Design for Flexure and Shear

To determine the load capacity or the size of beam section, it must satisfy the allowable stresses in
both flexure (bending) and shear. Shearing stress usually governs in the design of short beams that
are heavily loaded, while flexure is usually the governing stress for long beams. In material
comparison, timber is low in shear strength than that of steel.

For any cross-sectional shape, flexure and shear are given in the following formulas:

Flexure Formula

£ = Me
P

Horizontal Shear Stress
. Ve
Ju= —

Ih

For rectangular beam, the following defines for flexure and shear:

Flexure formula for rectangular beam
G
bed2

|I.|=

Horizontal shear stress for rectangular beam
3V
Dbl

fu=

Where
f, = flexure stress

f, = bending stress

M = maximum moment applied to the beam
V = maximum shear applied to the beam

| = moment of inertia about the neutral axis

Q = moment of area

b = breadth
d = depth

Solution to Problem 580 | Design for Flexure and Shear

Problem 580
A rectangular beam of width b and height h carries a central concentrated load P on a simply



supported span of length L.

From the figure:
Vinez = éP

*rllf.lr.lru.' = =L [éP] — iPL

1
2

From flexure formula:

. G6M G6(;PL)
T bz T bz
, JPL
fv = STE
bh = SEL
2fuh
From shear stress formula:
: al 3(%13}
To = g5y = . (3PL
160
N
fo = 2L answer

Express the maximum f, in terms of maximum fi.

Solution 580
Pl
+ ]
h
" L e
I : | |
R =P/2 R=P2
U2 e 12—
P/2 |
Pf2
Shear Diagram
Problem 581

A laminated beam is composed of five planks, each 6 in. by 2 in., glued together to form a section 6
in. wide by 10 in. high. The allowable shear stress in the glue is 90 psi, the allowable shear stress in
the wood is 120 psi, and the allowable flexural stress in the wood is 1200 psi. Determine the
maximum uniformly distributed load that can be carried by the beam on a 6-ft simple span.

Maximum moment for simple beam

L —— é“}) L?
Ellf.lr.lrr:.' = é“‘f} (GEJ
M, = 45w, lbmiddot;

Maximum shear for simple beam

iy — 1.
1ar.lrr_r - 5“0 L
r — 1.,
1mrr.r - E“f} (G:I
Vinae = S, 1b

Solution 581
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For bending stress of wood

G
Ib = bl
19 — 814.5w,)(12)

G(10%)
w, = 2222.22 1h/ft

For shear stress of wood

31
I:fl' :l.:nlrar.-n' - ﬁ
3(3w,)
120 = — 22
2(6)(10)

w, = 1600 1b/ft

For shear stress in the glued joint

(fl' :'_r,n'n:' = ﬁ
Where:
Q = 6(4)(2.5) = 60 in?
bd* 6107 4
I = 15 = T = 500 in
b=106 in
Thus,
6
90 — Jur, (60
500(6)
w,, = 1250 1b/ft
Use w, = 1250 Ib/ft for safe value of uniformly distributed load. answer

Problem 582
Find the cross-sectional dimensions of the smallest square beam that can be loaded as shown in
Fig. P-582 if f, < 1.0 MPa and f, < 8 MPa.

5 kN
M =2 kM-m

1m ~*g 1m
f im |
R

2
Figure P-582



Solution 582

YMp. =10 5 kN
= 2 kN-m
SRI = -J[?:I +2 M 2
1m "'"| 1m

R, =4 kN Al = 1o

? - 1m |_|__.. t
EMpy =0

Ry =4 kN i Ra=1kN
3R, +2=5(1) ; E E

i 4kN i

fiy =1 kN : Shear |

Based 011} bending stress (square b = d):

o= 3 -1Ekm
G(4) (10002

FE Moment

d = 144.22 mm

4 kMN-m

3 kN-m

Based on shear stress (square b = d):

he = 954
L 3(4) (1000)
a 22

id = 77.46 mm

Use 145 mm % 145 mm square beam answer

Problem 584
A wide-flange section having the dimensions shown in Fig. P-584 supports a distributed load of
W, Ib/ft on a simple span of length L ft. Determine the ratio of the maximum flexural stress to the
maximum shear stress.

v

1in

‘w@

‘&R‘;&k\

¥

10 in

lin
8in
Figure P-584



Bendin% stress:
Me
fﬁ = T
where:
M = éu',,L2 Ib- ft
c=12/2=10 in
I 8(12%)  7(10%)
12 12
[ 1706 L
Thus,
20, L2(12)(6)
Iy = 1706
3
fl’; = ﬁ”"u‘[’z
Shear lLsrtgss:
=7
where:
V= %*u.-t,L
Q@ = 8(1)(5.5) +5(1)(2.5) = 56.5 in®
I =108 gt .
— "3 (see computation above)
b=1 n
Thus,
;o (2w, L)(56.5)
v = T Troeriv
()
fo= %“IHL
Ratio (ﬂexurgl stress : shear stress)
3 2
Ratio = —m”I”L
- EET
ﬁfﬂ:,.[r
36
Ratio = —
1tio 113

Ratio = 0.31586L answer

Solution 584

Y r Y Y WY

Lz L2
wigl/2 w,L/2
wJ.,.-’Z I
A
Mpaye = V2 w2 . \J
-w,lj2
7 o tin
3.3 ? 5in
2.51_ ?
_\L___._. A _T_ NA
—af |e—
lin c=6
3



Problem 585
A simply supported beam of length L carries a uniformly distributed load of 6000 N/m and has the
cross section shown in Fig. P-585. Find L to cause a maximum flexural stress of 16 MPa. What
maximum shearing stress is then developed?

)

% 200 mm
/150 mm
%

/
o

250 mm

DN

300 mm
Figure P-585
Solution 585
Flexural Stress
£ = Me
h = I
Where
fb =16 MPa

M = 1/8 w,L* = 1/8 (6000)L* = 750L* N-m
¢ ="(250) =125 mm
[=300(250°)/12 - 200(150%)/12 = 334 375 000 mm*

Thus,

16— TH0L2(1000)(125)
334375000

L=755 m answer

SheariIn_g Stress

, 50 50
fo= 7 el 200 — e > )
A S
Where ]—f"::"r_-:ﬁ & ?;é; _\,-_SG_T_
V =% woL = ¥4(6000)(7.55) = 22 650 N 1.;..;1 Lm % 125
Q = 10 000(100) + 2(6 250)(62.5) 825 ¥4 7, i

Q=1781250 mm’
b=2(50) = 100 mm

Thus, A; = 200(50) = 10 000 mm?*
~22650(1781250) A; = 125(50) = 6 250 mm’
Y 334375000(100)




fl' — 1.21 II'I-[P:L answer

The distributed load shown in Fig. P-586 is supported by a box beam having the same cross-section
as that in Prob. 585. Determine the maximum value of w, that will not exceed a flexural stress of 10

Problem 586

MPa or a shearing stress of 1.0 MPa.

Wi

r

F'L"I

f Y W W W W W W W W W Y

3R, = 4w, (1)

o
Rl = E”.-I”

3R, = 4w, (2)

_ 8
Ry = sw,

From shear diagram

Based‘l(}n allowable bending stress
, Me

fo fi

Where (From Solution 585):
¢ =125 mm
[=334375 000 mm*

Thus,

10— 2w, (10007)(125)

334 375000

Im -'flm}

Figure P-586

Solution 586

Shear

P x=4/3m

8w,/9

-5w,/3

Moment

“Waf2
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w,, = 30.09 kN /m

Basedlqn allowable shear stress
T

Where (From Solution 585):
Q=1 781250 mm’

[ =334 375000 mm*

b =100 mm

Thus,

L 2w, (1000)(1 781 250)
© 334375 000(100)

w, = 11.26 kN/m

For safe value of w,, use w, = 11.26 KN/m answer

Problem 587
A beam carries two concentrated loads P and triangular load of 3P as shown in Fig. P-587. The
beam section is the same as that in Fig. P-577 on this page. Determine the safe value of P if f, <
1200 psi and f, < 200 psi.

I w=3p

| ,ﬂfrﬂf ﬂﬂ |
4ft t 12 ft 1 4 ft

Ry R
Figure P-587
Solution 587

12R, +4FP = 16F + zL(SF]

H, =2FP

E_'Il.fj“ p— []

12Ry + 4P = 16P + 8(3P)
R, = 3P
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To draw the Shear Diagram

W =3P; W, = V2P
|{ J -,_ _..- 4J
1. Va=-Plb P
2. V=V, + Areain load diagram ‘ BTl ﬂ
Vg=-P+0=-Plb A
Ve =V +Ri=-P+2P=Plb Lo t Tkt f 4ft
3. Vc= VBZ + Area in load diagram . WS =
Ve=P-%(12)(%P)=-2P1b | A= 1/3 (6.93)P i
Veo=Vc+R,=-2P+3P=P1Ib F —23;“3 -ﬁ.z—S.D?F’E L
4. Vp= Ve + Area in load diagram BN
V[) =P+0=P ; - - i
Vp,=Vp-P=P-P=0 Sy
-p i
5. Shear at AB and CD are rectangular. "‘z R i
' | : -2P
6. Shear at BC is parabolic (2nd degree :
curve).
7. Location of zero shear: i
0.62P

By squared property of parabola
x*/P=122/3P

X =6.93 ft

12 -x=5.07 ft

KMoment

-4p

To draw the Moment Diagram
1. Ma=0

2. Mg = Ma + Area in shear diagram
Mg =0 - 4P = -4P Ib-ft

3. Me = Mg + Area in shear diagram
Me = -4P + 2/3 (6.93)(P) = 0.62P Ib-ft

4. Mc = Mg + Area in shear diagram
Mc = 0.62P - [ 1/3 (12)3P - 2.31P - 5.07P ]
Mc = -4P Ib-ft
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Solution 588
Eﬂf“g = () W

??Rl_idelf,-,,(;] . Hluullll H
1= 3% "Zm )\% i Jr

EMp, =0 Ri = 4/32 w, R: = 8/3 w,
6R, = dw,(4) | | X =43

. L aizw, g
Rz == EH.-'” N l—\i

A
From the shear diagram My = ™ \I
T 41—z

— Shear Diagram

2w, 2w, “8/3 Wy
2r=4—r
aTro= % m
Maximum nloment = Sum i)f area in Shear Diagram at the left of point of zero shear
Ellf.lr.lrr:.' — ?(E u“n) + 7 [ E)E 3 'Tu:l
*n'f.lr.'rr:.' = E;:,_z“‘u N-m
Basedtc}n allowable flexural stress
[} e
h= —— o . X 25
I ] X
Where 13?~5l ? 125
¢ =150 mm : fj:sz_ﬁ__.______}.. NA
[=200(300°)/12 - 175(250%/12 o] e
[=222135416.67 mm* 25mm | 150
I
Thus, . le— 5|
L, (1000) (150) 200 mm

10 =

222135416.67



w,, = 4165.04 N/m

Basedlqn allowable shear stress
T

Where

Q =200(25)(137.5) + 125(25)(62.5)
Q=882 812.5 mm*

[=222 135 416.67 mm*

b=25mm

Thus,
2 ,(R82812.5)

For safe value of w,, use w, = 94.36 N/m.

answer

Problem 589

A channel section carries a concentrated loads W and a total distributed load of 4W as shown in Fig.
P-589. Verify that the NA is 2.17 in. above the bottom and that Iya = 62 in*. Use these values to
determine the maximum value of W that will not exceed allowable stresses in tension of 6,000 psi, in
compression of 10,000 psi, or in shear of 8,000 psi.

lin 6Gin lin
‘ =

Figure P-589

Solution 589

HideBased on allowable bending stress:

By symmetry
R, =H,= %(H' + 4W 4+ W)
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R, = R, = 3W

Guw, = 4W
i, = %H'

A =3(6)(1)
A =18 in?

<M - il
[ ] D
|
___I:'I.’_A__ : ﬁr_ 6|ir‘|

= ¥ Jin
V] v | S2mm | 30
05int M i
Ay = Eay

185 = 2[6(1)(3) | + 6(1)(0.5)

!__If =217 in (okay/)

By transfer formula for moment of inertia

3.83

NA -Y
2.17
.

+ G([].SSEJ] + l

ARSI

Bw, = 4W

oY v w v W W v W *
|

———

-2W

W

| |

| i

: Moment ’
-2W -2W

o 5'

¥
|- 083
{167

G(1%)

T1iin

+ G{].GTEJ]



Iy =615002 in*  (okay/)

Me
fﬁ= _f

For M = -2W lb-ft
Top fiber in tension
21W7(12)(3.83)

6000 =
62

W = 4045 1b

Bottom fiber in compression
27(12)(2.17)

10000 =
62

W =11905 b

For M =W Ib-ft
Top fiber in compression
W(12)(3.83)

10000 =
62

W = 13490 b

Bottom fiber in tension
W(12)(2.17)

6000 =
62

W = 14286 1b

Based on allowable shear stress:

VQ
fo = Th




Where

V=2
Qna = 2[3.83(1)(3.83/2) ] = 14.6689 in®
I =62 n?

h=2 in

Thus,

2 (14.6689)
62(2)

W =33813 1b

=000 =

For safe value of W, use W = 4045 1b answer

Problem 590
A box beam carries a distributed load of 200 Ib/ft and a concentrated load P as shown in Fig. P-590.
Determine the maximum value of P if f, < 1200 psi and f, < 150 psi.

F
5 fi ‘ 200 Iby/ft g’/ff/r’f/fffﬁ/g
4 8in %
LU ? 7
F W W W W W W W W Y W W W W W W W W _g‘lﬂlri gizm
= ]
10 ft 4 ft “ g
g g
T
b R; 10 in

Figure P-590
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Solution 590

10R, = 5P + 3(2800)
R, = 0.5P + 840

NMp, =0

10R, = 5P + T(2800)
Ry = 0.5P + 1960

My = [(0.5P + 840)

+ (0.5P — 160)](5)

My = 2.5P + 1700 1b- ft

My = My —
Mgy = Mg — (2

L[ (0.5P + 160) + (0.5P + 1160) |(5)
5P +1320)

Mg = (2.5P 4 1700) — (2.5P + 3300)
Mg = —1600 b - ft

Check M¢ from the overhang segment
Mg = —2(4)(800)

My = —1600 1b - ft

(okay!)

Based on allowable bending stress

Me
=T

Where

M =2.5P + 1700 Ib-ft

c=12/2=61n

[=10(12%/12 - 8(10°)/12 = 773.33 in*

Thus,
1200 =

(2.5P + 1700)(12)(6)

T73.33

P = 4475.56 1b

Based on allowable shear stress

I.
fo=T

Where

V=0.5P+ 1160 Ib

< 7ft

J 2800 Ib
200 I/t
|

\*\ f\er r‘llf

-3t

Lﬁqﬁﬁq o

= 0.5P + 840 = 0.3P + 1960

0.5P + 840

N.SP - 160 Bl””\;
A B C
~0.5P - 160

Shear —0.5P — 1160




Q=10(1)(5.5)+2[5(1)2.5)]=80 in’

b=2in
10 41 »T-
5}t =
Thus, 5.5 é g - ,-"E"' (i)
= 1 #
150 — (0.5P + 1160)(80) R M= 2
773.33(2)
P = 3480 1b
e — b
1 1
For safe value of P, use P =3480 Ib answer

Spacing of Rivets or Bolts in Built-Up Beams

When two or more thin layers of beams are fastened together with a bolt or a rivet so that they act as
a unit to gain more strength, it is necessary to design the to size or spacing of these bolts or rivets so
that it can carry the shearing force acting between each adjacent layers.

Consider the beam shown in the figure.




e >
. { WEE
) =
B ;
— — .4 W
o O o
b
O O O
e T
e

The shearing stress at the contact surface between the two planks is

. _Vve
b = Ih

The effective area covered by each bolt group has a length equal to the spacing of the bolts. The
total shearing force F acting between the two surfaces must be equal to the total shearing force R

produced by the bolts.

V V
F = fy(be) = Ifbﬁ = IQ!".
then,
108)

H=—¢

I
where R is the total shearing force to be resisted by the bolts and is equal to the allowable shearing
stress x area x number of bolts in the group. R should be taken at the contact surface nearest the
neutral axis where the shearing stress is greatest. The spacing of bolts, e, is also called pitch.

Problem 592
A wide flange section is formed by bolting together three planks, each 80 mm by 200 mm, arranged
as shown in Fig. P-592. If each bolt can withstand a shearing force of 8 kN, determine the pitch if the
beam is loaded so as to cause a maximum shearing stress of 1.4 MPa.



K
i
e
— 80 mm = 200 mm
/"P-.’
q
K

=

Figure P-592

Solution 592

VQna

I:fl' :Irrm.r - Ilijl
Where
( fu)mae = 1.4 MPa oo B "
Qw4 = 200{80)(140) 4 100(80)(50) ; 80
Q4 = 2640000 mm? 140 %g? A
,_ 200(360%)  120(200%) l x5 /ﬁgﬁ 100

12 12 Z 7 v. | 200
I = 697600000 1mn® Bi} {_NA
b= 80 rmm A

80

Thus, ¥
|y V(2640 000) o

69T 600 000(80) < 200 —>

V' =2959515 N

Spacing of bolts
R — V Q_f'.l'm.l_r,u- ¢
I
20595.15 [ 200(80)(140) |

100y = ,
8(1000) 697 600 000 ‘

e = =18 mum answer

Problem 593
A box beam, built up as shown in Fig. P-593, is secured by screws spaced 5 in. apart. The beam
supports a concentrated load P at the third point of a simply supported span 12 ft long. Determine



the maximum value of P that will not exceed f, = 120 psi in the beam or a shearing force of 300 Ib in
the screws. What is the maximum flexural stress in the beam?

-« 8in :-I
ey F
Zl 7
A< —6in—}/
.
é 8in fé 10 in
% Z
fff’ ;—yf
. g
e
Figure P-539
Solution 593
YEMp, =10
12R, = 8P
Rl - %P
E_'Il.fj“ p— []
12R, = 4P
Rz = %P
P
e 5 —
1 & 1 [ ]
e 4 ft Bft
—T—— e =
4.5 B 5in Rj = 2_.'r3P : Rz = 1;3?
| o |
Mo M 0w . BN . Y NA i 2/3P
."_Ml'l'lﬂ.l.
P
"'.I_"=l- =T |

-1/3 P
My = 4(2P) = 2P 1b - ft

Based on allowable shearing force of beam
fu = VQna
o Ib




Where:

V=2/3P

Qna=6(1)(4.5) +2 [ 5(1)(2.5) ]=52in’
[=28(10%)/12 - 6(8%)/12 = 410.67 in*
b=2in

f, = 120 psi

Thus,

2 P(52)

120= 2 2
410.67(2)

P =13843.1 b

Baseq[ on allowable shearing force of the screws
R — Q;"."(' (1) e

Where:

R =2(300) =600 b

V=2/3P

Qscrew = 6(1)(45) =27 in3

1=410.67 in*

e=51n

Thus,

G600 = EP[ET)
110,67
7

P =27378 1b

(5)

For safe value of P, use P=2737.8 1b. answer

Bending stress:
. Me  2(2737.8)(12)(5)
=77 110.67

fr = 150 psi answer

Problem 594
A distributed load of w, Ib/ft is applied over a middle 6 ft of a simply supported span 12 ft long. The
beam section is that in Prob. 593, but used here so that the 8-in dimension is vertical. Determine the
maximum value of w, if f, < 1200 psi, f, < 120 psi, and the screws have a shear strength of 200 Ib
and a pitch of 2 in.

Solution 594
Moz = 3(311'1;] + %{3)(31!},)
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3w, [10(1)(3.5)]

20200) = 2
{ :I 848;“3 { ]
w, = H38.41 lh,f ft
For safe value of w,, use w, = 513.94 Ib/ft. answer

Problem 595
A concentrated load P is carried at midspan of a simply supported 12-ft span. The beam is made of
2-in. by 6-in. pieces screwed together, as shown in Fig. P-595. If the maximum flexural stress
developed is 1400 psi, find the maximum shearing stress and the pitch of the screws if each screw
can resist 200 Ib.

Dwse L

S
A s

Figure P-595

Solution 595

For concentrated load P at midspan of a simply supported beam of span L = 12 ft.
=ip

i"mrr.r

ﬂ IJ T —

1
El

From the cross section shown:

B(8) 44 L, 2 6
S S A S — e »
I T 2 320 1n _ I .
i A )
Qua=4(2)(2) +6(2)(3) +2(2)(1) =56 wm” 4 =
3 2
¥
Querew = 6(2)(3) = 36 in® o




From bending stress
Me
fo=—

I
3P(12)(4)

1400 =
320

P =3111.11 1b

Maximum shear stress
VQna  3(3111.11)(56)

fo=—p— = 320(4)

fu = GR.0O6 psi answer

From strength of screws

Vi), ..
R — Q.‘?}Jt (TAE.} {;
1 s [
. B 5[3111.11][36) .
2(200) = 320 5
=225 m answer

Problem 596
Three planks 4 in by 6 in., arranged as shown in Fig. P-596 and secured by bolts spaced 1 ft apart,
are used to support a concentrated load P at the center of a simply supported span 12 ft long. If P
causes a maximum flexural stress of 1200 psi, determine the bolt diameters, assuming that the
shear between the planks is transmitted by friction only. The bolts are tightened to a tension of 20 ksi
and the coefficient of friction between the planks is 0.40.



12

=

Figure P-596

Solution 596

M,

— 1
mar T 4

P(12) =3P b ft
.i'.:'h'fr.l"' = éP

I=21(6)(123) = 864 in*

1z

From allowable flexural stress

_ Me
fo= T

3P(12)(16)
1200 = ——————~

5G4
P = 4800 Ib
Strength of bolt
. 1'-‘:2'13.-' plank %(45[][]] [4{6)[4]]

= I 861 (12)

R = 3200 1b

E

M o — e — o — e

-
(=1}

A

P

" -



Normal force

R=puN
3200 = 040N
N = 8000 b

From tensile stress of bolt:

B Foree
7= Aren
20000 — 000
1_
__‘_ =
d = 0.7136 in answer

Problem 597
A plate and angle girder similar to that shown in Fig. 5-32 is fabricated by riveting the short legs of
four 125 x 75 x 13 mm angles to a web plate 1000 mm by 10 mm to form a section 1020 mm deep.
Cover plates, each 300 mm x 10 mm, are then riveted to the flange angles making the overall height
1040 mm. The moment of inertia of the entire section about the NA is | = 4770 x 10° mm*. Using the
allowable stresses specified in lllustrative Problem 591, determine the rivet pitch for 22-mm rivets,
attaching the angles to the web plate at a section where V = 450 kN.

Solution 597

From Illustrative Problem 591

T = 100 MPa shear stress

0, = 220 MPa bearing stress for single shear rivet
O, = 280 MPa bearing stress for double shear rivet



il

-
; E x Y

g X

510 — 18.9 |<_ 2| Properties of
A = 2430 mm?
X = 1B.9 mm

NA ----} ¥. 1020
I X L_ * X
| W "r
510

Rivet capacity in terms of shear (double shear)
R, =2(A,7) = 2[1x(22%)(100)]

R, =24200m N = 24.27 kN = 76.03 kN

Rivet capacity in terms of bearing (use o, = 280 MPa)
Ry, = Ay oy, = [22(10)](280)

Ry, =61600 N =61.6 kN

Use R =61.6 kN for safe value of R

From the strength of rivet

i .
R %t
450(2(2430)(491.1) |
G61.6 = :
1770 % 106
e = 273.08 mm answer

Problem 598
As shown in Fig. P-598, two C380 x 60 channels are riveted together by pairs of 19-mm rivets
spaced 200 mm apart along the length of the beam. What maximum vertical shear V can be applied
to the section without exceeding the stresses given in lllustrative Problem 5917
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Figure P-508 -

Solution 598

From Illustrative Problem 591

T = 100 MPa shear stress

O, = 220 MPa bearing stress for single shear rivet
O, = 280 MPa bearing stress for double shear rivet

By transfer formula for moment of inertia
I=T1+ Ad’

Tna = 2[(3.84 x 10%) 4 7570(19.7%) ]
Iy 4 = 135556826 mm?

Rivet capacity in shear (single shear)

R, =2(A, 1) = 2[$7(197%)(100) ]

B, = 180507 N =56.705 kN

Rivet capacity in bearing (use o, = 220 MPa)
By = 2(Ap o) = 2[19(13.2)(220) |

Ry = 110352 N = 110,352 kN

Use R =56.705 kN for safe value of R

From strength of rivets
VQna

=
I

Y
> f<f
[ — Properties of
C380 x 60

i X = 19.7 mm
i t, = 13.2 mm
! A = 7570 mm’
i Ly, = 3.84 x 10° mm®

<

X |
Y

f
s rrrerress et B NA

S0 B ARSI N SeR
R o




V[7570(19.7)]

56705 = — o 80,6

(200)

V= 2077 kN answer

Properties of W200 x 100
A=12700 mm*
tr=23.7 mm

d =229 mm

e = 113 x 10° mm*



Maximum moment _ v
Y

v Wl 30(107) = —
AVhanaer — 8 - 8
M, ne =375 kKN -1 d X---- | I X
Maximum shear v |

v w,L 30(10)

TRIT — 2 - 2

V.. = 150 kN

By transfer formula for moment of inertia
Ty = 2[(113 % 10%) + (12700)(2209/2)%]

Iy 4 = 559000350 mm*

Maximum flexural stress
Me 375(1000%)(229)

(fo)maz = 559 000 350
(fo hmae = 153.62 MPa gnver
Bolt pitch

VO
I Q;'""'lc»

150 [ 12700(229/2) |

230 = :
{ ) 559000 350
e = 15377 mumn answer

Chapter 06 - Beam Deflections

Deflection of Beams
The deformation of a beam is usually expressed in terms of its deflection from its original unloaded
position. The deflection is measured from the original neutral surface of the beam to the neutral
surface of the deformed beam. The configuration assumed by the deformed neutral surface is known





http://www.mathalino.com/reviewer/strength-materials-mechanics-materials/method-superposition-beam-deflection
http://www.mathalino.com/reviewer/strength-materials/conjugate-beam-method-beam-deflection
http://www.mathalino.com/reviewer/strength-materials/beam-deflection-strain-energy-method-castigliano-s-theorem
http://www.mathalino.com/reviewer/mechanics-and-strength-of-materials/area-moment-method-beam-deflections
http://www.mathalino.com/reviewer/mechanics-and-strength-of-materials/double-integration-method-beam-deflections

In the derivation of flexure formula, the radius of curvature of a beam is given as

ET

P=E

Deflection of beams is so small, such that the slope of the elastic curve dy/dx is very small, and
squaring this expression the value becomes practically negligible, hence

1 1

a d2y /dx? a F

Thus, EI/M=1/y"

M1
L ¥
Y =EIT EI

If El is constant, the equation may be written as:

Efy" =M

where x and y are the coordinates shown in the figure of the elastic curve of the beam under load, y

is the deflection of the beam at any distance x. E is the modulus of elasticity of the beam, | represent

the moment of inertia about the neutral axis, and M represents the bending moment at a distance x
from the end of the beam. The product El is called the flexural rigidity of the beam.

The first integration y' yields the slope of the elastic curve and the second integration y gives the
deflection of the beam at any distance x. The resulting solution must contain two constants of
integration since El y" = M is of second order. These two constants must be evaluated from known
conditions concerning the slope deflection at certain points of the beam. For instance, in the case of
a simply supported beam with rigid supports, at x = 0 and x = L, the deflection y = 0, and in locating
the point of maximum deflection, we simply set the slope of the elastic curve y' to zero.

