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Continuous Random Variables



Probability Distributions and Probability Density Functions

Figure Density function of a loading on a long, thin beam.



Probability Distributions and Probability Density Functions

Figure Probability determined from the area under f(x).



Probability Distributions and Probability Density Functions

Definition



Probability Distributions and Probability Density Functions

Figure Histogram approximates a probability density function.



Probability Distributions and Probability Density Functions



Probability Distributions and Probability Density Functions

Example 



Probability Distributions and Probability Density Functions

Figure Probability density function for above Example.



Probability Distributions and Probability Density Functions

Example (continued)



Cumulative Distribution Functions

Definition



Cumulative Distribution Functions

Example



Cumulative Distribution Functions

Figure Cumulative distribution function for above Example.



Example



Example



Mean and Variance of a Continuous Random 
Variable

Definition



Mean and Variance of a Continuous Random 
Variable

Example



Mean and Variance of a Continuous Random 
Variable

Expected Value of a Function of a Continuous 
Random Variable



Mean and Variance of a Continuous Random 
Variable

Example



A continuous probability distribution for a given random variable, 

X, that is completely defined by its mean and variance.

Normal Distribution:

1. A normal curve is symmetric and bell-shaped.

2. A normal curve is completely defined by its mean, , and 

variance, ².

3. The total area under a normal curve equals 1.

4. The x-axis is a horizontal asymptote for a normal curve.

Properties of a Normal Distribution:



Total Area Under the Curve = 1:



The area under the curve and the probability of being within one 

standard deviation             of the mean, µ, equals 0.6826.( )1

Area within One Standard Deviation:



The area under the curve and the probability of being within two 

standard deviations             of the mean, µ, equals 0.9544.( ) 2

Area within Two Standard Deviations:



The area under the curve and the probability of being within three 

standard deviations             of the mean, µ, equals 0.9974.( )3

Area within Three Standard Deviations:



x - 3s x - 2s x - s x x + 2s x + 3sx + s

68% within
1 standard deviation

34% 34%

95% within 
2 standard deviations

99.7% of data are within 3 standard deviations of the mean

0.1% 0.1%

2.4% 2.4%

13.5% 13.5%

The Empirical Rule
Standard Normal Distribution: µ = 0 and  = 1



Definition:

• Normal distribution – a continuous probability density 

function completely defined by its mean and variance.
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• The mean defines the location and the variance determines 

the dispersion.

• Below are three different normal curves with different means 

and identical variances.

Normal Curves:



• Below are two different normal curves with identical means 

and different variances.

• Changing the variance parameter can have rather significant 

effects on the shape of the distribution.

Normal Curves:



As the following three histograms demonstrate, data from a 

population that is assumed to come from a normal 

population will more closely represent a bell curve as the 

sample size n grows larger.

Data from Normal Distributions:







Objectives:

• Understand the concept and characteristics of the standard 

normal distribution.

• To calculate the area underneath a standard normal 

distribution.



• A standard normal distribution has the same properties as the 

normal distribution; in addition, it has a mean of 0 and a variance 

of 1.

Standard Normal Distribution:

1. The standard normal curve is symmetric and bell-shaped.

2. It is completely defined by its mean and standard deviation,

 = 0 and  ² = 1.

3. The total area under a standard normal curve equals 1.

4. The x-axis is a horizontal asymptote for a standard normal 

curve.

Properties of a Standard Normal Distribution:



Tables for the standard normal curve:

There are two types of tables for calculating areas under the 

standard normal curve.

• The first contains probability calculations for various areas 

under the standard normal curve for a random variable 

between 0 and a specified value.

• The second contains probability calculations for various areas 

under the standard normal curve for a random variable 

between negative infinity          and a specified value.( )−



The probability of a random variable (X) having a 

value (e.g. 80) in a given range (e.g. 50 to 100) is 

equal to the area under the curve in that region.

