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Why study of fluid mechanics is
essential for civil engineering?
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Course Content

1.Fluid Dynamics.

2. Fluid Measurement.

3.Flow Through Pipes.
4.Laminar and Turbulent Flow.

5.Study in Compressible flow in Pressure
Conduits.

6.Similitude and Dimensional analysis.



Fluid Dynamics

océ

A CAMON COMPANY

Fluid dynamics is
changing our world

Fluid dynamics is the
study of fluids in
motion, or fluid flow.

What'’s so important about fluid dynamics?

Fluid dynamics helps Fluid dynamics affects
us understand how the blood flow to our

’ our world works. brain and to our heart.

Fluid dynamics affects
every aspect of our lives.
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Types of Head of Fluid in Motion

1.Potential head or Potential energy: This is due to
configuration or position above some suitable
datum line. It is denoted by z.

2.Velocity head or kinetic energy: This is due to
velocity of flowing liguid and is measured as
V?/2g.

3.Pressure head or Pressure energy: This is due to
the pressure of liquid and reckoned as p/y or p/w



Total Head

+ = —— I
Velocity Head
!

!

Pressure
Head




Total Head

Energy Grode Line

2
2 v
Vi 2g
20 - I
g LI
'l'l'-.-fu:-'-"'" e E
B &
5 T
= o
P. -
¥ . Lo
L
L3
4 Datum, z=0

'Total Head = Potential head+ Pressure Head + Velocity Head
H=Z + V2/2g + p/y meter of Liquid




Example Problem 1

Water is flowing through a pipe of 5 cm
diameter under a pressure of 29.43 N/cm?
with mean velocity of 2.0 m/s. Find the total
head or total energy per unit weight of the
water at a cross section, which is 5m above
the datum line.



Solution. Given :
Diameter of pipe
Pressure,

Velocity,

Datum head,

Total head

Pressure head

Kinetic head

Total head

=5cm=05m
p =29.43 N/em® = 29.43 x 10* N/m?
v=2.0m/s
Zz=5m

= pressure head + Kinetic head + datum head

p  2943x10* ke
= - = fi ter= | 5

oz 1000x981 M {" O

2

v 2x%x2

2 2x98 -

pg 28
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Next Class....

*Statement of Bernoulli’s Equation
*Derivation of Bernoulli’'s Equation
*Problems related to Bernoulli’'s Equation



Bernoulli’s Equation: Statement

In an ideal incompressible fluid when the flow is steady and
continuous, sum of pressure energy, kinetic energy and
potential (or datum) energy is constant along a stream line”

Mathematically, — + g+Z Constant

= Pressure Energy
2

SIS

= Kinetic Energy

/ = Datum or Elevation or Potential Energy

Q



Derivation of Bernoulli’s Equation

Fig. 6.1. Bernoulli’s equation.



Let us consider two sections: LL and MM

Pressure at LL= P, Pressure at MM= P,
Velocity at LL=V, Velocity at MM=V,
Height of LL above datum =7,  Height of MM above datum = Z,

Area of Pipe at LL= A, Area of Pipe at MM= A,



Weight of Liquid = Unit Weight x Volume (Area*Length)
Work Done = Force x Distance
Force = Pressure x Area



~ Let the liguid between the two sections ZL and A3/ move to L’ L and A1
 lengths ¢/, and dl, as shown in Fig. 6.1. This movement of liquid between L,
 to the mov cment of the liquid between LL and LL? and MM and M’
~1'L"and MM being unaffected. ,
Let, W= Wexfz.ht of hquxd bemeen LL and y L
As the ﬂow is c.ntmuo:._s ’

W WA . d/ “wA d/

M through very small
and AfA1 is equivalent
M, the remaining liguid between

A, dl =dydl, | ' e T e 1 LR

'WOTI\ done by pzessure at LL 1n movmg the hquld to L L’ ;
&3 Vo A forcexdlstance =D - A dl o



i Gam ) kmetnc cmrgy = W ( »

Slmllarly, woxk done by the pressure at MM in movmg the liquid to M M = - p,-A, dlz”‘ |

( ve sign indicates that direction of p, is opposite to that of p,)
S TOldl_ work dome by the pressure .

=pl 'Aldll—-pZAZ (”2 L .
=py-Aydl=p, A dly (o Adl = A,dl)

W w/

Loss of potentlat energy = IV (z,-z,) .
| Vi) W
2

¥ vi-wy
28 2g) |

M*" loss of potemxal enerav + work done by pressure = gam in kmet;c encr;_,y

W ' ;2
"*'(:«M)Jr--(p; pz)-'—(‘ “”

; ;-»f...-. === P2) ( A, dl = )



Bernoulli’s Equation: Assumptions

* The Liquid is ideal and incompressible

* The flow is steady and continuous.

* The flow is along the streamline i.e. it is one
dimensional

* The velocity is uniform over the section and is
equal to mean velocity

* The only forces acting on the fluid are gravity
forces and pressure forces.



Important Terms

* Incompressible = Incompressible means that the effect of

oressure on the fluid density are zero or negligible.

* |deal Fluid = An ideal fluid is one which is incompressible
and has zero viscosity (In reality, no such fluid exists)

 Steady Flow = The type of flow in which the fluid
characteristics like velocity, pressure, density etc. at a
particular point do not change with time.

* Stream Line = Defined as an imaginary line within the flow
so that the tangent at any point on it indicates velocity at
that point.




Problem 6.4 The water is flowing through a P, <
pipe having diameters 20 cm and 10 cm at sections 1
and 2 respectively. The rate of flow through pipe
is 35 litres/s. The section I is 6 m above datum and
section 2 is 4 m above datum. If the pressure at sec-
tion 1 is 39.24 Nfcm?, find the intensity of pressure

at section 2.
Solution. Given :

\39.

4 DATUMLINE

At section 1, D, =20cm =02 m
A, = % (2)* = .0314 m?

p, = 39.24 N/cm®
=39.24 x 10* N/m?

At section 2,
A, == (0.1)> = .00785 m?

4
=4 m
-}

Fig. 6.3

Practice Problem




35

Rate of flow, Q=351lit/s = 1000 =.035m’/s
Now Q=A,V,=4A,V,
V, = £ w00 1.114 m/s
A, 0314
Q 035
and V,= = = 4.456 m/
2= 4, T 00785 2
Applying Bernoulli’s equation at sections | and 2, we get
Py +‘/| — P> +V2' +2,
pg  2g pg 2g
4 2 2
3924x10° (114 o py  (4456)°
1000 981 2x98I 1000 x 9.81 2x981
or 40 + 0.063 + 6.0 = —£2_ + 1,012+ 4.0
9810
or 46.063 = 22 4+ 5012
9810

P2 _ 46.063 - 5.012 = 41.051
9810

p>=41.051 x 9810 N/m?
_ 41051 x9810
10*

N/cm? = 40.27 N/em?>. Ans.




Bernoulli’s Equation for Real Fluid

* Bernoulli's equation based on the assumption
that fluid is non-viscous and therefore friction-
less.

* Practically, all fluids are viscous and as such
there are always some losses in fluid flows.

e These losses have to be taken into consideration
in the application of Bernoulli’s equation which
gets modified for real fluid.



Bernoulli’s Equation for Real Fluid

2

Pl U
P TR A i B S
Loy Tag™ %27y T2g " T

hy = Loss of Head due to friction



Practice Problem#3

A pipeline carrying oil of specific
gravity 0.87 changes in diameter from
200 mm diameter at position A to 500
mm diameter at position B which is 4
meters at a higher level.
If the pressure at A and B are 9.81
N/cm? and 5.886 N/cm? respectively,
and the discharge is 200 Liter/sec.
Determine the loss of head and
direction of flow.

Fig. 6.8




Solution

Solution. Discharge,
Sp. gr. of oil

p for oil

Given : Atsection A,

Area,

Q =200 lit/s = 0.2 m’/s
= (.87

.snnom:svo'—';%
D,=200mm=02m

I 2K 2
A=— (D) ' =— (.2
A 4( 4) 4( )

=0.0314 m*
pa=9.81 N/em®
=9.81 x 10* N/m?




Solution

If datum line is passing through A, then

Z,=0
0 0.2
V.2 — = c———=6.369 m/
AT A, 00314 -
At section B, Dg =500 mm = 0.50 m
Area, Ag= -:—t- D,z = {- (.5 = 0.1963 m*

pp = 5.886 Njem” = 5.886 x 10" N/m’




Solution

0.2

Arca  .1963

Pa + VAz
2g

Total energy at A E,=

" pe
_ 981x10"  (6.369)°
T 870x981 2x981

+2Z,

=E, = Pg +Va
pg  2g

_ 5886x10" | (1.018)°

Total energy at B +Z,

"~ 870x981 2 x98I

= 1.018 m/s

+0=1149+ 2.067 = 13.557 m

+40=6896+0052+40=10948m

(/) Direction of flow. As E, is more than E; and hence flow is taking place from A to B. Ans.

(if) Lossof head=h, = E, - Eg= 13.557 - 10.948 =

2.609 m. Ans.




Practical Application of Bernoulli’s Equation

1.Venturimeter
2.0rificemeter
3.Rotameter and Elbow Meter

4 .Pitot Tube



Venturimeter

* Converging Part (d4)
* Throat (d,)
* Diverging Part

. @ , | 3
Throat ratio Z varies from 2 10 a )




Expression for rate of flow through venturimeter
Consider a venturimeter fitted in a horizontal pipe through which a fluid is flowing (say water), as
shown in Fig. 6.9.
Let d, = diameter at inlet or at section (1),
p, = pressure at section (1)
v, = velocity of fluid at section (1), T
i d‘

a = area at section (1) = ; d,2

and d,, p5, V5, a, are corresponding values at section (2).
Applying Bernoulli’s equation at sections (1) and (2), we get

Fig. 6.9 Venturimeter.

2 3
P il +2,= Pz+‘2 + 2,
pg 28 pg 28
As pipe is horizontal, hence z, =2z,
2 2 3 3
Pt oo W P W o BrTBRo Ve W

pg 28 pg 28 Pg 28 28




P~ P2 ;s the difference of pressure heads at sections 1 and 2 and it is equal to k or 22— P2
pg

P&

=M1

But

Substituting this value of P17 P2 i the above equation, we get
PX

N Wi
h=—*-—- ...(6.6)
28 2z
Now applying continuity equation at sections | and 2
a,v,

1

Substituting this value of v, in equation (6.6)

h= - =
2g 2g 2g ay, 2g a,
2
or v,o = 2gh .,a' o
= a; —d,




Discharge, Q = a,v,

= a, % X ,/Zgh = % X ,}2gh .(6.7)
\fa,‘ - a; ‘/a,‘ - a;
Equation (6.7) gives the discharge under ideal conditions and is called, theoretical discharge. Actual
discharge will be less than theoretical discharge.

Qpe = Cy X ==X +f2gh
‘/a,' - a;

where C, = Co-efficient of venturimeter and its value is less than 1.

...(6.8)

Value of ‘h’ given by differential U-tube manometer

Case 1. Let the differential manometer contains a liquid which is heavier than the liquid flowing
through the pipe. Let
S, = Sp. gravity of the heavier liquid
S, = Sp. gravity of the liquid flowing through pipe
x = Difference of the heavier liquid column in U-tube

Then h=x [i'- - ] ..(6.9)




Value of h given by Differential U-tube Manometer : Case Il

If the differential manometer contains a liquid
which is lighter than the liquid flowing through
the pipe, the value of h is given by:

h=x [I - —éL:|
S,

where S; = Sp. gr. of lighter liquid in U-tube

S, = Sp. gr. of fluid flowing through pipe

x = Difference of the lighter liquid columns in U-tube.




