Chapter 6

ORDINARY INTEGRALS OF VECTORS. Let R(u) = Ri(u)i + Ro(u)§ + Rs(u)k be a vector depending
on a single scalar variable u, where Ry(u), Ro(u), Rg(u) are
supposed continuous in a specified interval: Then

fR(u)du = ile(u)du + ijQ(u)du + kfRs(u)du

is called an indefinite integral of R(u). If there exists a vector S(u) such that R(u) = l—l‘%(S(u)), then

fR(u)du = fj%(s(u))du = S +c

where ¢ is an arbitrary constant vector independent of u. The definite integral between limits u=a
and z=>b can in such case be written

b b 4 b
f R(u)du = f E—(S(u)) du = S@) +c| = Sk — S
a a “ a

This integral can also be defined as a limit of a sum in a manner analogous to that of elementary in-
tegral calculus.

LINE INTEGRALS. Let r(u) = x(@)i + y(u)i + z(u)k, where r(z) is the position vector of (x,y,2),
define a curve C joining points P, and P,, where u=u, and u=u, respectively.

We assume that C is composed of a finite number of curves for each of which r(x) has a contin-
wous derivative. Let A(x,y,z) = A1i +A,j + Ask be a vector function of position defined and con-
tinuous along C. Then the integral of the tangential component of A along C from P, to P,, written as

P2
f A'dl‘ = fA'dl' = fA1 dx + A.2 dy + Ag dz
P, ¢ c

is an example of a line integral. If A is the force F on a particle moving along C, this line integral
represents the work done by the force. If C is a closed curve (which we shall suppose is a simple
closed curve, i.e. a cutve which does not intersect itself anywhere) the integral around C is often

denoted by
‘{A-dr = f Ajdx + Aydy + Agzdz

In aerodynamics and fluid mechanics this integral is called the circulation of A about C, where A
represents the velocity of a fluid.

In general, any integral which is to be evaluated along a curve is called a line integral. Such
integrals can be defined in terms of limits of sums as are the integrals of elementary calculus.

For methods of evaluation of line integrals, see the Solved Problems.

The following theorem is important.

82
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THEOREM. If A=V¢ everywhere in a region R of space, defined by a1 Sx<ay, by Sy< by,
¢1 £z % c,, where ¢(x,y,z) is single-valued and has continuous derivatives in R,
then P,
1. A-dr is independent of the path C in R joining P, and P,.
Iz

2. f A-dr =0 around any closed curve C in R.
C

In such case A is called a conservative vector field and ¢ is its scalar potential.

A vector field A is conservative if and only if VxA=0, or equivalently A=V, In such case
A-dr = Aydx + Aydy + Ay dz = dob, an exact differential. See Problems 10-14.

SURFACE INTEGRALS. Let S be a two-sided surface, such as shown in the figure below. Let one

side of S be considered arbitrarily as the positive side (if S is a closed
surface this is taken as the outer side). A unit normal n to any point of the positive side of S is
called a positive or outward drawn unit normal.

Associate with the differential of surface
area dS a vector dS whose magnitude is dS and
whose direction is that of n. Then dS =n dS.
The integral

[[vo - ffanes

S

is an example of a surface integral called the
flux of A over S. Other surface integrals are

Jloss: fforss. ffree

where ¢ is a scalar function. Such integrals can
be defined in terms of limits of sums as in ele-
mentary calculus (see Problem 17).

The notation # is sometimes used to indicate integration over the closed surface S. Where

S
no confusion can arise the notation f may also be used.
S

To evaluate surface integrals, it is convenient to express them as double integrals taken over
the projected area of the surface S on one of the coordinate planes. This is possible if any line per-
pendicular to the coordinate plane chosen meets the surface in no more than one point. However, this

does not pose any real problem since we can generally subdivide S into surfaces which do satisfy
this restriction.

VOLUME INTEGRALS. Consider a closed surface in space enclosing a volume V. Then

[ wa ffou

are examples of volume integrals or space integrals as they are sometimes called. For evaluation of
such integrals, see the Solved Problems.



84 VECTOR INTEGRATION

SOLVED PROBLEMS
1. If Rw) = w—u?)i + 28°§ — 3K, find (a) fR(u) du and (b)f R(u) du .

(@) fR(U) du = f [w—u?i+ 2®j — 3k ] du

= if(u—uQ)du + jquSdu + kf-—3du

2 3 4
s B ey + i(Fted * k(3uted)

N

2 ul, . ut . . .
7—3)1 + i - 3uk + c4i + cod cak
2 3 4

= (%-—yg—)i + u?j — 3uk + c

where ¢ is the constant vector ¢;i + ced + ¢3 k.

fQ u a2 . ut . lQ
(b) From (a), A Ru)du = (7—3)1 + 51 - 3uk + ¢ N
B A A A VR
- (E-Di+Fi-s@k el — (A - Lyi+ 45 -3k +cl
. 5y 4 1y _
= 61 + 5 i 3k
Another Method.
2 2 2 2
fi Ru)du = ij‘1 (u,—-uQ)du + jfl wdu + Kk J; —3du
s w2 uB 2 cout 2 2 ~ 5. 15 .
= 1(—2——?)\1 + J(E_) li + k(—-‘&u)‘1 = —%1 + 51 3k
2. The acceleration of a particle at any time t2>0 is given by
a = Z—tv = 12cos2ti — 8sin2tj + 16tk

If the velocity v and displacement r are zero at =0, find v and r at any time.

i

Integrating, V if 12 cos 2t dt  + jf—8sin2tdt + kflStdt

6sin2ti + 4cos2ti + 8Lk + ¢

Putting v=0 when ¢=0, we find 0 - 0i +4j + 0k + ¢, and €1 = —4j.

Then v = 6sin2ti + (4cos2t—4)j + 8% k
so that % - gsin2ti + (4cos2t—4)j + 8t%k.
Integrating, T = istintht + jf(4coszt—-4)dt + kf 82 de

—3cos2ti + (2sin2¢—48j§ + %tak + e

Putting r=0 when t=0, 0 = —3i + 0j + 0k + ¢ and ¢ =31.
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3. Evaluate fA X dA

Then
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r = (3—38cos2¢t)i + (2sin2¢t~41)j + %zsk.

dt .
de?
d, . _dA d°A . dA _dA A
— =) = —= 4+ = x-= = AX—3
dt (Ax dt ) Ax de? dt ~ dt de?
dA dA
. dA - dA dA
Integrating, fo dt f 7 (A X dt)dz AX I c.

4. The equation of motion of a particle P of mass m is given by

dr

m o firyry

where r is the position vector of P measured from an origin O, r, is a unit vector in the direction r,
and f(r) is a function of the distance of P from O.

(a)

)
(e)
(d)

(a)

®

(c)

Show that r x % = ¢ where ¢ is a constant vector.

Interpret physically the cases f(r) <0 and f(r)>0.
Interpret the result in (a) geometrically.
Describe how the results obtained relate to the motion of the planets in our solar system.

2

Multiply both sides of m d = f(ryry by rx. Then

2

mrxﬁ = f(Mrxry = 0
since r and ry are collinear and so rXr; = 0. Thus
& d dr
— = —({x =Y =0
rXgp =0 e o rxg)

Integrating, r x % = ¢, where ¢ is a constant vector. (Compare with Problem 3).

2

If f(r) <0 the acceleration Z_t; has direction opposite to ry; hence the force is directed toward O and

the particle is always attracted toward O.

If f(r)> 0 the force is directed away from O and the particle is under the influence of a repulsive
force at 0.

A force directed toward or away from a fixed point O and having magnitude depending only on the
distance r from O is called a central force.

In time A¢ the particle moves from M to N (see ad-
joining figure). The area swept out by the position
vector in this time is approximately half the area of
a parallelogram with sides r and Ar, or ir x Ar.
Then the approximate area swept out by the radius

Ar
vector per unit time is 4r x =L hence the instan-

Ae’
taneous time rate of change in area is
lim zrxﬁr = rx dr = $IXV
At-0 de

where v is the instantaneous velocity of the parti-
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(d)

VECTOR INTEGRATION

cle. The quantity H = $r X % = frxv is called the areal velocity. From part (a),
Areal Velocity = H = 4rx g—; = constant

Since r-H = 0, the motion takes place in a plane, which we take as the xy plane in the figure above.

A planet (such as the earth) is attracted toward the sun according to Newton’s universal law of gravita-
tion, which states that any two objects of mass m and M respectively are attracted toward each other

with a force of magnitude F = G—ﬂ;%m , where r is the distance between objects and G is a universal

constant. Let m and M be the masses of the planet and sun respectively and choose a set of coordi~
nate axes with the origin O at the sun. Then the equation of motion of the planet is

dr CMm ir _ _GM
m—d—tg = '——‘_rQ Ty or dtQ = -—rQ T

assuming the influence of the other planets to be negligible.

According to part (¢), a planet moves around the sun so that its position vector sweeps out equal
areas in equal times. This result and that of Problem 5 are two of Kepler’s famous three laws which he
deduced empirically from volumes of data compiled by the astronomer Tycho Brahe. These laws ena-
bled Newton to formulate his universal law of gravitation. For Kepler's third law see Problem 36.

5. Show that the path of a planet around the sun is an ellipse with the sun at one focus.

o))

@

3

From Problems 4(c) and 4(d),

o _ _GM
e - T en
rxy = 2H = h
Now r = LN that
OW r=7T71I1, dt —ra—t— dtrl S0 thal
dr dr dr.
h = rxXxv = rr1><(rd—t1+ar1) = rQrixd—tl
dv GM dr
From (1), o xh = —7r1xh = -—GMrlx(rlx.#)
dr: dr. dr
= —GM L1 — a1l o= e 2t
[(ry dt)ﬁ (10 19) 7 Mdt

using equation (3) and the fact that ri- ‘f;ti = 0 (Problem 9, Chapter 3).

But since h is a constant vector, % x h = %(vx h) so that

d d
Zxh = (;Mﬁ
Integrating, vxh = GMry + p
from which r-(vxhy = GMr.ry + r-p
= GMr + ru.p = GMr + rpcost

where p is an arbitrary constant vector with magnitude p, and & is the angle between p and ry.

Since r-(vxh) = exv)-h = h-h = h2, we have K% = GMr + rp cos g and
B K2/GM

r = =

GM +p cos & 1+ (p/GM) cos O
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From analytic geometry, the polar equation of a conic
section with focus at the origin and eccentricity € is

a N . .
r=_———; where a is a constant. Comparing this
1+€cos O paring

with the equation derived, it is seen that the tequired
orbit is a conic section with eccentricity € =p/GM.

87

¥

Planet

r

%

The orbit is an ellipse, parabola or hyperbola accord-
ing as € is less than, equal to or greater than one.
Since orbits of planets are closed curves it follows
that they must be ellipses.

Ellipse r =

LINE INTEGRALS

6.

CO |

—a
1+ €cosf

If A= (3x2+6y)i — l4yzj + 20xz2k, evaluate f A-dr from (0,0,0) to (1,1,1) along the follow-

ing paths C: c

(@) x =i, y =12, z2=1°,

(b) the straight lines from (0,0,0) to (1,0,0), then to (1,1,0), and then to (1,
(¢) the straight line joining (0,0,0) and (1,1,1).

1,1y,

f A-dr = f[(3x2+sy)i— 14yzj +20x22k ] «(dxi + dyj + dzk)
c c

f(3x2+6y) dx — ldyz dy + 20xz°dz
fal

(@) If x=¢, y=¢7, z=1°, points (0,0,0) and (1,1,1) correspond to £= 0 and =1 respectively. Then

1
j(;A-dr = f (B +6%)de — 142 (®) d(®) + 20)(°)? d(i)

=0
1
= 92 dt — 288 dr + 60° di
t=0
1 1
= (9°—28:5+60°) dr = 3F — 4 + 6| = 5
o]
=0

Another Method.

Along C, A = 91— 14:°1 + 20k and r=2xi+yj+zk =i +22j +°k and dr = (i +2¢f +3:2K) ds.

1
Then fA-dr = f(9t2i—14t5j+20t7k)-(i+2tj+3t2k)dt
¢ t=0
1
= f (92 — 28° + 60:°yd: = 5
(o]

(b) Along the straight line from (0,0,0) to (1,0,0) y=0, z2=0, dy=0,dz=0 while x varies from 0 to 1. Then

the integral over this part of the path is

1 1 1
f (35%+6(0)) dx ~ 14(0)(0)(0) + 20x(0)2(0) = f 3% dx = «° , -1

xX=0 x=0

Along the straight line from (1,0,0) to (1,1,0) %=1, z=0,dx=0,dz=0 w

hile y varies from 0 to 1.

