Chapter 2

Theory of Probability

2.1 Introduction

The numerical measure of certainty of an event i1s called probability. The probability of
any event lies between 0 and 1. Probability of a sure event 15 1 while that of an
impossible event 13 0.

Sample Space: The set of all possible outcomes associated with an experiment 15 called

sample space. For example while tossing a coin, the sample space 13 § = {H, Tland while
tossing two comns 5 = {HH,HT,TH,TT}. whereas while rolling a die 5 = {1,2,3.4,5,6}.

Event: An event 15 the zubset of a sample space. For example getting an odd number

while rolling a die is an event E = {1,3,3}. Mustus by Exclusive Events

Mutually Exclusive Events: Two or more events 5

Ei.Esieou. . By 1n a sample space are mutually %
exclusive if they have no point in common ie. : B :
if By NE;sN..NE;, = ¢. Getting an odd number \ /
and getting an even number while rolling a die are L _,f"

two mutually exclusive events.

Exhaustive Events: Two or more events are called exhaustive events if at least one of
them occcurs when an experiment 13 performed. For example while tossing a coin; there
are two exhaustive cases head and tail. Also while rolling a die; getting an odd number
and getting an even number are two exhawstive events. Whereas getting a number less
than two and getting a number greater than two, in case of rolling a die are non-

Mutually Exclusive & Exhaustive Events

exhaustive events.

L)

Mutually Exclusive and Exhaustive Events:

If events E;.E,....E, in a sample space are a / .
mutually exclosive and exhavstive then

P(E) + P(E:)+ ..+ P(Ex) =1

Equally Likely Evenis: Two or more events are equally likely if they have zame
probability of occurrence. Getting an odd number and getting an even number while
rolling an unbiased dice are two mutually exclusive and equally likely events.



Independent Events: Two events are said to be independent if the occurrence or non —
occurrence of one does not affect the probability of occurrence of the other
Mathematically the events E; and E; are independent if and only if

F(EyNEy) = F(E) = F(E)
If two events are independent; they cannot be mutvally exclusive and vice-versa.

2.2 Mathematical Definition of Probability

If a trial results in n exhaustive, mutually exclosive and equally likely events and m of

them are favorable to happening of an event E; then probability of happening of E 13
. Favorable number of cases R(E) _m
given by: P(E) = ==l -

Exzustive number of cases By n

Examplel Give an example of two events which are mutually exclusive but not
exhaustive.

Solution: In an experiment of tossing two coins,
Let E;: Getting two heads
E,: Getting two tails
Also 5 = [{HH,HT.TH.TT}
Ey = {HH}and E; = {TT}
~EyNE; = ¢ but P(E1)+P(E)=1
Hence the events E; and E; are mutually exclusive but not exhavstive.

Example2 Give an example of two events in an expeniment of tossing two coins, which
are mutually exclusive and exhaustive.

Solution: In an expeniment of tossing two comns, let
E;: Getting at least one head

E,: Getting two tails

Now 5= {HH.HT.TH.TT}

Ey = {HH,HT,TH}andE; = {TT}

~EyNE; = ¢pand P(E;) + P(Ez) = 1

Hence the events Ey and E; are mutually exclusive and exhaunstive.



Example 3 An vwrn contains 5 white, 6 red and 4 blackballs. Two balls are drawn at
random. Find the probability that both are red. Also find the probability of one white and
one black ball

Solution: White Balls: 5, Fed Balls: 6, Black Balls: 4
Let E: Both ballz are red

P(E) = P(redball) and P(red ball)

(2] 5 1
:3}}EEJ==I§:K'II==?

Let F: One white and one black ball are drawn

P(F) = (P(white ball) andP(black ball) Jor( P(black ball)andP(white ball})

Note: Questions in which replacement 13 not allowed can be attempted 1n a better manner
using combinations.

Using combinations, P(E)=

E:: Bxb _ 1
15 1Gxid 7

£z

So.wEL Sadwl 4
{: :} 15:2 15=14 21

Exampled An urn contains 4 white, 5 red and 6 black balls. Three balls are drawn at
random. Find the probability that balls are white, red and black.

Solution: White Balls: 4, Red Ballz: 5, Black Ballz: 6
LetE: Balls are white, red and black

4rymboywbry  4m5ubx3! 24

P(E)= 15e, 1Exifnld | 51

Examples Four cards are drawn without replacement from a well shuffled pack of 52
cards. Find the probability that

(1) All cards are spades
{11)  There are two spades and two hearts
(111)  All cards are black

Alzo compute the probabilities 1if four cards are drawn with replacement.

