and 16-17 is in a ratio of 4 to 1 only for

, . (L
columns having the slenderness ratio (?e) or greater. For smaller
1

By o ; . ; )
?eratms, progressively less benefit i1s derived from restraining the ends.

Li . . :
At small ?eratms, the curves merge. It makes little difference whether a

"short block" i1s pinned or fixed at the ends, as strength, rather than
buckling determines the behavior.

4m2El
,n.ZE' Pcr = 12 (16'17&)
Oty (16-20)
Cac Uy
2
| P, = '"L‘:‘-I (16-10)
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Fig.16-21 Comparison of the behavior of columns with different end conditions.



Part B DESIGN OF COLUMNS

16-11. General Considerations

Lacing

Lacing (b)
(a)

Cross sections for typical
bridge comnression members

The main longitudinal shapes in the other members are separated
by plates or are laced (latticed) together by light bars

Lacing
3? ﬁ- For other than short columns and blocks, the buckling
G theory for columns shows that their cross-sectional areas
Dem{gk boom or Should have the largest possible least radius of gyration r.
a radio tower Such a provision for columns assures the smallest possible

. s ;

T slenderness ratio, ?epermmmg the use of higher stresses.
i However, limitations must be placed on the minimum

ordinary truss thickness of the material to prevent local plate buckling.



Since tubular members have a large radius of gyration in relation to the
amount of material in a cross section, they are excellent for use as
columns. Wide flange sections (sometimes referred to as H sections) are
also very suitable for use as columns and are superior to I sections, which

LG : L ;
have narrow flanges, resulting in larger ratios of —. In order to obtain a
T

large radius of gyration, columns are often built up from rolled or extruded
shapes, and the individual pieces are spread out to obtain the desired effect.
Local instability must be carefully guarded against to prevent failures in
lacing bars, as shown in Fig.16-29.

\

Lacing -
cing

Fig.16-29 Lattice instability.



Unavoidable imperfections must be recognized in the practical design of
columns. Therefore, specifications usually stipulate not only the quality
of material, but also fabrication tolerances for permissible out-of-
straightness. The residual stresses caused by the manufacturing process
must also be considered. For example, steel wide-flange sections,
because of uneven cooling during a hot rolling operation, develop
residual stress patterns of the type shown in Fig. 16-30. The maximum
residual compressive stresses may be on the order of 0.30y,, in such

members.

Residual compressive u;g/

Fig. 16-30 Schematic residual stress
pattern



For the lower range of column length, usually a parabola (and, in a few
instances, an inclined straight line) is specified. In this manner, the basic
compressive strength of the material, residual stresses, and fabrication
tolerances are accounted for. For slender (long) columns, the Euler elastic
buckling load provides the basis for the critical stress. In this range of column
lengths, the residual stresses play a relatively minor role. The dominant
parameters are the material stiffness, E, and geometric fabrication
imperfections. Often the two specified complementary equations have a
common tangent at a selected value of L/r. Such a condition cannot be fulfilled
if a straight line 1s used mnstead of a parabola. In a few specifications, the more
conservative approach of using the elastic formula and an allowable stress is
made by assuming an accidental eccentricity based on manufacturing
tolerances.

For some materials, a sequence of three different equations is specified for the
design of columns, Fig. 16-31(b). One of these equations for short columns
defines the basic compressive strength of a material. Another equation,
specifically applicable for the long column range, is based on the Euler
buckling load. An empirical relation, such as an inclined straight line shown in
the figure, or a parabola, 1s specified for columns of intermediate lengths. Such
a type of formula is generally given for aluminum alloys and wood.



In applying the design formulas, it is important to observe the-following

1items:

1. The material and fabrication tolerances for which the formula 1s

written.

2. Whether the formula gives the working load (or stress) or whether 1t
estimates the ultimate carrying capacity of a member. If the formula is
of the latter type, a safety factor must be introduced.

3. The range of applicability of the formula. Some empirical formulas
can lead to unsafe design if used beyond the specified range.

Ocr Vertex of
parabola
Typ
g _
Ny Point of
‘\\‘ tangency
Euler's
oy hyperbola
\ /
\
\
\
\
0 (Lir), Lir

{a)

Fig. 16-31 Typical column-buckling curves for design.

Ter

Euler's
hyperbola

Lir

(b)



AISC ASD Formulas for Columns. The AISC formula for allowable
Stress, o 40w, fOr slender columns is based on the Euler elastic buckling load
with a safety factor of 23/12 = 1.92. Slender columns are defined as having
the slenderness ratio (L,/r), = C. = VZﬂ’Efaw or greater. Constant C,
corresponds to the critical stress o, at the Euler load equal to one-half the

steel yield stress o,
The formula for long columns when (L,/r) > C.is

12m’E
m (16-56)

Taliow =

where L, is the effective column length and r is the least radius of gyra-
tion for the cross-sectional area. No columns are permitted to exceed an
L,/r of 200.

For an L,/r ratio less than C,, AISC specifies a parabolic formula:

= 2 2
= L0y

where E.S., the factor of safety, isdefined as

_5 _ 3J) (L)
FS.= 3+ T&c 8C3




Since, in practical applications, the ideal restraint of the column ends,
assumed in Section 16-5, cannot always be relied upon. conservatively,
AISC specifies modification of the effective lengths as follows:

For columns built in at both ends: L, = 0.65L

For columns built in at one end and pinned at the other: L, = 0.80L
For columns built in at one end and free to translate and rotate at the
other: L, = 2.10L

No modification need be made for columns pinned at both ends, where
L, = L. For other end restraints, see AISC Specifications.

Tallow

60

Euler's
A, hyperbola

Euler stress + 1.92
for Lir> C,

/)

S %
Yield steel S ——l-

| i 5
0 40 80 120 160 200 Le/r

Fig.16-32 Allowable stress for concentrically loaded
columns per AISC specifications.




AISC LRFD Formulas for Columns. Here, again, there are two equations
governing column strength, one for elastic and the other for inelastic
buckling. The boundary between the inelastic and elastic instability is at
A, = L5, where the column slenderness parameter \_is defined as

o AT 16-58

‘" m VE L)

This expression results from normalizing the slenderness ratio L, /r with
respect to the slenderness ratio for the Euler elastic critical stress, assum-
ing o, = Oy,

For A, > 1.5, the critical buckling stress o, is based on the Euler load
and is given as

. [ 0‘?—? o, (16-59)

where the factor 0.877 is introduced to account for the initial out-of-
straightness of the column, see Fig. 16-11(c), and the effects of residual
stresses.

For \_ = 1.5,an empirical relationship based on extensive experimental
and probabilistic studies is given as

o = (0.658")a, (16-60)



This equation includes the effects of residual stresses and initial out-of-
straightness.

Both of the previous formulas give the nominal axial strength (capac-
ity) of columns and must be used in conjunction with factored loads and a
resistance factor ¢, of 0.85.The effective slenderness ratios L,/r are deter-
mined as for the ASD.