Then the integral over this part of the path is T——

1
(3(1°+6y)0 — 14y(0ydy + 20(1)(02 0 = 0

=0
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Along the straight line from (1,1,0) to (1,1,1) x=1,y=1,dx=0,dy=0 while z varies from 0 to 1.
Then the integral over this part of the path is

1 1 5 P 0
(317 +6(1)) 0 — 14(1) 2(0) + 20(1) 22 dz = f 20z2dz = 032 - ?0
2=0 20
Adding, f Adr = 1 + 0 + % _ _2_33
c

(¢) The straight line joining (0,0,0) and (1,1,1) is given in parametric form by x=¢,y=¢t, z=¢. Then

I

1
f A-dr f (32 +60) de — 14(0)(0) de + 20(0)(¢) de
c

=0
t * 13
= f 32+ 6t — 142 +206°) dr = f (6t —117+2060)dt = 3
= #20

=. Find the total work done in moving a particle in a force field given by F = 3xyi — 5zj + 10xk
along the curve x =2+1, y = 22, z=t° from t=1 to ¢=2.

Total work = fF-dr = f(3xyi—5zj+10xk)-(dxi+dyj+dzk)
C C

vy dx — 5z dy + 10x dz

M(H

32 +1)(22) d(P+1) — 5(E)d@2®) + 107 +1)d(°)

t

1
—

(12¢° + 106* + 126° + 306y dt = 303

2
1
8. If F=3xyi —y”j, evaluate f F-dr where C is the curve in the xy plane, y = 2x*, from (0,0)
to (1,2). c

Since the integration is performed in the xy plane (2=0), we cantake r = xi + yj. Then

f F-dr
C

f (3xyi—y2j)-(dxi +dy i)
c

f 3xy dx — y2 dy
c

First Method. Let x=¢t in y=2Z. Then the parametric equations of C are x=¢,y= 2t°. Points (0,0) and
(1,2) correspond to t=0 and t=1 respectively. Then

1 1
fF-dr = 3()(262) de — (267 d(2%) = f (62—16:%) ds = _.;’_
¢ o 20

Second Method. Substitute y= 2x° directly, where x goes from 0 to 1. Then
1 1
fF.dr = f 3p(w?ydx — (22 d(A) = f (6x°—162")dx = _%

C xX=0 ©=0

Note that if the curve were traversed in the opposite sense, i.e. from (1,2) to (0,0), the value of the integral
would have been 7/6 instead of — 7/6.
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9. Find the work done in moving a particle once around a circle C in the xy plane, if the circle has
center at the origin and radius 3 and if the force field is given by

F = (2¢ —y +2)i + (x+y-—22)j + (3x — 2y +42)k

In the plane z=0, F = (2« =i+ (x+y)j+ (Bx—2y)k and dr =dxi +dyj so that the work done is

f F-dr
c

f [(2x—y)i + (x+y)i + Bu—2)k] - [dxi + dyj)
¢

f (2x—y)dx + (x+y) dy
C

Choose the parametric equations of the circle as x= 3cos t, y=3sint
where ¢ varies from 0 to 27 (see adjoining figure). Then the line integral
equals

277

[2(3cos ) — 3sins] [—3sine]de + [3cose + 3sint] [3cose] ds

=0 ¢

21 9 277 .
= f (9 — 9sintcost)dt = 9 —~ 5 sin”: ’ = 181
o o)

In traversing C we have chosen the counterclockwise direction indicated
in the adjoining figure. We call this the positive direction, or say that C
has been traversed in the positive sense. If C were traversed in the clock-
wise (negative) direction the value of the integral would be — 1871,

r=xi+yj
=3costi+3sintj

10. (@) If F =V, where ¢ is single-valued and has continuous partial derivatives, show that the
work done in moving a particle from one point P = (xay, ¥1,Z4) in this field to another point
P, = (x,, ¥2, 22) is independent of the path joining the two points.

(b) Conversely, if F-dr is independent of the path C joining any two points, show that there
C
exists a function ¢ such that F=Ve,
P, P,
f : F.-dr = z V- dr
_ f Boap. . 3

S i+="J+=5"Kk) -(dxi +dyj +d
5 (Bxl —ayJ Py Y« (dxi yi zk)

B 3p ¢ o9
Ll gdx + ady + gdz

(a) Work done

"

B
fP db = PP ~ DP) = Proys,20) — Plraaye,z)
1

Then the integral depends only on points P; and P, and not on the path joining them. This is true
of course only if ¢ (x »¥,2) is single-valued at all points Py and P,.

(b) Let F = Fji + Ej + F;k. By hypothesis, f F-dr is independent of the path C joining any two
c
points, which we take as (x4, ¥4, z,) and (x,y,z) respectively. Then

(x.y,2) (®:y,7)
dx,y,z) = F-dr = f Fidx + Fody + Fydz

(xllyiyzi) (xi,}’1:21)

is independent of the path joining (%1,¥1,21) and (x,y,z). Thus
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(x+Ax’y’z) (x'y’z)
f F-dr — F-dr
(%1, Y1 z1)

(%1, 71, 21)
(xi,)’L zi) <x+Axyy»z)
F-dr + f F-dr
(x,}'»z) (xis Y1, zi)

(x+lx,y,2) (x+Ax,y,2)
= f F-dr = Fidx + Fody + Fdz
(x%,y,2) (x,y,2)

¢(x+Ax, Y, Z) - (nb(xry'z)

1l

Since the last integral must be independent of the path joining (x,y,z) and (x+Ax,y,z), we may choose
the path to be a straight line joining these points so that dy and dz are zero. Then

Fl dx

& (x+x, y, z) — P(x,y,2) _ 1 f(x‘l'Ax’Y:Z)
Lec (x,5,2)

9
Taking the limit of both sides as /\x—0, we have é% =F.

9 9
Similarly, we can show that E =F, and —é = F;.
S 3z

9%

3 e
Then F = Fji+Fj+ Kk = gi +§z—5j +§Z§k = Vo.
Fo

If f F-dr is independent of the path C joining P; and P,, then F is called a conservative field.

Py
follows that if F= qu then F is conservative, and conversely.

Proof using vectors. If the line integral is independent of the path, then

11. (@)
)

(@)

%)

(x,y,z) (xJ-Z)
dx,y,z) = f Fedr = f F-% ds
. (xlsylv zl) (xlr Y1 zl) s

. . dp _ . dr dp _
By differentiation, —— = F. - But = = V-

dr
ds

so that (V(]‘)—F)-Z—E = 0.

Since this must hold irrespective of % , we have F= qu.

If F is a conservative field, prove that curlF=Vx F =9 (i.e. F is irrotational).
Conversely, if VxF=0 (i.e. F is irrotational), prove that F is conservative.

If F is a conservative field, then by Problem 10, F= ng.
Thus curlF = Vx Vg = 0 (see Problem 27(a), Chapter 4).

i j k
VxF= 9 9 9.
If VXF=0, then A ay 3 0 and thus
Fy F, Fs
ay T %z 9z  ox % ay

We must prove that F= Vqﬁ follows as a consequence of this.

The work done in moving a particle from (x4, y1, 21) to (%,¥,2z) in the force field F is

It
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f Fix,y,zydx + Fo(xy,z)dy + Fy(x,y,z) dz
C

where C is a path joining (x,v,z;) and (x,y.2z). Let us choose as a particular path the straight (ine

segments from (x4, 74, z4) to (*,¥1,21) to (x,y,24) to (x,7,2z) and call P (x,y,2) the work done along this
particular path. Then

X y zZ
Dxy,2) = f Fi(x,y1,20) dx +f Fo(x,y, 21) dy +f Fy(x,y,2) dz
X1 Y1 29

It follows that

99

’az = FS(xvyrz)

9¢

z JE
F =2 (x,y,2)d
ay 2(’%%21) + L ’ay (xyz) z

1

z
= F(x,y,24) +f a—FQ(x,y,z)dz
2. O

. z
4
= Bx,y,z)) + FBxy,z2) !z = Bloy,z) + Bxy.z) — Fa,y,z)) = Fy(xy,z)
1

0 Y OF Z OF,
% = Fi(x’yi»zl) + f 'a—2<x'y9zl) d}’ + f f(xvytz)dz
Y Zq

X X
1

y Z 9
= Fi(x,y4,29) +f %ﬁ(x,y,zi)dy + f B—F1<X.y,2)dz
noY z, 9%

1 1

Yy r4
= Fl(xryl’zi) + F1(x,y,21)l + F1(x:}’,z)’
yj_ zi

= Fi(x,y1,29) + Fi(x,y,2;) — Fi(x,y1,21) + Fi(x,y,2) ~ Fi(x,y,29) = Fi(x,y,2)
0 o o
Then F = FRi+FKj+FRhk = jéi+a—¢j+—k = Vo,
o y z

Thus a necessary and sufficient condition that a field F be conservative is that curlF = VxF = 0.

12. (a) Show that F = (2xy +z°)i + x®j + 3x2°Kk is a conservative force field, (b) Find the sca-
lar potential. (c¢) Find the work done in moving an object in this field from (1,—-2,1) to (3,1,4).

(2) From Problem 11, a necessary and sufficient condition that a force will be conservative is that

curlF = Vxp = ¢,

i J k
9 e o)
N Vx = = = = = 0.
ow F % 3 o
2y + 2% A2 3xz2

Thus F is a conservative force field.,
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(b) First Method.

9., op

e
By Problem 10, F = VqS or =—1i+="1] +—¢k = (2xy+zs)i +x2j + 3xz° k. Then
xS

(I) g—f = 2y +2° 2 2—;7’6 = %2 (3) g-%b = 3x2°

Integrating, we find from (I), (2) and (3) respectively,
gb = x2y + xz° 4 fy,2)

<,‘Z5 = ny +  g(x,2)

@

W

xz° + h(x,y)

These agree if we choose f(y,2) =0, g(x,2) = xz°, hix,y) = %’y sothat ¢ = x2y +x2° to which may
be added any constant.

Second Method.

Since F is conservative, f F-dr is independent of the path C joining (x1,y1.21) and (x,y,2).
C
Using the method of Problem 11¢b),

x y
Plxy,z) = f (2xyy + 77) dx +f
x

F4
2 dy + f 3xz” dz
1 Y1 Z1

= (x2y1+xzf) 19;1 + ny \:,1 + xzsl

Zq
2 3 2 3 2 2 3 3
= x + xz x - x 2 + x — + x —
N 171 171 y Y z X2y
2 2 3 3
= x“y + =xz %Y, X,z = ny + xz°~ + constant

Third Method. Fedr = Vipedr = %dx + —’aisdy + @dz = do
3 3y 3z

Then dp = Fedr = (2xy +2%)dx + x2dy + 3xz2dz
= (2xy dx +x2 dyy + (2% dx + 3xz2 dz)
= d (ny) + od®y = d(ny +xz°)

and @ = %y + xz°

P
F.dr
P,

1

+ constant.

(¢) Work done

I

I3
f (2cy +2%)dx + x2dy + 3xz2 dz
Py

P2d2 3, _ .2 SPQ_ 2 3
(x“y+xz") = x°y t+xz —xy+xz‘
A A

Another Method.
From patt (), @ (x,y,2) = %’y + xz° + constant.

Then work done = @(3,1,4) — ¢(1,—-2,1) = 202.
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Fp
Prove that if F.dr is independent of the path joining any two points P, and P, in a given
B

region, then f F-dr = 0 for all closed paths in the region and conversely.

Let PyAP,BP; (see adjacent figure) be a closed curve. Then

A
f Fedr = f Fedr = f Fedr + f Fedr @
PyAR,BP, P AR, P,BR,
= f Fedr — f Fdr = 0
P 4B, P BE,

since the integral from Py to P, along a path through 4 is the same as
that along a path through B, by hypothesis.

Conversely if >fF-dr = 0, then

f Fedr = fF-dr + f Fedr = f Fedr -— fF-dr = 0

Py 4B, BP; P 4P, E,BR P AP, P, BP,
so that, f Fedr = f F-dr.
P AR, B,BB

(a) Show that a necessary and sufficient condition that Fidx + Fo dy + F; dz be an exact differ-
ential is that VxF = @ where F = Fji + F,j + F,k.

(b) Show that (y2z° cosx — 4x%z) dx + 22%y sinx dy + (3y?z2 sinx — x*) dz is an exact dif-
ferential of a function ¢ and find ¢.