Practice Problem#4

e A Venturimeter with 150 mm diameter at inlet and 100 mm
diameter at throat is laid with its axis horizontal and is used
for measuring the flow of oil of specific gravity 0.90.

*The oil mercury differential manometer shows a gauge
difference of 200 mm.

* Calculate the discharge.
* Assume, coefficient of discharge as 0.98.
Answer: 0.06393 m? /sec.




Pitot Tube

Pitot Tube is one of the
most accurate devices for
velocity measurement.

It works on the principle
that, if the velocity of flow
becomes zero, the pressure
there is increased due to
conversion of kinetic energy
Into pressure

Static pressure

Stagnation pressure

-

e

e

stagnation point




Working of Pitot Tube

* It consists of a glass tube in the form of a Stagnation pressure
90 degree bend of short length open at saticpressure |

both its ends. \ L

It is placed in the flow with its bent leg
directed upstream so that a stagnation ypstream  stagnation point
point is created immediately in front of the | ——————— —

opening.

Pitot tube

* Kinetic energy at this point gets converted
into pressure energy causing the liquid to Figure 1
rise in the vertical limb, to a height equal

— T ——

— T —

to the stagnation pressure. T T | —




Theory of Pitot Tube

Let p, = intensity of pressure at point (1)
v, = velocity of flow at (1)
p, = pressure at point (2)
v, = velocity at point (2), which is zero
H = depth of tube in the liquid

h = rise of liquid in the tube above the free surface.

Applying Bernoulli’s equation at points (1) and (2), we get

pg 28 pg 28

But z, = z, as points (1) and (2) are on the same line and v, = 0.

B oo pressure head at (1) = H

pg

it T pressure head at (2) = (h + H)

Pg
Substituting these values, we get

Vi v

H+ —=Mh+H) o h=— or v,=.2gh

22 28

Fig. 6.13 Pitot-tube.

Velocity at any
point,V=C, *x /4




Arrangements of Pitot tube

PIEZOMETER l— ITOT-T
TUBE ‘u : GLLAS UBE




Problem 6.27 A sub-marine moves horizontally in sea and has its axis 15 m below the surface of
waler. A pitot-tube properly placed just in front of the sub-marine and along its axis is connected 1o the
two limbs of a U-tube containing mercury. The difference of mercury level is found to be 170 mm. Find
the speed of the sub-marine knowing that the sp. gr. of mercury 15 13.6 and that of sea-water is 1.026
with respect of fresh water.

Solution. Given :

Diff. of mercury level, y=170mm=0.17m Practice Problem#5
Sp. gr. of mercury, SR =136
Sp. gr. of sea-water, S, =1.026
e
h=x|—==-1|=0.17 [’3—"5-1] =2.0834m
8 1.026
V= y2gh = |2x9.81x2.0834 =6.393 m/s
6.393 x 60 x 60

= ™ km/hr = 23.01 km/hr. Ans.




Free Liquid Jet
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Free Liquid Jet

A jet of liquid issuing from the nozzle in
atmosphere is called a free liquid jet.

*The parabolic path traversed by the liquid jet
under the action of gravity is known as trajectory.

*A nozzle is a device desighed to control the
direction or characteristics of a fluid flow
(especially to increase velocity) as it exits (or
enters) an enclosed chamber or pipe.



Banani fire: Death toll rises to 25 (Source: The Daily Star)




Equation of a Free Liquid Jet

Let, the jet A make an angle
with the horizontal
direction. If U is the velocity
of the water jet, then,
Horizontal Component
=UCos O

Vertical Component
=USin6

Consider another point

P( X,Y) on the center of the
line of the jet. Fig. 6.30 Free liquid jet.

vi TRAJECTORY
PATH

NOZZLE




x = velocity component in x-direction X {

=UcosBxt (1)

, : . % : !

and y = (vertical component in y-direction X time - — gII}

2
. | .
=Usin®xt- = g’ (i)
{ *» Horizontal component of velocity is constant while the vertical distance is affected by gravity

5 e i X
From equation (1), the value of r is given as 1 =
U cos 0

Substituting this value in equation (ii)

2 _ 5
y=Usin 0 x u —l}{gx[ a )=Ismﬂ‘ el

U cos O cos B F 207 cos” @

= x tan 8 - & z Hl:l:: 0 { l, = 5::::: EI} LA6.24)
2U cos” 0
Equation (6.24) gives the variation of y with the square of x. Hence this is the equation of a parabola.
Thus the path travelled by the free jet in atmosphere is parabolic.




A fireman must reach a window 40 m above the ground of Banani tower with a
water jet, issued from a nozzle 30 mm in diameter and discharging 30 kg/s.
Assuming the nozzle height to be 2 m above the ground, determine the greatest
horizontal distance from the building where the fireman can stand and still reach
the jet into the window.

Refer to Fig. 6.45.

Water jet 1 - T, Window
. . :
| T Problem : Rajput
U L

/. K Page: 311

/ m
+ /- 40
A

NN I
: 2m
Ground Y ¢ ISy Ty v

‘-l b




Maximum Height attained by Jet

Nozzle

.
/i/ A » U cos 0
i » .
U p 4 =Ucos0 Trajectory
A 4 (x) |
_ |
E : .F | h
: ]
— | |
| |
§) '
Y - ___
A} Ucos [}F_ |
- X bl
- F »




Maximum Height attained by Jet

Using the relation, V. = V# - 2gS; (g is acting in the downward
direction, but particles is moving up)

Here, I/, = 0 at highest point,

V;=initial vertical component = UsinG,

. " Y
O0-(UsinB) =-2¢gxS$
where § 1s the maximum vertical height attained by the particle.
or - U?sin"0 = - 2¢S
B U?sin’ 0

28

S




Time of Flight

It is the time taken by the fluid particle in reaching from
A to B as shown in figure. Let, T is the time of flight.

: o . l
Using equation (ii), we have y=Usin O X1 - > gt’

when the particle reaches at B, y=0andr=T

. Above equation becomes as() = U sin O X T - %g x T*

or O=Usin9-%gT

= 2U sin©
8

or / i




(#if) Time to reach highest point. The time to reach highest point is half the time of flight. Let 7
1s the time to reach highest point, then
T = T _ 2U sin® " U sin@ (6.27)
2 gx2 g
(iv) Horizontal range of the jet. The total horizontal distance travelled by the fluid particle is
called horizontal range of the jet, i.e., the horizontal distance AB in Fig. 6.30 is called horizontal range
of the jet. Let this range is denoted by x*.

Then x* = velocity component in x-direction

X time taken by the particle to reach from A to B

= U cos 0 x Time of flight

. 2U sin©
= % 2U sin© {'.'Tz }
g 4

2 2

= Lk 2 cos O sin 6= g—sin 20 .(6.28)
4 g

(v) Value of 6 for maximum range. The range x* will be maximum for a given velocity of
projection (U), when sin 20 is maximum

or when sin 286 = | or sin 26 = sin 90° = |
: 20 = 90° or 0 = 45°
{ U?

X* pax = --g—Slﬂ2 0= '? {c s8in90° =1} ...(6.29)

Then maximum range,




Practice Problem #6

A vertical wall is of 8m height. A
jet of water is coming out from a
nozzle with a velocity of 20 m/s.
The nozzle is situated at a distance
of 20m from the vertical wall.
Find the angle of projection of the
nozzle to the horizontal so that the

jet of water just clears the top of
wall.



Solution. Given :

Height of wall =8m
Velocity of jet, U =20 m/s
Distance of jet from wall, x=20m
Let the required angle =0

Using equation (6.24), we have

2

y=xtan 0 - ‘zgxz sec” @

where y=8m, x =20 m, U = 20 m/s

or
or

8§=201tan o

5

x 20°

= 20 tan 0 - 4.905 sec’ 0

- 9-8')(202 secze

=20 tan 0 - 4,905 [1 + tan’ 0]
=20 tan © - 4.905 - 4.905 tan’ ©

4905tan’0-20tan 0+ 8 +4.905=0
4.905tan" 0 - 20 tan O + 12.905=0

tan 6 =

(v sec’®=1+tan’0)

20+ 4/20° ~4 x12.905x4.905 _ 20+ /400 - 25319

2x4.905

9.81

_ 20414681 _ 20£12116 _ 32116 7889

9.81 9.81

= 3.273 or 0.8036

0 = 73° 0.8’ or 38° 37'. Ans.

l’ _—_—
981




Practice Problem#7 (Rajput, 376 page)

A jet issuing from a 30 mm nozzle held at 0.6 m above
the ground level at an angle of 30 degree to the
horizontal strikes the ground 4m away. Determine:

1. The maximum height reached.

2. The range of the jet.

3. The discharge

Answer:

0.458 m above the nozzle, 3.18 m, 0.00425 m?3/s




Practice Problem#8

It is required to place an orifice in the side of a
tank at such an elevation that the jet will
attain a maximum horizontal distance from the
tank at the level of its base.

What is the proper distance from the orifice to
the free surface when the depth of liquid in
the tank is maintained at 1.2 m?



LLATY -

‘ -"g;l;lion. Dcptil of liquid in the tank = 1.2 m

x = \2gh x 0 b
k- ? Sy
and, ) 2R E gr ..(11) R S | _

Elinunating f, we get

E
~

=_l o g
y > g \f’.g—h |
x> | | ' e . "‘

or, R o

Also, 12=h+y ‘o y=12-h
; | 2

' X
12-h)=~—
( .) " an
or, . x2=—8h(12-h)=—48 h+ 4R
N ) 43Xy S oen TEX
For horizontal distance x to be maximum o =0
dx

2™ __48+81=0 or h=06m
dh ' -

Thus, the orifice should be located at a distance of 0.6 m below the free surface. (Ans.) '-_'



Overview of Fluid Dynamics

1. Bernoulli’s Equation: Statement and Derivation
2. Bernoulli’s Equation for Real Fluid

3. Practical Application of Bernoulli’'s Equation
(Venturimeter, Pitot Tube)

4. Free Liquid Jet

*15t Class test on Fluid Dynamics



* Classification of Orifice

* Flow through an orifice

* Hydraulic Coefficients (C.,C,, ,C,4, C, )

* Experimental Determination of Coefficients
* Discharge through a large rectangular orifice
* Classification of Mouthpiece

* Discharge through an external mouthpiece




* An orifice is an opening in the wall or base of a vessel
through which fluid flows.

*The top edge of orifice is always below the free surface.
*Orifices are used to measure the discharge of fluid flow.




Classification of Orifice

Parameter

Type of Orifice

According to Size

Small orifice

Large orifice

According to Shape

Circular Orifice

Rectangular Orifice

Square Orifice

Triangular Orifice

Shape of Upstream edge

Sharp Edged Orifice

Bell Mouthed Orifice

According to Discharge Condition

Free Discharge Orifice

Submerged Orifice

Fully Submerged Orifice

Partially Submerged Orifice




Torricelli’'s Theorem (flow through an orifice)

CONTRACTA

Consider two points 1 and 2 as shown in figure.
Point 1 is inside the tank and point 2 at the vena contracta.

Let the flow is steady and at a constant head H. Applying
Bernoulli’s equation at point 1 and point 2 gives:




2 2

Pi N o . S Z Fig. 7.1 Tank with an orifice.
pg 28 pg 28
But L=2
P S
Pg 28 pg 28
Now Ho_py
P8
P2

e =( (atmospheric pressure)

v, is very small in comparison to v, as area of tank is very large as compared to the area of the jet of
liquid.
2
H+0=0+ 2=
28

v, = ,IZgH (7.1)

This is theoretical velocity. Actual velocity will be less than this value.