Solution: LetE; : All cards are spades

Ey: There are two spades and two hearts



E5: All cards are black

-

130,  13x12x11x10x4! 11

P(Ey) = E2r, | SIx5lnEDxd9xdl 1165
13 =13, 13x12x13x12=4! 458
P(Ez) = S2g,  5Em51x5Dw80x2lxd! ~ 20825
260, _ 26x2Ew24m2Ind! 46
P(E3) = 52r,  SIxB1xB0xdwc4! ~ 333

Again if the four cards are drawn with replacement

1313 13 13 1
P(E)= = x—=x—x—=

P(E;) = —x—x—x—xﬁ——
(~ Favorable events are SSHH or HHS5 or SH5H or SHHS or HSHS or HSSH  where 5
denotes Spade and H denotes Heart)

26 6 26 26 1
PlEj)= =X o —x—

527752752752 16
Exampleé A pair of dice 1z rolled. What 13 the probability of sum 77

Solution: Let E: Getting a sum 7, when a pair of dice 13 rolled

. {[1,1}. (1.2), ... (16), (2,1),(2,2)..... (2,6), (3.1), (3.2}, .. {3,5].}
(4.1).(4.2), ..., (4.6).(5.1),(5.2). .... (5.6). (6,1),(6,2), ... (6.6)
E = {(16),(2,5).(3.4). (4.3),.(5.2). (61)}
niEy _ 6

P(E) = 12

1
a5y 36 B

Example7 Only 3 events A, B, C can happen. Given that chance of A 13 one-third that of
B and odds agamst C are 2:1, find odds in favor of A

Solution: Given P(A)+ P(B)+P(C) =1

Also P(4) = %P(E] = P(B) = 3 P(4)

® © O

And P(C) =

i |

Using (2, @ in (U

= P(4) + 3P(4) +5=1




=4P(4) =

| ba

=P(4) = %andP[ﬁ] =

s |

Hence odds in favour of A are 1:3

Example §8 A pml}]em 1.11 maﬂ:temaucs 1z given to three students 4, Band £ whose
chances of zolving EIIE'— - a.ﬂd respectn ely. What 15 the probability that the problem
will be solved?

Solution: Probability of A zolving the problem P(A4) = §

Il
&
el

Il

L | =

Probability of B solving the problem P(B) =

Also probability of £ solving the problem P(C) = 1 = P(C) =

| b LR i S

Now probability that A, Band C do not solve the problem is % S % #,

The probability that the problem iz solved = 1 — (Probability that problem i1z not

solved) = 1 —% =

w0 | oo

Example 9 A bag contains 30 tickets numbered from 1 to 30, out of which 5 are drawn at
random and arranged in ascending order (fy < &; <0 &3 < ty << t5). Find the probability
of ty carrying the number 45,

Solution: Exhaustive number of cases = 50,

To follow the given pattern, three fickets £1, &7, i3 muost be drawn out of tickets
numbered from 1 to 44 with favorable number of cases 44 . then £, 13 drawn bearing
number 25 which has only one favourable case 1, . and then 3 15 drawn out of remaining
3 tickets with favourable number of cases 5¢,.

o, %5, 44343 xd2x5x5!

- Required probability is 20c. T Sowiseameareiens - 003

Example 10 4 haz two zhares in lottery n which there 13 2 prizez and 3 blanks; B has
three shares mn a lottery in which there are 3 prizes and 6 blanks. Compare the probability
of A's snccess to that of B's success.

Solution: Probability of A getting not getting a prize m two shares =

= Probability of A getting a prize= %



Probability of B not getting a prize in three shares = — = =

- . - is
» Probability of B getting a prize= o
7.1

Hence the probability of A's success to that of B's success = 7

(=]
(5]
-

= 147:160

Example 11 What iz the probability that a leap vear selected at random will have 33
Mondays.

Solution: A leap yvear has 366 days, having 32 full weeks and 2 extra days.
5§ = {(Monday, Tuesday). (Tuesday, Wednesday). (Wednesday, Thursday),
{(Thursday, Friday), (Friday, Saturday), (Saturday, Sunday),
(Sunday, Monday)}
Let E: The leap vear selected will have 53 Mondayvs.
E = {[Munda}f. Tuesday). (Sunday. Monday) }

By 2
< P(B) =10 =}

Example 12 4 and E alternatively throw a die uwatil one gets a success and wins the
game_ where success 13 defined as getting a six. What are there respective probabilities of
winning if 4 takes the first trial?

Solution: If success (5) iz getting a six, thenP(5) = %._ and if F denctes failure,
then P(F) =

o | U
\

Now A can win in 1%, 3%, 5% _ - trials, 1e. getting 5 or FF5 or FFFFES, ---
1

& A’z probability of winning P(A) = E.

--P[A}=1":=—E-_—:—._P{B):1——:i

2.3 Addition Law of Probability
Statement: If A and B be any two events, then



P(AUB)=FP(A)+ P(B)—P(ANBE)

Proof: AUB = AU (B n &%) e —
e Pl .
= A g 4 Y Y
= PLAUB)=P{AU(BNA*D TS AP T kl
=P(4) + P(E N AT N S 3
A T ‘“}_,_:"' B
(vBoth A and B N AL are disjoint) W A—

=PAY+[P(ENAYY+ P(ANE)] - P(ANE)
=P(A)+ P[[BNAYU(ANE)]—P(ANE)
=P(A)+ P(B)—-P(ANE)
v (BnNAYU(ANB)=E
Hence proved

# If A and B are mutvally exclusive events, ANE = ¢
= P{AUB)=F(A)+F(E)

IfA, B, C are 3 events, then
PIAUBUC)=P(A)+P(B)+PC)—P(ANB)—P(BENC)—
PICNAY+P(ANENC)

Examplel3 Find the probability of getting a spade or an ace when a card 15 drawn from a
well shuffled pack of 52 cards.