L L]
(@) Suppose Fydx + F,dy + Fydz = dpp = a_Qde + é—?dy + g—izbdz, an exact differential. Then
x Y

since %,y and z are independent variables,

e L L
Fl" xa F2_ 'ay: F3_ az
and so0 F=F11+F2j+F3k=§—ibi+—g—;—bj+g—?k=v¢. Thus VxF =VxVp =g,

Conversely if VxF =0 then by Problem 11, F=V¢ and so F-dr= Vé-dr = dp, i.e.
Fidx + Fody + F3dz = d¢b, an exact differential.

%) F = (sz’3 cosx — 4x32)i + 2zsy sinxj + (3y2z2 sinx —x4)k and VxF is computed to be zero,
so that by part (a)

3

2z cosx —4x°z)dx  + 2%y sinx dy + (3y°z% sinx —x*)dz = dop

By any of the methods of Problem 12 we find ¢ = y?z% sinx — x*z + constant.

Il

Let F be a consetvative force field such that F —VqS. Suppose a particle of constant mass m
to move in this field. If 4 and B are any two points in space, prove that

b4y + zlva2 = PB) + amy}

where v, and v, are the magnitudes of the velocities of the particle at 4 and B respectively.
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mas mir dr o dr dr _m o d drp

F = ma= mdt2 . Then F 7 mdt I S dt( t) .
B B

i . = m 2 = l 2 -l- 2

Integrating, L F-dr o lA 5MVp MYy -
B B B

I F=-Vo, F-dr = — V-dr = — dp = PA) — PB).
A A A

Then @A) — PBY = émv; - %mvj and the result follows.

@ (A) is called the potential energy at A and %mzf is the kinetic energy at 4. The result states that
the total energy at A equals the total energy at B (conservation of energy). Note the use of the minus sign

in F=-Vo.

16. If ¢ = 2xyz2, F=axyl—zi+ %>k and C is the curve x=t2,y=2t, z=t> from t=0 to t=1,
evaluate the line integrals (a) f ¢ dr, (b) f Fxdr.
C C

<]

(@) AlongC, ¢ wyz2 = 2022V = 4,

xi+yj+zk = £i+2i+ k, and

dr = (i + 2 +3°Kde. Then

1
fqﬁdr = f 4P(20i + 2§ + 3% k) de
c

t=0
1 1 1 8 4

= if 8 0de + j 8:°d: + k 1ftd = 2i +3i+k
o 5 o i1 5

() AlongC, F=xyi—zj+x°k= 9%%i - 2§+ k.

L]
"

Then Fxdr = (281 — 5+ 7K x (2i+ 2§+ 32 k) dt
i j k
e @ A la = [af-ahi o+ @f—e)i @ +2ryk] de
2 2 3F
1 1 1
and Fxdr = if (—35—2*yde + jf (-4t2ydt  + kJ- (a®+2r*y de
(4] (e} o] 0
9. _ 2. .01
= —30l 3d t gk

SURFACE INTEGRALS.

17. Give a definition of jf A.n dS over a surface S in terms of limit of a sum.
S

Subdivide the area S into M elements of area AS¢ where p=1,2,3,..., M. Choose any point Pﬁ within
ASﬁ whose coordinates are (xP’yﬁ’zﬁ)‘ Define A(azp,y¢,2¢) = Aj-,. Let “¢ be the positive unit normal to

Asﬁ at P. Form the sum



18.

19.
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M
2, Apmp by
p=1

where Ap-n;b is the normal component
of Ap at P¢.

Now take the limit of this sum as
M~ in such a way that the largest di-
mension of each AS¢, approaches zero.
This limit, if it exists, is called the
surface integral of the normal compo-

—Y

nent of A over S and is denoted by
ff A-ndS Ax, Ay
S PP

Suppose that the surface S has projection R on the xy plane (see figure of Prob.17). Show that

ffA-na’S = {fA-nlli::—':lll

S

By Problem 17, the surface integral is the limit of the sum

.4
(H 2 Aﬁ.n¢ASp
p=1
The projection of Asﬁ on the xy plane is ’(% ASﬁ)-k' or ’nb-kl ASb which is equal to A"‘ﬁ Ayﬁ
sothat AS, = —? P Thyg the sum (1) becomes
P I n,-k '
X Aoy
op —2
@ 2 Aﬁ " Tn “k |
p:i ﬁ

By the fundamental theorem of integral calculus the limit of this sum as M—~o in such a manner that
the largest Axﬁ and Ayyb approach zero is

[ i Arn o

and so the required result follows.

Dy,
Strictly speaking, the result AS, = —p7b is only approximately true but it can be shown on closer
ﬁ I nﬁ +k I

examination that they differ from each other by infinitesimals of order higher than Axi, Ayﬁ ,» and using this
the limits of (1) and (2) can in fact be shown equal.

Evaluate ff A-n dS, where A = 18zi — 12j + 3yk and S is that part of the plane
N

2% +3y +6z = 12 which is located in the first octant.

The surface S and its projection R on the xy plane are shown in the figure below.
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From Problem 17,

"
%
k‘ﬁ
»

=

= |E
fall Ny

[f anes

S R

To obtain n note that a vector perpendicular to the surface 2x +3y +6z = 12 is given by V(ox+3y+62) =
9i + 3j + 6k (see Problem 5 of Chapter 4). Then a unit normal to any point of S (see figure above) is

i+3j+6k
n = _2_1—3_J_6— = %_1 + %] + %k
/22+32+62
Thus mk = (2i+3j+8K-k = & andso dxdy | 14,4
U L T lmk| - 8%
_ ) . 2. .3..6, _ 362-—36+18 _ 36— 12
Also A-m = (1821—12]+3yk)~(71+71+7k) = = "
12 — 2x — 3
using the fact that z = __6____}' from the equation of S. Then
AndS = An EE (36 =126y 7 4y gy = (6 — 2x) dx dy
|n-k| ki 6
N R R R

To evaluate this double integral over R, keep x fixed and integrate with respect to y from y=0 (P in

the figure above) to y = —1—2—5—2—’6 (Q in the figure above); then integrate with respect to x from x=0 to
%=6. In this manner R is completely covered. The integral becomes
6 (12~ 2x)/3 6 4x?
(68— 2x)dy dx = (24 — 12x +T)dx = 24
x=0 y=0 x=0

If we had chosen the positive unit normal n opposite to that in the figure above, we would have obtained
the result —24.

20. Evaluate ff A-ndS, where A = zi +xj — 3y?zk and S is the surface of the cylinder
N

x?+y2=16 included in the first octant between z=0 and z=5.

Project S on the xz plane as in the figure below and call the projection R. Note that the projection of
S on the xy plane cannot be used here. Then
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S R
A normal to % +y” = 16 is V(x2+y2) = 2xi+2yj. e
Thus the unit normal to S as shown in the adjoining [\"
figure, is [
b
n = 261+ 2] _ oxityj [
V(Y +(2y) 4 :
since x?+y” =16 on 5. e
. s (2
_ . s a2 xi+yj _ l \
Aen = (zi+xj—3yzk). ( 1 )y = 4(xz-Hcy) <
Lo xityd oy
nej = —‘*4 ] 4"
Then the surface integral equals
N 5 4 5
ﬂudxdz = (— 22 +x)dcdz = f (4z +8ydz = 90
Y \/16—--x2
R z=0 x=0 z=0

21. Evaluate ff ¢ndS where ¢ = %xyz and S is the surface of Problem 20.

S
We have f dndS = ff anM
[n-j]
S R
. xityj .y . ; .
Using n = g +Mi=7 asin Problem 20, this last integral becomes
5 4
ﬂ%xz(xi+yj) dx dz = % f f (x2zi+xz1/16—x2j)dxdz
r z=0 x=0
5
= g f (%zi+§-3ézj)dz = 1001 + 100j
z=0

22. I F=yi+(x—2v2)j—xyk, evaluate ff (VxF).n dS where S is the surface of the sphere

S
x%+y2+22 = a® above the xy plane.
i i
VxF = i ‘ i g = i j -
o Y o | | FRryimEh

¥y x—2xz —xy

Anormal to %+ + 2% = o2 is

V(x2+y2+22) = 2xi+ 2yj + 2zk
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Then the unit normal n of the figure above is given by

ai+2yi+2zk _ xityjtzk
Viax?+4y®+42° a

n =

: 2, .2
since x2+y +22 = d°,

The projection of S on the xy plane is the region R bounded by the circle x2+y2 = a2,

ure above). Then

ff(VxF‘)-n ds = f (VxF).n dx dy
| n-k|
S R

. . xi+yjtzk dxdy
ff(xl+y]~22k)'( a ) z/a
R

x
f f 3¢ +y”) — 24° dy dx
Q_xQ__yQ

y==- Va2 -2

z=0 (see fig-

n

using the fact that z = Va®—x®—y2. To evaluate the double integral, transform to polar coordinates (0, o)
where x = 0 cos @, y =p sing and dydx isreplaced by o dp d¢p. The double integral becomes

27 a 2m 3(/O —a )+a
f p dp dp = f f P dp dp
/aQ /02

$=0 p=0 »=0 p=0

[ i

2m a
) f (@ _ a2/ ;pzo] dop
$=0

)dp dp

23. If F=4dxzi —y°j +yzk, evaluate ff F.ndS

where S is the surface of the cube bounded by x=0,
x=1, y=0, y=1, z=0, z=1.

Face DEFG: n=i, x=1. Then

1 1
ﬂF-ndS = ff (4zi—y2j+yzk)-idydz
0 *¥0
DEFG
1 1
= ff 4z dydz = 2
0 %0
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Face ABCO: n=—1i, x=0. Then
11
IfF‘-ndS = ff (—-y2j+yzk)-(—i)dydz
o Yo
4BC0
Face ABEF: n=j,y=1. Then
1,1
ij-nds = ff (dxzi—j+zKk)-jdxdz
o Yo
ABEF
Face OGDC: n=~—j, y=0. Then
1 p1
ﬂF-ndS = ff (4xzi)« (—j)dxdz = 0
o0 Yo
0GDC
Face BCDE: n=Kk, z=1. Then
1,1
ﬂF-ndS = ff (4xi-—-y2j+yk)-kdxdy
o Yo
BCDE
Face AFGO: n=—k, z=0. Then
1,1
\/]‘F-ndS = ff (—yQJ')-(—k)dxd}’ = 0
o Yo
AFGO

Nl—=

Adding, ﬂF-n ds 2+ 0 + (=1) +0 +

N

24. In dealing with surface integrals we have restricted

Give an example of a surface which is not two-sided.

Take a strip of paper such as ABCD as shown in
the adjoining figure. Twist the strip so that points 4 and
B fall on D and C respectively, as in the adjoining fig-
are. If n is the positive normal at point P of the surface,
we find that as n moves around the surface it reverses
its original direction when it reaches P again. If we
tried to color only one side of the surface we would find
the whole thing colored. This surface, called a Moebius
strip, is an example of a one-sided surface. This is
sometimes called a non-orientable surface. A two-sided
surface is orientable.

VOLUME INTEGRALS

25. Let ¢»=45x2y and let V denote the closed region

y=0, z=0. (a) Express

99

0

no oo

ourselves to surfaces which are two-sided.

bounded by the planes 4x +2y+z =8,x=0,
¢ dV as the limit of a sum. (b) Evaluate the integral in (a).
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Subdivide region ¥V into M cubes having volume
A, = Loy Dyy Dz k=1,2,..., M as indicated 2
in the adjoining figure and let (x ,yk,zk) be a
point within this cube. Define qb(xk,yk,zk) =
¢, Consider the sum

M
() 2 Ppln
k=1

DW= lnlnle

taken over all possible cubes in the region.
The limit of this sum, when M- in such a
manner that the largest of the quantities Aﬁa
will approach zero, if it exists, is denoted by

f f @ dV. It can be shown that this limit
4

is independent of the method of subdivision if
¢ is continuous throughout V.

In forming the sum (I) over all possible cubes in the region, it is advisable to proceed in an order-
ly fashion. One possibility is to add first all terms in (I) corresponding to volume elements contained
in a column such as PQ in the above figure. This amounts to keeping x;, and y, fixed and adding over
all zk’s. Next, keep x, fixed but sum over all yk's. This amounts to adding all columns such as PQ
contained in a slab RS, and consequently amounts to summing over all cubes contained in such a slab.
Finally, vary x. This amounts to addition of all slabs such as RS.

In the process outlined the summation is taken first over z's then over ¥y's and finally over x}’s .
However, the summation can clearly be taken in any other order.