Hydraulic Coefficients (C,.,C, ,C,,C, )

Co-efficient of Contraction:

The ratio of area of jet at vena contracta to the
area of the orifice is known as co-efficient of

contraction. It is denoted by C,.

~ Area of Jet at vena contracta  ag

Cc= = 2

Area of orifice a




Hydraulic Coefficients (C,.,C, ,C,,C, )

Co-efficient of resistance:

The ratio of loss of head in the orifice to the
head of water available at the exit of the
orifice is known as co-efficient of resistance. It
is denoted by (...

~ Loss of head in the orifice

C,=

Head of water




£ = Q Actual velocity X Actual area
" Q. Theorencal velocity X Theoretical area

Actual velocity - Actual area
Theoretical velocity Theoretical area

Ci=C:xC.




Co-efficient of Velocity 0.95-0.99
Co-efficient of Contraction 0.61-0.69

Co-efficient of Discharge 0.61-0.65



Practice Problem#9 (Rajput 495 page)

An orifice 60 mm in diameter is discharging water
under a head of 9 meters. If C;=0.60 and C,= 0.90
find:

I. Actual Discharge

ii. Actual Velocity of Jet at Vena- Contracta
Answer:

0.02254 m3/s

11.26 m/s




Experimental Determination of Hydraulic Coefficients

1. Determination of Co-efficient of Velocity by Co-

ordinate method
X

4yH
2. Determination of Co-efficient of Discharge

Cy= —

A~ ax./2gH
Value of Actual Discharge is determined with the
help of a rectangular tank.

Cy=




Practice Problem#10 (Bansal)

A tank has two identical
orifices on one of its vertical
sides. The upper orifice is 3
meter below the water
surface and lower one is 5
meter below the water
surface. If the value of C,, for
each orifice is 0.96, find the
point of intersection of two
jets.




Height of water from orifice (1), H, =3 m
From orifice (2), Hy=5m
C, for both = 0.96
Let P is the point of intersection of the two jets coming
from orifices (1) and (2), such that

x = horizontal distance of P
y, = vertical distance of P from orifice (1) Fig. 7.5
v, = vertical distance of P from orifice (2)
Then Y1=9+(5-3)=y,+2m
The value of C, is given by equation (7.6) as




or

or

For orifice (1), £ = e =

" Jay H, ) J4y, x3.0

X

A S
" Jay, H, Jaxy, x50

As both the orifices are identical

For arifice (2),

C"l = C"":
X X
= or 3y, = 5y,
Vay, x30 4y, x50 Sl
But _}"l = _vz + 2[]
2y, = 6.0
¥ =30
3
From (i), C, =
@) 7 J4y, xH,
0.96 = J—
JII»H 3.0x5.0

x=0.96 X 4x3.0x50 = 7.436 m. Ans.

L)

veu(H1)




Practice Problem#11 (Rajput, Page= 457)

A 3 m tank standing on the ground is kept full of
water. There is a small orifice in its vertical side
with its center at depth h meters below the free
surface of liquid in the tank. Find the value of h so
that the liquid strikes the ground at the maximum
distance from the tank. Assuming Cv= 0.97,
calculate the maximum value of horizontal
distance.







Flow through Large Orifice

* When available head of a liquid is less than 5 times
the height of orifice, the orifice is called large orifice.

* |n case of small orifice, the velocity is considered to
be constant in the entire cross section and the
discharge is calculated by the formula:

Q=Cyxax./2gH.

* But in case of large orifice, the velocity of a liquid,
flowing through the orifice varies with the available
head of the liqguid and hence Q can not be calculated
as mentioned above.




Flow through Large Orifice

Fig: Large rectangular orifice

b= wiC

Discharge Q can be calculated as : Q = C;x (b x d) x \/ZgH

th of orifice

d =de

oth of orifice




Discharge through a large Rectangular Orifice
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Discharge through a large Rectangular Orifice

Consider a large rectangular orifice in one side of the tank
discharging freely into atmosphere under a constant head, H as
shown in figure.

Consider an elementary horizontal strip ‘dh’ at a depth of h
below the free surface of the liquid in the tank as shown in
figure. Let,

H = Height of liquid above top edge of orifice
H,= Height of liquid above bottom edge of orifice
C ;= Co efficient of discharge

b = Width of orifice

d = Depth of orifice=H, — H4



Area of strip = b X dh

and theoretical velocity of water through strip = ,/2gh.

Discharge through elementary strip is given
dQ = C,x Area of strip X Velocity

=C,x bxdhx 2gh = C;bx 2gh dh
By integrating the above equation between the limits H, and H,, the total discharge through the
whole orifice is obtained
”1
0= |
H,

C

(

 XbXJ2gh dh

H,

_Cdxbe_I “Jh dh = bex\[_["w]

H,

. % xb 2 [Hy* - "] A1.8)




Practice Problem #12

A rectangular orifice 0.9m wide and 1.2m deep is discharging water
from a vessel. The top edge of the orifice is 0.6 m below the water
surface in the vessel. Calculate the discharge through the orifice if
C,4= 0.60 and percentage of error if the orifice is treated as a small
orifice.

Information given, ik J

b=0.9m A X S F
d=1.2m H Hy' | feba
-

H,=0.6 ' |
d=H, — H,

So, H,=1.8m
C;=0.60 (a)




Solution

Discharge Q is givenas Q== xC,xbx 2g x[H;" - H?)

x 0.6 X 2.9 X /2 x9.81 [1.8** - 0.6**]1 m’/s
1.5946 [2.4149 - .4647] = 3.1097 m"/s. Ans.

Wi Wl

Discharging for a small orifice
Q,=C,xax [ 2gh

whcrch=H,+£21-=0.6+l—'22- =l2manda=bxd=09x1.2

0,=06 x.9x12x JZ x9.81x12 =3.1442 m'/s

Q, -0 31442 -3.1097
0 3.1097

% ermor =

=0.01109 or 1.109% . Ans.




Mouthpiece

C

@

c ®

* A mouthpiece is an attachment in the form of a small tube or pipe
fixed to the orifice.

* The length of pipe extension is usually 2 to 3 times the orifice
diameter and is used to increase the amount of discharge.




Classification of Mouthpiece

According to Position of
Mouthpiece

According to shape of
Mouthpiece

According to nature of
discharge

1. Internal Mouthpiece

. External Mouthpiece

. Cylindrical Mouthpiece

. Convergent Mouthpiece

. Convergent- Divergent Mouthpiece

2
1
2
3
1. Mouthpiece running full
2

. Mouthpiece running free



Flow through an External Cylindrical Mouthpiece

* Consider a tank having an external cylindrical mouthpiece of cross-
sectional area a, attached to one of its sides as shown in figure.

* The jet of liguid entering the mouthpiece contracts to form vena
contracta at a section C-C.

* Beyond this section, the jet again expands and fill the mouthpiece
completely.




Let  H = Height of liquid above the centre of mouthpicce '8+ 713 EXTernar cylinaricat

v, = Velocity of liquid at C-C section moutbpieces.

a. = Area of flow at vena-contracta

v, = Velocity of liquid at outlet

a, = Area of mouthpiece at outlet

C, = Co-efficient of contraction.
Applying continuity equation at C-C and (1)-(1), we get

a. X v.= a,v,
i 1} IR/
A TR [

¢

a : :
But — = C_ = Co-efficient of contraction
a
1

Taking C.= 0.62, we get Ze =062

a
4
ie V=
0.62
The jet of liquid from section C-C suddenly enlarges at section (1)-(1). Due to sudden enlargement,

(v.=w)

2g

there will be a loss of head, 7, * which is given as /i, =




But v, = al hence h, = = |: l
0.62 : 2g 2 0.62
Applying Bernoulli’s equation to point A and (1)-(1)
2 2
Pa . Va L
+ +2, = + +z,+h
pg 28 ' pg 2¢ "
where z,=2z,,v, is negligible,
P _ atmospheric pressure = (
(24
v vy
H+0=0+ — +.375
2g 22
H=1.375 -
2g

2gH
" = 0.855 [2gH
"1 = V1375 &

Theoretical velocity of liquid at outlet is v, = 1/ZgH




Discharge through Mouthpiece is greater than Orifice.

Co-efficient of velocity for mouthpiece

Actual velocity 0.855 2¢H
C‘, = . — =
Theoretical velocity \/ZgH
C_ for mouthpiece = | as the area of jet of liquid at outlet is equal to the area of mouthpiece at outlet.
Thus C,=C.xC,=10x.855 = 0.855

Thus the value of C, for mouthpiece is more than the value of C, for orifice, and so discharge
through mouthpiece will be more.

= ().855.




Practice Problem#13 (Bansal = 343 page)

An external cylindrical mouthpiece of diameter
150 mm is discharging water under a constant
head of 6 m. Determine the discharge and
absolute pressure head of water at vena

contracta .

Take, C,;= 0.855 and C,for vena-contracta =
0.62. Atmospheric pressure head = 10.3 m of

water.



Time Required for Emptying a Hemispherical Tank

A Hemispherical tank of diameter 4 m contains water
upto a height of 1.5 m. An orifice of diameter 50 mm is
provided at the bottom. Find the time required by water
1. tofallfrom1.5mtolm

2. for completely emptying the tank.

Take C; = 0.6

Semester Final Examination, 2018
Bansal: Problem No. 7.19 (Page 336)



Time Required for Emptying a Hemispherical Tank




Time Required for Emptying a Hemispherical Tank

Let us Consider

R = Radius of the tank

a = Area of the orifice

H,= Initial height of the liquid

H,= Final height of the liquid
T = Time in seconds for the liquid to fall from H,to H,



Step: Determine small time interval dT

Let at any instant of time, the height of liquid over the orifice is /7 and x be the radius of the
liquid surface.

Then, area of liquid surface, 4 = o’
Theoretical velocity of liquid = \/ﬂ
Let the height of liquid decrease by d/h in a small interval of time d7. Then,
Volume of liquid leaving the tank in time d7T
= A.dh =7’ x dh ()
Also, volume of liquid flowing through the orifice in time dT
= C,; % area of orifice x velocity x dT
= Cy.a.+2gh xdT ...(i1)
Equating (7) and (ii), we get:
nx’ (—dh) = C, . ax2gh x dT
The negative sign accounts for the decrease in head on the orifice with increase in time interval.

— '2 .
G = B AN (iil)

€, "a ﬁ/2gh




Step: Determine small time interval dT

From Fig. 8.19, we have:

OU = Rand 0S = R—})
x = US=y0U” - 05? =R - (R - h)’

dT

- \/Rz ~R* -1? +2Rh =\/2Rh -

or = (2RH - h2)
Substituting this value of 1 in eqn. (iii), we get:

— 1 (2Rh - h*) dh

C,;.a.4J2gh < /:/|
- Untice/?ff’f‘;;ﬂf“*

= (2Rh -h*) K" dh

Cd.a.@
-7
Cd.a.JZ_g




The total time T required to bring the liquid level from H, to H, is obtained by integrating the
above equation between the limits H, to H, .