Example 16-6

(a) Determine the allowable axial loads for two 15-ft W 14 X 159 steel
columns using AISC ASD formulas when one of the columns has pinned
ends and the other has one end fixed and the other pinned. (b) Repeat the
solution for two 40-ft W 14 X 159 columns. For the given section, A = 46.7
in?and 7, = 4.00 in. Assume A36 steel having o, = 36 ksi.

SOLUTION
For both cases, it is necessary to calculate C, to determine whether Eq.16-56

or 16-57 is applicable:
C. = V2n’E/o,, = V2u? X 29 X 10°/36 = 126.1

(a) For the W 14 X 159 shape, the minimum r = 4.00 in. Hence, for the
15-ft column with pinned ends, L,/r = 15 X 12/4 = 45 < C_, and Eq. 16-
57 applies. Hence,

B [1 — 45%/(2 X 126.1%)]36

Talow = 53T 3 X 45/8 X 126.1) — 45/(8 X 126.1%) oo ks

and

Poow = A0y, = 46.7 X 18.78 = 877 kips

For the column with one end fixed and the other pinned, according
to the AISC, the effective length L, = 08L =12 ft. Hence, L,/r=
12 X 12/4 = 36, and again applying Eq. 16-57, o, = 19.50 ksi and
Piow = AGqpow = 46.7 % 19.50 = 911 kips.

Here the allowable axial force is increased by 3.9% by fixing one of the
column ends.



(b) For a 40-ft column with pinned ends, L,/r =40 X 12/4 = 120< C.
Hence, using Eq. 16-57 again, it can be determined that o, = 10.28 ksi
and P ow = Ao = 46.7 X 10.28 = 480 kips. Similarly, since for a column
fixed at one end and pinned at the other, L,/r = 0.8 X 120 = 96, Eq. 16-57
gives o, w = 13.48ksiand P, , = Aoy, = 46.7 X 13.48 = 630 kips.

For this case, the allowable axial force is increased 31.2% by fixing one
of the column ends. This contrasts with the 3.9% found earlier for the
shorter columns. This finding is in complete agreement with the generalized
Euler theory for columns, Section 16-7. As can be noted from Fig 16-21, by
restraining the ends of long columns, a large increase in their strength is

obtained at large values of L,/r. Restraining the ends of short columns
results only in a modest increase in their strength.



Example 16-7

Using the AISC ASD column formulas, select a 15-ft-long pin-ended col-
umn to carry a concentric load of 200 kips. The structural steel is to be
A572, having oy, = 50 ksi.

SOLUTION
The required size of the column can be found directly from the tables in the
AISC Steel Construction Manual. However, this example provides an oppor-
tunity to demonstrate the trial-and-error procedure that is so often neces-
sary in design, and the solution presented follows from using this method.
First try: Let L/r = 0 (a poor assumption for a column 15 ft long). Then,
from Eq. 16-57,since ES. = 5/3, 0., = S0/ES. = 30ksi and A = P/o,, =
200/30 = 6.67 in’. From Table 4A in the Appendix, this requires a W 8 X 24
section, whose r,;, = 1.61 in.Hence, L/r = 15(12)/1.61 = 112. With this L/r,
the allowable stress is found using Eq. 16-56 or Eq. 16-57, whichever is
applicable depending on C:

C. = V2nEloy, = V27t X 29 X 10°/50 = 107 < L/r = 112




Hence, using Eq. 16-56,

_ 12 x 29 x 10°
Tallow 23 X 1122

This is much smaller than the initially assumed stress of 30 ksi,and another
section must be selected.

Second try: Let o, = 11.9 ksi, as found before. Then A = 200/11.9 =
16.8 in%, requiring a W 8 X 58 section having r_,, = 2.10 in. Now L/r =
15(12)/2.10 = 85.7, which is less than C, found before. Therefore, Eq. 16-57
applies, and

F.S. = 5/3 + 3(85.7)/(8 X 107) — (85.7)*/(8 X 107*) = 1.90

= 11.9 ksi

and
Taow = [1 — (85.7)*/(2 X 107%)]50/1.90 = 17.9 ksi

This stress requires A = 200/17.9 = 11.2 in?, which is met by a W 8 x 40
section with r;; =2.04 in. A calculation of the capacity for this section
shows that the allowable axial load for it is 204 kips, which meets the
requirements of the problem.



Example 16-8

Determine the design compressive strength P, for a 15-ft W 14 X 159
steel column pinned at both ends based on the AISC LRFD provisions.
For this section, A = 46.7 in? and r,,;, = 4.00 in. Assume A36 steel having
Oanow = 30 ksi.

SOLUTION
The column slenderness parameter as defined by Eq. 16-58 is

5% 12 \/ 36
A= Tam Voxioe - %

Since A, is less than 1.5, Eq. 16-60 applies for determining the critical
stress and

o, = (0.658°%7°)36 = 32.36 ksi
Hence. for this column, the nominal compressive strength
P, = Ao, = 46.7 x 32.36 = 1510 kips

and since the resistance factor ¢, = 0.85, the column-design compressive
strength

P, = &P, = 0.85 X 1510 = 1289 kips
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TABLE 4A. AMERICAN STANDARD STEEL W SHAPES DIMENSIONS AND PROPERTIES by
U.S. CUSTOMARY UNITS (ABRIDGED LIST)
Web Flange Axis X-X Axis Y-Y
Area Depth Thickness Width Thickness
Designation” A d L, by ’ I, r, i r,
in X Ib/ft in? in in in in in® in in’ in
W36 x 245 721 36.08 0.800 16.510 1.350 16100 150 1010 375
230 67.6 3590 0.760 16.470 1.260 15000 149 940 3.73
150 442 3585 0.625 11.975 0.940 9040 143 270 2.47
135 39.7 35.55 0.600 11.950 0.790 7800 14.0 225 238
W33 x 201 591 33.68 0.715 15.745 1.150 11500 14.0 749 356
130 383 33.09 0.580 11.510 0.855 6710 132 218 239
118 347 32.86 0.550 11.480 0.740 5900 13.0 187 232
W30 x 191 56.1 30.68 0.710 15.040 1.185 9170 12.8 673 346
173 50.8 30.44 0.655 14.985 1.065 8200 127 598 343
W27 x 161 474 27.59 0.660 14.020 1.080 6280 11.5 497 324
146 429 27.38 0.605 13.965 0.975 5630 11.4 443 3.21
94 217 26,92 0.4%90 9.990 0.745 3270 10.9 124 2.12
84 24.8 26.71 0.460 9.960 0.640 2850 10.7 106 2.07
W18 x 60 17.6 1824 0415 7555 0.695 984 747 501 1.69
50 14.7 17.99 0355 7.495 0.570 800 738 40.1 1.65
46 13.5 18.06 0360 6.060 0.605 712 725 225 1.29

