Chapter }

THE VECTOR DIFFERENTIAL OPERATOR DEL, written V, is defined by
9 9 9 9 9

9

V=TFi+ =i+ Zk=i +j2 + k2

ox oy Jz x oy dz
This vector operator possesses properties analogous to those of ordinary vectors. It is useful in de-
fining three quantities which arise in practical applications and are known as the gradient, the diver-
gence and the curl. The operator V is also known as nabla.

THE GRADIENT. Let qS(x,y, z) be defined and differentiable at each point (x,y,2z) in a certain re-
glon of space (i.e. ¢ defines a differentiable scalar field). Then the gradient of ¢
written Vb or grad ¢, is defined by

- (9 . 9. . 9 - 9. , 9. . 9
Vé = Girgiitg0e = B 5tk

Note that V¢ defines a vector field.

The component of Vqs in the direction of a énit vector a js given byand is called the di-

rectional derivative of ¢ in the direction a. Physically, this is the rate of change of ¢ at (x,y, z) in

thedifection a.

THE DIVERGENCE. Let V(x,y,z) = Vi+ V,i + V,k be defined and differentiable at each point

(%,¥,2z) in a certain region of space (i.e. V defines a differentiable vector field).
Then the divergence of V, written V.V or div V, is defined by

9, , 2., 3 ; .
Vev el * 38 * 5,801+ %+ LK

]

W, W, , 3,

Ox Oy 9z
Note the analogy with A-B = 4B, + 4,B, + A,B,. Also note that V-V # V.V,

THE CURL. If V(x,v,z) is a differentiable vector field then the curl or rotation of V, written V x v,
cwl V or rot V, is defined by

9

Vxv = $i+§;j+a%k)x(l/11+l/2j+l/sk)
i i k
- ]l92 2 2
9  dy oz
/A A A
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93 9 9 9 9 9O
= By Bzi_ Ox Bz] + Ox ayk

v, v, A v, v,
SRSk R R LI <

9

Note that in the expansion of the determinant the operators B_Bx , % -y must precede V;, ¥, Vs .

FORMULAS INVOLVING V. If A and B are differentiable vector functions, and ¢ and y are differen-
tiable scalar functions of position (x,y, z), then

P

Vigp+y) = Vo + Vg or grad (¢ +¢) = grad ¢ + grad Y
V-(A+B) = V-A+V.B or div(A+B) = div A + divB
Ux(A+B) = VXA + VxB or curl(A+B) = curl A + curl B
V- @A) = Vo)-A + p(V-A)

Ux(pA) = (VpyxA + o (VxA)

V-(AxB) = B-(VxA) — A-(VxB)

UVx(AxB) = (B-V)A — BNV-A) — Aa-HB + A(V-B)

o N S ;R R

VA-B) = (B-V)A + (A-V)B + Bx(VxA) + A% (VxB)

2 2 2
. V- (Vv = 2y = ?2_(2 M M
0. ViV = Ve = T35 T 5 T B

where V~ = i + Ll + A called the Laplaci

oy 3y 57 18 ed the Laplacian operator.
10. Vx(¥¢) = 0. The curl of the gradient of ¢ is zero.

11. V-(VxA) = 0. The divergence of the curl of A is zero.

12. Vx(VxA) = VV-4) — V'A

In Formulas 9-12, it is supposed that ¢ and A have continuous second partial derivatives.

INVARIANCE. Consider two rectangular coordinate systems or frames of reference xyz and x'y'z'(see

figure below) having the same origin O but with axes rotated with respect to each
other.

A point P in space has coordinates (x, vy, z)or
(x!y} z") relative to these coordinate systems. The
equations of transformation between coordinates

of the coordinate transformations are given by

Q
It

Lix + Loy + ligz
H y' logx + looy + lsz
laix + laoy + lazz

N
|

where ljk, j,k =1,2,3, represent direction cosines
of the x',y' and z' axes with respecttothe x,y, and
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z axes (see Problem 38). In case the origins of the two coordinate systems are not coincident the
equations of transformation become

x' = dpx 4 Ly + lgz o+ ay
(2) )’l = dgx + lpy + lpz + af
Zl = lgix + lsz + lggz + aé

where origin O of the xyz coordinate system is located at (aj, ab, al) relative to the %'y’ z' coordinate
system.

The transformation equations (1) define a pure rotation, while equations (2) define a rotation plus
translation. Any rigid body motion has the effect of a translation followed by a rotation. The trans-
formation (I) is also called an orthogonal transformation. A general linear transformation is called
an affine transformation.

Physically a scalar point function or scalar field qb(x,y,z) evaluated at a particular point should
be independent of the coordinates of the point. Thus the temperature at a point is not dependent on
whether coordinates (x,y,z) or (x,y, z) are used. Then if @ (x,y,2) is the temperature at point P with
cocrdinates (x,y,z) while ¢'(x;y,z") is the temperature at the same point P with coordinates (x| v, z%,
we must have @ (x,y,z) = @'(x,y, 2. I p(x,y,2) = @'(x,y, 2", where x,y,z and %,y, z' are related
by the transformation equations (1) or (2), we call gb(x,y,z) an invariant with respect to the transfor-
m%tion.QFor example, 2*+y%+2” is invariant under the transformation of rotation (I), since x"+y%+z%=
'y 42

Similarly, a vector point function or vector field A(x,y,z) is called an invariant if A(x,y,z) =
Al(x,y, 2. This will be true if

Ay 0+ Ay, + A (nyak = ALEYDE + Ay i+ Ay K

In Chap. 7 and 8, more general transformations are considered and the above concepts are extended.

It can be shown (see Problem 41) that the gradient of an invariant scalar field is an invariant
vector field with respect to the transformations () or (2). Similarly, the divergence and curl of an in-
variant vector field are invariant under this transformation.

SOLVED PROBLEMS
THE GRADIENT

1. If ¢(x,y,2) = 3+°y — y°2°, find Vb (or grad ¢) at the point (1,-2,—1).

\% <%i + a—ayj + a%k)(3x2y~y322)

o) s 9
TR =P 2 5@y )+ kS @ty — s

= 6xyi + (3x2--3y222)j — 2y8zk

= 6(EDE + {30F —3=2°1"} - 2=’ 1)k

= —12i — 9§ — 16k
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2. Prove (a) V(F+G) = VF+VG, (&) V(FG) = F VG + G VF where F and G are differentiable sca-
lar functions of x,y and z.

(@) V(F+Gy = (.a%i + a%j + :g—zk)(F+G)
= a%(F+(;) + ].aa(F+G) + kgz(F+G)
B ”%EHgg”amkgc
SERSE R A A
=(1.aa Bi §)F+(1ax+]§+ki)c = VF+ VG
) VFG) = %1+%J+%k)(m)
= 'g(FG)l + a%(FG)j + %(FG)k
= (F%f i+ (Fgf +ch + (F%—G +Ggf
=F(%—fi+%—§] %k)+G(%F gj %Tk)=FVG+GVF

3. Find Vo it (@) p=1n|r|, ) P =7

(@) 1r=xi+yj+zKk Then ‘r\ = \/x2+y2+2:2 and ¢ =1n \r\ = I§1n(3c2+)/2+z2).