HZ
[ar = [ —"— @Rn">- 1*)an Integrate dT to get total time T
0 g, Ca-a J2g
T — J‘ QR — 1¥2) dh
C,;.a (28

h1/2+1 h3/2+1 Hy

CdaV —+1 %+1

Hl
H
_ 2 32 25|
- Z %2R -2 h
C;.a ,/ 3 5 H,
4 H? — 5" 2 (.51 512
= [— H, )“_(Hz - H, )]
C;.a ,/ 3 5
2
or T = [ R(EE = H 2 ) (22 =H2 )] ..(8.15)
e, .a.,/Zg 3
For emptying the tank completely, A, = 0 and hence,
T 4 2
= [ RH? - H15’2] ..(8.16)
C; .a.ﬂfZg 3 5



Flow over Notches and Weirs

Photograph is only for reference. Final Product may vary from it
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Fig : Sharp-crested weir




Notch and Weir

*Notch may be defined as an opening provided in the
side of a tank or vessel such that the liquid surface in
the tank is below the top edge of the opening.
It is generally made of metallic plate.

*Weir may be defined as any regular obstruction in an
open stream over which the flow takes place. It is made

of masonry or concrete.
*Notch is sometimes called as a weir and vice versa.



Nappe and Crest

Nappe or Vein:

The sheet of water flowing
through a notch or over a
weir is known as Nappe or
Vein.

Sill or Crest :

The top of the weir over
which the water flows s
known as sill or crest.

welr crest Feamidonm
e N )

— I —*\Q‘_

Flow Over a Sharp Crested Werr




Types of Notches

End View
1. Rectangular Notch !
2. Triangular Notch .
3. Trapezoidal Notch
4, Stepped Notch i

Fig : Trapezoidal Notch



Stepped Notch

Fig - Stepped Notch




Types of Weir

Shape 1. Rectangular Weir 2. Cippoletti weir
Nature of 1. Ordinary Weir 2. Submerged Weir
Discharge

Width of Crest 1. Narrow Crested Weir 2. Broad Crested Weir
Nature of Crest 1. Sharp Crested Weir 2. Ogee Weir



Discharge over a Rectangular Notch or Weir

SECTION AT
CREST

(a) RECTANGULAR NOTCH (b) RECTANGULAR WEIR

S—

(c

Fig. 8.1 Rectangular notch and weir.

Head of Water over the crest=H

Length of the Notch or Weir =L
Consider an elemental horizontal strip of water of thickness dh and length L at a

depth h from the free surface of water as shown in figure.




The area of strip =LXxdh
and theoretical velocity of water flowing through strip = JZ;TI:
The discharge dQ, through strip is
dQ = C, x Area of strip X Theoretical velocity

=Cyx LxXdhx 2gh (i)
where C, = Co-efficient of discharge.

The total discharge, Q , for the whole notch or weir is determined by integrating equation (i) between
the limits () and H.

H H
Q=j) Ca- L 28 - di=CoxLx 2g [ H'"™ dh
(

- 14
P2+ i H
= dex,/ﬂ l =Cdex\/2_g—
—+1 312 0
2 ok

2
=3 X Lx |2g [H (8.1)




Practice Problem#14

Determine the height of a rectangular weir of Length 6m to be built
across a rectangular channel. The maximum depth of water on the
upstream side of the weir is 1.8 m and discharge is 2000 liters/second.
Take, C4=0.6.

Given Information, l
LengthOfweir’L=6m SASheses el Pes . obbsa
Depth of Water, H;=1.8 m EEEEEEEEEE?EIHZEE‘E%‘:\
Discharge, Q = 2000 Liters/second =2 m3/s Hy ! S
Co-efficient of Discharge, C;= 0.6 Sl
Let, H = Height of water above the crest of weir mﬁ
H,= Height of weir Fig. 8.2
H{=H,+H




Q=§cdxz.x,/z—g Y

20 = %x 0.6 X6.0 x 2x9.81 x H**

=10.623 K"

v 20

"~ 10623

213
H= (W—ioz—s) =0.328 m

Height of weir, H,=H,-H
= Depth of water on upstream side - H
= 1.8 -.328 = 1.472 m. Ans.




Discharge over a Triangular Notch or Weir

-
Water :saurtm:ﬂ

b/ 2

Apex of ‘
the notch (@)




Discharge over a Triangular Notch or Weir

Let ’ 7/ Water isurfm:t: 7
H = Head of water above ”f:
V- notch STV |

0 = Angle of Notch

Consider a horizontal strip 1
of water of thickness “dh” ey /(@
at a depth of h from the
free surface of water.




From figure b, we get,

A A
tangz_cz_c ' A
2 0C H-h
So, AC = tan— x (H-h) ;

Width of strip, AB=2xAC = 2x tan% x (H-h)
Area of Strip = 2tan% x (H-h) x dh




The theoretical velocity of water through strip = /2gh

Discharge, through the strip,
dQ = C,x Area of strip x Velocity (theoretical)

=C,;%x2(H-h)tan g X dh x [2gh
B
=2C,(H - h) tan 2 X Jf2gh X dh
H 0
- Total discharge, 0= j'n 2C, (H - ) tan = J2gh x dh
H g
= 2C, X tan gx Vig L (H = k"™ dn

H
=2 x C, X tan ;H..,{'Ig .[. (Hh"? - 1*?) dh

9 HpY? s H
=2xC,Xta —:::.,fz -
o H[ 3/2 512

L]




=2xC‘,xmnng'2_g'
0
=2 X C, X tan ExJZ_g

=2xCdxtangx\/2_g

2 HHY - 2 H.s/:]
3 3

-z’ H5l2 -2. HSIl]
B 5

4]
15

8 0
=EC‘,xtan 'i-x 28 )(Hs/2

For a right-angled V-notch, if C,= 0.6

Discharge,

0= 90°,

Q

6
tan — = 1
2

=%x0.6x I x,/2x9.8] x H"

= 1417 H".




Practice Problem#15 (Bansal 359 page)

Water flows over a rectangular weir Im
wide at a depth of 150 mm and
afterwards passes through a triangular
right-angled weir. Taking C,; for the
rectangular and triangular weir as 0.62
and 0.59 respectively, find the depth
over the triangular weir.



Practice Problem#15 (Bansal 359 page)

Hints:
Discharge over rectangular weir = Discharge over triangular
weir

: : 2 3
Discharge over rectangular weir, Q = 3% CyxLx,/2gxH->

Disch : | : _ 8 C 0 5 HE
Ischarge over triangu arwelr,Q-l—Sx dxtanzxw/ g x H>

Answer: 357.2 mm




Advantages of Triangular notch over a rectangular weir

1.For a right-angled V notch or weir the expression

for the computation of discharge is very simple
(Q=1.417 H*?)

2.1n a given triangular notch, only one reading that
is head (H) is required to be taken for the
measurement of discharge.

3.For low discharge a triangular notch gives more
accurate results than a rectangular notch.



Discharge over a Trapezoidal Notch or Weir




Discharge over a Trapezoidal Notch or Weir

* A trapezoidal notch or weir is a combination of a rectangular and
triangular notch or weir.

* Thus, total discharge will be equal to the sum of discharge through
rectangular weir+ discharge through triangular weir.



Discharge over a Trapezoidal Notch or Weir

Total Discharge through trapezoidal weir = Discharge through triangular portion

(ADF+BCF) + Discharge through rectangular portion (ABCD)
Let us consider,

H = Height of water over the notch.

L = Length of rectangular portion of the notch.

C 1= Co-efficient of discharge for the rectangular portion
C o= Co-efficient of discharge for the triangular portion




Discharge over a Trapezoidal Notch or Weir

Discharge through rectangular portion ABCD is given by,
3

2 3
Ql_gx CqaxLx,/2gxH2

Discharge through two triangular notches ADF and BCE is equal to
the discharge through a single triangular notch of angle 6 and is

given by,

5
szl%x Cd xtan%xJZg x H2

Discharge through trapezoidal notch or weir,

Q
=01t 0 . -
=§x Cdex1/2ng5+1%x Cdxtan%xw/ZgXHE



Practice Problem#16

Find the discharge through a trapezoidal notch
which is 1 m wide at the top 0.40 m at the
bottom and is 30 cm in height. The head of
water on the notch is 20 cm. Assume C, for
rectangular portion = 0.62 while triangular
portion = 0.60.

Solution:

Given information,

Top width, AE =1m

Base width, CD=L=0.40 m

Head of water, H=0.20 m

For rectangular portion, C4; =0.62
For triangular portion, C4, = 0.60




Solution

From AABC, we have

Fig. 8.5
.0 _ AB_(AE-CD)2 ”
2 BC H
_(L0-04)/2 06/2 03 1
= 03 03 03

Discharge through trapezoidal notch is given by equation (8.4)

Q:%Cd'xLx 28 xHW+%Cd:x1an-g-x 2g x H

= %— x 062 x 04 X |2 x9.81 x (0.2)** + -l§5- X .60 x 1 X /2x9.81 x(0.2)*

= (.06549 + 0.02535 = 0.09084 m*/s = 90.84 litres/s. Ans.




Discharge over Stepped Notch

A stepped notch is a combination of rectangular notches. The discharge through
stepped notch is equal to the sum of discharges through different rectangular

notches.

Consider a stepped notch as shown in Fig. 8.6. o F
Let H, = Height of water above the crest of notch 1, :‘ s--:::::::' %3 X% N -y E
% Wi O Sl

[ X >

|<—-— I —»

L, = Length of notch I, A @ ““Ew
H,, L, and H,, L, are corresponding values for notches }\\\ Gj—\
2 and 3 re SpCCti ye ly. \\\\\\\\\\\\\\\\\\t

C, = Co-efficient of discharge for all notches I L,L' >
Total discharge Q = Q, + Q, + 0, | L | -
or Q= % %C; XL X \/E [Hl-"2 = Hzm] Fig. 8.6 The stepped notch.

+ % C,xL,x Jz_g[Hzm- H3m] + % CyX Ly X J28 X H3m. ..(8.5)




Practice Problem#17

The following figure shows a stepped notch. Find the discharge through the
notch if C,4 for all section = 0.62

Solution:

Given information,
C;=0.62

L1=40cm

L,=80cm

L3;=120 cm
H,=50+30+15=95cm
H,=50+30 =80 cm =—— 80 cm —1
Hz=50cm | 120 cm -~




Solution: Total Discharge = Q; +0, +0Q;

N

where Q,==XCyxL,x.2g [H,** - H,**]

MW

= Z x0.62 x40 x /2% 981 x [95*? - 80*?]

8]

= 732.26[925.94 — 715.54] = 154067 cm’/s = 154.067 lit/s

Q, == x Cyx Lyx f2g x [Hy"” - Hy»]

x (.62 x 80 x /2 x 981 x [80* - 507

2 %
3
ez
3
= 1464.52[715.54 — 353.55) cm’/s = 530141 cm’/s = 530.144 lit/s

and Q== XCyx Ly X ,f2g ><H3""2

&
3
.

7 0.62 x 120 x /2 x 981 x 50" = 776771 cm’/s = 776.771 lit/s

Q=0,+ 0, + Q;=154.067 + 530.144 + 776.771
= 1460.98 lit/s. Ans.




Cipolletti Weir or Notch

Cipolletti weir is a trapezoidal weir which has side slopes of 1 horizontal to 4
vertical.




Broad Crested Weir, Narrow crested Weir

H = Height of water above the
crest

L = Length of the crest
2L > H (Broad Crested Weir)
2L < H (Narrow Crested Weir)

Narrow crested weir is similar to

reCtangU|ar Weir and itS discharge ::::::::::::::::t:::::::::::::‘.‘_"_‘ -
is given by +
2 E Sharp Crest ?
= — X C X L X 2 X HZ ]
Q=3xLq V 4Y 7z \
AN NN NN AN NN NN ”//Q\

Fig : Sharpcrested weir



Ogee Welr

*The following figure shows an
ogee weir in which crest of weir
rises up to maximum height of

0.115*H (Height of water above
crest of weir.