35 103 1770 0.300 6.000 0.425 510 7.04 153 1.2



Flange Axis X-X Axis Y-Y

Web

Area Depth Thickness Width Thickness
Designation’ A d & by 4 il v I r
in X Ib/ft in? in in in in in® in in’ in
W16 X 26 7.68 15.69 0.250 5500 0.345 301 626 959 112
W14 x 193 56.8 1548 0.890 15.710 1.440 2400 650 931 4.05
159 467 14.98 0.745 15.565 1.190 1900 638 748 4.00
99 29.1 14.16 0.485 14.565 0.780 1110 617 402 3
%0 265 14.02 0.440 14.520 0710 999 6.14 362 3.70
Wiz x 72 211 1225 0.430 12.040 0.670 597 531 195 3.4
65 19.1 1212 039 12.000 0605 533 528 174 302
50 14.7 1219 0370 8.080 0640 394 5.18 563 1.96
45 13.2 12.06 0.335 8.045 0.575 350 5.15 500 194
40 11.8 11.94 0.295 8.005 0.515 310 5.13 44.1 193
W10 x 112 29 11.3% 0755 10415 1.250 716 466 236 2.68
60 17.6 1022 0.420 10.080 0.680 341 439 116 2.57
49 144 998 0.340 10.000 0.560 272 435 934 2.54
45 133 10.10 0350 8.020 0.620 248 433 534 201
39 11.5 992 0315 7.985 0.530 209 427 450 198
33 9.71 9.73 0.290 7960 0.435 170 419 36.6 1.9
W8 X 67 19.7 9.00 0.570 8.280 0.935 mn 372 88.6 2.12
58 17.1 875 0510 8220 0.810 28 365 75.1 2.10
40 11.7 8.25 0.360 8.070 0.560 146 3.53 49.1 2.4
31 9.13 8.00 0.285 7.995 0435 110 347 37.1 2.02
28 8.25 8.06 0.285 6.535 0.465 980 345 21.7 1.62
24 7.08 7.93 0.245 6.495 0.400 28 342 183 1.61
21 6.16 8.28 0.250 5270 0.400 753 349 977 126

18 526 8.14 0.230 5250 0330 619 , 343 1.9 123



Spreader

bar
16-8. A 1-in round steel bar 4 ft long acts as a spreader bar in the arrangement Cable S kg
shown in the figure. If cables and connections are properly designed, what pull F 2 £
can be applied to the assembly? Use Euler’s formula and assume a factor of safety ¥ -;

of 3. E = 29 x 10° psi.

==

16-9. A solid steel bar having a 21 mm radius acts as a spreader bar in the system
Fig. P16-8

shown in the figure. Based on the Euler formula with a factor of safety of 1.7, what
is the capacity of the system based on the spreader bar strength? Let E = 200 GPa.

16-10. A boom is made from an aluminum pipe of 60 mm outside diameter and
having a 4-mm wall thickness, and is part of an arrangement for lifting weights, as
shown in the figure. Determine the magnitude of the force F that could be
applied to this planar system as controlled by the capacity of the boom. Assume a
factor of safety of 2 for the Euler buckling load. E = 75 GPa. All dimensions are

shown in mm.

/ Spreader bar

Wire

300 1000

C

1000 j 1500

Fig. P16-10

800 mm——

400

1

Fig. P16-9



16-11. The mast of a derrick is made of a standard rectangular 4 X 2-in steel tub-
ing weighing 6.86 Ib/ft. (A = 2.02in? I, = 1.29 in*,and I, = 3.87 in*) If this derrick
is assembled as indicated in the figure, what vertical force F, governed by the size of
the mast, can be applied at A? Assume that all joints are pin connected and that the
connection details are so made that the mast is loaded concentrically. The top of the
mast is braced to prevent sidewise displacement. Use Euler’s formula with a factor
of safety of 3.3. E = 29 x 10° psi.

16-12. What force F can be applied to the system shown in the figure, governed by
the 25 X 16-mm aluminum-alloy bar AB? The factor of safety on the Euler buck-
ling load is to be 2.5. Assume the ends are pinned. E = 70 GPa.

:

-

z)
Section a-a

Fig.

oy

i

e
-
P16-11
B

F Rod

Bar

A

2

400 mm

o
|~—300—

Fig.

P16-12




16-15. What size standard steel pipe should be used for the horizontal member of
the jib crane shown in the figure for supporting the maximum force of 20 kN, which
includes an impact factor? Use the Euler buckling formula for columns with pinned
ends and a factor of safety of 2.5. Neglect the weight of construction. E = 200 GPa.

Rod Bri— &
2
1 12 Yiso0k
A ‘: wla 1 A

L.

25m | ; ; |
| t | 16 12 '

Fig. P16-15 Fig. P16-16

16-16. Select a W steel section for member AB for the system shown in the figure
to resist a vertical force of 150 k. The system is laterally braced at B and C. Neglect
the weight of the members. Assume pinned ends and a factor of safety of 2.
E =29 x 10* ksi.



16-17. Select standard steel pipes for members AC and AD shown in the figure to
support a vertical load F = 4.75 k with a factor of safety of 2.5 on the Euler buck-
ling load. Neglect the weight of the members. E = 29 X 10° ksi.

b

r

—

30°

30° x

Fig. P16-18

Fig. P16-17

16-18. A tripodisto be made up from 3 X 3-in steel angles, each 10 ft long, to sup-
pert a vertical load F = 8 k at the center, as shown in the figure. Using the Euler
buckling formula with a factor of safety of 3 to account for impact, determine the
required thickness of the angles. Neglect the weight of the angles; assume that they
are loaded concentrically and that the ends are pinned. £ = 30 X 10° psi.
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Design for Strength Using|l.oad and Resistance Factor Design
(LRFD)

Design according to the provisions for Load and Resistance Factor Design (LRFD)
satisfies the requirements of this Specification when the design strength of each
structural component equals or exceeds the required strength determined on the
basis of the LRFD load combinations. All provisions of this Specification, except
for those in Section B3.4, shall apply.

Design shall be performed in accordance with Equation B3-1:

[ R, < 0R, ] (B3-1)

where

R, = required strength (LRFD)

R, = nominal strength. specified in Chapters B through K
o = resistance factor, specified in Chapters B through K
oR, = design strength



Design for Strength Using|Allowable Strength Design (ASD)

Design according to the provisions for Allowable Strength Design (ASD) satisfies
the requirements of this Specification when the allowable strength of each struc-
tural component equals or exceeds the required strength determined on the basis
of the ASD load combinations. All provisions of this Specification, except those
of Section B3.3, shall apply.

Design shall be performed in accordance with Equation B3-2:

[ R: < R,/ ] (B3-2)

where

R, = required strength (ASD)

R, = nominal strength, specified in Chapters B through K
Q = safety factor, specified in Chapters B through K
R,/Q2 = allowable strength



El.

CHAPTERE

DESIGN OF MEMBERS FOR COMPRESSION

GENERAL PROVISIONS

The design compressive strength, 6. P,. and the allowable compressive strength,
P,/€2.. are determined as follows:

The nominal compressive strength. P,. shall be the lowest value obtained accord-
ing to the limit states of flexural buckling, torsional buckling and flexural-torsional
buckling.

(a) For doubly symmetric and singly symmetric members the limit state of flexural

buckling is applicable.
(b) For singly symmetric and unsymmetric members, and certain doubly symmet-
ric members, such as cruciform or built-up columns, the limit states of torsional

or flexural-torsional buckling are also applicable.