Problem 605
Determine the maximum deflection & in a simply supported beam of length L carrying a concentrated
load P at midspan.


http://www.mathalino.com/image/elastic-curve-of-a-beam-under-load
http://www.mathalino.com/reviewer/mechanics-and-strength-of-materials/flexure-formula

Solution 605

E@y" = %P.r — P{r— %L}
Ely' = %LP':;'3 — %P{rr: — %L}z +

Ely = %F:r3 — %P{n: — %L}B + Oy + O
Atx =0, y =0, therefore, C; =0
Atx=L,y=0

0=LPL*—LiP(L— 1LY 4C\L

0=24PL’— LPL®+ (L

12
€, =—L1PIL?
Thus,
Ely= &Px® — tPlx— LL)° — LPL%:

Maximum deflection will occur at x = 72 L (midspan)
ElYas = 15P(3L)° = $P(3L — §L)° — £ PL*(1L)

El Yo = 2 PL* —0— LPL?

PL?
Ymae = —
Y ISEI




The negative sign indicates that the deflection is below the undeformed neutral axis.

Therefore,
5 B PL?
M ARET answer

Problem 606
Determine the maximum deflection & in a simply supported beam of length L carrying a uniformly
distributed load of intensity w, applied over its entire length.

Solution 606

From the figure below

EI HH - %H'IHL”: - f”-'::”:l:: é—-f'jl

w1 - 1 .2
ETy" = sw,Lr — Sw,a

=
-
—=
-
] —
gl |
-
-y
—ei—
-
-
-y
B
i
e
-
g
e
|
==

e —
gl —
e
R

!
) L

12wl 2 w,L

Ely' = %H'HL:{'E — %u-'ﬁ:r‘3 + Y

Ely = Ltw,La* — Lw,a? + Crx +

12 24
Atx =0,y =0, therefore C; =0

Atx=L,y=0
0= ll—gu't,lf — ﬁu-'ﬂ_[il + Cy L



Therefore,
1 <4 1

Ely= %wﬂLma — gpWe™ — 33

3
o w, L=

Maximum deflection will occur at x = %2 L (midspan)

Elymm-. = ]EL_EWBL[%L}EI - iwﬂ{%L}é - iwnLa{%L]

Elyn: = gl—ﬁwﬂL4 - ﬁmﬂL‘4 - %wﬂL‘g‘

ET Yinaz = — %wa-["i

5 B S, L*
T 3R4AET answer

Taking W = w,L:
5 5w L)(L?)
M ARl RT

s BWL?
T 3RART answer



http://www.mathalino.com/image/607-cantilever-beam-with-point-load

Ely" = —Pa+ Pr — Plr —a)
Ely = —Pax + :Pr* — P{x —a)* + C)

Ely = —ZPax® 4+ 2P2® — 1 P{r —a)® + Cixr 4 C,

[
>
¥

Atx =0, y' =0, therefore C, =0
Atx =0,y =0, therefore C; =0

Therefore,
Ely = —3Paxr® 4 2P2* — 1 P{x —a)®

The maximum value of El y is at x = L (free end)

El Yoz = —3Pal? + 1PL® — 2P(L — a)®

Ely e = — %FHLE + %PL3 — %F(LE — 3L%a + 3La® — a®)
ElYypar = —3Pal? + 1PL® — 1PL* 4+ 1 PL?a — 1 PLa® + 3 Pa®
ElYmar = —%PLH\E + %F’n:3

El'Ymar = —3PLa* + 1 Pa®

El Ynazr = _%FHE(SL - ”':I answer

Problem 608
Find the equation of the elastic curve for the cantilever beam shown in Fig. P-608; it carries a load


http://www.mathalino.com/image/608-cantilever-beam-loaded-with-triangular-load

By ratio and proportion

z o,
r L
=5 = L:u"
F=zrz
We
F =g (F)
i
F = 24"
oL”

Ely'=—-M +Vz— F(zxr)
m_ 1oz 1 _ 1 (W =2
ETy" = —gquw,L” + Sw,Lr — 3o T

w,L?*  w,L Wy o

3+2 6L

EIy” —




. _wﬂL2 w,L oWy o
Ely = 3 T+ n T MLE + €4
w, L? 5wl Wy o
= — — ' C
ETy 6 T+ 19 lﬂﬂLm + G+ Co

Atx =0,y =0, therefore C, =0
Atx =0,y =0, therefore C, =0

Therefore, the equation of the elastic curve is
w, L2 5wl 3 W, -

Ely—— _
Y T 200" answer

By symmetry
Ry =H,=F

Ely'"=Pr—Plr—a)— Plr—L+a)
Ely = sPs* — fP{x—a)* — 3Pla— L+a)’ +C,

2

Ely=2Pr®— iP{xr —a)® —2Plx — L+a)® + Cix + C;


http://www.mathalino.com/image/609-syymetrically-placed-concentrated-loads

L3 X >
P P
a 1 L-2a ‘a
S— —
R e fet t
x=L+a
M Xx—a4a —
R1=P R2=P
< L 3"‘

Atx =0,y =0, therefore C, =0

Atx=L,y=0
0= %PL3 — %P{L —a)? +C, L

0 = PL® — P(L? — 3L2%a + 3La® — a®) — Pa® + 6C, L

(0 =PL*— PL® + 3PL%a — 3PLa* + Pa® — Pa® + 6C, L
(0 =3PL%u — 3PLa” + 6C, L

0= 3PLa(L — a) + 6C, L

Cy =—1Pa(L —a)

Therefor_e, _ _
Ely= 2Pz’ — iP{x —a)> — 1 P{x — L+a)® — 1 Pa(L — a)x

Maximum deflection will occur at x = 2 L (midspan)

ET Ymaz = %P(%L)S - %P[%L — fF-)S — %Pf.tf:.[. — ﬂ,]l[: _[.]

1
Ely,ne = ﬁFLS — %P[ %(L —2a)|* — }:PLEH + il—"‘Ln:3
El o = 35 PL*— £ P|L*—3L%(2a) +3L(2a)* — (20)° | — ; PLa+ { PLa®

Elvy,,0. = _l—lal'-"'L3 — ﬁFL3 + %FLZH — %PL{IZ i %P!’IB — iPszr. + }:PL(;E



Ely,ne = — ;—PLEG + %Pﬂ-a
Elypne = — iPﬂ- (3L° — 4a”)

Pa

o = — 3L° — da’
Pa
amnz = 317 —da”
24ET ( ) answer

By symmetry
R, = Ry = bu,

ETy" = bw,x — %wﬂ (x — a)?
Ely = shw,a® — 2wy{x —a)® + C)

Ely= Elbwﬂ:lra — iwn{:m —a)* + Crr +Cy



http://www.mathalino.com/reviewer/mechanics-and-strength-of-materials/solution-to-problem-606-double-integration-method
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E I ]
a | b a
L >
bW.;, bW.;.

Atx =0,y =0, therefore C, =0

Atx=a+b,y' =0
0= thw,(a +b)* — 2w,b* + &4

Cy = 2w b® — Thw,(a +b)

Therefore,

Ely = ibw,a* — Lw,{xr—a)* + Lw, bz — 1bw,(a + b))z
5 & 2

4
Maximum deflection will occur at x = a + b (midspan)

ElYar = ghivg(a +0)° — Zw, bt + 2w, b (a + b) — b, (a + b)*
Elyny = — %h*u.':,{ﬂ +b)? — %u'”h* + %H'mhz{ﬁ. +b)

El Yoz = —35wob [B(a + b)* + b — 4b(a + b) ]

Therefore,

Omaz = ng}[s{” +0)7 + 87— db(a +-b)] answer
Checking:

Whena=0,2b=L,thusb=%L

B = HzE:?j [8(0+ 2L)% + (AL)* — 4(1L)%(0 + LL)]
dmaz = E[L3 + sL* — 1L7]

ARET



b, L*

Omaz = 384ET  (okay!)

Figure P-611

S Mps =0

AR, = 300(2)(3)

R, = 450N

Ry =450 N 300 N/m
My =0 {-—Em—)\(—Zm

AR, = 300(2)(1) e 1IN

R, = 150N

E@y" = 4502 — 1(300)2% 4 £(300)(x — 2)?
ET4y" = 4500 — 15022 + 150{x — 22

Ely' = 22522 — 502° + 50{x — 2}° + C,


http://www.mathalino.com/image/611-simple-beam-with-uniform-load-to-half-its-span

Ely="75r" —125z* + 125(x - 2)* + Ciz + C,

Atx =0,y =0, therefore C, =0

Atx=4m,y=0
0 =75(4%) — 12.5(4%) 4+ 12.5(4 — 2)* + 4C,
) = —450N - m?

Therefore,
Ely =75z — 125 +125{x —2)* — 450z

At x =2 m (midspan)
ET Yinidspan = T'}{sz — 125(24] + 125{2 — 2)* _ _{]__5(]{2]
El Yinidapan — —500N - m®

ET ti1r.lw.ir]‘.-s;|'.1|'.nlL = 500N - m®

Maximum midspan deﬂection

Brmidspan = zéu‘[’ - zﬁn (4) = an
Drnidapan = 13[] 111

Thus,

100001 (lT} = 500(1000%)

I = 4500000 mm?

I =45 10%nm? answer

Problem 612
Compute the midspan value of EI § for the beam loaded as shown in Fig. P-612.



600 N/m

| WY WY WY WYYV Wy !
'- i —Jr—)t
1m 3m 2m
R Ra
Figure P-612

Solution 612

Y My =0 < X *
600 N/m
6, = 600(3)(3.5)
WY WY ¥V YW W W W
R, = 1050N i
[E— X
1m
EJ‘LIR] =1 Ry = 1050 N e 3 m h\( 2m "

6R, = G00(3)(2.5)

R, = 750N

EIy" = 10502 — 1(600) (2 — 1)% + L(600)(x — 4)°
EIy" = 10502 — 300{x — 1)% 4+ 300(z — 4)°
Ely" =525z — 100{x — 1) 4+ 100{x —4}? +

Ely=1752" - 25(x — 1} +25{x -4V + Cyo + C,
Atx =0, y =0, therefore C, =0
Atx=6m,y=0

0 = 175(6%) — 25(6 — 1)* + 25(6 — 4)* 4 60,

Oy, = —3762.5N - 1”



Therefore,
Ely=1752" - 25(ax — 1}* + 25(x — 4)* — 3762.5x

At midspan, x =3 m
ET thidepan = 175(3%) — 25(3 — 1)* — 3762.5(3)
ET Ymidopan = —6962.5N - m?

Thus,

ET Emidapun = G962.5N - m® answer

Y Mpy =0

12R, = 2400(6)(5)

R, = 60001b

YMp =0
12, = 2400(6)(7)

R, = R4001b



http://www.mathalino.com/image/613-partially-loaded-simple-beam

-
E
i

2400 Ib/ft

I.-‘- — ¥ y i _'_._{
-: 4 ft »
R; = 6000 b
: 6 ft s 2t -t
Rz = 8400 Ib

E@y" = 60002 — £(2400) {z — 4% + 1(2400) (= — 10)?
ETy'" = 6000z — 1200 (& — 4)2 + 1200 (z — 10)?
ETy = 300022 — 400 {2 — 4)% 4+ 400 {2 — 10} 4+ C,

ETy = 10002% — 100 {x — 4)* + 100 {x — 10}* + Cra + C,

Atx =0,y =0, therefore C; =0
Atx=121ft,y=0
0 =1000(12%) — 100(12 — 4)* 4 100(12 — 10)* 4 12

Cy = —1100001b- ft

Therefore
ETy = 10002 — 100 (x— 4}4 4+ 100 {x — 1(]}* — 110000z

E =29 x 10° psi

L=12ft

At midspan, x = 6 ft

y =-1/360 (12) = -1/30 ft = -2/5 in



Thus,
ETy = 10002 — 100 (x —4)* + 100 {x — 10)* — 110000z

(29 % 10°)I(—2) = [1000(6%) + 100(2*) — 110000(6) ](12%)

I =659 int answer

Y My =0

RR, + 240(2) = 100(4)(6)
Ry = 2401b

SMp =0

8RR, = 240(10) 4 100(4) (2)

R, = 4001b


http://www.mathalino.com/image/614-overhang-beam-with-point-at-the-end-of-overhang

2401b

€ X >
100 Ib/ft
¥ v Y Y Y Y Y Y Y YYY
R, =240 b
< 4 ft ’L 4 ft e 2 ft “
Ra = 400 |b

EIy" = 2402 — 1(100)2® + 1(100) {2z — 4)* + 400 (z — 8)
Ely" = 2402 — 5027 4+ 50 {2 — 4% + 400 (x — 8)
Ely =1202% — La® + L (x—4)* +200{x - 8)* + C,

3

Ely=40z" — Bzt 4 D {p -4y 4+ L0 {0 8P + Clo + Cy

Atx =0,y =0, therefore C, =0
Atx=81t,y=0

0= 40(8%) - (25/6)(8") + (25/6)(4*) + 8C,
Ci = -560 Ib-ft?

Thus,
_ 2 503 | 50 g 3 ) 2 e
Ely =120x" — Fo” + 5 (w—4 )" + 200 {z — 8 )° — 560

At the right support, x = 8 ft
ETy' = 120(8%) — 32(8%) + 3(4%) — 560
Ely =100 ft

1040 9
= ———1b-ft~
H JET ’ answer



SMps =0
10R, + 400(3)(1.5) = 1000(4)

R, =2201b

SMps =0
10R, = 400(3)(11.5) + 1000(6)

B, = 19801b

[

Ry =2201b R;=1980 b

E@y" = 2200 — 1000 (z — 6) + 1980 (& — 10) — 1(400) {x — 10)?


http://www.mathalino.com/image/615-overhang-beam-with-uniform-load-at-the-overhang

ETy" = 2202 — 1000 (z —6) + 1980 {2 — 10} — 200 (z — 10)*

Ely = 11027 =500 {z —6)% + 990 {2 — 10)* — 22 {x — 10)° 4+ |

Ely=3%" - 28 (2 —6)*+330 (x—10)° — 2 (& — 10)* + Crz 4+ C;

Atx =0,y =0, therefore C; =0
Atx=101f,y=0

0= (110/3)(10°) - (500/3)(4%) + 10C;
Ci = -2600 Ib-f?

Therefore,

Ely =405 — 380 (3 — 6)% 4330 (o —10)° — 3 {x — 10)* — 2600

At the right end of the beam, x = 13 ft
Ely = H0(13%) — 229(7%) 4 330(3%) — 2(3*) — 2600(13)
oy iy = — 2850 16 - ftz answer

Problem 616
For the beam loaded as shown in Fig. P-616, determine (a) the deflection and slope under the load
P and (b) the maximum deflection between the supports.

ED
[+1)
W
E
(=

* L 4

Figure P-616 and P-617

Solution 616

E_-U”_j =



ali, = hFP

b

R =-F
i
YMp, =10
alls = PL
L
R, = —P

i

! L
EIy" = 2Pz + =P (r—a)
a

il

! . L 2
Ely' = _ Py 4+ —Plor—a) +C
2a 2 ) '

L

b a L .
Ely= —EFJ + EP{.J- —ayt +Crr+ Cs

Atx =0,y =0, therefore C; =0

Atx=a,y=0
0=-[b/(6a)]Pa’+aC,
Ci: = (ab/6)P

Therefore,
] L ith
Ely=——Psr*+ —Plr—a'V’ 4+ —P
4 2a e 20 roar [i]

b L arh
Ely=——Ps*+ —Plox—a)* 4+ —Px
4 Ga o Ga (o —a)+ G !

Part (a): Slope and deflection under the load P

Slope under the load P: (notex =a + b =1)

" P
ol b |[—
e _ ‘.I
Ry =(b/a) P bl
= (Lfa) P
L ,



a4+ b ith

]
fF__ 2 3
Ely = —EP{H-FF?] + 50 Ph- + F}-'-"
I'F a2 7 '-Fz I.FS |.i
ELy =~ P+ 2ab 4 )+ P O

ah B3 BB ah
ElyYy=—-——P-¥VWP—- —P4+—P—P4+ —P
Y 2 ’ 2 "2 %

Ely' = —%EJEP — %t’LEﬂP
Ely' = —3b(3b + 2a)P
Ely' = —3b[2(a+b) + b|P
Ely' = —%h (2L + b)P

answer

Deflection under the load P: (note x=a + b =1)

b . a+b_ ab
Ely = —EF(H, +b)° + HF{E} )+ F.PI[(L + b)

I - R b+ b i
Ely= ——}F’I[n:3 + 3ab + 3ab® + b°) + ab” o P+ EPI:H +b)
G Gz §]
a’h ah” b bt b Bt a’b ah”
Fry=—-—pP—_ —FP_ —P_—P}+—-P+—P+—P4+—F
Y 6 2 2" "6a 6 a6 TG

Ely = —%fif}zP — %E}EP
Ely=—z(a+b)b*P

Ely= —%LE}EP

answer

Part (b): Maximum deflection between the supports

The maximum deflection between the supports will occur at the point where y' = 0.
abh

b L
r 2 2
EIy__E_ﬂPI +2—P{.’r—a} +ﬁP

Aty' =0, {( x-a ) do not exist thus,



M M
Ely' = ——r+ —{z—a)
a a


http://www.mathalino.com/reviewer/mechanics-and-strength-of-materials/solution-to-problem-616-double-integration-method

M
T L. p— — e
Ely' = 5" + % (r—a)® +C
M M
_E‘IH:—E:“S a{.} —fr} + O + O

Atx =0,y =0, therefore C2 =0

Atx=a,y=0
0=-(M/6a)(a’) +aC,
Ci=Ma/6
Therefore,
ﬂlf M Ma
' ! = —_— = -
Ely Efr. + 2a o —a)® + i
M M Ma
Ely=— 3 a3
Y Gr;; Ga (& —a)” + G +*
Slopeatx=a+b
M M Ma
"= —_— [
Ely = —5, —(a+b)* + 5 (B7) + G
M M M
Ely' = —5, —(a® + 2ab 4 b%) + %[hz] + G“’
MbB: M
Ely = —1Ma— Mb— — + = 1 1Ma
- 2a 2a

Ely' = —%ﬂfﬂ — Mhb
Ely' = —%ﬂf (a2 + 3b)
Ely = —1M[(a+b)+ 2b]

_ 13 :
Ely" = —3M (L + 2b) answer

Deflection atx=a+b



M M M
Ely = —E(fl +b)* + a{hsj + Tﬂ(fr. +h)

M a - M Ma
Ely = _Emz + 3a’h + Jab® +b7) + ﬁn: + ?ﬁl::fi +b)

Ma®* Mab MK MK My Ma® Mab
Ely—-—2% _ - -

G 2 2 Ga G 6 G
Ely= —%.-Ur:f; - %_-th
Ely = —LMb(2a + 3b)
Ely=—2Mb[2{a+ b) + b]
Ely = —éﬂﬂ; (2L +b)
EI§ = 2 Mb (2L + b) answer
Problem 618

A simply supported beam carries a couple M applied as shown in Fig. P-618. Determine the
equation of the elastic curve and the deflection at the point of application of the couple. Then letting
a =L and a = 0, compare your solution of the elastic curve with cases 11 and 12 in the Summary of

Beam Loadings.

M
Ely" TE— M{x—a)"

M
Ely' = E:r‘ —M{r—a)+C

Figure P-618

Solution 618


http://www.mathalino.com/reviewer/strength-materials-mechanics-materials/method-superposition-beam-deflection
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M
Ely=—ua®

Mz —a)® 4 Cx+Cs

1 =

M/L

Atx =0,y =0, therefore C; =0

Atx=L,y=0
0= %:‘l;{L2 — %ﬂf[L —a)* +C,L

0=LiML?* - IM(L? —2La +a®) + C, L
0=tML*— iML* + MLa— Ma® + C,L
0= —%_-HLZ + M La — %;‘l-frr.z + C L
CiL=1ML?*— MLa+ tMa?

Ma?
Cy = iML— Ma+ —

Therefore,

M : : Ma®
Ely=—2"—IM{r—a)*+ (%ML—I'LI{L+ : - ).r

6L L answer
Atx=a

Ma® Ma?
Ely=—r+ (éﬂ-fL — Ma+ 7 ) 0

2Ma®
Ely= """t LMLa— Ma?

3L



Ma

Ely = E(?ﬁtg + L? —3La)
Ma .
Ely—= —2(L% — 3La + 2a?)
3L answer

When a = 0 (moment load is at the left support):

M o, . Ma®
Ely = GLJJS_ %_-’Lf{r—fi}2+ (%ML—ﬂM+ EE )J-
M -
Ely= GLJ-S — iMa? 4 $MLa

M
Ely— G_LI("“Z — 3La + 217

M
Ely— E—L;(ELZ — 3L + 22)

M
Ely=—L—x)(2L —:
Y%L ( ) i answer

When a = L (moment load is at the right support):

M 5 } 2 1 1 Ma®y
EIH—EL.: — M (r—a) +<31IL—AM+ Tk
M, . .
Ely = zwo® + (ML — ML+ {ML)
M .
Ely= EJ‘S - %_-HL:::
Ely— Ma®* — MLz
e 6L
—Mz(—a*+ L?)
Ely =
Y 6L
Elvy— —MLx(L? — %)
Y= Y
M Lr
Ely= T(L2 — 22

E



MLr 2
Ely=_—2= (1 . %)

answer

EMpy =0
6R, + 200(4)(0) = 1800

R, = 300N

SMp, =0
61, + 1800 = 200(4)(6)

R, = 500N

ETy" = 300z — 1800 (x — 2)" + 500 (o — 6 ) — 1(200) (= — 4)?
EIy" = 3002 — 1800 (2 — 2)° 4+ 500 (2 — 6) — 100 (& — 4)>
EIy = 15022 — 1800 (& — 2} 4+ 250 (o — 6)% — 100 (2 — 4)3 4 ¢

Ely =50 —900(x—2)2+ 2% (xr —6)° - 2 (x —4)* + Clo + Cy




Atx =0,y =0, therefore C, =0
Atx=6m,y=0

0 = 50(6%) - 900(42) - (25/3)(2*) + 6C;
Ci = 5600/9 N-m?

Therefore,

Ely =500 —900 (x—2)7 4+ 228 (xr—6)° — 22 (x —4)* + 22y

Atx=3m
ETy =50(3%) —900(1%) + 2220(3)

Ely = '55'3ﬂ1"~1-1113

answer
Problem 619
Determine the value of Ely midway between the supports for the beam loaded as shown in Fig. P-
619.
200 N/m
M = 1800 N-m |
¥ Y ¥ Y ‘il" L
[ | =
t B
2m 2m 2m 2Zm
Rl q-_'
Figure P-619

Solution 619

YEMp, =0 <

6R, + 200(4)(D) = 1800

200 N/m

™

!'-:I'_"I'"I'"L"I"

i

R, =300N i

NMp, =0

6R, + 1800 = 200(4)(6)




R, = 500N

EIy" = 3002 — 1800 (o — 2)° + 500 (& — 6) — 1(200) {x — 4)°
ETy" = 3002 — 1800 {x — 2)" + 500 (& — 6 ) — 100 (2 — 4)°
Ely' = 1502 — 1800 (& — 2} +250 (& — 6)% — 109 (& — 4)3 4 C

Ely =50 —900(x—2)?+ 28 (xr—6)°— 2 (z —4)* + C1o + Cy

Atx =0, y=0, therefore C, =0

Atx=6m,y=0
0 =50(6%) - 900(4%) - (25/3)(2%) + 6C;
C,=5600/9 N'-m’

Therefore,
Ely =500 —900(x—2)" 4+ 22 (r—6)° — 2 (x —4)* + 2y

Atx=3m
ETy =50(3%) —900(1%) + 22(3)

_ 6950 ng . .3
Ely=>3=N-m answer

Problem 620
Find the midspan deflection & for the beam shown in Fig. P-620, carrying two triangularly distributed
loads. (Hint: For convenience, select the origin of the axes at the midspan position of the elastic
curve.)

1:'.1'0 | i 'l"'llg
Y ¥ ¥ l v ¥ W 1|' ¥ ¥ ¥

4 i
< L/2 *L L2 "

Ry R

Solution 620



By ratio and proportion:

L/3

¥ Wy
x L2 < L/6 >4
! pATIS ; .,
= 7T .
|
By symmetry: L2
Rl PF" = %{LKEHH'::] = %HJHL R,
Fy = %(Lf?-]['ﬂ o) = iu-ﬂL

Ely" = Ry(x+ %L] — Fi(z + %L] — FE(%:::]

Ely" = twoL(x + JL) — SwoL(x + L) — !m.rﬁ[l:r:]

L
E@y" = 'j:u,lt,L:r: + %wt,Lz — j:u,lt,L-J' S o L? —

th, .3

ET e 1 ”LZ .
Y s AL

.,
Ely' = ﬁ*ﬂ.‘t,L r— IEL Sl

Ely = ﬁft'uLzrj — GE]LI + Chr + Ca

Atx =0, y' =0, therefore C, =0

Atx="%L,y=0

0 = (1/48)w,L?* (Y4L) - (Wo60L)(Y4L)* + C,
0= (1/192)w, L* - (1/1920)w, L* + C,
C,=-(3/640)w, L*

3

L e
r

3L

k4
-~



Therefore,
e g

1 ., 722 o 5 I S o
Ely = Jﬂsut,L T — G[]LI — Gmu-ﬁL
At x =0 (midspan)

ET Yinazr = _%”"m}-ﬁ- = _%”"m}:‘* * %
El Yinar = _%1—'!-'::-'{’4
Thus,
5 B O, L*
BTV Ti Vol answer

Problem 621
Determine the value of El5 midway between the supports for the beam shown in Fig. P-621. Check
your result by letting a = 0 and comparing with Prob. 606. (Apply the hint given in Prob. 620.)

Wo
v N ¥ W W W ' ¥ ¥ k. ¥ ¥
a ' L ' a
RJ. Rc
Figure P-621

Solution 621

By symmetry
B =0R,= %u-}j[L + 2a)

A oy v 'y oW v Y W v Y

'_._..-—a 1"-—.._‘___._“‘__‘__.-—"' & =
L/2 e L/2

Ry = 0.5w,(L + 2a) Rz = 0.5w,(L + 23)



http://www.mathalino.com/reviewer/mechanics-and-strength-of-materials/solution-to-problem-620-double-integration-method
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EIy" =[3w,(L+ 2a)](x+ LL) — sw,(x + 1L+ a)?

ETy'" = 2w, (L +2a)r+ 2w, (L+2a)L— 2w, [2° + 2r(iL+a)+ (3L +a)?]

ETy'" = sw,(L+2a)r+ Jw,(L+2a)L— 2w,a® —w, (3 L4a)e— 2w, (1 L+a)?
E@y" = 2w, (L+2a)r+ 1w, (L+2a)L— 3w o — Lw, (L+2a)e— 2w, (L+2a)*
EIy" = qw,(L + 2a)L — tw,x® — 2w,(L + 2a)*

Ely' = m(L + 2a) L éu-},:ra — %u-‘,,{L + 2a)*r 4+ Oy

Ely = tw,(L + 2a)La® — Lw,a* — Lw, (L + 2a)%x* + Crx + C,

Atx =0,y =0, therefore C; =0

Atx="%L,y=0

0= %'u.':,(L + E!n:]IL(%L]I3 — ﬁu :,(%L]J‘ — L, (L 4 2a)? (% )E 4+ Cy

0= Zw,(L +2a) L% — 2w, L* — Lw, (L + 2a)?L* + C,

0= %u',,L4 — m”‘ wLPa — E” L — tt',,[L3 +4La +4a®)L* + Cy

0= %u'”,[f — ﬁu-})_{rzn E” - %u'”LJ‘ — ﬁufﬂLan — %u'ﬁijj + Cy

5 a
0= 2w, L*— ﬁ*u.'t,szr +

383
_ 2 4

y mu“L a’ — 384u”L
_ 2 2

C, = 334tt:,L (24a” — HL%)

Therefore,

Ely = %w”{L + 2a) La® — :}—_Lu'”:r"‘ — 1_15 wy(L+ 2a)z? + ﬁ w, L2 (24a” —

Atx=0 (midspan)

Ely = gzqw oL7(24a® — 5L7) answer

512)



Atx=0whena=0

Elyne = ﬁt:',,ﬂ-z{[] — 5L7)
5w, L*
El mar — — -
4 384
Thus,
5 B S, L*
T 3RAET answer

Moment Diagrams by Parts

The moment-area method of finding the deflection of a beam will demand the accurate computation
of the area of a moment diagram, as well as the moment of such area about any axis. To pave its
way, this section will deal on how to draw moment diagrams by parts and to calculate the moment of
such diagrams about a specified axis.