Probability of a Normal Curve:



Standard Normal Distribution Table:

Standard Normal Distribution Table from – to positive z

z 0.00 0.01 0.02 0.03 0.04

0.0 0.5000 0.5040 0.5080 0.5120 0.5160

0.1 0.5398 0.5438 0.5478 0.5517 0.5557

0.2 0.5793 0.5832 0.5871 0.5910 0.5948

0.3 0.679 0.6217 0.6255 0.6293 0.6331

0.4 0.6554 0.6591 0.6628 0.6664 0.6700

0.5 0.6915 0.6950 0.6985 0.7019 0.7054

0.6 0.7257 0.7291 0.7324 0.7357 0.7389

0.7 0.7580 0.7611 0.7642 0.7673 0.7704

0.8 0.7881 0.7910 0.7939 0.7967 0.7995





Area to the Left of z:



a. z = 1.69

0.9545

b. z = −2.03

0.0212

c. z = 0

0.5000

d. z = 4.2

Approximately 1

e. z = − 4.2

Approximately 0

Find the area to the left of z:





Area to the Right of z:



a. z = 3.02

0.0013

b. z = −1.70

0.9554 z = 0

0.5000

c. z = 5.1

Approximately 0 

d. z = − 5.1

Approximately 1 

Find the area to the right of z:





Area Between z1 and z2:



a. z1 = 1.16, z2 = 2.31

0.1126 

b. z1 = −2.76, z2 = 0.31

0.6188 

c. z1 = −3.01, z2 = −1.33

0.0905 

Find the area between z1 and z2 :





Area in the Tails:





a. z1 = 1.25, z2 = 2.31

0.9048    

b. z1 = -2.40, z2 = -1.45

0.9347 

c. z1 = −1.05, z2 = 1.05

0.2937

Find the area in the tails:



Example:

Calculate the probability that a standard normal random 

variable is between 0 and 1.

Solution:

• Look up the value of 1.00 in the table.

• The table value of .3413 is the area under the curve between 0 

and 1.



Example:

Calculate the probability that a standard normal random variable 

is between 0 and 1.27.

Solution:

• Look up the value of 1.27 in the table.

• The table value of .3980 is the area under the curve between 0 

and 1.27.

( )  =0 1.27 .3980P z



Example:

Calculate the probability that a standard normal random variable 

is between −1.08 and 0.

Solution:

• The value −1.08 is not given in the table.

• Since the distribution is symmetric, the probability that the 

random variable is between −1.08 and 0 is equal to the 

probability the random variable is between 0 and 1.08.

• The table value of 0.3599 is the area under the curve between 

0 and 1.08.

( )−  1.08 0P z ( ) 0 1.08P z = .3599=



Example:

Calculate the probability that a standard normal random variable 

is between 1.0 and 2.0.

Solution:

• First determine the probability that z is between 0 and 2.0, 

which the table gives as .4772.

• Then determine the probability that z is between 0 and 1.0, 

which the table gives as .3413.

• The final step is to subtract the probability z is between 0 and 

1.0 from the probability that z is between 0 and 2.0.



Objectives:

• Understand how to perform a z-Transformation.

• To calculate the probability of a normal random variable.



Definition:

• z-Transformation – a transformation of any normal variable 

into a standard normal variable.  The z-transformation is 

denoted by z and is given by the formula





−
= .

x
z



Example:

Calculate the probability that a normal random variable with a 

mean of 10 and a standard deviation of 20 will lie between 10 

and 40.



Example:

Calculate the probability that a normal random variable with a 

mean of 10 and a standard deviation of 20 will lie between 10 and 

40.

Solution:

Applying the z-transformation yields

( ) 10 40P X
( ) ( )



 − −−
=   

 

10 10 40 10

20 20

x
P

( )=  0 1.5P z

= 0.4332



Example:

Calculate the probability that a normal random variable with a 

mean of 10 and a standard deviation of 20 will be greater than 

30.



Example:

Solution:

Applying the z-transformation yields

Calculate the probability that a normal random variable with a 

mean of 10 and a standard deviation of 20 will be greater than 30.

( ) 30P X
− 

=  
 

30 10

20
P z

( )= 1P z

( )1P z ( ) ( )   − = 0 0 1P z P z

= −.5 .3413

= .1587



Example:

Suppose that a national testing service gives a test in which the 

results are normally distributed with a mean of 400 and a 

standard deviation of 100.  If you score a 644 on the test, what 

fraction of the students taking the test exceeded your score?

Solution:

Let X = a student’s score on the test.



Example:

Solution:

The first step is to apply the z-transformation.

Suppose that a national testing service gives a test in which the 

results are normally distributed with a mean of 400 and a 

standard deviation of 100.  If you score a 644 on the test, what 

fraction of the students taking the test exceeded your score?

( ) 644P X
( ) −

=  
 

644 400

100
P z

( )=  2.44P z

= −.5 .4927

= .0073

Thus, only 0.73% if the students scored higher than your score of 644.