V¢ = %Vln(x2+y2+22)
- 4 el 24 a2 4 42 .0 2 12 4 52 9 2402 +72)}
= 3D In2y2+a) + = In(Pry24e?) + ks In@F i)
ax ay aZ
. 2% . 2y 2z _ xityj+tzk _ T
2{1x2+y2+22 * JxQ+y2+22 tok x2+y2+z2} T x2+y2+22 T2

vl gl - Y
(b) V(b - V(F) - V(m) = V{(x2+y2+22) }

1/2 9

b kD (2ey2 )" Y2
Oz

- 10 w2ey2e) Y2 4 i (2 +y24+22)”
3 3

= i{—%(x2+y2+za)—s/22x} n j{——é—(x2+y2+22)‘3/22y} + k{_%(x2+y2+zg)—3/222}

—xi—zj—-zk __r
(9«:2-§-y2+22)3/2 r:3

4. Show that Vr" = nr r.
vt V(V 2+y2+22) = V(x2+y2+22)n/2

= ia—{(x2+y2+z2)n/} + ]-—{(x2+y2+22) nf2y k——{(x2+y2+z2) n/2y
X
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n/2- nfe -

1

nfe—-1 22}

i{%(x2+y2+22) Yok o+ j{%(x2+y2+22) Yo} o+ k{%(x2+y2+22)

n/2-

= n(x2+y2+22) 1(xi+yj + 2 k)

2=-1 -2
n/ r = nl'n r

H

n (2

Note that if r = rr, where I, is a unit vector in the direction r, then Vilt= gt r .

~
5 Show that V¢ is a vector perpendicular to the surface gb(x,y,z) = ¢ where ¢ is a constant.

Let r=xi+yj+zk be the position vector to any point P(x,y,z) on the surface. Then dr = dxi +
dyj +dzk lies in the tangent plane to the surface at P.

But d¢ = a—gbdx + gfdy + _aj_)dz =0 or (a—qbi +:aibj +a—¢k)-(dxi +dyj +dzk) = 0
Bx ay az X ay az

ie. Vob.dr = 0 sothat qu is perpendicular to dr and therefore to the surface.

6. Find a unit normal to the surface ny + 2¢z = 4 at the point (2,—2,3).

ViPy + 2x2) = (2oy +22)i + 22§ + 2%k = —2i + 4j + 4k at the point (2,—2,3).
—2i + 4j + 4k 1 2 2
Then a unit normal to the surface = LQ_L-Ti—? = —-=i + —j + =k.
V(=2 + (4 +(4) 3 3 3
Another unit normal is %i — %j - %k having direction opposite to that above.

7. Find an equation for the tangent plane to the surface 2sz—3xy—4x =T at the point (1,—1,2).

V(2022 —3xy —dx) = (222—3y—4)i — 3xj + dxzk
Then a normal to the surface at the point (1,-1,2)is 7i—3j + 8k.

The equation of a plane passing through a point whose position vector is r, and which is perpendicular
to the normal N is (r—ro) +N =0. (See Chap.2, Prob.18.) Then the required equation is

[xi+yj +zK)—(@—j+2K)]« (Ti—3j+8K) = 0
or Tx—1) — 3(y+1) + 8z—2) = 0.

8. Let ¢(x,y,z) and ¢ (x+Ax, y+Ny, z+Az) be the temperatures at two neighboring points P(x,y,z)
and Q(x+Ax, y+Ay, z+Az) of a certain region. '

(a) Interpret physically the quantity Bp _ p+lx, y+hy, s+0z) — $xy,2) where As is the
. . s As
distance between points P and (.

(b) Evaluate lim A .l and interpret physically.
As-0 As ds

(¢) Show that %@ - Ve . d
ds ds

(a) Since AQS is the change in temperature between points P and Q and As is the distance between these

Ap

points, A— represents the average rate of change in temperature per unit distance in the direction from
S
P to Q.
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(b) From the calculus,

Ap = qS %;—b Dy + %‘? Az + infinitesimals of order higher than Ax,Ay and Az

Ap _ b Ly 0B L
Then dm RS = gmSTA Y Sy A T B As

@ i Wy | Wi

or ds_axz.;"_ayds-"gzds

e

Ts represents the rate of change of temperature with respect to distance at point P in a direction

toward Q. This is also called the directional derivative of .

d¢p ad) dx Opdy  opdz B¢> o) dx dy z
— = = = i+ = (—i+ —§F 5
(@) ds dx ds +ay ds +az ds B l+ayJ Oz k) (dsl dsJ dsk)
= vqs.dz
Note that since % is a unit vector, V- d; is the component of V& in the direction of this unit
vector.

9. show that the greatest rate of change of ¢, i.e. the maximum directional derivative, takes place
in the direction of, and has the magnitude of, the vector V.

By Problem 8(c), ¢ =Vo. s the projection of Vb in the direction (_;_l' . This projection will be
S
a maximum when V¢ and g—g have the same direction. Then the maximum value of d¢ takes place in the

direction of V¢b and its magnitude is | Vo |.

10. Find the directional derivative of ¢ = x%yz + 4x2% at (1,~2,—1) in the direction 2i —j — % .

Vo

Vidyz + 4x2%) = (2uyz +42550 + x%z] + (Fy +8xz)k
= 8i—j—10k at (1,-2,—1).
The unit vector in the direction of 2i —j — 2k is

2i —j— 2k
V(22 + (1) + (—2)°

Then the required directional derivative is
Vib.a = (8i—i—10k). (3 J——k) = 8

Since this is positive, ¢ is increasing in this direction.

11. (@) Inwhat direction from the point (2,1,—1) is the directional derivative of ¢ = achz3 a maximum?
(b) What is the magnitude of this maximum?

Vo

V(x yz) = Qxyzsi + x2z3j + 3x2y22k
—4i—4aj+12k at (2,1,~1).

Then by Problem 9,



12.

13.

14.
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{a) the directional derivative is a maximum in the direction ng = —4i —4j + 12k,
(b) the magnitude of this maximum is | Ve | = v/(=2? + (—ay2 1 (127 = V176 = V11,

Find the angle between the surfaces x°+y2+22=9 and z =x2+y2—3 at the point (2,-1,2).

