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Numerical Integration

* Trapezoidal Rule

= Simpson’s Rule



Numerical Integration

** The general formula

n 2n -3 —2)2 .
f;:) y dx = nh[yg + g Ayo + n( rz ) Ay + n(nz4 ) A3yg +neenee. | T, (i)
** Trapezoidal Rule

Setting n = 1 in the general formula( Eq. (i) ), all differences higher than the first will

become zero and we obtain

1 1 h
f;olydx=h(y0+5Ay0)=h [)’0+§(Y1')’0)=5(YO+)’1) ---------- (a)

For the next interval [x4, x,], we deduce similarity

h
f;Clz y dx = E(yl + }’2) .............. (b) 3



Numerical Integration
¢ Trapezoidal Rule

For the last interval [x,,_{, x,], we have

™ ydx= g(yn_l + V) s (c)

Xn-1

Combining all these expressions, we obtain the rule

n h
I, ydx=2[yo+2(y1+yz + et Yn_1) + Y |

This is known as the trapezoidal rule.



Numerical Integration

¢ Simpson’s 1/3- Rule or Simpson’s Rule
This rule is obtained by putting n =2 in Eq. (i) and we have
x 1 1
fxozy dx =2h (yo + Ay +gAZYO) =2h [yo +(¥1-Yo) +2 (V2 - 2Yy1 + ¥o)]
1 2 1 1 2 1
=2h (yo +y1-Yo + - Y2 - - Y1t Yo) =2h (Zyo+ S y1 +2 ¥2)

h
=5 (Yo +4y1t y2)
Similarly,

and finally

Xn h
fxn—z ydx = 3 (Vn—2 +4Yn-1+ Yn)-
Summing up, we obtain

Xn h
Loy dx=[yo+8(y1+ Y3+ s+t Yn_1) + 2(y2 + Y4 + Yo+t Yu_z) + Ynl.
Whis is known as Simpson’s 1/3- Rule or simply Simpson’s Rule.



Example -1

Use four segment for integrate y = f(x) = 0.2 + 25 x + 3x? + 2x* froma=0to b = 2 by
using Trapezoidal rule and Simpson's 1/3-rule and find percentage of error from actual
integrated value.

Sol™:

For four segmentn=4and h = 24;0 = 0.5 where x will be 0, 0.5, 1, 1.5 and 2.
X 0 0.5 1.0 1.5 2.0
Yy 0.2 13.58 30.2 54.58 94.2

(i) Trapezoidal rule:
2 h
Jo ¥ydx = [yo+2(y1 +¥2+¥3) + ¥4l

=22[0.2+2(13.58 + 30.2 + 54.58) + 94.2] = 72.78



(ii) Simpson's 1/3-rule
2 h
Jo ¥dx=21y0+8(y1+y3)+2y2 +y,]

- 0?5 [0.2 + 4(13.58 + 54.58) + 2*30.2 +94.2] = 71.24

Actual integration value,

[ ydx = [7(0.2+25x + 3x% + 2x*)dx = 71.2

X 100% = 2.22%

: 71.2—72.78
Percentage of error for Trapezoidal rule = ‘ ‘

|71.2 —71.24|

Percentage of error for Simpson’s rule = X 100% = 0.056%



Example -2
A reservoir discharging through sluices at a depth h below the water surface has a surface
area A for various values of h as given below:
h (ft) 10 11 12 13 14
A (ft?) 950 1070 1200 1350 1530

If t denotes the time in minutes, the rate of fall of the surface is given by

dh 48
N
dt A

Estimate the time taken for the water level to fall from 14 ft to 10 ft above the sluices.
Sol":

Area,A=§[y0 +4(y1 +Y3 )+ 2y, + Y4l

=2 [950 + 4(1070 + 1350 ) + (2*1200) + 1530] = 4853.33 f1?



> h2 dh—-—f dt

hleiia_ 48
1/, 110 =" 485333

>2 [VT4-V10] = - zgez3t

2 [V14 — V10 | *4853.33

> [

> t=

48

~t=117. 16 minutes.

=-117.16



Exercise- 1: Use the two-segment trapezoidal rule to estimate the integral of
f(x) = 0.2 + 25x - 200x2 + 675x3 - 900x* + 400x°

froma= 0tob=0.8. and estimate the percentage of error from actual integrated value.