Basic Principles

1. The bending moment caused by all forces to the left or to the right of any section is equal to
the respective algebraic sum of the bending moments at that section caused by each load
acting separately.

M = (E_-’Lf )L = (E_-’LI ]”

2. The moment of a load about a specified axis is always defined by the equation of a spandrel

y = ka"

where n is the degree of power of x.

The graph of the above equation is as shown below
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1000 N

M = 400 N-m
A 2m s 2Zm 'f 2Zm B
[ | ]
R; = 400 N R; = 600 N
o 1[],."3. «—+ B3 —
2400 MN-m
800 N-m
&
g
a/
2000 N-m b
< 4/3 + 14/3 >
«—— 8/3 - re——— 10/3 —>

(Area ;) X4 = 2(2)(800)(3) + 2(4)(2400)(22) — 2(2)(2000)(2)

L] =

I[A?'f'.ﬂ__ﬂ;]lx_.ﬁ = 1173333 N - 1'Il3
(Areap)Xp = 2(2)(800)(3) + 1(4)(2400)(5) — 2(2)(2000)(3)

(Areayp)Xp = 9866.6TN - m®



1000 M
M = 400 N-m

A 2m 7> 2m f 2Zm
[ | )

b N\ A
Ry = 400 N R, = 600 N
1m 5m
< >
400 N-m
®
3600 MN-m «———— 4m —

Kh

-4000 N-m |
: A 5

i« :
S 4f3m 14/3 m

(Area )X 4 = 400(2)(1) + 1(6)(3600)(2) — L(4)(4000)(2)

(Area ;)X 4 = 11733.33N - m?

(Areas) Xp = 400(2)(5) + 1(6)(3600)(4) — L(4)(4000)(1)

(Area )X = 9866.67N - m®




1000 N
M = 400 N-m

A 2m ,~ 2m Y 2m B

| i = |

) N\ A
Ry =400 N R; =600 N
» 4m > 2400 N-m

___,.;-/-;

-400 N-m ]

I
-2000 M-m

el |
Ea

16/3 2/3 !

-~

(Area) X4 = 1(6)(2400)(4) — 400(4)(4) — 5(2)(2000)(12)

(Area ;)X 4 = 11733.33N - m®

(Area ;)X = 2(6)(2400)(2) — 400(4)(2) — 1(2)(2000)(2)

(Area s )X = 9866.67N - m®

Problem 625
For the beam loaded as shown in Fig. P-625, compute the moment of area of the M diagrams
between the reactions about both the left and the right reaction. (Hint: Draw the moment diagram by
parts from right to left.)



Y My =0

AR, = 400(3)(2.5) + 500(2)

R, = 1000N

EMp =0
AR, = 400(3)(1.5) + 500(2)

Ry = T00N



(AR RRAEA R R R A AR R R AL A RRE

Ry = 1000 N Ry = 700 N
e — 4/3m — —— 8/3 m >
2800 N-m

-1000 N-m

I-’- - ) }
[2/3m | 4/3m

— 2™ degree

-1800 M-m
34 m 9/4 m
[.4?'{».(;__“;] }E’_1 = %[4]{28[][]]{%] — %{2][1()[)[))(%] — %[3](18(](]][%]

A g V — £ 3
(.‘1! E.l!'}__.”_;] X.'l =5450N-m answer

(Areasp) Xp = %(4)(28(](”(%] -

ba| =

(2)(1000)(%) — £(3)(1800)(2 + 1)

A g v __ == a3
{.‘1! t’ﬂ__ﬂ”;] Xj_; =T7Th0N . m answer

Problem 626
For the eam loaded as shown in Fig. P-626, compute the moment of area of the M diagrams
between the reactions about both the left and the right reaction.



By symmetry
Rl = R:z = %(4(]{]] {3]

R, = Ry, = 6001b

and

(Areap) Xq = (Area,p) Xp

400 Ib/ft

1—1ﬂt->L7 3ft 4>L-1'ft

Ry = 600 Ib R; = 600 |b

I

e 5P ft 52t >
1500 lb-ft

2™ degree : 2™ degree
-450 Ib-ft

(Areass) X o = 3(5)(1500)(3) — 5(3)(450)(3)

answer



TEGAE _A: .
A X 82501b - ft?

Thus,
(Areap) Xp = 82501 - ft* answer

Y Mpy =0

AR, = 200(4)(2) + (3)(400)(1)

R, = 550N

YMp, =0
AR, = 200(4)(2) + F(3)(400)(3)

R, = R50N



400 N/m

-'-"""'-"-"
-

200 N/m =T T2TRX

A\fiiithf\f\fif\fﬁf\fﬁ ‘|l‘"|l‘"|l‘"|r"|r'\FB

<1 m-»==— 3Im >
R]_ =550 N Rz
—— 8/3 m 4/3 m —H
' ' 2200 N-m

2™ degree —'

-1600 M-

Im 1 m >

@
3" degree —
-600 N-m
. el
17/5m 3/5m

(Areaqp) X4 = 1(4)(2200)(2) — 1(4)(1600)(3) — 1(3)(600)(LT)

-1

(Area ) )E'_1

3R03.33N - m”

{.‘1?'!"1!’1__-‘1 j_,"]' Xja

.

L(4)(2200)(

[T

:|_

(Areasp) Xp = 3463.33N - m®

For the beam loaded with uniformly varying load and a couple as shown in Fig. P-628 compute the
moment of area of the M diagrams between the reactions about both the left and the right reaction.

answer

£(4)(1600)(1) — £(3)(600)(2)
answer

Problem 628



M = 400 lb-ft

A B
2ft 2ft 6ft
Ry Rz
Figure P-628 and P-629
YMp, =10

LOR, + 400 = £(6)(200)(2)

R, =801b

SMp =0
L0R, = 400 + 1(6)(200)(8)

R, = 5201



200 Ib/ft

b
A v W W B

" e

[ 1 =

= i

o b — el b=

2 ft 2 ft 6 ft

R; =801Ib R: =520 Ib

3 6ft — =« 4ft —
400 bt

@

-1200 Ib-ft

TR 1 - -
6/5 ft

(Areap) X4 = 400(8)(6) + L(10)(S00)(22) — 1(6)(1200)(%)

1
El

(Areap) X4 = 30026.671b - ft° answer

(Areas) X = 400(8)(4) + 1(10)(800)(2) — 1(6)(1200)(2)
(Areayp) Xp =23973.33 1L - #£° answer
Problem 629

Solve Prob. 628 if the sense of the couple is counterclockwise instead of clockwise as shown in
Fig. P-628.


http://www.mathalino.com/reviewer/mechanics-and-strength-of-materials/solution-to-problem-628-moment-diagrams-by-parts

EMps =0
LOR, = 400 4 1(6)(200)(2)

R, = 1601h

XMy =0

LOR, + 400 = 1(6)(200)(8)

By = 4401b

2ft

2ft 6ft

Figure P-628 and P-629

Ry




200 Ibfft

Y
M = 400 Ibft W,
AI 1 = — = vTE
I o i
5 ik
R; = 160
|
_-.'....-..-."
®
—]
-400 Ib-ft \m
3" degree — N
-1200 |bft
e - b6ft — >« 4 ft
< 44/5 ft e
6/5 ft

(Area) X4 = L(10)(1600)(22) — 400(8)(6) — L(6)(1200)(%)

3

(Area,p) X, = 18293.331b - ft° answer

(Areaqp) X = 2(10)(1600)(42) — 400(8)(4) — L(6)(1200)(2)

5

(Areasp) X = 11 706.67 b - it answer

Problem 630
For the beam loaded as shown in Fig. P-630, compute the value of (Areaag)barred(X)a . From the
result determine whether the tangent drawn to the elastic curve at B slopes up or down to the right.

(Hint: Refer to the deviation equations and rules of sign.)
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200 N

400 N/m I
A L 4 ¥ w w B
' |
e
1 m 3 m 2 m
Ry R
Figure P-630
Solution 630
Eﬂfﬁlz - ':] 200 N
—TT| 400 N/m
AR, +200(2) = 3(3)(400)(1) % TTTLLLLe i
' |
R, = 50N *_ . R) i
Ry =50N Rz =750 M
Y¥Mg, =10
’ s 200 N
4R, = L"[][](G] + l[ﬂ][ii](]][ﬂj -m
@
_..--""..H
Hy = 750N
]
3™ degree
(Areap) X, = %[-i][ﬂ[][]][%] — %(Sj[ﬁﬂﬂj[%] e —17/Sm- i -500 N-m

! —— Tangent ﬂ'nrtlzugh B

(Areaqp) X4 = —463.33N - m® answer \\
A B

— T

The value of (Areaag) barred(X)a is negative; Elastic EUWEX
therefore point A is below the tangent through B, thus the tangent through B slopes downward
to the right. See the approximate elastic curve shown to the right and refer to the rules of

sign for more information.

Problem 631
Determine the value of the couple M for the beam loaded as shown in Fig. P-631 so that the moment
of area about A of the M diagram between A and B will be zero. What is the physical significance of
this result?
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100 Ib/ft

M ' [ 1]
C A1r11-~rv*hr~r~rlffl-~lrva
2Zm l 4m ﬂ

Ry Ra

Figure P-631

Solution 631
HideClick here to show or hide the solution
YM4=0 100 Ib/ft

M ' | ' | I |
4R2 + _'1-1- = 1[][](4](2) [ A"I VWYV VYWY YWY Wy B
: 2m ‘. 4m ﬂ
Ry, = 200 — iM
Ry = 200 + 0.25M Ra = 200 — 0.25M
EJ‘LIH — [:' 413 m
>
AR, = 100(4)(2) + M it
=
R, =200+ iM
— 2™ degree

(.4?'(1(;_;, j;]l j_»], = .

L(4)(800 — M)(2) — (4)(800)(1) = 0

5(800 — M) = 320

M =4001b - tt answer

The uniform load over span AB will cause segment AB to deflect downward. The moment load
equal to 400 Ib-ft applied at the free end will cause the slope through B to be horizontal making
the deviation of A from the tangent through B equal to zero. The downward deflection therefore

due to uniform load will be countered by the moment load.


http://www.mathalino.com/reviewer/mechanics-and-strength-of-materials/solution-to-problem-631-moment-diagrams-by-parts

Y My =10

3R, +200(1) = 800(2)(2)

R, = 1000N

NM, =0
3R, = 200(4) 4 800(2)(1)

R, = 800N
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200 N

800 N/m
|
AL !
A! ‘qrqr'#rr’r’\‘r v |
| i
«—— I m —>—1 m-afe1 m—»
R; = 1000 N R; = B0OON
L B/3m
2000 N-m
| ]
800 N-m
& i
1
) 3
]
=200 N-m
—400 MN-m i
i i
=1600 N-m

Elastic curve —, | i
—l

T
% through B

(Areass) X = L(2)(2000)(2)42(1)(800)(2)—L(2) (1600)(2)—L(1)(400)(Z)—
L(1)(200)(2)

i e - 3
(Area p) X4 = 1266.67TN-m answer

The value of (Areaas) barred(X)a is positive, therefore point A is above the tangent through B,
thus the tangent through B is upward to the right. See the approximate elastic curve shown
above and refer to the rules of sign for more information.

Area-Moment Method | Beam Deflections

Another method of determining the slopes and deflections in beams is the area-moment method,
which involves the area of the moment diagram.
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Any loading

ARARARR

Moment Diagram

Theorems of Area-Moment Method
Theorem |
The change in slope between the tangents drawn to the elastic curve at any two points Aand B is
equal to the product of 1/El multiplied by the area of the moment diagram between these two points.

1
Bap = Bl (Areasp)

Theorem |l
The deviation of any point B relative to the tangent drawn to the elastic curve at any other point A, in
a direction perpendicular to the original position of the beam, is equal to the product of 1/El
multiplied by the moment of an area about B of that part of the moment diagram between points A
and B.

1 _
tea = 7 (Areap) - Xg

and

1
ta/p = E(J‘l?‘ﬁ’ﬂms] - Xa

Rules of Sign



B B .3 B
T £ T — ;
=TT s (+) '“‘--._:itﬁm (+)

S T

..-"""D. ’ "
a B s —

1. The deviation at any point is positive if the point lies above the tangent, negative if the point
is below the tangent.

2. Measured from left tangent, if 8 is counterclockwise, the change of slope is positive, negative
if 8 is clockwise.

Deflection of Cantilever Beams | Area-Moment Method

Generally, the tangential deviation t is not equal to the beam deflection. In cantilever beams,
however, the tangent drawn to the elastic curve at the wall is horizontal and coincidence therefore
with the neutral axis of the beam. The tangential deviation in this case is equal to the deflection of

the beam as shown below.

Tangent through & ——,

Elastic curve —

From the figure above, the deflection at B denoted as dg is equal to the deviation of B from a tangent
line through A denoted as tga. This is because the tangent line through A lies with the neutral axis of
the beam.

Problem 636
The cantilever beam shown in Fig. P-636 has a rectangular cross-section 50 mm wide by h mm
high. Find the height h if the maximum deflection is not to exceed 10 mm. Use E = 10 GPa.

4 kN 2 kN

Lo |

Figure P-636



Solution 636

4 kN 2 kN
| BELL
..--"'"'""FFH_ B
tﬂ.J'E = —IV
L S|
. 10/3 m -‘
|
&
«<—— B/3m —\ —4 kN-m
@
—16 kN-m

1 =
ta/p = E{-‘irf'fi.-\r;] Xa

— 1(2)(4) (1) — L(4)(16)(Z)| (1000%)

1
—10 =
50K
10 000
()

5 {—zﬂﬁ] (10004)

—10 =
125 00072 3
a_ —EDG{IDEJEJ*]
125 000(—10)
h = 618.67 mm answer

Problem 637
For the beam loaded as shown in Fig. P-637, determine the deflection 6 ft from the wall. Use E = 1.5
x 10° psi and | = 40 in*.



80 Ib/ft

8 ft
Figure P-637

A

Solution 637

HideClick here to show or hide the solution

Rer = 80(8) = 640 1b

M = 80(8)(4) = 2560 1D - ft

80 Ib/ft
Me
Af ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ Y ¥ \r’\
L B o
tae cl
Re

\|;
W,
L=}
=
L

2 ft
3840 |b-ft
®
o
-2560 lb-ft
&
2™ degree
-1440 lb-ft
—
1.5 ft
le— 3 ft —

teio = %(ﬂ?‘fﬂmﬂfr;


http://www.mathalino.com/reviewer/mechanics-and-strength-of-materials/solution-to-problem-637-deflection-of-cantilever-beams

tpio = %[ 7(6)(3840)(2) — 6(2560)(3) — 5(6)(1440)(1.5) ] (12%)

bje = %[z?mu] (129)

1
'8/ = (75 % 100y (a0)

(273601 (12°)

Thus, 65 = | teic | = 0.787968 in answer

HideClick here to show or hide the solution
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% M=2kNm
2Zm 2m
tﬂﬁ [ § |
'.f
23 Im >
2 kM-m
1]
®
e miv -1 kN-m

Eltyp = (Areaqs) Xy
Eltyp=2(2)(3)— (4)(1)(5)

EI":-A}E = 2?“ = G.67 I{N'Iﬂa

. EI8 = 6.67 kKN-m® upward answer




HideClick here to show or hide the solution

200 Ib/ft
I T
AY ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ Y Y Y Y Y Y YW
e E——
. 2ft 4B 6 ft c
AT
L 900 Ib
< sl 11 » 5400 Ib-ft

2™ degree
< 5 ft

-6400 Ib-ft
tase = ! (Area p) X
."1.;"{- EI 1:3 ."1.

1
1.5 x 105)(60)

fase = 1 [ 1(6)(5400)(6) — 1(8)(6400)(6)] (12%)

taye = —0.00984 1

The free end will move by 0.09984 inch downward. answer

Problem 640
Compute the value of 3 at the concentrated load in Prob. 639. Is the deflection upward downward?

200 Ib/ft
\.r'-r‘-ffhfwfvhf\ﬂ?vvlhrw\r\
2ft 1 6 ft

900 lb

Figure P-639 and P-640
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Solution 640
HideClick here to show or hide the solution

By =200(8) — 900 = 700 1b

M = 200(8)(4) — 200{6) = 1000 1b - ft

200 Ib/ft
|
! \
AY ¥y www ¥ ¥ W W W OW W W W W W
teyc | 2ft 4B 6 ft cy*
i, N L v
/ 900 Ib Re
w— 2 ft
4200 |b-ft
&
1000 b [ 38
2™ degree
-3600 |b-ft

1 _
tpio = ﬁ(—‘i”'ﬂ per) Xp

1 LRV A0 2y 1(a\(: -
teio = (15 % 109 (60) [5(6)(4200)(2) — 1000(6)(3) — 3(6)(3600)(15)](12%)

t13/0 = —0.06912 in

. 0=0.06912 inch downward answer

Problem 641
For the cantilever beam shown in Fig. P-641, what will cause zero deflection at A?
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1 _
E{ATEEAU} Xa=0

1 1 8 _
7| zWEP)(G) —2(400)(3)] = 0

P=1125 N answer




4 kN/m

Figure P-642

Solution 642

HideClick here to show or hide the solution

R, =4(1) = 4kN

My =4(1)(2.5) = 10kN-m

-10 kN-m

_-‘?{ -2 kN-m

tpya = %H*'f’ﬂ.—ﬂ B)Xp

¥

L 1 : n 1 GE 4
5[](15(;.33,] [4(3)(12)(1) =3(10)(1.5) — 5(1)(2)(0.25)] (1000%)

tpia =

69000 [

&
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tE;’A = 28 1mm

" Omax = 28 mm answer

HideClick here to show or hide the solution

Eltpyy = (Area,) Xp

Eltg,s = LL(PL)(AL) — PaL(}L) — (L —a)P(L —a)[ (L — a)]
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Eltgy = tPL* —iPL?a— 1P(L—a)®

Eltgy=2PL* —1PL% — 1P(L® — 3L%a + 3La” — a®)

G
Eltgsa = tPL* — 1PL*a — PL* + ;PL?a— 1 PLa” + tPa®
Eltg, = —1PLa® + LPa®

Eltg iy =—2Pa*(3L —a)

Therefore
Elé,,..= %Pﬂg (3L — a)

answer

HideClick here to show or hide the solution

R = wu(%L}

R= %wBL

M = w,(AL)(3L)

M= g*l_uﬂ}l}:g
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%
M= 3w’/ 8
_ﬂl.'\r’r\r"q ¥ W ¥ o | \II
i ——
T B J P
twe L( Py = )J( L2
¥ ;
<« /3 R =w,l/2
w2/ 2 ’
2
=
-3w,l?/ 8 _

P
Wel2/ 8 4)‘ ' 2™ degree

e

L/8

1 =
ta/p = E{-‘irf'fi.-\r;] Xa

f.-’l.,-".l‘:' = %[ %(L]II[%H'”LEII{%L]I - %”’:JLZ(L)(%L] - %(%”cr[’z)l:%-['j(%l‘”

1

tasp = E[ Lw, Lt — Zw, Lt — Lo, L4

d84

1 41
tajm = il [— E”"::L4 |

LA,
ATE T T 3RART

Therefore
5 B A1, L*
T 3RART answer

Problem 645
Compute the deflection and slope at a section 3 m from the wall for the beam shown in Fig. P-645.
Assume that E = 10 GPa and I = 30 x 10° mm?*.



HideClick here to show or hide the solution

R = L(4)(1200)

R =2400N

M = 2(4)(1200)(3)

M = 6400N - m

1200 N/m

s
¥

-6400 N-m

-1350 N-m

0.6 m
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y 1200

3 4

y = 900N/m

fppa = %H*'f’ﬂ.—ﬂ B) Xp

¥

tpra = %[ %{3][72[](]][1] — 3(6400)(1.5) — %{3](135(]]{[).6]]{1(]()(]3]

1
frrra =
BT 10000(30 % mfs)[

—18607.5](1000%)

tpra = —62.025 mm

Therefore:
dp = 62.0251mm answer

1
E_.ﬁ B = El{;’i?'fﬂ_.‘ j_.i']'

Oap = %[ 1(3)(7200) — 3(6400) — 1(3)(1350) ](10002)

1
10 000(30 = 106) [

—9412.5](1000%)

Hap = —0.031375 radian
ap = 1L.7T98 degree answer

Problem 646
For the beam shown in Fig. P-646, determine the value of I that will limit the maximum deflection to
0.50 in. Assume that E = 1.5 x 10° psi.



60 Ib/ft

w ¥y

e ar ok sn ksl T

Figure P-646

Solution 646

HideClick here to show or hide the solution

M = L(5)(60)(2 + 2) = 5501b- ft

R = 1(5)(60) = 1501b

60 Ib/ft

L
I

3 @
3" degree —'

-550 |bft

-250 Ib-ft |
< o ft »

tap = %(Arm_”;] X4

%[ 3(300)(2)(37) — 550(2)(9) — 3(5)(250)(7)](12°)

—5

1
—h = m{—lﬂﬁﬁddﬂﬂ}
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I =2.18592in*

HideClick here to show or hide the solution

R=L(3L)(w,) = du,L

4

M = L(3L)(w,)(3L) = Zu,L?

rd
-1/24 wan 3" degree

L/ 10
< L/2

L 4
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Eltap = (Areap) Xy
Eltyp= %L{iwﬂLz][%L] — L[%wﬂ,LE]{%L} — i—[%L](iwﬂLg][%L}

Eltyp = gw,L* — Zw,L* — =w,L*

EI":-A‘."E‘ = —%wn[ﬁ

Therefore
El6,,,, = 2L, L*

1920 answer

__..ﬂ!ﬂllllllll!
L

HideClick here to show or hide the solution

y_w,

r L
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iy = ﬂ.r - L - X M X >
a L o EAE] __T,.t')'h
T
Arfﬁﬂ:r"l!"ﬁ B A i rer\r yC \
ar 1 3yl 1 a pp——
Jl.!r = EL[“”](EL] = E”IHL tEJIE - i im
: R
R=iw,L
} o
w, % / 6L / 3" degree
-
Moments about B:

Triangule_lr force to the left of B: Wy Lx /2
lrll-irl = _%(L - 'r]”[f”-'t: _ff)(éj[‘[‘ - '1:) |

M, = —%I[L —x)? (H«'u _ E) 3" degree —

L »
-w, [L—x)* f 6L
w,(L — a)3 W f2—"

J.FL{]_ = — GL

Triangular upward force:

Mz = %(“ﬂ{éﬂ = 12 ol

L

T

ﬂf’? —
- 6L

Rectangle (w, by x):
My =—w,r(iz) = —Ltw,x

2 2

2

Reactions R and M:
M, = Hxr = %w“L.r

ﬂ.fg = —;'1-.{ = —%H’”LE

Deviation at B with the tangent line through C
ET if‘-;;f.-'._r_.' = (ﬂ?'fﬂ;;(:] X;;

L=
=
e
L=
—
L=
=

n]
o
P
L=
[}
o
—_—
=]
)
a]

L
o
3}
—
La =
[
e
L=
[

H,':,.'J‘fz -
.E‘.!r if‘.;,‘f.-'{_.‘ = %J‘ (E) |: I

s (Lwea”)(f)



9
w, . w,L w,L= ., w,

Bltse = op= + 357~ 13 = ~ 4%
Eltge = %’:_[.r:ﬂ +10L% — 10L° — 5La2)
Therefore,

Eld = —%(3:3 +10L%r — 10L% — 5La7)

EIf = %(mﬁ — 10L%r + 5La* — 27) e

-Deflections in Simply Supported Beams | Area-Moment Method

The deflection & at some point B of a simply supported beam can be obtained by the following steps:

Load

: 1181111,
Rl\x_ |

« X >

! L
Geometry of area-moment method for finding
deformation 3 in simply supported beam

1 _
f YA T A L AT X o
1. Compute e EI{ rea o) Xe

1 _
f ; L — o] X
2. Compute /' T EI (Areasp) Xg

3. Solve 6 by ratio and proportion (see figure above).

6 +tpa  toga

T L

Problem 653
Compute the midspan value of EId for the beam shown in Fig. P-653. (Hint: Draw the M diagram by
parts, starting from midspan toward the ends. Also take advantage of symmetry to note that the
tangent drawn to the elastic curve at midspan is horizontal.)



HideClick here to show or hide the solution

By symmetry:
R, = By, =600(2) = 1200N

600 N/m
A
 — —
e |, &
| E
R, = 1200 N 600 N/m R, = 1200 N
e 2.5 m ———»
e— 2 m
i 19/8 —»|
2" degree }j 75 N-m
i 3000 N-m
gnd degree -1875 N-m
e=—— 15/8

1
tap = m=(Area ) Xa
ET

Eapm = | 5(25)(3000)(3) + 1(0.5)(75)(2) — £(25)(1875)(2)]
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3350
fars="Fr

From the figure
Emin'.apﬂﬂ = tAI.I’B

Thus

ET b, igapan = 3350 N-

m

answer

HideClick here to show or hide the solution

S My =0
6R, = 80(4)(4)

R, =50 1,

YMp, =0

6R, = 80(4)(2)

R, =301,
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tasc

fajc

fasc

teio

teio

teio

BO Ib/ft

AW % W Wy W W W W 1.«\.1.5 _,IC
\-\—\—i Eﬂ.ﬂ
____I__
b B"{v
tME R1 = '5411."3 |b F"u' = 320.-"3 ||:I
|
e 2 ft —
| S
S 4ft »
2560/3 |bft
640/3 Ib-ft
7 2/3'
2™ degree — J
-540 |bft

. 3

1 _
7\ Areaac) Xa

L
El

8960

JET

1 —
ﬁ(ﬂ?"f’ﬂ ”(_f) X”

1

[ 2@)(%0)(D)]

LI

1280
OFET

By ratio and proportion:
E - #_‘ _,."If"

2

=

3(4)(2560/3)(3) + 3(2)(57)(4 + 3) — 3(4)(640)(3) ]



2 (8060
4= 6\ 3EI
8960

Y7 9ET

op =y —1tnc

8060 1280

BT 9ET T 9EI
2560

B = 3EI

Elbp = % Ib - £t answer

HideClick here to show or hide the solution

EMpy =0
RR, = 200(5) + 400(1)

R, =175 1b

Y My, =0
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RR, = 200(3) + 400(7)

R, = 425 1b

Ul 1D 4UU 1D

3ft BY 4 ft CllftD
- |

™ teja toa
175 Ib 425 |b
F

«— B/3' > G

1400 |b-ft

Yci

Ya

Yo

——~1-1000 Ib-ft
< 3/3" >

i " -400 |b-ft

1/3°

yer 1400

7 8

Y = 1225 1b

Yoz —1000
5

Y = —800 1h

yp 1400

3 8



yp =525 1b

Eltpia = (Areasp) Xp
Eltp = 1(8)(1400)(5) — 1(5)(1000)(2) — L(1)(400)(2)

Eltps = 10700 b - ft?