The angle between the surfaces at the point is the angle between the normals to the surfaces at the
point.
A normal to x®+y2+22 = 9 af (2,~1,2) is
Vb, = Vi@ +y2+22) = 2%i + 2§ + 22k = 4i — 2§ + 4k
A normal to z = x2+y2—3 or x2+y2—z =3 at (2,—-1,2) is
Vo, = Via®+y2—2) = omi + 29§ — k = 4i — 2 — k

(V) (Veby) = IV¢1’ IVQSQI cos 0, where O is the required angle. Then

(4 — 2j + 4k)- (4i — 2§ — k)

ldi—2i+ak| |di-21—k]| cos @

16 + 4 — 4 = V@2 +(22+@? V@R +(—22 (=17 cos O

and cos 8= —— = = 0.5819; thus the acute angle is & = arc cos 0.5819 = 54°95',

16 _ s/
6va1 8

Let R be the distance from a fixed point A(a,b,c) to any point P(x,y,z). Show that VR is a unit
vector in the direction AP = R,

If T, and rp are the position vectors ai+bj+ck and xi tyitzk of 4 and P respectively, then
R=1—r, = (x—a)i+(y—b)j+(z—c)k, sothat R = Vix—aP+(y—bP+(z—c¢¥ . Then

VR = Vo/w—aP + (y—b P+ (z—cp) = E=)i + (/=0)j + (z—c)k _ 1%

Vig—aY +(y—bY + (z—c)’

is a unit vector in the direction R .

Let P be any point on an ellipse whose foci are at points 4 and B, as shown in the figure below.
Prove that lines AP and BP make equal angles with the tangent to the ellipse at P.

Let R;= AP and R,=BP denote vectors drawn re-
spectively from foci 4 and B to point P on the ellipse, and
let T be a unit tangent to the ellipse at P.

Since an ellipse is the locus of all points P the sum
of whose distances from two fixed points 4 and B is a

constant p, it is seen that the equation of the ellipse is Ry R
R 1 + R2 =p. / 2
\

By Problem 5, V(R1+R2) is a normal to the ellipse;
hence [V(R,+R)]-T=0 or (VR,)-T = —(VR,).T.

Since VR4 and VR, are unit vectors in direction R,
and R, respectively (Problem 13), the cosine of the angle

between VRQ and T is equal to the cosine of the angle be-
tween VRi and —T; hence the angles themselves are equal.

The problem has a physical interpretation. Light rays (or sound waves) originating at focus A, for
example, will be reflected from the ellipse to focus B.
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THE DIVERGENCE

15. If A = x%zi — 2y322

V-A = (-(;6 §J+§a—k) (xzx—-
= ai;(xz) + ,ai(—-zyz) + 83;-
= 2z -—6y222+xy

32 4

16. Given ¢ =2xy z .

= 2y — 6(=12(D? + (1) (=1

2y322 it nyZ k)

(xy%2)

(a) Find V-V (or div grad ¢).

2 2
(b) show that V-V =V2qb, where V° = % + —8—2 +
(a) V¢ = i "@'(szszA.) + j i (2x3y224) + k —a—(2x3y224)
= et o+ adyti o+ syCk
3 9

Then V-Vo (;a— i
Ox

—6—5 denotes the Laplacian operator.

2

z
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i + xy%Kk, find V- A (or div A) at the point (1,—1,1).

= —3 at(l,~1,0).

+——1+—k)-(6xyz1+4xyz3+8xyz k)

' " %

2x2,—-y2——22

- Danh ¢ D@ ¢ S
Ox y 32
= 12xy224 + o4t o+ 24x3y222
b V'VCb = — — - e
() ] (.axl + 3 i azk) (ax i ay az k)
_ 2%, 229 2% _ ¥e , To
= %G T3 3, Yt 55 T B YR
2 2
I A A IR
= (3x2+8y2+322)¢ = Vo
17. Prove that VQ(%) = Q.
% W S R S B
DT TR
i———'—'————l—-— - 9 2,-4/2 2, 2, 2,=3/2
ax(\/x2+y2+22) ) Bx(x 7+ = =Ty )
_Bi(_.__l__) = [ x (x2+y2 +22)” :3/2]
22 Ve | o
R AT (x"’+y’"+z2)~3/2 =

Similarly,

(x2+ y2 + 22) s/2
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2 2
9 1 = 2° =2 = and —(_—1_)
ayQ 1/x2+y2+22 (x2+y2+22)5/2 022 x2+y2+7,2
2 2 2
9 90 0 1

Then by addition,

5 T3 t=5)(—=——) = 0.
(ax2 + 5,7 + EZQ)( x——_—2+y2+22)

. 227—af—y?

(xQ +y2 +22) 5/2

65

2
The equation V' = 0 is called Laplace’s equation. 1t follows that ¢ = 1/r is a solution of this

equation.

18. Prove: (a) V-(A+B) = V-A + V-B
(®) V-(pA) = (VP)-A + ¢(V-A).

(a) Let A = Ali + AQj +A3k, B = Bj_l + BQ] + Bsk.

Then V-(A+B) = (i + a@, + ——k) [(4,+B)i + (4:+BYj + (A+By)K]
x y
= —a%(A1+Bi) + 8%(14;32) + %(A;Ba)

% %y oz e oy T o

= (Bi;l + —§—J + 2;cazk).(Ali+A2j+A3k)
+ 8211 + i.] + =
=V-A+ V.
®) V-(@A) = V-(Ppdqi + PAoi + PAgk)
9 9 0
= 24 L dA <
Bx(¢ Nk ay(fﬁ o)t Bz(¢A3)
_ aqs 04, ¢ 04, o
TE MO et ) +azA3+¢az
3 3, .3, 3, A, Oy
TE Mt ey e P SRS
= (a—¢i + ad) agbk) (A4 + 4of + 4Agk) + qb(——l +31 +

O ay 2 ¥
= (Vpy.a + p(V-a)

19. Prove V-(L3 =0.
T

Let qb =r~3 and A=r in the result of Problem 18(d).

Then V-¢™°r) = (V™% .1 + ¢"3)V.r

= —37%rr 4+ 378 = 0, using Problem 4.

3
Jz

k)« (B4i + B,j + Bzk)

G —K)- (441 + 4§ + A3k)
Oz
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20. prove V-(UVV —VVU) = UVV =V V7.

From Problem 18(b), with @ =0U and A = vy,
Vwvyy = (V0y-(Vny + U(V-Ir) = (Vi) (V¥ + VA
Interchanging U and V yields V-(v VOy = (VI)-(VD) + v V.
V- Vv — v Vi
VUy-(Vvy + UV — [(VVy-(VUy + ¥ VU]
oV - v VU

Then subtracting, V- (U VVy — V-V Vi)

21. A fluid moves so that its velocity at any point is v(x,y,2). Show that the loss of fluid per unit
volume per unit time in a small parallelepiped having center at P(x,y,z) and edges parallel to the
coordinate axes and having magnitude Ax, Ay, Az Tespectively, is given approximately by divyv =
Vev.

x

Referring to the figure above,

x component of velocity v at P = v
10
x component of v at center of face AFED = v, — E—aﬁ Ax  approx.
X
' 19
x component of v at center of face GHCB = v, 5% Ax  approx.
X
. . ~ . . 1 avi
Then () volume of fluid crossing A FED per unit time = (vy — 5 _a__ Dy Ny Dz
X

(2) volume of fluid crossing GHCB per unit time

(0, + %%ﬂ Ay By Bz
X

"

@ -y = 2 Dubyhs,
o

Loss in volume per unit time in x direction

Jv
Similarly, Lloss in volume per unit time in y direction = ﬁg AV ZA AT
Y
: e dv
loss in volume per unit time in z direction = 8—3 Do Dy Dz
z
Then, total loss in volume per unit volume per unit time
d 3 3
<§”—1 + 8—1’2 + %)&Ayﬂz
= % Y z = divv = V-v

Nx Ay Az
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This is true exactly only in the limit as the parallelepiped shrinks to P, i.e. as Ax,\y and Az approach
zero. If there is no loss of fluid anywhere, then V- v = 0. This is called the continuity equation for an in-
compressible fluid. Since fluid is neither created nor destroyed at any point, it is said to have no sources
or sinks. A vector such as v whose divergence is zero is sometimes called solenoidal.