Four basic types of probability problems:

1. Probability less than some value

2. Probability greater than some value

3. Probability between two values

4. Probability less than one value and greater 

than another value



Determine the probability:

Deviation IQ scores, sometimes called Wechsler IQ 

scores, are scores with a mean of 100 and a standard 

deviation of 15.  What percentage of the general 

population have IQ’s lower than 92?

Solution:

 = 100,  = 15, x = 92 

P(z < −0.53) = 0.2981 = 29.81%



Determine the probability:

Deviation IQ scores, sometimes called Wechsler IQ 

scores, are scores with a mean of 100 and a standard 

deviation of 15.  What percentage of the general 

population have IQ’s larger than 130?

Solution:

 = 100,  = 15, x = 130 

P(z > 2.00) = 0.0228 = 2.28%



Determine the probability:

Deviation IQ scores, sometimes called Wechsler IQ 

scores, are scores with a mean of 100 and a standard 

deviation of 15.  What percentage of the general 

population have IQ’s between 90 and 110?

Solution:

 = 100,  = 15, x1 = 90 and x2 = 110  

P(−0.67 < z < 0.67) = 0.4972 = 49.72%



Determine the probability:

Deviation IQ scores, sometimes called Wechsler IQ scores, are 

scores with a mean of 100 and a standard deviation of 15.  

What percentage of the general population have IQ’s less than 

80 and greater than 120?

Solution:

 = 100,  = 15, x1 = 80 and x2 = 120  

P(z < −1.33 or z > 1.33)= 0.1835 = 18.35%



Determine the probability:

In a recent year, the ACT scores for high school students with a 

3.50 to 4.00 GPA were normally distributed, with a mean of 

24.2 and a standard deviation of 4.2.  A student who took the 

ACT during this time is selected.  Find the probability that the 

student’s ACT score is less than 20.

Solution:

 = 24.2,  = 4.2, x = 20 

P(z < −1.00) = 0.1587 = 15.87%



Determine the probability:

In a recent year, the ACT scores for high school students with a 

3.50 to 4.00 GPA were normally distributed, with a mean of 24.2 

and a standard deviation of 4.2.  A student who took the ACT 

during this time is selected.  Find the probability that the 

student’s ACT score is greater than 31.

Solution:

 = 24.2,  = 4.2, x = 31 

P(z > 1.62) = 0.0526 = 5.26%



Determine the probability:

In a recent year, the ACT scores for high school students with a 

3.50 to 4.00 GPA were normally distributed, with a mean of 24.2 

and a standard deviation of 4.2.  A student who took the ACT 

during this time is selected.  Find the probability that the student’s 

ACT score is between 25 and 32.

Solution:

 = 24.2,  = 4.2, x1 = 25 and x2 = 32 

P(0.19 < z < 1.86) = 0.3933 = 39.33%



Example





Example









Objectives:

• Understand the concept of using the normal distribution to 

approximate discrete distributions.

• Learn how to use the continuity correction factor.

• Use the normal approximation to calculate a binomial 

probability.

• Use the normal approximation to calculate a Poisson 

probability.



• The experiment consists of n identical trials.

• Each trial is independent of the others.

• For each trial, there are only two possible outcomes.  For 

counting purposes, one outcome is labeled a success, the 

other a failure.

• For every trial, the probability of getting a success is called p.  

The probability of getting a failure is then 1 – p.

• The binomial random variable, X, is the number of 

successes in n trials.

Review of Binomial Distribution:



• If the conditions that np ≥ 5 and n(1 – p) ≥ 5 are met for a 

given binomial distribution, then a normal distribution can be 

used to approximate its probability distribution with the given 

mean and variance: 

Normal Distribution Approximation of a Binomial Distribution:

( ) = = ,  andE X np

( ) ( ) = = −2 1 .V X np p



Approximate a binomial with n = 20 and p =.5.

Solution:

To approximate a binomial with n = 20 and p = .5 would require a 

normal distribution with

( )( ) = =20 .5 10,

( )( )( ) = − =2 20 .5 1 .5 5, and

 = =5 2.236.

Binomial Normal Fit of 

Binomial

Example:



A continuity correction is a correction factor employed when 

using a continuous distribution to approximate a discrete 

distribution.