The ideas involved in the method of summation outlined in (a) can be used in evaluating the integral.
Keeping x and y constant, integrate from z=0 (base of column PQ) to z = 8—4x— 2y (top of column
P(Q). Next keep x constant and integrate with respect to y. This amounts to addition of columns having
bases in the xy plane (z=0) located anywhere from R (where y=0) to S (where 4x+2y=8 or y=4-—2x),
and the integration is from y=0 to y=4-2x. Finally, we add all slabs parallel to the yz plane, which
amounts to integration from x=0 to x=2. The integration can be written

2 4-2x 8-4x -2y 2 4=2%x
f f f 45%°y dz dy dx 45 f f Ky (8—dx—2) dydx
z=0

i

x=0 y=0 x=0 y=0
2
= 45 f %xQ(Ll—Zx)B dx = 128
x=0

Note: Physically the result can be interpreted as the mass of the region V in which the density o)
varies according to the formula ¢ =452y .

26. Let F = 2xzi—«xj + ygk. Evaluate fff F dV where V is the region bounded by the sur-

14

faces x=0, y=0, y=6, z=x°, z=4.

The region V is covered (a) by keeping x and y fixed and integrating from z=x" toz=4 (base to top of

column PQ), (b) then by keeping x fixed and integrating from y=0 to y=6 (R to S in the slab), (c¢) finally

integrating from x=0 to x =2 (where z=x2 meets z= 4). Then the required integral is
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2 6y 2 bl 26y
lfff 2%z dzdydx — jf ff x dzdydx + kfff y?2 dzdydx
0vo Jx? 0 Yo Yx? 0 Yo Jx2

x

1281 ~ 24§ + 384k

27. Find the volume of the region common to the intersecting cylinders x?+y? =a2 and x%+2% = a2,

Required volume = 8 times volume of region shown in above figure
a a?-x? a?=x?
8 f f f dz dy dx
Va2 -2

x=0 ¥=0 z=0
a a 3
8 f Va?—x® dydx 8 f (a2—x2)dx = 16;

x=0 y=0 x=0
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

VECTOR INTEGRATION

SUPPLEMENTARY PROBLEMS
If R@t) = (3t2—0)i +(2—60)j — 4¢k, find (a) fn(z) dt and (b) j: R(t) dt .

Ans. (@) (2—tFDi + (26—3t2)j — 22k + ¢ (b) 501 — 32j — 24k

/2
Evaluate f (3 sinui + 2 cosuj)du Ans. 3i+ 2j
0

r2 2
If AQ) = ti—t2j+ (¢~ 1Dk and B() = 2:21i + 6tk, evaluate (a)f A-B dt, (b)f AxB dt.
40, , 64 0 0

Ans. (@) 12 (b) —241 — ?] + —s'k
2 z

Let A=ti-—3j+2tk,B=i— 2j+2k,C=3i+tj—k. Evaluate (a)f A-BxC dt, (b)f Ax(BxC) dt.
1 1

87, 44, ., 15
Ans. @) 0 (®) -5i-73] + 2k

The acceleration a of a particle at any time ¢ 2 0 is given by a= e_ti —6(¢+1)j + 3 sint k. If the veloc-
ity v and displacement r are Zero at £=0, find v and r at any time.

Ans. v = (1— e Pyi — (32+60)j + (3 —3cosk, I = (t—1+6hi — (B+32)) + (3t—3 sinn)k

The acceleration a of an object at any time ¢ is given by a = —gj, where g is a constant. At t=0 the ve-
locity is given by Vv = vpCOS Bqi + vosin 6,3 and the displacement r=0. Find v and r at any time ¢ > 0.
This describes the motion of a projectile fired from a cannon inclined at angle B with the positive x-axis
with initial velocity of magnitude vo.

Ans. v=vpcos0oi + (vosinbo—gH)i, = (v cosBti + [(vosinbo)t — sgi2]i

3
Evaluate f A-%‘ de it AQ@) =2i—j+2k and A(3) = 4i— 2j +3k. Ans. 10
2

Find the areal velocity of a particle which moves along the path r = a cos W? i + bsinwtj where a,b,w
are constants and ¢ is time.  Ans. zebwk

Prove that the squares of the periods of planets in their motion around the sun are proportional to the cubes
of the major axes of their elliptical paths (Kepler’s third law).

A= (+3)i +xzi + (yz—x)k, evaluate f A-dr along the following paths C:
C

(@) x =262, y =t, z=1° from t=0 to ¢=1,

(b) the straight lines from (0,0,0) to (0,0,1), then to (0,1,1), and thento (2,1,1),

(c) the straight line joining (0,0,0) and (2,1,1).

Ans. (a) 288/35 (bY10 ()8

I F = (5xy-6x2)i + (2y —4x)j, evaluate f F-dr along the curve C in the xy plane, y=x3 from the
point (1,1) to (2,8). Ans. 35 ¢

I F = (2x+y)i + (3y —x)j, evaluate f F-dr where C is the curve in the xy plane consisting of the
¢

straight lines from (0,0) to (2,0) and then to (3,2). Ans. 11

Find the work done in moving a particle in the force field F = 3x%i + (2xz—y)} + 2 k along
(a) the straight line from (0,0,0) to (2,1,3).

(b)the space curve x =262,y =, 2 =4¢2—¢ from t=0 tot=1.

(c) the curve defined by x2=4y, 3x®=8z from x=0 to x=2.

Ans. (@) 16 (b) 14.2 (c) 16
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Evaluate f F-dr where F = (x—3y)i + (y—2x)j and C is the closed curve in the xy plane, x =2cost,
¢
y =3sin¢ from ¢=0to t=27. Ans. 67, if C is traversed in the positive (counterclockwise) direction.

If T is a unit tangent vector to the curve C, r=r(u), show that the work done in moving a particle in a force

field F along C is given by f F-T ds where s is the arc length.
¢

I F = (2x +y2)i + (3y —4x)j, evaluate f F-dr around the triangle C of F’iéure 1, (a) in the indicated
C

direction, (b) opposite to the indicated direction. Ans. (@) —14/3 (b) 14/3
~4(1,1)

-y = 22

Fig. 1 Fig.2

Evaluate f A-dr around the closed curve C of Fig.2 above if A = x=y) +(x+y)i. Ans. 2/3
c

¥ A= (y—2x)i + (3x+2y)j, compute the circulation of A about a circle C in the xy plane with center at
the origin and radius 2, if C is traversed in the positive direction. Ans. 8717

@)If A= (4xy—3x222)i + %% — 22k, prove that f A-dr is independent of the curve C joining
c

two given points. (b) Show that there is a differentiable function ¢ such that A = Vb and find it.
Ans. (b) ¢ = 22y — x®2% + constant

(a) Prove that F = (yQ cosx + zs)i + (2y sinx — 4)j + (3xz2+2)k is a conservative force field.
(b) Find the scalar potential for F.

(c) F'ind the work done in moving an object in this field from (0,1,-1) to (71/2,—1, 2).

Ans. (b) ¢ = y®sinx + xz° — 4y + 2z + constant () 15 + 477

4
Prove that F = r?r is conservative and find the scalar potential. Ans. ¢ = _r4_ + constant

Determine whether the force field F = 2xzi + (x®—y)j + (22 —x2)k is conservative or non-conservative.
Ans. non-conservative

Show that the work done on a particle in moving it from 4 to B equals its change in kinetic energies at
these points whether the force field is conservative or not.

Evaluate f A-dr along the curve x2+y2 =1, z=1 in the positive direction from (0,1,1) to (1,0,1) if
(84 e ——
A= (yz+20)1 + wzj + (xy +22)k.  Ansi 177

e o yen

(a)If E=rr, is there a function ¢ such that E=—V? If so, find it. (b) Evaluate f E«dr if C is any
¢
3
simple closed curve. Ans. (a) qS = — % + constant (6) 0
Show that (2r cosy +z siny)dx + (xz cosy —x%siny)dy + x siny dz is an exact differential. Hence
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solve the differential equation (2x cosy +z siny)dx + (xz cosy — %2 siny)dy + x siny dz = 0.
Ans. x2cosy + xz siny = constant

54. Solve (a) (e~ +3x%y?)dx + (2%y —xe ™) dy = 0,
() (z —e Fsiny)dx + (1 +e Xcosy)dy + (x—8z)dz = 0.

Ans. (a) xe~Y + x%y2 = constant (b) xz + e Fsiny +y — 4z% = constant

55. If ¢ = 2xy2z + x°y, evaluate f ¢ dr where C
c

(a) is the curve x=t, y=¢2, z=¢> from ¢=0 to =1
(b) consists of the straight lines from (0,0,0) to (1,0,0), then to (1,1,0), and thento (1,1,1).

19, ., 11, . 7 1.
Ans. (a) El+15“+77k (b)2_]+2k

56. f F = 2yi — zj +xk, evaluate f Fxdr along the curve x =cost, y =sint, z = 2 cost from ¢=0
4

to t=7/2. Ans. (2 —?{)i + (T — B)i

57. 1f A = 3x+y)i —xj + (y—2)k and B = 2i —3j +k, evaluate f (AxB)x dr around the circle in the
¢
xy plane having center at the origin and radius 2 traversed in the positive direction. Ans. 4m(7i+3))

58. Ewvaluate ff A-n dS for each of the following cases.

S
(@) A = yi + 2¢j — zk and S is the surface of the plane 2x +y = 6 in the first octant cut off by the plane
z=4.
() A = (x+y2)i — 2xj + 2yzk and S is the surface of the plane 2x+y +2z = 6 in the first octant.
Ans. (a) 108 (b) 81

59. If F = 2yi — zj +x2k and S is the surface of the parabolic cylinder y®=8x in the first octant bounded

by the planes y =4 and z=6, evaluate ﬂ F-ndS. Ans. 132
S

60. Evaluate If A-n dS over the entire surface S of the region bounded by the cylinder x+z%2=9, x =0,

N
y=0, z=0 and y=8, if A = 621 + (2x+y)j — xk. Ans. 1877

61. Evaluate [fr-n dS over: (a) the surface S of the unit cube bounded by the coordinate planes and the

S
planes x=1, y=1, z=1; (b) the surface of a sphere of radius a with center at (0,0,0).
Ans. (a)3 (b) 47a®

62. Evaluate ﬂ A-n dS over the entire surface of the region above the xy plane bounded by the cone

N
z2 = x2+y? and the plane z=4, if A = 4xzi + xyz2j + 3zk.  Ans. 3207

63. (a) Let R be the projection of a surface S on the xy plane. Prove that the surface area of S is given by

ff‘ﬁ + (%i)Q + (%::)2 dxdy if the equation for S is z = f(x,¥).
R
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65.

66.

67.

68.

69.

70. If F =
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/—F) Mmidcal
(b) What is the surface area if S has the equation F(x,y,2)=0? Ans. ﬂ |8 l dx dy
F
Jz

Find the surface area of the plane x +2y +2z =12 cut off by: (a) x=0,y=0,x=1, y=1; (b) x=0,y=0,
and x?+y°=16. Ans. (a) 3/2 (b) 677

Find the surface area of the region common to the intersecting cylinders x2+3? = a? and 22+ 22 = 42,

Ans. 16a2

Evaluate () ﬂ(vxF)-n dS and (b) ffqb ndS if F = (x+2%)i — 3zj +xk, ¢ = dx+3y—2z,
s

and S is the surface of 2x +y +2z = 6 bounded by x=0, x=1, y =0 and y=2.
Ans. (@)1 (b) 20 +j+ 2k

Solve the preceding problem if § is the surface of 2x+y+2z = 6 bounded by « =0,y =0, and z=0
Ans. (a)y 9/2 (b)) 72i + 36§ + T2k

Evaluate f[ Vx2+y2 dxdy over the region R in the xy plane bounded by x2 +y?2=36.  Ans. 1447
b4

Evaluate ﬁ (2x+y)dV, where V is the closed region bounded by the cylinder z = 4—x2 and the

7
planes x=0,y=0,y=2 and z=0. Ans. 80/3

(2x2~32)i — 2xyj —~ 4xk, evaluate (a) fffVF dV and (b) fffoF‘dV, where V is
14

the closed region bounded by the planes x=0, y=0, z=0 and 2 +2y tz =4, Ans. (a) % (b) g(j—k)
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Chapter 6

THE DIVERGENCE THEOREM OF GAUSS states that if ¥ is the volume bounded by a closed sur-
face S and A is a vector function of position with con-

tinuous derivatives, then ([——\‘

f—[ V-AdV = ffA-ndS = #A-ds

N S

where n is the positive (outward drawn) normal to S.

STOKES’ THEOREM states that if S is an open, two-sided surface bounded by a closed, non-inter-
secting curve C (simple closed curve) then if A has continuous derivatives

fA-dr = ff(VxA)-n dS = ff(VxA)-dS
¢ s s

w_?% S

where C is traversed in the positive direction. The direction of C is called positive if an observer,
walking on the boundary of S in this direction, with his head pointing in the direction of the positive
normal to S, has the surface on his left.

