‘ CHAPTER-1
CHANGE OF AXES
Axes: Any two interesting st. lines in the plane may be regarded as axes-
Axes be two kind ==>> :

o e f ic gre cailed
ﬁ)RECtar@Iar axes: If the angle between the axes is /2. Then this @

Rectangular axes.

{2)Cblique axes:!f the angle between the axes is not equal to /2. Then this

axes are cailed Oblique axes. ,
1.7heoram: If origin 0{0,0) is shie datefxy)n dtn2 effect in the cc-
ordinate of the point p(x,y}.

Solution: Draw perpendiculer from O’ ard P oin OX. Suppose the.
perpendiculars intersect OX at M and M’ respectively,

OM=x" and OM’=X, S
. ; DD X 'Y are new axas. Supgos
chift the origin from O {0 G'. Supncse O'X and CY are ne e

\D

P(x,y) is the co-orcinate of P with respect to new axes. - 5
! ’ [ 9 N .
'N=X, and PN=Y ' T pen
So, O’N=X, ana Fi=r. y | P
Al —_ 1 (R }\.': - '\.( .
N OV Oivi‘=0M+MM =0NM+AO0N=XTE. PO‘\/
v, \ 0 \'1"—!3;/1'\',
- \ ' > 1l
50, X=X-X1. ’ B <‘ /‘
Aczain P?\"{':PN"'[‘.’ I.‘/},:?N'l O'in= l'.'yli.‘ \ ; i
\ v | 0 Y ‘/i‘ —
So, Y=y-yq O e .
S Nl e Y-V ). -
A T g, Treeii=m.?
{ I / . i \ A [ C?_'. Lol ) 2
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=2 ’(—z—h—) then xy in the
Hence if the axes are rotated through an angle #=5tan"\ 7=,

air+2hxv+b3\ianishes. . N
By the orthogonal transformation without change of origin the

2 may be written as a,x'2+2h x'y" + b,y'? ifand

b — hy”.[Invariant Rule]

expr/essio

only if (i) a+b=a; + by (ii)ab-h%=a,
(IPE’12,10ME’06,04,CSE’09,GCE'12]
“solution: If the axes are rotated through an ang
x=x'cos@ — y'sinf
y=x'sin@ + y'cos6
putting these values in the exp
a(x’cos® — y'sing)*+2h(x'cosd — y’san)(xfsinB +y

le @ about the origin,then,

ression ax2+2hxy+by2,We have
'cosf)+b(x'sind +

y'cosf)?
~ax'%cos?8 — 2ax'y'sinBcos6 + ay'’sin?6 + 2hx'?
2g — 2hy’zsin_90058 + bx’zsin?B +

cosOsinf +

2hx'cos?@y’ — 2hx'y'sin
25"y sindcos8 + by'*cos?6 ,
x'*(acos?0 + 2hcos@sind + bsin20) + 2x'y’ (—asinfcosf + hcos*8 —

hisin?0 + bsinfcos8) + y'*(asin®6 — 2hsindcosb + bcos?6)

~ax"?42h %'y -+ by

wiiera,ap= acos20 + 2hcosfsind + bsin?0 ... .o oee . (D)
h,=—asinfcosd + hcos?6 — hsin?@ + bsin€cosd ... ... ...... (ii)
by = asin?d — 2hsinfcosd + bcos28... ... ... ..iii)

from (i) and {ii),

a+b;=a (c0s20 + sin®6)+b(sin*6 + cos*0)

~orb=ay blfpmved%

Now, 2a,= 2acos2d + 4hcosfsind + 2bsin®0

=a(1+cos20) + 2hsin26 + b(1 — cos26)

». 2a,=(a+b)+2hsin2€+(a-b) cos26 ... ... ... ... ... (iv)
Siinilarly,2by=(a+b)-2hsin26+(a-b) cos20 ... ... ... ... ... (v)

From (ii),(iv) and (v) we have,

2a,. iZbl—(Zh,)2=(a+b)2-{2hsin2B+(a—b) 50526}2—{23iﬁ9;058(b —a)+
2h(cos?0 — sin%0) }
= 4(fl1b1-h12)=(a+b)2-{2hsin29+(a-b)c0529}2-{2hc0529-(a-b)sin2c'3 ¥

= 4(a1by-hy *)=(a+b) -4k’ i
= 4(aiby-hy*)=(a+b)*-4h*(cos220 + sin226)-(a-b)? b(sin%26 + cos?26)
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=(a+b)>-4h"-(a-b)*
=4ab'4hz
~ab-h?=a;b — hy*(proved)

Solved Problems
nsfer the equao n 3x%+2xy+3y’-18x-22y+50=01in rectangular co-

ordinates so as to remove the terms in X,y and xy.[ME’07,]
2
Or, how can you reduce the equao n 3x’+2xy+3y"-18x 22y+50=0to

4x +2y =1.
Solution: Transforming to parallel axes through (h,k) we have,x=X ‘+h
y=Y '+k

then the transformed equation becomes,
3(x'+h)22(x+h)(y’+k)+3(y'+k)*- 18(x"+h)-22(y"+k)+50=0

=3x"°+6X’ h+3h2+2x'y’+2x k+2y’h+2hk+3y"*+6y’ k+3k2-18x’-18h-22y’-22k+50=0
= 3x'242xX'y'+3y 24X (_h+2k 18)+y’(2h+6k- -22)+(3h 24 2hk+3k?-18h-22k+50)=0...

.. (i)

Now,equating the co-efficients ofx ,y' to zero

6h+2k-18=0
) T |||
2h+6k-22=0
Solving the equations we have,
h=2 and k=3 |
hence the equation (i) becomes,
3x'42¢y'+3y’-1=0
Now, removing the suffixes,we get,
3%+ 2xy+3y%-1=0 ... ... ... ... ...(iii)
Now, rotating the axes through an angle 8
1 1 m - 2h
= — [tan26 =——7,where,h=1,a =3,b = 3]

h = — - —
where, 8 2tan 3°3-12

We have,

. x'-y'
x= x'sin@-y’cosf=———
y 7
f /
- " +y
Y = X'cos O+y'sin §="—2
Y 7

“putting these values in equation (iii),we have

x'-y'2 '+
3(E P22 E ) 3 2 4 g
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=(a+b)*-4h’-(a-b)’
=4ab-4h*
~ab-h%=a,b — hlz(proved)

Solved Problems

A Trénsfer the equao n 3x%+2xy+3y’-18x-22y+50=0 in rectangular co-
ordinates so as to remove the terms in X,y and xy.[ME’'07,]

Or, how can you reduce the equao n 3x2+2xy+3y’-18x-22y+50=0 to
ax*+2y’=1.

Solution: Transforming to parallel axes through (h,k) we have,x=x"+h
y=y'+k

then the transformed equation becomes,
3(x’+h)2+2(x’+h)(y'+k)+3(y’+k)2-18(x’+h)-22(y’+k)+50=0
=>3x’2+6x’h+3h2+2x'y’+2x’k+2y’h+2hk+3y’2+6y’k+3k2—18x’—18h-22y’—22k+50=0
= 342Xy +3y X 6hi2_|5:1§)+y’(2h+6k-22)i(§h2+2hk+3k2-18h-22k+50)=0---
...... (i) “'"
Now,equating the co-efficients of Xy’ to zero
6h+2k-18=0

SRR (1)
2h+6k-22=0 -
Solving the equations we have,
h=2 and k=3
hence the equation (i) becomes,
3x'2+2x'y'._+3y’2-1=0
Now, removing the suffixes,we get,
3P+ 2xy+3Y 150 e e e (i)

Now, rotating the axes through an angle 6

_lont 2__T [tan26 = zh
where,a-—-z'tan 3__3..4[2;“1 —-E:—B,where,h=1,a=3,b=3]

We have,

x'-y'
2.k ’

- ) OS e

x= x'sin@-y'cosf0=—7

x'+y'
= y'cos B+y'sin 0=—=
Y Y 72

putting these values in equation (iii),we have
x'-y' X'y x'+ ' 4y
sEL 2 )3 10
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| , 2 9
s 3x12_6xivl+3yv1+2x12_2y11+3xf2+6x y'+3v -2=0
= 4x'42y'%-1=0... ... . ... (IV)
Now, removing the suffixes we have,

4x*+2y*-1=0 (Ans.)
. . . . t
For second(or) question add this part: if the origin is shie dto (2,3)and rotate
2 2_
the axes through E,the given equao n becomes 4x°+2y°=1
[Note: # To remove the first degree change the origin with parallel axes.

#To remove xy term or second degree rotate the axes through an angle

@remaining the origin unchanged.] ‘ ar
Try yourself: Transfer the equao n 9x*+24xy+2y’-6x+20y+41=0 In rectang
es so as to remove the terms in x,y and xy.[ME’08,ETE 11]

co-ordj
%:ermine the equation of the parabola xz-zxyw2 +2x-4y+3=0ae r
fan g of axes through 45°.[EEE'06(Same)] .

Soiution:Ae rrotan g of axes through 45°,we have,

! /

§ P - ’ x
%-: ¥'sin45°%-y cos45°=—7§’—

I !

p x +
Y= x’cos45°+y’sm45°=Ty
then the transferred equation is,
x _yr xl+yl xr+yr: x.’_yr‘ ‘xl_‘_yl _
+ +2 -4 +3=0

i2 NG . 12 P
voix Yty (er_yIZ) _l_x +_2_xly +y +\/§x' . \/iy'—Z\fZ_x' _

2v/2y'+3=0
> =22y +y =2t R 2 A 2y + ' 22— 2V

A7x" — dy2y'+6=0
= 4y'" - 2/2¢ - 6¥2y' + 6 =0

= 2y'"? = V2x' - 3V2y' +3 =0
Now removing the suffixes, we get
2y% —-V2x—3V2y+3=0  (Ans))

“By transforming to parallel axes through a properly chosen
point(h,k),prove that the equao n 12x*-10xy+2y%+11x-5y+2=0 can be reduced
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to one containing only the terms of 2™
degree.[EEE’12,CSE’10(Same)IPE’10(Same)]
Solution: Transforming to parallel axes through (h,k),we have x=x'+h
=y'+k
then the transformed equation becomes =
’ 2 ’ ' ’
12(x +l21) -10(x"+h)(y'+k)+2(y'+k)2+11(x’+h)-5(y'+k)+2=0
) ’ 2 ’ ) )
=12x'2424x’ h+12h%-10x’y’-10x’k-10y’h-10hk+2y’ *+4y’k+2k*+11x'+11h-5y'-
5k+2=0
)2 r, ! ’ !
—12x'2-10x'y'+2y'>+X’ (24h-10k+11)+y’ (4k-10h-5)+(12h*10hk+2K*+11h-
5k+2)=0... ... ... ...{i)
Now, equating the cc-efficient of X" and y’ to zero,
24h-10k+11=0... ... ... ... (ii)
4k-10h-5=0
=10h-4k+5=0... ... ... ... (iii)
‘Solving the equations (ii) and (iii) we have,
h=— & k=2
2 2
Now putting the vaiues of h & kin eq".(i) we get,
12x12_10xry: }‘2_V'2=0
Removing the suffixes we get,

12x%510 y_+2y2=0 (Ans.)
A Pfove that the value of g’+f in the equation axz+2hxy+byz+2gx+2fy+c=ﬁ

femains unaffecied by orthogonal transformation without change of -
origin.[ME’lO;EEE’m] |
Solution:After rotating the axest
y=x'cos® — y'sinf .
y=x'sinf + y'cost

. a(x'cosB —y’sin9)2+2h(x’cosf) — y'sind)(

hrough an angle 6 about the origin, we get

x'sinb + y'cosf)+b(x'sind +
y'c0s8)*

+2g(x'cost — y’sin9)+2f(x'sin6 + y'cosB)+c=0
=ax'’cos?0 — 2ax'y'sinfcos6 + ay'’sin?6 + 2hx' cosfsind +
2hx'cos?0y’ — 2hx'y'sin?6 — Zhy’zsinacosa + bx'%sin?8 +
2bx'y'sinfcos6 + by'zcoszﬂ + 2gx'cos6 — 2gy'sind +2fx'sind +
2fy'cosf)+c=0 ,

Scanned by CamScanner



2(acos?6 + 2hcosBsing + bsin?@) + 2x'y'(—asinfcosB + hcos?6 —
hsin2@ + bsinfcosf) + y'z(asinzﬂ — 2hsinfcos + bcos?6) +
2x'(gcos@+ fsin@)+ 2y’ (—gsinf+ fcosf)+c=0
=a,x'?+2h,x'y’ + b, y'*+2gx'+2f1y’+c=0
Where, a,= acos?0 + 2hcos@sind + bsin?Gm.. ... .. ... ... (i)
h;=—asinfcos8 + hcos?0 — hsin?8 + bsinfcos0 ... ......... (ii)
b, = asin®6 — 2hsinfcosO + bcos?8 (i)
g1= gcos@+ fsind ... ... ... ... (iv)
fi=—gsinb+ fcosh ... ... ... ... .. (V)
=g +f1°=g% (0526 + sin2)+f(sin%0 + cos26)
:g12+f12=82+f2
Thereforetg®+f’) remains unaffected by orthogonal transformation. (Proved)

ransform the equao .n 11x2+24xy+4yz-20x-40y-5=0 to rectangular axes

tirough the point (2,-1)and inclined at angle 8 = tan~1(— g)_.[I_PE’12,EEE'05]
Solution: Given equao n is, 11x*+24xy+4y*-20x-40y-5=0... ... ... ...(i)
When the origin is shie dto (2,-1) then wehave,x=x'+2 and y=y'-1
... i)
We use (ii)in (i) then the eguation implies that,11(x’+2)%+24(x’'+2)(y’-1)+4(y’-
1)’-20(x’+2)-40(y’-1)-5=0
= 11X+ 44X +444 24X’y 24x +A8y -48+8y' -8y +4-20X'-4C-40y +40-5=0
=11x'2424x'y' +4y'2-5=0

Now dropping the suffixes we get, i1x™+24xy+4y*-5=0... .. . .. .. (iii)
Now we have,tan § = — %
. 4 3
sinf=—-= and cosf = --
5 D

“Winzn the axes are rotated through an angle 8 = tan™ (- 'i) ther we get
“ ’

4y
x=x'cos@ — y sm@-—-+ y

41’

y=x'sing + y' cost?-?—f

now we use these values in(jii),
4yl 3xr 4y! 3y _ 4x 3yr a4
W+ FP2a( 4 2 >~y

() 4(_"" “g) -5=0

= 9)x’2+204x’y’+176y'2+216x'y -288x"? +288y"? -384x'y’+36y’2-96x'y’+64x’2
125=0

=-125x"*+500y%-125=0
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=x'2-4y'*+1=0

Now dropping the suffixes the equation we get,x’-4y’+1=0 (Ans.)
Try yourself: Transform the equao n 14x’-4xy+11y’-36x+48y+41=0t0
rectangular axes through the point (1,-2)and inclined at angle 8 =

tan~! —-:-).[CSE'12]
‘6, Determine the angle through which the axes must be rotated to remove

/é:n‘ in the equao n'7x*-63xy+13y’=16.[ME’11]
Solution: Let 6 be the angle through which the axes are rotated then we have,
x=x'cos@ — y'sinf
y=x'sinf + y'cos6
We use these values in the given equao n,7(x'cost
y'sin)(x'sinf + y'cos)+13(x'sinf + y'cos8)’=16
=>7)('2C0529-14X'Y’Sin9COSG"r?V’zSinz6-6\/§X'\/,C0529'6\/§X’2C059
sinf+6v3y *sinfcosf+6v/3x’y sin%6 +13y’?cosz6+26x’y’sin9c058+13x’7’5in
16 '
=x'2( Jcos?C —6v/3cosb
sin8+13sin26)+y'2(7sin?‘8+6\/'.:§sin6cose+13cosz6)+x'y’(-14sinBcosG —

6\/§cosza+6v'§sin29+265in9c039)=16... SRR |
In order to remove the xy term ihe co-efficient of X'y’ from equation (i) is equal

— y’sin8)2-6\/§(x’0050 -

29=

to zero,i.e, _ | \
-14sinfcosf — 6\/560526-:-6\/?:97129+265in9c056=0

=>125in6c'059—6\/§co.926=0
=6sin28=6v3cos20
=tan20=v3

=tan20=60°

~ @=30°(Ans.)

(If it needs to determine the transferred equation for this question, write
uptoend)

The transferred equation is,
4x'’+16y'’=16

X'+ay"=4

Dropping the suffixes we get,
X +4y*=4 (Ans.)
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" CHAPTER-2

Pair of straight lines

Theorem X Prove that the homogeneous equao n of 2" degr:; i
ax +2h§v+by =0 will represent a pair of straight lines passing t
origin.