Elteya = (Arease) Xe

Eltcsa = 2(Mye)(Z) — 2 @) (ye2)(2)

BTt = 2(7)(1225)(Z) — L(4)(800)(2)

L =

Elteyq =25 b ft°

E.Irt;;a.r_ﬂ. — L‘i]"f’fl_.”_;jl }_:H
Eltera = 3(3)(ys)(l)
Eltorg = %[3}(525][1]
Elteyy =20 1h-ft°
By ratio and proportion:

BE B CF _ tpya
3 7 8

BE = 2t},,4 = 2(10700) = 202

CF = Lty = L(10700) = 18125

2

Deflections:
dp = BE —tpa

El6y =FEIBE — Eltp,, =321 1315



EI6; =3225 b f£° —> answer

8 =CF —teyy

EI8c = EICF — Eltp,, = 18129 _ 47225

2 G

Elf. = % = 1491.67 1b - ft? answer

HideClick here to show or hide the solution

SMpy =0
AR, = 500(3) + 200

R, =425 N

SMpy =0
AR, + 200 = 500(1)

R,=T5 N
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500 N

l 200 N-m
Am 1m Ve 2m 7 C 1m D .

toia

-1000 M-m

Eltpyq = (Areasp) Xp
Eltpa = %[1]{?5]{%] + %[3){12’?5]{2] — %{2](1[][][]]{%]

E.Irif'-”.,-'__-‘[ = 6—535[] N - 1'113

Eltoig = (Areac) Xe

CE ~tpya
3 4
3 (6550 3275
“E=7 (SEI) ~ 2EI



Eldc = EICE — Eltcya

_ 3275 _ T4TS _ 1175
Elép === - 5= =

EI EC!' = 3916? N - IELH answer

Figure P-657

HideClick here to show or hide the solution

Y My, =0
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6R, = 2(4)(600)(3) 600 N/m

150 MN/m -
o= 5N THTDTW
L_“ﬂ"_ :F""‘n-

|
In'
: —5— =
ﬂw 1m 2
ET t-".-"” = (AIT‘EF._-HSII J_Lr_.-‘[
' twe

B

tas g
Elt, s = L(6)(1600)(2) — L(4)(1600)(2) | = R = 800/3 N
E.!r?‘-_-*._;;g = 8320N - m® 800 M-m P\\k
v -25 N-m l/(’—__ 3d degree
Elty,p = (Areapp) Xag 1600 N-m ‘

Eltyp = (3)(800)(1) — 1(1)(25)(%) l\
.E-‘.Irthn'r!-';_q = 110875 . 11.1"3 o
— 39 degree

-1600 N-m

By ratio and proportion:
Om +tyym  taym
3 6

51'?.'. + ?L'.'l-f_,.".l'i — %f_.-‘[l..fj;
El8y,+ Eltyp = EI 3tam

EI6,, +1198.75 = EI L(8320)

1
2

EI§,, =2961.25N - m” answer

Problem 658
For the beam shown in Fig. P-658, find the value of Els at the point of application of the couple.



Figure P-658

Solution 658

HideClick here to show or hide the solution

y_M C
a L
y=Ma/L
i / M"“L th,ﬂ,
B D

Eltpa = (Area p) X
Eltgpa = s(ay)(5a) | M
E.!rt‘r;f,.'_.‘ = %EIZEJW-I!'IIH'IL)

Ma® -M

Eltpa = =7

Elteya = (Areasc) Xo

Elteyq = 3(LM)(3L) — M(L—a)[1(L—a)]
Eltejqa = sML? — LM(L —a)?

By ratio and proportion:

Op +tpa  topa
i} L

L
dp = Thea —teya
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Eldp =

Eldp =

Eldp =

Elép =

Elfp =

Elidp =

Elidp =

Elidp =

s
“Elte, —Eltg,,
i /A B/A

Ma?

[EML? - ML —a)*] - ——

G

i
L

a = E o E a2
I TML? — tM(L —a)* — }Ma?]

%[LE —3(L - a)* — a?]
%[LE — 3(L? - 2La + a*) — a?]
%[Lf —3L% 4 6La — 3a” — a?|
Moy g2 ora dat)

_ %(3_{,3 — 6La+ 4a?)

The negative sign indicates that the deflection is opposite to the direction sketched in the figure.

Thus,

Eldp =

Ma
— (3L — 6La + 4a?)

GL upward

Problem 659

A simple beam supports a concentrated load placed anywhere on the span, as shown in Fig. P-659.
Measuring x from A, show that the maximum deflection occurs at x = V[(L? - b?)/3].

.I"q.-_

Ry

Figure P-659

i

L 4




Solution 659

HideClick here to show or hide the solution

EJ‘LIRZ = ﬂ P

LR, = FPh ‘.;_ X >
a D b

R, — Pb/L Lw[ r\‘\\\__ Vi(jbn
' \

YMp, =0 R; = Pb/L R; = Pa/L

LB, = Fa ‘R4L = (Pb/L)L = Pb

Ry = Pa/L

Ph Ph
—

tas =y
AfD — El

Farm =
AfD E] !
tarp =
AfD El

L, .fPh
tasp =57 |37 | T2

ta/p = =577

toyp = %(ﬂ?‘f‘-ﬁrru]xr:

toyp = — é[L — ) (Ph— )+

13|

(L — &)y — %th]
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ten = % _%[L_J-]E (P.?; — %n:) + %[L — )2 (%x) _ %th]
ten = % :%P@;(L —x)? (1 — %) + %FE}[L— r)? (%) — %FF}S]
tern = é :%IZL —x)® + g{L — )% — PTEF]

From the figure:

tasp =toyp

%%J‘z = % [%[L —x)* + %[L —z)r — %’131

%TS = %(L — )+ %[L —a)z — PThz

237 ~(L— ) N 3L —ax)Pr
L L L

207 = (L —a)® + 3(L — x)%x — Lb*

2% = (L* —3L%r +3La” — ) + 3(L7 — 2L + 27 ) — LV
2% = L* — 3L%r 4+ 3L —x® 4 3L°r — 6La® 4 327 — LI
(0=L%—3La" — LI

(0=L%—3z" - b

3 = L7 — b°

TN T3 (okay!)

Problem 660
A simply supported beam is loaded by a couple M at its right end, as shown in Fig. P-660. Show that
the maximum deflection occurs at x = 0.577L.



£ ; %)

Figure P-660

Solution 660

HideClick here to show or hide the solution

E.!rt_.h-',_f_- = (AIT‘E'I-A”)X__-\

- _-’Lf.r -
Elty e = g (T) (3x)
Ma*
Eltaje =37

-M(L - x)/L

Eltge = (Areapc) Xp

ET if'-j,‘f.-,_r_.‘ = ﬂfl[L — :]%(L — ”:} _ %(L _ .'J‘f]

M

Eltpe=+tM(L—x)? - -
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M

Eltpc = 6L (L —x)*[3L —2(L — )]
M .
ET if‘.lr;.l,-',_r_: = E(L — J‘]l"l:L -+ 2.!]
M M
Eltg, = L—x)*4+ —(L—ux)*
B/C G( x)” + SL{ r)
M Mzr .
Eltyc = (L = 2La +2%) + S—I:(Lf — 9Lz + 27)
EIt M L* MLr n Mzr® N MLxr 2Mzx* N Ma?
SECT g T s 6 3 3 3L
MI* Mz Mi*
Eltg, = —
Be 6 2 "3

From the figure
Elt o= Eltgc

Mz* ML® Mai2* Mr®

3L 6 2 +3L

Mz*  ML*

x=057T7L (okay!)

Problem 661
Compute the midspan deflection of the symmetrically loaded beam shown in Fig. P-661. Check your
answer by letting a = L/2 and comparing with the answer to Problem 609.

Figure P-661
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Solution 661

HideClick here to show or hide the solution

.E‘.Ir t"‘.-".” = (A]"f‘ﬂ._-“'_g] J_:_,Jl

p p

TFEY

LWD s — 4

R1—P R=P

/‘ Puz

\I P(L/2 - a)

E.!rt_.h-'” = %[:% (lPL}[ ( }] — Sl —E'I]P(%L— fF-][fL-I— %(%L—H]]

E.!rt_.h-';g = 1pr®— %PEFE%L — ”_)2 — %P[%L _ ﬂjlz

Elty g = 5PL® —iPa(;L? — La+a®) — 2 P(:L° — L% + 2 La” — a®)

2

Eltyp= 21—_,‘1:".[;3 — %PLEEI T %PLHE — éPflz — 31—4PL3 + iPszl — %PLHE +
Lpg?
3

Er i"-_-*.!-';_q = %PLEFL — %Pfia

Eltyp = 3;Pa(3L7 — 4a?)

answer

When a = %L
E.!rt_.h.'” == iP % }[3_[.2 [%L]E]
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Elt, ;= LPL(2L%)

ET tasp = iP L? — answer

Eltas = 25PL7) (okgyy)

HideClick here to show or hide the solution
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W i Wy

IRAAANARS AR AEELLS B FYy Yy Yy vy wwywyy

tn.fa]:l e %}‘

wiww.mathalino.com

i l'l"\":. T
R =w,a Rz=wya
< —a >
e Lf/2+—>

12 wo(¥z L —a)?

2™ degree —, ,._a
| 2 W, La
www.mathalino.com
2" degree _f ~1/8 w, L2

ET t“‘f"” = {A‘I‘r‘.fr._,1”] X.-"l

Lu,(AL—a)?|[a+2(2L—a) |+ L(LL) (2w, La)(LL) -

2

Eltyp= %u'ﬂa{%L —a)® 4+ tw, (1L —a)* + 2—14_1:'35_-53& — ﬁw L*

Eltyp = sweal 3(L —2a)* + 2w,[ $(L — 2a) [* + Zw, L% — zw, L*

Eltyp = swoa(l — 2a)® + 2w, (L — 2a)* + Lw, L% — 2w, L*

1'7’3 1238

Eltyp= swa L% — 3_[.2(2{1] +3L(2a)* — (2a)% | 4+ Low,[ L* — 4L%(2a) +
6L*(2a)* 4L(2ﬂ.] (2a)*] + JywoL%a — 5w, LY

Eft,hm = u oLt — uuLga + = '!!quJ', _E" a? +ﬁu1 L*—%'ﬂ:ﬂLzu+

a3 2 1 1 a1 n
16 nl=a 4u, Lﬂ. +Suga | 241: L 135”“L

Eltyp = scw,L?a® — Lu,a®

ET tﬂ;"U = j—sﬂ-‘ﬂﬂ.zl::}Lg — ?I‘lgj answer



Check Problem 653:
Wo=600N/m;L=5m;a=2m

Eltyp = L(600)(2%)[3(5%) —2(22)]

— 3
EI'F:'AJ,FB = 3350 N-m (okay!)

When a = L/2 (the load is over the entire span)
ETtap = g5wolzL)*[3L* — 2(3L)?]

EI'!-'A;E == L‘!.EJE,L!E|:3L2 — %Lg]

192

Eltyp= pzw,L?[2L7]

EItAfE = %WBLE

Therefore
5 S, L*
T 3RAET

HideClick here to show or hide the solution
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e— 8 —a»e— 2b —e— a —»
Wo

C

.n':". LA A A AN

| = \::‘\'m =
t"fﬂrl -\-\_‘___‘_ E-_/ i

'(—sz =d+ b—)‘

_ wob (a + b)
m

2™ degree —’N 12 W, h?

Eltyp = (Areaqp) X
Eltyp=z(a+b)wbla+b)][3(a+b)] — sb(zw,b*)(a + 3b)
Eltyp = sw,bla+b)* — 2w, b*(a + 3b)

Eltyp = suw,bla+b)* — Juw,b*(da + 3h)

Eltyp = sw,bla+b)° — S;w,b®[ (2a + 2b) + (a +b) +a
Eltyp=sw,b(1L)® — Lw,b*[L + 1L+ al

Eltyp= rw,L%— 2w,b* (2L + a)

Eltyp = gw,L% — Lw,b*(3L 4 2a)

Eltyp = gwol®h— Lw, b 3L + (L — 2b)]

Eltyp= 3,1—411-'5113&— ﬁ'u:ﬂb:'l:d_-ﬂ- — 2b)

Eltyp = 5w, L — frw b (2L — b)

ET t‘,hf” = %Hfﬂb[ L3 — bE{EL — li_il:| ]



EItAfE‘ = iwﬂb[La — szﬂ —+ ba} answer

When 2b=L;b="%L
EItAfE = iwﬂ{%L}[La — EL{%L]E + (%L}a]
EI'F:A;B = %wﬂL[La - %La + %La]

Eltyp= iwﬂL[gLa]

_ 5
Eltap = gpw.l? (okay!)

- B

Figure P-664 and P-665

HideClick here to show or hide the solution
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Yc 151 D | .
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T_ www.mathalino.com
taic |. ‘ i .jE "
I-( d )l-i'( d —»< a o« a

Ri=P/2 Pa R; = P/2
Pa/2 Pa/2
M Diagram
2Pa3EI
Pa/2EI Pa/3EL pa/2E1
“ o
Pa/3EL Pa/3EI *.
wowwmathaling.com _ _ _ "% |

M/EI Diagram

tasc = E(f‘-?‘f‘ﬂ-.w:) X

Pa Pa : 2Pa Pa -
1 2 IR I DRRS P (e S I
tasc = za (EEI) (Fa) +a (SEI) (Fa) + sa (.’]EI SEI) (3a)

f i =
AC T GET T 2EI T 1RET
; 17 Pa®
A/C I8ET
Therefore,
5 - 17Pa?
midapon — 18E]T answer

Problem 665
Replace the concentrated load in Prob. 664 by a uniformly distributed load of intensity w, acting over
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the middle half of the beam. Find the maximum deflection.

Solution

HideClick here to show or hide the solution

665

W,

Wy

AAREEEN] wD I

E

WA, I'I1.:|"|'I-:||Ir'|::l com
r‘ f 1.51
' - Mi— g

R1:

Wed

2w{'a RZ = Wpd

Wod

i degre;>\

w,a’/El

/’

2 Woa®
M Diagram

4/3 wi,a%/El

" 2/3 w,a¥/El
L wc,azf EI

\I\

2/3 woa/El

2{3 wﬂaz,#Er

www.mathalino.com -

Fi

2" degree —'

1
f_.-‘[f.-'(," — El:.nq.?'f‘ﬁ._-l(::l X_.i.

1/3 wpa’
M/EI Diagram
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. 2 2 . _3 ] 3 1 2 _ ,“ 2
e = 4o (M ) Gosa (57 ) Gorrte (5 ) Go-ta (57 ) G

4 4

woat  w,a S0 Tw,at

f i — -
AC T 3pr U OEI OEI  3GE[

; B 6lew,a?
AT 36ET

Therefore,
5 61w,
midapan —
v J6ET answer

Problem 666
Determine the value of EIé at the right end of the overhanging beam shown in Fig. P-666.

Figure P-666

www.mathalino.com

WY Y Y Y Y Y Y

Solution 666

HideClick here to show or hide the solution

YMp =10 Wo

: twar x\
t’.IR__J, — !!-'”fjlz%fi] | A E;.é:.rw\m ik J \..rI:
wiwrw.mathalino.com %\\‘fﬁ
Tts

a———f«—0>b

2
w1, b

2a

Ry=

Ra = Va2 wob/a Rp

www. mathalino.com

Eltyp = (Areap) X

2" degree

Eltyp = za(3w,b%)(2a)

2 W, b?

Eltyp= %u':,r:,zhz
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Elteyp = (Areapc) X¢
EI'!-'Q;E = %b{%wﬂbg} {Eb}

EI'!-'Q;B = %wﬂb‘l'

Yo tasm
b a
b
Yer = —tan
i

]
EIyG = EEItA.-'rB

]
EIyGr = E{%wgﬂzbz}

Ely~ = Elwﬂﬂba

3 = yo +toyn
EIE(_‘; = EI_T;C +EIthE
Eld- = %wﬂﬂb"’ + %wﬂlﬁ

Elé- = iwﬂba{dﬂ + 3b) answer

6ft

Rz
Figure P-667




Solution 667

HideClick here to show or hide the solution

Eﬂffﬁz = ﬂ]

OR, +4(60) = 1(6)(100)(2)

ba| =

R, =40 Ib

SMp, =0
OR, = (6)(100)(7) + 13(60)

R, = 320 Ih

100 Ib/ft 60 Ib

[et)

3 tos
» Ve
L %
-|—’|l:l'| E ! ] -
1( B C
3t 4ft
tayn| Ry =401Ib R: =3201b
360 N-m
www . mathalino.com
3" degree —/ ~240 N-m
—600 N-m

E.!r t‘fh,r” = [:AT(‘.H._,“;) X_.{

Elty,p = £(9)(360)(6G) — $(6)(600)(32)
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E.Erf_h.'” = 2700 N - l'li].‘3

Elteyp= (Areapc) Xeo
Eltop = —é(d][?d[])(%)
Elteyp=—1280 N - rn”

The negative sign indicates that the elastic curve is below the tangent line. It is shown in the
figure indicated as tcs. See Rules of Sign for Area-Moment Method.

Ve = 3tap
ET Y = %Eff_'lf.-'”
ETlye = %[ET[JIJJ

ETye =1200 N-m?®

Since the absolute value of EI tes is greater than the absolute value of El yc, the elastic curve is
below the undeformed neutral axis (NA) of the beam.

Therefore,
Elédp = 1280 — 1200

Eldp =80 N-m® pelow C (deflection is down)  answer

Problem 668
For the beam shown in Fig. P-668, compute the value of P that will cause the tangent to the elastic
curve over support R, to be horizontal. What will then be the value of EI8 under the 100-Ib load?
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HideClick here to show or hide the solution

10R, + 3P = 6(100)

R, = 60 —0.30P

100 1b P
A B www.mathalino.com
D
4 ft cp 3
Ri =60 -0.3P Ra

240 - 1.2P

Eltye=0
(ATEGAG} -XA =1

L(10) (600 — 3P)(2) — 1(6)(600)(8) = 0
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P==5h61b answer

Thus,
240 —-1.2P =1728 1b

600 —3F =432 1b

Under the 100-1b load:
El i"-;;{.-'._r_.' — [a‘i?'ftﬂ”(_-jl j:;;

Eltge = L(6)(172.8)(2) + £(6)(432)(4) — 1(6)(600)(4)

L=

Eltg;c = -979.2 1b- ft°

The negative sign indicates that the elastic curve is below the reference tangent.

Therefore,
Eldp=979.2 1b- ft* downward answer

Problem 669
Compute the value of EI5 midway between the supports of the beam shown in Fig. P-669.

120 Ib/ 120 |b/ft
\'ﬁi\f"l"‘ll"\l‘“‘ll"\l"\l" Fry ¥y ¥y Yy
A st 6ft A 6ft

wiarw.mathalino.com

Ri Figure P-669 R;

Solution 669

HideClick here to show or hide the solution

YMp, =0
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12R, + 3(6)(120) = 9(6)(120)

R, = 360 1b

SMp, =0
12R, = 3(6)(120) + 15(6)(120)

By = 1080 1b

By ratio and proportion:

a 4320
6 12
a = 2160 b -t

By squared property of parabola:
b —8640

G2 122

b= —2160 1b - ft

E.!rt,_r_'f_,{ = {A‘J"{‘.{L_,al(,':l X(,'

www.mathalino.com 120 Ib-"rft

LA A & o R R AR A A AR J"ﬂ"‘u"

R; =360 Ib

A
A st BTTTMIIMTEC et

120 Ib/ft

B, =1080 Ib |

2" degree —, izlﬁﬂ Ib-ft

4320 |bft

2™ degree —'

www.mathaling.com

s

taic

2160 Ib-ft |

—8640 Ibft

Undeformed beam
| Ye1 tajc 7}\ ki i
Z 2 -\"( )

A

Elastic curve

wwrw . mathalimo.com

Eltcpq = 2(6)(2160)(2) + £(12)(4320)(4) — (12)(8640)(3)

Elteyq = 6480 1b- ft°

Eltpa = (Area p) X
Eltpsa = 5(6a)(2) — 3(6b)(3)
E.!rt;;ll.rﬂ = G — 3b

Eltg, 4 = 6(2160) — 3(2160)

Ci
Yoz

L



Eltg 4 = 6480 1b- ft”

With the values of EI tc/a and EI tg/a, it is obvious that the elastic curve is above point B. The
deflection at B (up or down) can also be determined by comparing the values of tg/a and yg>.

By ratio and proportion:

Ypz  tega
G 12
Upz = stoga

Elypy = 2 Eltc)q
Elyp, = 1(6480)

Elyps = 3240 1b - ft*

Since tga is greater than ys,, the elastic curve is above point B as concluded previously.

Therefore,
Eldg =Eltga—Elyp,

ETdp = 6480 — 3240

El6z = 3240 b - ft° answer

You can also find the value EI 65 by finding tasc, tsc, and ysi. I encourage you to do it yourself.

Problem 670
Determine the value of EIS at the left end of the overhanging beam shown in Fig. P-670.



HideClick here to show or hide the solution

Y My =0
3R, = 600 + 4(3)(900)(1)

R, =650 N

Y Mpy =0

3R, + 600 = 1(3)(900)(2)

2

R, =700 N
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_ 900 MN/m
M = 600 N-m :
'5.'!1 t;,qn'ﬂ 'B ic
: A
R; =650 N R: =700 N
1950 N-m
wwwar.mathalino.com
—&00 MN-m
3 degree —'

—1350 N-m

E.!rt,_fl!-'” = (AIT‘{F.H(-] X{l
Eltc s = 2(3)(1950)(1) — 3(600)(2) — 1(3)(1350)(2)

El if‘-('!-';_q = —3825 N- 111“3

ET t."i_,.".l'i = (AIT‘EF._-HSII X_.-‘[
Eltyp=—1(600)(%)
E.lrt_-*.!-';g = —300 N - 11].:s

The negative signs above indicates only the location of elastic curve relative to the reference
tangent. It does not indicate magnitude. It shows that the elastic curve is below the reference

tangent at points A and C.

By ratio and proportion
6a—tam  ton
1 3




N |
04 = Stoyp +tasp

Eld, = %[38?.5] + 300

v 5_1 = 4275 N. 1I1"3 answer

Midspan Deflection | Deflections in Simply Supported Beams

In simply supported beams, the tangent drawn to the elastic curve at the point of maximum
deflection is horizontal and parallel to the unloaded beam. It simply means that the deviation from
unsettling supports to the horizontal tangent is equal to the maximum deflection. If the simple beam
is symmetrically loaded, the maximum deflection will occur at the midspan.

Finding the midspan deflection of a symmetrically loaded simple beam is straightforward because its
value is equal to the maximum deflection. In unsymmetrically loaded simple beam however, the
midspan deflection is not equal to the maximum deflection. To deal with unsymmetrically loaded
simple beam, we will add a symmetrically placed load for each load actually acting on the beam,

making the beam symmetrically loaded. The effect of this transformation to symmetry will double the
actual midspan deflection, making the actual midspan deflection equal to one-half of the midspan

deflection of the transformed symmetrically loaded beam.

Problem 673
For the beam shown in Fig. P-673, show that the midspan deflection is & = (Pb/48El) (3L? - 4b?).
t P
A a B b C
www.mathaling.cor
L L
Ri
Figure P-673
Solution 673

HideClick here to show or hide the solution
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A b P‘ EJP b "
t,,,fMTr\\_\_ _/,f**

e——— | /2 —>M
Ri= (_L}‘sz—b R:=P

5 PL
\I —P(L/2 — b)

El tajm = (Areaqpy) _.f_.}

Eltyms = 2(3L)(2PL)[ £(

2 2

L)) = YL —b)P(LL—b)[b+ 2(LL —b)]

E.Irt_.‘!.'nd &S LPLS _ %PL’J{%L _ b]? _ %P(%L _ EJIIS

: L—260\% . [/L—2p\"
.E‘.Ir t_.‘;n_.: — iPLS — %Ph ( - J) _ %P( 2 j)

]

Eltym = iPLE — %Ph[L —2h)% — iP{L — 2b)°

Eltam = 4 PL* — 1Pb(L? — ALb+ 4b%) — L P(L* — 6L%b + 12L1b* — 8b%)
Elty = 2 PL*—LPL%4 LPLY*— 1P — L PL* 4+ 1 PL2h—LPLI? L Pb
Elt = $PL?b — L PV

Elty g = 37 PH(3L° — 4b°)

Ph

fam = 51T (3L* — 4b7)

1
ari'.l.\i:i.upﬂn — Ef_.-‘[.,-"hf

Ph
5‘”.'\5: ApaN — A T JLE — 4?2
idapan = Jep( ") okayh)



Problem 674
Find the deflection midway between the supports for the overhanging beam shown in Fig. P-674.

Figure P-674 p ‘

=) 1
wwwr.mathalino.com 4)‘
E L J a8

Solution 674

HideClick here to show or hide the solution

Yo —PI[%L—I—E!II
a %L—F a

y=—PFPa

P P
weww. mathalino.com
A TpelB Tl D

—P(L/2 + a)

Eltg,e = (Areape) Xp
Eltge=L(1L)(LPL) 2(LL) ]~ (ALY () L(LL) |~ L(LL) P(LL+a)][2(1L)]
Eltpje = +=PL* — LPL*a — LPL*(LL +a)

Eltg,c= LPL?— %PLEKL — z—l_LI-_"‘L3 — %FLEKL
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EI'!-'E;G = —%PLEG

24 = tgfg
1 1
=2 |-—_PIL®
2 | RET “}
5——— 1 prea
- 16ET

1 2
= — ard
d 16ET PL7a upw answer

HideClick here to show or hide the solution

M =wya(3L) —w,a(3L + Za)
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Problem 676
Determine the midspan deflection of the simply supported beam loaded by the couple shown in Fig.
P-676.

M
34 T L4

$ wwwr.mathalino.com ;’ ;
" L }I

|3

Figure P-676

Solution 676

HideClick here to show or hide the solution

Eltyo = (Areasc) Xy
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3" degree —.
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www.mathalino.com
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Jur Lt
1280ET

tsm-i,d' apan —

HideAnother Solution

answer

Wo

tma-’ii S — ) M
" iz~ )

Ry = % wel
1/24 w,L?

www.mathalino.com

—12 Wo( V2 L)(1/3)(V2 L) = —1/24 w,2

M=

2

M =

1., 72
SrWel
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EItAfE = %WBLE

Ju, L?

f —
ABTGA0ET  (okay!)
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E e

Eltyp= %{2.5](3?5(]]{%) — %{1.5](135(]]{2) — %{[].5](3[](]}{?]