22. Determine the constant ¢ so that the vector V = (x +3y)i + (y—22)j + (x+az)k is solenoidal.

A vector V is solenoidal if its divergence is zero (Problem 21).

Vv = e« Lo b e < 141

Then V-V=g+2=0 when a=—2.

THE CURL

23. If A =xz"i — 2¢%zj + 2yz*k, find V x A (or curl A) at the point (1,—1,1).

VxA = (—a—i + —Qj +3k>x<xz3i — 2%z + 2z k)

x Oy Jz
i k
- |2 9 9
Ox Oy Jz
xz” —2x2yz 2yz4
= [224_3_2.% +[§ 3_324'4» _6____2;\2 __—(i 3k
5,7 5, y2)] i 5, 2 = =2y Vi o+ [ —(—28yz) 5 )]
= (22 + 2%)i + 3x2%) — 4wyzk = 3§ + 4k at (1,—1,1).
24. If A =x%i — 2%zj + 2yzk, find curl curl A.
curlcurl A = Vx(Vx A)
i i k
e 0 ) v . 2
- el © es = 2% +9 - +2z2)k
Vx| o > = x [(2+22)1 — (P+22)K]
2y — 2z 2yz
i ] k
9 9 3 .
= 9 el < = (2 +2
o 3 3, (2x +2)j
2x + 2z 0 —x" — 2z

25. Prove: (a) Vx(A+B) = VxA + VxB
(b) Vx(pAy = (Vo) x A + $(V xA).
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(@) Let A = A11+A2j+A3k, B = Bli+32j+33k. Then:

Vx(A+B) = (%i + a%j + %k) x [(4,+BY1 + (A,+BY + (Ag+Byk]
i i k
- 9 9 ¥l
e dy 3z
A+B, A2+32 AgtB,
. [%(A3+33)—%(A2+Bg)h o (2B - LB
+ [ai;(A2+BQ) - %(A1+31)]k
V45  Odoq, D4, OAgn, 04,  OAs
= [==2 - o[22 08)y 4 [22 -k
[ay S0 LI ay]
9B;  ©B, 9B, OBg 9B, OB,
— - i + —_—1} - —1Jk
3 s - e ay]
= VXA + VXB
) Vx (@A) = Vx (P4 i+ P45 + P4k
i i k
S S 9 9
e 3y 3z

P4, P4, Pdg

[:(%@AS)-%@AQ)M ¥ %@Ai)—%(qb@]j " [—%((ﬁ@—%@@]k

‘04 o 24 3D 7.
= [Z2 + 24y — 2 _ X4
¢35, T P T

+ [(]Sa,;l + B_qul - % - aqus]j + [(75% + ‘?C)—bAQ 'a—'_Al - aibAl]k

z Oz x -
g Ms_ ey, B WMsy My W
¢ [ 5, SHt (57— 50 (] ay)k]
¢ ob, ., 9P ¢ op o
Hh, - 2 Ay - i A, - 2
+ [(ay 3=, A+ (—az 4, W Ag)i + (-ax Ao S A1)k]
i i k

P (VxA) + ¢ op o

Ox ay 9z

i

Ay Ao A3

d(Vxay + (Vo) x A.
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26. Evaluate V-(Axr) if VxA =0,

Let A= Aji+ 4,5 +A4,k, r=xi+yj+zk.

i J k
Then AXr = Al AQ As
x y z

(zAo — yda)i + (xdg—zA)] + (yA; —xAd)k

and V-(Axr) = ,—;—(ZAQ—-yAS) + -a(an—zAl) + :(%(yAl-—xAQ)
o

9y
= [xi+yi+zk]-[<aa—/;'°‘—%’%>i +(%—%—‘f)j +(%—ff—%—ji)k]

t

r-(VxA) = r-curlA. If VxA=9 this reduces to zero.

27. Prove: (a) Vx(V¢) =0 (curlgrad ¢ =0), (b) V-(VxA) =0 (diveurl A =0).

@ Vx (Vpy = Vx(2Py.00;, 2,

%3
i i k
- |e 9 9
%  Jy 2
% % 9
% % o

(328, 233, , (2.2 2%

3 . 3 3
= (=Y - (T i —_— (=) = —(—¥{} + | —(—=LY - (T k
50 5G5Sl =3, " 55
2 2 2 2 2 2
:(3¢_8¢>)i+(B¢~_3¢>)j+(3¢_3¢k_0
3y 0z 0z oy 0z dx  Ox 0z Ox Jdy Oy ox
provided we assume that ¢ has continuous second partial derivatives so that the order of differentiation is
immaterial.
i i k
5y V-(V =V 9 9 9
© V- (V= > 3 %
A4, 4z 3
B T POV VAR VI 79
Vol =gt s 5 -5 v (5 - 0
3 B_A_S_BAQ) E_(%_EA_Q) E(%__aAi
Ox dy oz Jy 0z Oz x| Oy
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Fa,  Fa, X Fay  Fhe Fa, | Tay _ .
3x Oy 90z Oy oz Jyox Oz ox 3z Oy

assuming that A has continuous second partial derivatives.

Note thé similarity between the above results and the results (CxCm) =(CxC)m =0, where m is a
scalar and C+(CxA)=(CxC)-A=0.