Solution: Let A: Getting a spade, P(4) = l—f

P

B: Getting an ace, P(B) = ;..

A N B: Getting an ace of spade, F(AN B) =

[A3]
I'\-.1|""

Now P(AU B) = P(4) + P(B) — P(ANn B)

1304 116 4
52052 510 520 43

Examplel4 Find the probability of getting neither heart nor king when a card is drawn
from a well shuffled pack of 32 cards.

Solution: Letd: Getting a card of heart, P(A4) = =

]
(=1



B: Getting a card of king, P(B) = %
AN B: Getting 2 king of heart, P(ANB) = =

Now P(AUB)=P(A)+P(B) —P(ANE)

13 2 1 16 4
d& =F4 J.& o =]

Again Probability of neither heart nor king is given by P(4° n BS)

P(A“NBYYy=P(AUBY =1—-P(AUB)

=1__=_

Examplel5 Three newspapers A, B, C are published in a city and a survey on readers
reveals the following information:

25% read A, 30% read B, 20% read C, 10% read both A and B, 5% read both A and C,
5% read both B and C, 3% read all three new spapers. For a person chosen at random,
find the pr-::babi].it_l; that he readz none of the newspapers.

Solution: P(4) = 1” P(B) = 1|:||:| P(C) = 1. P(AnE) = 1|:|:|

IIIIII

_.

PIANC)=— P{EHE]—— PANBNC) = —

Now P(AUBUC) =P(4) +P(B)+P(C)—P(ANEB)—P(BNC) -
F[C NA)+P(ANBNC)

20 1w 8 3 3
) —_——— — — e, —— T —
PlAVBUC) = 1|:|:| iuu 100~ 100 100 100 100
&t
00 20

=P(AUBUC)Y = 1-P(AUBUC)

i 3

=l-5=%

Example 16 Dizcuss and comment on following:

P(4) = %._ P(B) = % P(CY) = %a:e probabilities of three mutually exclusive events
AE.,C.

Solution: 3ince A, B | £ are mutually exclusive events,

PIAUBUC) = P(4) + P(B) + P(()



=1

SP(AUBUC) = {+:+

e | 0

[EN
| b

Which 13 not posztble, hence it 15 a falze statement.

2.4 Conditional Probability

The probability of occurrence of an event A, when event B haz already occurred 13 called
conditional probability of A and iz denoted by P(A|B).

If F{A|B) = P(A), then event A iz zaid to be independent of event B.

2.4.1 Multiplicative Law of Probability

Statement: The probability of simultaneous occurrence of two events is equal to the
probability of event multiplied by conditional probability of the other, 1.e. for two events
Aand B, P(AN EB) = P(4). P(B|4)

Proof: Suppose a trial results in n exhapstive, mutoally exclusive and equally likely
outcomes, m of them being favourable to the happening of event 4,

then P(4) = % (D)

Out of m ovtcomes, favorable to the happening of event A, let my be favourable to
happening of event B

~» Conditional probability of B given that A has already occurred is

F(B|4) = *“? T

wh

Again out of n exhavstive, mutually excluzive and equally likely outcomes, m, are
favorable to happening of A and B

- Probability of simultanecus occurrence of A and B

=P{Anﬂ}=%

=

= P(A). P(B|A) Using (1) and (2)

a3

m_m my
=

m

~P(ANB) = P(4).P(3)

Eri

= P{A N B)is also written as P{AB)
» Interchanging A and B, P(BA) = P(B). P(4|B)

or P(AB) = P(B).P(4|B) +~ANEB=BnA

# If A and B are independent events, then P(B|A) = F(B)
~ P(AB) = F(A). P(B), ifevents 4 and B are independent



Formulae for conditional probability:

Pland)
P(BIA) = ==
Piang)
P(A|B) = — =

Examplel7 An unbiased coin 15 tossed thrice. In which of the following cases events A
and B are independent

(1) A: The first throw results i a tail
E: The lazt throw rezults in a head

(11)  A: The number of tails 1z two
EB: The lazt throw rezults in a tail

Solution: 5 = {HHH.HHT,HTH, HTT,.TTT,TTH,THT,THH}

@) A= (TTT,TTH,THT,THH}, P(A) =7 = ;
B = {HHH HTH TTHTHH}, P(B) =; = ;
ANB =(TTHTHH}.P(ANB) =:=1
Now P(4 N B) = ;, and P(A). P(B) = ;
~P(ANB) = P(A).P(B)
Hence events 4 and B are independent.
() A= (HTT.THT.TTH}, P(4) =+
4

B = [HHT.HTT,TTT,THT}, FP(E) e

(SN e

ANB ={HTT,THT}.P(ANB) =

el

Now P(A N B) = , andP(4). P(B)=—

~P(ANEB) = P(A).P(B)

Hence the events A and B are not independent.
Examplel8 IfP(A4) =0.3, P(E) =0.5and F(A|B) =04

Find (i) P(A N B) . (ii) (B|4) . (iii) (A U BD)



Solution: (i) P(4 N B) = P(B).P G}= 0.5 x 0.4 = 0.2

.. _ P{AnB} _ 0.2 _
Gi) P(Bl4) = 22 = 22 =

L]