Proof:

Given that,

2x*+2hxy+by?=0

= azx2+2ahxy+aby2=o

&> azx2+2ahxy+h2yz+a by%- h%y? =0

=>{ax+hy)®- y}(h%-ab)=0

> (ax+hy)’- (yVhZ — ab)2=0

= (ax+hy- yVhZ — ab) ( ax+hy+ yVhZ — ab)=0

L ax+d (h—M) y=0 {1

And ax+ (h+VhZ — ab)y = 0 (2)

Equao n (1) & (2) represcnt the two straight iines passing through the origin. ~
Sreved,

rneorem.Z. Determine the angle between the linos iepresentad by the

equation ax +2hxy+by =0.

S0l Let, y-m;x=0 and y-myx=0 be the lines represented Dy axz-l-}_'hxy+by2=!‘).
a 2 2h 2

Now, & x*+—xy+y?= (y-myx) (y-m;x)

a 2h
e 2L B 2. 2 ' 2
=X TAXYRY SEmymy i (- -my) xy+y

. _ 2h a
S my+tm,=- -',}—and mlmzz-b.

Let, A be the angie between the two lines.

So, tan =12 _J(mi+my)—4m m, m "’Q[?
- a+b

1+mym, 1+m;m,
2vhi=gp
a+b
Where & is the angle between the lines represented by the equation
ax?+2hxy+hy2=0,
Condition-01

~tan @ =
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#The lines will be coincident or parallel if h*= ab [tan 6 =0] o
Condition-02

#The lines will be perpendicular if a+b=0 [tan @ =co or § = 909

#The lines will be real if h2>ab

#The lines willb€ imaginary if h’<ab

Theorem 3. Find the bisectors of the angles between the lines represented
by ax?+2hxy+by?=0,

Sol": |
Let, y-m1x=0 and y-m;x=0 be the lines represented by ax’+2hxy+by?=0.

2h a
So, Myt m,=—=--and m; ma=

So, The equation of the bisectors are
& (y-myx) *(1+ m,?) =(y-myx) 4(1+ m,?)

x’-y?_xy

o>
a—-b h

Theorem.m the conditipn that the general equzo n of 2™ degree
ax2+2hx3$+byz+2gx+2fy+c=0 rhay represent a pair of straight
lines.[EEE’08,ME’05] . -

Sol": If we transfer the origin toa point (a, B) the point of intersection of two
straight lines withoht changing the direction of the axes, then we have

a(x+ a)?+2h(x+ o) A+ B) +.b%+ B)2+2g(x+ a) + 2f (%+ B) +c=0

= ax2+2hxy+by2+2(aa +hB+g)x+2(ha +bB+f)y+(aa? + 2haf +
b[fz+2ga+2fﬁ+é)=0. - (1)

The equao n (1) may represent a pair of straight lines if it is reduced to a
homogeneous equation in x and y.This is possible if the co-efficient of x and y

and the constant terms are separately zero.

ie

aa +hB+g=0 ------ (2) and ha +bp+f=0 ------ 3)

aa? + 2haf + bB%+2ga+2ff+c=0 Ertom eW'@ ‘' @ 5 @ ::C)]
2 a (aa +hp+g)+B(ha +bB+f)+ ga+ fB+c=0

= ga+ fB+c=0 (4) [ Q-0 , @ =°j

| Now, solving (2)&(3) we have °
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(10(-\-"‘\(3-‘-(&:.0 ""—_'@
hok-r"bﬁf 20 —@

a B 1

hf-bg hg-af ab—-h?

_hf-bg _hg-af
50, 0= b-n2 and B-ab—hz
PuvH}ng these values in eqqaﬁon (4) we have,.
~_hf-bg, hg-af, _
(ab-h2)+f(ab-—h2)+c-o
2 A= abc +2fgh-af’-bg’-ch’=0
Which is the required condition. )
Theorem 5. Angle between the lines represented by the equation
ax’+2hxy+by+2gx+2fy+c=0.
Soi™: Let, Ix+my+n=0 and I'x+m’y+n'=0 be the lines represented by
the given equation
50, ax’+2hxy+by?+2gx+2fy+ ¢ (Ix+my+n) (I'x+m’y+n’)
Comparing the co-efficients we have,
'=a, mm'=b, nn'=c

' +mi’=2h; in'+nl'=2g; mn’nm' =28

i.et, 8 be the angie between ihe two lines.

b, i B s

o, tan @=-r——=

1+'.'P117.n.2
Now, Ix+my+n=0 and I'x+m'y+n'=0

& -l n
So, y=—X—
1 Im !/
=I' n
and y=—Xo—
50,
-1,V
ey
tan@ =72
mm’
2VhZ—gb
So, tanf =————
atb

Note [Formula jn short].

2 2 :
# ax"+2hxy+by”+2gx+2fy+c=0 will represent a pair of straight lines if
\ A=abe +2fgh-af-bg.ch?=0 |

# Angle between the straight Iines,xtane _2vVh%-ab J
a+b
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#/thé equation of the bisectors is, X(I_x‘):_(:'y ,)lz(x-x,)h(y—y 1) ﬁlvV,_.
_ Where x;, y; Is the point of intersection
ss of determimng the point of intersection:

et, F(x, y) = ax“+2hxy+by*+2gx+2fy+c=0.
=0 ()

And el = (2)
Solving equations (1) & (2) we get,

(x,y) = (a,B) __—
Hence, the point of intersection (a, B)/

Solved Froblenis

rove that the pair of the lines joining the vrigin to the point of

: " xt y? . .
intersection of the curve Fz_z:l by the straight line Ix+my+n=0 are

—— e
_-—

coincident if a?l%+b*m?=n?2.

2 2
Sol": =+-=1 (1)
Ix+my+n=0

-n

Making homogeneous (1) with the help of (2), we have

x? y?_ Ir+my) 2 .
az b* ' -n

x? y? (lx)2 zlmnxy (my)?

P e m | w
"?(:TZ ) "2"(%2' — V42 —xy=0
> Ax*+2Hxy+By’=0 (3)
. Where a=(5-2)e=(G - )i :
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The lines represented by the eq"(3)will be coincident if H=AB

am)?_(im)? 12 m2. 1

2 m? 1
= n’bz—+a2nz"a2b7z

>a?l2+b?m?=n? [Multiplying by a?b?n? ] Proved

rove that the equao n 2x2+xy-y2-x-7y-10=0 represents a pair of

raiglit lines.Find their point of intersection and the equation of the

bisectors of the angle bet./een thiem. L
Sol": The general equation of second degree is
ax>+Zhxy+by’+2gx+2fy+c=0__ (1),
Coimparing the co-efficients of the given equation with' (1) we have,
A=2, h=s, b=l g=- J, f= -7, c=-10 |
Now, A=abe+2fzh-a fz—bg"'-c’rf:zo‘:z- 3;—+ 71 |—i =0
Hance, the given cquation regresenis o pair of straight IineV Proved

Fointofintersecton:

Pef, FlX, ¥) = 2x2+x\_:-y?-x-7y 16=C__ __(2)
:f——‘ vty-1=0 (3)
o.C

Anfi °§- =X-2y-7=U I )
Solving equations (23 & (4) we get,

X=1,y=-3

Hence, the point of intersection {Xy, y1) = (1,3~
)’ ~y)t X=X (=)

: - Fia hisel o i
The equation of t2 DiseL QIS IS — .

(x-1)2=(y+3)’_(x-D{+3)
2—(-1)

CA-/%(XE_ZXJ.' 1'V2'6y-9):3)"}":'9)(-3‘,'-9
Cj Xz - YZ_ZX‘GV-8:6>(V+18X6‘/-18

e w2 -6xy-y>-20x+10=0 Ans.
rove that the straight lines represented by the equation

%2+ 2hxy+by*+2gx+2fy+c=0 will be equidistance from the origin if £-g*=c (bf’-
ag’).[EEE’07,09,ME’07,IPE’10,GCE’12Z]
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Proor
Let, Ix+my+n=0 and I x+m y+n =0 be the lines represented by the given

equation

So, ax 24 2hxy+by?+2gx+2fy+c= (Ix+my+n) (I’x+m y+n)
Comparing the co-efficients we have,

II'=a,mm =b,nn'=c

Im +ml =2h; In'+n|'=2g; mn +nm =2f;

Since, the lines are equidistance from the origin.
So,

n _ ns
ViZem? VU'Z+m:?
Hn? (I'24m'?)=n'?([*4+m?)
D>n2 1'2-n"? [2=m? n'?-n? m"
S(nl' +17n') (' —1n')=(mn’ + nm') (mn’ —nm')
S(nl' +1n') J (ol +10)2 —4nn’ll'=(mn’ +nm ) [@Tﬂ\' +im’)? _W4mm nn’

t:‘.>2g\/zg2 — 4qc=2f\/4f% — 4bc .

>4g? (492 — 4ac)=4f% (4f* — 4Dg)

> c(f?b - g*a)= f*-g* |
Ft-g*

S hga (%)/‘

Since, the given equation represents a pair of straight lines, we have
abc +2fgh-af*-bg’-ch® = 0

rt-g* 2.2 f*=g* \2_
ab-f—z-b———Fngh -af*-bg 72p- gzah =0

e abf*- abg*+2fbgh-2g°fah- abf*+a’g?f2-b2g*f*+ abg*- h2f4+hzg"‘ -0
o (hg?)?-2 hg?afg+(afg)*=(hf 2)2.2 hf2.bfg+(bf 9)°
o (hg? — af 9)?=(hf*> — bfg)*
& h(f? = g*)=fela-b) N Proved.

ow that the eq "ax 2+2hxy+by 24+2gx+2fy+c=0 represents two parallel
:h=h:b =g:f Also show that the distance bet" them is

stralght lines if a

2y9°-4¢ [ cgE’07,ME'05,08,11]
‘/a(a-f-b)

sol™ The given eq" will rep:
So, /A= abc+2fgh- -af*-bg’-ch’=0

o chi+2fgh- af- bg’- ch’=0 [h* = ab]
o af?-2fgh+ bg’=0 ©

>(a f - Vb g)* =0

resent two parallel straight lines if A=0and h?=ab

16
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Which are the required conditions.

Let, the lines are Ix+my+n;=0 & Ix+my+n,=0

30, ax*+2hxy+by*4+2gx+2fy+c={ Ix+my+ny)( rmy+n,)
Comparing the co-efficients we get,

i?=a, m?=b,n;n,=c, I( n, + n2)=2g -

I.et, the distance kbetween the iinas is P.
L eyl

ViZ¥mn?

J(ngnzii—4ngn,

502

a+v

r\’/ftre axes Liein rectangular,find the e

/~" quation to the pair of straight lines
“iieeting at the origin which are yerpendiculai to the pair given hy the
- 2 "
aguation ax’+2hxy+by’=0[IPE’ 1]

Sol': Let, y-m:x=0 and y-mx=C ba the lines represented by ax’+2hxy+by?=0.
28

a
50, My My=——~ and ny my=>
Mow, the eguaiions of tha lines perpendicular to tha above lines and passing
through the origin are myy+x-:0 and myy+x=0
So, their joint equation is (myy+x) (m,y+x)=0
> mymyy%+ (m; +m,) xy +x2=0

17

Joualiticu lJ_y waliliovalilivl



gyz- _Zthy +x2=0
& bx’-2hxy+ay’=0

. Find the area of the tringle formed by the lines represented by
x2+2hxy+by?=0 and

Ix+my+n=0.[CSE’10(SAME), ME’04,06,10,EEE’10,12,CSE’08,CSE’06]

Sol": Let, y-mx=0 ----- (1) and y-m,x=0----- (2) be the lines represented by
ax’+2hxy+by*=0.

2h a
-So, my+ my=—=— and m; my=>

Given that, Ix+my+n=0 -------------- -(3)
Now, the two lines will meet the 3" line at pomts
-n
(Hmm o ~%) [ Solving (1) & (3) ]
And ( -, =) [Solving (2) & (3) ]

l+mm2 l+mm

Which will be two verc es of the triangle and the 3™ vertex is clearly (0,

0 0 1

-n -nny o,
0).Hence the area of the triangle, A —I l+mm; l+mm, lI

-1 "nnlz -

. l+mm, l+mm,
[ n?m, nim,- ]

"2 (+mmy)(l+mmy)  (L+mmy)(I+mmy)

_[ ni(mgomy)
2 Y(l+mm,y)(l+mm,)

_1[ n? /(my+my)2-4mym, ]
2 " 2+ lmmy+immy+m2mymy

- on? Mzﬂ k1
' ]

l2+lm(m1 +my)+m2m;m,

=1

St

2 lz+lm( 2p‘)+m22]
Z\/ 2_
iblzl . m:Zmz Ans.
how that one of the lines represented by ax’+2hxy+by?=0 will be
coincident with one of the lines represented by a; x2+2h,xy+b, y2=0, if
(aby — a;b)*=4{a;h — ah,) (bhy — by h).[CSE'12)
Sol": ax*+2hxy+by*=0 (1)
a;x2+2hyxy+b,y?=0 (2)
Let, y=mx be the common line of (1) & (2)
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From equao n (1),
ax242hx(mx)+b(mx)? =0

& bm*+2hm+a=0 (3) [x*=#0)
Similarly,
b1m2+2h1m+a1=0 (4)
From (3) & (4) we get,
m? m _ 1

2(agh-ahy) (agb-aby) 2(bhi—hby)

2. Mh-ahy |
S0, m " (bhy—hby) (5)

_ (a1b—ab1
And gy s TTRETR (6)

From(5) & (6)we get,

r_gw -abq 12 = ajh-ahy

‘2(bhy—hby)'  (bhy—hby)

=>(a ab,)?=4(e¢ h — ah,) (bhy — hb,) Proved. Proved.

3% one of the lines ax +2hxy+by Q be perpendlcular to one of the line Ilnes
MO.Prove that (aa’ — b’)2+4(a h -I-l.,bh’) (ah’ + b'h)

=9,[CSE'11] .
Soi™: ax’+2hxy+by?=0 (1)
a'x2+2h xy+b'y2=C" (2)

tet, v=mx & y=%‘x are perpendicular from (1) & (2).
36 from (1),
ax2+2hx(mx)+b(mx)? =0
&> bm*+2hm+a=0 | (3) [x% # 0]
From equao n(2),
"2+ 2h x IiE! ( )2-0

Sa'm —2h’m+b’— 0___ (4)
Fromi (3) & (4) we get,
_7___21:__‘_. _om_ 1
2(b'hrah’) (aa'-bb') —2(bh'+a’h)
B b h+ah.')

50, 1t —(bh'+a’ h)—"'—""'""(S)
* (aa’-bb'")

And “—2(bh'+a’h) _""—"—(6)

From (5) & (6)we get,
[ (aa’- bb') ]2_(b'h+ah' )
~2(bh'+a’h)? “—(bh'+a’h)
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— bb')?+4(b’'h + ah’) (bh' + a’h) =0 Proved.

=(a
M"e that the product of the perpendiculars from the point (x4,y1) oD
L axy +2h11)'1+by1 EEE’10’CSE’09]

the lines ax*+2hxy+by’=0 is J(a )i +4ht |

Sol™ ax’+2hxy+by’=0 (1)
Let, y-m;x=0 and y-m,x=0 be the lines represented by ax 4 2hxy+by’=0

2h a
So, M+ my=——- and m, m;=

Now the product of the perpendiculars from (x;,y1) on the lines is
yiotn Xy, ¥1-MaXy,
Jim 2 J14m,?
_J’lz—mz}’lxz‘m1x13’1+m1mlez
T JmittmZemPmy2 41
__ Y =xiyi(matma)+mym,x,
Jmi+my)2—2mymy+m,2m,2+ 1

—X1 3’1(—2)‘*_ x,
=S Yo

_ax;®+2hx;y,+by,?

" Vah?2ab+ a?+ b?
L-l_.-‘..j 2+2hx1y1+by12

Proved.

" J(ab)E+4n?
»@Whe equation ax’+2hxy+by’+2gx+2fy+c=0 represents a pair of straight
¥ ines, prove that the square of the distance of-their point of intersection from

the origin is st b) ::z ali -[CSE'11, JEEE’12]

Sol“' Let, F(x y) = ax +2hxy+by'+2gx+2fy+c=0. (1)

—= 2ax+2hy+2g =0 -~ (2)

And — = 2hx+2by+2f— (3)
Let, the point of intersection be (a,B)

So we get,
ao +hB+g=0 ------(4) and ha +bf+f=0 ------(5)

Now, solving (4) and (5) we have
hf-bg hg—-af

So, a=——— i and B-ab ~
Now,the square of the distance of p(a,B) from the origin,

2_ [T — 2 — 02 = (Mb9v2 | hg-af o
OP%=/(a=0)2 + (B-0)2= (52" + (,=7)
=h2f2—2fgbh+bzgz+gzhz—2afgh+azf2

(ab—-h?)?
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h2f2 +b2g>+g%h? +a?r2-2fgh(a+b)
A OP‘Z" (ab_hZ)z (6)

Again, A=0
». abc+2fgh-af’-bg?-ch’=0
= 2fgh= af*+bg*+ch’abc
Pun gthevaluein equao n (6) we have, )
P2=h2 f2 +b%g*+g%h? +a?f2-(af?+bg?+ch?-abc)(a+b)
(ab-h?)?