28. Find curl(r f(r)) where f(r) is differentiable.

cutl ¢ f(r)) = Vxa jl@))
= Vx(@xfmi+yfi+zfOK
i j k
9 9 o
O dy Oz

x f(r) y f(O z f(r)

o o o of .. oF o
(s, —yg)h g T IR g TN
of _of or. _of O, E e oy L foyx 1% gim I o _f'y dﬂzfﬁ
But 5T =g g (N = e S g T s T
Then the result = (zfry—yf—ri)i + (xf—ri—szx-)j + (y%f—xf—,.—y)k = 0.
29, Prove V x (VxA) = —VQA + V(V-A).
i h] k
2 2 2
\Y - L <2 =2
x(Vxa) = Vx50 3 %
4 4g 4
04 94 ‘04 24 04 94
- Vv CAz _ o2y O4y _ 943y O4g _ P41y
S-S5 w5 5
i i
- 9 9 9
- x Jy 2z
Ods 04, o4: _ g My 4
3y oz 2 o= = Oy
o M M | 3 3 e,
5 S ) T % 3
(2 s _ My _ D Oy Dy
%z dy oz % ox Oy
O A4y Odg 0 04z O4p
L2 08y L (== - 5k
R i Bl w e il i
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2 2 2 2 2 2
= (_M_’B_A_l)i + (_B_AQ__B_AQQ)J + (_B.A:_zli;
Jy? 922 07?2 Ox Ox Oy
2 2 2 2 2 2
+(8A2+8A3)i+(8A3+8A1)j+(aA1+3A2)k
3 9% | D2 32y oy 32 0r By 0
2 2 2 2 2
= (_%_%_aAi) +(_%_%_%)j (_%_%_aAia)k
W2 T3 TR T2 T R W o7 o2
Ty O . Sy - (82141 +32A2 . 82/13). (82A1 . I, +82£)k
2 e e Gy 3w s 75,5, o
2 2 2
= o v T Dy i+ Ay 4 dak)

PR

2 M VDO Wy WMo, B My Uk Uy
STy, TR TS Ty TR TG S, e

= —-VQA + V(V’A)

If desired, the labor of writing can be shortened in this as well as other derivations by writing only the i
components since the others can be obtained by symmetry.

The result can also be established formally as follows. From Problem 47(a), Chapter 2,

(1) AX (BxC) = B(A-C) — (A-B)C
Placing A=B =V and C =F,

V x (VxF) VV.Fy — (V-WYF = V(V.F) — V'F

Note that the formula (1) must be written so that the operators A and B precede the operand C, otherwise
the formalism fails to apply.

30. If v=cwxr, prove @ = 3 curl v where @ is a constant vector.

i i k
culv = Vxvyv = Vx(wxr) = Vx |w, w, g
x Y r4

Vx [z —wey)i + (sx —wi2)i + (Wiy —wax)k]

i i
, 5 a_ay 5 = 21l @ol + wok) = 28,

Woz —Wgy  Wgx —WeZ W1y — WoX
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Then @ = %va = %curlv.

This problem indicates that the curl of a vector field has something to do with rotational properties of
the field. This is confirmed in Chapter 6. 1f the field F is that due to a moving fluid, for example, then a
paddle wheel placed at various points in the field would tend to rotate in regions where curl F # 0, while if
curl F = 0 in the region there would be no rotation and the field F is then called irrotational. A field which
is not irrotational is sometimes called a vortex field.

2
31. 1f V-E=0, VVH=0, VxE=—%—H, VxH = %l;; show that E and H satisfy Vu = Ou
t

o
2
OH ) 3 OE 9E
V V = V —_—— = P V = —_——— = — —
B x Bz) 8t< <) ot Ot 02
2
By Problem 29, Vx (VxE) = ~VE +V(V-E) = _V’E. Then VE = %t%:_
. dE, _ 9 3, 2m IH
V = V - = = V = e —) = e ————
Similarly, x (Vx H) X ( at) 3t< x E) at( Bz) =
2
But Vx (VxH) = ~-V’n + V(V-my = ~V’H. Then e %—g
¢

The given equations are related to Mazwell’s equations of electromagnetic theory. The equation

2

Sy, Bu, Ju _ Ou

%2 92 0z of

is called the wave equation.

MISCELLANEOUS PROBLEMS.

32. (a) A vector V is called irrotational if curl V=0 (see Problem 30). Find constants a,b,c so that

V = (x +2y taz)i + (bx — 3y —2)j + (4x +cy + 22)k
is irrotational.

(b) show that V can be expressed as the gradient of a scalar function.

i i
(@ culV = Vxv = % -S—y —aa—z = (c+Di + (@a—4)j + (b—2)k

x +2y taz bx —3y —z 4x +cy +2z

This equals zero when a=4, =2, ¢c=—1 and
V = (x+2y +42)i + (26 — 3y —2)§ + (4x —y + 22)k

(6) Assume V = V¢ = Ecéi + @?ﬁj +B_Q_5k
‘Ox dy Oz

Then (1)%%5=x+2y+4z, (2)—.Z—<f=2x~3y—z. (3)%?=4x—y+22-

Integrating (I) partially with respect to x, keeping y and z constant,

2
) ¢ = T+ 2y v oawz + 0,0

where f(y,z) is an arbitrary function of y and z. Similarly from (2) and (3),
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2
®) ¢ = 2y =L~y g
(6) b = 4dxz — yz + 22 + h(x,y).

Comparison of (4), (5) and (6) shows that there will be a common value of @ if we choose

N
N
N

x 3y?
f(yrz) = "T +22’ gx,z) = x_z +22’ h(x’y) = 3 _-g—

so that

N

2
¢:%—§%’—+z2+2xy+4xz—yz

Note that we can also add any constant to . In general if VxV =0, then we can find @ so that V=V,
A vector field V which can be derived from a scalar field ¢ so that V= VqS is called a conservative vector
field and @ is called the scalar potential. Note that conversely if V=V, then VxV = 0 (see Prob.27a).

33. Show that if gb(x,y,z) is any solution of L.aplace’s equation, then qu is a vector which is both
solenoidal and irrotational.

2
By hypothesis, ¢ satisfies Laplace’s equation V ¢ = 0, i.e. V- (V) = 0. Then Vb is solenoidal (see
Problems 21 and 22).

From Problem 27a, Vx (V) = 0 so that Vb is also irrotational.

34. Give a possible definition of grad B.
Assume B = B;i + B,j + Bgk. Formally, we can define gradB as

VB = (@i + ij + ik) (B1i + Boj + Bgk)

x Oy Oz
%ii + 2}i—i’ij + %ik
%Ii’;“ + aa—B;jj + aa—Bstk
+ —a%k + %i?kj + ai"‘kk

The quantities ii, ij, etec., are called unit dyads. (Note that ij, for example, is not the same as i)
A quantity of the form

anii + amij + amik + a21ji + a22jj + a23jk + a&ki + 0321(]' + amkk
is called a dyadic and the coefficients ass, aio, ... are its components. An array of these nine compo-
nents in the form
G311 219 13
Qo1 Aoo Qo3

Qg Ggo sz

is called a 3 by 3 matrix. A dyadic is a generalization of a vector. Still further generalization leads to
triadics which are quantities consisting of 27 terms of the form aq9q 1il +apmq jii +.... A study of how
the components of a dyadic or triadic transform from one system of coordinates to another leads to the sub-
ject of tensor analysis which is taken up in Chapter 8.
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35.

36.

GRADIENT, DIVERGENCE and CURL

Let a vector A be defined by A = A,i + Ao + Agk and a dyadic @ by
d = agqdi + apii t aqigik + an i agedd + aogik + ag ki + ag.kj + ags kK
Give a possible definition of A-®.