*Ogee weir is similar to
rectangular weir and  its
discharge is given by

2 3
ngx CyxLx,/2gxH->

Fig. 8.11 An Ogee weir,
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Laminar Flow

* Laminar means arranged.
* Paths taken by individual fluid particles do not cross one another.

FIGURE 6-14
Laminar and turbulent flow regimes of
cigarette smoke.




Newtonian Fluid

These fluids have a linear
relationship between viscosity and
shear stress.

It can be classified as:

1. Laminar (or viscous)

2. Turbulent

Reynolds number, R,= pvd

1l
For Laminar flow, R, < 2000

For Turbulent flow, R, > 4000
R, between 2000 and 4000 indicates
transition from laminar to turbulent.

Viscosity (Pas) —

Non-Newtonian
(Shear Thickening)

Newtonian

Non-Newtonian
(Shear Thinning-Psendoplastic)

\ Area of Interest

=>

Shear rate (1/5)




Examples of Laminar/ Viscous flow

1. Flow past tiny bodies.
2. Underground flow.

3. Movement of blood in
the arteries of a human

body.

4. Flow of oil in measuring
Instruments.

5. Rise of water in plants
through their roots.

Laminar blood flow

Vessel wall

Flow

Turbulent blood flow

Laminar High Turbulent Laminar
velocity

© PhysiologyWeb at www . physiologyweb.com




Laminar and Turbulent flow in Blood Vessel

Blood vessel wall
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Blood vessel wall
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Reynolds Experiment

Osborne Reynolds in 1883, with the help of a simple experiment
demonstrated the existence of the following two types of flows.

| Laminar flow |

e >

Ink flows in a straight line

Turbulent flow |

— o

Ink became turbulent and




Reynolds Experiment

GLASS

SUPPL — =

TANK e
BELL TYPE




Reynolds Experiment: Apparatus

1. A constant head tank filled with water.
2. A small tank containing dye.

3. A horizontal glass tube provided with a
bell mouthed entrance.

4. A regulating valve.



Reynolds Experiment: Procedure

1.The water was made to flow from the tank
through the glass tube into the

atmosphere.

2.The velocity of flow was varied by
adjusting valve.

3.The liquid dye was introduced into the
flow at the bell mouth through a small
tube.



Observations made

Reynolds’ experiment

W

) = — >

Low discharge

Dye followed a straight path.

Dye followed a wavy path

with streak intact.
Medium discharge

Dye rapidly mixed through
the fluid in the tube

High discharge




Observations made

1.

When velocity of flow is low, the dye remained in the form
of a straight and stable filament passing through the glass
tube. (laminar flow)

. With the increase in velocity, a critical state was reached at

which the dye filament showed irregularity and began to
weaver. This is transitional state.

. With further increase in velocity of flow in the filament of

dye become more intense and ultimately the dye diffused
over the entire cross-section (turbulent flow)




Loss of Head and Velocity of flow relationship

A graph is plotted between V
(velocity of flow) and hf (loss of
head). Such a graph is shown in
figure. It may be seen from the
graph that:

Zone 1: Laminar flow (hy X v)

Zone 2: Transition zone
Zone 3: Turbulent flow (hy < v")

Value of n varies from 1.75 to 2

h~v@




Reynolds Number, R,

Reynolds from his experiment, found that the nature of flow
in a closed conduit depends upon the following factors:

1. Diameter of the pipe (D)

2. Density of the liquid (p)

3. Viscosity of the liquid ()

4. Velocity of flow (V)

By combining the above variable
non-dimensional quantity equal t

Reynolds humber.

s, Reyno
pVD

O — W
L

ds determined a

nich is known as




Reynolds Number, R,

It is defined as the ratio of inertia force to the viscous
force.

Inertia force (F;)

= mass * acceleration
Velocity

= density * volume *

. Vol .
= density * 2 Velocity

time
= density * Area * Velocity * Velocity

= pAl/?

time




Reynolds Number, R,

Viscous force (F,)

= shear stress * area

= du*area
_udy
V
—u—%* A
I'lL
F;i  pVL

Reynolds Number, R, = F .
(%




Shear Stress and Velocity Profile

Wall shear stress Ty

_‘—\’\V\
Flow T 4 Parabolic
L e ________T___ A velocity
Linear shear stress profile
distribution
——J

‘Shear stress and Velocity distributions in pipe, fully developed flow
of Newtoman fluid, for Laminar flow







Flow of Viscous Fluid through Circular Pipe

At low velocity the fluid moves in layers.
Each layer of fluid slides over the adjacent layer.

For Newtonian fluids the shear stress, t, is directly proportional to
the velocity gradient, du/dy, developed in the fluid.

The proportionality constant, u, is called the “dynamic” or

- : du

“absolute”, viscosity. So shear stress, T= -
i S pVD
Expression for Reynolds number is given by: R, = 0

Here, p = Density of fluid flowing through the pipe ; V = Average
velocity of fluid; D = diameter of pipe; u = Viscosity of fluid




TTUTU.

T X 27r AX
DIRECTION 4 v - 3
OF FLOW fR v AP T ) R f
—> ¥ > 3
R S X “op
2 |eAx-+

(a) (b)
Fig. 9.1 Viscous flow through a pipe.

* Consider a horizontal pipe of radius R.

* The viscous fluid is flowing from left to right in the pipe as shown in
figure.

* Consider a fluid element of radius r sliding in a cylindrical fluid element
of radius (r+ dr)

* Let, length of fluid element = Ax




op r
ox 2

Shear Stress T across a section =

If p is the intensity of pressure on the face AB,

then the intensity of pressure on the face CD will be p+ Ax

ke TX 271 AX '
S By ) AR
= 6 Lt By
) e Axs
il @ v
Fig. 9.1 Viscous flow through a pipe.




Forces acting on the fluid Element

Location of Force Type and Magnitude

Face AB Pressure force = p * tr
Face CD Pressure force = (p+ az Ax) * tr?

2

Surface of fluid element ABCD Shear force = 1 * 2nrAx

IR AR AN I

X 2xr
DIRECTION ' -
OF FLOW Tné A <-£ D ¥ ) R ar
e s
- X op r
foLllc Yoo e
A
sl (a) (b)
Fig. 9.1 Viscous flow through a pipe.




Sum of all forces in the direction of flow must be zero

prr — (p+§£—At) nr—TX2nr X Av =0
ox
_dp
or Axmtr? =T X21tr X Ax = 0
" ox
or —a—p.r-21:=()
ox




Shear stress and Velocity distribution

SHEAR STRESS VELOCITY
DISTRIBUTION DISTRIBUTION

(a) (b)

Fig. 9.2 Shear stress and velocity distribution across a section.

To obtain velocity distribution across a section,
du

the value of shear stresst=p gy s (1)
: : : : 0
is substituted in equation tT=— £ g ......... (2)




Velocity Distribution: u = —=—[R* — r?]
uaox
: : du . .
But in the relation, T=p Iy’ y is measured from pipe wall.
Hence,y =R —r and dy = — dr
du du du
So, shear stress, T=p—=up——= —u
dy —dr dr
SHEAR STRESS VELOCITY
DISTRIBUTION DISTRIBUTION

(a) (b)

Fig. 9.2 Shear stress and velocity distribution across a section.




o 10
Velocity Distribution: u = — = [R? — 12]
4u 0x

d
du _ _Opr o du

| 8pr

Integrating this above equation w.r.t. ‘r’, we get

where C is the constant of integration and its value is
r=R,u=0.

dr dox 2 dr 2u odx

«({9.2)

obtained from the boundary condition that at

-..(9.3)




Ratio of maximum velocity to average velocity

Condition:
When r = 0, velocity becomes maximum;

So, maximum velocity, Uy, 4

_ _10prp2 A2
- 4u6x[R O]

= —ia—p*Rz
4 0x

The average velocity u is obtained by,

Discharge of fluid across the section
Area of the pipe (TR?)

u =

Discharge Q across the section is obtained by considering the flow through a circular
ring element of radius r and thickness dr.



Discharge Q:

d(Q = velocity at a radius r X area of ring element

=u X 2nrdr
e 4'“ g'z [R? - r*] x 2nr dr
Q=J'OR dQ:j'OR-4L gi (R - 1) x 27tr dr
" 41' ("aip) x 21 f (R*= r?) rdr
= 41'1 (-aip) X 27 J:)R (R’r — r’) dr




Ratio of maximum velocity to average velocity = 2.0.

...{9.93)




Drop of Pressure for a given length L of the pipe (Hagen Poiseuille Formula)

From equation (9.5), we have
- ( ap) 2 (—Bp) Spu A GF ?
U= R = o~ ‘ H
8u | ox ox R ( ‘iP1 pa|
Integrating the above equation w.r.t. x, we get e O : |
[ ap= [ B —.lx,l._Lj
2 2 R° b X2
8 ;; 8uu Fig. 9.3
~ pr-pil = B i~ or oy - p = B g 51
R R?
8:2“ L (~+ x,-x, =L from Fig. 9.3)
= 8'.."[4, {': R = -2-}
(D/2)° 2
or P, -pr)= 32;:" »  where p, - p, is the drop of pressure.
Loss of pressure head =B " P2
Pg
Pi—=Ps . hy= 32““5‘ ...{9.6)
pg pgD-
Equation (9.6) is called Hagen Poiseuille Formula.




Practice Problem#18 (Rajput= Page 534)

A crude oil of viscosity 9 poise and specific gravity 0.90 is flowing through a
horizontal circular pipe of 60 mm diameter. If the pressure drop in 100 m

length of the pipe is 1800 kN/m?, determine:

1.

5.

32uuL
Rate of flow of oil (Q = Area* Velocity; Pressure drop, Ap = ;Zu )

. Center-line velocity ( Uy,q, = 2U )

2
3.
4

Total frictional drag over 100 m length ( F =ty * mDL; o= —g—zg
. Velocity gradient at the pipe wall (ty = uZ—;)
Velocity and shear stress at 8 mm from the wall (u = — fug—i [R? — 1r4])

. . . . . T T
*For similar triangle relationship, EO ==



Practice Problem#19

A laminar flow is taking place in a pipe of diameter 200 mm. The maximum
velocity is 1.5 m/s. Find the mean velocity and radius at which this occurs. Also
calculate the velocity at 4 cm from the wall of the pipe.

Solution:

Given information,
D=200mMmm=0.2m;R=0.1m=10cm
Unge = 1.5m/s

vy=4.cm.

Umax — 2
u

So, mean velocity = 0.75 m/s (answer)

We know,




Solution

Velocity at any distance r from the center is given by,
U=Unax|1— (%)2]

0.75=1.5x[1 (O’"l)z]

r=70.7 mm (ansWer)

Velocity at y =4 cm from the pipe wall;

V=R —r

0.04=0.1—r

r=0.06m




Velocity aty =4 cm orr =6 cm from the pipe wall

U=Upaxl1l— (g)z]
u=15+#[1— ()]
u=0.96 m/s (answer)




Loss of Head due to friction in Viscous flow

Hagen Poiseuille formula:
32uulL

pgD?