__ h*f2+b?g%+g2n? +a?f1-a2f?—abg?+a?bc-ach?-abf?-b*g?*-bch*+ach?
(ab-h2)? :
_h%f2 +g%h? —abg?+albc-ach?-abf? -bch®+acb?
- (ab-h?)?
__ab(-g*+ac-f2+bc)+h?(f2+g%-ac-bc)
B (ab—h?)?
2 2
e s Proved.

ab-h?)
one of the straight lines given by the equao n ax’+2hxy+by’=0

oincides with one of those given hnes by a;x +2h1xy+b1y =0 and the othe
hasp
lines represented by them be g2 rpendlcular, prove that bi—a ’l‘

h;ab_ 1 — T i
=——= J—aa,bb,.[EEE'08]

Sol": ax*2hxy+by=0 1

a;x2+2hxy+b, y2=0__ _____ (2

Let, y-m;x=0 and y-myx=0 be the lines represented by (1)
Se, my+ mz=—?_-bE e 3)

and m; m2=§ (4)

According to the guestion,

y-m,;x =0 and y+ -r;’:-=0 be the lines represented by the equao n (2)
2

: ,_1___:2.21 E
ik m, b1 - _( )

And - = (6)

mz b).

Now, (4)X(6) we get,

a a, aa,bb,
b'by (bb;)?

_J=aan; -

m,=
1 bb,
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From (6),

bby a,

m, b,

e, =Y 891601

=

(8)

Now from (3),

2h
My + mp=—==

= J—aabb, % J-aa;bb,  2h

bb, ba. b
= \/lebl(al_bl)_ o
_ balb1 ——
ha1b1 |
1 _ -2k
From equao n (5), my- —=——-
m; by
N T
bby  Jteeibbi b, .
bal

..aa;bb'1+a1b1b2 —2n,

(= bby./—aa,bb, = bl".:-a-
C>a1b1(b a) -_2h1

oy J/~aa:bbs 0 by - h1 o

2(—aa;bby)"" .
72 ‘/_aalbb1-h1ab - (10)
From equao "(9)&(10) .

Roaby 00 1 .
1b1_hy \/-— Cllbb1 PfOVed
a,~b; b—a -
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CHAPTER-3

General Equation of Second Degree

[CONIC SECTION]
Definition: If a point P moves in a plane such a way that the ratio of its distance PS from a
fixed point S in the plane to its perpendicular distance PM from a fixed straight line XM in it,
is always a constant ,the locus of the point P is called,a conic section or briefly a conic.
The constant ratio is called the eccentricity of the conic and generally

represented by the letter ‘e’. The tixed
Point S is called the focus and the fixed
straight line XM is called directrix of the

conic.
. SP . -
Eccentricity, — [ e is a positive number).

e=0 Circle

e=1 Parabola

e<1 Ellipse
e>1 Hyperbcia

:
|
]

=> The general equation of seconad degree ax2+2hxy+by2+2gx+2fy+c=0.

will represent
. 1. A pair of straight lines if, 4=0
2. A pair of parallel straight lines if, £=o0 & ab=h’
3. A pair of perpendicular straight lines if, A=0 & a+b=0
a4, Acircle if, h=0 & a=b
5. A parabola if, 820 & ab=h?
6 An eliipse if, A#G & ab-h’>0
7. A nyperbola if, 4#0 & ab-h’<0
8. A rectangular hyperbola if, A#0 , ab-h%<0 & a+b=0

Note. A-abc+2fgh-af-bg’-ch’

= Centre of a conic: d of the
_ 0
The centre of a conic is the point on the plane of the conic such that every chor

conic passes through it and bisects at it.

= Method of finding the centre:
Let, F(x,y)= ax2+2hxy+by2+ng+2fy+c=0 (i)
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Let, the centre of conic is (xy,y1)
We get, F(xy,y1)=axs +2hxyy +by, 2+ 2gx,+2fy; +c=0

Now,
.g.i. = 2ax;+2hy,+2g=0 =axy+hy,+g=0 ---------=--=---- (ii)
%5 = 2hx1+2b\/1+2f=0 =>hX1+bY1+f=0 ----------------- (lll)

From (i) & (iii) we get,
X1 - Y1 = 1
hf-bg gh-af  ab-h?

hf-bg gh—af )
ab-h? ' ab—h?

The centre of conic (x3,y1)= (

= If the origin is transferred to the centre (x;,y1) , the equation of the given

“conic becomes
axz+2hxy+by2+C1=0 _________________________________ (IV)
“where ¢ is constant.

Now
Cs= ax12+2hx1y1+by12+2gx1+2fy1+c

Or, Ci=gxat+fyitc i -
A . [ A:abc+2fgh-afz-bg2-ch2]

Or, C1=—‘—"ab_h2‘

= Now to get the standard form of the equation of given conic, we have to
remove the xy term from equation (iv) using invariant rule.
“The standard formis - a'x2+b'y2+c_i=_0 mmcmen {v)

Note. To gét the standard form of conic (which have centre like circle, ellipse & hyperbola)
at first, we have to determine the centre and then, we have to remove x, y & xy terms.

Parabola has no centre.
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Q 1. Reduce the equation .
SO, y) =832 4 dxy + Syt — 205 — 24y = 0 .. '[ M E—-Oﬁ o7 (SQ"‘Q’]
to the standanl form and find its all properties, -

* IntheEq.(i)a::8,h=2,b= 5, g--—lZ,fa-—lZ,c--xO.
A =abe + 2fgh —af? — hg? — (2 = = e ahd-nb—hi = 36. '

(1

Therefore, A+ 0,ab— 2> 0 ‘ j
(i) The equation (i) willlrepl:esent an ellipsle. - |
8(x, ) il st L

o -slm+4y 24 =0, and—g—ﬂ310y+4i—24=0 B

-

or,4x + y—S5=yand 2; —12< ' L

s Salo xl.= "l : nd2x +5y—12=0, Ccnlre'of lhe conic is the mlgrscchon of these two
i :

(ii) Centre (1, 2) _ Pl

Ci=gx v fy +e==121-122+0=—13¢

The eq. (1) referred to the centre (1 2) is

.t oA —

2 : -'

82 +4w+'§y2~-3h—0 or,g\ + 53y +3 6J -1 M e e (2)

Here A=2/3,1=1/18,B5/36 e g Wy e o gt (3)
“The lengths of the sem1 axes are given by K
W~ (A+D) 3+ AB—HI= ObyS, Adt.51.

Put the values of A, Band H fmm (J) then
H—132+76=0 or,”2=9or,4ie;n=3,r,=2 P e " (4)

"t o = gy =

{iii) The le gths of the axes are § an d 4.

0
o

The equations of the majo-:'cmi MINOTL aXes are ¢
(A—=1/r)/x+Hyz0and (A—1/rx+Hy=0 .
or,2x+y=0 and x— 2y = 0 by (3) auct {4), referred to the centre (1, ,)
or,(x—1)+(y —2)=0and (x—1; - 2{v —2) =0; referred to the u] l orgin.

5

'or,2i+y—4=0andx‘—'2y¥3= "+

(iv) Equation of the major axisis 2v+y —4=0 (5)
(v) Equation of the minor axis is x —{y - 3=0 (6)
(Eccentricity. e 2 1—r?/r?=1—4/9 .. ¢ =V5/3 )

Now d for foci sandS'=tae=xre= :Lw‘iby(fl)and(?)
"(w) Solpe ofmtjor axis, eq. (5) _
tan @ = —Zand sIn0=2/\5,cos0=—1/% & < g, 8)
(h,k)i.e. (1..) are the centre of Ihe coinic (l)by (IT) of
(a)d = = V(12427 =V5
(vii) Focus S 5 (i +4d cus 0,k +d sin0) = (1 +V5. = 1/V5,2+ V5. 2/¥5 = (0, 4),
FocusS’, (1—v§.—1/¥5,2— vsz/wls)_(z,o)

d for vertices A and A’,=+a=2r=%3.

d for feet of directrices ZandZ'=tafe=1 r./e + 9/75.

(viii) Vertex A,{l +3.—1/¥5,2+3.2/V5) = (1 — 3/V5,2 + 6/V5)
Vertex A’ (1 — 3. —1/¥5,2—32/V5) = (1 4+ 3/¥5,2— 6/\5)

(ix) Point Z (1 +9Ns -—1/~!5 2+ 9/N5.2—5) = (— f4/5,28/5)
Point Z (1-—9/-1: —1¥5,2—9/V5.2 —5) = (14/5, —8/5)
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(x)d for the points Band B’ =2 b=2r?=%2

Slope of minor axis : tan 0 = ; , sin 0 1/¥5., cos = /5

(h, k) is the r:cm:tre (1,2 '
Points Band B’ = (h+dcos0,k+dsin 0)

. =(1222/N5, 24 21/1/\5) = (1 £4— 5,2 +25)
(xi) Length of lhelﬂtus rectum = ?ai = 2r?/r,=8/3

. (xii) Distance b:etween Sand Lor, L' is given by
d=xb¥/a=1 r;’/rl x4/3,
and (h, k) slands forS (0,4)or, 5’ (2 0) by (vii)
Solpe of lalus n;ctum is the same as the solpe of minor axis
Points : Land L’ (0 £ 4/3.2V5,4 £ 4/3.1/V5) = ( + 8/3¥5,4 +4./3V5)
Similarly arcther pair of points with respect to 5(2, 0) can bc'détermined.
(xiii) quation of the latus rectum which is parallel to minor axis x — 2y ¢+ 3 = 0is
x — 2y + k = 0. Since it passes through the foci S (0, 4) or &’ (2, 0), hince k = 8, — 2, lence
equntions of the latar recta are x —2y + 8 =0and x—2y —2=0
(xiv) l)ircclrix_:lhrough Z (— 4/5,28/5) or, Z' (14/5,— 18/5) is also parallel to minor axis
x — 2y + 3 = 0. Therefore the equation is x —2y + 3 =0, where A = 12, — 10.
Hence the equallons of the dnrcctnces arex—2y+12 =0andx—2y—10=C
Q 2. ﬁeduce the equation 6x? + 5xy — 6y —4x+ 7y + 11 0 to the slandau form. Find also '
its, lengths, equauons and directions of the axes. [egE -06&, E F E- 10]
Let f(x, y) = 6x? + Sxy —6y* —4x+7y+11 =0 (1}
The centré is given by '

g‘[eux+‘3v—-4 0.‘§£-5x—12y+7 0-

Solving, centrF is (1/13 8/13)

| 7
Cu—Cjs (gx,+fy.+c)-—( z><13 3% +11} —13

) Trans[ernng tl\e orlgln to (1/13 8/13) lhe equanon (1) reduces to 6x2 + Sxy -- Sy +13'=0

by (3), S, 3 |

The squarcs of the semiaxes are given by \

(@—k/nd) (h—k/r) = I sce (9)

or, (6= =1/ (=6 = -19/r}) = (5/2) | - -

or, 1694 =169 or, =22 - T o

ie.r?=2, andrzz=—-2 . | N :

They are of opposite signs and equal, hence the conic (1) forms a rectangulat hyperbola

The lengths of the axes are 2v2 and 2V2i | o

The equauons of axes are given with respect to'the cenlre.:

(a—k/r) x +hy=0 and (b—k/r?) x+hy=0

or, (6 + 13/2)x +5/2y =0and (6— 13/2) x+5y/2=0

" or,y=—>5xandx—5y=0
The equations with ‘espect to the axes
are (y — —8/13)=—5.x—1/13)= 0Oand x—1/3-2(y— 8/13) 0
or, y+5x-—-1=0an(|r-5y+3 =0 s o
an-! (— 5) and tan-! (1/5) with thex—axns - S
26

Cmme v ey s

Slopes are t
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@ 3. Reduce lhe equahon - E E (= E -09(>s wne)

1631 — 24ry + 93— 1045 —172y —44=0 ... [ (1)
to the shmdquf Jorm. Find all its propertics.
As lhe scem d degree terms uf (i) form a perféct square Hu' eq. - -‘ '
(i) will represent a parabola since A # 0 and ab = Ii?
ke (u'-a.,)z'— My e172y—4d ... L. (2)

The lines dx +~ 3}/ 0and 104x + 172y — 44 = 0 are not at nght anbles hence let us introduce
a conslant A in (2) ,

(4x—3y + 1). = (104x + 172y — 44) + 2Yf(dx — 3y) £ 2?2
or, (4v — 3y + A) = x (104 + 8X) 4 y (172 — 6A) + (A\2— 44)

_-Thelines4xi—3y+l=0 | -y (4)
and x (104 + 8A) + y (172 — 6)) + (1 —44) =0 (5)
are at right agnglcs if (appll‘y nl‘nz +0,0,=0
4(104 + BX) +(—3) (172 —6A) = — 1 or, A = 2 e (6)

|

Now ¢q. (3) becomes by (6)
(4x — 3y +2)? = 40 (3x +4y—1)

which can b¢ written as

Ax—3y . 2\ ; 3x+4v—‘1 '
= ). (25) = 405 [ ——=t——
(44- ) vazia

405
PN = ——
r, PN* 25 PMor, Y2=8X

Which is the:slan'tard_form of eq. (1)

- 1 :
0r,Y’=4PX.WhereP=Z 8=2 ¥ .
For other properlles of Y2=8x= 4pX ' ("
4x—3x+2 L Sx+dy—1 ' _
 HereY =—— and X =— )
. N@T¥ 3 | -\f(?z + 47) - (8)
(i) Axis of (7)is Y =0or, 4x—3y + 2= 0, by (8) ©)

(i) Tangent ét vertex i::' X=0,0r,3x+4y—1= 0 by (8) ... ... (16)
(iii) Vertex is the _interécc_tion of eq. (9) and (10) by (8)
i e.4x--3y+#2=0and3x+4y—1=0, Solve,

(iv) Latus regtum is4p = 8

" (v) FocuxX=p,Y =0,by (8) . i "
ey A2
eI ) V(41 +3)

or,3x +4y—11=0and 4x—3y +2 =0, Solve
..X=1,y=2The focusis(l,2)

(vi) Foot of the directrix. Xu—pandY..Oby (8) A
1r+4v—-1 2 d4x—31+2 . / '

r, = 4 an . iioe R
Vi3 + 49) 43 S |
or, 3x +4y +9 = 0 and 4x —3x + 2 = 0. Now solve. The foot of the directrix Is (— 7/5 — 6/5)
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(vii) Equation of the directrix. X=—pby (8)
or, 2’_{:}3_:1 --2r03 dy+9=0 | | :
VoT+ 4 x + 4y + _ j
(VIID Equalionof 11 fatus rectum X =pby (8) '
 3xedy—1 '
ﬁl e =or,3x+4y—11=0 .
@q Reduce the equ.ilon LCSE-JI,:IQ; Oé,j
A —dxy + 2 -—Br-—_/+§'- ' (1)
to the standard framn. Find all jts pmperhes | '
Intheeq.(1),a=4,b= 1,h=—2,g=—4,f=—3,c=5
A=abc+2fgh—aj2—bg?—ch?=—64,0b=I2=4—4=0

A# 0and ab =2 1{ence eq. (1) represénts a parabola. The eq. (1) inay be vrritten as

(x—y)2=8x+6y —5 ' . . (2)
or,(2x--y+l)2=8x+6y—5+73+23\(2x—y) _ ; '
or.(21——y+1)2=:((47L+8)+y(—-2l+6)+'(l2—-5) - (3
The linc.~;2x—y=:\.=0 —_— - (4)
and x (A +1) +y(—2146) + (A2—5)=0 s g by (5)
may be perpendicular if a,a; + byb; = 0 : ' .
i€ 24A+1)(~1)(~2A+6)=Dor, K=—1 ... .. (6

The ¢q. (3) becomnes _
(2x —y —1)2 = 4(x + 2y — 1) which can be writ_l_en as

x—y=1 X +2y—1Y\ . . . }
(Q 22+12))5 "‘/—(7121»22)) - |
Itis of the form PN2 = 4(5)/5. PM. '
or, Y2 = 4/¥5. X. whichjs the standard equahon of a parabola. -

(i) Latus rectum = 4p = 4/\’5 or,p =1 /N5 : I

X= (x+2y—-1)Ns and Y'= (2x—y—~1)NS RS 7)
L Y=4pX s : ‘_

(ii) Axisis Y=0or, 2x-y-—‘l=0f|om(7) (8)

(iii) Tangent at the vertex X = 0i. e. x + 2y—1=0from(7) . R C(9)

(iv). Vcrtek Ais the lntersect'ion'of cqs. (8) and (9). « 8 .