-[ 6. =0.90 (LRFD) Q. = 1.67(ASD)]




E2. SLENDERNESS LIMITATIONS AND EFFECTIVE LENGTH

The effective length factor, K, for calculation of column slenderness, KL /r, shall
be determined in accordance with Chapter C,

where
L = laterally unbraced length of the member. in. (mm)
r = governing radius of gyration, in. (mm)
K = the effective length factor determined in accordance with Section C2

User Note: For members designed on the basis of compression, the slender-
ness ratio KL/r preferably should not exceed 200.



COMPRESSIVE STRENGTH FOR FLEXURAL BUCKLING
OF MEMBERS WITHOUT SLENDER ELEMENTS

This section applies to compression members with compact and noncompact sec-
tions, as defined in Section B4, for uniformly compressed elements.

User Note: When the torsional unbraced length is larger than the lateral
unbraced length, Section E4 may control the design of wide flange and similarly
shaped columns.

The nominal compressive strength, P, . shall be determined based on the limit state
of flexural buckling.

Py= E‘rAg (E3-1)




The flexural buckling stress, F,, is determined as follows:

KL [ E
y

Fy
F., = [0.6581‘—;] F, (E3-2)
K.
(b) When TL > 4.71 }FE (or F, < 0.44F,)
[ F.. =0.877F, ] (E3-3)

where
F, = elastic critical buckling stress determined according to Equation E3-4,
Section E4, or the provisions of Section C2, as applicable, ksi (MPa)

Fo= X (E3-4)

(2)
r
User Note: The two equations for calculating the limits and applicability of

Sections E3(a) and E3(b). one based on KL/r and one based on F,, provide the
same result.
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Structural Connections

Chapter 14
Mechanics of Materials
E P Popov (2" ed)



Types of Connectors

Components which make up the complete structure are fastened
together by means of:

1. RIVETS (older version)
2. BOLTS (newer version)
3. WELDS

7Y 9

Modern Riveting Gun Typical High
Strength Bolt

Round Head Rivet Countersunk Rivet



Row of nivets

Rivet grip !
y ot
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10 100 ¢ oll '
Single ""ﬂﬂi tap } JC"I‘“ Double riveted lap joint. ¢ O :‘ O ‘G“T
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" - Double nvcled butt joint
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Typical connection of a beam by means
of clip angles

Details of angle attachment

Fig. 14-2. Typical arrangements of riveted connections



Type of connection Failures

1. Shearing Failure of Rivet/Bolts.
2. Bearing Failure of plate.
3. Tearing failure of plate.



1. Shearing failure of bolts




Failure in Shear

In a riveted joint, the rivets

= B E themselves may fail in shear. This

(a) (b) type of failure is shown in Figs. 14-5(a]
Fig. 14-5. (a) Single and (b) double shear of and (b). In analyzing this possible
RENE manner of failure, one must always

note whether a rivet acts in single or
double shear.

In the latter case, two cross-sectional areas of the sanie rivet resist the applied force.
In practical calculations, the shearing stress is assumed to be unifurmly distributed
over the cross section of a rivet. This assumption is justified for ductile materials
after the elastic limit has been exceeded. '



2. Bearing Failure of Plate




Failure in Bearing

A riveted joint-may fail if a rivet

:% " B i crushes the material of the plate
against which it bears. Figs. 14-6(a) and

‘ g & (b), or if the rivet itself is deformed by the
+ l D ™ ﬁ-—--—m =3P plate acting on it. The stress distribution is
' P g ___”_i"' very complicated in this type of failure

, and is somewhat like that shown in Fig.

(b) (d) 14-6(c). In practice, this stress distribution

is approximated on the basis of an
average: bearing: stress acting over the.
projected area. of the rivets shank onto
a plate, i.e., on area td in

Fig 14-6. A bearing failure of a riveted
joint and bearing stress distributions,
(c) probably, (d) assumed
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Fig. 14-4, Tensile stresses
in a3 plate of a riveted joint

Failure in Tension

- A riveted joint transmitting a tensile force
may fail in a plate weakened by the rivet
holes. For example, in a single-riveted lap
joint, Fig. 14-4(aj, the net area in either

 plate across the section 4-4 in Fig. 14-4(bj}
is the least area, and a tear would occur
there. At working loads, before failure
occurs, large stress concentrations exist at
the rivet holes in a plate. Fig. 14-4(c), since
the holes interrupt the continuity of the
plate. However, a nearly uniform stress
distribution will prevail at the yield point for
ductile materials (Art. 2-11). Since riveting is
employed only for ductile materials, it is

customary to base the capaéity of a joint in tension on the assumption of a
uniform stressdistribution across the net section of a plate..



4. Other Failure Modes

S
LT
S—*W—‘H

M
(a) tp
P | O "']""'-P
d:" 7w (2 -:-
i

(b) ¢

Fig. 14-7. Possible methods of failure of a
riveted joint, (a) zig-zag tear, and (b) “tear
out™ due to insufficient edge (end) distance

e

Fig.14-8. Bending ofthe platesinlapjoints,
commonly neglecied



Some Further Remarks

In this text the capacity of a riveted or ordinary bolted joint will be based only on the
probable tear, shear, and bearing capacities. This assumed action

of a riveted joint is illustrated in Fig. 14-9.* The
d frictional resistance between the plates is
neglectcd. The smailest of the three resistances
' 1s the strength of a joint. The ratic of this
/__!1  strength divided by the strength of a solid plate
i or member, expressed in percent, is called the
_._r'l efficiency of a joint, i.e.,

1l

Bearing planes : = strength of the joint 100
isiency, strength of the solid member B

(14-1)



EXAMPLE 14--i

Find the capacity of the tension member AB of the Fink truss shown in Fig. 14-10(a) if it is made
from two 76 x 51 x 7.9 mm angles attached to a 10mm thick gusset plate by four 19mm AS502-]
rivets in 21 mm diameter holes. The allowable stresses (AISC) are 150MPa in tension, 100 MPza
in shear, and 335 MPa in bearing on the angles as well as the gusset.

A P Gussel
t \\i’} : = Detail at 4 . 10 mm thick

(i) ' ()

Fig. 14-10



Tear at Section 1-1: ¢
Aw = 2942 — 7.(19 + 9] = 1536 mm?
Poiiew = AguF; = (1536X150)10~% = 230 kN

Bearing on angles:
A = 8td = §(7.9X19) = 1200 mm?

Poew = AF, = (1200)(335)10~% = 402 kN
Bearing on gusset: _
A = 41,d = L10X19) = 760 mm?

. " P;o-=AF=?60 33510-3=255]‘CN
Shear of rivets: . ¢ = 035

Aul rivet = }ﬂ(l?)z = 283.5 mm?
Putoe = 8A ey rivaiFy = 8(283.5)(100)107* = 227kN (governs)



I
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Section -1

FIG 14-11

2]
edipe It HO | 11
ediiDe 1§ <
W 310x 54
e -

EXAMPLE 14-3

Find the capacity of the standard AISC connection
for' the W 310 x 54 beam shown in Fig. 14-11. The
connection consists of two 102 x 89 x 8.5 mm
angles, each 215 mm long; 22 mm A502-1 rivets
spaced 75 mm apart are used in 24mm holes. Use
the AISC allowable stresses given in Example 14-1.