[T
L | B

(i) P(A° U By = P(AN B)*
=1-P(ANE)
=1-02=0.3

Examplel? Cards are dealt one by one from a well shuffled pack of 52 cards until an ace
appears. Show that the probability that exactly n cards are dealt before the first ace
£(51-n)(50—-n)(49—n)

52515049

appears 13
Solution: Let A: Drawing n non ace cards

B: Drawing an ace in (n + 1)** draw

4B, 480 ml(5I-m)!
Pld) = 52c, ml48-n)" 5l
__ [(a2—na}al-n)ya0-—n)49—n)
- 31515043
dc, 4
Also P(B|A) = — ==
(22—0lc, 34—

~P(A N B) = P(4).P(B|4)

_ 48 1-n)50-n)a%-n)

= £2,51.50.49

Example20 Two dice are thrown and sum of numbers appearing 13 observed to be 6. Find
the conditional probability that number 2 has appeared at least once.

Solution: Let A: Number 2 has appeared at least once

B': Sum of numbers on two dice 1z 6

P{AnE)

Now P(4]B) = — =

A= {(L2)(2.2).(3.2) (+.2). (2.2).(6.2). (2.1). (2.3). (2.4). (2.2). (2.6)}

B = {(1.5).(24).(3.3).(42). (3.1}



AnNE= {(24).(4.2)}

n
-

36

5

Now P(AN B) = .

and P(B) = — = P(A|B) =

LR
| b

Example2]l A bag contains 7 red 5 black balls; another bag contains 5 red and 8 black
balls. A ball 1s drawn from the first bag and without noticing itz colour iz put in the

second bag and then a ball 1z drawn from second bag. Find the probability that ball
drawn 15 red in colowr.

Solution: Casze 1 A: Fed ball 15 drawn from first bag.

B: Red ball 13 drawn from zecond bag.

P(ANB) = P(4).P G}

Casze 2 (: Black ball iz drawn from first bag.

E: Red ball 1z drawn from second bag.

Then P(C N B) = P(C). P (Z)

- e
=] L

5
12 14 168

Required probability = P(ANEB) + P(C N E)
_ %2 B _ &
TO162 | 18F 0 1EE
2.5 Bay's Theorem

If Ey, E5. oo, B, are n mutually exclusive and exhaustive events in a sample space
such that P(E;) = 0 for each i.(i = 1.2....n) and A iz an arbitrary event for which
P(4) = 0, then the conditional probability of occurrence of E; | given that A has already
occurred 13 given by

P{E:)P{A/Ey)
E::; -F:—:;.:'-F:-%:'.E::' :

P(E;/A) = i=12....n

Proof: As Ei.E;, ... E, are n mutpally exclusive and exhaustive events

“EjU E;U..WE, =§



NowA=ANS = AN(E VU EVU..UE])
=A = (ANE U ANEDUANE) U... U [ANER)
By addition law of probability
P(A) = P(ANE;) + P(ANE;) TP(ANE;) + - +P(ANE,)
“(ANE;), (ANE:), (AN E;) are all mutually exclusive

=P(A) = P(E1)P(A/Ey) + P(Ez)P(A/Ez) + P(E3)P(A/E3) + -+

P(E,)P(A/E,)
= TIEIP(E)P(A/E) ey
. _ PEindy _ PEQPASED .
~P(E;fA) = P(A} EioTP(EP(A/E) uang

Example22 Three vums I, I1, IIT contain & red and 4 black balls, 2 red and 6 black balls,
and 1 red and 2 black balls respectively. An um is chosen randomly and a ball 15 drawn
from the vrn. If the ball drawn is red, find the probability that it was drawn from v L

Solution: Let 4: A Fed ball iz drawn

E;:Umlischosen, P(E) = ;P(4/E)= ==
E;:UmIlis chosen, P(E;) = 3P (4/E;) = ; = ¢
E;: Um Il is chosen, P(E;) = 5. P (4/E;) = ;

FLEJIPIA/EL)
FIELIRIA/ B4R BRIP4/ E)+PEDIF LA/ E)

Required Probability = P(Ey /A) =

_ = 2 108
— 7T 3 1 1 T It — T.3
(3 3itl3-gH55) 17

Example23 Two umns I and IT contain 3 red and 4 black balls, 2 red and 5 black balls
respectively. A ball is transferred from urn I to vrn IT and then a ball is drawn from v IT.
If the ball drawn 15 found to be red, find the probability that the ball transferred from wrn
I1sred.



Solution: Let 4: A Eed ball iz drawn from o 11

Ey: Ball transferred fromum Tisred, P(Ey) = - P (4/E) = ;
E: Ball transferred from urn Tis black, P(E;) = %, P (4/E;) = ;
. o _ P(E1)P(A/En)
Required Probability = P(E; /4) = S EOPA/E P B IED
3 3

Example24 An insurance company insured 2000 scooter drivers, 4000 car drivers and
6000 truck drivers. The probability of an accident involving a scooter driver 13 0.01, a car
driver 13 0.03 and a truck driver 13 0.15. If one of an insured person meets with an
accident, what 15 the probability that he 15 a car driver?