Loss of pressure head, hf —

Darcy Weisbach formula:
A4fL V?
D 2g
Velocity in pipe is always average velocity, thatis, V=1u

Loss of head due to friction, hf =

Equating, we get,
32uUL _ 4fL u?

pgD?> D 2g




Loss of Head due to friction in Viscous flow

Friction factor, f

_ 32puLxDx2g
 pgD2x4L*T2
_1lep
_ﬁpD
16 16 L upD
=EpD - & [By definition, Reynolds Number, R, = ﬁ ]
e

vl




Practice Problem#20

Water is flowing through a 200 mm diameter pipe with co-
efficient of friction f = 0.04 ; The shear stress at a point 40 mm

from the pipe axis is 0.00981 N/cm?. Calculate shear stress at
the pipe wall.

Solution:

First, find whether the flow is viscous or not.

. 16
Friction factor, f = S

e

Reynolds number, R, = % = % = 400 (Laminar flow)




Let, shear stress at pipe wall = 1,

From similar triangle relationship,
0.00981 T

40 100

To= 0.0245 N/cm?

100 mm




Turbulent Flow

* In a pipe, turbulent flow occurs when R, > 4000.

* |n a turbulent flow, fluid motion is irregular and chaotic and there
is complete mixing of fluid due to collision of fluid masses with

one another.
 The fluid masses are interchanged between adjacent layers.

 As the fluid masses in adjacent layers have different velocities,
interchange of fluid masses between the adjacent layers is
accompanied by a transfer of momentum.

 The shear in turbulent flow is mainly due to momentum transfer.




ransfer of Momentum in Turbulent flow

The Reynolds number correlates well with flow characteristics. Laminar flow: no mass
v D transfer between layers
Re = P - —_—)

Re > 4000
turbulent (unpredictable, rapid mixing)

2300 <Re <4000
el transitional (turbulent outbursts)

Re <2300
laminar (predictable, slow mixing) Turbulent flow: transfer of

mass and momentum




N\

Velocity distribution curve for Laminar and Turbulent flow

_/|

* The velocity distribution in turbulent flow is more uniform than in
laminar flow.

* In turbulent flow, the velocity gradients near the boundary wall
shall be quite large resulting in more shear.

* In turbulent flow, the flatness of velocity distribution curve in the
core region away from the wall is because of mixing of fluid layers
and exchange of momentum between them.

* The velocity distribution which is paraboloid in laminar flow tends
to follow logarithmic variation in turbulent flow.

e Random orientation of fluid particles in a turbulent flow gives rise
to additional stresses, called Reynolds stresses.




Velocity Distribution Curve

< V »
averaqge

~

\

—

(LLLLLL L L L LT L LTl

. Turbulent
. 1z Re>4000

Laminar flow
~" Re < 2000

(L LLLLLL L L L L L L L LT




Laminar-Turbulent

A

A laminar flow changes to turbulent flow when-

1. Velocity is increased.
2.
3. Viscosity of fluid is decreased

Diameter of pipe is increased.

Frictional resistance for turbulent flow is:
1.

Proportional to V'™ ; where n varies from 1.5 to 2.0.
Proportional to the density of fluid.

Proportional to the area of surface in contact.
Independent of pressure.
Dependent on the nature of surface in contact.




Loss of Head due to Friction in Pipe flow (Darcy Equation)

m Parameter

Intensity of Pressure at section 1—1

V1 Velocity of flow at section 1—1
Do, V> Intensity of pressure and Velocity of
flow at section 2—2 respectively.
L Length of the pipe between section
1—1 and 2—2
d Diameter of the pipe
f' Frictional resistance per unit wetted Fig. 10.3 Uniform horizontal pipe.

area per unit velocity

hf Loss of head due to friction



Loss of Head due to Friction in Pipe flow (Darcy Equation)

Forces acting on the fluid between section 1—1 and 2—2;
1. Pressure force atsectionl1 —1=p; x4

2. Pressure force at section2 —2=p, x A

3. Frictional resistance F;

Resolving all the forces in horizontal direction:
p1A—pA—F; =0

A(py —p2) “F1 =0
(p1 — pz) = X ............................ (1)




Applying Bernoulli's equation at section 1—1 and 2—2;

Let, hf = |loss of head due to friction.

45 Vs
Lz =2z, by

PY9 29 PYg g
21= 1= 0 , Vl — Vz,
hf — %1 %,

Pg PY




Frictional Resistance, F;

Frictional resistance

= frictional resistance per unit wetted area per unit velocity * wetted area * V2
=f"*dL x V*

= f' % Px L x V? (Perimeter, P =1d )

From equation 1 and 2, we get,

— 5
pghs =
_ f'pLv?
pghy =—
__ f'pLv?

hf Apg




Darcy Weisbach Equation

Hydraulic mean depth,

R = P Wetted Perimeter 4
B A o Area o d

!/
Putting% = £ ;where f is known as friction factor we get,

Loss of head due to friction in pipes flow,

_AfL VA
hf_ d 29




Expression for Co-efficient of Friction in terms of shear stress

Fig. 10.3 Uniform borizontal pipe.

Forces acting on the fluid between section 1—1 and 2—2;
1. Pressure force atsection1l —1=p; x 4

2. Pressure force at section2 —2=p, * A

3. Frictional resistance F;




Expression for Co-efficient of Friction in terms of shear stress

Forces acting on fluid between sections 1-1- & 2-2 is given by,
p1A—pA—F =0

1

(p1—D2) * " nd?* = shear force due to shear stress T,
1

(p1—p2) * " md* = shear stress * surface area

(p1—p2) * 7 md? = 1o * mdL

_ _4‘T0*7TdL_4T0*I_
(p1—Dp2) = T T g e, (1)




Expression for Co-efficient of Friction in terms of shear stress

From Darcy-Weisbach equation,

_ 4AfL V?
hf d 2g
P1—D2 — 4fL V2
pg d fZg ,
4fL V
pl _pz — g Zg*pg ...................... (2)

Equating, we get,

o 2T
Friction factor , f = —
pV




Velocity distribution in turbulent flow:

Prandtl’s Universal Distribution Equation,

Ymax® _ 9 5 n[ =]
Uf Yy

Here,

Unqy = Center line velocity

u = local velocity at distance y

=

\ P

us= Shear friction velocity =




Practice Problem#21 (Bansal= 445)

Determine the wall shearing stress in a pipe of diameter 100 mm which carries
water. The velocities at the pipe center and 30 mm from pipe center are 2 m/s
and 1.5 m/s respectively. The flow in pipe is given as turbulent.

Solution:

Formula: 22~ — 2 51 £
Uur y

R=50 mm.

r=30 mm.

y=R—r

y =20 mm

Velocity at pipe center, U, = 2mM/s
Velocity at distance y = 20 mm from pipe wall, u = 1.5 m/s.



Solution

Applying the formula:
Shear friction velocity,
ur = 0.2185m/s

If Ty is the shear stress at pipe wall, u; = %"

To= U7 * p = 0.2185 % 0.2185 * 1000 = 47.676 N /m?




Download Class Lecture Slides from here:

1. https://plus.google.com/+AhmedHossain090001
2. http://www.ruet.ac.bd/teacher/CE/Ahmed%20Hossain



https://plus.google.com/+AhmedHossain090001
http://www.ruet.ac.bd/teacher/CE/Ahmed%20Hossain

Flow Through Pipes

Definition of Pipe:
A pipe is a closed conduit (generally of circular section) which is used for
carrying fluid under pressure.

The flow in a pipe is termed as pipe flow only when the fluid completely fills
the cross-section and there is no free surface of fluid.

e -

— P (1) P (2) P, (3) | —=




Loss of Energy (or Head) in Pipes

When water flows in a pipe, it experiences some resistance to its motion, due
to which its velocity and ultimately the head of water available is reduced.

Loss of energy (or head) is classified as follows:
Major Energy Losses: Loss due to friction.
Minor Energy Losses:

Sudden enlargement of pipe.

Sudden contraction of pipe.

Bend of Pipe.

An obstruction in pipe.

A S A el -

Pipe fittings, etc.



Major Energy Losses

These losses which are due to friction are calculated by:

1. Darcy Weisbach formula.
.. 4fL  V?
Loss of head due to friction,hy = — * —
D 29

f = Co-efficient of friction (function of Reynolds number, R, )

For R, <2000, f = ; [Laminar flow]

For R, = 4000 to 10° , f = 2222 [Turbulent flow]

4
Re




Major Energy Losses

2. Chezy’s formula:
Mean velocity, V= CViR
Here,

C = Chezy’s constant

R = Hydraulic mean depth or Hydraulic radius

h
i = Loss of head per unit length of the pipe = Tf

Chezy’s formula (for loss of head) is generally used for flow through
open channels.



Practice Problem#21

Water is to be applied to the students of Zia Hall of RUET through a supply
main. The following data is given:

* Distance of the reservoir from the campus = 3000 meter.

* Number of inhabitants = 4000

* Consumption of water per day of each inhabitant = 180 Liters.
* Loss of head due to friction = 18 meter

* Co-efficient of friction for the pipe, f = 0.007

* If half of the daily supply is pumped in 8 hours, determine size of the supply
main.



Solution

Loss of head due to friction, hf = 18 meter
Co-efficient of friction, f = 0.007

Number of students = 4000

Consumption per day per student = 180 liters = 0.18 m?3
Total supply for day = 4000 * 0.18 = 720 m3 (Volume)

Since half of the supply is to be pumped in 8 hours, maximum flow for which
the pipe is to be designed,
Volume 0.50%720

Q=——r" = = 0.0125 m3
Time 8+x3600
) Q 0.0125 0.0159
Velocity, V== = > = —
A 0.25x1T*D D



Solution

Using the relation,

. AfL. V?
Loss of head due to friction, hy = — * p

Diameter, D = 0.143 meter or 143 mm.



Minor Energy Losses

Loss of Head due to sudden enlargement:

Fig. 11.1 Swdden enlargement.

Video link: https://vimeo.com/193012607



Step 1: Apply Bernoulli’s equation

Due to sudden change of diameter of the pipe ®

from D;to D, , the liquid flowing from the @ i

smaller pipe is not able to follow the abrupt 15%% ‘

change of the boundary. Thus the flow | Y. _PA: A«
separates from the boundary and turbulent I ;

eddies are formed as shown in figure. The loss A ELAS -

of head or energy takes place due to the O @
formation of these eddies. Fig. 11.1 Swdden c’nh;mvment.

Applying Bernoulli’s Equation to section 1-1 and 2-2,

V2 V2
Pr | 1+lepz+ 2 +7,+ h,
Y 29 Y Zg 2
_ (b1 D2 i Vg
he‘(y Y)+(2g 2g)




Step 2: Change of Momentum

Momentum of liquid at section 1-1,

= mass * velocity

= density * volume * velocity

= density * area * velocity * velocity

=p AV

Similarly, Momentum of liquid at section 2-2 = p A,V.}
Change of momentum

=P A2V22 —P A1V12
=pAV5 — p Vi *

=P Az(sz - V)

AV AV

]

[continuity equation, A=
1 Vi



Step 3: Net force acting on the liquid

Net force, E,

= p1A1 + po(A; — A1) — P24,

=p1A1 + p1(A; — A1) — p2A; [assuming py = py]
=(p1 —p2) * 4

According to Newton’s Second Law,

Net force = Change of momentum

(p1 —p2) *A=p Az(sz - V)

p1;p2 — VZZ . V1V2

P1 _ P2 _ VE—Vy Vs,
Y Y g

[dividing both sides by g]



Loss of Head due to sudden Enlargement

+
Y 29 29

b Vi-ViV, ,VE VP
e= + )
g 29 29

Loss of head due to enlargement,
he= (Vl_VZ)z

29
;= Velocity at section 1 = Contracted section

VZé V£
hez (I;l pZ) 1 2 )

V5= Velocity at section 2 = Enlarged section



Practice Problem#22 [Rajput= 639]

A horizontal pipe 150 mm in diameter is joined by sudden enlargement to a 225
mm diameter pipe. Water is flowing through it at the rate of 0.05 m3/s. Find

* Loss of head due to abrupt expansion.
* Pressure difference in the two pipes.