SOLUTION

A tension tear cannot occur in this connection, so
o;i[y shearing and bearing capacities need be
investigated. Beariﬁg on the web of W 310 x 54.

beam: {Thick'ness of the web is found from Table 4

of the Appendix.)

Bearing of Rivets on Beam: Py = 3(7.75X22)(335)10 = 171 kN (governs)



Shear of rivets: There are six cross-sectional areas.
Aou rivee. = 380 mm?

P, = (6)X380)100)10"? = 228 kN

Bearing of Rivets on Angles:

P, = 6(?;32)(9.5}(335)10'3 = 420 kN

Hence the capacity of this connection is 171 kilonewtons.



EXAMPLE 14-5

Find the allowable tensile force that the multiple-riveted structural joint
shown in Figs. 14-12(a) and (b) can transmit. Also find the efficiency of

this joint. All rivets are nominally 22 mm in 25 mm holes. Use AISC
allowable stresses given in example 14-1.

- “4! 3 2 lii 2 I}
i o .
P| oooog:oioo - —e-:e- P
il posti— mm E—
7 O "0ot0 " a-) % © &
| Q =, | | T
; NEFE . T 2 1 g
- Fal2if « AP 5,150 MPa |
12 mm Cover plates
2 ot P
. P i g
20 mm [ Main plates I
(b) (@)
41 3] 2 '
- 1 l 150 MPa
o =
oo’ Pl e piipassnny B
< 9o o) | PP @ P8 —
.. X g —— |
Al pg 41302 -,

(r)

{e)

Fig. 14-12




Capacity Ps of the joint in shear: 16 cross-sectional areas of rivets are available.
Fy =100 MPa.
A one rivet = TU/4 (22)% = 380 mm?
Ps =16(380)(100) 10° =608 kN  (governs)
Capacity Pg of the joint in bearing on the main plate: 8 bearing surfaces in double
shear are available, F, = 335 MPa.
Pg = 8(22)(20)(335)10% = 1180 kN
Ha-;;acity Py of the joint in bearing on the cover plates: 16 bearing surfaces in single
shear. Fp = 335 MPa.

Py = 16(22)(12)(335)10™ = 1420 kN



Capacity of the main plate in tension:
Fi= 150 MPa

Without holes:
P; = (20)(250)(150)10 -3 = 750 kN

Section 1-1, frec body. Fig. 14-12(d)
P11 = (20)[250 - (22+ 3)](150)10-3 = 675 kN

Section 2-2, free body. Fig. 14-12(c),

P2.2=1/8 P2.2 + (20)[250 - 2(22 + 3)](150)108 or 7/8 Pa.z= 600 kN

hence Pz.é = 686 kN.
This result means that, if a tensile force P,., --- 686 kN were applied to the joint, only
seven-eighths of this force need be resisted by section 2-2 at a 150 MPa stress, since
one-eighth of this force is resisted by the outer rivet. Similarly,

'g Pa.a = (20)(250 g 75)(150)10-3 or P33 = 840 kN
and;_P4-4 = (20)(250 - 50)(150)10-3 of Pg4 = 2400 kN



Capacity of the two ¢over plates in tension: F; = 150 MPa. Across section 4-4,
Fig. 14-12(f) the whole force P is transmitted, hence,
P4a=2(12)(250 - 2(22 + 3)](150)10° = 720 kN

Then, by considering free-body diagrams of the cover plates to one sid_e of a section, as
was done for the main plate,

6/8 P3.3= (24X250 - 75X150)10° or P33= 840 kN
and  3/8 P22= (24X250 - 50X150)10° or P, = 1920 kN
Similarly, section 1-1 is not critical. Therefore the width of the cover plates at section 1-1
may be reduced to a width x fo provide, at an allowable stress, a net area for, only one-
eighth of the applied force.

The capacity of this joint is limited by the allowable shearing stress in the rivets.
Hence the capacity of this joint is 608 kN. The efficiency of this joint is
(608/750)100 = 81.1%, which is good.



14-4. ECCENTRIC RIVETED AND BOLTED CONNECTIONS
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Fig. 14-14. Resolution of a problem of an eccentrically loaded riveted
connectlion into two problems,



The new problem can be conveniently resolved into the two problems shown in Figs. 14-14(b)
and (c). The first problem. Fig. 14-14(b), was discussed earlier, and the average direct shearing

stress fy in all rivets is

o P (14-2) where XA, is the sum of all the cross-sectional areas of the
-

E : A, rivets. If all n rivets are of equal size, 2A;== nA, where A is the cross-
sectional area of one rivet, and.

14-2
fd"'P or P¢=Afc=P s

nA n

where Py is the direct force in each rivet. For equilibrium, f, and P, act in a direction opposite to
the force P applied at B.



the torsion formula T = T &/1,, may be adopted for its solution. [1>=J (polar moment of Inertia)]

Since p° = x + yi, s0, J =1, 23 (x? + y?) A

where X;and Y; are the co-ordinates of a particular rivet's centre from the centroid
of all the rivet areas.

By using the approximation for I, (J) established above, the torsional shearing stress f;, on any

one rivet at a distance g5, from the centroid of all rivet areas becomes

el

-!:& Tp, Tp, - * (
i = = = 14-3)
o) I, pid, 2. (xi + yh)A,

whereas, if all rivets are of equal size,

= T p; . e Tp, 3
) = TS GET 5D or (P), = A(S)); = M (14-3a)

the centroid of all rivet areas. Either (fgi,. or (Py;, acts perpendicular to the direction of p;,.
Further, by noting the similarity of the triangle with sides x; , yi. and g, to the triangle of force at a
rivet and its components, shown shaded in Fig. 14-14(c), it follows that the components of the
torsional stresses in the x- and y-directions, respectively, are / '

s Ty, o Tx; ¥
Ud=se+ma ™ -gming (4




EXAMPLE 14-6

Find the maximum shearing stress caused by an inclined force P = 50 kN in the rivets of the
connection shown in Fig. 14-15(a). The rivets are of 25 mm diameter (A-= 491 mm?). Al
dimensions are in mm.

gy

300

< . i 25kN
100 B | +
100 3 B 50
100 § | | t

I ) |
T L $3d 3Ns0 kN .
(a) o (b) | (c)

Fig. 14-15



P, =350sin 30° = 25kN — P, = 50 cos 30° = 43.3 kN,
T = (43.3)(300) — (25X50) = 11 740 kN-mm O
Jay = ;i—i- == % = 22.0 MPa, resisting?t

_P. 25000 _ N

P Tc . (.ll 740 x 102)(150) B

Suax = /(2T ¥ 7197 + 2207 = 87.2 MPa




Types of Welds

Welds are classified according to their shape and method of deposition
into:

1. Groove Weld

2. Fillet Weld
3. Plug Weld
4. Slot Weld



1. Groove Weld is made in
opening between two
parts being joined.

2.  Fillet Weld
triangularin
shape, joins
surfaces which

\ are at anangle
I with one
another.




Section ihru plug
L
Y o
&,
|
|
 — -
L

_Lsz‘s
2 ]

Section thru slot

Plug Weld is made by
depositing weld metal ina
circular hole in one of two
lapped places.