E.Irt_.h.'” = 5612.5 N . l'Il3

ET ta1r.lw.ir]‘.-s;|'.1|'.nlL = %(Eft."l_,-"h'j

ETl ti1r.lerJ‘.-s;|'.:r.rﬂ = %{56125]
ET a1r.lerJ‘.=s;|'.1r.rﬂ = 2806.25 N - m? p—
Problem 679

Determine the midspan value of EI§ for the beam shown in Fig. P-679 that carries a uniformly

varying load over part of the span.
o mﬂhm
L
| |
www, mathalino.com
t‘i 6ft —o—4ft —»\ez Ft—)t
Rz

Ry

Figure P-679

Solution 679

HideClick here to show or hide the solution
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/ 720 Ibft

Eltyp = (Areas) X,
Elty g = 5(6)(720)(4) — 3(4)(160)(32)

Elty;p=T808 b ft°

EI§=L(Eltyp)
EI6 = L(TRO0R)

EId=23904 1b-£t? answer

Rz

Figure P-680
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600N 600N
1m 1m
=]

th%t

Ri = EI”[] N Rz = E‘lf][] N

/ 1200 MN-m
—600 M-m
—600 N-m

Eltyp = (Areasp) X4
Eltyp = 1(2)(1200)(2) — 600(1)(2) — 1(1)(600)(%)

E.Irt_.h.'” = 2':]':] N . 11.1‘3

EI§=L(Eltyp)

L=

Eld= %{EE]E.‘J)

ETé =100 N-m? answer

Problem 681
Show that the midspan value of EI3 is (wob/48)(L® - 2Lb? + b®) for the beam in part (a) of Fig. P-681.
Then use this result to find the midspan EIé of the loading in part (b) by assuming the loading to
exceed over two separate intervals that start from midspan and adding the results.
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< L/2 — b —| 800 N-m
Wo l
www.mathalino.com gy wy vy vy N W WV W Y Y

[ ] [ ]
i wwrw.mathalinc.com

» L > 2m —E—— 3Im —> i
R . R Ry . R
' Figure P-681(a) : . Figure P-681(h)

Solution 681

HideClick here to show or hide the solution

Part (a)

r—b—}-c—bl—ﬂ

Wy

A L ‘|"‘|f‘|l'"|l‘"|l‘"|r"-|r'"|r’\r"\f\r\r-\r\r-\r--"-lw,".- i
tﬁ."E r‘ \wirnd:ha iriV
B

Ry = bw, R; = bw,
e Lf3 >l

Y2 Lbw,

(2L - b)/4

_E‘_!i' t_.h.-” = (Al'f‘fi‘..-l”) J_:Jl

Eltyp = %[%L]{%Lhwu]{ L)— %{h]{%hzu.‘”]i[ZL — b)

1
3

Eltyp= L 3w, — %Lh‘guru + ih“ gy

24
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Bl t.’l_.-"ﬁ = 21—4!!-'”53[153 — ELPJE + E.Jaj

EIf= 3(Eltyp)
Eld = %[ ﬁu:t,h(LS — 2LH* + b |
w1, h
Eléd=—2(L* —2L +1*
48 ( ") answer
Part (b)

EI§ = EIS, + EI4,

800 M-m

vy r\r’\r\r’l\f’n Y Y Y'Y
[ ]

[ Ldeel |

biz 1m
Ry Rz

"m-vm,.-tl'al no.com L=6m )|

EI6 = Lwyby(L* — 2Lby* +b,%) + 2 w,bo(L? — 2Lby" + by°)
ET§ = L(800)(1)[6 — 2(6)(1%) + 1] + L& (800)(2)[ 6* — 2(6)(2?) + 2°]
ETd = 3416.67 + 5866.67
ET§=90283.34 N -m? answer
Method of Superposition | Beam Deflection

The slope or deflection at any point on the beam is equal to the resultant of the slopes or deflections
at that point caused by each of the load acting separately.
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Case 8: Uniformly distributed load over the entire span
of simple beam

Maximum Moment ¥
'y Lg W
M="2e :
)
\b‘f\f\f"‘.‘vl’f"\f"\ WYY Y YWYy
Slope at end 3 W— X
w,, L * L
B =tp = R R-
24F71 1} L > ™2
Maximum deflection
B 5w, L*
 3R4ET

Deflection Equation (¥ is positive downward)

ro . el g 2 3
Ely n (L° — 2La" + x°)

Case 9: Triangle load with zero at one support and full at
the other support of simple beam

Maximum Moment ¥ -
w, L7 ' 8
M = H:'II,_ | L L J Yy X
Ak =% %¥)
Slope at end Ry L » Rz
g — Tw, L*
" 360EI
8w, L?
Br =
360ET

Maximuin deflection
2.5w,L
= ——— at x = 0.519L
3saEpr T
Deflection Equation (¥ is positive downward)

p et a 2.2, a4
Ely SEDL{?L L0L z* + 3x%)

Case 10: Triangular load with zero at each support and full at the midspan of simple beam
Maximum Moment

w7
M=
12







HideClick here to show or hide the solution

From Case No. 7 of Summary of Beam Loadings, deflection at the center is

] 3L7 — 4b*) when a > b

= ®REI"

Thus, for Fig. P-685

EI Omidgspan = EI Omidaspan due to 100 1b force + EI dmiaspan due to 80 Ib force

ET bynidapan = 3 %(BLE — 4b%)
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mu )[3 02) — 4(2%)] + 5[1[3)[3,:] 4(32)]

ET a1r.lerJ‘.-s;|'.:r.rﬂ =
ET tiJr.lw.irj‘.-s;r.ir.nlL = 045.83 + 1035
ET ﬁ,,,m.ﬂ,u“ = 1980.83 1b - ft* answer

Problem 686
Determine the value of EI8 under each concentrated load in Fig. P-686.

SO0 N 200 M

2m * 2m &lm

Figure P-GB6G R:

e

Solution 686

HideClick here to show or hide the solution

From Case No. 7 of Summary of Beam Loadings, the deflection equations are
y CaseNo.7 P t
| a b

Pb =
E-‘Iy_ﬁ—;(L a2 P for0<x <a reL P X
o L e
Ely= ‘?E |:f|[.! —a)* + (L2 = b)) —2*| fora<ax < L

The point under the load F is generally located at = & and at this point, both equations above
will become

Fuah

Ely—
Y= %L

—(L* —a® — %)
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Deflection under the 500 N load

EI6 = EIS due to 500 N load + EId due to 800 N load

500{2)(3) 8OO(1)(2

. g2 Q2 2 ]|'_3 Q2 2
EI§= 55) (52 — 22 —32) ¢ 56) (52 —22 —12)

ET4&=1200+ 1066.67

ETé = 2266.67 N - m® answer

Deflection under the 800 N load

EId = EIb due to 500 N load + EId due to 800 N load

500(3) |5 - 800{1)(4)
Elé = (4 —2)3 4 (52 — 32)(4) — 43| 4 T (52 g2 12
iy 52 -3 - o] 4 s |
ET§ = 666.67 + 853.33
ETd§=1520 N-m? answer
Problem 687
Determine the midspan deflection of the beam shown in Fig. P-687 if E = 10 GPa and | = 20 x
105 mm*.
1 kM/m
A 4m )
www.mathalino.com
Ri Figure P-687 Rz
Solution 687

HideClick here to show or hide the solution
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Fh
4=
From Case No. 7, midspan deflection is A8ET

(3L% — 4b*) when a > b

b Case No. §
“I
y CaseNo.7 PL o
| d b L AR AR A AR A AR R AR R &
o] 1 CEp s ‘ = ’ 3 l %
b j W
R1je L Rz Rile L > Rz

Sur, L*

From Case No. 8, midspan deflectionis 384 FET

Midspan deflection of the given beam

EIS = EIS due to 2 kN concentrated load + EIS due to 1 kN/m uniform loading

EI6— %(35 _4?) 4 “;8?
201) oo B(1)(4%

EIf= iE][S(:L ) —4(1%)] + %
Ers=4+ 3
Eld = % kN - m®

31
-5

_ 24 {1000%)

10000(20 x 106

A = 25.83 mm answer
Problem 688

Determine the midspan value of Eld at the left end of the beam shown in Fig. P-688.
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b Case No. 12

_ ML o _ P —17)
3E] L= " SEIL

W

¥
5 &
Mathalino.com
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2000 Ib/ft

10 ft

Figure P-689
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HideClick here to show or hide the solution

The overhang is resolved into simple beam with end moments. The magnitude of
end moment is,

M = 2000(2)(1) + 2P

M = 4000+ 2P

Moment of inertia of beam section

()
1212
512
I = m*
3
p p
2000 |b/ft Y
L VW W W Y Y '"'"ll"l"n""ll" F\f\F\f\F\*Fl\F\F\\F\f'F
wowwi.mathalino.com
2 ft 2 ft
e > 10 ft < b
Rz 2
2000 Ib/ft
3in
M o, 1
(\r’v\f\l\r’\r"\r\r’r\r’\ ¥ W Oy \r’v'\r’\)
www.mathalino.com
1 4in
Cross Section

The midspan deflection is a combination of deflection due to uniform load and two end
moments. Use Case No. 8 and Cases No. 8, 11, and 12 to solve for the midspan deflection.
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Type of Loading

Midspan Deflection

b Case No. 8
l B 5w, L*
AAAAAARTATAT2 SN CARAET
* @ ) ?ﬁ
W,
Ri le > Rz
‘:f' Case No. 11
M a
R ’}, . N ML
f 1 16ET
Y R:
Case No. 12
[
(J-\ _— _ ML=
B, 5 16ET

-
'f)-’rrnir.r.u_uur.l —

SwoL* l MIL? ]

3R4ET 16ET
~5(2000)(10%)(127) 5 (4000 + 2P)(10%)(12%)
384(1.5 x 109)(22) 16(1.5 x 105)(222)

G 225 27(4000 4 2P)
2T 18 T T 320000
160000 = 562500 — 27(4000 + 2P)

27(4000 4+ 2P) = 402 500




2F = 10907.40

P = 54537 lb answer

Problem 690

The beam shown in Fig. P-690 has a rectangular cross section 50 mm wide. Determine the proper
depth d of the beam if the midspan deflection of the beam is not to exceed 20 mm and the flexural

stress is limited to 10 MPa. Use E = 10 GPa.

400N BO0 N
1m ll ml Im
|

1 www.mathalino.com

#—

Ry Figure P-690 Rz
Solution 690
HideClick here to show or hide the solution
YMp, =10 400 M 600 M
5, = 4(400) + 3(600) LN A
l www,mathalino.com 1
R, =680 N < 5 m >
Ri =680 N R:=320N
M = 0 L{:-atil Diagram
680 N
5Ry = 1{400) + 2(600) 280 1l
Ry =320 N
-380 N
Shear Diagram
Based on allowable flexural stress 960! N-m
GM,, 0 680 N-m__—

{fﬁ )]r.'ﬂ:i' = hel? /

6(960)(1000)

==z

Moment Diagram
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d* = 11520

d = 107.33 mm

Based on allowable midspan deflection. Use Case No. 7, the midspan deflection of simple beam

under concentrated load is given by y CaseNo.7 F ‘
| a b
Fb
4= iLSEII:JL —4b%) when a > b

For the given beam, the midspan deflection is the sum of the midspan deflection of each load
acting separately.

—stEI{:}L — 4
L 400(1)(1000%) ﬁ[][](?)(l()()EF] . ,
0= 4810 0001) [3(5%) — 4] + 48(100007) [3(5%) — 4(2°) ]

20(100001)  400(1) _ . o 600(2), .
- 3(5%) — 4(12)] + ——=13(52) — 4(22)

1000 1 (307) — 41 ]+ — =3 (2]
I 1775

[ ThH

5000~ 3 T

I 6200

5000 3

I =10333333.33

Bid®

o 10333333.33
12

[ B

04”1 133333333
4% — 2 480000

d = 135.30 mm

Use d =135.36 mm answer
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Problem 691
Determine the midspan deflection for the beam shown in Fig. P-691. (Hint: Apply Case No. 7 and
integrate.)

W, Wo

LA AARARARS  AAAARAR R R
wiww, mathalino.com

A—l=—
-

d > 8 a *>
« L >
Rz . R
Figure P-691 ’

Solution 691

HideClick here to show or hide the solution

From Case No. 7, the midspan deflection is

y CaseNo.7 P

B Ph
CARET

] (3L° — 4b*) when a > b

For the given beam

F = w,dxr
h=ua
“ wyda)r e % L-x ——
4 = 2_[ {“L[:SLE — 4a?) "( W,
n  A8ET
— tes [“{3_[.2 . 4 .3) ir wﬂde
N 24ET Jin T AE e wiww.mathalino.com £ A
. 2.2 e ﬂ" & > o3 d }i
5 — Ltle 3L B J‘4 ) L i
24ET 2 o b -
Rz RZ
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5 w,  [3L2x% — 227"
 24ET 2

1]

_ Yo a2z 2 5 4
A= 18E] [JL i Efi:|

wea® o g

answer

Problem 692
Find the value of EI5 midway between the supports for the beam shown in Fig. P-692. (Hint:
Combine Case No. 11 and one half of Case No. 8.)

120 Ib/ft 120 |b/ft
WO Y Y W W Y Y Y WYY Y Y YWY YWY Y Y
www.mathalino.com
A 6 ft 6 ft A 6 ft
Ry Figure P-692 Rz
Solution 692

HideClick here to show or hide the solution

The midspan deflection from Case No. 8 and Case No. 11 are respectively,

Case No. 8
W
Sur,, L*
5 - m AR AR A SRR S LR R L EEEE X
WL =
“0 l
R1le L > Rz



http://www.mathalino.com/image/case-11-rotation-and-deflection-beam
http://www.mathalino.com/image/case-8-rotation-and-deflection-beam
http://www.mathalino.com/reviewer/strength-materials-mechanics-materials/solution-problem-692-beam-deflection-method-superpos

¥ Case No. 11

_ ML?
AGET

The given beam is transformed into a simple beam with end moment at the right support due to
the load at the overhang as shown in the figure below.

120 Ib/ft 120 Ib/ft

W W Y Y Y Y Y Y Y WYY Y YWY YWY Y Y
www.mathalino.com

i 6 ft 6 ft A 6 ft
R Rz

120 Ib/ft

2160 Ib-ft

! ALAAAELE ‘-|)
A 6 ft 6 ft '

EIS = "2 of EId due to uniform load over the entire span - EI5 due to end moment

1 [5(120)(12%]  2160(122)
ET aJr.uEr AL T o -
fepan = o [ 384 16

EI 6, idupan = 16200 — 19440

ET ti1r.lw.ir]‘.-s;|'.1|'.nlL = —3240



ET 68 idepan = 3240 1b - ft* upward answer

Problem 693
Determine the value of EIé at the left end of the overhanging beam in Fig. P-693.

800 b
M = 600 |b-ft
i L
www.mathalino.com
}( L
2ft 3ft 1.5ft
Ry Rz
Figure P-693
Solution 693

HideClick here to show or hide the solution

The rotation at the left support is the combination of Case No. 7 and Case No. 12.

y CaseNo.7 P
b

b PB(L? — b?)
L= TTGEIL

Case No. 12

y
M
ML (‘L‘
= — —ik
o= 357 o 15 ?ifﬁt
E > R

Ry '«(
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The overhang beam is transformed into a simple beam and the end moment at the free end of the
overhang is carried to the left support of the transformed beam.

200 |b

M = 600 |b-ft ///_/_1/

ino.com

B Ph{L* —b*) ML

GEIL  3EI
~ 800(1.5)(4.5% — 1.5%)  600(4.5)
a 6EI(4.5) ~ 3EI
B =00 Q00
~ EI EI
100
f=——
El

The negative sign indicates that the rotation at the left end contributed by the end moment (taken
as negative) is greater than the rotation at the left end contributed by the concentrated load (taken
as positive).

From Case No. 5, the end deflection is


http://www.mathalino.com/image/case-5-rotation-and-deflection-beam

B ML Y Case No. 5

0= 2ET

Mathalino.com

The deflection at the overhang due to moment load alone is

5 600(22) I L ”
M= epT
5. _ 1200
MR

Total deflection at the left end of the given beam is

=20+ 8y
100 1200
=2 (ﬁ) TR
5— 1400
- ET answer

igure P-694 and P-695
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Figure P-696

CIP
&

{1 glul TR MMM |8
o m - ey
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HideClick here to read or hide Solution 696

Apply Case No. 8 and Case No. 11 to find the slope at the right support.

80 Ib/ft

,

AALEAELRRS Mrh-f\-fw"-rlh 36
www.mathalino.com —

w, = 80 Ib/ft

l o, M = 3P
W W W W R W W Y W W WY VW W W W YW W W W W

www.mathalino.com
L=9ft

_w,L®* ML
T 24EI  3EI
) R0(9%)  3P(9)
T 24EI  3EI
2430 9P
~ EI EI

7200 2TP
W= Er T Er

Use Case No. 1 for the deflection at the free end due to concentrated load P.

_ PL?
- 3EIT
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36P 7290
EI  EI

FP=2025 b answer

Problem 697
For the beam in Prob. 696, find the value of P for which the slope over the right support will be zero.

From Solution 696,

2430 9P
- EI  EI
o, _ 2430 9P
- EI  EI
9P 2430
EI  EI
P =270 1b answer

Conjugate Beam Method | Beam Deflection

Slope on real beam = Shear on conjugate beam
Deflection on real beam = Moment on conjugate beam



Properties of Conjugate Beam

Engr. Christian Otto Mohr

1. The length of a conjugate beam is always equal to the length of the actual beam.
2. The load on the conjugate beam is the M/EI diagram of the loads on the actual beam.
3. Asimple support for the real beam remains simple support for the conjugate beam.
4. Afixed end for the real beam becomes free end for the conjugate beam.

5. The point of zero shear for the conjugate beam corresponds to a point of zero slope for the
real beam.

6. The point of maximum moment for the conjugate beam corresponds to a point of maximum
deflection for the real beam.

Supports of Conjugate Beam

Knowing that the slope on the real beam is equal to the shear on conjugate beam and the deflection
on real beam is equal to the moment on conjugate beam, the shear and bending moment at any
point on the conjugate beam must be consistent with the slope and deflection at that point of the real
beam. Take for example a real beam with fixed support; at the point of fixed support there is neither
slope nor deflection, thus, the shear and moment of the corresponding conjugate beam at that point
must be zero. Therefore, the conjugate of fixed support is free end.



Real Beam Support

Conjugate Beam Support

Hinged Support Hinged Support
Roller Support Roller Support
Fxed Support Free End

S
I =

Free End

|

Fixed Support

=

Interior Support

l

Internal Hinge

e

Internal Hinge

f

Interior Support

I
Fa

Examples of Beam and its Conjugate

The following are some examples of beams and its conjugate. Loadings are omitted.




Real Beam

Conjugate Beam

A > A r9
I | [5] ]
N oy

I @ I I |

N oy AN e oy
r rY

[#]
don
I | I @ [@] |
o oy dow  fon o o
Problem 653

Compute the midspan value of EId for the beam shown in Fig. P-653. (Hint: Draw the M diagram by
parts, starting from midspan toward the ends. Also take advantage of symmetry.

600 MN/m

A

A AAA KN ¥

600 N/m

I

¥ WY VW WY

-1

e 2 M —>

1 T ==

R,

< 2 M —

Figure P-653

Rz



Solution 653 (Using Moment Diagram by Parts)

HideClick here to show or hide the solution

By symmetry,
R, = R, = 2{600)

R, = Ry = 1200 N

600 N/m

ALNLAARNLENEER KSR Y Y Y Y Y Y Y Y Y Yy
i'f A EF

600 N/m

Ri=1200N 05m-, { 4+05m Ry=1200N

i

< 2m PL ENPS SO 2m >

75 N-mi__ End degree

3000 M-m
nd demee\f\/
1875 N-m

Moment Diagram by Parts
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75 N-m
A

3000 N-m

18?5 MN-m
Conjugate Beam Loaded with M/EI Diagram

The loads of conjugate beam are symmetrical, thus,
Fy = F, = 1[4(5)(3000) + L(1)(75) — 4 (5)(1875)]
F,=F,=2200 N-m*

For this beam, the maximum deflection will occur at the midspan.

3000 N-m

1875 N-m
Fy = 2200 N-m?

Mpicdopan = £(2.5)(3000)[2(2.5)]+2(0.5)(75)[1(0.5)]— 2 (2.5) (187!

2

2200(2.5)

*ﬂlf:mirf.-spr.rﬂ = —3350 N - m*



Therefore, the maximum deflection is
ET 5‘””?1 = JrLIfrf:"cIH;nar.'

EI&,,,, =—3350 N-m®

ET 8,0, = 3350 N -1m® pelow the neutral axis answer

Another Solution (Using the Actual Moment Diagram)

HideClick here to show or hide the solution

(Conjugate beam method using the actual moment diagram)
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600 Nfm 600 N/m

l"B C\ o R Y Y W Y Y Yy ‘H"D

Y O Y Y Y

e —— 2 m —>< 1 mae— 2 m —>
Load Diagram Ry =1200N

R; = 1200 N

1200 M

Shear Diagram
—1200 M

2™ degree 1200 N-m 2™ dhqree

Moment Diagram

1200 N-m

I o e

F Conjugate Beam Fz

By symmetry of conjugate beam
Fy = Fy = [ £(2)(1200) + 1200(1) + £(2){1200) |

Fy, = F, = 2200 N - m?



The maximum deflection will occur at the midspan of this beam

2Zm .5

) i

Y Y
!
i
|
I

»>

M >
1.25m
Fi = 2200 N-m?

|< 2.5m S

il JE

1200 M-m

=

Y
0.25m
e

M, idspan = %[2)(12[1{1)[1.2&) + 0.5(1200)(0.25) — 2.5(2200)

T . P a3
*‘llf.lr.l:-‘n'.«-:prrr.l = —3350 N-m

Therefore, the maximum deflection is
ET 'ﬁmrrr = -'ql-!..”;.'gj,.._m“,.

EI&,,,, =—3350 N .-m"
EI 8,4, = 3350 N-1n® pelow the neutral axis okay!

Problem 654
For the beam in Fig. P-654, find the value of EI$ at 2 ft from R..

80 Ib/ft

LA Y Y Y Y Y Y r‘\r’l'\r’ LA

4 ft >t 2ft—>

Ry Figure P-654 Rz

Solution 654



HideClick here to show or hide the solution

Solving for reactions
EMp, =10

6R, = 80(4)(4)

R, =1213.33 b

NMp, =0
6R, = 80(4)(2)

R, = 106.67 1b

80 Ib/ft
I
LAk r’\\l‘\‘\'\ ¢ W
Al |C
B
4 ft e 2ft >
R; =213.33 b R; = 106.67 |b
853.33 Ibft |

[l
=
&
L
[N]
=
=

2™ degree

-640 Ib-ft
Moment Diagram by Parts

From the conjugate beam
YMy=10

6F, + L(4)(640)[2(4)] = L(4)(853.33)[2(4)] + £(2)(213.33)[4 + 1(2)]
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Fy, = 497.77 1b - ft*

853.33 Ibft

,.ﬂm"ﬁ Wmm

gy c
2™ degree

¥

F. 640 |b-ft

L— 4 ft —}{—2&—»‘

Conjugate Beam Loaded with M/EI Diagram

Mp = 1(2)(213.33[1(2)] — 2F,
Mp = 1(2)(213.33[1(2)] — 2(497.77

My = —853.32 1b - ft°

Thus, the deflection at B is

EIé; = My

Eléy = —853.32 1b - it”

Elfp =85332 Ib-ft° downward answer

Problem 655
Find the value of EI5 under each concentrated load of the beam shown in Fig. P-655.
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HideClick here to show or hide the solution

YMp =0

RR, = 200(5) + 400(1)

R, =175 1b

NM, =0
8RRy = 200(3) + 400(7)

R, =425 1b
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200 b 400 |b

3ft aY aft cYitt
A | D
Ry =175 b R; =429 Ib
| 2125 Ibft
| 525 Ibft
i Yc
-1600 Ib-ft

Moment Diagram by Parts

By ratio and proportion
yer 2125

1 ]

yer =425 b - ft
From the conjugate beam

Eﬂf” =1

BF + 2(4)(1600)[1 + 2(4)] = 2(3)(525)[5 + 1(3)] + 2(5)(2125)[2(5)]

F, = 13375 1b- ft°



3ft 4ft 1ft

0 M3
2125 Ibft ¥
iy
A "i‘\;b]t;
525 |b-ft
e
A | | D
B W < &
"y
w Y
F, 1600 Ibft v* Fa

Conjugate Beam under M/EI Load

YM4 =0
8F; + L(4)(1600)[2(4)] = 1(3)(525)[2(3)] + 4 (5)(2125)[3 + 4 (5)]

F, = 1562.5 1b - ft°

Consider the section to the left of B in conjugate beam
Mp = 3(3)(525)[5(3)] — 3F,

MB = 787.5 — 3(1337.5)
Mp=-3225 1b- ft°

Thus, the deflection at B is

ET 5;; = ﬂ.{”

EI 65 =3225 1b - ft” answer

Consider the section to the right of C in conjugate beam
Mo = 3 (D(ye)[5(1)] - 1F,

3

Mg = 2(1)(425)[1(1)] — 1(1562.5)



My = —1491.67 b - ft*

Thus, the deflection at C is
El ¢ = Mg
EI 8, = —1491.67 1b - ft*

EI 8¢ = 1491.67 1b - ft downward answer

Figure P-656

HideClick here to show or hide the solution

From the real beam
My =10

AR, = 3(500) + 200

R, =425 N

NM, =0
AR, + 200 = 1(500)

R,=T5 N
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500 N

lm lB 2m o, 1 1m
Al (=1 | D
| N C

21IIIIIN-H'I

! Load Diagram
Ry =425 N |

R: =75N

1275 N-m

75 N-m

T~

Moment Diagram by Parts

From the conjugate beam
YMy=0

AF, + L(2)(1000)[1 + 2(2)] = 1(3)(1275)[2(3)] + L(1)(75)[3 + L(1)]

F, =404.17 N - m®

1275 N-m

il
T -T—

1000 N-m

Fy
|<—1m—H— 2m ﬁ\(—lm—ﬂ

Conjugate Beam under M/EI Load




Me = (1)(75)[5(1)] — 1(Fy)
Mo =125 — 1{404.17)

Mgy = —391.67 N-m®
Therefore, the deflection at C is
Eld- = Mg

Eld- = —391.67 N-m”

EId- = 39167 N-m® downward

answer

HideClick here to show or hide the solution

From the load diagram
Y My, =0

6Ry = 5(4)(600)[5(4)]

R, = 266.67 N

y 600
1 4
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y = 150 N/m

From the moment diagram
a = 3H, = 3(266.67)

a =800 N.m

= —3()w)[5(1)]

h=—

(=]

y = —£(150)

b= -2 N-m

From the conjugate beam
EMp, =0

600 N/m

Load Diagram

3m

Ry

1600 N-m

im

2Zm

R; = 266.67 N

-1600 N-m Moment Diagram by Parts

6F; + £(4)(1600)[£(4)] = 12(6)(1600)[2(6)]

F, = 1386.67 N -m”

1600 MN-m

j*st}

FIL'\
e

—1600 N-m

e— 4m

ﬂl@mﬁm

»e—vo 2 [ —>

Conjugate Beam under M/EI Load

ﬂf:mirf.-spr.rﬂ = %{ZHJ[%{JJ] - i{lhj[%{lj] - S-FE

*ﬂlfnruérf.-spuw = %{3){80(] [%l:: ]]

L(1)(25)[L(1)] — 3(1386.67)



M idapan = —2961.25 N - m®

Thus, the deflection at the midspan is

ET ‘5”.! = *"llf.lr.l:-in'.ﬂf:rrr.l

ETd,, = —2961.25 N.m"

El 6, = 2961.25 N-m® pelow the neutral axis answer

Problem 658
For the beam shown in Fig. P-658, find the value of EI at the point of application of the couple.

M
| ‘f'l-\l |
o ~ 2O
|: L | >

Figure P-658

Solution 658

HideClick here to show or hide the solution

Ma/L

-M(L - a)/L /

Moment Diagram by Parts
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From the conjugate beam
YM 4 =0

LF, + %(L —a)[M{L —a)/Llla+ %[L —a)| = %r:(.-‘lfqu)[%u]

M(L —a)* . . Ma®
LES + T %L + ﬁfi.] = 3L
M(L—a)*(L+2a) Ma®
LF: =
2 6L 3L
Ma®  M(L—a)*(L + 2a)
LF, = —
3L 6L
7 — Ma* ML —a)*(L 4 2a)
tosrr 6L?
Ma/L
A | C
B
M(L - a)/L
F1 F
I-( a L-a >|
Conjugate Beam under M/EI Load
Fy= - ! [2a® — (L — a)?*(L + 2a)]
T 6L*
Mo i
Fy = —20° — (L7 — 2al + a”)(L + 2a)|
GL-
-'11— ] ] ] o a a k]
F, = 6L2 [20° — (L* — 2aL” + a*L + 2al” — 4a°L + 2a7)]
M .
Fy = — [ L% 4 3a’ L]

GL



M a
.Fg = ﬁ{gflz — L"]l

Mp=—(L—a)F; — %I[L —a)[M(L — rL],H'L][%I:L —al|

L |

Mp=—(L- fi-}l%[:ﬂﬂz — L) — J(L—a)[M(L —a)/L][;(L — a)]

Mp = —M{é—L_M[[SﬂZ — L)+ (L —a)?]
Mp=- M(E—L_M[Sﬂ? — L* + L? — 2aL + a*]
Mp=— M{E—L_M(dﬂj — 2al)

Mp = —M{é‘—L_M[—EH(L — 2a]]

Mp = %{L —a)(L — 2a)

Mp = %{LZ — 3alL + 2a7)

Thus,

Elbép = %{LE — 3al + 2a?) nswer

Strain Energy Method (Castigliano’s Theorem) | Beam Deflection

Italian engineer Alberto Castigliano (1847 — 1884) developed a method of determining deflection of
structures by strain energy method. His Theorem of the Derivatives of Internal Work of
Deformation extended its application to the calculation of relative rotations and displacements
between points in the structure and to the study of beams in flexure.