Solvex :3/5, y=1/5 A(3/5 1/5)
(v) FccusnsS(p OJIe i X=pandY=0

or,'%"t—z V!—S an d+ =0fromS7)

o v —=2=0and2x—y—1=0

Solve, x=4/5, y = 3/5; S(4/53/5) )

(vi) Equ:ation of latus rectum isX = p
or,(x+2y—1/¥5=1/V5 0r, x+2y—2=0 :

-~ (vii) Foot of the directrix Z(—p,0)i.e. X=—=p,Y =0
or, (x+zy-1)/45--1/~ls and (2x—y—1)/\5=0
Solve,x&4/5,y=—1/5 : 2(4/5.—-1/5)
~(viii) Ecluahon of the dirgctrix isX==p

" or, (x+2y—1)/¥5=—1/V50r, x+2y -2%

. . mm Semes o ne aboa

Scanned by CamScanner



Q 5. Reduce the equation x2 + 12xy — 4y? — 6x + 4y + 9 = 0 to tlie standard form. Find also
the equations of latus rectum, dnreclncea and axes. [ ME -0Og, EEE 07 , 05]

Let_f(x.y)'.-x’+12.1y 4y? .6x+4y+9 =0 (1)

@) its centre is at (0, %)

Noew transfer the origin to the point (0, 1) the eq (1) reduce- to X412y —4y? +¢=0
' )

whereq qr,+j‘y,+c--—30+2 ;+9 10

(i} the reduced equation is x2 + 12xy —4y? + 10=0
‘or,=x3/10—12xy/10 + 4y2/10= 1

(iii) ihe ‘engths of the semi axes are given by

(a—-l/r )0—1/r) =l or, (~1/10—1/r) (4/10—1/) |

' = (—6/107 . G N

or,” = 3/4 or,—2, .. r.2=5/4 sr=—2 ... i Vie + @)
The con ¢ is a hyperbola. A '

(iv) Eq. >f the transverse axis is

(a=—1/r?)x+hy=00r,{(—1/10— 4/.:):—-—3/5|/ Oor 3x+2y =0
referred to the centre (0. —) or,3(x — O) +2(y—1/2)=0 -2

. referred tolhanngm or, 3y+2y—1 =0 .. (3)
Slope of it, tan 8 = —3/2.5in 0 = 1/J—cose=—2_,xl'1§ g WS (4)

through ( y 5). then k = 3/2, The equation is 4 — 6y +3 =.0

(v) Eccentricity. e=1—r?/r?, =1+24/5 ' B
or, e=\1(l3/5) : (5)

{vi) d for fochand S = tae =% re 1 \](13/2)
J for feet of the directriecs Zand Z'= + a /e = & 5/2413

(vii) Here (h, k) are the centre (0. -2-) of conic (1) . “ig
oints S and S’=h+dcus 0,k+dsin0 | | | r

l 113 = !
(132\1_135 _;_\f'ﬁa\f —1,2)and (1,—1)

S r1 -1 1 i
(viii) po:ntsZand 2'=05V 13- —2v T Wma‘l—;—s
= (—5/13,14/13) and (3/13,—1/13) f

(ix) Latus rectum and directrix are parailel to the conjugate axis 2x—* 3y +3/2=0.
Therefore their slopes are the same as conjugate axis,

(x) Thie equation of the latus rectum is 2x — 3y + k.= 0. Since it passes throug S(—1,2) of,
S'(1,—1):hencek = 8 or, —4, The cquations are 3x —2y + 8 =0 and 3x —2y —4=(
(xi) Similarly the equation of directrix is 3x — 2y + A =0 .
Since it passes through Z(—5/13,14/13) or, (5/13, — 1/13)
hencel 13/13 —17/13. '
The equation of directrices 3x—2y +4 =0and 3x—2y—1= 0 | '

29

Sy ——, . oats =
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@ 6 Fmd the lengths and‘equation of _.ll‘\e axis of the conic 36x2 + xy + 29y? — 72x +

oy +81=0. [ME-10] | .-
Let f(x, y) m 36x? +24ry+29y 72x + 126y + 81 =0
"The centreis givenby ~** , .

%E -72x+24y—3-72=0and%£-24x+58y+126=0

Solving the centre is 2,=3)
Ci=gx+fy, +=—362+63.—3+81=—180

f ]

Therefore equ.ﬂion of the conic referred to centre (2 — 3) as origin is

2 .29
3622 + 24xy + 2922 — 180 =0 by (5) workmg Rule Art. ‘50 or,a%/5+7 15" *180 L
Now semi-axis 'of the conic are given by (See Eq 4. Art. 51)
(1/5— 1/r2) (29/180—1/r) = (1/15)2 |

or,1/A— --r +31—6—00r A—13+36=0 ‘
or,(ﬂ—Q)(rz-:u4) =0, .. r=3, or,+21e n= 3 ry= 2 S

]
.

The curve is an ellipse.
Major axis = 6.: Minor axis=4' Uiy ‘
Now equatior to pajor axis referre.i to the nentre (2, — 3) as origin is (a —1/r)x+hy=0 |
or, (1/5—1/5) x + y/lS Oby (6) p
- or, 4x+3y-=0 .
And referred tp the old axls ‘
4(x—2) +3(y+3) 00r.4x+2y+1 0
Similarly the’ equatlon to minor axis referred to the centre
(2,~-3)is (a- 1/r1) X+ hy:Oor (1/5—1/4)x +y/15=0,
or, 3x = 4y and reférred to thé old axes is (see Art. 32)
3x—2)=4(y+3)or, 3x--4y--18 0
Lengths of the'uxes are 6 and 4.
* And equations of major and minor axes respectively are4x +3y+ 1=0and 2vr— 4y —18 = 0.
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- CHAPTER-4 T
SYSTEM OF CIRCLES[2D]

Ex. 1. Prove t"al'lhe circles xt 4 y2 — $x+8y 2=0 (i)

andx’+y+ lx-- Sy 24 =0 cut oﬂhogonally ' | (ii)

0y (3/2.— 4), r, ="\
respectively of (i) = (9/‘ +16+2))'= 9/2, are the co- °’d'm“95 of centre ‘and 'radius

Oy(—2, 5/2) ry = 4 4 -
apeaively of 2 ‘ 4+ 25/4 24)[ V(137/4), be the co—ordi.nales of the centre and radius
< es ‘ i e , (iii)

0,(3/2,—4):r, ,—. N4 +16+2)) =972,
010" = (3/2+ 1) + (—4—5/2)2 = 213/4,
N+ =81/41+37/4=218/4,
0,02 =r2+ rfl. Hence they are orthogonal

Ex. 2. Find the .- quahon of the nrcle wlﬁch cuts the carc'e :

.-:{+y —6x+8:20.., (i) lndx’+y1»—zx__2y_77,o._ o, : G

0. t'\ogona]l} P ' . .;. A TR : T .

Let the equation to the cm::le passmg Ihrough lhe ongm be xz + y1 & 281 4y 2/y =0 .. (i)

Since (iii) cuts (i) and (ii) orlhogonally then RIEXE _ .
2l :‘.-: - N T

-ty +2fG—8=Gand —2¢— 2f+7 0
cr,og+8=0.05,g=—4/3and 2g+ 2f — 7 0, or, 2f=29/3
i required equation isx? + y? —2(4/3)x + 29y/3 =0

1

crdxi v 3y? o8x+ 29y =0 : : v x r

¥« 3. Find radical axis of the pairs of circles - - . ' :

eyt ldd.. () ey--15x 411y =0 .. . D)
The equation to ihe radical axis of (i) and (ii) :

ot yte- T~ 4yl —15x— 11y} =Nor, 15x— 11y —144=0
£x, 4. Find i radical centre of the three cirrle‘s
AMrylex+2y-3=0, x’»—y’+2x+4y+5#-0 '

11'x1+y —7x—8y —9=0
radaca‘afsofthecucleslsx"o-y-+x+2u+3—(x‘+y +2x+4y+5) 0 .

crs+yT=000 ) e o Mool i i
A S s *rOand11+y-7 —7x— 8y~—9 0 . .
.»..~.-u_.-,t-~-.x-—8; 9—(x+y?+x+2y+3)=0 . '
i i Sur6=0 L (1) " S '
Suive (1) and (2) for xand y. oo N ;

s==2/3and y=—2/3. The centre (—2/3,—2/3)
Ex. 5. Find the equation of the circle which cuts orthogonally each df the three circles.

S.ax?+y’+::+2y+3=0 ’ B LY -y - (i)
Symat+yl+ tx4dy+5=0 ' A . (i)
' " (iid)

Symxl+ P — 7x—8y+9=0 .
The raidcal axes of the pairs of circles (|) (ii) and (ili) are mspeclwely gwen by the
equalions
S—S|!x+¢y+2 20 se0 o - - ok " ".';"f
—S,=8x+10y—6= Oor.4x+5y 3=0
' Th& interseefing of the lines (iv) and (v) is ('16/
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The square of the tangent from (16/3,— 11/3) lﬂ the circle (1) (15/3)2 + (11/3)2 +(16/3
—22/3+3)=(16/N2+(11/3)2 +1

Hence *ne cqualmn of the radical cnrcles is

"

n .'.J [ L I g,' “ .8

' (x—16/3)1+@,+11/3)2=(16/3)2+(11/3)1+1 ot g

2
or, X +y2-"'1+3—y=-lor Ixt+yl=)—32x+22y—3=0

Ex. 6. Find the co-ordinates of the limiting point of the co-axial systein delermined by
circles x? + y? +4x+2y+5=0andx’+y +2x+4y +7=0 belong

The radical axis of two given circles is
(x“yz+41+2y+5)—(1°*y’+2xt4y+7)=0 |

or,2x —2y—2= Oorx-—y 1=0
 Hence the equation of any circle co-axial with the given circles

isx?+ 2+ 4x + 2y +5 + A(x — y¥-1) =0

orxl+ 2 +x(4+ ) +y2—2A) + (5 -3)=0... (1) (By Art. 89)

Radius of this mrcle :

=V{{(d + N)/22+ (2—1)/2)2 = (5= )]

Thus the radiug is zerc i.e.

16 +A2 4+ 8L +4~4L+22-—20+4A=0or, 222+81=0

ah=0,—4

Co-ordinates of.centre of (i) — (4 + A/2,— (2 —A)/2

Putting the value A the limiting points are (—2, —1), (0, —3)

J%. 7. Find the equations of the circle through the mteraecuon of the circles.

Aeyebxeby+7m0 - {i)

x4yt +dx+3y+2=0 - N (iis

whose centre lies on the linex + 3y +5= 0 :

‘Any circle th tnugh cOmmon pomts of the given circles is

x4y 4 5x- :-5y+7 l(x2+y1+4x+3y+2)=0

or, (1 -—l)x’ + (l — My +x(5— 41)"-0- y(6—3A)+ (7 — 2).) =0 (iii) Centre ot (ii} is

53\ 6= .3\ 4L —5 —n) e
21=A) ; (l ” ( )} 201 -
Smce the centre lies onx+ 3y +5=0 °

- B8 oo ne 1B/3
or 501 = ) 2(1 )+ or, /

From (jii). puttmg the value of A we have

10(x1+y,—37x+21y+5 =0 )

Exsg.Find the eq\latlon of the circle whose dumeter is lhe common chord of the circle
a‘+y’+zx+3y+1-0mdx¢+y=+u+3y+z-o [dCE-12

The circle whose diameter is the common chord cf the circle, : g

s,-x1+y’+2x4r3y+1-0 | ' L (i)

andsznx3+y’b-4x+3y+2 =0 S (i)
;' passes through, ‘their polnts of intersection and has Its centre on the radical axis of (i) and

(n)Theradxcalax:sof(n)and(|l)|sx’+y’+2x+3y+l—-(x2+y1+4x+qy+2) =0
0l'2!+l=0 . r e K ;o aea t _ - (.ii)
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' Any circle passing lhrough the point nf mtersectlon of the two circles i 1s $h1425;=0

21420 3(1+2) 1424 ' |

or Xyl +TIRTXA TS y-+l+l=0 RS LR TR SRR
. 14+2\ —3 ;
Its centre IS( -_—_l_' ) ; i

As thecéntre lieion 2x + 1 = 0 L e .. e )

?.t( 1:2:)+1 =0, orl'—-—% “ ‘\
Hence the requiced circle {s sl—~sz_0, T ' “ & ,
or, ,.*(\t3+y)+2.c+6y+1 =0 o "iff"*;
I’;. ot -'
.,.P,ww: inat the two circles t"+J~+ Qax+el=0 ¢ :
!
.mdx’i-y +2J![+L = 0 touch |f at13 1 1 ‘ < ' :
b= 2 : ;

The radical axis of the tivo c:rcles is : _

2"”+y’*+ 2 + ot — (x2 +y2+ 2by + ?) = Oor, n“—b;=0(1) :

The circles will touch sach other if this line touches them i.e. if m distance from the
centre.of the circles is equal to the radius of that circle. Now !ne centre of me cm..e

314yt + 20x + 2= 0is (—4a,0), and r..d:u;-s\l(a —¢?) )

. The required conctitivn iz '

"-L]Hgg Y.y (@ —cYor, “‘2“555—2‘ agl—c2 I | ‘

e i~ 4 , ,.' 1

of, = a2e? ¢ b2 Hi =g Bon =g - :

Ex-10. The circle 4" + y*+2x—~dy- f1=0andthelinex—y +1=0 intersect at A and B.
Fina sax zquaton or the civcle on AB as dlameter and the equation of tka circle through A, B
OF i gonal lo the given cirvien, :

(ha equation of the ciicle throu;;h the nomt of mtersecnon

cral ¥y 2-dy—N=0 . - (1)
andx—=Y+1=0 . (2)
isx1_+y2+2x--'4y~--ll+A(x-—y+1)=0 L 'f’-? o
i"*pre;entsach'dc through A and B. If its an’tr‘. e .

‘1402, 2-- A/Z)hesonthelme:—-_./ﬂ 01.:.—-2 .

\

icnce the equation of the circle on AB as dnampter from (3) is

r1+, -=2y—13=0 * = o oy

The circle (3) is oathogonal to (1) if by cor.

=2 +2(4—1)=—A—220r,A=16

Hence the ecuation of the orthogonal circle by puttmg the
value of A in (3)is x2 + y? — 14x — 12y — 27 = 0

t et P =
e
-

= IE P,
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CHAPTER-5

RECTANGULAR CO-ORDINATES [3D]

Direction Cosines And Direction Ratios

> Projection[IPE’12]:- Let,ST be a straight line and AB be a segment of ST
line. '
Draw two perpendicular from A and B on ST . Suppose the perpendicular
intersect ST at M and N Then MN is projection of AB on ST.
MN=AB cos 0. Where 0 is the angle between the line AB and ST.
## |f P and Q be two points, then the projection of PQ on a line (whose
direction cosines are/, m, n) is
(xz —x )1+ (y2 —y)m + (22 — z)n

» Direction
Cosines|VIE’11,’ 10.’08.’07’0@,03,C§E’OB,’OG.ETE,'11,10.08'07,|PE'0213‘ If

a given line makes angles a ,B,y with the positive direction of X,¥ &Z
axes respectively, then cosa ,cosp ,&cos y are cailed the direction
cosines of the line denoted by |, m & n respectively .

{ovethat cos2a+cos2Brcosy=1[CSE’07]  orl*+m?%+n®=2

[ME’10,’06,03,ETE’11,10,08,'07,’06,IPE,IJS] where 51,0 ba
the direction cosines of a line, oF
sin®a+sin?B+sin’y=2[IPE’11,06]

Let, OP be the straight line whose direction cosines are cosa ,cosp ,&cosY .

Again ,suppose-P(x, y, Z) be any point on OP ,Now we take projection

of OP on the axes

X=F COSOL  vovrianinnirsns (1)
- V=l COSP.rurvrinrrenn(2)
ZZF COS Y wovrerrrarenees (3)

‘now squaring the eqution (1), (2)&(3) and adding we get
x2+y2+22=r2(60520t + cos?B + cos?y)
r? = r2(cos?a + cos?B + cos’ ¥)

s cos2at+cos?prcos?y =1

o 12+m2+n=1
& 1— sina+ 1 — sin?p+1 — sin®y=1

[where x? + y% + 22 =12]

[cos = 1 — sinZa]
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- 2 p—
2g+sin?pHsiny=2

- sin

> 1 .
?( numbers a, b,C which are propor

n line are
respectively of the give - ! .
NO\oF:I from the definition of direction ratios we have

I-m:n=ab:c

I m n mi —+ 1 [12+m2+n2=1]
~ = -r+bz+c2 -rz—:r‘ucf

4 s i\f‘z_’z——i

=t e 4 o aZ+bTHe

Where the same sign either +ve or —ve is to be chosen through out .