Solution: Let 4: An insured person meets with an accident

E;: Person 1s an insured scooter driver

20040

PIEV) = mimmnmen — 1o b (A/E0 = 001

E;: Perzon 1z an mszured car dover

L0400

P(Ez) = Jro0-e00076000

=P (4/E;) = 0.03

E;: Perzon i1z an msured truck driver

6000 z
P(E3) = Jpppraonnzeon0 — 1t (4/E3) = 0.15
E’_equj_ﬁ_-d Pr.;.babjlit}.- = P[:Eg,n'rﬂ] — PrEZWPASE

PEL P (A/E I+ PESIP(A/EZILF(EZ)FIASES)

2 (0.03) 3

(001 (0034 (DB 26

Example25 Fam zpeaks truth 2 ocut of 3 ttmes and Shyam 4 out of 5 times; they agree in
an aszertion that from a bag contaming 6 balls of different colour, a red ball has been
drawn. Find the probability that the statement 13 true.

Solution: Let A: Fam and Shyam agree in the assertion that a red ball has been drawn



E;:Red ball iz drawn. P(E;) = %: P(AJE) =

o | -

o | e

E;: Non Fed ball 13 drawn. P(E;) = = P [A;"E:] = %

o |
| s

FrE)fia/ B

Required Probability= P(Ey/4) = ;oo Ci

—]
i | s
Lk | B
| g |

Example26 A card from a deck of 52 cards 13 mussing. 2 cards are drawn from the
remaining deck of 51 cards and are found to be of spade. Find the probability that
missing card 13 of spade.

Solution: Let 4: 2 cards of spade are drawn from a deck of 51 cards.

3 1205 2
E;: Missing card is of spade, P(E;) = i—':' P(AJE) = =2 = et

5lc,  51x50

39 13, 13x12

 P(AJE) = =5 =

E;: Missing card 1z a non- spade, P(E;) = =

b 51=50
P(ELJPLASEL)

Required Probability = P(Ey /4) = FELFA B PP

13x1Tx11
- SZw51xa0 _ 1 1
= TExiE=il, 39x13=1T . 717233 50

5Ix51x50  SIX51xED

2.6 Random Variable and Probability Distributions

A random vanable is often described as a wvariable whose values are determined by
chance. The values taken by the vanable may be countable or uncountable, based on
which it 15 classified as discrete or continwous. Random varable iz typically dencted
using capital letters such as "X

2.6.1 Discrete Probability Distributions

A dizcrete probability distribution “P (X)) describes the probability of occurrence of each
value of a discrete random variable "X, A dizcrete random variable 13 a random variable
that haz countable values, such as a set of positive integers. The discrete probability
dizstnbution *P(&)° of an experiment provides the comesponding probabilities to all
possible values of the random variable “X”  associated with it such that ¥ P(X) = 1



Example27 Find the probability distribution of the number of aces when two cards are
drawn at random with replacement from a well shuffled pack of 52 cards.

Solution: Let X' be a random varniable showing number of aces. Clearly & can take values
0.1 or 2. If 5 denotes succ:ea.s 1.e. getting an ace and F denotes failure 1e. getting a non-

ace card, then P(§) = = = = and P(F) = =
X |Event | P(X)
ol FF 12 12 144
| 1313 169
1 | SForFs [:,1_ E)JF(E_l):i
_ \13'13/ "\ 13"13/ " 160
1 1 1
2 58 e
13713 169

Example28 Find the probability distribution of the number of successes in two tosses of
a die, when success is defined as a number greater than 4.

Solution: Let ¥ be a random variable showing number of successes in two tosses of a
die. Clearly X can take values 0.1 or 2. If 5 denotes success ie. getting a number

-

greater than 4 and F denotes failure, then P(5) = Ez and P(F) = =

[T

X | Event P{X)
o| FF 22 1
3°3°39
1| sForFs (l 5]+(Eljzi
3.3/ 7 \33/ 73
11 1
2| ss i
3339

Example2? 3 bad articles are mixed with 7 good ones. Find the probability distribution
of number of bad articles if 3 are drawn at random without replacement from the lot

Solution: Let ¥ be a random variable showing number of bad articles. Clearly X can
take values 0,1, 2 or 3.

X | Event L P(X)
T, 210
0 | 0Bad 3 Good L =
22T Tog, T 720

3r T, 378
1| 1Bad 2 Good =% _
10;, ~ 720




3¢, 7c, 126

2 Bad 1 Good -
ol B T R T

3Bad0Good | 2=
3| FRaeieet ! 1o =720

Note: Combination 13 béiﬂg vsed as arficles are drawn without replacement.
2.6.2 Mathematical Expectation

IfX be a random wariable which can assume any one of the values xy . x7 -, x, with
respective probabilities py, pq ., -, py; then the mathematical expectation of X usually
called as expected value of X, denoted by E(X) 13 defined as:

E(X)=pyx;+p; x2+ +p,x, =Ep;x:;where ¥p; =1
Physical interpretation of E(X)

If x denotes mean of set of observations x, |, x5 ,---, x, with respective frequencies fi . f

= Fo¥,
e fithen =2 N =3 f,
- _h F= Fn o
=Sy = 'f?xl—"-?x:+---+":'?xﬁ ---_\L{.