Energy of structure is its capacity of doing work and strain energy is the internal energy in the
structure because of its deformation. By the principle of conservation of energy,

U=W,-



where L' denotes the strain energy and Wi represents the work done by internal forces. The
expression of strain energy depends therefore on the internal forces that can develop in the member
due to applied external forces.

Castigliano’s Theorem for Beam Deflection
For linearly elastic structures, the partial derivative of the strain energy with respect to an applied
force (or couple) is equal to the displacement (or rotation) of the force (or couple) along its line of
action.

oy U
=3P o "~ auf

Where 4 is the deflection at the point of application of force P in the direction of P, # is the rotation at
the point of application of the couple M in the direction of M, and L7 is the strain energy.

L ..!'Lfg

= —xr
The strain energy of a beam was known to be A 2E1 | Finding the partial derivative of
this expression will give us the equations of Castigliano’s deflection and rotation of beams. The
equations are written below for convenience.

i /"- (QM) M /*’- (au) M
A= — dx H = — | =iz
W ap ET and S0 E]ﬂir ET

Chapter 07 - Restrained Beams

Restrained Beams
In addition to the equations of static equilibrium, relations from the geometry of elastic curve are
essential to the study of indeterminate beams. Such relations can be obtained from the study of
deflection and rotation of beam. This section will focus on two types of indeterminate beams; the
propped beams and the fully restrained beams.



Propped Beam

Fully Restrained Beam

A is fixed at one end and propped either at the other end or at any other point along
its span. If the simple support is removed, propped beam will become cantilever beam.
is fixed at both ends as shown in the figure above.

Deflection and Rotation of Propped Beam
Unless otherwise specified, the boundary conditions of propped beams are as follows.

o Deflection at both ends is zero.

e Rotation at fixed support is zero.

Deflection and Rotation of Fully Restrained Beam
Unless otherwise specified, the boundary conditions of propped beams are as follows.

o Deflection at both ends is zero.
e Rotation at both ends is zero.

Application of Double Integration and Superposition Methods to Restrained Beams

Superposition Method
There are 12 cases listed in the method of superposition for beam deflection.
e Cantilever beam with...
1. concentrated load at the free end.
2. concentrated load anywhere on the beam.

3. uniform load over the entire span.



4. triangular load with zero at the free end
5. moment load at the free end.
e Simply supported beam with...
1. concentrated load at the midspan.
2. concentrated load anywhere on the beam span.
3. uniform load over the entire span.

4. triangular load which is zero at one end and full at the other end.
5. triangular load with zero at both ends and full at the midspan.
6. moment load at the right support.

7. moment load at the left support.

See beam deflection by superposition method

(The slope or deflection at any point on the beam is equal to the resultant of the slopes or deflections
at that point caused by each of the load acting separately.

Rotation and Deflection for Common Loadings

Case 1: Concentrated load at the free end of cantilever
beam

Maximum Moment
M=_—_PL

b
| P l
Slope at end = | %

~ 9ET

i L |
™~ “1

Maximum deflection
PL?

0= 3EI

Deflection Equation (Y § positive downward)
Px=
Ely— TT(SL _ )
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Case 9: Triangle load with zero at one support and full at
the other support of simple beam

Maximum Moment Y -
W LE | o
.E'lf = H:I{_ | v ¥ L Yy %
e 5] )
Slope at end Ri L > Rz
g — Tw,L?
L 360ET
8w, L?
r =
J60ET
Maximuin deflection
25w, L
d=—2" atx=0.519L
3RAEl T
Deflection Eﬂpaagion (4 is positive downward)
Ely=—2"(7L* — 10L%%* + 3z*

Case 10: Triangular load with zero at each support and

full at the midspan of simple beam )

Maximum Moment
w, L° ¥
M |m
12 vy W L i i w Y it :(

Slope at end . ' EE __IE_" ﬁ; T
S L
B, =6 Sk Rile L R

R= J02ET o

Maximum deflection
w, L*

T 120ET

Deflection Equation (Y is positive downward)

e L
Ely= E:;EJL(%L* — 4012 4+ 160*) for 0 < < 5

Case 11: Moment load at the right support of simple
beam

Maximum Moment Y
M=M | M







Ely' =M

EIy'=[M—I—Cl

Figure P-704

HideClick here to show or hide the solution

Ely" =M
Ely" = R o %wﬂ {r—a)?

Ely = sRax® 2w,{x-a)® +Cy
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Ely = 2R 2% L, (w-apt + Crr + Oy

Apply boundary conditions to solve for integration constants C; and Co:

At =10, ¥=0 hence C2=10

At = =1L, ¥=1U hence
0=LtR,L% Zw,(La)* + CLL 40

L= iu-'u{_[r a)t — %RALS

RAL?
6

i,

Cr=5r

(Loa)* —

At =1L, y = 0, hence

o g R;’! L?
0=2LRAL* tuwy(L-a)®+ E(L a)t — 5
R.L7 w, (L a)? + W, (L a)* R4L? 0

—(L-a ——(L-a)* — =
2 ] 24L 6



3 G 241
o, 5 M, 4
R1—2L2{L ) SLS(L a)
Ra— 'mal:: bt
212 Y
w, b
RBi=—"—(4L —b
! RLE ( ) answer

Solution by Superposition Method

HideClick here to show or hide the solution

Deflection at A is zero. Thus, the deflection due to Rx denoted by 6, is equal to the

sum of deflection at B denoted as &, and the vertical deflection at A due to rotation
Wy

of B which is denoted by 6.

ti]_ = 62 + ﬂﬂ
R, w, b w, b
= + a
AET SET GET

R L? B w, b N wr,ab?

3 ~ 8 G
O
- (50 g)
e (5050)
me ()
Ry = 1;11:: (AL — b) -
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Shear and Moment Diagrams

HideClick here to show or hide the solution

The reaction at the simple support R was solved by two different methods above.

3
Ra— w1, b

451
RIL3 ( ) answer

With value of Ry known, it is now easy to solve for M¢ and Rec.

Solving for fixed-end moment

M = R4L-0.5w,

i, b w,b*
Me = 2o (AL b) —5—
Me = ;”"”"F’j[s(u b) — AL?]
M = SLZ i) ) —
i, b
Me = 55 [4Lb b — 417
M — el (412 — ALb + b?)
Y e answer

Solving for fixed-end shear
YR =10

R,_r_: + R__ﬂ, — H'EJI.FJ

Rt o 4L ) =
e VE b = w,b
b
Re = — ‘;L; (4L-b) + wob
w ] .
Re = =22 _p*(4L-b) + 8L?]

Y
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b
Fl

R = T [—4Lb* + b + 8L7]
TRy
R = ——(]L% — 4L + B
‘ SLSE "+ ) answer
Shape of Shear Diagram "
Load | .
Diagram l
1. The shear atAlS RA ﬂl WO W W WY r\r‘l‘\r’\r\f\r M[
2. There is no load between segment BC, ﬁ B ¢
thus, the shear over BC is uniform and <— a —>I- b >
equal to Ra. Ra le L » Re
3. The load over segment CD is uniform - : _—
and downward, thus, the shear on this By 'j:@ ﬁn?bpﬂzﬁ?gm'
segment is linear and decreasing from Ra AT
Ra to -Rc. D
Shear
4. The shear diagram between BC is zero Diagram *x"
at D. The location of D can be found
by ratio and proportion of the shear
triangles of segments BD and DC.
—Rc
Mg = aRy Mp = Mg + (.5xXRs
Shape of Moment Diagram /_\
1. The moment at A is zero.
Moment
2. The shear between AB is uniform and Diagram M

positive, thus the moment between
AB is linearly increasing (straight line) from zero to aRa.

3. The moment at B is aRa which is equal to the area of the shear diagram of
segment BC.

4. The shear between BC is linear with zero at point D, thus the moment
diagram of segment BC is a second degree curve (parabola) with vertex at D.
The parabola is open downward because the shear from B to C is decreasing.

5. The moment at D is equal to the sum of the moment at B and the area of the
shear diagram of segment BD.



6. Finally, the moment at C is equal to the moment at D minus the area of the
shear diagram of segment DC. You can check the accuracy of the moment
diagram by finding the moment at C in the load diagram.

In the event that you need to determine the location of zero moment (for construction joint most
probably), compute for the area of the moment diagram from D to C and use the squared
property of parabola to locate the zero moment. An easier way to find the point of zero moment
is to write the moment equation (similar to what we did in double integration method above),
equate the equation to zero and solve for x.

Problem 705
Find the reaction at the simple support of the propped beam shown in Fig. P-705 and sketch the
shear and moment diagrams.

Wy

Figure P-705

Solution of Propped Reaction by Double Integration Method

HideClick here to show or hide the solution

Moment at x:
M= Rjr— %:::y(%:::]

M =R\ r— %:::3_1;

M= Rar— ;E (”;)
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M = Rar— H";;

Thus,

Ely" = Rar — u;;zs
1y - S-S

Atx=0,y=0,thus C;=0

Atx=L,y’=0
R, w,L*
(= — — (o
2 oap
c, - w, L? B R4 L*

24 2

Thus, the deflection equation is

R w,a” w, 2 R4L°

Ely=———— — — 5

Y776 T 120L +( 21 2 )"
Atx=L,y=0
0— R,L* w,L” n w,L*  R4L° I

6 120L 24 2

r,L* w, Lt w,L* R,L?

(= - — 4+ —
G 120 24 2

0 R L*  w,L?}

3 30



RAL®  w,L?
330

w, L
10 answer

Solution of Propped Reaction by the Method of Superposition

HideClick here to show or hide the solution

Resolve the propped beam into two cantilever beams, one with uniformly varying
load and the other with concentrated load as shown below. The concentrated load is

the reaction at A.
A
L B
Ra
Wy
___ A
™~
Gy L B
v

The deflection at A is zero. Thus, by superposition method, the deflection due to triangular load
is equal to the deflection due to concentrated load.
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4
w, L

A =
" 30ET — deflection due to triangular load
50— RLL®
T 3EI - deflection due to concentrated load
5]_ = 51
w, L* B R, L?
30EI  3EI
), L
Ba= 2=
A 10 answer

Sketching the Shear and Moments Diagrams

HideClick here to show or hide the solution

From the solutions above,
w, L

Fa==4

Solving for reaction at B, Rg
YR =10

Ri+ Rp = 1Lw,

i L w, L
ol R ;= [
g 2
2u, L
Rp=—
5 answer

Solving for moment at B, Mz
ﬂf;; = .II?ALL %Lu,,{%f_]

Ve — w, L w1, L2
TEEA 0 )T s
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w, L2 w2
ﬂf ; == “ - o
! 10 6

.
w, L=

15 answer

Mp=—

To Draw the Shear Diagram

Load Diagram

1. The shear at A is equal to Ra

2. The load between AB is negatively
increasing from zero at A to w, at
B, thus, the slope of the shear Ra ; Re
diagram between A and B is 2% degree
decreasing from zero at A to -w, at Ra ' c
B.

- X >

3. The load between AB is linear,
thus, the shear diagram between Shear Diagram
AB is a parabola (2" degree curve)
with vertex at A and open 3" degree —,
downward as stated with the
decreasing slope in number 2.

Mc

4. The shear at B is equal to -Rs. See
the magnitude of Rg in the solution
above. To compute; shear at B = .
shear at A - load between AB. Moment Diagram —Mg

Xp

e
W

5. The shear diagram between AB is zero at C as shown. Location of C, denoted
by xc can be found by squared property of parabola as follows.

,i!‘,:“2 - LE
Ry Ri+Rp
r("‘z = —RllL:
' Rai+ Bp
. [ﬁu};Lng

1. z
16 Wo L+ SMWp L

1. 13
_ i Wo L

L
EuoL



= 7l from left support

To Draw the Moment Diagram

1.

The shear diagram from A to B is a 2nd degree curve, thus, the moment
diagram between A and B is a third degree curve.

. The moment at A is zero.

. Moment at C is equal to the moment A plus the area of shear diagram

between A and C.

Mo = %-'“f'ﬂ.-h

Mg = %[TIJEL:”[L“&L)

10

i, L2

M 575
The moment at B is equal to -Mg, see the magnitude of Mg from the solution
above. It is more easy to compute the moment at B by using the load
diagram instead of shear diagram. In case, you need to solve the moment at
B by the use of shear diagram; Mg = Mc - Area of shear between CB. You can
follow the link for an example of finding the area of shear diagram of similar
shape.

. The moment is zero at point D. To locate this point, equate the moment

equation developed in double integration method to zero.

(TE 3

M = Rax
“TT6L T See double integration method above for finding M.
weLr wya®

M="1 "6

AtD,x=xpand M =0

w,Lrp worp®
10 6L

=
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worp”  wyLrp

6L 10

- L

GL 10

. 31*

rn- = 5
VIL V3L 5

. —_— - = —_—— x [
TR TV B
Th = '\?L from left support

Example 03
The propped beam shown in Fig. P -706 is loaded by decreasing triangular load varying from
W, from the simple end to zero at the fixed end. Find the support reactions and sketch the shear and
moment diagrams

Figure P-706

Solution by Double Integration Method

HideClick here to show or hide the solution

By ratio and proportion:
yooow,

L—r L
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Solving for moment equation

M = Ryxr— %{T}{HHH%IJ - %(IHU][%T)

M = RByr — zw,a? — 20’y

M= Rair— %1!‘5172 — %:1{.'2 [%(L — .1']]
Wy o

M = Ryr — 2o — —=(La* — %)

Doing the double integration

ETy" = R:,T—ua—u.;,? ;E[:.[.T — )

R w w, [ La* 4
Ely' = %JTZ—E.TJ— o (%—%) + €1

R, 1y w, Lzt x°
Ely=—ua?— —ut - = - — Cha+C
I TR 7 (12 zu)+ e

Boundary conditions
Atx=0,y=0,C,=0

Atx=L,y=0
R, w,L* w, (L* I

0= "= _ L 40
6 36 6L<12 zn)“L 1

R, L w, Lt ow,L*
()= -2~ _ — L
6 36 180 T




w,L?  R4L°

Cr= g5 6

Atx=L,y'=0

0— B L w,L® w, (L L} w,L* R4 L°
2 9 6L\ 3 4 30 6

R, L% w,L? u,-,,L3+u~,,L3 R, L2
2 9 72 30 6

R, L* B 11w, L2
3120

11w, L
Py — — o~
A 40 answer

Solution by Superposition Method

HideClick here to show or hide the solution

Decreasing triangular load is not listed in the summary of beam loadings. It is
therefore necessary to resolve this load into loads that are in the list. In this case,
the load was resolved into uniformly distributed load and upward triangular load as
shown. The sum of such loads is equal to the one that is given in the problem.
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From the figure, it is clear that

—
0y
5]_ + 53 == 53 N
L
B L* w, L* B w, L Rs
3EI  30EI  SET
& w, L w,L
3 30 8 We
Ry 1w,L
3120 5,
11w, L -
(I ¢
B, = 2"
A Al answer
o
&

3
Superposition Method Using Point Load and
Integration

HideClick here to show or hide the
solution

Another way of solving the reaction at A is by the use of derivative. From Case No.
2, the deflection at the free end of cantilever beam is

5— Pa*

(3L — a)

For this problem P’ = ¥t g = [, — 2, and § = ddo,

by = %[SL (L -]

From the figure,
.!.Jr ru_-“

L—x L
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Thus,
(22 (L —2)] (£ —2p?
di, = BBl [3L — (L —2)]|dr Ra
id, = %E—E;F[SL — (L —x)|dr
dby = —2 (L —x)*dx — o (L —a)*dx
2F 6L FE

I L
i i
8y = — L — o) de — o f L — a1 de
2 2E1fu (L —x) dr — ey | (L — ) d

31 = end deflection due to Ra

5 R,L?
L OsET
4y = dz

RaL? Wy L 5 g f . 4
— L — I d — _[. — 'I. -
3ET EEIf[] (L— ) dr - o7 g (L — ) de

3w L w L
Ry=— L—aVde - —= L— ) de
A ELZ f[] l[ J] e 2L+_£ { T] 2

B, — Jw, [ (L—ux)? w, (L —x)”
S I RV R

J

o Buwg oy 1 Wa s 5
R_,1——E[U — LY + e [0° — L7]
Jw L  w, L
jr— o~ %o
178 10
Ra— 11w, L

40 answer




Shear and Moment Diagrams

HideClick here to show or hide the solution

The reaction at the simple support Ra was solved using two different methods
above.
11w, L

40 answer

A=

Solving for vertical reaction at B
YF-=10

40 answer

Solving for moment reaction at B
ﬂf” = .!I?Jl[. % H,'“L[% L:l

Mp = (gu‘“L) L .“‘-.')Lz

40 3
O L2 e L=
Mp = o °
! A0 3
Tur, L?
Mp -
! 120 answer

To Draw the Shear Diagram

1. The shear at A is equal to Ra


http://www.mathalino.com/reviewer/strength-materials/problem-706-solution-propped-beam-decreasing-load

. The load at AB is increasing from

-W, at A to zero at B, thus, the slope
of shear diagram from A to B is also
increasing from -w, at A to zero at B.

. The load between AB is 1st degree
(linear), thus, the shear diagram
between AB is 2nd degree (parabolic)
with vertex at B and open upward.

. The magnitude of shear at B is equal
to -Re. It is equal to the shear at A
minus the triangular load between
AB. See the magnitude of Rg above.

. The shear diagram from A to B will
become zero somewhere along AB,
the point is denoted by C in the
figure. To locate point C, two
solutions are presented below.

Location of C, the point of zero shear
Point C is the location of zero shear which
may also be the location of maximum
moment.

By squared property of parabola

I:L'_-rf':lj _ Lz
Rp Ra+ Rp
. RpL?
L'— Ter)l® = e
I: ") Ra+ Rp
g e
I:L'—"I' ':|3 _ (m”'uLjL
€Iy _gfi‘.-L-l—ir,u I
40 0 a0 o
9 3
—_— L
[ — )2 — 3 e
I: If:' %HJ“L_

|

(L —xq)* = [ L?

)

L—axc=+21L

W 20

L
Re
Load Diagram
— 2™ degree

Shear Diagram

C

< X —>
Mo 3" degree

N
e N

Me

Mg



re = (1 L3\
20

re = 16708 L
re = 032921

By shear equation
Another method of solving for xc is to pass an exploratory section anywhere
on AB and sum up all the vertical forces to the left of the exploratory section.
The location of xc is where the sum of all vertical forces equate to zero.
Consider the figure shown to the right. Note that this figure is the same figure
we used to find the reaction Ra by double integration method shown above.
The double integration method shows the relationship of x and y which

is

YF

YFy

YFy

Y=

(L -q)

(absurd)

answer

¥
Sum of all vertical forces
=R, - %u*,,n: — %.rf;
B
= 11“.'2'?'[" . u-“rr _ H\”Ir: (L — Ej L—)(
40) 2 2L L N
- Nw, L w,r wer wa”
40 2 2 2L
11w, L N W, I
= — Wy T
0 Mt Tar

EFy

At point C, ZFy =0 and x = x¢

=

7o

e

11w, L o WL
10 — Wy + 5T,

11L ‘ o

0 YT 2L

%Lz —2Lxe 4w

— 2Lz = —LL[2

T

—ae + L= U212

T



V2o
3
— |1+ — | L
f ( m)
re = 1L.GTORL (absurd)
re = 0.3292L answer

To Draw the Moment Diagram

1. The moment at simple support A is zero.

2. The shear diagram of AB is 2" degree curve, thus, the moment diagram
between AB is 3™ degree curve.

3. The moment at C can be computed in two ways; (a) by solving the area of
shear diagram between A and C, and (b) by using the moment equation. For
method (a), see the following links for similar situation of solving a partial
area of parabolic spandrel.

o Simple beam with triangular load

o Simple beam with rectanqular and trapezoidal loads

The solution below is using the approach mentioned in (b). From double integration
method of solving R4, the moment equation is given by

M=R Wy o W
M = lhgr — 3 I _ﬁ[.-

(La? — x®)

].].”.-I”L “I(_) ‘2 “th .2 .3
M = TJ‘ — ?.! - GL':Lr — )

For x =xc=0.3292L, M = Mc

11w, L

Me = — = (0.3292L) — 1’*([]329% ”[L{[IJ?E}ELJ — (0.3292L)3]

M = 0.0423u,L?
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4. In the same manner of solving for Mc, Mg can be found by using x = L. Thus,

o a
11w, L i, L i,

Mg = _ _ Mo
! 10 3 6L

(L? — L7

- ]
T, L=

Mp =— ) )
! 1200  which confirms the solution above for Mg.

5. To locate the point of zero moment denoted by D in the figure, we will again
use the moment equation; now with M = 0 and x = Xp.

11 LI'JL ‘“ a Ll:'}

0= .:;[] rn — f)!T.r:”- —;—L[Ln:;:z—.r:nsj
: 1 Tn

= %L — ﬁ.r:;; — E(L — f,r:')

0= %Lz —2Lrp —xpl(L — .-E',I']:I

0=8L%—3Lap+ap®

] ]
rp. — 3[.-.!‘;] = —%L"

.-E'”j - 3[.-.!‘{] + %LE — 33[.-2 + %Lj

oo

rpn = 2.2746L (absurd)
rp = 0.7254L answer

Problem 707
A couple M is applied at the propped end of the beam shown in Fig. P-707. Compute R at the
propped end and also the wall restraining moment.



Figure P-707

Solution 04

HideClick here to show or hide the solution

The moment at any point point on the beam which is at distance x from the left

support is
M, =M — Rz

By double integration method
Ely" =M,

Ely" =M — Rx
Ely = Mz — 1Re* + C4
Ely = %ﬂf.’]‘fj — %i’?.’;:3 + Chxe + O

Boundary conditions
Atx=0,y=0;C,=0

Atx=L,y=0;

0= %;‘I-HL2 - %HL3 + C) L

O, = %RL3 — %.-‘U.’L
Atx=L,y'=0;

=ML -— %RL2 + E%RLE — %ML]

0=M—iRL+iRL— LM
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answer

MATH al['nc.ccm
L L

Ed

Figure P-708

5l

MATHali .COm

T

A
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HideClick here to show or hide the solution

Assume there is no spring support at the left end
5_ w, Lt 200(12%)(127)
- BET  8(1.5 x 109)(144)

4 =4.1472 in

Considering the spring reaction
§ — 'snpring = EH
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4.1472 —

R RL°
k 3EI

R R(12%)(12%)

4.1472 — =
300 3(1.5 = 10%)(144)

4.1472 = 0.0079413 R

R =52223 1b

R 52223

E 300

E.‘#]'J:I'f'i‘.' g —

Bupring = 1.74 In answer

Problem 710

Two timber beams are mounted at right angles and in contact with each other at their midpoints. The
upper beam Ais 2 in wide by 4 in deep and simply supported on an 8-ft span; the lower beam B is 3
in wide by 8 in deep and simply supported on a 10-ft span. At their cross-over point, they jointly
support a load P = 2000 Ib. Determine the contact force between the beams.

Solution

HideClick here to show or hide the solution

Let

R = contact force between beams A and B
Subscript ( 4 ) = for upper beam

Subscript (g ) = for lower beam

Moment of inertia

2{43] 32,
T4 = o — 3 in

3(8* .
In = (123 =128 in?
Note:

The midspan deflection of a simple beam loaded with

2"« 4" w8 —
™,

2000 |b ™

3" w Bhl' % 1{],

Ri

Rz
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concentrated force at the midpoint is given by

5_ PL*
CARET

See Case No. 6 in the Summary of Beam [oadings.

The midspan of upper beam A is under 2000 1b applied load and contact force R. R will act
upward at beam A.
_2[][][][83j(123) R(8%)(12%)

BEE) | BT
P FAGO00 1T28R
A= E - E

The lower beam B is subjected by the contact force R at midspan.
R(10%)(127)

BT TUSE(128)

112507
1E

dp =

The deflections of upper beam A and lower beam B are obviously equal. R will act downward at
beam B.

d4=dp

3456 000 B L7281 _ L1251
E E 1E

3456 000 = BUSTH

R =1720.04 1b answer

Problem 711
A cantilever beam BD rests on a simple beam AC as shown in Fig. P-711. Both beams are of the
same material and are 3 in wide by 8 in deep. If they jointly carry a load P = 1400 Ib, compute the
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maximum flexural stress developed in the beams.

Figure P-711

P = 1400 b

Solution

HideClick here to show or hide the solution

For cantilever beam BD

From Case No. 1 of beam loading cases, the maximum deflection at the end of

cantilever beam due to concentrated force at the free end is given by

Thus,

5 1400(8%)  Rp(8%)

= T3Er T 3EI
716800  512Ry

dp = -

3ET SET

_ PL?
 3ET

1400 b
gft
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For the simple beam AC

The deflection at distance x from Case No. 7 of different beam loadings is

Pha

Ely = —(L- b
For x = a, the deflection equation will become
Pal
Ely=—(L*

GL

For beam AC; P=Rg,a=8 ft,b=4 ft, and L = 12 ft.

Rp(8)(4) -
, = B\ 192 g2 42
f GumEI( )
ARy
O = — (G
5= 95764
5. 256R;
B~ Topr

Solving for the contact force, Rg
dp = b

716800 512R;  256Rp

3EI  3EI 9E]

716800  1972Ry
3EI  OEI

R = 1200 Ib

Determining the maximum moment

The maximum moment on cantilever beam will occur at D

Mp = 1200({8)-1400(8)

for UOza

Rg
a=8ft gYb=4ft

- =
E“-——__\__ BB v_ 1



http://www.mathalino.com/reviewer/strength-materials-mechanics-materials/method-superposition-beam-deflection

Mp = -1600 1b- ft

The maximum moment on simple beam will occur at point B.

Pab  1200(8)(4)

ﬂ-f =
PETL 12

My = 3200 Th-ft

Maximum moment is at point B
M, ne = 3200 1b - ft

Solving for maximum flexural stress
The bending stress of rectangular beam is given by

G
o= p
Thus,
G(3200)(12
O
(fodmae = 1200 PSi gpsyver

Problem 712

b=3in

d=8in

There is a small initial clearance D between the left end of the beam shown in Fig. P-712 and the
roller support. Determine the reaction at the roller support after the uniformly distributed load is

applied.

L

ﬂi'l’_
o

Figure P-712

Solution



HideClick here to show or hide the solution

dp+ A =4, + ;L6

Wy

See Case 1 and Case 3 of Superposition Method for formulas:

RL? LA wo(3L)* L wo(3L)?
3ET ~  REI 2| GEI
RL? L A= w, L? n w, L?

3ET 128ET O OGET

RL? LA= Tuw, L*
IET C OARAET

RL* B Tw, L
3EI ~ 384E1
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 Tw,L  3EIA

R
128 L

1
= — (Tw LY _384FETA
128L3( Yo ) answer

MATHalino.com

Figure P-713

HideClick here to show or hide the solution

Lbig =0

See Case 2 and Case 5 of superposition method:
Minid {gﬂ] Pa?