* Change in pressure if the change of section is gradual without any loss.



Loss of Head due to sudden contraction

(1

S

A, Area of flow at section C-C E
V. Velocity of flow at section C-C ¢
A, Area of flow at section 2-2 3
v, Velocity of flow at section 2-2 =4
h, Loss of head due to sudden =

contraction R

S

Loss of head due to sudden contraction

= Loss up to vena contracta + Loss due to sudden enlargement
beyond vena contracta



Loss of Head due to sudden contraction

h. = negligibly small + (VC;gVZ)Z ................................. (1)
From continuity equation, we have,

AV = AV,

V. = Ic/_i [Co-efficient of contraction, C. = j—:

Substituting the value of I/. in equation 1 we get,
R R
he=22 (== 1)
In general, h,=k v V2

29
Constant k = (C— — 1)?



Practice problem#23 (Bansal = 476)

A horizontal pipe of diameter 500 mm is suddenly contracted to a diameter of
250 mm. The pressure intensities in the large and smaller pipe is given as 13.734
N/cm? and 11.772 N/cm? respectively. Find the loss of head due to contraction
if C. = 0.62; Also determine the rate of flow of water.

Solution:
(1

Information given,

D; =500mm=0.5m
D, =250mm=0.25m
p; = 13.734 = 10* N/m?
p, = 11.772 * 10* N/m?*
C. =0.62

RECPIETTPOrEOe s
:

—
—_—



Solution

Head lost due to contraction = 1] 10] = v [ 1 _ ],0]- =0.375 V2
2g | C 22

"
From continuity equation, we have A,V, = A,V,

mw _»
_AV: g (D,J i (0.25) v,

or V, = =|—= —| Vo= —%
A L)Y D, 0.50 4
|
4
Applying Bernoulli’s equation before and after contraction,
L +7 = Py Yo +2,+h,
pg 28 P8 28
But 3 =2 (pipe is horizontal)
Py +V' _p2+V, + h

pg 28 pg 28




Solution

But h.=0.375 V2 and V, = b
28 -+
Substituting these values in the above equation, we get
g 4 v, /4 B e 4 ,2 ’2
13.734 x 10 +( 2 14)" _ 11772 %10 AT
9.81x 1000 2g 1000 x9.81 2g 28
or 140 + —2— = 12.0 + 1.375 2
16 x2g 22
2 2 2
or 14 =125 1375 22 —— i = 13125 22
2¢ 16 2g 2g
or 2.0 = 1.3125 x 7 orV,= JZ'O X2 x50 = 5.467 m/s.
28 1.3125

9

(¢/) Loss of head due to contraction, /1. = 0.375 Y = 0.375 x (5.467)

2g 2 x9.81
(7ii) Rate of flow of water, Q = A,V, = 0.04908 x 5.467 = 0.2683 m?/s = 268.3 lit/s. Ans.

= 0.571 m. Ans.




Practice Problem#24

A horizontal pipe of diameter 500 mm is suddenly contracted to a diameter of
250 mm. The pressure intensities in the large and smaller pipe is given as
13.734 N/cm? and 11.772 N/cm? respectively. If the rate of flow of water is
300 liter/second, Find the value of co-efficient of contraction C..

Solution:

Formula :

1) h,= (——1)2

p, , V3
2) 2 +2g+21—pg+2g+22+ h,

3) A1V1 = A,V,



Other Minor Losses in Pipe Flow

Type of Loss ______ formula

Loss of head due to Obstruction, h [ A 2 V_zz
C.(A—a) 2g
Loss of head at the Entrance, h; 2
0.5 —
28
Loss of head at the exit, h, V4
2g
Loss of head due to Bend, hy, &
k * Z_g
Loss of head in Various Pipe - V2

fittings, hfittings 28



o T@ ] Head Loss in Bends
=y :
:; l High pressure
A v » Head loss 1s a function p\ high
. radius to the pipe separation
[ g \ — Z
= ; Q —_ - Q diameter (R/D) \from il

Reentrant K.=0.8

Slightly-Rounded K.=0.2

Sharp-Edged K.=0.5

Well-Rounded Ki=0.04

» Velocity distribution
returns to normal
several pipe diameters
downstream

K, varies from 0.6 - 0.9

p+ pJ —dn+yz=C

Low pressure

14 2




Total Energy Line/ Energy Gradient Line

When fluid flows along the pipe, there is loss of head (energy) and
the total energy decreases in the direction of flow.

If the total energy at various points along the axis of pipe is plotted

and joined by a line, the line so obtained is called Energy Gradient
Line (E.G.L)

Total Head (total energy per unit weight) with respect to any arbitrary
datum, is the sum of pressure head, potential head and velocity head,
that is

2
Total Head (energy) == + z + —
(energy) =7 ”




pipe
Datum: z=10 + z




Hydraulic Gradient Line (HGL)

The sum of pressure head and potential
head (% + z) at any point is called

piezometric head.
If a line a is drawn joining the

piezometric levels at various points, the

line so obtained is called Hydraulic
Gradient Line (HGL)

HGL=2+ 7
Y

--
"
- ™

- - EGL

-~ HGL
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e







The following points are worth noting

1.

EGL always drops in the direction of flow because of loss of
nead.

HGL may rise or fall depending on the pressure changes.

. HGL is always below the EGL and the vertical intercept between

. ] VZ
the two is equal to the velocity head »
For a pipe of uniform cross-section, the slope of HGL is equal to

the slope of EGL.

. There is no relation between the slope of EGL and slope of the

axis of pipe.



Practice Problem

A horizontal pipe 40 meter long is connected to a water tank at one end and
discharges freely into the atmosphere at the other end. For the first 25 meter
length from the tank, the pipe is 150 mm diameter and its diameter is
suddenly enlarged to 300 mm. The height off water level in the tank is 8
meter above the center of the pipe. Considering all the losses of head which
occur, determine the rate of flow. Take f = 0.01 for the both sections.

Also draw EGL and HGL.

Solutions: W‘_T
Total Length, L = 40 meter lm |
Height of Water, H = 8 meter e

d;=0.15m

Co-efficient of friction, f = 0.01

Fig. 11.5

Vi

Lo=15m
d,=0.3m




Bernoulli’s Equation

Applying Bernoulli’s theorem to the free WATER | SURFACE

surface of water in the tank and outlet Nl

of pipe as shown in figure and taking 8m

reference line passing through the axis e e

of pipe. seem. “on
V.2 d,=0.3m

O+O+8=O+i+0+alllosses Fig. 11.5

Here, all losses included are:

Loss of head at entrance

Loss of head due to friction in pipe 1
Loss of head due to sudden enlargement
Loss of head due to friction in pipe 2
Loss of head at outlet

e wh e




Head Losses in the direction of flow

V3
where h; = loss of head at entrance = (.5 -2'—
8
4% fXL xV}
h, = head lost due to friction in pipe 1 = S XL XV
| d X2g
(V| = V‘a )2
h, = loss head due to sudden enlargement = - :
8
4% fXLyX Vs
h h = Head lost due to friction in pipe 2 = fXLyXV;
| d, X2g

But from continuity equation, we have

w-oa
—d; XV, 2
V|=A:V2 = 4 :[dz) XVZ
A "d': d,




Discharge, Q = A,V,

Substituting the values of these losses in equation (i), we get

Sibm 22

8V,
+

28
V,

=—=[1+8+10667+9+2]=

28

28

+ 106.67 —+

)

V‘v. 9 sz ‘/..2

28

28

126.67 —2§

. Rate of flow, 0= A, x V, = ;

v J&OXZXg .
27V 12667

J

8.0x2x981
=JI.2391 = 1.113 m/s
126.67 =8

(0.3)> X 1.113 = 0.07867 m’/s = 78.67 litres/s. Ans.




Plotting of EGL, HGL

Given: Li=25m,d, =0.15m
L,=15m,d,=03m, f=.0l,H=8m
The velocity V, as calculated in problem 11.17 is
Vo= 1.113 m/s
V=4V, =4 x 1.113 = 4452 m/s

VP _ 05x4452°
2g 2 X981

= 0.50 m

The various head losses are h; = 0.5 X

p A XL XV 4X.01x25%(4.452)°
.=

: d x2g 0.15x2 x938l1

- (M-v)' (4452-111)°

h
. 28 2 x 9.81

= (0.568 m

=6.73 m




CAxfxLxVi  4x.01x15%(1113)°

— =0.126 m
L d, X 2g 03%x2x981
2 2
h,= é = L =0.063 m
2¢ 2x981
2
V,}2g = LY

2x981




Head Losses Horizontal | Vertical
Ordinate, | Ordinate,

X Y

N/A 0 8 A

h; = 0.5 0 7.5 B
hey = 6.73 25 0.77 C
h, = 0.568 25 0.202 D
he, = 0.126 40 0.076 E
hy = 0.063 40 0.013 F



Elevation

O Fr N W b U1 O N 00 ©

SIS
~ 00

-

Energy Gradient Line

25,0.77
25, 0.202

40, 0.076

20 30

Horizontal Distance

/ 40, 0.01
40

3
50




HGL

2
1. From B, take BG =‘2/—1g =1m

2. Draw the line GH parallel to the
line BC

3. From F, draw a line Fl parallel to
the line ED

4. Join the point H and |

5. The line GHIF represents the
Hydraulic Gradient Line (HGL)




Pipes in Series or Compound Pipes

Pipes in series or compound
pipes is defined as the pipes of
different length and diameters

Reservoir

—

connected end to end (series)
to form a pipe line as shown in
figure.

]| feulf

Reservoir

Ly, L,, L; = Length of pipes 1,2,3 respectively

d,, d,, d; = Diameter of pipes 1,2,3 respectively
Vi, V,, Vs = Velocity of pipes 1,2,3 respectively

f1,f5, f3 = Coefficient of friction of pipes 1,2,3 respectively
H = Difference of water level in the two tanks.



Pipes in Series or Compound Pipes

The discharge passing through each pipe is same.
: Q=A,V,=A,V,=A,V,
Thu difference in liquid surface lwc.ls is c.qual to the sum of the total head loss in the pipes.