& The relation from which we can determine the direction cosines from

direction ratios are

a ' b , c .
. . R = - n= wherel m, n are direction
" VaZ+bZ+c?’ M=y pi+c? /' VaZ+bZ+c?’

cosines and a, b, c are direction ratios

4

3 Provethat x; — X;,¥2— Y1, Zz — Z is the direction ratios of a £T
line which passing through P (xl, y1,21)and

Q(x2, ¥, zz)[ME’ll 10,IPE’'07]
Solution:-_Shift the origin from 0(0,0,0) to P(x,, ¥4, 21 ).Suppose
(X,Y,Z)is the position
of the points Q with respect to new origin

There fore,
- X=x2‘ e x1
Y=y, —»
Z -_-Zz — Z1

Now taking projection of PQ on X axis we get

_ X=rl =>_l._.____1_
. X r
Similarly Y=rm Z=rri
m1l n1
Y r Z—;
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_m
Y

—
—

N3
I

L1
l.x

Il _ m ~ n 1

X=Xy B Y2=Y1 Z—z3 r
Hence x; —x3,y; — ¥, 2, — z, is the direction ratios of a ST line.
(Proved)

## Angle between two lines:

cos8 = Ljl; + mym, + nyn,
ajaz+bibs+cyc,

Or,cos 0 =

as2+by2+c,2 Jazz+bzz+czz _

Note. 1. The lines will be perpendicular if, I;1; + mym, + nyn; =0
Or,. aq{as + b1bz + €162 = C

. . . | m n a b c1
2. The lines will be parallelif, ‘=== or, 2=—2==2
b m n az bz

Solved Problems

U. ., Find the direco n cosmes of PQ, where P(1,2,3) &
<(2,5,6). 1ETE’08(Same),’O7]

Solution: Lei, I,m,n are the d.c. s of PQ

ol om . on_ 124m?+n?

" 201 5-2  6-3  J(2-D)P+(5-2)2+(6-3)7

1 - f o= ANS
=7me T B N
2. The proj2co it of a line on the axes are 2,3,6 ; what is the length of

the fine .[IPE'12,GCE'12]

Solutivn:- Let, the length of the lineis . and I,m,n be the direction cosines

- ——r———— S —— o —

— 7 O (1)

Projection on Y-axis rm=3

Frojection on X-axis rl

Projection on Z- axis ~ rn=6

Now squaring and adding equao n (1),(2)&(3) we get

r? (12+m?+n?)= 4+9+36
=>r?=49
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N

.r=7/Hefrice the length of the lineis 7.
q.Z. #the edges of a rectangular parallelepiped are a,b,c show that the

ngles between the four diagonals are given by

iazib +C ’ ’ ’
cos” (m) .[CSE’12,IPE’11,10, ETE'10,GCE’12)
solution: Let the eight vertices of the rectangular parallelepiped are

Solution.
0(0,0,0), A(a,0,0), B(0,b,0), C(0,0,c), L(a,b,0), N(0,b,c), M(a,0,c) & P(a,b,c)

Here, OP, AN, BM, & CL are the four diagonals. z
a b f‘
w, the d.c.s of OP are, ————— R c e

Now, Vaz+bZ+c2 '’ Vatibiiez ' \falzl +_b2.__+cz N M
- - -a b P
Similarly, d.c.s of AN are, ———— S _ ¢

v Vaz+b2+c? ' YaZ+bZ+c? ' JaZ+bZ+c?

d.c.s of BM are, ————— =9 c (2
‘ © VaZ+bZic?' Vartbic? | VaP+birc? ()
a b —
d.c.s of CLare, ———— e L
' TEonie’ Jempae ' Jamia %y
. —32 2 2
Angle between OP & ANis, €0S 0 = ——>—— 4 ——> — 4 ——
aZ+b2+c2  aZ+b2+c? = a?+b?+c?

g = —a%+b%+c? :

Or,cos8 = ———73 [cos @ =141, + mym; + nyh;)
2 2 2

. . —1,-a°+tb%+c
48 = Gos (az+b2+cz )

Similarly, the angle between any one of the six pairs of diagonais can be

found.
Hence the angle in general between the six pairs are given by

+a?+b?+c? : b
1= — _— Proved
s (az+b2+c2 : ( )

Q.4 Find the direction cosine of a line that makes equal angles with the

axes. Also find the equal angles.[ETE'12]
Solution:- Let, the line makes the angle a with the axes

- €OS a, cos a, cos a are the direction cosine of a line
s.cos?a +cos?a +cos*a=1
=>3cos%a=1

=> COS +—
a= - 1

——

+ 7 (Ans)

ﬁ

Hence the direction cosine of a line are -f

1
os q:cos"'i —
V3

Equal angles are cos™? % . (Ans)
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Q.5. Ifly, my, ny and I, m,, n, are the direction cosine of two ST line
and a is the angle between them ,hence show that cos a
=lil+mym,+nyn,.[ME'08,IPE’08] |
Solution:- Through the origin O drawn two lines OP; of length r;and OP, of
length r,
Parallel respectively to the given line with direction cosine ly, my, n; and
I, my, n, |

] % _
us l]_—'r;' ,0r xl—llrl

Similarly, h=mn, z;=nnry
Also x,=l,r,, Y2=my1,y, zy=n,r,
Since & be the angle between the given line . Then a is also equal to the angle
between OP, and OP, |
Now ,The projection of line OP; joining (0,0,Q) and (x;, ¥, z,) on the lines
OP; whose direction cosine are Iy, My, is. | : |
(x; —0) L ;+(y, — 0) my+(z, — 0) }zl;-ll-x2+m1y2+nlzz
But the projection of 0P, is OP, cosa L
~OPycosa= lixy4my,4n 2z,
Qr, pecosa =1, L, tmym,r, +nyn,r,
Or, r;cos a = (Ll + mym, + nyn,)
s cosa =l L+vmymy+nyn,. - (Proved)
(Note : if the two line are perpendicular then a=90
cos 90=0, then Livmymy+nyn, =0) _

Q.6. If Ly, my ,ny; b, ,my, ny; 13, m3, ny are the direction cosines of
three mutually perpendicular lines. The line whose direction cosines are
perpendicular to l;+ my + ny , I, + m,+ Ny, I3 + m3 + n3 makes aqual
angles with them. (prove it)

- Or
Then find the direction cosine of a line whose direction cosines are
L+l + I3, my + my+mz, ny + n, + n3 and show that the line is equally

inclined to given line.

Solution: Since The lines whose direction cosines are ly, mqy ,ny;
I ymy, ny; I3, mg, ng are mutually perpendicular then
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CcoS 900 - lllz+m1m2+n1n2 —7 ) O ——— (1)

And lall+m3m1+n3n1 =0 .................................... (2)
Also Lpls+Ma3+MaM3 =0 (3)
2 2 2 2 2 n 2 _ 1
Again 112+m12 + n12= lz + mz + nZ 13 + m3 + 3

Let the direction cosine of a line whose direction cosines are [+, + I3
» m1 + 7n2+m31 nl + nz + n3
isl,mn

| _ . JEFmEAnE

o Lt 4+, ‘_ my+my+mg - n+n,+ns —,ﬂ+lz+l3)z+(m1+mz+m3)z+(n1+ n2+n3)2

= “ﬁ
J2112+Em12+2n12
. L+l ey WA o Tiptig Ly
l. =— ﬁ ’ ﬁ ’ ﬁ

Let 6, be the angle between 1 and 4™ line

Then we get
Uy (1, 4141 my(m+m+m;)  ny(ny+n,+n
cos @, = 1(attly) | ma(mtmatmg) | R dnaing
_ L 24my P Pt mymy4ngn, gl Amam, +ngn,
v
_ 14040 - *
V3
1
e 9 :C _1 =
17605 B

Again 6, be the angle between 2" and 4™ line
Then we have '

COS 92 - lz(ll+lz+l3) + mz(m1+m2+m3_) + nz(n1+nz+n3)

V3 V3 V3
- llz+m12+n12+11lz+m1mz+n1n2+lzl3+m2m3+n2n3
| V3
_ 14040
V3
1
~ 0, =cos™ 1=
£ V3 |
Similarly the angle between 3 and 4™ jine is cos™1 —
V3

‘Hence the line is equally inclined to the given lines (Proved)

Q7. Find the angle between two diagonal of a cube.[ETF*12]

ualliicu My valiiovaliicl



Solution: Let OABCDEFG be a cube .Suppose the length of each side of the
cubeis a.

Therefore ,the co-ordinates are 0(0,0,0), A(a,0,0),B(0,a ,0),€(0,0,a),
D(a,a,0), E(0,3,3) , F(a,0,a), G(a,a,a).

In the figure OG and AE be the two diagonals .

Now, the direction cosines of 0G js —2=° ach ol e X 13
Va?+aZ+a?’ V3aZ’ V3q2 "'V3'Vi'V3

Similarly, the direction.cosines of AEjs .-L L L
Let 6 be th leb o BT
€ the angle between 0OG and AE '
cos@=(-—)x Lyl 1 1 1 1 [SEE Fiai. (?.XJ
3T VEITBYBYEXE T ;
6 =cos~11

Hence the angle between two diagonal of a cube is cos ™! =
3

Me makes angle a, 8, y, § with the four dlagonal of a cube . Prove

‘r that cos’ a+ cos? B +cos’y+cos’d= 3
['-'EE 12;ME’10,’08,06;IPE’12,CSE’10, 08 IPE’09, 07 ETE,09 ]
Solution: Let OABCDEFG be a cube Suppose the length of each side of the

cubeisa.
Therefore the co-ordinates are 0(0,0,0,), A(a,0,0), B(0,3,0), C(0,0,a) , D(a,a,0},
E(a,0,a), F(0,a,a), G(a,a,a) .

'Here, OG,CD,AF)BE be the four diagonals .

a-0 a-0 a-o0
The direction cosines of OG are T T T

o 1 1 1
L BB B

i i fCcD - .}

Similarly, the direction cosines o are, —=,7, -

1 1 1
the direction cosines of AFare, ——=, =, =

1 1 1
the direction cosines of BE are, 5T RR

e the direction cosines of a straight line which makes angles

Againlet [,m,nb 6
a, B, v, 8 with the four diagonals . -
L om n MR A
COSQ’=7_5+E "'5‘- 3 F ql
Bt 2 LS oo — (2)
LeosfErtr= - EET R o 1.
S om e 3 L >
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m n _l-m+n
.......................... 4
feos - Ea BT . (4)
Now squaring (1),(2),(3),(4) and adding we get

(+m+n)?  (4+4m-n)?  (—l+m4n)?
cos? a+ cos? B+ cos?y+ cos® 6 =————+— y 3'3_
4 {ominy?

3
_(”m*‘")z“*(""m—ﬂ)z+(--I+m+n)’+(l-m+n)z
= - L-many

_4(12+m?+n?)
- 3

3
4
cos? «+ cos? B+ cos’y+ cos?é == (Proved)

Q.9. Find the angle between two lines whose d.c.s are given by the
equations [+m+n=0 & 1> + m? + n* = 0. [ME’09 ETE’08 /07]

Slution: Given that,

1#m#n=0 ------eem(l)i,
Z4+m2+n2=0 -----n-‘—-_(g)"' |
From eq. (1) we have, n=—(lm) ----------- (3)
lz+m2+(l+m)?,=-0,. “
Or, 2lm—0 X S

When I—O:e.ll+0m+0n-0 -------------- (4)

From eq. (1) & (4)-we have, o(-l-‘oi_ :0 — (:1 or, %_—_ ? - 1_‘1
When m=0 i.e. 0./ +1.m+0.n=0 (5)

) e m . m i_m
From eq. (1) & (3) we have, o-1 00 10 " IHT%

L
, 1
Therefore, the d.c.s of the two lines are proporo nalto 0,1,-1 & -1,0,1

If 8 be angle between them, then

& 0.(-1)+1.0+(-1).1 _f1
= S22+ (D)2 (-1DZ+0%+1Z 2
« §=cos~1 &
2

hic
'Q.10. Find the distance of A(1,-2,3) from the line PQ through P(2,-3,5), %"

makes equal angle with the axes.
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are equal, i.e. I=m=n

Weknow, F4m?4n2=1 o 35 [ =1
| _ e ’ or, [ = /
~ The d.c.s of the PQ line are, 1/ :

Now, AP? = (1 — 2)2 +(-2+3)2+(3_5)2=6
Let, ACis the required distance.

. PC= PrOJectlonofAPonPQ
/\/_(2—1)+1/\/_(3+2)+1/ (8% 9

— 1/\/_ ~1/\/_+ 2/\/_

PC =2
/3
=4/3
2 AC? = ApP? — 2='_i_£1 . _ Y13
PC 6 3—31 .‘AC,_EA”S'

/%.../A'ove that, two lines whose d.c.s are connected by two relations

4:-bm+cn=0 & ul?* + vm® + wn? = 0 are perpendicular if u(b? + c2) +

v(c? + a*) + w(a® + b*) = 0 [ME'07] and parallel if %2+ §+‘§ = 0. [EEE-
08,ME’09,CSE’06,IPE’10,ETE,’07]
Solution: Given, al+bm+cn=0  or, nz"(m:bm) (1)
ul? + vm? + wn? =0 e (2)

From (1) & (2) we have,

ul? +vm? +w (“”bm) =0
or, uc?l? + vm?c* + wazl2 +wb?m?® + Zu;abl;n =0
or, (uc*+ waz)l2 + 2wablm + (vc? + wb )mz =

) =0 e @)

2)(-) + 2wab(—) + (ve? +wb

nd lso—
c.s of the given lines and a iy

Or, (uc’*+wa

d.
Let, l;,mp,m and [, M2, N2 be the

L pe the roots of ed. (3)
m;
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duct of the roots of (3) is,

~ Pro .
gy vetwbr o lala _ _mama
mymg ucttwa? ’ veltwb®  uctiwa
. M3 _ nin;
similarly, ——= = % = Saz+ub?
L, _ mym, nin;
vci+wb?  uc?+wa? " va?+ub?

Now, the lines will be perpendicular if,

lllZ + m1m2+n1n2 - 0
or, (vc? +wb?) + (uc? + wa?) + (va® + ub?) = 0
or, u(b?+c?)+v(c?+a?)+w(a®+ b2) =0 [Proved]

Again,
If the lines are parallel the d.c.s of the lines will be equal so that the

roots of eq. (3) should be equal, I.e. B> —4AC =0
= (2abw)? — 4(uc? + wa?)(vc? + wb?) =0
Or, 4a*b?>w? — (4uvc* + 4uwc?b? + 4wva®c? + 4w2a?b?) =

Or, 4uvc* + 4uwc?b? + 4wva?c?> =0
¢z b? a? 5 o -
O, —+—+ —=0 [dnv'ldmg by 4ctuvw] [Provgd]

%’rove that, the stra‘ig'ht lines whose d.c.s are given by the relations
=0 _and fml+gnl+h[m50-j are perpeﬁdicular if ) / at g /b + h/c =0

al+bm+cn=

and parallel if \/(qj) i\/(bg):t\/(ch) =0,
[ME'11,01,CSE'12,'11,09,08,CE'07,ETE'1 2,IPE,'06]

m+cn)
2 (1)

And i+ gRI+hIM=0 <o 2)

From (1) & (2) we héve,

fml+gn —Crray +hm ——E’ﬂ:—cn—) =0

or, fmna — bmng — cn*g — hm?b — hmnc =
or, hbm? + (bg — fa =kch)mn + cgn? =
2 — m
or, hb(=)* + (bg — fa + ch)=+cg =0 (3)

Let, I;,m,,n : o,
» fuMumy and L, my,n, bethed.cs of the given lines and also "

Solution: Given, 'aI+bh7+cn-_-0 or, ==

m
.;zi be the roots of eq. (3)

“+ Product of the roots of (3)is
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mym;, g __ g/
Wi T ke / . ZaMy g, '
Ff Tt s
: ”ar'y W b /, ~—-—(4)
______"g‘/"' = Ll
m | y =7 B S
Now, the lines will be perpgndicula f :
ri
L1, + m1m2+n1n2 =0
Or, f/a + 'g/ + h '
b+ =0 [Proved]

roots of eq. (3) sh
" (bg - )s Ol;ld be equal, |.e, p2 _ 4AC = 0
9=Jatch)? —gppey |

Or.bg - fa+ch= +2\/hbcg
0, (Vbg ) +2./bgver + (Veh)? = fq

O (Vbg +Veh )2 = ([Fay

o, #[ybg +VeR]|= ffa ” |
I\ @) 2B/ =0 fProveqy -

Q.13. Show that, the lines whose d.c.s are connected by J+m+n=0 and
2mn+3ni/-5Im=0 are pcrpendicular to each other. [CSE’09)
Solution: Given, I+m+n=0 or, n=-(m+{) (1)

And 2mn+3nl-5/m=0 -- - -(2)

From (1) & (2) we have,
—2ml—2m?—312-3ml-5ml=0

Or, 2m?+10ml+312=0

Or, 2(3)? + 107 +3 = 0 -rovree

iz, Mz, n; be the d.c.s of the given fines and also ™ ,
1

~(3)

Let, ll' m]_l ny and

™2 pe the roots of eq. (3)

2

+ Product of the roots of (3) is,
[,

mymy _ 3 e e
L 2
mymz _ MMz

= -5

Similarly, :

L, _mymg _ MMz
v Z 3 —S
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The lines Jill be perpendicular if,  lilz +mimainyn,; =0
Or, 2+3-5=0
[prOVed]

Q.14. Prove that, the straight lines whose d.c.s are given by the relations

-n=0 & mn+nl+lm=0 are right angles.[ETE’09]

2/+2m
or, n=21+2m -----—e-e-mue (1)

Solution: Given, 2/+2m-n=0
| ~ And mn+nl+lm=0
From (1) & (2) we have,
m(21+2m )+ 21+2m )I+im=0
Or,2m?* + 212 4+ 5ml =0
Or, (m+2l) (2m+i)=0

o 2l4+m=0 --—---m-mm-m-- (3) and 4+2m=0 ------------------ (4)
From (1) & (3) we have, ST |
L]

i ~2 —2%

Therefore 1,-2 ,-2 are the direco nrao sofr stline.

m - n

Again, from (1) & (4) we get, é ks
Therefore 2,1,2 are the direco nrao s of second line.
Now, the two lines will be perpendicdlar' or at ri-ghfc angle if,
a;a; + byb, +cic; =0 .
1.2+ -2)-(,-“%1)?*( _'_2)-2 = 2--?_2'-'411_ =0 which is true.  [Proved]
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\ APTER-6

THE PLANE[3D

The Plane: A plane is a surface such that if an
joining them lies wholly and the surface i
will be on the plane. .