Formally, assuming the distributive law to hold,
Ad = (Aii + AQ] + Ask)'(l’ = Aj_i“l) + AQj'd’ + Ask"b
As an example, consider i- &®. This product is formed by taking the dot product of i with each term of

@ and adding results. Typical examples are i-aqqii, 1 a0ij, i a0 ji, i agokd, etc. If we give mean-
ing to these as follows

i-apii = ey@d-Di = az i since i-i =1
ieapij = owd-Di = a10] since i-i =1
i-anii = apn@.-NHi = 0 since i-j =0
i-agkj = agpd-Ki = 0 since i-k = 0

and give analogous interpretation to the terms of j-@ and k-®, then

A-® Ar(aq i+ apit oK) + Ag(agy i+ ag it as k) + Ag(agy i+ ago i+ ags K)

(Ayaqq + Agagy + Agag) 1 + (Ayagp + Apase + Agase) § + (A10m+A2“23+A3“33)k

which is a vector.

(@) Interpret the symbol A-V. (b) Give a possible meaning to (A-V)B. (c) Is it possible to
write this as A-VB without ambiguity?

(a) Let A = A1i + Apj + Agk. Then, formally,

AV - (it And ¢ Ak (D1 S 25
2

3y 2z
9 o 9
= — — Aa—
din, v Aemy v ey,
is an operator. For example,
I I I, 9% 9
@Wp = (ag + At AP = M T Aem + A,

Note that this is the same as A-Vo.

(b) Formally, using (a) w.ith ¢ replaced by B = Bii+ Boj+ Bsk,

B = (4 R Oip = 4B + 4 9B, 4 oB

(A-VH)B = ( 1 + zay + AsaZ)B A1 S + Q—ay + As z
am om0 BB e g O o O 2 O
= (A.j_ ,ax +A2 y +A3 ,az)l + (Ai ,ax +A2 .ay +A3 az)] + (143~ ,ax +AQ ,ay +A3 ,az)k

(¢) Use the interpretation of VB as given in Problem 34. Then, according to the symbolism established
in Problem 35,

A-VB = (i + Az + Ask) - VB = 4,i-VB + A,i-VB + A:k VB

OBy 9By, . %k) . AQ(—B—&i N OB, . OBg OB, OBy . OB

S AT LR R v e e P H
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%

which gives the Same result as that given in part (b). It follows that (A-V)B = A-VB without ambi-
guity provided the concept of dyadics is introduced-with properties as indicated.

37. If A = 2zi— 2%j + x2°k, B = x2i + yzj — xyk and ¢ = 2x%z°,

(@) (A-V)o,

@) A-Vo

by A-Vo

1

(%yzi — 22y j + x2°K) » <—ai>i + %ibj + ==
y

(b) A-Vg, (c) B-VYA, (d) (Ax
[@2yzi — x%§ + x22K) - (%i + a—ay

(zyza—ax - nya% + szE—i) (2x%y2%)

Vg, (e)
9
+az")]¢

A x Vg,

2yzﬁ(2x2yza) — x2yi(2x2yz“3) + sz;a~(2x2y28)

o dy Jz
(Zyz)(axyz®y — Py () + (x2?)(6Py2?)
8xy224 - 2::4'yz3 + 6x3yz4

Ox

9
32 ©

(2720 — 27y + 22°K) - (day2®i + 22205 + 617y k)

89c}/224 - 2,96"'3/23 + 6x3yz4

Comparison with (a) illustrates the result (A-V)gb = A-Vqﬁ.

(¢) B-V)A

1t

(%1 + yzi — 2y k) - (a_axi + % +
20 O _ 9., _ .20A
TR

=2y + k) + yz(22i — x7f)

ga;k)]A

2

+ z

o

— xy(2yi + 2xzk)

(2yzQ — 2xy2)i ~ (2x3y + x2yz)j + (x2z2 - 2x2yz)k

For comparison of this with B-VA, see Problem 36(c).

@) AxWV¢

[(2yzi — %] + x22K) x(fa%i + %j + é%k)]qb
i J k
2yz —x2y xz? Yol
9 9o el
Ox Jy Oz
[i(—ny% — sz%) + j(sz% - 2yz% + k(zyz%
o o oo o o
2 2 7. 2 7 s " it
Cr3e TR T Gy S E)E (e
_ (6x4y222 + 2x3z5)i ¥ (4x2y25 _ 12x2y223)j " (4x2y24

find

+ xzya%)]@b

+ ny ’a—cﬁ)k
x

+ 4x3y223 Yk
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) AxVp = (yzi— 2yt xZQk)x(%%i + %(—fj + %%k)
i i k
= 2yz -—ny x2°
o % 9P
Ox By z
3P o

d P op . op
Q?Q;ﬁ + (xzzaif—Zyz-a—@)] + (2yz—-a—y+x2y-é;)k

z

|
|
R
2
¢l
™N
|
®
N

L}

— (BxyP2® + 20+ (axPyz® — 12%9%2%)§ + (ayzt + a2k

Comparison with (d) illustrates the result (AX Vo = Ax V.

INVARIANCE

38. Two rectangular xyz and x'y'z’ coordinate systems having the same origin are rotated with re-
spect to each other. Derive the transformation equations between the coordinates of a point in
the two systems.

Let r and r' be the position vectors of any point P in the two systems (see figure on page 58). Then
since r= r',
1) xli’ +y’j, + zlkl = xi +y] +zk

Now for any vector A we have (Problem 20, Chapter 2),

A = A-ini o+ AT+ AKK

Then letting A = i,j,k in succession,

i o= (i-ihi o+ od-hi o+ G-k K Lyi' 4 i+ ;K
@) i G-iyi o+ d-ing o+ GdEHK

K = keiyi + GeiHi o+ kKK = lwi + lbai + log K

Loi' + lpi + lxk'

Substituting equations (2) in (1) and equating coefficients of i', j', k' we find
3 x' = lygx + lioy + lisz, y' = logx + oy + Iz, 2" = lgyx + lagy * lssz

the required transformation equations.

39. Prove i’ = i +lod + bk
i= i + ool + sk
k' = lgi + laod + lask

For any vector A we have A = (Asi)i + (ADJ * (A-K)K .

Then letting A = i, j', k' in succession,

@-ii o+ @epio+ Wk
Geiyi o+ G-Dd o+ @Rk = lnd ¥ lpd F ok
i o+ KD o+ KRk = lagd ¥ le * ok

Lyi + lpd + lsk

[
[t}

W

=
|
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3
40. Prove that 1521 lﬁm ZM =1 if m=n, and 0 if m#n, where m and » can assume any of the values
1,2,3. -

From equations (2) of Problem 38,

fed = 1 = (i 4 lggd + LK) e (g d’ + Lpgd + Iagk))
= lfi + 1221 + 1321

B4 = 0 = (lggi + Ind + lggk'y « (goi’ + Loni’ + Lpk')
= halio + logly + lgls

Bk = 0 = (i 4y ¥ Ly K'Y e (i’ + lgd’ + legk’)

= lalig + loglog + Ingles

be proved for m=2 and m=3.