GREEN’S THEOREM IN THE PLANE. I R is a closed region of the xy plane bounded by a simple
closed curve C and if M and N are continuous functions of x
and y having continuous derivatives in R, then

fMalx+Ndy - ff@l". ~ My gedy
o ox Oy

b4
where C is traversed in the positive (cou}m direction, Unless otherwise stated we shall

always assume f to mean that the integral is described in the positive sense.

Green’s theorem in the plane is a special case of Stokes’ theorem (see Problem 4). Also, it is
of interest to notice that Gauss’ divergence theorem is a generalization of Green’s theorem in the
plane where the (plane) region R and its closed boundary (curve) C are replaced by a (space) region
V and its closed boundary (surface) S. For this reason the divergence theorem is often called Green’s
theorem in space (see Problem 4),

Green’s theorem in the plane also holds for tegions bounded by a finite number of simple
closed curves which do not intersect (see Problems 10 and 11).

106
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RELATED INTEGRAL THEOREMS.

L ff PV + (V). (V)ldv = ff(cbW)-ds
v S

This is called Green’s first identity or theorem.

.fff(¢V2¢—¢V2¢>dV = ff@vsi'—\/qub)-ds
12 S

This is called Green’s second identity or symmetrical theorem. See Problem 21,

f/ VxAdV = /f(nxA)dS = fdeXA
7 s

N
Note that here the dot product of Gauss’ divergence theorem is replaced by the cross product.
See Problem 23.

.fcbdr = f (mxVp)ydS = fdexV¢
¢ 5

S

o

(WX

(2N

5. Let y tepresent either a vector or scalar function according as the symbol o denotes a dot or
cross, or an ordinary multiplication. Then

//fVon/;dV - fanL/JdS = fdeo¢

v s )
fdrmp - ff(nxV)°¢dS = ff(deV)o¢
¢ s s

Gauss’ divergence theorem, Stokes’ theorem and the results 3 and 4 are special cases of these.
See Problems 22, 23, and 34.

INTEGRAL OPERATOR FORM FOR V. 1t is of interest that, using the terminology of Problem 19,
the operator V can be expressed symbolically in the form

V o] = i —1— # o
7oo AV as
as

where o denotes a dot, cross or an ordinary multiplication (see Problem 25). The result proves use-
ful in extending the concepts of gradient, divergence and curl to coordinate systems other than rec-
tangular (see Problems 19, 24 and also Chapter 7).
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SOLVED PROBLEMS

GREEN’S THEOREM IN THE PLANE

1. Prove Green's theorem in the plane if C is a closed F
curve which has the property that any straight line
parallel to the coordinate axes cuts C in at most two ,
points. At

Let the equations of the curves AEB and AFB (see
adjoining figure) be y=Yy(x) and y=Yy(x) respectively.
If R is the region bounded by C, we have

b L(x) b b
oM f - 3} f Lx) B}
jR: S dx dy f S dy |dx = M(x'y).y=Y1(x) dx = Mx,Yo) — M(x,Y1) | dx

x=a Ly=Lx) x=a a

v
)
|
|
l
]
|
Q et

2y
o~ —____-___‘ Ly

b

a
a b C
Then 1y fde = ——f %dedy
0 Y
R

Similarly let the equations of curves EAF and EBF be x=X,(y) and x =Xy(y) respectively. Then

B f o) f
ff:éil dx dy f f -g—ivdx dy = f N(Xs,y) — N(X1,y)] dy
e

R y=e x=X1(y)

e f
f N(Xy,y)dy + f NXpy)dy = dey
f € 4
Then (2) f Ndy = f N dx dy
X

¢ R
Adding (1) and (2), fde +Ndy = ff(M — My ey
o f Ox ay
2. Verify Green’s theorem in the plane for ¥

(L,1)
f(xy +y2ydx + x?>dy where C is the
C

closed curve of the region bounded by
y =« and y=x2.

y=x and y =« intersect at (0,0) and (1,1).
The positive direction in traversing C is as
shown in the adjacent diagram.
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Along y = %2, the line integral equals

1 1
f () +2%) dx + (D (2x)dx = f B2+t dx = %
0 [+}
Along y =« from (1,1) to (0,0) the line integral equals

[} 0
f ((x) (x) + x2> dx + x2dx = f 3x2dx = -1
I 1

. : : . 19 _ - ___1
Then the required line integral = 20 1 20
9 9
ff(ﬁ’ -5 dxdy = ff[a—axw% — Loy ldndy
R R
i x
= f (x—2y)dxdy = f f (x—2y) dydx
R x=0 y=x2

] x i x
f [f (x—2y)a’y]dx = f (xy-—yg)i de
0 %2 x

0
I
f (x*=x%dx = — 516

0

so that the theorem is verified.

3. Extend the proof of Green’s theorem in the plane y
given in Problem 1 to the curves € for which lines
parallel to the coordinate axes may cut C in more
than two points. -

Consider a closed curve C such as shown in the ad-
joining figure, in which lines parallel to the axes may
meet C in more than two points. By constructing line ST
the region is divided into two regions R, and R, which are
of the type considered in Problem 1 and for which Green’s

theorem applies, i.e.,
[ 2 - 21y 00,
x o
Ry

—’aﬂ — aﬁi) dx dy
Jy

) f Mdx + Ndy
STUS

=

) f Mdx + Ndy
STTS R

Ox

Adding the left hand sides of (I)and (2), we have, omitting the integrand Mdx + Ndy in each case,

e R N A |

STUS Svrs ST s Svr rs rys SVT Tysvre

using the fact that f= - f
ST rs

Adding the right hand sides of (I) and (2), omitting the integrand,
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o0

)

where R consists of regions R4 and R,.

Then f Mdx + Ndy = ff (%ﬂ - %)dxdy and the theorem is proved.
x Oy
roSvr 3

A region R such as considered here and in Problem 1, for which any closed curve lying in R can be
continuously shrunk to a point without leaving R, is called a simply-connected region. A region which is
not simply-connected is called multiply-connected. We have shown here that Green’s theorem in the plane
applies to simply-connected regions bounded by closed curves. In Problem 10 the theorem is extended tc
multiply-connected regions.

For more complicated simply-connected regions it may be necessary to construct more lines, such as
ST, to establish the theorem.

. Express Green’s theorem in the plane in vector notation.

We have Mdx + Ndy = (Mi+Nj)-(dxi+dyj) = A-dr, where A= Mi+Nj and r=xi+yj so
that dr = dxi+dyj.

Also, if A = Mi+Nj then

i j k
Vxa = |2 O 23| - _OoN,, O,  ON_OM
x % 3 o e TG T
M N 0
so that (VxA)-k=g—iv—-g—yM.

Then Green’s theorem in the plane can be written

§A'dr = ff(VxA)'de

4 R
where dR = dxdy.

A generalization of this to surfaces S in space having a curve C as boundary leads quite naturally to
Stokes® theorem which is proved in Problem 31. ’

Another Method.

As above, Mdx + Ndy = A-dr = A-Zr ds = AT ds, y
S
where Z—Z = T = unit tangent vector to C (see adjacent fig-

ure). If nis the outward drawn unit normal to C,then T = kxn
so that

Mdx + Ndy = A:Tds = A-(kxn)ds = (Axk)'nds
Since A = Mi+Nj, B = Axk = (Mi+Nj)xk = Ni—Mj and

B—N - _BM = V.B. Then Green’s theorem in the plane becomes

% oy
fB-nds = f V.B dR P’
5 0

R
where dR = dxdy.
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Generalization of this to the case where the differential arc length ds of a closed curve C is replaced by
the differential of surface area dS of a closed surface S, and the corresponding plane region R enclosed by
C is replaced by the volume ¥V enclosed by S, leads to Gauss’ divergence theorem or Green’s theorem in

ff wass = [f v

S

space,

5. Interpret physically the first result of Problem 4.
If A denotes the force field acting on a particle, then f A-dr is the work done in moving the particle
c

around a closed path C and is determined by the value of VxA. It follows in particular that if VXA =0 or
equivalently if A =V, then the integral around a closed path is zero. This amounts to saying that the work
done in moving the particle from one point in the plane to another is independent of the path in the plane
joining the points or that the force field is conservative. These results have already been demonstrated for
force fields and curves in space (see Chapter 5).

Conversely, if the integral is independent of the path joining any two points of a region, i.e. if the
integral around any closed path is zero, then VxA=0. Inthe plane, the condition VxA =g is equivalent to

the condition oM = oN where A = Mi + Nj.
Jy | ox

(2,1)
6. Evaluate (102* — 2vy®) dx — 3x%? dy along the path x* —6xy® = 442,
0,0)
A direct evaluation is difficult. However, noting that M = 10x*—2xy%, N = —3x%2 and %—M = —6xy?
Y
= %%l , it follows that the integral is independent of the path. Then we can use any path, for example the
path consisting of straight line segments from (0,0) to (2,0} and then from (2,0) to (2,1).
2
Along the straight line path from (0,0) to (2,0), y=0, dy =0 and the integral equals 10x*dx = 64.
x=0
1
Along the straight line path from (2,0) to (2,1), x=2, dx=0 and the integral equals — 12y2 dy = —4,
¥=0
Then the required value of the line integral = 64 —4 = Q.
Another Method.
: oM _ ON 4 3 2 ; : ; 5 __ 2.8
Since S =35 (10x* —2xy®%)y dx — 3x%2 dy is an exact differential (of 2x% —x ¥“). Then
X
(2,1) (C2Y (2,1)
f (10x* ~2y%) dx — 3x%2dy = f d(2x° —x2y% = 2x5 _ x%8 | = 60
©,0 ©,0) ©.0

7. Show that the area bounded by a simple closed curve C is given by 3 {x dy — ydx.
«C

In Green’s theorem, put ¥ = —y, N = x. 'Then

- - Doy _ O - -
f; xdy — ydx = ff = (x) 5 y)) dxdy = 2ffdxdy = 24
P

where 4 is the required area, Thus 4 = %f xdy — ydx.
C
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8. Find the area of the ellipse x = acost, y = b sin 8.

27
Area = %fé xdy — ydx = %f (a cos O (b cos O) df — (b sin@)(—a sinf) dO
0
2m 27
= %f ab(cos28 + sin?6)ydf = %f abdB = 7ab
0 0

9. Evaluate f(y—sinx)dx + cosx dy, where C is the y

C

triangle of the adjoining figure:
(a) directly,
(b) by using Green’s theorem in the plane.

(a) Along O4, y=0, dy=0 and the integral equals

/2
f — sinx dx
0

1t

/2
f (0 — sinx)dx + (cos x)(0)
0

/2
= cosx’o = =1
Along AB, x = 757, dx=0 and the integral equals
1
f (y—10 + 0dy = 0
0
2% 2 .
Along BO, y = = dy = %dx and the integral equals
fo % 2 %2 2 . lo T2
- (—%—smx)dx + o cosx dx = (F +cosx +% sinx) e 1 - T~ 7
Thenthintealalonc=—1+0+1—7l——2-=—7l 2. ’
€ e & 4 v 4 T 7
- : - oN _ : oM _
(Y M = y — sinx, N = cosx, 3 = — sinx, Jy =1 and
i Mdx + Ndy = ff(%i! -—g—yM)dxdy = f (—sinx — 1) dydx
R R
/2 2x /7 /2 2% /7
= (—sinx — 1) dy {dx = (~y sinx —y) ‘0 dx
x=0 y=0 %=0
/2 /2
N 2% . 2% - 2 . %2 _ 2 _ 7
= j(; (—-?smx—?)dx = -——7—7(—xcosx +sinx) — = ‘0 7T

in agreement with part (a).

Note that although there exist lines parallel to the coordinate axes (coincident with the coordi-
nate axes in this case) which meet C in an infinite number of points, Green’s theorem in the plane still
holds. In general the theorem is valid when C is composed of a finite number of straight line segments.

10. Show that Green’s theorem in the plane is also valid for a multiply-connected region R such as
shown in the figure below.

The shaded region R, shown in the figure below, is multiply-connected since not every closed curve
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lying in R can be shrunk to a point without leaving
R, as is observed by considering a cutve surrounding y
DEFGD for example. The boundary of R, which con-
sists of the exterior boundary AHJKL A and the inte-
rior boundary DEFGD, is to be traversed in the pos-
itive direction, so that a person traveling in this di-
rection always has the region on his left. It is seen
that the positive directions are those indicated in the
adjoining figure.