4.  Slot Weld similar
to plug but the
hole is elongated.



The strength of a fillet weld,
regardless of the direction of the applied force* is based on the

cross-sectional area at the throat multiplied by the allowable
shearing stress for the weld metal. The AWS allowable shear
stress is 0.3 times the electrode tensile strength. For éxample,
E70 electrodes (i.c., tensile strength of 483 MPa) used as weld
metal have an allowable shear stress of 0.3 x 483 = 145 MPa. The
allowable force q per mm of the weld is then given as

q =(145)(0.707) W=102 W [N/mm] (14-4)

031y .
q= Ww [unit length



= 1’ ' 4- EXAMPLE 14-7
R, i_.f-_«-t‘_, Determine the proper lengths of welds for
s ---E-._._ p the connection of a 76 x 51 x 11.1 mm
E ~ steel angle to a steel plate, Fig. 14-17. The
76 : ..._.:.f connection is to develop the full strength in
1 __ti_ 26'9} !c the angle uniformly stressed to 140 MPa.
2

R:L.__.l

=0

Use 10 mm fillet welds, whose strength per
AWS specification is 1020 Newton per
(b) linear millimeter.

Hence, using the specified value for the strength of the 10 mm weld

Aingie =1290mm? ¢, = 140 MPa
P = AG,0e = 1290(140) = 18] x 10! N |

S My=00 4, Ry(76) ~ 181(26.9) R, = 64.1 kN
LM, =004, Ry(76) —181(76 — 269) =0, R, =1169kN

Check:

R+ Ry =641 +1169 =181 kN =P

note that, = (64.1)/(1.02) = 62.8 mm and L; = (116.9)/(1.02) = 114.6mm.



14-6. ECCENTRIC WELDED CONNECTIONS

) () (o)
Fig. 14-18. Resolution of a problem of an eccentncally loaded welded
connection into two separate problems



Fig. 14-18(b), is a -conc‘:entrically loaded connection where the applied force P
acts through the centroid B of all welds. For this case, the direct force, ga per

mm length of weld acting in the direction opposite to P 1s
E ™ 4
¢ = m [N/mm] _ (14-5)

where, 2Li is the total length of all welds. If the force P is resolved into the

horizontal and vertical components Px, and Py respectively, the components of
the direct force per mm of weld are

P, P,

The second problem, Fig. 14-18(c), is analogous to the torsion problem, if
the plate is assumed to be rigid and to twist around the point B. Then, by

further assuming elastic action of the welds, the torsion formula, with a

modified value of Ip may be applied.



_ 4T3 ' _;
I, =31, = E :('i'z{""ﬂfx?—i—ﬁ.y?)
Using the above equivalent value of Ip, in the torsion formula, the
torsional force qt, per mm of weld is

“Tsm +?ﬁ e (N/mm] (14-6)

where p is the distance from the centroid of all welds to a particular’ point on
any weld. The torsional force qt, acts perpendicular to the radius vector p. The
horizontal and vertical components of ¢ in a manner analogous to that

employed in the analysis of riveted connections, may be shown to be,

respectively,
q.x = e
rx 3
> (5 + L + L)
_ (14-6a)
Tx

TS e+ L)



EXAMPLE 14-8
Find the size of the two welds required to attach a plate to a machine as shown in Fig.

14-20(a) if the plate carries an inclined force P = 50 kN. Use the stresses allowed by
the AWS. All dimensions shown are in mm.

4 " 4OKN p = 50kN
7 s q,

= :
S : \
““‘ & 1 : 30 kN
T ImEy :
— A 1!&3
(a) (b)



P, = U50) = 30kN P, = £(50) = 40 kN
T = 40(175) — 30(100) = 4000 kN -mm

X3

I, = 235 + L'“?-) - [1 + 150(100) ] = 3.56 x 10¢ mm?

(gux)e = E— - —_]_'m = 100 N/mm -

(Gay)e = E{L T_m N/mmt
Ty _ (4000X10%)100)

T—- G.56)105) = 112 N/mm —

=T = %“%%—1’35}5) = 8 N/mm?

(qr.t).!: e

Gmax = g = 4/(100, + 1127 + (133 + 84)? = 303 N/mm

Finally, since by Eq. 14-4 the allowable force per.miilimctcr of weld,
regardless of the direction of the applied force, is 101.8 W, where
W is the w1dth of the leg,

q= 1018W-303N/mm or W=2.98 mm.



THEORIES OF FAILURE



Failure refers to any action leading to an inability on the part of
the structure or machine to function in the manner intended. Thus
permanent deformation, fracture of even excessive linear elastic
deflection may be regarded as Modes of Failure.

One of the most important factors in regard to influencing the
threshold of failure is the rate at which the load is applied.
Loading at high rate may load to a variety of adverse phenomena
associated with impact, acceleration and vibration, with the
concomitant high levels of stress and strain so well as rapid stress
reversal.

e

s
/-__,
/ F‘ﬁ —Strain hardening

| “Yielding




Creep: Under certain circumstances, deformation may continue with
time while the load remains constant. This deformation beyond that
experienced as the material 1s initially loaded is termed CREEP. Creep
strength refers to the maximum employable strength of material at a
prescribed elevated temperature.

Fracture: Separation of a material under stress into two or more parts
(1.e. formation of new surface) is referred as fracture. Griffith equated
strain energy associated with material failure to that required for the
formation of new surface and concluded that with respect to its capacity
to cause failure, tensile stress represents a more important inference
than does compressive.

Fatigue: Structural members subjected to repeated, fluctuating or
alternating stresses that are below the Ultimate strength or Yield
Strength may show diminished strength and ductility. This response 1s
termed as Fatigue.



When the state or stress is not uniaxial, the theories of failure attempts to
predict yielding by limiting certain parameters (such as strain, stress,
energy) to those in a simple tension test. This is necessary as tests can't
be performed for all state of stresses.

Yielding Theories of Failure

+ Maximum principal stress theory (Rankin’s theory)

+»» Maximum shear stress theory (Coulomb’s theory)

** Maximum principal strain theory (Saint Venant’s theory)

+ Maximum energy of distortion theory (Von Mises theory)
+** Maximum octahedral shear stress theory (Von Mises theory)
+* Internal friction theory

** Mohr’s theory



MAXIMUM PRINCIPAL STRESS THEORY (Rankin’s theory)

According to this theory (Rankin’s theory), a material fails by yielding when
the maximum principal stress exceeds the tensile yield strength or minimum
principal stress exceeds the compressive yield strength. Thus at the onset of

yielding: ‘0' ‘ =ag  or ‘O‘ ‘ =0’
1 p 2 yp

For materials possessing the same yield stress in tension and compression
r

L

O = % = Oy
and in case of plane stress ; O; = 0
Thus: i R . i S
O-J'P O-J'P
o2/ oyp Limitations:
[ (1) Matertal may have different tensile and
: compressive strength.
E aif oy (2) F'ailure in ductile mateﬂfil is ft?nd?lmentally
*{ T T 1_' shearing phenomenon, and failure criteria of such
| materials should be more reliably obtained from
4

1 shearing rather than tensile stress.