Exercise- 2: Use Simpson's rule with n = 4 to estimate the integral of
f(x) = 0.2 + 25x - 200x2 + 675x3 - 900x* + 400x°

froma= 0tob=0.8. and estimate the percentage of error from actual integrated value.
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Numerical Solution of Ordinary Differential Equations

* Picard’s method
e Fuler’s method and

* Runge-Kutta method
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Picard’s method of successive approximations

We consider the general first order differential equation

With the initial condition,

y(Xo) = Yo

Integrating the differential equation in Eq.(i), we obtain

y=Yo+ f;cof(x,y)dx ......

First approximation: [ Putting y, for y on right side of Eq.(ii)]

y1=vo+ [, fQx,y0)dx

Second approximation: [ Putting y; for y on right side of Eq.(ii)]

X
Y2=Yo+ [, fxy1)dx
nt" approximation:

Yn=Yot f;;f(xr Vn—1)dx

This method is failed when f (x, y) is not integrable under the
given condition.
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Example — 1: Using Picard’s process of successive approximations, obtain a solution upto
dy

the fourth approximation of the equation XY such thaty =1 when x =0.
Sol™:
Given,

Z—z=x+y=f(x,y) withy,=1and x, =0

15t approximation:

y1=Yo+ [, f(x,y0)dx

2
=y0+f0x(x+ Vo) dx=1+fgc(x+1) dx=1+x+x7
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gnd approximation:

y2=yo+ [ floy1)dx

2
:y0+f0x(x+ yl)dx=1+fgc(x+(1+x+ X?)) dx:1+x+x2+x?

374 approximation:

ys=yo+ [, f(x,y;)dx

=YO+f0x(x+ yy) dx = 1+fox(

3 4

X X
=1+X+x%+—+=—
3 24

3

3
x+(1+x+x2+% )) dx
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4th approximation:

ya=Yo+ [, f(x,y5)dx

=yo+f(f(x+ y3) dx = 1+f(fc(

5 x3 x*  x®
=l+x+x“+—+—+
3 12 120

3 4
X+ Q+x+x2+ =+
3 24

(Answer)

) dx
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Exercise- 1: Use Picard’s method to solve the equation y’ = x + y?4, subject to the
conditiony =1 when x = 0.
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Example — 2: Use Picard’s method to approximate the value of y when x = 0.1, given

thaty = 1whenx=0and% = 3x + y2.
Sol™:

Given,

dy

dx 3x + yz = f(x, y) with initial value yy =1 at x, =0and x=0.1.

15t approximation:

y1=vo+ [, f(x,yo)dx

2

= Yo + fox(Bx + Yo%) dx=1+ fox(3x +1)dx=1+x +%
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2™4 3pproximation:

y2=yo + [, f(x,y1)dx

2
> Y, = Yo + f;c(3x+y12)dx =1 + fox(3x+(1+x+ 3%)2) dx = 1 + fOx(3x+(1+

Since (a + b + ¢)? =a? + b? + c? + 2ab + 2bc + 2ca
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Euler’s method

Suppose the general first order differential equation is

26X, Y) s (i

With the initial condition,
y(Xo) = Yo

Taking x,, = xo + nh (n = 1, 2,......) and Integrating the differential equation in Eq.(i), we

obtain

Y1=Yo*t f;;l fOo,y)dx e, (ii)

Assuming that f(x, y) = f(xg, yo) in xg< X £ x4, this gives Euler’s formula
Y1=Yot hf(XO, yo) ................................... (a)
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Euler’s method

Similarly for the range x{< x £ x,, we have

Y2=Y1 + f,:clz f(x,y)dx
Substituting f(x;, y4) for f(x, y) in x;<x < x, we obtain

Y2= Y1 +hf(X1, Y1) e (D)

Proceeding in this way, we obtain the general formula

Yn+1= Vn + hf(x,, V0), N=0,1,2,c. ettt aaens (b)

It is very slow method for better accuracy taking a smaller value for h. Because of this
restriction on h, this method is unsuitable for practical use and a modification of it,

known as the modified Euler method, which gives more accurate results.

20



dy
dx

Example — 1: Using Euler’s method compute y(0.04) for the differential equation
with the condition y(0) = 1, take h = 0.01.