El 5ET "
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P
a afz Moz
( )
Omid
My v
R=P
daMiia Pa®
2EI  2EIT
ﬂ'-{amid = %Pﬂ'
Thus,
ﬂi{wa” — ﬂ'—ﬂraid — Pa
ﬂf{wa” — %Pﬂ — Pa
Mo = —5Pa answer

Again, see Case 2 and Case 5 of superposition method:

_ Pa® . ﬂffnid(%f'-]z
Ormid = GEI[S(EM —al— —SEr
Pa® . %Pa(%agj

5 Pa” .y . zlalya’)
mid = 57 (3%) SET

TPa® 3P

E‘rﬂit T —
"T 12E1 T REI
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5Pa®

ta'ri-.w': = T
T BT

— 0 3
E-'rari-.l.-i:i - ﬁPﬂ

answer

Problem 714
Determine the end moments of the restrained beam shown in Fig. P-714.

Wo

L

Figure P-714

Solution

HideClick here to show or hide the solution

5_1 = I:]

ﬁf.z'ir.rﬂ_r,rr:!'nf load — 5_f=t'rn-d end mmoment 5-r|.-r.rriiﬁn al A = 0
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For formulas, see Case 1, Case 4, and Case 5 in superposition method
tg]_ — 52 — I:'S"] — U

w,L* MJL* R4L* B

— — =0
30EI  2EI 3ET
H-'r_,Lz Mrﬁ R{L N |:|

3 2 3

H-'ULE .LFFIA - RAL
30 2 3

w, L 30,

Ra=
SET) 9L

Wy

My L
—
O3 t
¥
B
L
Ra

0,y =10
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Eif:l'auywhn' load — H_f:l':er:rf end momend EJ':‘HEH:JH alt A — 0

51—53—53=U

w,L®  MuL R,L°

24EI  EI 2E1 0

» L2 R.L
Po'  pgy— A

24 5

w, L2 — 24M 4 — 12R L = 0

w,L2 — 24M 4 — 12 ('u.'uL _ S_M_.ﬂ.) I —0

10~ 2L
wol® — 24M 5 — Su, L + 18M 4 = 0
—6M 4 — tw,L* =0

6My = —tw, L

N —_— _A r 3
My = — 5w, L answer

el B 3{—%1&.},_{:2]

Iy =
AT 0 2L
i i, Lo
R — (=] [r]
A= T T g
R.‘l = l1-'!-.::-["

20

ﬂf” = .-H_s. + R1L — %H'“L{%L]

Mg = _i”f'u-[-'z + [i“"rJL]L_ %EFEJL(%L]

an 20
T SR 2,3 .72 1, 712
Mp = —5w, L= + 5uw,L” — cw, L

s _ 1 2
ﬂlf;_q = ——H,'”L answer

Problem 12
Determine the moment and maximum EIS for the restrained beam shown in Fig. RB-012. (Hint: Let



MATHalino.cam
4ft »lL aft—‘je 4ft

Figure P-715

HideClick here to show or hide the solution

Prnia = U
&uni_fﬂrm load — Hmﬂmmt at midspan — 0

Hl—ﬂg=u


http://www.mathalino.com/reviewer/strength-materials/problem-715-distributed-loads-placed-symmetrically-over-fully-restrained

100 |b/ft 100 Ib/ft

100 |b/ft

4ft »‘-c aft |

100 Ib/ft

A4ft =< 4 Y

See Case 3 and Case 5 of superposition method
100 {43 } Airm-i:i (Sj
6EI ~ EI

=10

8M,,.q = 1066.67

M,,.q = 133.33 ft-1b

Moment at the fixed support (end moment):
M = M0 — 100(4)(2)
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M = 133.33 — 800

M = —0666.67 ft-1b answer

By symmetry, maximum deflection will occur at the midspan
':)-:rr.lrj.r = t51 + 4lFT""l - ﬂ?

100(4%) 100(4%)]  Myia(8?)
Iﬁ'rr.ln.r— SEI +4|: GEI - QEI

100(256)  4(100)(64)  133.33(64)
8 + 6 B 2

Eff)jrrm.r =
EIb,,,. = 3200 + 4266.67 — 4266.67
EIS,,.. = 3200 1b - ft? answer

Note:
The fixed reactions are equal to f = 100(4) =400 1b_ 1n the FBD of half left of the beam,

Il equates to the uniform load; this made the vertical shear at the midspan equal to zero.

Application of Area-Moment Method to Restrained Beams

See deflection of beam by moment-area method for details.

Rotation of beam from Ato B

1
Bap = Bl (Area,p)

Deviation of B from a tangent line through A
t _ (Areaqz) X
r.'l_.l '1. - E_[r - : ."‘1}.1 .Ir:I

Problem 704
Find the reaction at the simple support of the propped beam shown in Figure PB-001 by using
moment-area method.
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Wiy

k 4"'\( N Y Y Y Y Y Y YWY

£
e

Figure P-704

¥
.
=
v

w

Solution

HideClick here to show or hide the solution

The moment at C due to reaction R is RaL and the moment at C due to uniform load
W, iS -Wob(0.5b) = -Yaw,.b?.

Wy

Bl’ W Y Y W W W W Y W Y W

=1 v

Al
a > b »
Ra L >
Load Diagram
Ral
—
{ 2/3L ———>
2™ degree
< L02%b ——— 52

Moment Diagram by Parts

The deviation at A from tangent line through C is zero. Thus,

Eltyc = (Areasc)X, =0
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LL(RAL)(2L) — Lb(1uw,b%) (L — 1) = 0

3 2
LRLL® — Lu b3 (L — L) = 0
LR,L® — L b*(AL — b) =0

FRAL? = w b (AL — b)

a
w,b

Ra=

RL3 (4L — ) answer

Problem 707
For the propped beam shown in Fig. P-707, solved for vertical reaction R at the simple support.

Figure P-707

Solution

HideClick here to show or hide the solution

Taking the fixed support to be the moment center, the moment diagram by parts is
shown to the right.

L __ﬂ_,;—-’f
— ——E_

Elastic curve

\m
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EI":-A‘."E‘ = {AT‘E&AB]J_(A =1
ML(AL)-LL(RL)(3L) =10

3
LML* LRL® =0

2L answ

Figure P-719

HideClick here to show or hide the solution

Solving for the propped reaction R
Eltyp=10

[ATEEAE} . XA =1
sL(RL)(ZL) — 3(3L)(3PL)(EL) = 0

5 _
%RL“ — EPLE' =10

1 5 —
ER_ EP =1
_ &
R = EP answer


http://www.mathalino.com/reviewer/strength-materials/problem-719-propped-beam-concentrated-load-midspan-moment-area-method

=— L/3 —>

-PL/2

Solving for the midspan deflection S

y  RL
L L
y = %RL



Eltoys = 22PL* — LPL?

TEA

Elto,p= —%SPLE
Thus,
_ T 3
ET a]rhif.r - ﬁPL answer

Problem 720
Find the reaction at the simple support of the propped beam shown in Fig. P-705 by using moment-
area method.

—
W
¥
L
Figure P-705
Solution

HideClick here to show or hide the solution

The moment at B due to Ra is RaL and the moment at B due to triangular load is -1/6
Wol.2

Solution of Ry by Moment-Area Method
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[ 2/3L >|

Ral

39 degree —
4/5L
-2 Lwo(1/3 L) = -1/6 wol?

E.!rt_.h.'” = |:_FIJT‘EF._1”:| ):r__.ll =1

L, L*)(2L) =0

10 answer

Problem 721
By the use of moment-are method, determine the magnitude of the reaction force at the left support
of the propped beam in Fig. P-706.

Wy

Figure P-706



Solution

HideClick here to show or hide the solution

Transform the triangular load into a downward uniformly distributed load and
upward increasing load. We do this so that we can easily draw the moment diagram
by parts with moment center at the fixed support.

Solution of R4 by Moment-Area Method

Ra

1/2 Lw,(1/3 L) = 1/6 w,L?

=

2™ degree

—w,L(1/2 L) = —1/2 w12

Eltyp=(Areasp) Xy =0

w, L* n BaL* w, L?

30 5 ~ g U

R L*  1lw,L*
3 120
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- 1l L
AT answer

Problem 722
For the beam shown in Fig. P-722, compute the reaction R at the propped end and the moment at
the wall. Check your results by letting b = L and comparing with the results in Problem 707.

M

ran.
I |

P

Figure P-722

Solution

HideClick here to show or hide the solution

Eltyp =0

M B
(Areasp)- X4 =10 Al - l\: .
: L
Mb(L — 1b) — LL(RL)(2L) =0
R

MbL — LMP — LRL® =0

%j’?L3 = MbL — %ﬂﬂ;g

3Mb 3MP?
R=—7 — ——
L3 ZLS \
-RL

213 answer

My =M —RL

JMb

ﬂ-fu_lg — ﬂ-.!r —
I 273

(2L — b)L
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JMD

Mwn =M — 2L —h
! ELE{ } answer
When b= L
JML 3N
R= 2L - L)= —
IML
Myan = M — STE {2L—L}=M—%M=_%M

See Problem 707 for propped beam with moment load at the simple support for comparison.

Eltyp =0

3D (Gwol?)(§L) + 3 (L)RL)(3L) — 5(L) (3w, L*) (L) = 0

s, Lt + FRL® — Lw,L* =0
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w, L + lP ul L=10 Wy

384 |
éR = étt'()[.- — ?:_LM‘“L A LA i L4 l Y Y Y Y Y Y Y Y Y YWY
N b b
Ly 4l
3l = sl T
41, e——— 2 —> W,
R = s5w,l answer Y ’
R
< L >
Moy = RL + 2w, L7 — Lw, L* 1/8 w,l?
2" degree ——
a . s,
Myan = I:J_":E“ oL)L + 3 “ ,,L" “‘oLd |
*rllfu.'uH = lag i (.:"[' + 3 “(}L_ “?}Lj RL
Mo = — 5o l? answer
2™ degree —
-1/2 w,l?
Problem 724

The beam shown in Fig. P-724 is only partially restralned at the wall so that, after the uniformly
distributed load is applied, the slope at the wall is ' nL [4BEI upward to the right. If the supports
remain at the same level, determine .

Wy

W -’\r\f\r\fl\fl\r\f\r\f\r\r ¥ Y W

' L

Figure P-724



Solution

Cw, L
ARET
T L-L
Lo — o
4R ET
tasp = L8
g = w, L MATHalino.com
S 48 ET
EItap = s, L 2" degree —

—1/2 w,L*
%{LJ[RLH%LJ - %{L)(%”::LEJ(%LJ = i”’m‘[‘_l

48
1 3 1., r4 _ 1 ., 74
ERL — E!!'(_,L = E!!'”L

-

Lpps _ 7., 74
LRL® = Zu,L

S
R=jzw,L

answer

Problem 725
If the support under the propped beam in Problem 724 settles anaamount 4, show that the propped
reaction decreases by 3EIS/L°

Solution

HideClick here to show or hide the solution

w, L

T ARET

Elfd = %u'mL3

L(EI 6) = Luw,L*


http://www.mathalino.com/reviewer/strength-materials/problem-725-propped-beam-partially-restrained-wall-and-settling-simple-s
http://www.mathalino.com/reviewer/strength-materials/problem-724-propped-beam-partially-restrained-wall-support

L fl\l" Y Y Y Y Y
] \
!

—-1/2 w,L2

f_.-‘[.l.-'j_; = L#H—4
ET tasp = L(ETd#)—EI 4

-

LRI = Zu,L* —~EI §

7 JEL S
= E EI!.HL — T
Lo, L

The quantity 71& is the simple reaction when there is no settlement & at the propped

support, thus the reaction [ decreased by 3EIS/LY

Problem 726
A beam of length L, perfectly restrained at both ends, supports a concentrated load P at midspan.
Determine the end moment and maximum deflection.

Solution

HideClick here to show or hide the solution

ET 6,5 =10
%{[].51:]((].2513{;] —05L (M .y =1

%ﬂitunHL == ]__lGFLz


http://www.mathalino.com/reviewer/strength-materials/problem-726-fully-restrained-beam-concentrated-load-midspan

ﬂi{wa” = %PL

answer

0.25PL

My

‘imﬂrr = tﬂfﬁ

Eld,, ..
Eld, 0.
ET6,,.:
Eld,, ..
El 8,0,
Eld, 0.

E'Ir t'SI"M‘IEII

= EI tap

= (Area ) - X4

= 2(0.5L)(0.25PL)[ 2(0.5L) | — 0.5L( M yu)[ £(0.5L) ]
= LPL? — 1M, L

= LPL* — L(lPL)L?

= LpL® 1 pLS

— L prs

192 answer



Problem 727
Repeat Problem 726 assuming that the concentrated load is replaced by a uniformly distributed load
of intensity w, over the entire length.

Solution

HideClick here to show or hide the solution

EIO45 =0

i[%L)(i“‘oLz) - éL(ﬂIu'rr”j - él:éL:ll:%H,‘,,szl =0

2

1 R a
Eﬂ‘lru'rJHL — ﬂ“uL

J 1 2
JIU.‘HH’ - E ”-’IH L answer

Note that the actual bending moment is a negative moment (bending the beam downward) as
shown in the figure. The answer above is positive which indicates that our assumption of
downward arrows is correct. Had we assumed positive My (upward arrows), the answer would
be negative pointing out that the actual moment is negative (or downward arrows).


http://www.mathalino.com/reviewer/strength-materials/problem-727-fully-restrained-beam-uniform-load-over-entire-span
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Oimig

R = % wol AR

MAT Halimo.com
_Mwall

nd degb\ —lfB WCJ_Z

‘Smnrr = tﬂ,-"”
El 8oz = EI t4p
ET 8par = (Areap) - X

El bz = 5(5L)(3wo L) 5(30) ] = 3L(Mwan) [ 5(5 1) ]

3\3 1.2
EI bpppr = 12w, L2 (3 L) — My L(3L) — £w,L3(2L)
Eld, 0 = %'ﬂ:aLJ‘ ELM'HM“LE — ﬁu I

Eld,,,. = —u St — u W L?)LF — 135“0L+

Eld, .= —u Lt — —w L* — ﬁwﬂL*

EI6,,,, = =tw, L*

a4 answer



MATHaljino.com
e

Figure P-728

HideClick here to show or hide the solution

%(%L]{lw&{‘z] - lL[Mmuﬂ} - %{%L}{iwﬂl‘zj =0

i"!.r:J!,LH' — leuHL_ L"!.r:J!,La =10


http://www.mathalino.com/reviewer/strength-materials/problem-728-isosceles-triangular-load-over-entire-span-fully-restrained-

Wq

Smid

R =% wL 1/8 w12

MATHalino.com

My
3’ddeg>\

—1/24 w,?

ti'rrmrr = t.fh"]'i

El 600 = ET tayp

ET ':'smﬂm = I::AT:’.’E._,“ﬂ - X_-.-*'l

R =1a wsl

]

EI 8pas = %(%L}(%“‘uﬂz [3(30)] = FL(Myau)[ 5(3L)
130 (Grw. L) 5(3L)]

El 8par = 55w, L2 (3L) — 3 MyauL(3L) — pzwal®(2L)

Eld,, .. = %'HJGL4 — jifmﬂ“L -LE[] w, L*

Eld, 0 = %u' L — ELI[E%HQJLEJLE _mlur,LJ‘

EIS,, . =2xw, L' — 2w, L*— 1w, L*

a6 S o 430



T 4
ET bar = gapgtel answer

MATHalino.cam
3ft ﬁftJ(—Bft

Figure P-729

HideClick here to show or hide the solution

EI 640 =0
L(6)(3600) — 6M — 1(3)(900) = 0
10800 — 6M — 900 = 0

M =1650 1L - & answer


http://www.mathalino.com/reviewer/strength-materials/problem-729-uniform-load-over-center-part-fixed-ended-beam

200 Ib/ft

LAARA AL AR A ALLALESS

—
D
6 ft e 3 ft
; C
R= E.ifm Ib R=600Ib
200 Ib/ft
M
F" Y Y Y Y W
—— .
i ljl‘l‘l:l:l:
: g
3ft >« 3ft »C
R = 640 Ib
. 3600 Ib-ft
-M
nd }ﬂ
2" degree —900 |b-ft

Ornaz = tasc

EI ypax = EI t40

ET 8,0r = (Arease) - X 4

ET 8,0, = 2(6)(3600)[ 2(6) ] — 60 (3) — 1(3)(900)[ 3 + 2(3)]
ET 6,0e = 10800(4) — 180 — 900(5.25)

ET 6,00 = 10800(4) — 18(1650) — 900(5.25)

EIS,,,.. = 8775 1b- ft® answer

Problem 703

Determine the end moment and maximum deflection for a perfectly restrained beam loaded as



HideClick here to show or hide the solution



http://www.mathalino.com/reviewer/strength-materials/problem-730-uniform-loads-each-end-fully-restrained-beam

Wi Wy

R = we.a

[

Wy

2™ degree _:E Yawo( Vol — a )’
Yaw,La

2™ deqree :
e ~1/8 w,L?

EI 64 =0
%{%L —a)| %'ﬂ!‘ﬂ(%L —a)*|+ %I[%L:][:%H‘GLH,} — %Lﬂi’ — %{%L](%wgl}z] =)

%'HIGI::%L —a)® + %u'ﬂLza — %LM' — _;l—EFu-'UI.."3 =

%LM" = %wa[%L —a)® — _L—lawaLz + EL'HIGLEEL

%LM" = j—su-},{L — 2a)® — TJE_'EJGLEI:L — Ga)

2LM = Luw,[(L - 2a)® — L*(L — Ga) |

W,

M=51r

[L* — 3L*(2a) 4+ 3L(2a)* — (2a)® — L% 4+ 6L a]|



(LAFN

M = E[LS —6L% 4+ 12La” — 8a® — L* 4+ 6L%a]
M = T'JL — Ba?]

M = ?'-1L a”(3L — 2a)]

M = ‘”é’—f(zL ~2)

a'rr.l.nrr - t.'l_,."f.'
Er t'S\erut = ET f.-"l,-"f."

EI pe = (Area ) - Xy

EI :'5\..,“” = 1(L—a)[ Fw, (lL— a)*|[a+ (1L —a)]
1[1L %H:,Lﬂ][ [ Ly - Lﬁf[ [% 1]
—3(3L) (5w L*)[ §(3L)]

El I:’S'FHHI = 1w (lL—!’IJB{lEL-I— %L]I Lip L2 (;[%L}

G B aQ

—LLM(iL) — Lw,L*(2L)

E‘!r 5‘””?1

33+ w,(L — 2a)?(2a + 3L) + !!-':,L:sfi — —L M — lﬁs” O
ET |:'S\Ir.l:u“ 3= 33+ ::[ L* —3L* |: i| + SLEEEIJZ — (EEIJS][EH + JL]

-+ E_LH'“L i1 — L‘ M — ﬁ B

EIS,,.. = 334 w, (L3 — GL3f1 +12La* — 8a®)(2a + 3L)

+ z—lJ:u,'t,Lzr; L M — ﬁ LA

Eld, .. = 33+ w,(2L% — 12L%a" -I— 24La* — 16a* + 3L* — 18L% + 36L"a"
— 24La®) + a1 L, L — lL‘ﬂLI 1’*3 w, L*
Eld, .. = 354uu{ 41L%a* lﬁf14+3L+—lﬁth’I:|+%!!-‘GLEEE l_-L M— lqsuﬂLJ‘
EI bppor = (5w, LPa® — Lw,a* + 2w, L* — Zw,L%a) + Luw,L%

Ly2y 4
—2L*M — tZw,L

122 1.4 172

ET 8yy0p = qpwo L0 — jqw,a® — 2L°M



EX dmaz = ﬁ'ﬂ-'u-[‘zﬂg - ﬁ'ﬂfufi* - éLj [—EESJEH {JL — 2:’L):|

Eld,,. =Ltw,L%a® — Lw,a*— ﬁu-‘t,Lﬁ.E (3L — 2a)

16 24

_ o 1..p2.2 44 1 opZo2 o 1o o3
Eld, ,..=-=w,L 0" — w,a* — =w, L a* + w,a

16 21 16 24
ET bppor = — grwoa” + w,La®
EI 8oz = gyw,0° (L — a) answer
Problem 731

The beam shown in Fig. P-731 is connected to a vertical rod. If the beam is horizontal at a certain
temperature, determine the increase in stress in the rod if the temperature of the rod drops 90°F.
Both the beam and the rod are made of steel with E = 29 x 10° psi. For the beam, use | = 154 in.*

T Figure P-731
JL=301
WA= 0.08in.’

@ = 6.5 pin./(in. °F)

6ft

Solution

HideClick here to show or hide the solution

Assuming complete freedom for the rod, the deformation due to drop of

temperature is...
dr = al AT


http://www.mathalino.com/reviewer/strength-materials/15-cantilever-beam-supported-cable-free-end

dp = 0.0000065(30)(90)

dp = 0.01755 f& = 0.2106 in.

subscript b (' ) = refers to the beam

subscript r ( ;) = refers to the rod

.
o
Y

8y + 8. = by

PL? PL
— | =0.2106
(3er), + ().

PL? PL
— ) =0.2106E
(7). ().

P(6%)(12%)
3(154)

P(30)(12)
0.08

= 0.2106(29 x 10°)

S07T.90F + 4500F = 6107 400
5307.9FP = 6107 400

P = 1150.62 1b = 1.151 kips

Stress increase on the rod

- P - 1.151
TTAT 008
o= 14.39 k=i answer
Proble

m 732

AL

L=30ft
A= 0.08in°
= 6.5 pin./{in. °F)

6 ft

The midpoint of the steel in Fig. P-732 is connected to the vertical aluminum rod. Determine the
maximum value of P if the stress in the rod is not to exceed 120 MPa.



Figure P-732 —

Aluminum
L=5m

A =40 mm?
E = 70 GPa

r

Ilu
“~—— Steel
I=50x10° mm*
p E = 200 GPa

Solution 732

HideClick here to show or hide the solution

For the aluminum rod

Py =(cA)y, Py = 4800 N
Py = 120(40) A 2m B 2m  C
P, = 4800 N B = tar
P

8= ol 9600 N-m

E ) /
5 _ 120(5)(1000)

L TR 0000
2p

-4p

= % i

For the steel beam
1 _
teio = E(A""f‘-ﬂm:) - Ap

1



http://www.mathalino.com/reviewer/strength-materials/problem-732-cantilever-beam-supported-cable-midspan

1
fpimr =
B 10000

(25600 — %P}

tppe =92 - L
By 35 T 1500

From the figure

a1 = —tp o

60 gG64 1

T (35 lE[][]P]I
1 1948

500" T 16

P =16697.14 N

P=16.T kN answer

Problem 733
The load P in Prob. 732 is replaced by a counterclockwise couple M. Determine the maximum value
of M if the stress in the vertical rod is not to exceed 150 MPa.

Solution 733

HideClick here to show or hide the solution

For the aluminum rod

Py =(cA), P = 6000 N |
P, = 150(40) om sl om c
FEL] e ——
P, = 6000 N :A /”Tq =
M /_____.—-' Lal = ific
L

5= 2= 12 kN-m
ol ( E ):FF

5 150(5) (1000)

oL TR0 000 "

__ 75
Bgr = = mm


http://www.mathalino.com/reviewer/strength-materials/problem-733-cantilever-beam-moment-load-free-end-and-supported-rod
http://www.mathalino.com/reviewer/strength-materials/problem-732-cantilever-beam-supported-cable-midspan

For the steel beam

1 _
f BT = — _-q_"} v ] o= ]
BjC {E””( reape) - Xp

1
tpir =
BIE T 200000(50 % 105)

[1(2)(12000)(£ — 2A1)] (10007)

f13/0 = 1o (16000 — 20)

0000

— 8 _ _1 =@
tBjc =5 — Som’
From the figure
a1 = —tp o
T {5 SO00 ‘U]
_d Ay = 431
Roon © 35

P =61571.43 N

P =061.57 kN answer

Problem 734
Determine the end moments for the restrained beams shown in Fig. P-734.

W

'

A

L/2 e L2

Figure P-734

Solution 734

HideClick here to show or hide the solution

The angle between tangents through A and B is zero
Eltp = (Areasp) =0

LL(RAL) + MAL — 2(1L)(1w,L?) =0


http://www.mathalino.com/reviewer/strength-materials/problem-734-restrained-beam-uniform-load-over-half-span

LRAL? + MyL — 2w, L? =0

My = Ltw,[*— 1R,L

43 ‘o — equation (1)

My
— |
L2 —
Ry Elastic curve
| Rl
| M,

and'egr‘>\ -WDL:J',."E

The deviation of B from a tangent line through A is zero
El t”.-".-" — {_-‘f&.l‘CEL_.“;) . jj; =1
LL(RAL)(AL) + MAL(AL) — S L) (2w, L) [A(31) | =0

2

L 3 2 —
LRLL® 4+ EM4L? — bw, Lt =0

GiR‘L -+ 102_'11-‘ = H,'“.[.'z — equaﬁon (2)
Substitute M of equation (1) to equation (2) above
64R L +192(Ltw,L? — LR\L) = w,L?

GAR 4L + 4w, L° —96R 4 L = w,L*

32R 4L = 3w,L*

R.1. = la’-'!-'::L



Substitute R4 to equation (1)
M= 2L — HEu,L)L
ﬂf.-"q = ﬁ”*'::-[-'z - %H'ﬁLE

My = —2u,L?

192 answer

Sum up moments at right support B
LT — 1,., 3
Mp =My + EaL — gw, L7, o6 the right end of moment diagram by parts

My = —%H'“LE + I:%*u.'t,L]L — %w“Lj

n

Af. . 5 .or2 ., 8 72 1. 52
Mp = —gmuw, L™ + Zw, L7 — zw, L

Mp = — 55w, L answer
Problem 735
The beam shown in Fig. P-735 is perfectly restrained at A but only partially restrained at B, where

the slope is w,L*/48EI directed up to the right. Solve for the end moments.

W

WO W W W Y Y WY \f\r"\f'\r’l'\f ¢

L

Figure P-735

Solution 735

HideClick here to show or hide the solution

Elf.p = (Area,n)

Lol : - 11 2
El (4551) = LRAL)L + MaL — (3w, L)L

ﬁ H__I”L.S = %R"q L? 4 ML — %HJ”LS


http://www.mathalino.com/reviewer/strength-materials/problem-735-fixed-ended-beam-one-end-not-fully-restrained

ﬂi{:‘!L = 1_351'!:9-[-'3 — %R;’! _[.-3

My = fw,L? — 1R, L

16 — Equation (1)

MATHalino.com

2™ degree / Wil
Eltg = (Arcayg)- X =10

YRAL)L(LL) + MAL(AL) — }(Lu, L2)L(LL) = 0

%R,‘Iﬁ + %E‘Li‘__qu - 31—_111-'“15'L =10

%RAL + %ﬂ{fﬂ — L LT =1

24 ]

Substitute M4 defined in equation (1)
SRAL + 2 (Fw,L? — 2Ry L) — fyw, L7 =10

L 3. 72 _ 1 R a _
ER;‘L R ﬁu'a-[' +R{1L 24“01[-' (
1 _ 5 L2
Al = gpw,L

Ry=2w,L

|



From equation (1)

My = Zw,L? — H2w,L)L

3 2 i 2
MA = EwﬂL — EwEL

MA = —l"!.r:J,J.n“_-J2

a answer

From moment diagram by parts
ME‘ = R_AL +MA — %WBLE

(o
Mp = (Fw,L)L — %'u.r,:,,L2 — %1.!;,:,,4[:2
Mg = 2w, L* — u, L* — L, L?