Now out of total N cases, f; are favorable to x;

PX=x)=%=p i=12n

:}%= p]_:?f: PE: ”.=J_='._“-.= p."! ".@:
LE = pixt + paxs 4o PeXa= 20 X using (2) in (1)
Hence x = E{X)

Hence mathematical expectation of a random vanable 13 nothing but 1tz anthmetic mean.

*We conclude Mean (£ ) = E(X) =X p: x;

Similarly Variance (0% ) = S50 — (EL%)’
=Zpx’— Cpx P=EX?) - (E(X))

Example30 What i3 the expected number of heads appearing when a fair coin is tossed 3
times.



Solution: LetX be a random variable showing number of heads. Clearly X can take
values 0,1, 2 . 3.

X Event 2 i X
0 TTT 1
2
3 3
1 | HTT,THT.TTH = | =
.8 2
3 B
2 | HHT,.HTH.THH — —
3| B
3 HHH l E
8 8
# E(X)=Epix =3 =15

Example3]l A man draws 2 ballz from a bag containing 3 white and 5 black balls. If he

receives Rs70 for every white ball he draws and Es. 35 for every black ball, what 13 his
expectation?

Solution: Following table shows the amount received by the man for each event:

Event Probability (p;) Amount(x:)| p;x;
5 10 I5=

2 black balls 20 _22 [P0 1100,
8. 28 28

3 5 15 =

Iwhite 1 black ball | S 2C _ 15 170+35=105 115
8. 28 28
3r. 3 =

2 white balls = 70+70=140 i ® 140
5. 28 78

700 1575 420 385
LEX)=Epin =g+t = [ =9623

Example32 For a random varnable X, the probability mass fuonction 13
flx)=kx,forx =12 n
= (0, otherwize
Find expectation of X,
Solution: Here f(x) denotes probability mazz function

AFie FOX) = Thaskx = kTimgx =1



nin+l)y

=k 7 1
2k = r:||:r:|2+1]
SE(X) = Fiogxf(x) = Fiogxkx =%l x m:f.2+1]
= :-.:nii)Eg:i x

_ 2 2 4 .l
bl Cub i SR

2 mindl)EZnd4ly _ 2m4l)
nn41) & -3

Example 33 A random variable X has the following probability function:

X 20-1 10 1 |2 3
P(X) k 01|03 |2k |02 K
Caleulate mean and variance.

Solution: For any probability function ¥, p;=1

=k+01+03+2k +02+k=1

=k=01

xi | pi pi X; pix;*
2]01-02 0.4
10101 0.1
0030 0
1/02]02 0.2
20204 Tos

3 01|03 09

I Spix; =06 |[Tpix =24

sMean=%p;x; =06
T.-'a.ria.nneiﬁz_'] =E;EJ:'I-':'E = [EF':‘JI-':':'3

=24-036=20M



2.6.3 Continuous Probability Distributions
The probability distribution P(X) associated with a continuous random variable X is
called a continuous distribution. A continuous random variable is having a set of infinite

and uncountable values, for example set of real numbers in the interval (0.1) 1s
uncountable.

If X be a continuous random variable taking values in the interval [a, b], the function
f(x) 13 sa1d to be the probability density function (PDF) of X, 1f 1t satizsfies the following

properties:

i f) =0 wxeX in [ab].
1. Total area under the probability curve is one, 1.e. P(a = x = b)=1.

For two distinct points ¢ and d in the mnterval [a.b]; P(c =< x = d) 15 givenby area
under the probability curve between the ordmates x = cand x = d, i.e. P(c =x =
a= cafxdar.

Alzo Fix) = P(X = x) = _rj:_;l" (x)dx iz called cumuplative distribution function or
simply distribution fonction.

Example 34 Find whether the following 15 a probability density function:

_fx, D =x =1
f':ﬂ‘{zx. 1=y =2

Solution: For f(x) to be a probability density function, _r_:ﬂ:ﬂ flx)dx=1
el d 1 2 oo
JofGdx=[_ fx)dx+ [j f(x)dx+ [} f(x)dx + [; f(x)dx
= ,0dx+ [y xdx+ [[2xdx+ [ 0dx

_ 1241 242
=0+ [x"lo + [x°I1

a| =3

=l-01+M4-1=<=%1

s

I

Hence f(x) is not a probability density function.
Example 35 Let X be a random vanable with PDF given by
flx) =kx, x| =1

= {0, otherwize



i Find the value of the constant k
ii. Find E(X) and Var(X)
i Find P(X) = =

Solution: i.For f(x) to be PDF, _[_E: flx)dx=1

= kxtdx =1

b | L

= IkLi=1 = k=
ii. E(X) = [ xf(x) dx
= j_iixkr* dx
= kf_iixi dx =0 (+x°isan odd function)
Also Var(X) = E(XY) — (E(X)*