In order to establish the theorem, construct a
line, such as 4D, called a cross-cut, connecting the 0 *
exterior and interior boundaries. The region bounded
by ADEFGDALKJHA is simply-connected, and so

Green’s theorem is valid. Then
Mdx + Ndy = ff (N _ My g
% Oy
R

But the integral on the left, leaving out the integrand, is equal to

R O Y I |

DEFGD ALKJHA DEFGD ALKJHA

ADEFGDALKJHA

since jA‘D = _-67‘,4 - Thus if C; is the curve ALKJHA, C, is the curve DEFGD and C is the boundary of R
consisting of Cy and C, (traversed in the positive directions), then _/; + j;, = jC’. and so
1 2

i);de+Ndy = ff(aN aM)ddy

11. Show that Green’s theorem in the plane holds for the region R, of the figure below, bounded by
the simple closed curves C,(ABDEFGA), Co(HKLPH), Cq (QSTUQ) and C,(VWXYV).

Construct the cross-cuts A4, LQ and TV. Then the region bounded by AHKLQSTVWXYVTUQLPHA-
BDEFGA is simply-connected and Green’s theorem applies. The integral over this boundary is equal to

ffffffffffff

AH HEL LQ osT VXYV 44 g LPH ABDEFGA

Since the integrals along AH and HA, LQ and QL, TV and VT cancel out in pairs, this becomes
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[ v | = [ [

HKL osr VWYYV g LPH ABDEFGA
] (f+f) +(f+f) cf
HEKL LPH osr  Trg YWXYVv ABDEFGA
= f + f + f +
HKLPH osTyQ VWYYV ABDEFGA

;
-
-
-
—

where C is the boundary consisting of C4, Cs, Cz and C4. Then

fde+Ndy = ff(%&—%}M—)dxdy
¢ R

as required.

12. Prove that f Mdx + Ndy = 0 around every closed curve C in a simply-connected region if and
C

only if oM _ oN everywhere in the region.
Jy Ox

Assume that M and N are continuous and have continuous partial derivatives everywhere in the region
R bounded by C, so that Green’s theorem is applicable. Then

fde-kNdy = ff(_g—]v-‘g—M)dxdy
c o

If oM _ N in R, then clearly fde+Ndy = 0.
¢

dy  on

Conversely, suppose f Mdx + Ndy = 0 for all curves C. If %1! - %M > 0 at a point P, then
c * 4

from the continuity of the derivatives it follows that @M - ,g—M > 0 in some region A surrounding P. If
x Yy
I"is the boundary of 4 then
Mdx + Ndy = ff(a—N-a—M)dxdy >0
A
which contradicts the assumption that the line integral is zero around every closed curve. Similarly the
assumption B_N — B—M < 0 leads to a contradiction. Thus B—N - —BM = 0 at all points.
Ox By Ox ay
Note that the condition %M— = S—N is equivalent to the condition VxA = 0 where A = Mi+ Nj
y X

(see Problems 10 and 11, Chapter 5). For a generalization to space curves, see Problem 31.
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—yi+xj
x2 +y2
explain the results.

13. Let F = (a) Calculate VxF. (b) Evaluate fF-dr around any closed path and

i i k
(@) VxF = a@ é&— ai = 0 in any region excluding (0,0).
x y z
5 0

) § F.dr = fw - Let x=pecosd, y= psingd, where (0,9) are polar coordinates.

x2+y2
Then
dx = —psing dp + dp cos P, dy = pcosd dp + dpsin
and so %‘iy = dpp = d(arc tan%)

For a closed curve ABCDA (see Figure (a) below) surrounding the origin, ¢ =0at 4 and C;S =277
217

after a complete circuit back to 4. In this case the line integral equals f qu = 277.
0

Yy i
B o P
C
0 E A &
\\_/ qbo R ’
l x
b 0
Fig. (a) Fig. (b)

For a closed curve PQRSP (see Figure (b) above) not surrounding the origin, ¢ = at P and

o
& = C,bo after a complete circuit back to P. 1In this case the line integral equals f dp = 0.
(o

(o]

Since F = Mi + Nj, VxF = 0 is equivalent to a—M = _S—N and the results would seem to contra-
Y x -
dict those of Problem 12. However, no contradiction exists since M = -PT;—Q and N = xQx—W do

not have continuous derivatives throughout any region including (0,0), and this was assumed in Prob.12.

THE DIVERGENCE THEOREM

14. (a) Express the divergence theorem in words and (b) write it in rectangular form.

(a) The surface integral of the normal component of a vector A taken over a closed surface is equal to the
integral of the divergence of A taken over the volume enclosed by the surface,
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' 4 34 LY
(b) Let A = Aqi+Ag0 +4gk. Then divA = VoA = 2% 4 222 4 2,
% | 0y oz
The unit normal to S is n = ngi+npitngk. Then nq = nei = cosd, np = n-j = cos 5 and
ng = n*k = cos %, where OL,,B,’)/ are the angles which n makes with the positive x,y,2z axes or i,ik

directions respectively. The quantities cos o, cos 5, cos y are the direction cosines of n. Then

(Aqi +Ao§ + Ask) + (cos O i + cos 3§ + cosy k)

A-n

Aqcosd + ApcosB + Azcosy

"

and the divergence theorem can be written

ff (241— +-d—A—2+—aﬁ)dxdydz = f (Aqcosd + AQCosﬁ + Agcosy)dS
T :

15. Demonstrate the divergence theorem physically.

Let A = velocity v at any point of a moving fluid. From Figure (az) below:

Volume of fluid crossing dS in /At seconds
= volume contained in cylinder of base dS and slant height v

= (vAt)y+ndS = vendS At

Then, volume per second of fluid crossing dS = vendS

Fig. (b)

Fig. (a)

From Figure (b) above:

Total volume per second of fluid emerging from closed surface S

From Problem 21 of Chapter 4, V.vdV is the volume per second of fluid emerging from a volume ele-
ment dV. Then

Total volume per second of fluid emerging from all volume elements in S

= ff Vevdv
14
Thus ff vendS = ff Vevav
‘ v

S
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16. Prove the divergence theorem.

Let S be a closed surface which is such that any line paraliel to the coordinate axes cuts S in at
most two points. Assume the equations of the lower and upper portions, S; and S,, to be z =f(x,y) and
z=f(x,y) respectively. Denote the projection of the surface on the xy plane by R. Consider

24 24 L&) 3,
I Zew - [ffSewwe - [ 57200
y y P

z=f, (x,y)
= ffA z [f2 dydx = (4 4 ] dyd
= 5(%:¥,2) 2=f, ydx = sy f) — Ay(xy,f) ] dydx
) P

For the upper portion S,, dydx = cos Yo dSy = kens dS, since the normal n, to S, makes an acute
angle ¥, with k.

For the lower portion S;, dydx = —cos ¥y dSy = —k-n, dS; since the normal n, to S; makes an ob-

tuse angle 7y, with k.
ffAs k'n2 dSQ

Then ff A3(x:y:f2) dydx
R

So
fan(x,y,fl)dydx = - ffAs keng dS;
R Sy
and
ffAs(x,y,fQ)dydx — ffAs(x,y,fl) dydx = ffA3 k-n, dS, + ffA3 ken; dS;
R R S 81
= f‘/‘Ag ken dS
hy
so that
04
(1) fff a: dv = ffASk-ndS
v S

Similarly, by projecting S on the other coordinate planes,
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fffaAidV ffAli-ndS
s
fffaAQ«JV ffAQj-ndS
s
Adding (1), (2) and (3),

ff % BAQ = ff<Aii+AQj + Agk)+n dS
e Oy Oz
N
o ff V.AdV ffA-ndS
7 S

The theorem can be extended to surfaces which are such that lines parallel to the coordinate axes
meet them in more than two points. To establish this extension, subdivide the region bounded by S into
subregions whose surfaces do satisfy this condition. The procedure is analogous to that used in Green’s
theorem for the plane.

0]

17. Evaluate ff F.ndS, where F = 4xzi—y2j+yzk and S is the surface of the cube bounded
S
by x=0,x=1,y=0,y=1,2z=0, z=1.

By the divergence theorem, the required integral is equal to

0 9
ff V.radv fff [%(4“) + 3y (=92) g;(yz)] dv
14 v
fff (4z—y)dV = f f f (4z —y) dz dy dx
v

x=0 y=0 z=0

1 1
f f —yz o AY A% = f f (2=y)dydx = -3—

=0 ¥=0 x=0 ¥=0

H

]

The surface integral may also be evaluated directly as in Problem 23, Chapter 5.

18. Verify the divergence theorem for A = 4xi — 2°j + 2° k taken over the region bounded by
x2 +y2 =4, z=0 and z=3.

ff V.adv = fff[ (4x) + a(—2y ) +§—(z2)]
y
Ji—Z
ff (4~4y +2z2)dV = f f f(4—4y+2z)dzdydx = 847
4

x=w2 y=—/4-22 z=0

"

Volume integral

The surface S of the cylinder consists of a base S; (z=0), the top S, (z=3) and the convex portion
Sq (x2+y? =4). Then
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Surface integral = ffA-n dS = ffAm dS, + ffA-n dSo, + ffA-n A

On 8, (2=0), n=—k, A =4xi—2y?j and A.n =0, so that ffA-n dSy=0.

51

On S, (2=3), n=k, A = 4xi— 2y2j +9k and A-n =9, so that

ffA-n dS, = gfdeQ = 367, since area of S, = 477

Sa 89

On Sg (x®+y? =4). A perpendicular to x2+y2=4 has the direction V(x2+ ¥y2) = 2xi + 2.

. i+ 2] i+yi
Then a unit normal is n = it | % 2

; 2, .2
== = since x“+y~“=4.
1/4x2+4y2 2
C g
A-n = (dxi-— 2%§ + 2%k) . <_x_12_y_,]_) = 2% —y°
2z
t?‘*‘r'!_:-,?’/\»s‘zj z2=3
dV=dxdydz
From the figure above, x = 2cos &, y = 2sin &, dS; = 2 d8dz and so
27 3
ffA-ndSs = f f (2(2cos 0 — (2sin O] 2dz dO
S3 =0 z=0
277 277
= (48 cos?6 — 48 sin®6y 4O = f 48 cos28d6 = 487
f=0

f=0

Then the surface integral = 0 + 3677 + 487 =
ing the divergence theorem.

Note that evaluation of the surface integral over S5 could also have been done by projection of Sa on

the xz or yz coordinate planes.

19. If divA denotes the divergence of a vector field A at a point P, show that
A'n dS
divA = lim &Y
A7=0 AV

where AV is the volume enclosed by the surface AS and the limit is obtained by shrinking AV

to the point P.

8477, agreeing with the volume integral and verify-

119
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By the divergence theorem, fff divAdV = ffA-n ds
AS

AV

By the mean-value theorem for integrals, the left side can be written
divAffde = divA AV
AV

where div A is some value intermediate between the maximum and minimum of divA throughout AV. Then

f A-n dS

div A = —_—
Av
Taking the limit as AV—-0 such that P is always interior to AV, divA approaches the value divA at

point P; hence
f A-n dS
diva = lm &
AT-0 AV
This result can be taken as a starting point for defining the divergence of A, and from it all the prop-
erties may be derived including proof of the divergence theorem. In Chapter 7" we use this definition to
extend the concept of divergence of a vector to coordinate systems other than rectangular. Physically,

f A-n dS

AS
AV ,
represents the flux or net outflow per unit volume of the vector A from the surface AS. 1f divA is positive
in the neighborhood of a point P it means that the outflow from P is positive and we call P a source. Sim-
ilarly, if divA is negative in the neighborhood of P the outflow is really an inflow and P is called a sink.
If in a region there are no sources or sinks, then divA =0 and we call A a solenoidal vector field.

20. Evaluate ffr-n dS, where S is a closed surface.

S

By the divergence theorem,

ffr.n ds ff Verdv
S v
ff (?}%l_,_aiy] +,aj;—k).(xi+yj+zk)dV

v
O ACL AT fff B}
fff(8x+8y+ z)ulV = 3 . dv. = 3V
v

1]

where V is the volume enclosed by S.

21. Prove ff @V — YyVpydV = ff@w — YV).ds.
14 S

Let A = ¢V in the divergence theorem. Then
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fffv.(¢V¢)dV - ff@vab)-nds - f GV -ds
4 s

S
But Ve@Viy = V-V + (Vo (Vy = oWy + (Vaby- (Vi
Thus f f V-@Viyar = f f f [PV + (Vy- (V] av
v vV

or

o J[[ 6V o vmia - [f @vir-as
14 N

which proves Green’s first identity. Interchanging ¢ and l// in (),

2) fff [V + (V- (V] ay = f WV Py-ds
14 S

Subtracting (2) from (1), we have

3) f f f @V~ YyVipyar = f f @V — YV eyeds
14 S

which is Green’s second identity or symmelrical theorem. In the proof we have assumed that & and Y are
scalar functions of position with continuous derivatives of the second order at least.