MAXIMUM SHEARING STRESS THEORY (Coulomb’s theory)

This theory was originally proposed by Ceulomb presently known as Tresca theory.
According to this theory, in a ductile material slipping occurs during yielding along
critically oriented planes. It is assumed that yielding of the material depends only on the
maximum shearing stress which is attained within an element. Therefore, whenever a

certain critical value T, 1s reached for shear stress. yielding starts.

Since:
| ’
g.—a
[ =« y 2
Toax = \||[ = o T_.g_
elfc. =g, =2 0 and o, =1_=0
. 5 o s o
Floy =8, 8 mp—= [Failure criteria in Uniaxial stress]
2 2



e For biaxial state of stress the critical value of r_ is to be used from above. Two
causes are to be considered
(1) g,.0, are of same sign: o, =0

(11) o,.0, are of opposite sign: o, =0



nFor case (1) it can be seen that (using the failure criteria established from uniaxial

case):
o |9 o %
> =1 - - and > =3 -
‘0'1‘ < o, and |0': -
s T = s, % e
yp CT.‘P
[wWhen o,.0, are of same sign]
o2
t Slip plane
o o, a2
—— i and !
I
| ] o
‘ /< a %JT_-:@
45° '
%45
> (c)
Slip planes

(@) (b)



nFor case (11) 1t 1s observed that:

o] + o,
j :z-ﬂlﬂ:x
g, — O, o,
jie + —1 2
2 2
a. o,
b 1 — = = + |
O-}..D G-.‘»'P

o

Ty

t

Slip planes
(d)




Above two equations are drawn and known as TRESCA vyield condition. If the points

are within the hexagon. material has not yielded. If the points fall on the hexagon then

material 1s yielding. No point can lay out side the hexagon.

%2 |
Oyp
I
1 A1, 1)
-1 1
0 [+3]

8(-|-‘i, -1

Fig. 12-4 Yield criterion based on
maximum shear stress




MAXIMUM PRINCIPAL STRAIN THEORY (Saint Venant’s theory)

According to St Fenants theory a material fails by vielding when the maximum

principal strain exceeds the tensile yield stram &, or the mimmum principal stramn

exceeds the compressive yield stram ¢, .

From Hook’s law:

5 E = of
, »
2 w "

\&, £ =0y,

&; — vloy + 03) =0},
For plane stress o, =0

_ r
= JJ'P

‘Ci'z ~ ual‘ =0y,



o g
1 —i 2 = _‘t 1

Oy Oy

o lez

o} Cyp

» G1/0yp

+1

[With v=0.3]



Dt Dashir Ahmed

TOTAL STRAIN ENERGY

Simple Tension

1 £ >~
G¢ B l: T o=Ee ¢

_10‘2

Work done = =
2 E

1
T &
2

b2 | —
m '-'-!qu

Work done 1n stressing the material up to proportional limit o,is w=



Pure Shear

1 s
W=—17, =——
2 2 G

One Normal Stress with Sharing Stress

1

—
W=——~-r=F
2 FE

-2
G

I\J|h~——*




1
Two Principle Stress T
1 1 :
w=—0,§ +—0,¢, - i
2 2 :
| 6

o, Lo, 1 o, L0,
e E) 27\ EE

(0'12 +05 - ZUO'IO';,]/E

Similarly for Three Principle Stress

e 1 ( 2 2 2) v )
W=l t oty E(Glaz + 0,0, + 030,

CE-213
Mechanics of Solids-I1
Dr. Bashir Ahmed

o, VLo,
e
E E

o, Lo,

£ =—- —
~ E E



Components of total strain energy

(energy required to change volume + energy required to change of shape or energy of
distortion) [w = w, + W]

e Mean stress - causes volume change

e Deviatoric stress - causes change of shape or causes distortion

2. €2 G2 — Om
€2-Em
01
G]_ == Um
£1 E1-E&y
G3. €3 Om. Em G3— Op
E3-Em
= (a) Volume Change + (b) Distortion
. g, +t0,+ Er T8, T & £,
From basic element: ¢, = 1—>——2 g,=——2 3 v
3 3 3
(a) e, +e, +&, = ¢, = change of volume per unit volume

(b) (&= ) 4le,—e )t (g =)= gretg =38—=10
[1.e. no volume change only distortion]

Total strain energy = strain energy in (a) + strain energy in (b)



Le. w=w,+u, thus w,=w—w,

From (a):

‘-1'1,=: i +":)- O Em T Oy €y

Bulk modulus, K (Modulus of volume expansion)

Mean stress
Bulk modulus K

~ Volumetric strain

o+ 0,+0
Mean stress : E 3

-
o]

Change in Vol”

e,
Original Vol™ '

Volumetric straimn

Let original volume = 1

New volume =1+l.g, =1 +¢,

1+ &)l + &)1 + &)=+ & + & + &
Neglecting 2™ & 3™ order strain products we get

o8 = Yt Bt E



1
g,=—|o, —vlo, +0,)+0, —vl(o,+0,)+0, —v(o,+0,)]

1
¢, =—[(o,+0, +0,)-2v(0,+0, +0,)]

1 — 2v

g, = —5 (o,+0, +0,)

(6, + 0, + 0,)

g=Zn _ — A K = E
g, = (o‘I + 0, +G‘;) 3(1 —2U)
- 3(1 - 2v)
E
1, 3(1-2v)
W= —0
4 2 E

but=> w= L(crf + o, +a§)—% (c,0,+ 0,0, +0,0,)

also W; =W —w,



Mechanics of Solids-I1
Dr. Bashir Alhmed

]. 5 2 2 v l 3 3{1_2[))
LW, = _(0'1 +0, +0, )-— (6,0,+ 0,0, +0,0;)-—0,
2E - E - - 2 E
. 1[ 2 2 2 ) 2 )
W, = o o, +0, +o0, — 2vo,0,— 2v0,0, — 2v0,0,

3 2 2 2
—5(1 —20)[0‘1 + 0, +0, + 20,0,+ 20,0, +20':o'3)

l ) gl p
W, = %(cﬁ -0,) +lo, —o;) +(o; -0, )']

[Energy of distortion when all the three principal stress are present]

For unmiaxial case ¢,=0:6,=0,=0

. (0'31 +O'21)

i 11‘6 -

1+,
== W. = o |

¢ B



MAXIMUM ENERGY OF DISTORTION THEORY (Von Mises theory)

462/ Gyp

(07/\) (1.1)

(-1.0) -
/ (1.0)

(-1.-1)

(0.-1)

l1+v 2 7] 2
W, = E[{Jl -0,) +(lo, —03) +lo, -0 )']

Equating this with the maximum distortion energy in simple tension i.e., uni-axial case
of loading

1'.'d. =

3E



We get

(6 o) iley —&) +(a; =&) =207,

For plane stress condition &, = 0
o @, o, o,
G-.‘"P O-.‘P O-JP O-J'P

The equation of the ellipses defines the vield criteria. Points on the ellipse indicate that

the material 1s yielding.