= -y’

Sol™:
Given,
Z_i’ =-y =f(x, y) with initial condition, yy=1at xy=0andx=0.04, h=0.01.
Taking n =220 = 22220 _ 4
h 0.01

Therefore, x;=xo +h=0+0.01=0.01, x,=x7 + 2h =0.02, x3=x, + 3h = 0.03 and
X4=Xog +4h=0.04
15t approximation:

y1= Yo + hf(xg, yo)
y1=Yo +h(-y) =1 +0.01(-1) = 0.99 at x;=0.01

21



2™4 3pproximation:
V2=y1 + hf(xq, y1)
vo,=7y1 + h(-y1) =0.99 + 0.01(- 0.99) = 0.9801 at x,=10.02

37d approximation:

y3=y, + hf(xy, y;)
y3=7Y, + h(-y,) =0.9801 + 0.01(- 0.9801) = 0.9703 at x;=0.03

4th 3pproximation:

ya=Y3 + hf(x3, y3)
Va=y3 + h(-y3) =0.9703 + 0.01(- 0.9703 ) = 0.9606 at x;=0.04

Therefore the value of y at x = 0.04 is 0.9606.
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Exercise- 1: Use Euler’s method to find y(0.2) from the differential equation ? =Xy,

X
y(0)=1, take h=0.1.
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Modified Euletr’s method

15t approximation:

By Euler’s method we have,

Y1=Yo + hf(xo, yo)
Applying Euler modified formula,

y D=y, +§ [ f(xo, Yo) + f(x1, y1)] [y, (V) = first modified value of 15 approximation ]
y1 @ =y, +§ [ f(xo, ¥o) + f(x1, y1D)] [y1(®) = 24 modified value of 15¢ approximation ]

h
y1® =y, +; [f(xo, yo) + (x4, y1@)]

h
y, "D =y, + [f(xo, yo) + f(x1, y1™)]

Continuing this process when until two consecutive values are nearly equal, such that y;® = y,(® =y,
(Modified or improved y;)
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Modified Euletr’s method

2™4 3pproximation:
Using improved value of x; and y;.

By Euler’s method we have,

y2=Yy1 *+ hf(x4, y4)
Applying Euler modified formula,

y,(D =y, +§ [ f(x1, y1) + f(x2, y2)] [y, = first modified value of 2" approximation ]
y,) =y, +§ [flxq, 1) + flx2, y2 (V)] [y,@ = 2™ modified value of 2% approximation ]

h
Y, =y, + [f(x1, y1) +flx2, y,@)]

h
y, ™D =y, + [f(x1, y1) +flx2, y2™)]

Continuing this process when until two consecutive values are nearly equal, such that y2(3) = y2(2) =Y,
(Modified or improved y,) at x5.

For better accuracy taking at least n = 2. .



Example — 1: Given % =1+ %, y = 2 at x =1. Find approximate value of y at x = 1.4 by

taking step size h = 0.2; apply modified Euler’s method.

Sol™:
Given,
Z_i’ =1+ %: f(x, y) with initial condition, yp=2atxy=1andx=1.4,h=0.2.
Takingn=2"20-22"2_)
h 0.2

Therefore, x;=xg+h= 1.2, x,=xo+2h=1.4
15t approximation:
By Euler’s method,

y1= Yo + hf(xo, ¥o)

> y,=2+0.2f(1,2)=2+02(1+ Z)=26

> y1=2.6 atxg;=1.2
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By Euler modified formula,
y1M =y, "'g [ f(x0, Yo) + f(x1, ¥1)]
> D =2422[(1,2) +£(1.2,2.6)] =2+ 0.1 [(1+2) + (1+=)] = 2.6167
> vy, D =2.6167

h
y1® =y, + [f(xo, yo) + (x4, y1 )]
2.6167

> y, @ =2 +% [f(1,2) +f(1.2,2.6167)] =2 + 0.1 [(1 + % )+ (1+2220)] = 2.61806
> v, = 2.61806

y1® =y, "'g [ f(x0, Yo) + f(x1, y1*)]

y1® =2+ [(1, 2) + (1.2, 2.61806)] = 2+ 0.1 [(1 +=) + (1 + Z2=22)] = 2.61817

y,3) =2.61817
Say y1(3) = y1(2) =2.618 = Y1 at X1 = 1.2



2™4 3pproximation:
Using improved value of y; =2.618 at x; =1.2.