22. Prove ffquSdV = f/¢nd5.
14 S

In the divergence theorem, let A = >C where C is a constant vector. Then

fffv.@m v = f ¢C+n dS
v

S
since V@) = (V¢y.c = ¢V and $C+n = ¢€-(Pn),

fofC'V¢ . = _S[fC-@n)ds

Taking C outside the integrals,

c.fffwznw = C-ffqbnds
4 S
and since C is an arbitrary constant vector,

[ffwsor - [fons
s rns [ foenar - [foens

S
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In the divergence theorem, let A =Bx C where C is a constant vector. Then

ff V. (®xc)dV f (BXC)+n dS
1

S
since V. (BxC) = C-(VxB) and (BxC)+n = B+(Cxn) = (Cxn)+B = C+(nxB),

fffc-(VxB)dV = ffc-(an)dS
7 S

Taking C outside the integrals,
C- f f nx B dS

Cff VxBdV
Vv S

and since C is an arbitrary constant vector,

ff VxBdv = ffandS
12 S

1]

24. Show that at any point P

ffqbn ds ffn x A dS
: AS . AS
Vé = D N— v - A
(a) Vo Al%/To N and (b) x A Al%go 7

where AV is the volume enclosed by the surface AS, and the limif is obtained by shrinking AV
to the point P.

(a) From Problem 22, ff Vo av = ffd)nds. Then ff Vo idv = f on-i dS.
AV AS Ay AS

Using the same principle employed in Problem 19, we have

ff¢n-i ds
AS

AV

where Vcb.i is some value intermediate between the maximum and minimum of V¢ « i throughout AV,
Taking the limit as AV—0 in such a way that P is always interior to Av, qu-i approaches the value

ff bn-i ds
5

Vo.i =

(I Véei =  lim
¢ AV~ AV
Similarly we find
f énej ds
S
) Vo.j = lim —e
? AT=p AV
f bn-k dS
S

Vé.xk = 1
) ¢ Ao AV
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Multiplying (1), (2), (3) by i,J,k respectively, and adding, using
Vo = (Vp-ivi + (Vo-ii + (Vokyk, n = @i + @m-Hi + mk)k

(see Problem 20, Chapter 2) the result follows.

(b) From Problem 23, replacing B by A, ff VxAdr = ff nxAdS.
AV AS

Then as in part (a), we can show that
ff (nxAY.i dS
(Vxay.i = 1im &5

Ay-0 AV

and similar results with j and k replacing i. Multiplying by 1i,3j,k and adding, the result follows.

The results obtained can be taken as starting points for definition of gradient and curl.
these definitions, extensions can be made to coordinate systems other than rectangular.

25. Establish the operator equivalence
Vo = 1im -L # s o
Ar-0 AV
As

where o indicates a dot product, cross product or ordinary product.

123

Using

To establish the equivalence, the results of the operation on a vector or scalar field must be consist-

ent with already established results.

If o is the dot product, then for a vector A,

VoA = lim LffdsoA
A0 AV
AS
[0)¢
divA = lim ifde-A
AP0 AV
AS

lim -1 f f A-n dS
A0 AV
AS

0]

established in Problem 19.

Similarly if o is the cross product,

caulA = VxaA = lim 1 fdeXA
Ay-0 AV

Ags
= lim -1 ffn x A dS
Ao Ay
AS

established in Problem 24 (b).

Also if o is ordinary multiplication, then for a scalar o

Vo = i 1 ffd ) V = 1j 1 ff d
¢ AII}-% Ay So ¢ o @ AI}—% Ay ¢ ds
AS As

established in Problem 24(a).
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26. Let S be a closed surface and let r denote the position vector of any point (x,y,z) measured from

an origin 0. Prove that
n-r
ds
e
N

is equal to (a) zero if O lies outside S; (b) 47 if O lies inside S. This result is known as Gauss’
theorem.

(a) By the divergence theorem, ff n_ég s = ff V. is dv.
r T
S 14

But V-% = 0 (Problem 19, Chapter 4) everywhere within ¥V provided r # 0 in ¥, i.e. provided O
I

is outside of ¥ and thus outside of S. Then ff nTé! dS = 0.
S

(b) If O is inside S, surround O by a small sphere s of radius a. Let 7 denote the region bounded by S and
s. Then by the divergence theorem

[[ara - [[ro- (s - [[foze -

S+s S s

since r # 0 in 7. Thus

[Tiee - -
S s
2
Nowons,r:a,n=——£ so that L;:L—L/guz—ra.‘::_z_“:_a% and
r a
n.r n.r _ 1 _ 1 _ 4md®
ff—r—s— dS = - ffr—g dS = ff;g ds = ? fde = 22 = 477
S s s s

27. Interpret Gauss’ theorem (Problem 26) geometrically.

Let dS denote an element of surface area and
connect all points on the boundary of dS to O (see
adjoining figure), thereby forming a cone. Let dC) be
the area of that portion of a sphere with O as center
and radius r which is cut out by this cone; then the
solid angle subtended by dS at O is defined as dw =
dr-z— and is numerically equal to the area of that por-
tion of a sphere with center O and unit radius cut out
by the cone. Let n be the positive unit normal to dS
and call @ the angle between n and r; then cos 8 =

g. Also, d§) = *dScosf = % nTr dS so that

dw = % % dS, the + or — being chosen according

as n and r form an acute or an obtuse angle 6 with
each other.

Let S be a surface, as in Figure (a) below, such that any line meets S in not more than two points.

If O lies outside S, then at a position such as 1, % dS = dew; whereas at the corresponding position 2,
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28.
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nr;r dS = —dw. An integration over these two regions gives zero, since the contributions to the solid

angle cancel out. When the integration is performed over S it thus follows that f %‘ dS =0, since for
S

every positive contribution there is a negative one.

In case O is inside S, however, then at a position such as 3, nTS-! dS = dw and at 4, % dS = dw

‘50 that the contributions add instead of cancel. The total solid angle in this case is equal to the area of a

unit sphere which is 477, so that ffnr__sr dS = 477,
N

Fig. (ay Fig. (b)

For surfaces S, such that a line may meet S in more than two points, an exactly similar situation
holds as is seen by reference to Figure (b) above. If O is outside S, for example, then a cone with vertex
at O intersects S at an even number of places and the contribution to the surface integral is zero since the
solid angles subtended at O cancel out in pairs. If O is inside S, however, a cone having vertex at O in-
tersects S at an odd number of places and since cancellation occurs only for an even number of these,
there will always be a contribution of 477 for the entire surface S.

A fluid of density pP(x,¥,2,t) moves with velocity v(x,y,z,t). If there are no sources or sinks,
prove that

V-J+g—’t0=0 where J = pv

Consider an arbitrary surface enclosing a volume ¥V of the fluid. At any time the mass of fluid within

Vis
M = ff pav
4

The time rate of increase of this mass is
> 2fff JIz
- = = v = =— dV
ot ot P Ot
4 v
The mass of fluid per unit time leaving V is

f Pven dS

S
(see Problem 15) and the time rate of increase in mass is therefore
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—ffpv-n ds = .—ff V-(,OV)(ZV
S v

by the divergence theorem. Then

fff P4y - —ff V. (ov) dV
Ot
y y

ff (V-(pv)+a—’0)dV = 0
. Ot

Since V is arbitrary, the integrand, assumed continuous, must be identically zero, by reasoning simi-
lar to that used in Problem 12. Then

or

V-3 + §—’O = 0 where J = 0V
ot

The equation is called the continuity equation. If O is a constant, the fluid is incompressible and V.vs=
0, i.e. v is solenoidal.

The continuity equation also arises in electromagnetic theory, where 0 is the charge density and
J = pv 1is the current density.

If the temperature at any point (x,y,2) of a solid at time ¢ is U(x,y, z,¢) and if x, p and ¢ are re-
spectively the thermal conductivity, density and specific heat of the solid, assumed constant,
show that
]
%% - VU where k= x/pc

Let ¥V be an arbitrary volume lying within the solid, and let S denote its surface. The total flux of
heat across S, or the quantity of heat leaving S per unit time, is

ff(-—KVU)'n ds
S

Thus the quantity of heat entering S per unit time is

%)) ff(KVU)-ndS = ff V. VUy dv
s 7

by the divergence theorem. The heat contained in a volume V is given by

[[[ cover
14
Then the time rate of increase of heat is

2 fffeva - [[fr%
@) 5. cp UdV 7 oo 5 4V

Equating the right hand sides of (1) and (2),

ff [cpgy—v-(KVU)]dV = 0
v ot

and since V is arbitrary, the integrand, assumed continuous, must be identically zero so that
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cP ﬂ = V. (K VU)
O¢
or if k,¢,0 are constants,
U K V.V 2
= = V. = kV
¢ cp v v

The quantity & is called the diffusivity. For steady-state heat flow (i.e. %(t—] =0 or U is independent of

time) the equation reduces to Liaplace’s equation VQU =0.

STOKES’ THEOREM
30. (a) Express Stokes’ theorem in words and (b) write it in rectangular form.
(a) The line integral of the tangential component of a vector A taken around a simple closed curve C is
equal to the surface integral of the normal component of the curl of A taken over any surface S having

C as its boundary.

(b) As in Problem 14 (b),
A = A;i+4,i+Ask, n = cos®i+cosBj+cosyk

Then
i J k
\Y - |9 2 2| . (94594, Ody _ Pdgyy , (Odp _ Uy,
XA 3 % A% S TR TS TR G 5D
Ay Ay A
_ 045 04, 044  OAs OA, 04,
(VxA).n = (—87—?)00506 + (—g——a—x—)cosﬁ + (Tx————a—y—)cosy
Acdr = (Ayi+Ayj+Agk) (dxi+dyj+dzk) = Aydx + Apdy + Agdz

and Stokes’ theorem becomes

045 4, 94;  Odg 04y 34, ) f
ff [(By -3, )ycos & + (—a-z— S cos 3 + i —87) cosy]dS = g Agdx + Apdy + Agdz
S

31. Prove Stokes’ theorem.

Let S be a surface which is such that its projections
on the xy, yz and xz planes are regions bounded by simple
closed curves, as indicated in the adjoining figure. As-
sume S to have representation z=f(x,y) or x=g(y,z) or
y=h(x,z), where f, g,k are single-valued, continuous and
differentiable functions. We must show that

ff (VxA).n ds
S

f [Vx(4,i + 4,5 + Agk)]-n dS
s

>fA-dr

C
where C is the boundary of S.

H
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Consider first f [Vx(Ali)] °n dS.

S
i j k
: L 3 2 o . 04y . 04,
Since V x (440) = o By Ss W i 3 k,
Ay 0O 0
‘94 04
193) [Vx)]-ndS = (=2n.j — ==>n-k)dS
2 Jy
If z=f(x,y) is taken as the equation of S, then the position vector to any point of Sis r = xi+yj+zk =
xi+yij+fxy)k sothat _g_r =i+ % k =j+ %k. But —gl is a vector tangent to S (see Problem 25,
Chapter 3) and thus perpendigula.r to n,yso that 4 Y
noi = n-j+§5n-k = 0 or nej = -—ﬁn-k
dy Oy Jy
Substitute in (I) to obtain
aAl aAl aA1 az aAl
—2nj — =—n-k)ydS = (-~ — nk — =—=n-k)dS
e =Y 3 T
or
L) 04, ©
(2) [Vx(43i))+ndS = —(ﬁ+—1—z)n-k ds
Jy | 0z O
3 04, 9 )
Now on S, Ai(x,y,2) = Al(x,y,f(x,y)) = F(x,y); hence 944 + 94y oz = oF and (2) becomes
dy 0z % O
[Vx (4,)]+ndS = _9F pkds = _oF dxdy
Oy Oy
Then
f [Vx@ilendS = ff _ 9 dx dy
dy
S R

where R is the projection of S on the xy plane. By Green’s theorem for the plane the last integral equals

F dx where | is the boundary of R. Since at each point (x,y) of T" the value of F is the same as the

value of 4, at each point (x,y,z) of C, and since dx is the same for both curves, we must have

§ Fdx = fAldx
I

¢
or

f [Vx (4,1)]+n dS
3

similarly, by projections on the other coordinate planes,

f [Vx (455)]n ds

S

ff [Vx (4gky] -n dS
s

U

I
QL'O—; F~o—
o
s
.
R]

0
~8—,
S
«
a
N
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Thus by addition,
ff(VxA)-n ds = f A-dr
g C

The theorem is also valid for surfaces S which may not satisfy the restrictions imposed above. For
assume that S can be subdivided into surfaces 51,8, "'Sk with boundaries Cy,C,, ... Ck which do satisfy
the restrictions. Then Stokes’ theorem holds for each such surface. Adding these surface integrals, the
total surface integral over S is obtained. Adding the corresponding line integrals over Cy,Co, "'Ck , the
line integral over C is obtained.