-] & 2

Mp=10 answer

HideClick here to show or hide the solution

ET EAC.’ = {ATEﬂAg} =1
L(12)(12R 4) + 12M 4 — 1(8)(5760) = 0

T2R 4 4+ 12M, — 11520 =0


http://www.mathalino.com/reviewer/strength-materials/problem-736-shear-and-moment-diagrams-fully-restrained-beam-under

64+ My =960 — Equation (1)

W, = 540 Ib/ft —,

4 ft re
Ra Approximate Re
elastic curve 12R,
MATHalino.com M
1 A
d
3" degree 5760 Ibft

E.!rt,_r_'f'__q_ = (AT‘!".!’L_.JL{.':J . }_:,_r; =]
L12)(12R.4)[ L(12)] + 12M [ L(12)] — 1(8)(5760)[ 1(8)] = 0
288K 4 + T2M , — 18432 = ()

4R, + My =256 — Equation (2)

Solving Equations (1) and (2)

R, =352 1b answer
My=-115210-f  gnswer
Checking

Eltyje = (Areaye) - Xy =10

(12)(12R4)[ 2(12) | + 12M4[ 2(12)] — 2 (8)(3760)[4 + 3(8)] =0



5T6R 4 + 72M 4 — 110808 = 0
576(352) + T2(—1152) — 119808 = (

0=0  okay!

Mg = 12R 4 + M4 — 5760

M =12(352) — 1152 — 5760

My = —2688 1b - ft answer

YF-=10
R4+ Re = 1(8)(540)
352 + Re = 2160

R = 1808 1b answer

To draw the shear diagram

1. Va=3521b

2. Ve =V + Loadas
Ve =352+0
VB = 352 Ib

3. There is no load between AB, thus, shear in AB is constant.

4. Vc = Vg + Loadsc
Ve =352 -(1/2)(8)(540)
Vc =-1808 Ib

5. Load between B and C is linearly decreasing from zero to -540 Ib/ft, thus,
shear in segment BC is a concave downward second degree curve (parabola)
with vertex at B.

6. Logation ofﬂpoint D by squared property of parabola:
rn” B-

352 3521808




rp =3.23 it to the right of B

w, = 540 Ib/ft =

A B )
. 2688 Ibft
1152 |b-ft 4t —>
352 |b | 1808 Ib
. 3521b
2™ degree
D
i E— X[ —}15
' Shear Diagram :
| | -1808 Ib
3" degree —, 1013.97 bt
— 3 degree
256 Ib-ft
1152 Ibft %Llnear
Moment Diagram 2688 Ib.ft
Xp
A K
~ 352 Ib
B x
AN Ve
2™ degree — 1808 I
Solving for Vpc v

To draw the moment diagram



. Mg

. Ma =-1152 Ib-ft

MA + VAB
Mg = -1152 + 352(4)
Mg = 256 Iblb-ftft

. The shear between A and B is uniform and positive, thus, the moment in AB is
linear and increasing.

. MD=MB+VBD

Mp = 256 + (2/3)(xp)(352)
Mp = 256 + (2/3)(3.23)(352)
Mp = 1013.97 Ib-ft

. MC=MD+VDC

Solving for VDC

Ve = (-1/3)(8)(352 + 1808) + (1/3)(xp)(352) + 352(8 - xp)
Vpe =-5760 + (1/3)(3.23)(352) + 352(8 - 3.23)

Vpe =-3701.97 Ib

Thus,
Mc=1013.97 - 3701.97
Mc = -2688 Ib-ft

. The shear diagram from B to C is a parabola, thus, the moment diagram of
segment BC is a third degree curve. The value of shear from B to C
decreases, thus, the slope of moment diagram between B and C also
decreases making the cubic curve concave downward.

7. Problem 737
In the perfectly restrained beam shown in Fig. P-737, support B has settled a
distance A below support A. Show that Mg = -Ma = 6EIA/L.

¥

8. Figure P-737



1.
12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

10. Solution 737

HideClick here to show or hide the solution

Rotation between A and B

Bap = %(-‘1*'““.11;] =0
LL(RAL) + MuL =0
LRAL? + MyL =0
RuL+2M, =0

2M 4
L — equation (1)

By=-—

Deviation of B from tangent through A
tpia = %{Av'm_ﬂ, B)-Xp=-A
LL(RAL)(LL) + MAL(3L) = —EIA
LRAL® 4 LML L? = —EIA

RAL* +3M, L7 = —GEIA
Substitute R defined in equation (1)
(— %) L* + 3M L? = —GETA

“OM L2 + 3M4L? = —6EIA
M4L? = —6EIA

My = —6EIA/L?

< 2L/3

k12—

i —



http://www.mathalino.com/reviewer/strength-materials/problem-737-fully-restrained-beam-one-support-settling

25. Substitute M, to equation (1)
2(—6EIA/L?)

BEi=- I

12ETA

26.

27. Moment at B (See moment diagram by parts)
Mp=M4+ R4L

28 My = —6EIA/L® + (12ETA/ L)L
29 My = —6GEIA/L? + 12EIA/L?
30, My = 6EIA/L?
31. Thus,

Mp = —My=6EIA/L*  ppayr

32. Problem 738
A perfectly restrained beam is loaded by a couple M applied where shown in Fig. P-738.
Determine the end moments.

M
=
a \j-ﬁ’ b >
L -
o Figure P-738

34.
35. Solution 738

36. HideClick here to show or hide the solution
37.Rotation of AB is zero
ETd = I{A?'ffﬂ__“;]l =1

38. Mb+ J‘Lf_p[.- — %L[:R1L;'| =]


http://www.mathalino.com/reviewer/strength-materials/problem-738-fully-restrained-beam-moment-load

39 Mb+ ML = iR,L?

po_ 20Mb4 MaL)
T L2 — equation (1)

Ma A M B
GC——)
) e b
‘— Hastic curve
L

M

Ma
41. -RaL

42.

43. Deviation of B from a tangent line through A is zero
El t”.-"--" = [:."1T'E’fil._.1 Hj}?f:‘ =10

4q, MB(Ab) + MAL(AL) — LL(RAL)(LL) = 0
45 AMB? 4 ML LRALP =0
46, 3MB? 4 3M L% — RAL% =0

47. Substitute R4 of equation (1) to the equation above
2(Mb+ .-‘1-!_1L)] I3

3MbB? +3M (L7 —
1=+ A |: Iz

48 3Mb? 4 3M L% — 2MBL — 2M 412 = 0

49 M L2 = 2MbL — 3MB>



50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

M4 L% = Mb(2L — 3b)
MAL? = Mb[2L —3(L —a)|

M4L? = Mb(3a — L)

Mt
My = L; (3a — L)
My = Mb (ﬁ - 1)
L L answer
From equation (1)
- 20D n 2_'11-_1
AT I L
2MB 2 | Mb {3
By = =l =-=1
e (R
R 2B N G6Mab  2Mb
A= 772 2 Iz
GMab
Ba= e

From moment diagram by parts
Mp=M+4M,4— R,\L

L \L L3

ﬂf” = M -+ @ (E _ 1) _ OGN ab

J.'\»I” =M + 3Mab . Mb GAah

L2 L L2

Mb 3Mab
Mp=M - — —
. L~ 12

ML —a) 3Mab
ﬂ-f — _'rLI —_ _
B T 12

(L)



Ma 3Mal
Mpg=M_M4 =2 _ 2790

64. L L=
Ma  3Mab
Mp=——
65. 0 " L [
ﬂf” = —ﬁ (% — 1)
66. L L answer

Fixed-end moments of fully restrained beam

Summary for the value of end moments and deflection of perfectly restrained beam carrying various
loadings. Note that for values of Ely, y is positive downward.

Case 1: Concentrated load anywhere on the span of fully restrained beam

End moments

Pab® P
Ma=— ;
Pa?b a b
X [ |
Mp = — }23 A B
L »
Value of Ely
; Pi*
Midspan Efy = E{SL — 4b)

Note: only for b > a

Case 2: Concentrated load on the midspan of fully restrained beam

End momentsPL
May=Mp = -3

r
Value of Ely 2 2
Pra I = = |

192

Maximum ET g =

-~
—
y

Case 3: Uniformly distributed load over the entire span of fully restrained beam

End moments

w, L? WL
Ma=Mp=="—=-7




Value of Ely Wo
w, L* B WL

W RO W R
384 384

Maximmun ETy =

Case 4: Uniformly distributed load over half the span of fully ) L ]
restrained beam

End moments

ﬂ-.f_."q = —M =] —5iTrL WD
192 ﬂﬁ LA XA AR AR RN S
11w L2 11W L '
Mg = _% = _ = A B
L/2 —»pe— L/2 —>
Value of EIy4 .
w, L WL
Midspan Efy = ——— =
1dspan iy 351 354

Case 5: Triangular load over the entire span of fully restrained beam

End moments

w,L? WL
Ma=-=5="75 I’Tﬂ Wo
w,l? WL vy

Mg = = _ : !
B 20 10 r j
L

Value of Ely

s L—L H.rL:':
Midspan ETy = u,;;}g = 334

Case 6: Isosceles triangle loadings over the entire span of fully restrained beam

End moments
-'fm-'t,L3 N 5W L

My = Mp = — _
4 ! 96 A8
Wo
Value of Ely . .
Tw,L* TWL Mﬂuuulhhw
Maximum Ely = —2— — | |
ST B8 = Ta10 T 1020 t* B“
L

Case 7: Moment load anywhere on the span of fully restrained beam

End moments
M, = MP <% _ 1)

L \ L



Ma [ 3b
Mp=——|——-1
Mg 7 (L )

Case 8: Fully restrained beam with one support settling

End moments

GETA
My=— I
OFETA
Mp =
B Iz

Chapter 08 - Continuous Beams

Continuous beams are those that rest over three or more supports, thereby having one or more
redundant support reactions.

These section includes
1. Generalized form of three-moment equation
2. Factors for three-moment equation
3. Application of the three-moment equation
4. Reactions of continuous beams

5. Shear and moment diagrams of continuous beams

6. Continuous beams with fixed ends
7. Deflection determined by three-moment equation

8. Moment distribution method

Explore the links under this page for available topics. Any topic not on the link only means that it is
not yet available in this site.

The Three-Moment Equation

The three-moment equation gives us the relation between the moments between any three points in
a beam and their relative vertical distances or deviations. This method is widely used in finding the
reactions in a continuous beam.

Consider three points on the beam loaded as shown.



Loads on simply
" = )H supported span "
' : ATHalino.co
Wy W

Moment diagrams
of loads on simply

supported spans

Vs

Area = Ay

Moment diagrams
M; M, of loading by end M,

ITIOMENLS

Elastic curve
R AT Halino.com
Parzllel to

TCHLVIN >

wmD ou




ML,

'Ej

2M. = Ly =
" “(Elfﬁﬂzrz Bl ' ELL,  EhL, \Li @ L

MLy

1

2M, | =2 =
+ u( + L 'L

oI

L]_ Lg)_l_l'l-faLg_l_ﬁAlﬂ] +ﬁf'12b2 :ﬁE(hl n ha)

I, LL, L,




MLy + 2My(Ly + L) + MaLq + 210 | Odsbz _gpp (0| hs
L, 'L L "I,

For the application of three-moment equation to continuous beam, points 1, 2, and 3 are usually
unsettling supports, thus hy and h; are zero. With E and | constants, the equation will reduce to

6.A,a, N BAzbo
L, L

=1l

My Ly + 2Mo(Ly + L) + MLy +

Factors for the three-moment equation
The table below list the value of 0-4@/ L and 645/ L for different types of loading.

6Aa m
Type of Loading — ﬁfﬂ
Concentrated load anywhere on the span.
l P
° b Pa Fb -

ﬁ T{L3 —a?) TI[L3 — b3
L

Concentrated load at the midspan.

P
L/2 L/2 3PL? 3PL?
] 2]
I L >
Uniform load over the entire span.
Wy
w,, L2 w,, L2
1 4 4
k< L A
Increasing triangular load on the whole span. Su,, L° 7w, L°

6O Gl




Wo

Decreasing triangular load on the whole span.

Wa T, L> 8, L*
GO GO

Isosceles triangular load over the entire span.

Wa

Bapr T3 Bapr .3
5w, L Sw, L

32 32
2 > L2

Moment load at any point on the span.

a
M M
#1 _I(gﬂ? _ LZ] +E{3h2 — i
L >

64a w,

[6°(2L2% — b)) — a(2L° — a?)]

a e -dj L 4L




Problem 813
Determine the moment over the support R, of the beam shown in Fig. P-813.

1400 N/m _
N 7 900 N

800 N/m

Liaim «a—lm+\<—2m—>

Ry Rz R;
Figure P-813

Solution 813

HideClick here to show or hide the solution

6A1d; GAshs
_|_

ﬂ'flLl + Eﬂ'IZELl + LE:' +_'1I3L3 +
L, Lo

=10

Where
ﬂ-f]_ — .'11-3 — []

Li=L;=4m

6Aa, 8w, L?  8(1400)(4%)

L. 60 60
6.4, -
2N 1104667 N-m?
Ly
1400 N/m __
) 900 N 800 N/m

e w1
4m le_}‘rlm»\«f Zm *’t

Ry Rz Rz Ra
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GAsbe  Ph :,nﬂ

T = —(L — b2+ [ZL d?)
6. Ao 9()()(:] 800(2%)
2 47 _37) 4 2(42) — 22
I, ( I ——2( ]
6.Aabo

= 10325 N-m?

9

Thus,
0+ 2M5(4+4) 4+ 0+ 11946.67 + 10 325

My =—1391.98 N-m answer

Problem 814
Find the moment at R; of the continuous beam shown in Fig. P-814.

~ 200 Ib/ft

ris

!

R]_ R;J_ RG
Figure P-814

Solution 814

HideClick here to show or hide the solution

6A1d; GAsho
_|_

ﬂ-f]_L]_ + Eﬂ-fgflLl + Lz:' +.'1I3L3 +
Ly Ly

=10

Where
ﬂ.fl — _'11-3 — []
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L, =L,=10 f

64ya,  Tw,L" N Sw,L*  7(200)(10%) N 8(100)(10%)
L, 60 6o G0 G

64,a,
Ly

— 36666.67 1b - fit”

|" 200 Ib/ft

~ 100 Ib/ft

Rl R;_ R3

6Azby  Sw,L®  B(100)(10%)

L, G0 G0

6.Aabs

a

—13333.33 1b- £t

Thus,
0+ 2M5(10 4+ 10) + 0 + 36 666.67 + 13333.33 =10

My = —1250 1b- ft answer

Chapter 10 - Reinforced Beams

Flexure formula do not apply directly to composite beams because it was based on the assumption
that the beam was homogeneous. It is therefore necessary to transform the composite material into
equivalent homogeneous section. To do this, consider a steel and wood section to be firmly bolted
together so that they can act as one unit. Shown below are the composite wood and steel section

and the corresponding equivalent in wood and steel sections.


http://www.mathalino.com/reviewer/mechanics-and-strength-of-materials/flexure-formula

T N i o I

rpbq e > —

Wood and Equivalent Wood Section Equivalent
Steel Section Steel Section

The quantity n is the ratio of the moduli of elasticity of stronger material to the weaker material. In the
above case, n = E; / E,.
The use of the above concept is governed by the following assumptions:
1. The composite materials are firmly bonded together and act as a unit.
2. The strain and load capacities of each material remain unchanged.
3. The strains of any two adjacent materials at their junction point are equal.
4. The loads carried by equivalent fibers are equal.

5. The equivalent fibers must be at the same distance from the neutral axis as the original
fibers.

6. The flexure formula can be applied only to the equivalent section.

Beams with Different Materials

From assumption no. (3) in the previous page: The strains of any two adjacent materials at their
junction point are equal.

€y = €qp
foo _ I
E, E,
.fbs Ea

fon

S



We let the moduli ratio be equal to n

It will follow also that

fbu.l — f_ﬁ#
T

nb

Wood and Equivalent Wood Section Equivalent
Steel Section Steel Section

From assumption no. (4): The loads carried by equivalent fibers are equal.
P, =F,

f!n.nAw = fba As

The equivalent area of steel in wood is
A,=n4d,

Problem 1002
A timber beam is reinforced with steel plates rigidly attached at the top and bottom as shown in Fig.
P-1002. By what amount is moment increased by the reinforcement if n = 15 and the allowable
stresses in the wood and steel are 8 MPa and 120 MPa, respectively?



120 mm
250 mm

Figure P-1002,
P-1003, & P-1004



http://www.mathalino.com/reviewer/strength-materials/problem-1002-increase-moment-capacity-steel-plate-reinorcement

nbs = 15(120) mm

Equivalent Wood Section




Increase in moment capacity
AM =M, — M, =714 - 30

AM =414 kN - m answer

Problem 1003
A simply supported beam 4 m long has the cross section shown in Fig. P-1002. It carries a uniformly
distributed load of 20 kN/m over the middle half of the span. If n = 15, compute the maximum
stresses in the wood and the steel.

Solution 1003

HideClick here to show or hide the solution

20 kN/m

LA AR EA NS LELE ALK RSN

1‘71“’1—}{— 2m 4>L—1rn—:-

R R

R = 1(20)(2) = 20 kN

1
3

Maximum moment will occur at the midspan:
M, oe = 2R = 20(1)(0.5) = 2(20) — 10

M pr =30 kN -1m

Flexural stress:

, My
Jo = 7
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Where:
M=M,,.=30kN- -m

nbs = 15(120) mm

[y

-
¥

~ 10 mm

300 mm

3 —— 10 mm
le— 250 mm —| -t

-~

nbs = 15(120) mm 5

Equivalent Wood Section

e 15(120)(300 + 10 + 10)®  [15(120) — 250](3007)
- 12 N 12

I = 1427700000 mm*

Maximum stress in the wood (y = 150 mm)
30{150) (10007
1427700000

b —

fo = 3.152 MPa

Maximum stress in the steel (y = 160 mm)
Soa 30(160)(1000%)
15 1427700000

i = 47.279 MPa

Problem 1004
Repeat Problem 1002 assuming that the reinforcement consists of aluminum plates for which the
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250 mm

Figure P-1002,

HideClick here to show or hide the solution

From the flexure formula

o=

_ Bl
[

M

Without the aluminum plate reinforcement

300 mm

s
|(—25ﬂ mm—>|
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250(300%)

I= 12 = 562500 000 rmm?
o= @ = 150 mm

562 5
M, — 8(562 500000)

150
My = 30000000 N - mmn

M, =30kN -m

With the aluminum plate reinforcement

nbs = 15(120) mm

|l )
& -1
E A_T_ 10 mm
300 mm
E g 10 mm
le— 250 mm —| -t

-~

' nbs = 15(120) mm

Equivalent Wood Section

5(1201(300 4 10 + 10 [5(120) — 250 1(300°
7 - 5120 lj +10)° _ [5( :'1_;’ JB9%) _ 250000000

- 300+ 10+ 10
-

]

= 160 mm



Convert aluminum to wood, use o, = fra / 0

Sﬁ—n{ammﬂuun}
160

Mzz
My = 85090000 N - mun

M, = 85.09 kN - m

Increase in moment capacity
AM = M, — M, = 85.09 — 30

AM = 55,09 kN -m answer

HideClick here to show or hide the solution

From the equivalent wood section shown
Ay, = 6(10) = 60 in?
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A, = 80(0.5) = 40 in”

A=A, + A, =100 in*

Location of NA from the top of the beam
Ay = Aw + Ay

100y = 60(5) 4+ 40(10.25)

y="7.1lm

Moment of inertia of each section

hd®
I, = —
o 12
I 6107 _ 500 in*
gu — 12 = ¥ 11
S[](E].-'F] Doy
I,. = T

Moment of inertia about NA
1= E:{I_r,r + ArF}

/é’- ‘{] 5 in.

h— 20(4) = 80 in. ﬁml. ¥

Equivalent wood section

I.-"u'.'l = [I_rm' + Am(ﬂ - 5]3] + [I_r,r.-? + A.ﬂ{l[]'g'ﬁ - 933]

Ina =500+ 60(7.1—5)*] +[2 +40(10.25 — 7.1)*]

3487

Iy = in* = 1162.33 in*

Maximum moment that the beam can carry

My

fl’: = i
I
L

u



Based on strength of wood (¥ = & = 7.1 in)
M. — 1200( 221
v 7.1

M, = 19645070 1b - in

M, = 16370.80 Ib- ft

Based on strength of wood (¥ = 10.5 — i = 3.4 in)

18000 3487
s

20 3
M, =
! 3.4

M, =307676.47 Ib - in

M, =125639.70 b - it

For safe value of M, use the smaller of the two
M = 16370.89 1b - 1t

Safe value of P at the midspan that beam can carry

PL P
ﬂf == ,._
P(18 S ft l o ft
16370.80 = % | |
18 ft
F = 3637.95 1h answer
P/2

Problem 1006

Determine the width b of the 1/2-in. steel plate fastened to the bottom of the beam in Problem

P/2

1005 that will simultaneously stress the wood and the steel to their permissible limits of 1200 psi and

18 ksi, respectively.

Solution 1006
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HideClick here to show or hide the solution

Mo
=T
M

Iy

At the extreme wood fiber

E ~ 1200
1 wiood - E

At the extreme steel fiber
(M) B 18 000,/20 ~ 900
stie]

Fi 105—4 105—7

|4—+5 in. —>-| |<— & in. —>|
= [ === 5.
|10 JL E%JL 10.25 in.

. T - e,

S | SN
A — —Y05in. Y L
—b— ] e 206 ——|

Wood & Steel Equivalent wood section

Section

(7)™ (7)
1 wiood I steel

1200 900
g 105—14

1200(10.5 — §) = 900§

12 600 — 1200§ = 900§
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2100 = 12600

iy =6 1n

You can also find ¥ with the aid of stress diagram as follows:

ShowClick here to show or hide the solution

A, = 6(10) = 60 in?
A, = 0.5(20b) = 10b

A=A, + A, =60+ 10b

A = At + Auys
(60 + 106)(6) = 60(5) + 10b(10.25)
360 + 60b = 300 + 102.5b
42.5h = 60

b= f—f in=1.411in

answer

Problem 1007
A uniformly distributed load of 300 Ib/ft (including the weight of the beam) is simply supported on a
20-ft span. The cross section of the beam is described in Problem 1005. If n = 20, determine the
maximum stresses produced in the wood and the steel.

Solution 1007

HideClick here to show or hide the solution
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we = 300 Ib/ft

W W W W Y W Y W Y Y W W W N VW W W W W W Y Y W W Y Y Y W W e
A A
< L=20ft >
F =3000Ib R =3000Ib
Maximum moment will occur at the midspan
w, L* 3[][](2[]3]
ﬂf:mu.' - =
) )
M, ne = 15000 Ib - 1t
From Solution 105: Ina = 3487/3 in.*
& in.
iy ="T.11n |‘_ _’I
Iy = 343—5"1 n? _ T
y=7.1in.
S 10 in.
7-s] B
— _?_ - ___":-_E‘\“__H_:\_;-.I_I NA
fﬁ _ ‘I'L[f" 10.25 _? \::-\. .._"\. ""-_
L ;\‘l sssic A2 —-0.5 in.
le— 20(4) = 80 in. —!
At the extreme wood fiber (¢ = ¥) Equivalent wood section
ﬂf:rmu" f_
fl’;m - —;
Ina
15000(7.1)(12)
fow = 3487
a3
fow = 1099.51 psi answer
b= )

At the extreme steel fiber (© = 10
f'rﬂ“ _ *ﬂulr.'m'.'(lﬂ-"j - E]
no Iy a
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fra  15000(10.5 — 7.1)(12)
2 T

fra = 10530.54 psi answer

Problem 1008
A timber beam 150 mm wide by 250 mm deep is to be reinforced at the top and bottom by steel
plates 10 mm thick. How wide should the steel plates be if the beam is to resist a moment of 40
kN-m? Assume that n = 15 and the allowable stresses in the wood and steel are 10 MPa and 120
MPa, respectively.

Solution 1008

HideClick here to show or hide the solution

M =40 kN -m

156(270%) (15 — 150)(250°)
- 12 B 12

I = 246037506 — 1953125064 195312500

I = 50725006+ 195312500

150 mim —| llD mm =150 mim -

| & ¥ | | ¥ |
-~

250 mm

E—b—j lﬂ'mmT |<—r1b:15h—j

Me
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Based on allowable flexural stress of steel:
frn=120/n

e = £(250) + 10 = 135 mm

Thus,
120 40(10007)(135)
15 50725006+ 195312 500

b= 94.57 mm

Based on allowable flexural stress of wood:

i, = 10 MPa

e = £(250) = 125 mm

Thus,
40(1000%)(125)

10 =
50725006+ 195312500

bh=60.01 mm

For stronger section, use # = 94.6 mmn answer

Problem 1009
A timber beam 150 mm wide by 200 mm deep is to be reinforced at the top and bottom by aluminum
plates 6 mm thick. Determine the width of the aluminum plates if the beam is to resist a moment of
14 KN-m. Assume n = 5 and take the allowable stresses as 10 MPa and 80 MPa in the wood and
aluminum, respectively.

Solution 1009

HideClick here to show or hide the solution
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M=14kN.m

56(212%)  (5b — 150)(200%)

I= -
12 12

I =3970053.33b6 — 3333 333.3356 4 100 000 000

I = 63672064 100000000

e 150 M - lE mm =150 mim—=

| A | L
-~

200mm A — f——— . =

|<_b_>| EmmT e—— nb=5b —
Me

Based on allowable flexural stress of aluminum:
fr, = 80/n

o= %(J‘[][]] + 6 = 106 mm

Thus,
80 14(1000%)(106)
o 6367206 -+ 100000 000

I =—11.38 mm



Based on allowable flexural stress of wood:

£, = 10 MPa

¢ = £(100) = 100 mm

Thus,
0— 14(1000%)(100)
© 636 7200 + 100 000 000

b= 06282 mm

For stronger section, use b = 62.82 mm answer




Solution

HideClick here to show or hide the solution

Relevant data for C250 x 30 steel channel
I, =327 = 10° mmn*

I, = 1.16 x 10° mm*

r =153 mm

Area = 3780 mm*

Depth = 254 mm®

Flange width = 69 mm*

Equivalent wood area

Ay, = 200(254) = 50 800 1mun®

A, = 2(n x Area) = 2(20 x 3780) = 151200 mnm*

A=A, + A, = 50800+ 151200 = 202000 rnm>

Solution 1010: Bending occurs at section 1-1

HideClick here to show or hide the solution

200(254%)

L =1y +2nl, = 12

+2(20)(32.7 % 105)

I, =1581117733 mm*
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C250 = 30

— L
N T
127 mm
1 JT 1
127 mm
— |

e— 200 mm —

Measured from Section 1-1, the distance of extreme wood fiber and extreme steel fiber are equal.

In this case, no need to investigate both materials.

T 120

= — =G MP:
el 20 !
fow = 8 MPa

Since fis / n < fiy, steel is critical.

f,lm - _'Urfi
T - Il_1
M(127)

~ 1581117733

M =T4695475.57 N - mun

M=7T4TkN - m answer

Solution 1011: Bending occurs at section 2-2

HideClick here to show or hide the solution

In_o =1, +2n[1, + Area(100 + x)? ]
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2542002 .
I = %) +2(20)[ (1.16 = 10°) + 3780(100 4 15.3)7

I,_, = 2225799741 mm*

15.3 mm 2 SR,
— |(_ r x
—L o 4 —

-
254 mm
P S ¥
100 mm 1100 mm
69 mm 2
e— 200 mm —

(frlj.q — G hIPEL) < I:f.r;.u_l - 8 II'L[PE]..]
Since . ™ and the extreme steel fiber is farther than extreme
wood fiber from Section 2-2, steel is critical. In this case, no need to investigate the wood.
f,l m o _'Ur i
T N Iz_g
- M (100 4+ 69)

© 29225700741
M =73022476.01 N - mun

M =7202 kN answer

From the above results, this section is stronger in bending at Section 2-2.
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