1if m=n

3
the result can be written 2 1, [, = §
0if mgn o oo OAn p=1 #m

By writing Smn = { .

The symbol 0, is called Kronecker’s symbol.

41. If ¢(x,y,z) is a scalar invariant with respect to a rotation of axes, prove that grad ¢ is a vector
invariant under this transformation.

By hypothesis qb(x,y,z) = QZS'(x',y', z'). To establish the desired result we must prove that

., 0. % o, o
VRV R Y

Py '3
i+ k

' 3y

Using the chain rule and the transformation equations (3) of Problem 38, we have

% _ MxA L WY W W W,
O 3’ O dy' O 32" ' - M
9% | Mo Yy W o, . o
Jy o' Jy ' dy 3z’ Yy o' Y i 22 %
% W L Wy L | W,
3z ' 3z ' 3 3’ 3z e R M R W

Multiplying these equations by i,j,k respectively, adding and using Problem 39, the required result fol-
lows.
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42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

GRADIENT, DIVERGENCE and CURL

SUPPLEMENTARY PROBLEMS

It & = 2s* —7y, tind Vb and | Vob | at the point (2,-2,~1).  Ans. 10i—4j— 16k, 2/93

A =2%i—3yzj+xz°k and ¢ =2z —x'y, find A-Vo and Ax V¢ at the point (1,—1,1).
Ans. 5, Ti—j—11k

{

F =22 +¢”% and G = 2% —xy?, find (@) V(F+G) and (6) V(FG) at the point (1,0,~2).
Ans. (a) —4i +9j +k, (b) —8j

Find VI|e[5.  4ns. 3rr

Prove Vf(r) = 1 wr

7

Evaluate V(37— 47 +2-). Ans. (6 or=8/2 _ 9,=7/%yp

-
¥ VU= o*r, find U.  Ans. rY/3 + constant

Find ¢ () such that Vp =& and $(1)=0. Ans. Q)= %(1 -4
r r

S 2t 2 _
Find Vy where 1 = % +y" +2%) e YTEL L ans. @=nelr

It Vob = 2oye®i + 2%2° § + 3yz” K, find dry.2) if P(1,-2,2) =4, Ans. ¢ = 2ys° + 20

It Vi = (5% 2oyz%)i + (3 + 20y —x2)j + (62° — 3x% 2"k, find .

Ans. = xy? — 2%y2% + 3y +(3/2) Z* + constant

If U is a differentiable function of x,y,z , prove VUu.dr = dU.

If F is a differentiable function of x,y,z,t where x,y,z are differentiable functions of ¢, prove that
dF _ OF

oF dr
dt Ot + VF dt

If A is a constant vector, prove V(r <Ay = A.
¥ Ax,y.2) = Agi + Aoj + Agk, show that dA = (Va,-doyi + (VAg-dni + (VAg-dnk.

Prove V(%) - GVE = F¥G 4 ¢ 4.

Find a unit vector which is perpendicular to the surface of the paraboloid of revolution z = %2+ y2 at the

2i +4j — k

+/21

Find the unit outward drawn normal to the surface (v —1)° +y” +(z +2)° = 9 at the point (3,1,—4).
Ans. (21 +j — 2K)/3

point (1,2,5). Ans.

Find an equation for the tangent plane to the surface %z + xzy = 7z — 1 at the point (1,-3,2).
Ans. 2x—y—3z2+1=0

Find equations for the tangent plane and normal line to the surface z = xQ+y2 at the point (2,—1,5).

Ans. 4x—2% —z = 5, "22 =y+21 :2—15 or x=dt+2, y=—2—1, z=—t+5
. - -

Find the directional derivative of ¢ = 4xz° — 3x°y’z at (2,~1,2) in the direction 2i—3j + 6k.
Ans. 376/7

Tind the directional derivative of P = 482x—y+z at the point (1,1,—1) in a direction toward the point

(—3,5,6). Ans. —20/9
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In what direction from the point (1,3,2) is the directional derivative of @ = 2xz —y2 a maximum ? What is
the magnitude of this maximum ? Arns. Inthe direction of the vector 4i — 6§ + 2k, 2V14

Find the values of the constants a,b,c so that the directional derivative of ¢ = axy® + byz +czx® at
(1,2,~1) has a maximum of magnitude 64 in a direction parallel to the z axis. Ans. a=6, b=24, c=-—8

Find the acute angle between the surfaces xy”z = 3x+2° and 3x”—y+2z = 1 at the point (1,~2,1).

V6

Ans. arc cos = arc cos —1'; = 79%5'

-3
V14 v21
Find the constants @ and b so that the surface ax? — byz = (a+2)x will be orthogonal to the surface
4x% +2z° = 4 at the point (1,—1,2).  Ans. a=5/2, b=1

(@) Let u and v be differentiable functions of x,y and z. Show that a necessary and sufficient condition
that u and v are functionally related by the equation F(u,v) =0 is that Vux Vs = 0.
(b) Determine whether u = arc tanx + arc tany and v = lx:y

Ans. (b) Yes (v =tan u)

are functionally related.

(a) Show that a necessary and sufficient condition that u(x,y,z), v(x,y,z) and w(x,y,z) be functionally re-
lated through the equation F(u,v,w) =0 is Vu-VoxVw = ¢.
(b) Express Vu-'VoxVw in determinant form. This determinant is called the Jacobian of u,v,w with re-

spect to x,y,z and is written —;-% L0,W) o JBy

<x’y’z) x’yiz

(¢) Determine whether u =x+y+z, v =x”+y?+2% and w = xy +yz +zx are functionally related.
3 %
ax ay aZ
dv v v 2

Ly |2 e —o— 2w =

Ans. (b) o ay 3 (¢) Yes (" —v—2w =0)
Ow ow Ow
d9x dy Oz

IfA=38xy2"i+20° )~ 2yz k and ¢ = 3% —yz, find (a)V-A, (5) AV, (c)V-(PA), @) V-V,
at the point (1,—1,1). Ans. (a) 4, () ~15,(c) 1, (d) 6

Evaluate div (2¢%zi — xygzj + 3yzQ k).  Ans. dxz — 2xyz +6yz

If ¢ = 3x°z — y223 +4x3y +2x — 3y — 5, find V2¢. Ans. 6z + 24xy — 22° — 6y22

Evaluate V2(1n r). Ans. 1/r%

Prove Vzrn= n(n+1)r""2 where n is a constant.

It F = (3% —2)i + (x2° +3")j — 2Pk, find V(V-F) at the point (2,—1,0).  Ans. —6i + 24j — 3%
If @ is a constant vector and v = @xr, prove that divv = 0.

Prove V (@) = ¢V + aVe-Vih + V.