Y two points are taken on it,the straight line
.e. every point on the line joining the two points

Theorem:Prove that the gene
EE— ral equao nofr stdegree i i »
represents a plane. greeinx,y,zi.e. Ax+By+Cz+D=0

Proof: Le
Proot: t (x1,Y1,21) and (x,,y,2;) be the coordinates any two points lying on the locus whose
equationis Ax+By+Cz+D=0Q .. . . L (i) ;

As the two points lying the line therefore these two points ';satisfies (i).Then we get,
Axy+By1+C234D=0 ... ... ... o o .. i)
Axy+By +Czo4D=0 ... ... ... ... ... ...{iii)
Multiplying (iii) by y and adding with (ii),we get | |
. Ax1+B y1+C 24D+ y (Axy+By,+C 2,4D)=0
or,A(xi1+ ¥ x2)+B(y1 + ¥ Y2 +C(z1+ ¥ zz)+0(1f y)=0
Dividing by (1+,y.),we get
X1+ y x2 1+ 2 z1+ y z2 z
¢ o 2,B. (”(Hyy;’ Jic & S LB4DZ0 e V)
Result (iv) shows that equation (i) is satisfied by the point whose coordinates are
X1+ yx2 yl+yy2 z1+ yzz)

( 1+y ' 1+y ' 1+y
It is evidently that the equation (i) is a plane.

So, we can say that the general equation of first degree in x,y,z represents a plane.

General equation of a plane:-Ax+By+Cz+D=0
General equation of a plane passing through a point (x1,Y1,21) : - A(X-X1)+B(y-y1)+C(z-24)=0

| General equation of a plane passing through the orgin:- Ax+By+Cz+D=0
Where A,B,C are direction ratios of the normal to the plane.

Normal: A line is perpendicular to the plane is called normal.
Theorem: Find the equation to the plane in terms of the intercepts a,b and ¢ which it makes

on the axis.
Proof: Let the equaticn of the plane be
since it makes gnterceptsa,b and con the axes of x,y and z respectively,then the

points(a,0,0),(O,b,O),(o,O,c) will sas fy (i)
So, Aa+0+0+D=0

Or,Aa+D=0

Or,A= —f—

Ax+By+Cz+D=0.. ... ... ... ... ... (i)

D

—

. s
Srm_rlarly, ——-;,C- -
Putting these values in (i),we get
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D D D
—x—y —2+D=0

ax by cz :

D D =

Of,‘;‘)ﬁ"';'v "-;Z D
e +§+f=1 is the required equao n of the plane.

a [
Theorem:To find the condition that the general homogeneous equation of second g

. . e

x,y and z may represent a pair of planes and to find the angle between them ang the Bree jp,

condition that these two planes may be perpendicular to each other.
Solution:The general homogeneous equation of second degree in x,y and z is

Ax’+by?+cz?+2fyz+2gzx+2hxy=0 . vis s (1)

Let Ax*+by?+cz? +2fyz+2gzx+2hxy-(I1x+m1y+nlz)(l2x+m2y+nzz) -

Where, lix+myy+n12=0 and  lx+myy+n,z=0 are the €quao n ofy,
0

planes represented by equation (i).
Comparing the coefficients of like terms both sides of (ii),we get,
l1il;=a; mim;=b; nin;=c;
m;N+mzn;y=2f; " nltnyl=2g; lyma+lm,=2h

Naw ,consider the product of two determinants, we have
ly, &, O L 3 0
[ml m, O] X [mz my Olzo
n n, 0 n, n, 0 )
Ll + 141, myl, +myl; nl; +nyl,
Or,[llmz +l,my mym, +mym, mn, + mznll
ml+nly mn;+mpn; nyn, +nyn,

24, 2r 2g
Or,| 2h 2mm, 2f |=0
-29 2f  2nyn,

2a 2h  2g]

Or,|2h 2b 2f]|=0-.
29 2f 2c
' . la h g
Or,Bh b f:o
g f ¢
a h g
Or,h b f:O
g f ¢

Or, abc+2fgh-afz-bg2-ch2=0 which is the required condition.
Let,6 be the angle between them.
' sinf
cos 6@
=‘/(ml"2"‘"1:2711)2'*'("1lz“nx12)2"‘(ll’r"‘z"lzml)2
lllz+m1m2+n1n2
Now, (myn, — myn,)? =(myn, + myn, )*- 4myn,m,n,

tané@ =
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=42 4
similarly, (nyl; — n,1,)? =4g% 44

(lymz — I;m;)? =4h% 43p *

4(f2 ) —ab -
-+ tang = Ja(f + g% + h2 -ab—-bc-—ca)

a+b+c
bl = tan=1 ‘/4(fz+g'+h1—ab-bc-ca)
4|f N . at+b+ec - (Ans')
e two plan i
planes are perpendicular to each other, then 9 = 9¢°
a+b+c=90

Every equation of the first de i
ree
plane ax+by+cz+d=0 greein xy,z répresents a plane.General equation of a given

General equation of a gjven p| |
ane that passes th iven point: i
a(x-x;)+b(y-y;) +¢(2-21)=0 rough a given oln‘t.rl.et the point (x3,y1,21)

;cos 0 =
Va2+bZ+c2 ,312+b12+c12 .
E ; y . 3 i 7
%{ne meets the co-ordinate axes in A;B ,C such that the centroid of the triangle ABC
's the point (p,q,r).Show that the equaticn of the plane is =Z+2=3[CSE’06,ETE’10]
- e " R par
Solution: Let the equation of the plane be ™

2221 i)

ab c . X
If it meets the coordinate axes in A,B,C then the coordinates of A,B,C are

Ala,0,0),B(0,b,0),C(0,0,c) respecv ely.
a+0+4+0 0+b+0 0+0+c)__ (a bc

Now, centroid of the trlangle ABCis ( DA I i
But we are given that the centroid is the point (p,q,r) then we can write,
a
P—g,a-3p
g=b/3; b=3p
r=c/3; c=3r

Putting this values in (i),we get
x/3p+y/3q+z/3r=1

or, x/p+y/q+z/r=3
(proved)

a fixed point (a,b,c) and meets the axes in A,B,C. Show

ExZ: AVariable plane passes through . e i
{ the locus of the point of intersection 0

R I
= +by +cz
coordinate planes is a/x+b/y+c/z-1 or ax +by

Solution: Let the plane be

K@ AY[B ALY ZL e
It passes through (a,b.€) 0

.. afa +b/f +cfy =1
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Also the plane (i) meets the axes in A,B,C.

Coordinates of A,B,C are (,0,0),(0, 3,0),(0,0, y)

The planes through A,B ,C which is parallel to the coordinate planes x= @,y= B and,
=y

respectively.

| Putting the values of a, B and y in equation (ii),we get
a/x+b/y+c/z=1

or, ax +by l+cz =1
or ayz+bzx+cxy=xyz. (proved)
—w Ex-3:4Cariable plane is a constant distance ‘p’ from the origin and meets the axes inAg
“Show that the locus of the centroid of the tetrahedron OABC is x +y 2452 =16p? (EEL.
06.CE’07,’05,CSE’03,IPE’12’10,’07,ETE’09,'07)
Solution: Let the equation of the plane be x/a+y/b+z/c=1 ... .. O ()
It meets the axes in A,B,C. So the coordinates of A,B,C are A(a,0,0),B(0,b,0),C(0,0,c).

d

The distance of the plane from the origin is T

1

According to the question, T 1 1 =P
,}*‘z‘+—z+—z
a¢ b4 ¢

o+ L Se R e e e (i)

c2 p2

Let (x4,y1,21) be the centroid of the tetrahedron OABC, then
x1=a/4 .. a=4 X,
yi=b/4 - b=4y,
21=c/4 - =427y

Putting the values of a,b,cin (ii) ,we get -

1 1 1 1

(4x1)2  (4y1)? (4 z1)?2 p?

1 d the angle between them.
Solution:The given equao N is 2x 246y%-122+6yz+22x+7xy=0

Or,2x 24 22x+7xy+6Y 212z +6yz-0
or, 2%+ 2zx+7xy+6{(y + 2z) —z(y+22)}=0
Or,2x%+22x+7xy+6(y-2)(y + 22) = 0
Or, 2x%+3{y+22)x+4{y-2)x+6(y-2)(y + 22) = 0
Or, x(2x+3y+62)+(2y-2z)(2x+3y+62)=0
Or, (2x+3y+62)(x+2y-22)=0

i.e,(2x+3y+62)=0 -

(x+2y-22)=0 -
Hence the given equations represents a pair of plane/
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Let,8 be the angle between the two planes

: 2.1+3.246.(— -
V4+9+36V1+4+4 21

An alternative solution of this type

ove that the equaﬁ‘fon -6yl
X -by“- 2
angle between them, ¥'-122"+18yz+22x+xy=0 represents a pair of plane. Find

Solution: Given that,2x*-6y2-12z2+18y2422x4xy=0 i
Here a=2; b=-6; c=-12; f=9; g=1; X\;-—l;.z... M
The equation(i) represents a pair of planes ;f )
abc+2fgh-af’-bg-ch?=0
L.H.S.=abc+2fgh-af2-bg?-ch?
=2.(-6).(-12)+2.9.1.1/2- 2.81+6.1+12.1/4
=14449-162+6+3
=162-162=0
Hence the given equation represents a pair of planes. )
Let, 8 be the angle between them

JA(fZ+ g% + k2 —ab— bc —ca)
tan@ =
a+b+c &

185

- —

16

i

n 8 =tan"}(— —:ff) (Ans.)
A variable plane is a constant distance ‘p’ from the origin and meets the axes inA,B

fd C. Through A,B,C planes are drawn parallel to the ccordinate planes.Show that the locus

of their point of intersection is x'2+y'2+z'2=p'2.(EEE—O7,CE’08,GCE’12,ME’11,’05ETE’12,’08)

U)oy Gp— ()

: . b
ion: Let the equation of the plane be x/a+y/
Solution: C are A(a,0,0),8(0,b,0),C(0,0,c)-

i B,C. So the coordinates of A,B,
It meets the axes in A, 1

plané from the originis =

L, 1.1
a2 b2 ‘el

The distance of the

. . S
According to the question, T, i1
az bz cz
1 1 1—'--1-.— enes saue desy ssee (ii)
Or___+--—+'-;- 2..- saw a0t )
e to the coordinate

ough AB,C and parallel

Now, equation of the planes thr

planes are x=a,y=b,2=¢ i L
- v pam— — 2
Putting these Values n (”)Jwe ge x12 ylz z1© p
(proved)

2, .2_n2
ax Yy 4=
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_ i,nd the équaﬁ'on of the plane passing through the lines of interseco n of the g
¥=0 and 3z — y=0 and perpendicular to the plane 4x+5y-3=8.{CSE’11] Panes 2
Solution: The given planes are 2x —y=0 ... e vee v (i)
32— y=0 ..o cee v s e o (i)

and 4x45y-32=8... ... o i (iii)
Now, the equation of any plane through the line of intersection of (i) and (i), is

2x—y + k(32 -y)=0
=2x-(14K)y+3Kz=0 ... v v e ve e e (iv)
Since the plane (iv) is perpendicular to the plane (iii) we get
4.2-5(1+k)-3.3k=0
=> 8-5-5k-9k=0
= k=3/14
Putting the value of k in (iv) we get
2x-(1+3/14)y+3.3/14.2=0
=2 y+9z=0 (Answer)
ind the equaﬁon of the plane that passes through (2,-3,1) and is normal to the line
nlng the points (3,4,-1) and (2,0,1).
Solution: Any plane passes through the pomts (2 -3,1)is

A(x-2)+B(x+3)+c(z-1)=0 .. TR ()

Direco nrao softhe normal to the plane (2—3 0-4,1+1)
=-1,-4,2
0r,(3-2',4-0,-1—1)
=(1,4,-2)

Since the normal is perpendicular to the plane, then we get A/1=b/4=c/-2=k(let)
A=k; B=4k; c=-2k a

Putting the value of A,B and Cin (i), we get

K(x-2)+4k(y+3)+(-2k)(z-1)=0 ‘

=>(x-2)+4(y+3)- 2(z-1)=0 which is required equation of plane.

=x+4y-2y+3+2-2=0

=>x+4y-2y+3=0 which is the equation of plane.

Ex-9: Find the equation of the plane through the line of intersection of the planes

. p=ax+by+cz+d=0 and Q= a’x+b’y+c'z+d =0 under the following condio ns
(i) Perpendicular to xy plane i.e, z=0
(ii) Parallel to x- axis i.e, perpendicular to yz plane
(iii)  Perpendicular to plane Ix+my+nz+p=0
Solution: Any plane through the line of intersection of the given planes
ax+by+cz+d+k(a’x+by+c'24d’)=0
==>(a+a'k)x+(b+b'k)w{c+c'k)z+(d+d'k)=0 08 o2 e i s i s 1)
(i)if the plane (i) is perpendicular to xy plane i.e, parallel to z axis
., the coefficient of z is equal to zero then
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ctc’k=0

=- C/C'
putting the value of k in (i) we get, (a-a’c/c’)x+(b-bc/c’Jy+{c-c'c/c’)z+(d-d"c/c')=0

=»(ac’-a"c)x+(bc’-b’c)y+0+(dc’-d'c)=0 which is equao n of plane perpendicular to xy plane.
(ii) If the plane (i) is parallel to x axis
i.e, perpendicular to yz plane.
i.e, the ccefficient of x is equal to zero then a+a’k=0
=k=-a/a’
Putting the value of k in (i),we get
=>0+y(b-ab'/a')+z(c-ac‘/a')+(d-ad'/a')=0
= (a’b-ab’)y+(a’c-ac’)z+(a’d-ad")=0 which is the equao n of plane parallel to x- axis.
(iii)The equation of plane (i) is perpendicular to plane Ix+my+nz=p i
From the condition of perpendicularity of the two planes,we get
i I(a+a'k)+m(b+kb‘)+n(c+c'k)=0 ‘ ‘

(al+bm+cn)+k(a‘I+b’m+c'n)=0
o= (al+bm+cn)

o (@l+b'm.c'n)

Putting the value in (i),we get
(al+bm+cn) ,
(a’l+b’m+c’n)‘ “F .
=(ax+by+cz+d)(a’l+ b'm + ¢’'n) — (al + bm + cn)(a’x+b’y+c’z+d')=0 which is the requiret}

equation of plane. :
}f%&ind the equa{{on of the plane through the points (2,2,1) and (9,3,6) and
erpendicular to the plane 2x+6y+62=9[CE'04,CSE"1_0,IPE'OG,ME'OB,'OS,’M]
Solution: Any plane passing through (2,2,1) is ‘

A(x-2)+(a(y-2)+c(z-1)=0... w85 e i 0w G0
Since it passes through (9,3,6)then (i) becomes

A(9-2)+B(3-2)+C(6-1)=0

S,

a'x+b’y+c’z+d')=o‘ ;

(ax+by +cz+d)

=T7A+B+5C=0 ... cee et et e e i)
The plane (i) perpendicular to the given plane. So we can write
2A46BH6C=0 ... cve ere v s e o (i)

Now from (ii) & (iii) by cross multiplication we get
A/-24=B/-32=C/40

=A/-3=B/-4=C/5=k(let)

~A=-3k; B=-4k; C=5k;

Putting the value of A,B & Cin (i)we get,
-3k(x-2)-4k(y-2)+5k(z-1)=0 '
=5-3(x-2)-4(y-2)+5(z-1)=0 [Dividing by k]
y+8+52-5=0

{4y-52=9 (Answer) _
ve satne pro(blem by yourself®Find the equao n of the plane through the points (1,0,-1)
and (2,1,3) and perpendicular to the plane 2x+y+2=1@® Ans.3x-7y+2=2(EEE-09)
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orindthe equatidon of the plane through the points (1,-2,2) and (-3,1,-2) and Perpendi
ICular

to the plane 2x+y+2+6=0 Ans.x-12y-10z=5.
%ﬁw that equation of the plane through the point (-1,3,2) and Perpendicular tq th
anes x+2y+2z=5. and 3x+3y+2z=8 is 2x-4y+3z.a'8=0.[CE’OB,’OI,ETE'II,ME'M] ¢

Solution: Any plane passing through (-1,3,2) is

A(x+1)+B(y-3)+C(z-2)=0... ... wc. wee wor ... ... (i)

Since (i) is perpendicular to the planes x+2y+2z=5... .... ... ... ... ... (ii)
and 3x+3y+22=8 .. ... oot e et s e e (i)

S0, A+2B+2C=0 ... ... et ees cee e o (iV)

And 3A+3B+2C=0... ... .... cue wue en. .. (V)

Now from (iv) & (v) by cross multiplication we get
A/-2=B/4=C/-3=k(let)
~A=-2k; B=4k; C=-3k;
Putting the value of A,B & C in (i)we get,
-2k(x+1)+4k(y-3)-3k(z-2)=0
=>-2(x+1)+4(y-3)-3(z-2)=0 [Dividing by k]
—=>2x-4y+3z+8=0 (Proved) -
[i?z: Find the equalio n of a plane passing through the point(l,‘-z,l)an'd perpendicular to
tHe line with direco nrao s 2,3,5. ' . :
Soiution: Any plane passing through (1,-2,1) is
A(x-1)+B(y+2)+C(z-1)=0... ... ... . .. ... . i)
The plane is perpendicular to the line with direco nrao s2,3,5.
So, A/2=B/3=C/5=k(let) '
—»A=2k; B=3k;C=5k - |
Putting the value of A,B & C in (i)we get,2k(x-1)+3k(y+2)+5k(z-1)=0
- 2x+3y+5z=1 (Answer) .
. Find the equation of the plane through the point (4,0,1) and parallel to the plane
%+3y-122+6=0.(EEE-09)
Solution: We know,(Frb_m H.Sc)The equations of the parallel planes differ by a constant

only.
So the equao n of the plane parallel to the plane 4x+3y-122+6=0 is Ax+3y-12z+k=0.