= [ 2 f(x)dx —0

=3 | o

=F|:j'_11,tf'dx=

iii. P(X) =

|:.||—l-

—_|"1 kx* ﬂ.’x—%[ i]i: —

Example 36 Show that the function f({x) defined az
e, x=0 : . : :
fix) = { ’ v=p B2 probability density function and find the
probability that the vanate X having f(x) az density fonction will e in the
interval (1,2). Also find the probability distribution function F(2).
Solution: We have j'_;;f (x)dx = jfl:ﬂ 0dx + I:Im e Fdx=—[e*]F =1
~f(x) is a probability density function.
Also P(1 <x 2) = [ e dx= —[e~*]§ =233
Again F(2) = [*, f(x)dx= [, 0dx+ [, e dx=—[e"=1— e

=1-0.135 = 0.863



2.7 Moments
The expected valves E(x — a), E((x — a)*) . E((x — a)%) ... E((x — &)") are called

moments about any point a.
Thus »** moment about any point “a’ of any distribution 15 denoted by r and is given

by r= Zpi(xi— a) = %Ef;‘(x:— a)’, where N =3 f;

: F ST 1
In particular v*" moment about mean X is given by , = yofilx - x)

Some important results:

[ ] 0 = ::,—1
. 1:—Ef{:r—f]__EfI__Ef —x=0
=—Ef[x—x}‘_—Ef1' + = Ef E%Ef:-’f:
=—Efx'+r—2:r =—Efx'_f:=‘j

|
-

v 1= iYfik-a)=3Efx-3Lfi=f-a
Relation between . and ,
A
= 22filx—a) - E- @)
=%Ef:(d— 1) by putting x; —a=d
= = ITA(d —md ™t L d T et (-1 )

= $Sfid -, 13TAd T 4 CREAETT 4+ - V52

¥

_ ] 1 1 T r 2 r
= .= p=T op1 1t o2t T+ (1)
In particular
I v 2 ] .'3_ ) ' 2 r
1= 2—2 17+ g1 = 31— 1 a g=1



2.8 Moment Generating Function (MGF)

The moment generating function of the variable x about a point x = @ 13 defined as the
expected value of &'*~% and is denoted by M, ().

w My (t) = E[eF*2)]

=M (t) = Tp e’ D
=Ep+tIpln-a)+ 3Epln—a)l+ o+ SZplx—a) +--

(" = 14x+ T4t S4e)

(]

I f‘- e
R R R e

r

SM (t)=14¢ 1+

(2]

fi
v P = -1"_.

where , is the moment of order + about a point &
F

' - I
Hence , = coefficientof —
r:

Thus M, (t) generates moments and therefore it is called moment generating function.
Again rewriting (1) as M, (t) = &% ¥ p; ™

= M, (t) = e™™ My(t)

Thus (MGF about the point a) = ¢~ (MGF about origin)

Again if f(y) be density function of a continuous vanate ¥V, then the moment generating
fenction of the continuous probability distribution about ¢ = a 13 given by:

=
hl

M (t) = [, 'O f(y) dy

-k}

We can also generate moments by differentiating » times wrt £ and then puttng £t = 0

ie =M (0)] 3

- —
=

ray

Thus the moments about any peint x = @ can be found using (2 or more conveniently

using (3

If 2 moment-generating function exists for a random vanable X then:



¥

M(0)=1

> M (0)=E(X). M (0) = E(Xx%). M" (0) = E(X%), -

# The mean and vanance of X can be found by evaluvating the first and second
derivatives of the moment-generating function at 1= 0.

e = E(X)=M(0), ¢* =EX) - (E¢X)¥ =M"(0) - [M (0)]*

Example37 Find the moment generating function for the probability distnibution given
by number of heads appearing when a fair coin 15 tossed 3 times and hence find mean and
variance.

Solution: Let X be a random varnable showing number heads. Clearly X can take
values 0,1, 2 3. Probability distribution 13 given by:

x; [0|1]|2]3
1/3(3]1
S P e
2 8/8 8

M(t) = E(e™) =T p; '™

_E E t 331 15:
=:~M[t:|—E+EE +HE +as
eey — 2oty 8 20 3 3
M{t}—EE + e + e
“Mean= M'(0)= -+ 2+ 2=2=15
s Mean = | =ststz=5=1L
" _E i .1_“ 2t EE:
Also M I:t]—EE+Ee +EE
u 3 1z 9 4
=M [ﬂ]—g+ Ttz=7=3

r Variance = M (0) — [M'(0)]* =3 - (1.5)* = 0.75

Example 38 Let X be a random vanable with PDF given by

fo = fke™ xe @)

. otherwise

Find moment generating function of f(x), hence find mean and variance.

Solution: M(t) = E(e™) = _lic e f(x)dx



= f_:: e ke~ dx = Il:j'_a;g':'!‘_t}r dx =k

e-f-i'-’-?-]m k
t-k Ip

k
k=3t

Also M (t) =

» Mean = M'(0) = 1

1k N 2
= M = -
_r}3 I:ﬂ]

kI

Also M" (£) = -

I
r'ull"l

* Variance = M" (0) — [M'(0)F = F

2.9 Skewness

Skewness 13 a measure of the asymmetry of the probability distribution of a random
variable about its mean. In a symmetrical distribution, mean mode and median coincide.
The skewness valoe can be positive or negative.