Comparison of Yield
and Fracture Criteria

o3 Maximum
Maximum o distortion energy
normal stress /
o o R
\\ e = >
Lo -
;'l +
P
Fa
N
’,/ A 35'
,’-' Maximum sl'
.l/ shear stress
/-0 0 1.0 61
I ," Ty
]
h ’,bﬁ L
I P E
#
|| IQOI *:
’9’ +
. ‘ ’J +
+ Castiron A\ ,‘{r i
O Steel X —
® Copper B e -1.0
A Aluminum

Fig. 12-10 Comparison of yield and fracture criteria with test data.



ENGINEERING MECHANICS OF SOLIDS
Strain Energy

A uniform rod is subjected to a slowly increasing load

The elementarywork done by the load P as the rod
elongates by a small dx is

dU = Pdx = elementary work

which is equal to the area of width dx under the load-

_[ deformation diagram.
p R * The total work done by the load for a deformation x,,
|
0 v - U = | P dx = total work = strain energy
|
P ' which results in an increase of strain energy in the rod.
P=kx
= " * In the case of a linear elastic deformation,
U =',21‘P|I] "ﬁ.l
f sl 1
’ | : U= [kede=1kf =1Rx

0




ENGINEERING MECHANICS OF SOLIDS |
Strain Energy Density

o * To eliminate the effects of size, evaluate the strain-
energy per unit volume,

U iPax

v lar
0
31
b — .[G-“' de = strain energy density
0

€

* The total strain energy density resulting from the
deformation is equal to the area under the curve to &,.

» As the matenal 1s unloaded, the stress returns to zero
but there is a permanent deformation. Only the strain
energy represented by the triangular area is recovered.

* Remainder of the energy spent in deforming the material
1s dissipated as heat.




ENGINEERING MECHANICS OF SOLIDS
Strain-Energy Density

: Modulus » The. strain energy density resulting from
of toughness Rupture setting &, = &g 1s the modulus of toughness.

* The energy per unit volume required to cause
the material to rupture is related to its ductility
as well as its ultimate strength.

0

& o If the stress remains within the proportional

limit,

2
Ee: o)

u:J‘Egds: =
Y ; 2 2F
Ty——=

 The strain energy density resulting from
setting 0; = oy 1s the modulus of resilience.

Modulus
/"'—rrl'r{-silivm-(-

9

-

o -
€ Uy = % = modulus of resilience

0 p




ENGINEERING MECHANICS OF SOLIDS

Elastic Strain Energy for Normal Stresses

* In an element with a nonuniform stress distribution,

[f= Iu dV = total strain energy

* Forvalues of u < uy, i.e., below the proportional
limit,

U:I::E

3] . .
* dV =elastic strain energy

* Underaxial loading, o, =P/4  dV=4dx

L =8
; P
HE= dx
2AF
0
+ For a rod of uniform cross-section,
P2L A PPL _A
U=__—; W=P=; U=W, ——=P=
24E 2 24E 2
s PL

AE




ENGINEERING MECHANICS OF SOLIDS

Elastic Strain Energy for Normal Stresses

» For a beam subjected to a bending load,
M?y*
2EI°

av

3 - J'—dV
» Setting dV = dA dx,
M3y, M% (5
0= IIZE; b = '[2}3} (Im dAJd\:

2
o ﬂdr
2ET
0

* For an end-loaded cantilever beam,

M=—-Px

Lp2r P2L A

0 s 2

3
AP
3E]




ENGINEERING MECHANICS OF SOLIDS

Strain Energy For Shearing Stresses

» For a material subjected to plane shearing

stresses,
/ / //TL
= Ir df

_ = 'Y:cy
» Forvalues of 7, within the proportional limit,
7
_la,2 1 _ty
Txy — U=2GYy =T Vo = ——
Y 2 U 2 X SX) 6
* The total strain energy is found from
Tr= Iu av
0 Yxy I_Z
2G




ENGINEERING MECHANICS OF SOLIDS
Strain Energy For Shearing Stresses

» For a shaft subjected to a torsional load,

2 T

¢ Ehs e
U:j—"‘}dV:J'Tp dv

2G b

» Setting dV = dA dx,

* In the case of a uniform shaft,

2
T @
U= W=T—
2GJ 2

_IL

&
GJ




ENGINEERING MECHANICS OF SOLIDS
Sample Problem 11.2

SOLUTION:

* Determine the reactions at 4 and B
from a free-body diagram of the
complete beam.

* Develop a diagram of the bending

& L ¥ moment distribution.

a) Taking into account only the normal * Integrate over the volume of the
stresses due to bending, determine the beam to find the strain energy.
strain energy of the beam for the
loading shown. * Apply the particular given

conditions to evaluate the strain

b) Evaluate the strain energy knowing
that the beam 1s a W10x45, P =40
kips, L=12ft,a=3ft, 5=9 ft,and E
= 29x10%psi.

energy.




ENGINEERING MECHANICS OF SOLIDS |
Sample Problem 11.2

I" SOLUTION:
e 2 * Determine the reactions at 4 and B
‘L_ ,,4|< 5 i from a free-body diagram of the
y diagr

| I complete beam.
R=9 | R;= 2 Ph Py

| ” s
M | Ry= A Rp = b

* Develop a diagram of the bending
moment distribution.

!“3 Pk ill-'_{l = bel’ 1”3 = %V




ENGINEERING MECHANICS OF SOLIDS

Sample Problem 11.2

Over the portion AD.
M'l = P—b X
L
Over the portion BD,
iwf} = @ v
=L
P = 45kips L =144m.
a=36i1n. b=1081n.

E=29x10°ksi I =248in"

* Integrate over the volume of the beam to find
the strain energy.

apZ bz

U:| 1 dr+] < h
Y 2ET 2E]
0
1 9 pp 2 1 2rpa 2
2ET\ L 2FEI°\ L
0 0
1 PHePd aRP| Pt sz(a;b)_# 2p2
2EI ;2| 3 3 6EI* 6EIL
U P*a’p’ 14 =P% =P¢:rzb2
6EIL = 3EIL

(40kips)*(36in)* (108 in)*
6(20%10% ksi J248in* 144 in)

U =

U = 3.891n - kips|




ENGINEERING MECHANICS OF SOLIDS

Work and Energy Under a Single Load

* Previously, we found the strain
energy by integrating the energy
density over the volume.

For a uniform rod,

U:|zedV:[%dV
"o 2E T 24E

* Strain energy may also be found from
the work of the single load P,

q
U:IP&
0

* For an elastic deformation,

U ZIPdrz'[kxa&:Z%kxf =1Px,
0 0

* Knowing the relationship between
force and displacement,

7L
AE

gr—apl BL)_EL
*"\4E ) 24E

X,




ENGINEERING MECHANICS OF SOLIDS
Work and Energy Under a Single Load

* Strain energy may be found from the work of other types of single
concentrated loads.

* Transverse load * Bending couple * Torsional couple

¥ (251
L7 = Ipd];:lfiyl = Jﬂf{dﬂ :%Mlel U= ITd¢:%zi¢l
0 0

2 2 2
A R _ R _ lMl[MlL] _M{L g lTI[EJ _IL
2 EI ) 2EI 2
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