Continuity Correction:

Examples of the Continuity Correction

Statement Symbolically Area

At least 45, or no less than 45 ≥ 45 Area to the right of 44.5

More than 45, or greater than 45 > 45 Area to the right of 45.5

At most 45, or no more than 45 ≤ 45 Area to the left of 45.5

Less than 45, or fewer than 45 < 45 Area to the left of 44.5

Exactly 45, or equal to 45 = 45 Area between 44.5 and 45.5



1. Determine the values of n and p.

2. Verify that the conditions np ≥ 5 and n(1 – p) ≥ 5 are met. 

3. Calculate the values of the mean and variance using the formulas      

and

4. Use a continuity correction to determine the interval 

corresponding to the value of x.

5. Draw a normal curve labeled with the information in the problem.

6. Convert the value of the random variable(s) to a z-value(s).

7. Use the normal curve table to find the appropriate area under the 

curve.

Process for Using the Normal Curve to 

Approximate the Binomial Distribution:

 = np

( ) = −2 1 .np p



Example:

Assuming n = 20, p = .5, use the normal distribution to 

approximate the probability that a binomial random variable was 5 

or less.

Solution:

np = 10 and n(1−p) = 10 which are both greater than or equal to 5.

( ) ( )( ) = = = =20 5 10.E X np

( ) ( ) ( )( ) = = − = − =2 201 1.5 .5 5V X np p

 = = 25 .236

Using the continuity correction, add 0.5 to 5.



Example:

Assuming n = 20, p = .5, use the normal distribution to 

approximate the probability that a binomial random variable was 

5 or less.

Solution:

Using the normal distribution, called Y, with mean 10 and 

variance 5, to approximate the binomial using continuity 

correction,

( ) 5.5P Y

( ) −= 2.01P z

( )− = .5 0 2.01P z

= −.5 0.4778

= 0.0222.

( ) −
=  

 

5.5 10

2.236
P z



Example:

Assuming n = 20, p = .5, use the normal distribution to 

approximate the probability that a binomial random variable was 

greater than 4.

Solution:

np = 10 and n(1−p) = 10 which are both greater than or equal to 5.

( ) ( )( ) = = = =20 5 10.E X np

( ) ( ) ( )( ) = = − = − =2 201 1.5 .5 5V X np p

 = = 25 .236

Using the continuity correction add 0.5 to 4.



Example:

Solution:

Using the normal distribution, called Y, with mean 10 and 

variance 5, to approximate the binomial using continuity 

correction,

( ) 4.5P Y

( ) −= 2.46P z

( )+ = .5 0 2.46P z

= +.5 .4948

= .9948.

( ) −
=  

 

4.5 10

2.236
P z

Assuming n = 20, p = .5, use the normal distribution to 

approximate the probability that a binomial random variable was 

greater than 4.



Example:

Assuming n = 20, p = .5, we found that using the normal 

distribution to approximate the probability with the continuity 

correction that a binomial random variable was 5 or less is 

0.0222.  Find the probability that the random variable is 5 or less 

without the continuity correction.

Solution:

( ) ( )( ) = = = =20 5 10.E X np

( ) ( ) ( )( ) = = − = − =2 201 1.5 .5 5V X np p

 = = 25 .236



Example:

Assuming n = 20, p = .5, we found that using the normal 

distribution to approximate the probability with the continuity 

correction that a binomial random variable was 5 or less is 0.0222.  

Find the probability that the random variable is 5 or less without

the continuity correction.

Solution:

( ) 5P Y

( ) −= 2.24P z

( )− = .5 0 2.24P z

= −.5 .4875

= .0125.

( ) −
=  

 

5 10

2.236
P z



Normal Distribution Approximation of a Poisson Distribution:

• Approximating the Poisson distribution is similar to 

approximating the binomial distribution.

• To use this distribution, the mean and variance of the normal 

should be set to the mean and variance of the Poisson.

 = ,  =2 ,  = .



Example:

Suppose that calls arrive following a Poisson distribution with an 

average number of 10 calls per hour.  What is the probability 

that in a given hour more than 12 calls will be received?  Use a 

normal approximation to find the desired probability.

Solution:

Let X = the number of telephone calls in an hour.  The random 

variable X has a Poisson distribution with

 =   and

 =  = 3.16.



Example:

Solution:

If Y is a random normal variable with mean 10 and standard 

deviation 3.16, it should be a good approximation to the 

Poisson.

( )12P Y

( )= 0.6329P z

( )= −  .5 0 0.6329P z

= −.5 .2357

= .2643.

( ) −
=  

 3

12 10

.16
P z

Suppose that calls arrive following a Poisson distribution with an 

average number of 10 calls per hour.  What is the probability 

that in a given hour more than 12 calls will be received?  Use a 

normal approximation to find the desired probability.