Pasitively skawad
‘ (\ Magatively skewsad
[}

Mass of distribution is concentratad to left Mass of distribution is concentrated to the right

MMean —Mode
Standard Deviation

Coefficient of skewness =

L5 = ﬂ._ 5; 15 called Karl Pearzon’s coefficient of skewness and lies between

—3 and +3.

If mode iz 1ll defined, then using M, = 3M; — 2Z2M

_ AM-May
5;_- - T

Karl Pearson defined the following four coefficients based upon the first four moments
about the mean:

Bz f
Pr= 5 1= 4B

Br=—% v2= B2 — 3

1 grves a measure of depariure from symmetry and 52 15 associated with skewness.



2.10 Kurtosis

Kurtosis measures the degree of peakness of a distribution and 13 given by By

® e

Luplckur L

I{B; =3, thecurveis peaked or leptokurtic

Bk arrie

If{B; =3, thecurveis normal or mesckurtic

Flabyleur Ll

If Bz <= 3, the curve 13 flat topped or platykurtic

Example3? Calculate the first four moments of the following distribution about the mean
and hence find By and PB,.

x(0|1 2 (3|4 56|78
fl1|8 28567056 2881

Solution: Taking 4 as assumed mean, let us first caleulate moments about x = 4

r= %Ef':x_ a)’ = %Efdr;l.?.'hered:x_ci

x| f d=x—-4% fd |fd’| fd? | fd*
ol 1| -4 | —4]| 16| —64 | 256 |
I —3 | —24| 72 | -216| 648
2| 28 | -2 | —56|112|-224| 448 |
3| 56 —1  —56, 36 | —56 | 36
4 70 | o 0|0 0 0
5| 36 1 56 | 36 | 36 | 36
6| 28 | 2 |56 |112| 224 | 448 |
A 3 24 | 72 | 216 | 648
8| 1 4 4 | 16 | 64 | 256
N= 1256 0 |512] 0 |[2816

[

1
1= FEfd=0.

=

1 5 _ 512 1
= Efd*=——=2 3=3;Rfd =0,

[

: 1 . 2816
s= gilfar= =1

Moments about mean:

1=0



(]

Ly

I [ I

3—3 3 43+2 37 =0
1 I I ] |: |+
sg—% 3146 ;-3 =11
I-3: Ly 11

=10 P — === 275
L‘J B-ﬂ I"-E‘ A

Exercise 2

. In a single throw of two dice, what 13 the probability of getting six as a product of

nombers on two dice?

. A bag contains 4 black, 2 red and 3 blue pens. If 2 pens are drawn at random from

the pack and then another pen iz drawn without replacement, what iz the
probability of drawing 2 black and 1 blue pens?

. A purse contains 2 silver and 4 copper coins. A second purse contains 4 silver and

3 copper comns. If a coin is pulled out at random from one of the two purses, what
1z the probability that coin 13 a silver coin?

. A problem in mathematics 13 given to three students A, Band £ whose chances of

solving are 1 i %md%reapecﬁvely. What i1z the probability that the problem will
not be solved? -

. If four whole numberz taken at random are multiplied together, find the

probability that the last digit in the productis 1,3.7 or 9.

. A speaks truth in 60% and B in 75% cases of the cases. In what percentage of

cazes they are likely to contradict each other in stating the same fact.

. A and B take tums i throwing two dice and the first to throw 10 wins the game. If

A has the first throw, find B's chances of winning_

. Abag contains 10 white and 3 black balls. Another bag contains 3 white and 5

black balls. Two balls are transferred from the first bag and placed in the second
and then one ball 13 drawn from the second bag. What is the probability that it is a
white ball?

. In each of a set of games it 1z 2 to lin favour the winner of the previous game.

What iz the probability that who wins the first game shall win at least 3 games out
of the next four games?

10.A4 and B take turns i throwing two dice with 4 having the first trial The first to

throw 10 being awarded a prize. Find their expectations if the prize money 15 Rs
460.

11.1In a lottery m tickets are drawn out of n tickets numbered from 1 to n. Show that

. . n+l
the expectation of sum of numbers drawn 13 m ( " :J

-



12 _Find the probability distribution of number of kings drawn when two cards are
drawn one by one, without replacement, from a deck of 52 cards.
13_ A random variable X has the following probability distnbution:

.&'|u|1|2|3|4|5

Py | 01 | Kk | 02 | 26 | 03 | K

Find i. K i.P(X¥=1) ii.P(X = 3)
14 LetX be a random variable with PDF given by
1
fixl=7. Izl =2

= (), otherwize

Obtain the values of i. P(X < 1) ii. P(|X| = 1) iii. P(2X 4+ 3) = 3)
15. For the function f(x) defined by f(x) = ce ™, 0 = x = o, find the value of ¢
which changes f(x) to a probability density function.
16.If ¥ be a random variable with PDF given by
¥, xe (0,00
fa=fy X0

, otherwise
17. Find E(X®) using the moment generating function (1 — 2t) A

. find moment generating function of f(x).

Answers

el
|

o = (A
i
L
=1
o

8.
o =

10.Rs240. Rs.220
12X=0; P()=r, X=1; P(X) ==, X=2; P(X) =

13.i. 01 i, 0.2 i, 04




14,1,
15.1
16—

1-t
17.10,560.
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