If U= 3x2y, V=xd — 2y evaluate grad [(grad U). (grad V)] . Ans. (6yz2—— 12%)i + 6xsz +12xyz k
Evaluate V- (rS r). Ans. 67°

Evaluate V- [+rV1/™)].  Ans. 3774

Evaluate VQ[V-(r/rQ)’}. Ans. 274

If A=r/r, find grad divA. Ans. —2r %

2 )
(a) Prove V f(r) = % + TZ%. (b Find f(r) such that V' f(ry=0.

Ans. f(ry= A + B/r where 4 and B are arbitrary constants.
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84. Prove that the vector A = 3y*27i + 42°2%j — 3"y k is solenoidal.

85. Show that A = (2% +8xy%2)i + (3% — 3xy)j — (4°z% + 22°2)k is not solenoidal but B =xyz” A is
solenoidal.

86. Find the most general differentiable function f(r) so that f(r)r is solenoidal.
Ans. f@) = C/r® where C is an arbitrary constant.

87. Show that the vector field V = —xizy) is a ''sink field". Plot and give a physical interpretation.
\/xQ + yQ
88. If U and V are differentiable scalar fields, prove that VU xVV is solenoidal.

89. If A = 22221 — yzj + 3xz°Kk and ¢ = x°yz, find
@ Vx A, () cul (@A), (¢)Vx(Vxa), @) VIA.cul A], (e) curl grad (@A) at the point (1,1,1).
Ans. (a)i+j, (b)5i—3j— 4k, (c) 5i +3k, (d)—2i+j+8k, ()0

90. If F = 2%z, G = xy—3z2, find @ VIVF).V6], V- [(VFyxV6Y], (c)Vx [(VFyx(V6)].
Ans. (a) (2y22 +8x%z — 12xyz)i + (4xyz — 6x22)j + (ny2 + xS — Gny)k
(&) 0
() (2 — 2xyz)i — (1247 + yz)j + (209° + 1227 +2%)k
91. Evaluate Vx (r/r). Ans. 0

92. For what value of the constant a will the vector A = (axy—z°)i + (@a—2)x2j + (1—a)xz’Kk have its
curl identically equal to Zero ? Ans. a =4

93. Prove curl (¢ grad )= 0.

94. Graph the vector fields A=xi+yj and B=yi—x]. Compute the divergence and curl of each vector
field and explain the physical significance of the results obtained.
95. If A = x%i +yz°§ — 3xyk, B'=y"1i —yzj + 2xk and ¢ = 2x? +yz, find
@ A- V), ® Ao, © A-V)B, @ B@A-V), () (V-0)B.
Ans. (a) &%z +yz%— 3xy2, (b) 4%z +y2* — 3xy? (same as (a)),
(c) 2922% 1 + (Bxy? — yz*)j + %Pz k,
(d) the operator (x%%zi — x%yz2j + 2x°z k)éa‘ + (3% — %ty + 2wy k)-;;a*
x i
o

+ (—=3xyS i+ Sxy?z § — 6x°y k)a—
zZ

(e) (2xy22 + y223)i — (2xyzQ+yz4)j + (4x%z + 2%z3)k
96. It A = yz2i — 3xz°j + 2yzk, B = 3xi + 4zj — xyk and @ = xyz, find
@ Ax (V$y, &) (AxV)@, () (VxA)x B, (d)B-VxA.
Ans. (a) —5%y2%1 + xy%2?§ + 4xyz® k

() —5x%yz21 + xy°z%§ + 4xyz® Kk (same as ()
() 162%1 + (87yz — 12x2%)j + 32027k @) 24x%z + dxyz”

97. Find Ax(VxB) and (AxV) z'l<B at the point (1,—1,2), if A = xz°i+ 2yj—3xzk and B =3xzi+ 2yzj — K.
Ans. Ax(VxB) = 18i - 12j + 16k, (AxV)xB = 4j + T6k

98. Prove (v-V)v = 3Vo@ — vx (Vxv).

99. Prove V-(AxB) = B-(VxA) — A-(VxB).

100. Prove Vx (AxB) = (B-V)A — B(V-A) — A-VHyB + A(V-B).

101. Prove V(A-B) = B-V)A + (A-V)B + Bx(VxA) + Ax (VxB).

102. Show that A = (Bxy +2°)i + (3x® — 2)j + (3xz° — y)k is irrotational. Find ¢ such that A = Vb,
Ans. ¢ = 32y + xz° — yz + constant
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Show that E = r/r? is irrotational. Find ¢ such that E = — V¢ and such that ¢(a)=0 where a> 0.
Ans. ¢ = In(a/r)

If A and B are irrotational, prove that Ax B is solenoidal.
If f(r) is aifferentiable, prove that f(r)r is irrotational.

Is there a differentiable vector function V such that @cuwl V=r, (B)curl V=2i +j+3k? If so, find V.
Ans. (@) No, (BY V = 3xj + 2y —x)k + qu, where ¢ is an arbitrary twice differentiable function.

Show that solutions to Maxwell’s equations

1 OE 19

X = = = VX = - = , V' =0, V. = 477

VxH = > E ey H=0 E 0

where 0 is a function of x,y,z and ¢ is the velocity of light, assumed constant, are given by
E=—V¢—cl%—?, H=VxaA

where A and @, called the vector and scalar potentials respectively, satisfy the equations

2 2
(J)V'A+l%£=0, (2)V2¢~la—¢=—47r,o, (3)V2A=18A
¢ Jt

2 3 ? 32

(a) Given the dyadic & = ii+jj+kk, evaluate r-(&-r) and (r-@®)-r. (b)Is there any ambiguity in
writing r-®-r? (c) What does r-@-r = 1 represent geometrically ?

Ans. (@)re(@-1) = (r-®)-r =x°+y2+2%, (b) No, (c) Sphere of radius one with center at the origin.

@I A=xzi—9°j+yk and B = 22§ — xyj + ¥’ k, give a possible significance to (Ax V)B at
the point (1,-1,1).
(b) Is it possible to write the result as A x (VB) by use of dyadics 9
Ans. (a) —4ii~ ij + 3ik — ii — 4ji + 3kk
(b) Yes, if the operations are suitably performed.

Prove that ¢ (x,y,z) = x> +y2 +22 is a scalar invariant under a totation of axes.

If A(x,y,z) is an invariant differentiable vector field with respect to a rotation of axes, prove that (a) div A
and (b) curl A are invariant scalar and vector fields respectively under the transformation.

Solve equations (3) of Solved Problem 38 for x,y,z in terms of x',y', z'.
Ans. x = g x' + lgiy'-l- by 2, y = lox + ZQQy'+ Igpz', z = Ligx' + ngyl+ log 2’
If A and B are invariant under rotation show that A+B and AX B are also invariant.

Show that under a rotation
V:iﬁ+ji+k-a—=i'il+j'a, ’a,
x ay Oz Ox By Oz

Show that the Laplacian operator is invariant under a rotation.