Since it passes through the point (4,0,1)

16+0-12+k=0

=k=-4

So the required plane is 4x+3y-12z-4=0. (Answer)®

Ex-14: A point moves on the plane x/a+y/b+z/c=1 which is x ed.The planet
perpendizular to op meets the axes in A,B and C. The planes through A,B and C parallel 10
yz,2x,xy planes intersectin Q. Prove that if the axes be rectangular the |OC:JS of Qs
1/x2+1/y*+1/2*=1/ax+1/by+1/cz(EEE-05,CE’02,ME’10.’09)

Solution: Given plane,X/a+y/b+z2/c=1 ... ... .. ces e v e v o (1)

hrough p
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Let (@, B, y) be the coordinates of P,which moves on the given plane. Then
@/a+f/bHY /=1 s et s s e (ii)
Here OP be the normal to the required plane,then the direction ratios

Hence the equation of the plane is a(x — a) + B(y — B +yz—-Y)=0-
It meets the coordinate axes in A,B,C.So the coordinates of A,B and C are

2 2 2 2 2 2
A(E‘__“F“_*L 10,0),8(0, iiﬁﬁl ,0),€(0,0, g‘_ﬂi’_ﬂi)

(d,r's) of OP are a,B.y
I (1))

| to the coordinate

Now, the equation of the planes passing through A,B and C and paralle
2,.q2442 2,82442
B x=a +B4+y ;y=u +8°+y . = a2 +B2+y?
~ a B Y
P YO TPY R a? g? i y?
s ALY +1/2°= (a2 +B2+y?)? + (a2 +p2+y2)? 1 (aZ+p2+y2)?
_a?+pi+y?
- T (aZ4+pR+y?)?
1 - g
=m (IV)
& 8 Y
= b c
Also, 1/ax+1/by+1/cz = m + 2+ Hy? + a? +B2+y?
' 1 « B Y = .
[=-+ : + . 3 | [ROERpRpR— .{iv)

/ Tareprey?
s
¢ o 121y +1/2=1/ax+1/by+1/cz {Proved)

d 4ha equalion of Ahe plane through the line Tz T
lSSIYa -Pn!zouah ‘the F6W~Q.~‘2}9)

’ i 4 P . i ,-{.‘.
T Calutions Guiven that, X-Z _EB o L. )
2 5 £
(-2 -3(4-3) =0 and #(¢-2)—32=0
. rlane -’rhnough the line() is )
. Y

§ 5(x-2 -3 (3‘3,\} H’\? 7@!:2)—32_} —0-
1he plne passes threough (1,-2%)

L sE-D-321-29 -tkgvu'z)- 3-3} =0
oy 5 4B - RKT DK=O

10 - 2
> K=%g ~ 8

. Feom (i) we hove-, )
- -14) =0
ex—aq-1)+ 2 (7% 32 g

. 253l 5? ~2& =0 fire)

. ]

____
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CHAPTER-7
THE STRAIGHT LINEf3D]
(With shortest distance)

ion of a straight line [General form]:
quations of first degree in x,y & z) taken together represent a general —

=?Eegut
Any two planes (E
straight line. ie.
a,x +byy+c,z+dy=0,az
Or, ayx + byy +¢;z+d;= 0=z

Represents a general equation of straight line.
tion also represent the line of intersection of the two given planes.

NOTE. Thisequa
= Eedution of a straight line [Symmetrical form]:
X—X, _¥Y7V1 -7

1 m n
Which also represent the eq. of straight line through (x4, y1,21), whose direction cosines are |,m,n,

In terms of direction ratios,
X% . ¥=¥a . -2y

" a b C
%le between a line and a plane:
Y A A1

XXy YTV o [ eq. of a st. line]
[eq. of a plane][a,b,c are the direction ratios of the normal to the plane]

l m n
N

X + b,y +C;z +d3

ax+by+cz=0
s al+bm+cn
sin® = cos(90 — 0) =
cos(30 ) vaZ+bZ+c2VIZ+m2+c?

b

ﬁe line and the plane wiil be perpendicular if, -?- = -::
7/The lina and the plane will be parallel if,  al+bm+cn=0

?ﬂ’ndition for a line lie on a plane:

. xX— — z-Z ) -
he line lx‘ = y':‘ = L will lie on the plane ax+by+cz+d=0 if,
al+bm+cn=o & x Y

ax,+ by, +cz,+d=0

%/eqution of a straight line through two points:

X—=X1 _Y~Y1_27%
X3—X2 Y1=Y2 %1723

=Distance of a point from a line whose d.c.s are ||m,n :
If P(x,,Y,,2,) any given point and A(x,,y;,Z,) is any point on the line and PN is
point from the line then, P LM,_/‘M’
PN=VAPZ — AN?

Where, AN=projection of AP on the line

= (x; = X)l+(y2 = y;)m + (z; — 24)n A /”’ﬂ

AP =\/(x2 - x1)2 + (YZ - Y1)2 + (Zz - 21)2 : ﬁ
(MJ l\jj '?.9

the distance of the
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Solved problems

. Find the distance of the point (-1,-5,-10) from the polint of interseco n of the line -’%1 e

—1:53 and the plane x-y+2=5.[ME’07]

Solution: Let, —= == ke ---(1)

& X=3r+2, y=4r-1, 2=12r+2
The line (1) intersect the plane x-y+z=5. So we get,
3r+2-4r+1+12r+2=5 s r=0
~ The point of interseco nis (2,-1,2). Hence the required distance is

V9+16+ 144 =13  Ans.
_ S _2+3

~tind the eq. of the line perpendicular to both the line x—;l = %1 = I—;E ’ 5;—2 = T—i" ="z and
Passing through their intersection.[CE'04,CSE’11(SAME}ETE,10) ,
P X=1_ y-1 242 e =7 g =
i(llll_tl_o_lh I-et, T —_— _2- = -'3— = ['1 . X—rl + 1, y—2l‘1 + 1, Z—3l‘1 2
X+ -5  z+43

If the two lines intersect, we have :

e A1=20-20(1) y=2r;+1=5-r,-(2) z=3r,—2=2r,—3--(3)
Solving any two eq. we have, r; =1 & “r, =2 . '

Hence the point of intersection is (2‘3,1) g

Let,Lmn bethed.cs of the requi}ed‘li.ne; Since it is perpendicular to the given lines, we have

H+2m+3n=0--ooeeo. (4) and 2l-m+2n=0 --cmmceeeeee 5)
solving (4) &(5) w LIS W . '
8(4) &(5) weget - riaberar -
hence the eq" of th ired linejs, X2=Y3_21
q" of the required lineis, —== T = Ans

Fifid the eq. of the line of interseco n of two plane 2:x-y+22:7=0 & x+2y-31+46=0.{CSE’11]

Con
olution: Let, I,m,n be the d.c.s of the line of intersection of the two planes. So we have

2l-m-2n=0 —-—--mmeee- (1) I+2m-3n=0 --------- (2} [al+bm+cn=0]

Solvi LT e e o O

ving (1) & (2) we have, %2t aa MITHET S 75
Let, (x',y’,0) be a point on the line of intersection. Then we have

—x ¥ T8

1 -8 -5 (3)
Again (x,y’,0) lie on the both planes. So we have

2x’-y'+7=0 ------—----(4) and x'+2y’+6=0 ---------—--- (5)

Solving (4) & (5) we have, x=-4 & y'=-1
Hence the required line is, 14;—4 = y_—t: = _is Ans.

NOTE: The required line is parallel to both the planes and perpendicular to the normal of the

.c.s.[ME11(SAME),ETE’12]
[ Note: x+y+z+1=0 and 4x+y-22+2=0 represent two planes and x+y+2+1=0=4x+y-22+2 represents the

line of intersection of the twa planes which is the general form of st. line. Q.3 & Q.4 are same]

Solution: Let, |,m,n be the d.c.s of the given line. So we have

L+m+n=0 ----------- (1) & 4l+m-2n=0 ------------- (2)
I m_n !l _m_n 1
Solving (1) & (2) we have, ot iaier or, ===
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- & -1
- direction cosines are == ,=, 7= Ans

Let, {(x,y’,0) be a point on the given line , then its eq. is, "_‘:‘_' will 0 3)
’ 2V ? . - 2 g e
Again (x',y’,0) lie on the both planes. So we have,
X' +y'+1=0 -----m— -(4) & 4x'+y'+2=0----- (5)

Solving (4) & (5) we have, )c’=——:—’l & y'=_?2
Yy _ 9% _ 2

i . or the symmetrical form of the gi Vi
required eq Y given eq. is, - 71== Ang

Solution: Let |,m,n be the d.c.s of the joining the points (2,-3,1),(3,-4,-5).
m _ n 1 m _ n 1

1
= = or-=—=—=—
So, we have, — === = 1 -1 -6 438
x—2 y+$3 z—-1
= =—=R(sa
== (say)

Hance, the equation of the line is
~ x=R+2, y=-R-3, 7=1-6R

If {R+2, -R-3, 1-6R) lie on the plane 3x+4y+52=5
-6

We have, 3R+6-4R-12+5-30R= or, R=0>
: . iy 56 87 67
~.Co ordinates of the required pointis (7, — 7, -7) Ans).
SHORTEST DISTANCE

Shori'est distance: When two lines do not interest and not parallel as well , i.e they do
not liz in the same plane, then these lines are said to be non-intersecting lines.The straight
line which is perpendicular to each of these two non-intersecting lines is called the line of
shortest distance and the length of this Ii‘ne'intercepted between the given lines is called the

length of the shortest distance. [EEE’10]

LJ
...

ol» Theorem. To find the shortest distance between two given lines and also to obtain

the equations of the shortest dista‘hce.[MEOB(SAME),ETE'07]

2 Solution: Let the equations of the given lines be
; X=Xy Y=YV1_ZI—%4
h my ny

X=X Y~ Yz _ 2—Z3

and ..2 - mz - .n :

Let LM be the line which perpendicular to both the given lines and let it's direction ratio be

L,m,n
s~y +mmyg+nn; =0

“2 +mm2 +nn2 =0

By cross multiplication rule,
l m -

myn;_mp;n, B nllz—nzli a llmz - lzm1
Hence the actual direction cosines L,M,N are |
my7,; — Many 71112 = nzll llmz - lzm1 -
’ » 2
JEmyn; —man)?’ [¥mn, —myn)? JE(mym; — mem)
The 5.D i.e LM is clearly the projection of AC on LM whose d,c’s are LM,N

#8.D=L(x;—x,) + My, —y,) + N(z — 1)
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‘= T mi/n(l)(xz eui £ L (n’-lz - nzh)()’z =)+ (lym, - lzmy)(z; - 21)
myn; —myn,)? + (nyl; - n2l)? + (lym, — 1 5
Equations of S.D 1My — lmy)

The equation of the plane containing the first of the given lines and the line of shortest
distance

X = xl y == }’1 L= Zl
ll m1 nl
Similarly, the equation of o m i
’ quation of the plane containing the second of the given lines and the line of

shortest distance is

whose direction ratio are |, m, n is =0

x—xz y_yz 2_22
lz m, n, =0
l m n

These two plane taken together represent the equation of the line of the shortest distance

Incase the shortest distance LM=0, then the two given lines intersect, i.e they are coplanar.
o : S.0=0if 3(x; = x;)(myny; —myn,; =0
This is also the condition for the given lines to be coplanar.

OR
Let the equation of the given lines be
£L—0 y— B z—vy ,
_-i_= = wee sae ses sae nas ses e (1)
m n
x--a' -8 z-Yy
- Y = wem w50 Azt wes ()

U m ~ n'
It is clear that the two points A and A’ on(1)and(2) (a,8,y) and (a’,8’,¥")

The shortest distance between (1) and (2) is at right angles to (1) and (2) and is therefore equal to

the projection of AA' on a perpendicular line PP’
Let A, y, o be the d,c’s of the PP’
M+mu+no=0
A +m'p+nc=0

> S S
o —mm nll—n'l Im' —1U'm

Shortest distance, 5.D= The projection of the line joining A and A’ TO the line joining point P’
—Ma—-a)+u@B—B)+olr—Y)

+ /X (mn' —m'n)

') then we get
x—a y—-p z—Y'

a-a B-B v-V
[ m n
! m’ n'
Equation of the shortest line (PP

— -— z—
e ¥ 0 ny=0 ; ! m' n |=0
A 2 g
7 -1 y-2 z-3 x-2_y-3_ 14

-1.Find the shortest distance between the lines -—z- = —5—- = T’
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nes are coplanar.[EEE’05,07CSE’ E),ME’04,05,09 SAM
E

te whether the i
State w 7—1 3-2 4-3
+J(8-9)2+ (15-16)Z + (10 —12)2

Solution: s.D = ’ 2 3 ;

3 4
1 11
= ’2 3 4|+V6
3 4 5 .
={1(15-16) - 1(10-12) + 1(8 - 9)} + V6
=(-1+21)+V6
=0
Si ortest distance=0 So, The lines are coplanar (Proved)
x-1 - -
(-2: Show that the shortest distance between the lines 2 = y3 2__.: z 3 ; =2 y4
p » 4 3 .
4

—

z-5 1 : . .
-z- is 7‘5 [ETE’12,GCE,12 and that is equations are 11x + 2y~7z+6 = 0 =
73 +y — 5z + 7(EEE'09(SAME)]

Solution: shorcest distance,
2—-1 4—-2 5-3

+(8—9)2+ (15— 16)? + (10 — 12)2

3 4 5
2 2
=2 3 4[+v’3 =(-1+4-2)+v6 =L
3 4 5 vé

~ 85D = —\/_26— { Proved)

Now let ,m,n he the direction cosines of the S.D then
20+ 3mtdn =0 (1)
M+4m - 5n=0-cvereee (2)
From (1) and (2) By cross mulp licao n rule,

l . m n R '
15-16 12—-10 8-9

l m n

— —
— — L e—

T 2 T4
The equao  n of plane containing the 1% line and show the line S.Dor

The equation of 5.0 when the plane through 1* line and 5.0 as

x—1 y-2 z-3
[ 75
-1 2 -1

2 (x=1)(-3-8)—0-2)(-2+4)+(z-3)(4+3) =0
=-11(x-1)-2(y-2)+7(z-3)=0

= —-11lx+11-2y+4+4+7z2-21=0

= 11x + 2y - 7z + 6 = 0 (Proved)

Again, the eq. of plane containing the 2™ line and the line of shortest distance is
X—-2 y—4 z-5

I 2 3 4 l::O
=>—14x+.28-—2y+8+102-—50=0 .
27x+y-5z+7=0
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Hence the €q. 9 s
z+6=0=7x+y—-5z4+7 (Proved)

nd the shortest distance between the lines

Vi_y8_13 x3_ger g6
=IT =1 = =T [EEF06,10,cr03)

Solutlon. Try yourself ¢ Ans: 3v30 _,_/
<~

. y )
E ind the length of the 5.0 between the fines = = y-5 — e =2 +41-”;-
i 1 -2 1’7 -6

——1 .[ETE'08,’061PE’08]Find also the equations and the points where it intersects the

x=37 y-5 _ z-7

Solution: Let ;’Ti—:_—_z-=T_ “......(1)
:>x=r+3,y?’—2r+5, z=r+7 ~(xy,2)=(+3,-2r+57r+
7) and
x+1 y+1 z+1 , \

7 == ._6= 1 :Tl"""""“'(Z)

= x=Tn=1 y=-6n-1 z=n-1 :2@y2)=On-1,-6n-1n-1)

Let the S.D meet the given linesin Land M .