32. Verify Stokes’ theorem for A = (Zx—y)i—y2]j —y?zk, where S is the upper half surface of
the sphere x? +y% +22 = 1 and C is its boundary.

The boundary C of S is a circle in the xy plane of radius one and center at the origin. Let % = cos t,
y=sin¢, z=0, 0 £ ¢ < 27 be parametric equations of C. Then

f Aedr = f (2 —y)ydx — y22dy — 4%z dz
C C
27
= f (2 cost — sint) (—sintyd: = 77
(]
i J k
9 Po) o)
Also, = = < < =
5 Vxa % ¥ o K

2 —y  —~yz? g2

Then f(VxA)-ndS = ffkondS = ffdxdy

N S R

since n+k dS =dxdy and R is the projection of S on the xy plane. This last integral equals

! 1-%2 V-2 1
f f dy dx = 4ff dy dx = 4f V1—x?dx = 77
5 0 0 (o}

== y=-~vi-x

and Stokes’ theorem is verified.

33. Prove that a necessary and sufficient condition that f A-dr =0 for every closed curve ( is

that Vx A =0 identically. ¢

Sufficiency. Suppose Vx A =0. Then by Stokes’ theorem

fA-dr = f (VxAyen d§ = o

¢ S

Necessity. Suppose f A-dr =0 around every closed path C, and assume Vx A #0 at some point
C
P. Then assuming VxA is continuous there will be a region with P as an interior point, where Vx A £0.
Let S be a surface contained in this region whose normal n at each point has the same direction as VxA,
ie. VxaA = gn where O is a positive constant. ILet C be the boundary of S. Then by Stokes’ theorem
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fA-dr = f(VxA)-ndS = ocffn-nds > 9
S

4 s

which contradicts the hypothesis that f A+dr = 0 and shows that VxA=0.
(o

PQ
It follows that VxA =0 is also a necessary and sufficient condition for a line integral f A« dr

P,
to be independent of the path joining points P, and PQ . (See Problems 10 and 11, Chapter 5.) '

34. Prove fdpr = //(nxV)deS.
S

In Stokes’ theorem, let A = BxC where C is a constant vector, Then

fdro(BxC) = ff [Vx®xc)]-n dS
S

fC-(dpr)

C-f drx B

f [c-VyB — ¢(V-B)]:n dS
s

f [€VyB]-nds - f [c (V:B)]-n dS

N

S

ffc- [V@:n)] dS - ffc (n(V.-B)] ds

S S

Cff [V®B-n) - n(V-B)] dS = C-ff(nxV)deS
S S

Since € is an arbitrary constant vector f dcix B = ff (nxV) x B dS
S

H

35. If AS is a surface bounded by a simple closed curve C, P is any point of AS not on C and n is
a unit normal to AS at P, show that at P
f A-dr

(curlA).n = lim <
AS~0 AS

where the limit is taken in such a way that AS shrinks to P.

By Stokes’ theorem, f (curl A)en dS = f Aedr.
AS c

Using the mean value theorem for integrals as in Problems 19 and 24, this can be written

fA-dr
<

AS

(curl Ay'n =
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and the required result follows upon taking the limit as AS—0.

This can be used as a starting point for defining curl A (see Problem 36) and is useful in obtaining

curl A in coordinate systems other than rectangular. Since f A-dr is called the circulation of A about
C

C, the normal component of the curl can be interpreted physically as the limit of the circulation per unit
area, thus accounting for the synonym rotation of A (rot A) instead of curl of A .

36. If curlA is defined according to the limiting process of Problem 35, find the z component of
curl A.

Doty
H(x,-?,y%{,;if)

Pix,y,z)

Let EFGH be a rectangle parallel to the xy plane with interior point P(x,y,z) taken as midpoint, as
shown in the figure above. Let 43 and 4, be the components of A at P in the positive x and y directions
respectively.

If C is the boundary of the rectangle, then

fA-dr = fA-dr + fA-dr + fA-dr + fA-dr

¢ EF 76 G BE

04
But fA-dr = (Ai—i——lAy)Ax fA-dr = —(A1+1%Ay)Ax
2 9y 2 oy
EFP GH
1 94, 1 94,
Acdr = (4 + - =2/ x)ly Avdr = —(ds— = =2 Ax)/y
2 Ox 2 Ox
FG HE
except for infinitesimals of higher order than Ax Ay .
Adding, we have approximately f A-dr = (?A—Q - —aﬂ) JAYHAY
Ox Jy
C
Then, since AS = Ax My,
A-dr
z component of curlA = (curlA)-k = lim
AS-0 AS
2 04
(242 _ Y a
- m %
Ax~0 DN Ay
Ay-0
04, 04y
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.
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SUPPLEMENTARY PROBLEMS

Verify Green’s theorem in the plane for § (3x2-—8y2)dx + (4y — 6xy)dy, where C is the boundary of the
¢4

region defined by: (a) y = Vx, y=x2; (b) x=0,y=0, x+y = 1.

Ans. (a) common value = 3/2 (b) common value = 5/3

Evaluate f (3x +4y)dx + (2x —3y)dy where C, a circle of radius two with center at the origin of the xy
c

plane, is traversed in the positive sense. Ans. — 87

Work the previous problem for the line integral f (x?+y?)dx + 3xy? dy. Ans. 1277
4

Evaluate f (x2—2xy)dx + (x2y +3)dy around the boundary of the region defined by y? = 8x and x = 2
(a) directly, (b) by using Green’s theorem. Ans. 128/5

(m2)
Evaluate [ ) (6xy —y)dx + (3x° —2xy)dy along the cycloid x = —sinf, y = 1 —cos 0.
0,0

Ans. 67T°—417

Evaluate f (3x2+2y)dx — (x +3cosy)dy around the parallelogram having vertices at (0,0), (2,0), (3,1)
and (1,1). Ans. —6

Find the area bounded by one arch of the eycloid x = a(f— sin6), y =a(l —cos &y, a>0, and the x axis.
Ans. 37702

Find the area bounded by the hypocycloid xQ/3 + yQ/:3 = aQ/s, a>0.
Hint: Parametric equations are x =acos®d, y =asin®d. Ans. 37a%8

Show that in polar coordinates (0,9) the expression xdy —ydx = (°d$. Interpret 3 f xdy — ydx.
Find the area of a loop of the four-leafed rose © = 3 sin 2¢. Ans. 977/8

F'ind the area of both loops of the lemniscate 07 =d’cos 2¢.  Ans. a®

Find the area of the loop of the folium of Descartes ¥
x2+y® = 3axy, a> 0 (see adjoining figure). s 3
Hint: Let y = ¢tx and obtain the parametric equa- (2% 32

i

N~

tions of the curve. Then use the fact that
Area f xdy — ydx

| 2 ¥ C
zifx d(y) Fx

>
=%fx2dt 4

/

Ans. 3a%2

Verify Green’s theorem in the plane for f (2x —¥®ydx — xy dy, where C is the boundary of the region en-
c

closed by the circles x2+y2 =1 and x%+y2=9. Ans. common value = 6077

(=1,0) _ ydx +xd
Evaluate >/(<I,0) —Lx;—ﬂlgu along the following paths:
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51.

52.

53.

54.

55.

56.
57.
58.
59.

60.
61.

62.
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(a) straight line segments from (1,0) to (1,1), then to (~1,1), then to (~1,0).
(b) straight line segments from (1,0) to (1,~1), then to (—1,—1), then to (—1,0).

Show that although M = ON
dy O

Ans. @y 7 (b) — T

, the line integral is dependent on the path joining (1,0) to (—1,0) and explain.

By changing variables from (x,y) to (u,v) according to the transformation x = x(u,v), y = y(s,v), show that
the area 4 of a region R bounded by a simple closed curve C is given by

Ox Oy

4 = | 7¢Z2y | dud h JELy = | %
= ff (u,v) udv where (u,v = 5 By
R W

is the Jacobian of x and y with respect to u« and v. What restrictions should you make ? Ilustrate the re-
sult where » and v are polar coordinates.
Hint: Use the result 4 = %fxdy= ydx, transform to z,v coordinates and then use Green’s theorem.

Evaluate ff F-n dS, where F = 2y i+yz2j+xz k and S is:
S
(2) the surface of the parallelepiped bounded by x=0,y=0, z=0, x=2, y=1land z=3,
(b) the surface of the region bounded by x=0, y=0,y=3,z=0and x+2z=6.
Ans. (a) 30 (b) 351/2

Verify the divergence theorem for A = 2x% i — y2j + 4xz?k taken over the region in the first octant
bounded by y?+z2=9 and x=2. Ans. 180

Evaluate ff r-n dS where (a) S is the sphere of radius 2 with center at (0,0,0), (b) S is the surface of
N

the cube bounded by x=-—1,y=—1, z=—1, x=1, y=1, z=1, (c) S is the surface bounded by the paraboloid
z = 4—(2 +y2) and the xy plane. Ans. (a) 3277 (B) 24 (c) 2477

If S is any closed surface enclosing a volume ¥ and A = axi+byj+czk, prove that ff A-n dS =
(@a+b+c) V. S

If H=curl A, prove that ff H+n dS = 0 for any closed surface S.
S

If n is the unit outward drawn normal to any closed surface of area S, show that f ff divn dV = §.

14
Prove ff ‘fQ—V = ff"?“ ds.
14 S

r

Prove ffrsn dS = ff 53 dV.
S v

Prove ffn dS = 0 for any closed surface S.
S

Show that Green’s second identity can be written fff (¢V2l,ll - L//VQd))dV = ff () Z—:[b - l/l%—;é) ds
¥ S

Prove ffr xdS = 0 for any closed surface S.
S
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63.

64.

65

66.

67.

68.

69.

70.

71.

2.

73.

4.
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Verify Stokes’ theorem for A = (y—z +2)i + (yz +4)j —xzk, where S is the surface of the cube x=0,
y=0,z=0,x=2,y=2, z=2 above the xy plane. Ans. common value = —4

Verify Stokes’ theorem for F = xzi—yj +x%yk, where S is the surface of the region bounded by x=0,
y=0,2=0, 2¢x+y +2z = 8 which is not included in the xz plane. Ans. common value = 32/3

Evaluate ff(VxA)-n dS, where A = (x2+y—4)i + 3xy j + (2xz +2z2yk and S is the surface of (a) the
N

hemisphere x2+y2+z2 = 16 above the xy plane, (b) the paraboloid z = 4 — (x2+y?) above the xy plane.

Ans. (a) —187, (b) —477

If A= 2yzi—(x+3y—2)j+ (x%+z)k, evaluate ff(VXA)-n dS over the surface of intersection of the

S

2
2 which is included in the first octant.  Ans. — 75(377 +8a)

cylinders x2+y2=a?, x?+z%=gq

A vector B is always normal to a given closed surface S. Show that ffcurlB dV = 0, where V is the
region bounded by S. r

If f E+dr = —cl ai ffﬂ-ds, where S is any surface bounded by the curve €, show that VxE-=

C L
_lom

c Ot
Prove f¢> dr = fdengb.

C
. N

Use the operator equivalence of Solved Problem 25 to arrive at (a) Vo, (b) V-A, (¢) Vx A in rectangular

coordinates.
Prove ffde)-AdV = ff¢A-n dS - fff¢VA dv.
14 S 4

Let r be the position vector of any point relative to an origin O. Suppose ¢ has continuous derivatives of
order two, at least, and let S be a closed surface bounding a volume V. Denote ¢ at O by ¢,. Show that

2
ff [1Vp — ¢V(]-ds = fff_v_rﬂdv +a
N 4

where 0=0 or 47T¢o according as O is outside or inside S.

The potential ¢>(P) at a point P(x,y,z) due to a system of charges (or masses) QyrGgreeer Iy having position

vectors r,,r,, NS with respect to P is given by

m
m=1
Prove Gauss’ law
f f E-dS = 47Q
8 7
where E = —qu is the electric field intensity, S is a surface enclosing all the charges and Q= Z G
is the total charge within S. m=1

If a region ¥V bounded by a surface S has a continuous charge (or mass) distribution of density o, the po-

dVv
tential ¢>(P) at a point P is defined by ¢ = fff’o, . Deduce the following under sujtable assumptions:

v
(@) ffE-dS = 477 fffpdV, where E =— V.
N 4

2
&) \Y &= - 470 (Poisson’s equation) at all points P where charges exist, and V2¢ = 0 (Laplace’s equa~
tion) where no charges exist.