By Euler’s method,
y2=Yy1 + hf(x4, y4)
2. 618
> y,=2.618+0.2f(1.2,2.618)=2.618 +0.2(1 + —— ) =3.2543
> y,=3.2543 atx,=14

By Euler modified formula,

h
y, M=y, + [(x1, y1) + f(x2, ¥2)]

> ¥, =2.618+2[f(1.2,2.618 ) + f(1.4,3.2543)] = 2.618 + 0.1 [(1 + = 618) b1+ 2543

)] = 3.2686
> v,V =3.2686

h
y, P =y, + [f(x1, y1) +flx2, y2 )]

2.618 32686
15 )+ (1 +

> y2<2>—2618+—[f(12 2.618) +f(1.4,3.2686)] = 2.618 + 0.1 [(1 + )] = 3.2696

> v, =3,2696
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h
y,3) =y, + [f(x1, y1) +flx2, y2@)]

2.618 )+ (1 + 3.2696
1.2 1.4

> v,3)=2.618 +°2;2 [f(1.2,2.618) + (1.4, 3.2696)] = 2.618 + 0.1 [(1 + )] = 3.2697

> y,3) =3,2697
Sayy,3) =y,(&) =3269atx, =1.4.

Hence, y (1.4) =3.269 (Ans.)
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Example — 2: Use Euler’s modified form to determine the value of y when x = 0. 1 given
that y(0) =1 and y'= x? +y, taken h = 0.05.

Sol™:
Given,

dy
dx

and x=0.1, h=0.05. [Given]
Therefore, x;=0.05 and x,=0.1

=x%+y=1f(x,y) with initial condition, y,=1 and x,=0

15t approximation:
By Euler’s method,

Y1=Yo + hf(xg, yo)
> y1=1+0.05 f(0,1)=1+0.05(0+1)=1.05

> y,=1.05 atx;=0.05
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By Euler modified formula,
h
vV =y, + [f(xo, yo) + (x4, ¥1)]

>y, D=1 +°'T05 [ (0, 1) + £(0.05, 1.05)] = 1 + 0.025 [(0 + 1) + (0.052 + 1.05)] = 1.0513
> v, (D =1.0513

h
y1P =y, + [ f(x0, ¥o) +flxq, y1 )]

> 3@ = 14222 [ (0, 1) + (0.05, 1.0513)] = 1 +0.025 [(0 + 1) + (0.05% + 1.0513)] =
1.0513
> y,(®) = 1.0513

Say y;® =y, (1) =1.0513 = y, at x; = 0.05
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2™4 3pproximation:
Using improved value of y; =1.0513 at x; = 0.05.
By Euler’s method,
y2=Y1 + hf(x, ¥1)
> y,=1.0513 + 0.05 f(0.05, 1.0513) = 1.0513 + 0.05(0.05% + 1.0513) = 1.1040

> vy, =11040 atx,=0.1



By Euler modified formula,

h
J’Z(l) =Y1 15 [ f(x1, y1) + f(xz, ¥2)]

> v, =1.0513 +222 [ £(0.05, 1.0513) + (0.1, 1.1040)] = 1.0513 + 0.025 [(0.052 + 1.0513) + (0.12 + 1.1040)]
2

> y,(D =1.1055

h
y, ) =y, + [f(x1, y1) + f(x2, y, )]

> ,@ =1.0513 +222 [ £(0.05, 1.0513) + (0.1, 1.1055)] = 1.0513 + 0.025 [(0.052 + 1.0513) + (0.12 + 1.1055)]
2

> v, =1,1055
Say y,(®) =y, =1.1055at x, =0.1 .

Hence, the value of y when x=0. 1is 1.1055 (Ans.)
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Runge-Kutta method

Suppose the general first order differential equation is

With the initial condition,
y(xo) = Yo
If the initial values of the variables are x, and y,; the first increment is
X1 =Xg *+h, Y1 =Yo + Ay

34



15t approximation or 15¢ interval: 2™4 3pproximation or 24 interval:
ki ="f(xg, Yo)h ki ="f(x1, y1)h

h h K
k2=f(x0+—,y0+—)h k2=f(x1+5,y1+71)h

h h K
k3=f(x0+—,y0+—)h k3=f(x1+5,3’1+72)h
ky =1(xo+h,yo+ ks)h ky=1(x1+h,y+ ks)h
Ay=%(k1+2k2+2k3+k4) Ay=%(k1+2k2+2k3+k4)
Then, Then,
Y1 = Yo +%(k1 + 2k, + 2k5 + k) Yo = V4 +§(k1 + 2k, + 2ks + k)
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Example — 1: Given Z—i =1+ y%, where y = 0 when x = 0, find y(0.2), y(0.4) and y(0.6) by using Runge-Kutta
method.
Sol™:

Given,

o1+ y? =f(x,y) with initial condition, yo= 0 and x,=0

dx
h=0.4-0.2=0.2
x1=0.2,x,=0.4, x3=0.6
15t approximation:
k1 =1 (x0, yo)h
> ki =1(0,0*0.2=0.2(1+0%)=0.2
> k1=0.2

_ h ky
kz—f(x0+2,y0+ x )h

> k., = f(0+ ;2 0+ ;2 )*0.2=0.2f(0.1,0.1) = 0.2(1+0.12) = 0.202

> ko, =0.202 36



k3—f(x0+2,y0+ )h

> ks =f(0+ =, 0+ m)*oz 0.2 f(0.1,0.101) = 0.2(1 + 0.1012) = 0.20204

> ks = 0.20204

ky=1f(xg+h, yo+ ksz)h

> k, =f(0+0.2,0+.20204)* 0.2 =0.2 (1 + 0.202042) = 0.20816
> k, =0.20816

Y =y + % (ky + 2k, + 2ks + k) =0 + % (0.2 +2(0.202) + 2(0.20204) +0.20816)

y1 =0.2027 at x;=0.2



2™4 approximation (with y; = 0.2027 at x;=0.2):

ki1 =1 (x1, y1)h
» ky=1(0.2,0.2027)*0.2=0.2 (1 + 0.20272) =0.2082

> k= 0.2082

_ h k1
kz—f(x1+2,)’1+ > )h

> k, = f(0.2+ ;2 0.2027 + 0'2(2)82 )*0.2 = 0.2 (0.3, 0.3068) = 0.2 (1 + 0.30682) = 0.2188

» k, =0.2188
_ h k2
k3—f(x1+2,y1+ 2 )h

> ks =f(0.2+ ;2 0.2027 + 0'2288 )*0.2 = 0.2 £(0.3, 0.3121) = 0.2 (1 + 0.31212) = 0.2195

> kg =0.2195



k4_ =f (x1 + h, y1+ k3)h

> k, =f(0.2+0.2,0.2027+ 0.2195)* 0.2 = 0.2f(0.4, 0.4222) = 0.2 (1 + 0.42222) = 0.2356
> k, =0.2356

YZ =y1 +%(k1 + Zkz + 2k3 + k4_)

y, =0.2027 +é [0.2082+ 2(0.2188)+ 2(0.2195)+ 0.2356] = 0.4228
v, =0.4228 at x,=0.4
37¢ approximation (with y, = 0.4228 at x,= 0.4):
kq =1f(x2, y2)h
> k,=(0.4,0.4228)* 0.2 =0.2 (1 + 0.4228%) =0.2357
» ky=0.2357
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_ h k1
kz—f(x2+2,y2+ » )h

> k, = f(0.4+ 32 0.4228 + 0'2257 )*0.2 = 0.2 f(0.5, 0.5406) = 0.2 (1 + 0.54062) = 0.2585

_ h ka
k3—f(x2+2,YZ+ > )h

> kq = f(0.4+ ;2 0.4228 + 0'2284 )*0.2 = 0.2 f(0.5, 0.552) = 0.2 (1 + 0.5522) = 0.2609

> k= 0.2609

ky,=1f(x,+h, y,+ks)h

> k, =f(0.4+0.2,0.4228 + 0.2609)* 0.2 = 0.2(0.6, 0.6837) = 0.2 (1 + 0.6837?) =
0.2935

> k4, =0.2935



V3 =Yz + (ky + 2k + 2k3 + ky)

> y,=0.4228 +§ [0.2357+ 2(0.2584)+ 2(0.2609)+ 0.2935] = 0.6841

> y3 =0.6841 at x3=10.6

Therefore, y(0.2) = 0.2027, y(0.4) = 0.4228 and y(0.6) =0.6841 (Ans.)
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Exercise- 1: Use Runge — Kutta method to solve the equation Z—z =1 +y? for x=0.2 to x
= 0.4 with h = 0.2, given that y(0) = 0.5.

Answer: y(0.2) = 0.7819 and y(0.4) = 1.1699

Exercise- 2: Use Runge — Kutta method of fourth order to find approximate value y
when x=0.1, giventhaty=1atx=0and h=0.1 for% = 3x + y°.

Answer: y(0.1) =1.12725
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