L=(r+3-2r+5r+7)- (3)

and M = (7r, —1—6r1 lr1 1) - (4)

D,R'Sof LMare v—7r+4,- 2r+6r1.:i-6r~

LM is the pe\pendlcular to both the given line
216G =7 ®4) —2( ?r+6r1 +6)+1(r—n
= 6r — 215 = 0o eee o (5)

and 7{(r =7 +4)—-6( 2r+6r1+o)+1( ~r+8=0

= 20r — 8611\— Q-eveeeveeeee (6) /

Solving (5) and (6) r=0,n=0"' /

Putting n{xese value'in (3) & (4), we gex

L=(@3,57, M=(-1-1,-1)_ (A )

D.R’S of LM are 4,6, 8 =2, 3,4, - .

$.D=LM= J—+1)2+(5+1)2+(7+1)2—2 29 (Ans)

, + 8

8} —

x—3 y—q z—17 x+1 y+1 z+1 .
' = a g == =- in
Equation of S.Di.e LM is > 3 2 an 3 3 2 (Ans)
" EX 7 d the S.D between the z- axis andthelines x+y+2z+3=0and2x+3y+ 4z +
4= 0.

Solution: Equation of the plane containing the lines is
F

x+y+2z+3 +A(2x +3y+4z+4) = 0
=:(1+2,1)x+(1+31)y+(2+4}.)z=0------------(1) 1
If it is parallel to z-axis then the coefficientofziszero, 2+4A=0 =2A= g
~1fa+1=0
= A=2
The S.D between the given lines is the distance of the point (0,0,0) on z-axis from the plane (2) is
0+0+0+2

B

Putting the value of Ain (1), we get,

=2
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5.D=2 (Ans)

EX-6: Prove that the shortest distance between the diagonals of a rectangular paral|e|
bc ca ab eplpﬁd ind

Vbreer' Jc2ia?' Jalip? where a,b,  are the length of

the edges not meeting it are

edges.

Solution: Let us coterminous edges
OA, OB and OC be chosen along the
axis of coordinates. Let us find the
S.D between the diagonal AL and the
' Edges OB which does not meet it.
Ais (3,0,0) and Lis (0,b,c)

x—a y—0 z-0

- OB is X _ Z e, - (2)
' 0 b 0
If I, m,nbethed,c’sof S.Dthen, —al+bm+cn=0and 0+bm+0=0
~0 dl_n S Im n 1
m=tand =g e 0 a JVeztaz
z d 0 ¢ 3)
_ e——— g m: 4 n:-—-————-................ mes e tee wee
Ve? + a? VcZ +a?
S.D is the projaco n of join of (a, 0, 0) and (0, 0, 0) the points of (1) and (2) respecv ely on aline
whose d,c’s are given by (3) is l(x; — x1) + m(y; — y1) + n(zz — z4)
=lla-0)+m0+n.0
I . ca _
=qa =
Vita

bc ab
~ VbZc? i vaz+b?

EX-7: Find the shortest distance between the z-axis and the line  ax + by+cz+d=0;
a'x+b'y+cz+d =0 '

Solution: Equao n of the plane containing the 2" lineis

(ax+by+cz+d)+A(a'x+b'y+c'z+d’) =0

= (a+Aa)x+(b+2Ab)y+(c+Ac)z+d+ y U L | IRTRITRPPRTIRPCRLIRITN 6 §)

If it is parallel to z-axis, whose d,c’s-are 0,0, 1; then

(a+2a’).0+(b+2b").0+(c+Ac’).1=0
A O .
~(c+Ac’)=0 =2 (/c')
Putting the value of A in (1), we get

Similarly we can find the other S.D.is -

(acl _ a’c)x + (bC' _ b’c)y +: (dC' —d'€) = Qe cereeeveristaneannaniane e (2) (2) )
The S.D between the givens lines is the distance of the point (0, 0, 0) on z-axis from plane
dc' —d'c
(ans)

J(ac' —a'c)? + (bc' = b'c)?

P y , z __ =
Whe equations of the plane containing the line 3 + b 1, x=0
e shortest

ine *—Z 1 v0isE—2—%41=0 andif 2d isth
and parallel to the line il 1,y=0 is - +
1 1 1 1 :
distance , show that i + ) + pe ;(CSE-09,10,CE’07,EEE’08)
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Yy, z
!Giventhat =4 ==
Solution: Given that &+ = =1

: | | , y X = 9----..... e et ten ane mes (1)
" Any plane containing the lineis =4 2 _ -
y plane p T T ltkx=0
y z
P AX+=+-=1=90...
= R LRI ETITrY
Al n =—2 " N
ain @ ——-—-= =
50, agai i 1, y=0
X z '
-=>—=-+1 = X = e _ X _y __z+
a y=0 SaT= % ¥=0 "E=3‘£c_c --..--..(3)4/“
Plane (2) is paraIIeI to the line (3)
~ Aa + .0 + Zc=0 =la+1=0 21=- 1/, [al+bm+cn=0]
Puttmg the value of Ain (2), we get 1
y X y z %
——+ +—— 1=0 = = = o = :
b i c+1 0 (prov_ed%‘v
From (1), we get %+§=1, x=0 S i
y Z Yy ¢—2
—_= _—— = - = =0
% 1 L 0 b c ' TNy g, e |
X y c—zZ X_Yy_ z—-¢ e
L AR S T N
G=2= S22 ()

Now, shortest.distance (3)and (4)is

: 0—-0 0-0 c+c
2d=1 0 b \f(O—ab)2+(bc—0)2+(0—,ac)2
a 0 c 3
0 O 2c
»2d=[0 b - f2b2+b”+azcz
a 0 ¢ :
=>2d_2c(0—ab) +ya?b?+ b2c? +a*c?
—2abc
=>2d=\/52b2+b2‘:2+a262
2b22

= d2 2b2+bzcz +a2CZ

= d2 = a2b?c? :
1 1 1 1 d
=ttt (Proved)
= d2 a? b?
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CHAPTER-8
- The Sphere[3D]

Definition: A sphere is the locus of a point which moves so that i always gt ,
constant distance from a fixed point. The fixed point is called the centre of the
sphere and the distance is called the radius of the sphere.
f the centre of the sphere is (a,b,c) and radius r,then the equation f the
sphere becomes (x-a)’+(y-b)*+(z-c)*=r.
neral equation of a sphere x2+y2+zz+2ux+2vy+2w2+d=0 where the centre

is (-u,-v,-w) and radius is Vu2 + v2 + w? —d.
ﬁuation -of tangent plane to a sphere at any point (x,y;z) is
XX1+YY1+221+U(X+X;)+V(y+y, )+ w(z+2,)+d=0 i ‘
e plane Ix+my+nz=p will touch the sphere x2+yz+zz+2ux+2vy+2wz+d=0 if
(lu+mvnw+p)’=(1? + v? + w? — d) (P+m*n?) -

. —(lutmyv+nw-p) 5
Oi N = i(\/uz + v% + w? = d)

%ﬂation of a sphere which passes through two circles x*+y*+z’=m and
ax+by+cz=n is x+y*+z-m+k(ax+by+cz-n)=0 From this the centre will be

"~ determined. L "
2 2 ‘
TWo spheres s;= X +y*42°42u; x+2v, y+2w, z+d;=0

And s,= X34y +2°42u, x+2v, y+2w2 2+d,=0 be orthogonal if 2u; u,+2v; Vz+2W;
w,=(d;+d;) fla ¥ )

Hence . c1z+czz=r12+‘rzz: where ¢, “and c; are the centres of the spheres
respectively. ' ‘

A sphere of radius k passes through the origin and meets the axes I"
AB,C. Prove that the centroid of the AABC lies on the
sphere9(x*+y"+')=4 ’.(CE'03,/06 '08 ;)

‘Solution: Let the equation of the sphere be x?+y%+z22+2ux+2vy+2wz+d=0

Since it passes through the origin (0,0,0) and meet the axes at A(-Zu,U:Q)'
2v,0),C(0,0,-2w). The Centre at (-u,~v,-w). |

B(0
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~d=0and k*=u? 4 2 | w?
‘From the AABC centroid js at( ZV 2w
3

2 Xo4yl4z ---(‘u.2 +v? 4 w?)
Now from equation (i)we get,
9(xy*+2%)=4 K2 (Proved)

JIf any tangent Plane to the s

on the co-ordip kes intercepts a,b and ¢

ate axes,proye that = + + === (CE"'°7)

Solution; Let, the ¢
Quation of tan ent : A :
XX Yy h2z,=r i g plane to a sphere at a point (x;,y,,2,) is

It meets the axes at (a,O,O),(O,b,O),(O,O,c).
. - 2
v Xp=m, ylz_' ,21=I“.
2, 2 ¢
From the 8'V€n Sphere satlsfylng by the point (x,,yy,2;) we get,x,*+y, 4z, %=
o *r‘*( P+t )
=>—- + = F ;— = i( Proved)
l-mul the equation to the sphere wilich- passes through the circle
X *-y +2%=5 ,X+2y+3z=3 and touches the plane ax: r3\,-15 (CE’08)

Sclutien: Le}tl.e equation of the sphere is x*+,%+2° -S+k(x+2y+32-3)=0
umparme with the standard equation, the Centre is{-k/2,-k,-3k/2) and

f—J—~J. k2+——-—|—5+3k

\/-lf—'f—’ + 5+ 3k
ﬂ—sk—15
Since this touches the plane 4x+3y=15t s

=4r

L4

PR —
—

5

) —2k--3k—1-‘_3=i( f.l.i,f_z. 4- 5+ 3k)

:'5" 15 ok /——4 5+ 3k)

k2+10+6k
=y R = 3z (|~

Squaring both sides we get
%%+ 12k + 18= 7k2+10+6k
2k + 12k . /5- 2

i Fki-Cck-B=O

cCA
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Here k=2 is valid and the equ o
qQuao n of the sphere be xity2y,2
11=0(Ans.) VI xdy4gy

-A sphzre of constant radius r passes througl the orgin O and cuts the ax

- ; : Cs A' ;
ind geys of the foot of the perpendicular from O to the plane ABC, [CE 06 o e
- [OPE-077 | oP]
Let the equation of the Phere through the origin, be
124-312+zz+2ux+20y+2wz=0 - (1)
s radius is rand 1 = 112 4 12 4 o2 e (2)

Its cuts the axes at the point A (— 24, 0; 0) B(O,—2v,0)and C 0,0,— 2w).

The equation of the plane is -y Ly 2 =
juation of the plane ABC15211.+?U+2w+] 0 E ‘(3)
The liz e through (0, 0, 0) and perpendicular to (3) is
X0 y—0 - z-0
0-1/.‘2;4 T0—1 /20 °0—1/2w
X, Y oz | -
Tut o 1wk (say)‘ T - | ()

The equ_niicm (4) cuts theeq. (3) . -

where k 21 + k 22 + 1212 +1=0 |

bt 2 . =2,
R iR 1wy G i - )
The co-djrdmates of the foot of the perpendicular are

—= -2 -2 .. : | '
xzﬁpy —vlf zwl . ¥ ' CLa R | aes .(6)
Squaring and adding '

‘ 471 1: 1\ 4
< PR e iy SN I T .. 7)
R ALY uz+vz-+w2) X (7)
o 11 1 (12 + v2 + WYHA? L 16 o 42 .
_Agam trom (6)_-;1_+_‘I_2_+;= 4 .=.4 (xz +y2 - 22)2 =(r2+yz+22)2

or, (24 +22) (1/32 41 /2 +1/22) =412 -
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e —— .

- Find the two tangent planes to the Sphere
. x2+y2+z2.—14x+2y —6z+5=0
which are Parallel to che plane
?_r+2y=z_" - ’ (2)

(1)

2.r+23(—-z=0 i521+2_|/-—z+k.—.0 o (3)

this will bg A tangent plane, f jis distance from the centre (2,--1, 3) of the sphere is
equa! to the radiys 3 therefore, we have

2.242(~g) =344 — 14k
* V(2122 4 ) =3 O T373 k=10,0r—8

Hence thy Tequired tangent Planes are
2r + 2y~ 2410 =0ang 2 +2y—z—8=
A plance passes through a fixeq point (a, b, ¢) and Quis tlije axesin A, B, C. Show
tfa#1he locus of centre of the Sphere OARLC is 4y 4 by +cz=2 _

2o A A o T
(e Ay G

Let the equation of the sphere through the origin be 2 + y? +"z2_+ 2ux 2uy + 2wz = (0

¥ e

r
L4 ' &~

where 1, v, w are parameters Ky :
It cuts the_.axes at A(—2u,0, 0), B(0, — 2y, 0)C (0; 0,—2uw),.
The cquation of the Plane ABCijs .. - - '

X i z x z
+--1-*+ =lor,— 4 L +t——=2

" =2 — 2w U~V —p

c

a b
AS I passes through (a, b, ¢) therefore I S I

Henge the locus of the centre (—u,—v,—w)isax + by +cz=2

9 ind the equations of ihe two spheres which pass through the circle 2 + Yl 22—
(}

2=0,2x+3y—7z—10 =0 and touch the planex—2y +2z=1 [JPE 1,021
T ; —e—gﬁ
Let the equaticns of the sphere be

d+12+A (2x+3y —7:—10)=0

tyle2—4x—y

(1)

or, 2+ yt+ 22 —2x(2—A) =y (1 —-28) —z (7A—~3) + 12— 101 =0
| The centre of the sphere is at the point 2 — A, (1— 33)/2. ‘71 —3)/2 :
Radius of the sphere - :
=3 /4—12+100= QN -GN _22)
2= (2= AP+ (122302 /4 + (A= 3}/ e oot e S e Botend 22201
The lergth of the perpendieular from the ¢ ! =
is equal to the radius of the sphere . ‘ .
IS equa T3 — Qz (62A2 — 24 — 22) /4» St
L2=A—1+30+ ) :

' W irad 2 '):.-:tl
0r,36lz—-24l+4=6212'—24l'—22°1‘-l =1or, s h‘;resare.\‘z"‘yz+7z-—n + Zy--
Put the values of A in (1) The equations of the required sp s !

u*2=0.1‘2+y’+zz—bx-’ly+101+22=0 66
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Obtain the eqstatinas of the langent planes to the sphere x2 + y2 + 22 + 6x — 25 4 1=0

which pass through the fir.e

16—-’:.,.2".._ +15 P - i .
-_La N |

2 2
The equation of the line can be put as
P=x+z-—16=0and Q=2y—32+30=0
Any planc through the intersection of P and Q is
Y 2=—164+ ARy —2:430)=0
Or, X+ 73y + (Ah~22y2—16 + 30 L = 0

The centre of the sphere is (— 3,0, 1) and radius is 3 v 4

-
——
S "

It is tengent piane to the sphere (given) then perpendicular throvgh (— 3,6, 3) iy 1140
riane i 5 : oo
;A0 =30 —16 + 30h
2 Jid 5 45 4 [ e 312)}

LS

C 1L 4275
R o j___'___f,--h.:__‘. =30r,36—108A24- 81, = 1202~ 6224 2
V[13AE - 65+ 21 _ ik

T 2}.5% Ji4i=0,0r,2=1,12
cehing the valies of Min (1) we have
AV Yz =2 =0, x+ 2022414 s
o spheres of radil ryand 7, et orthognalty,

Provo teat the eadius of the common cirele be

rirs

| S i

“,.f'* to - -’"a{;—- \‘
A

[

Let the cqualion of {fie comumon circle be
"; '. " g,

2 2,2 N
] "r"" =6 b - , W ii% ! = ) “1)

The equaiions of the given spheres through the gircle ave

g Mz — =0 LN

Y, 1
and 224 v + 22 4+ 2z —-al =0 | : 3
whete 1i2 =k2 + a7, 1 = ky? 4+ @2 S . s 0

Again (2) and (3) cut orthogonally if
2kyky =0’ + 62 or, kyky'=a or, k2 k2 = g4

or, (ry? —a?) (ry? — a%y'= a4 <~ {rom (4) ' :

v ,;
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