0.5V 3 4f,LV 5 0.5 Vz' 3 4f3L2V2'
2g d, X2g 2g d, X2g

H=

-
-

(V:-Vi)  4nLVy |V,
28 dy, x2g 28

-+

WA1112)

If minor losses are neglected, then above equation becomes as
g MALVE  ALLVY  4fLVS
d x2g d,x2g d,x2g

If the co-efficient of friction is same for all pipes
e f; =/ =f3 = f. then equation (11.13) becomes as

o MLVE | ASLVE | ALVE
d x2g d,x2g d,x2g

_AF | SV Vs 5% (11.14)
2g dl dz d3

<41 1:13)




Practice Problem

Three pipes of 400 mm, 200 mm, 300 mm diameters have lengths of
400 m, 200 m and 300 m respectively. They are connected in series
to make a compound pipe. The ends of this compound pipe are
connected with two tanks whose difference in water levels is 16
meter. If coefficient of friction for the three pipes are same and equal
to 0.005, determine the discharge through the compound pipe
considering:

a) Neglecting minor losses
b) Including minor losses



Solution

Solution. Given :

Difference of water levels, H=16m

Length and dia. of pipe 1, L, =400 m and d, = 400 mm = 0.4 m

Length and dia. of pipe 2, L,=200mand d, =200 mm =0.2 m

Length and dia. of pipe 3, Ly=300mand dy =300 mm =03 m

Also fi =H==0.005

(i) Discharge through the compound pipe first neglecting minor losses.
Let V|, V; and V; are the velocities in the 1st, 2nd and 3rd pipe respectively.
From continuity, we have A,V, = A,V, = AV,

Tt .2
—d; 2 2
V‘?:A'VI =;4t XV,:d'2 V|=(—0'—4) V, =4V,
A.’. _ds 2 0.2
4 -
ﬂdg
o5 1 2 -
and V3=A'V' = ;‘t xv,--d'_,_ &/,:(g'i) V,= 1.77V,
A, Zd;' d; 0.2




Solution

Now using equation (11.13), we have

g MLV ARLY: | AfLVS

(1.77 V)

= (.882 m/s

- \/16 X2 %981
'Y 40314

dyx2g d,x2g dyx2g
" l6_4><0.005><400xv,2+4x0.005x200><(4V.)2+4><0.005><300x
T 04x2x98l 02 x2 %98l 03%2x98I
W (4x0.005x400+4x0.005><200xl6+4x0.005x300x3.l57)
2%981 0.4 0.2 03
16= —1— (204 320 + 63.14) = —— x 403.14
2x981 2x981




Solution

Discharge, O=A;x V= -:-‘- (0.4)* x 0.882 = 0.1108 m*/s. Ans.

(ii) Discharge through the compound pipe considering minor losses also.
Minor losses are :

05V

28
() Between 1st pipe and 2nd pipe, due to contraction,

(a) At inlet, h;

h . 0-5 V-)z ) 0'5(4V|2)

© 28 2g
_05x16 xV’ S8 Vv,
2g 2g

(¢) Between 2nd pipe and 3rd pipe, due to sudden enlargement,

-
-

(V> -W) _ (a4 -177%)°
26 2¢g
W’ !

=(2.23)2x —— =4.973 5
28 2g

h,=

-

2 (L77V) T 2
Y =( ) =177 x A _31320 Y
28 2g 2g 28

(d) At the outlet of 3rd pipe, /i, =

('.' V2 = 4V|)

(v Vo= 177 V)




Solution

XL XV AL XL XVE 4L XL XV
d, %28 d, x2g d, ®x2g

The major losses are

4x0.005% 400 x V* 4 x0.005x 200 x (4V,)" , 4%0.005 X300 x(L77V, )

0.4 x2 x981 0.2 x2x9281 0.3 x2 %981
= 403.14 x Y
2 x9.81
s Sum of minor losses and major losses
| 2 2 2 2
= [93Y Lgx X 4073 4313200 | L a0304 U
2g 22 2g 2g 2g
2
= 419.746 i
2g
But total loss must be equal to A (or 16 m)
v 16 x 2 x 981
419.746 x — = 16 .. V, =J = 0.864 m/s
2g 419.746

- Discharge, @=A,V, = E (0.4)* x 0.864 = 0.1085 m”/s. Ans.




Equivalent Pipe (Pipes in Series)

Equivalent pipe is defined as the pipe of uniform diameter having loss of head
and discharge equal to the loss of head and discharge of a compound pipe
consisting of several pipes of different lengths and diameters.

The uniform diameter of the equivalent pipe is known as the equivalent
diameter of the series or compound pipe.

Let, L{, L, , L3 etc. = Length of pipes 1,2,3 etc.
D4, D, , D; etc. = Diameter of pipes 1,2,3 etc.
H = Total head loss

L = Length of the equivalent pipe

D = Diameter of the equivalent pipe.



Total Head Loss in Compound Pipe

Total head loss in the compound pipe, neglecting minor losses

H = 4LV’ +4le,..V2“ +4f3L:V3.

(11.14A)
d x2g dy,x2g d,x2g

Assuming h=h=h=f
; K > R .2 x .2
DISChal'ge. Q - AlVl - Asz = A3V3 - Z dl Vl - Z dz VZ= : d3 V3
Vl =4_Qz'. V2=4_Qz‘and V3=igz'
ndl 2 3

Substituting these values in equation (11.14A), we have

40 Y 40 ) 40 Y

4 fL, % 2 4 ; + 5
i W ) i
d x2g d, X2g d, x2g

4x16100° | L . Ls . L
— 5 S+ §+ : (|||S)
R°XxX2g |dy d, d,




Head Loss in Equivalent Pipe

Taking same value of f in compound pipe,

: : : 4fL  V?
Head loss in equivalent pipe, H = L,
D 29
. 4
Where, velocity, V = @ _ —Qz
A Ttd
So, substituting the value of velocity, we get,
_4x16fQ° - L
H = 2x2g [ds]
Head loss in compound pipe and equivalent pipe is same, therefore,
L L L, L . :
= e R s [Dupit’s Equation]

D5 DY D3 D3
If the length of the equivalent pipe is equal to the length of the compound pipe;

L=L; + Ly+Ls +....... ,diameter D of the equivalent pipe may be determined by
using this equation.




Problem# Rajput (663 page)

A piping system consists of three pipes arranged in series: the length of the

pipes are 1200 m, 750 m and 600 m and diameters 750 mm, 600 mm and 450
mm respectively.

1. Transform the system to an equivalent 450 mm diameter pipe and

2. Determine an equivalent diameter for the pipe, 2550 m long.

L Ly, Ly L
Formula: == S+ 5 +—2+
DS~ D5 ' D} DS

Answer:
Length, L=871.3 m
Diameter, D =557.8 mm



Pipes in Parallel

The pipes are said to be in parallel when a main line divides into two or more
parallel pipes which again join together downstream and continues as a main
line.

BRANCH PIPE 2
Ly.d; V2

BRANCH PIPE 1




Pipes in Parallel

The rate of flow in the main pipe is equal to the sum of flow through branch
pipes. Hence, we have, Q= Q; + Q,

In this arrangement, loss of head for each branch pipe is same.
Loss of head for branch pipe 1 = Loss of head for branch pipe 2

4f1 L1V _ 4foLpV5

di*2g d,*2g
When fl fZ/
LiVY  LyVs

d1*2g o d2*2g



Problem # Bansal (Page=509)

A main pipe divides into two parallel pipes which again forms one pipe as
shown in figure. The length and diameter for the first parallel pipe are 2000 m
and 1 m respectively, while length and diameter for the second parallel pipe
are 2000 m and 0.8 m respectively. Find the rate of flow in each parallel pipe if

the total flow in the main pipe is 3 m3/s. Co-efficient of friction for each
parallel pipe is equal to 0.005.

BRANCH PIPE 2
L2 .d2 .V2 ‘

e csre——— T

L,.d,.V, !
BRANCH PIPE 1




Solution

Parameter Value

_ength of Pipe 1 L;=2000m
Diameter of Pipe 1 di=1m
_ength of Pipe 2 L, =2000 m
Diameter of Pipe 2 d, =0.8m

Co-efficient of Friction f; = f, = f =0.005
Total discharge Q=3m3/s=0,+0,
Discharge in Pipe 1 04

Discharge in Pipe 2 Q-




Solution

Af,LV} _Af,L,V

d X2g d, X2g

4 x.005%2000 x V; _ 4x.005x 2000 X V5

L0x2x981  0.8x2x981]
2 2 2
or L{ . vi= V2
1.0 08 0.8
%%
7 Jo8  .89%4
T > |4 v,
Now =—d*xV,=— (1P x —2
=734 (=g E 894
Tt 5 Tt 5 b4
and =—d, "XV, =— (8)"XV,=—x.64%xV,
an Q2 4 2 2 4( ) - 4 &
Substituting the value of Q, and (, in equation (i), we get
T2 T 64V,=3.0 or 0.8785 V,+0.5026 V, = 3.0
4 0894 4
30
or V,[.8785 + .5026] =3.0 or V= —— = 2.17 m/s.

1.3811




Solution

Velocity in Pipe 2,1V, =2.17 m/s

Velocity in Pipe 1, V;=2.427 m/s

Discharge in pipe 1, Q; = 0.25% 1 * 1% % 2.427=1.906 m3 /s
Discharge in pipe 2, Q, =3 — 1.906 = 1.094 m3 /s



Pipe Network Analysis

Pipe Network Analysis

Junction 1 Junction 2 1.11 cfs

12"-3000’

Junction 4 Junction 3

Figure1: A Small Pipe Network

A pipe network is an interconnected system of pipes forming several loops and circuits.



Pipe Network

The following are the necessary conditions for any network of pipes.

1.

The flow into each junctions must be equal to the flow out of the
junctions. This is due to continuity equation.

. The algebraic sum of head losses round each loop must be zero. This

means that in each loop, the loss of head due to flow in clockwise
direction must be equal to the head due to flow in anticlockwise
direction.

. The head loss in each pipe is expressed as hy = r Q™. The value of r

depends on three factors:
Length of pipe

Diameter of pipe

Co-efficient of friction of pipe.



Pipe Network

oy r
i @ fFRLxV _4fo(A
A Dx2g - Dx2g .
) y \
afLxQ> 4L x Q*
szgx(::o’) DXng(-::—) x D*

4f x Lx Q*

1

Ty 5
20 X| —| XD
. (4)

hf =1 Q% n =2 for turbulent flow



Hardy Cross Method

1.

In this method, a trial distribution of discharges is made arbitrarily but in
such a way that continuity equation is satisfied at each node.

With the assumed values of Q, the head loss in each pipe is calculated
according to the equation hy = r Q"

Now consider any loop. The algebraic sum of head losses round each loop
must be zero.

Now calculate net head loss around each loop considering the head loss to
be positive in clockwise flow and to be negative in anti-clockwise flow.

If the net head loss due to assumed values of Q round the loop is zero, then
the assumed values of Q in that loop is correct.

But if the net head loss due to assumed values of Q is not zero, then the
assumed values of Q are corrected by a correction factor AQ for the flows
till the circuit is balanced.



Hardy Cross Method

* Let for any pipe Q, = assumed discharge and Q = correct discharge, then
Q=0y+A0Q
. Head loss for the pipe,  h,= =rQ’= nQ,+ AQ).
For complcte circuit, the net head loss, Zh = Z (rQ%) = Zr (Qp + AQ) = Xr(Q} + 20,40 + AQY)
= £r (Qo + 20, AQ) As AQ is small compared with O, and hence AQ can be neglected.
ZrQ’ =Xr0y +Zrx 20AQ
For the correct dnstnbuuon. the net head loss for a circuit should be zero (i.e., Zh = X (er) =0)

XrQo+£rx2QoAQ 0
DQo + AQ Zr x 20, = 0 [As AQ is same for one circuit, hence it can be taken out of the summation]




Problem: Bansal#549

Calculate the discharge in each pipe of the network shown in figure. The pipe

network consists of 5 pipes. The head loss hf in a pipe is given by hy = rQ?.
The values of r for various pipes and also the inflow or outflows at nodes are

shown in figure.

‘20
r=2
D L 40
r=4 r=1 r=1
A -
90 r=2 B 30




First trial

4 20
C
D 20# 40
30 10
A * 20
A - X o
90 60 B 39

For the first trial, the discharges are assumed as shown in figure so that
continuity equation is satisfied at each node (flow into node = flow out of the
node). For this distribution of discharge, the corrections AQ for the loops ABD

and BCD are calculated.



First trial

Loop ADB Loop DCB
Pipe r Q, h=rQ; 2rQ, Pipe r Qp h=rQ; 2rQ,
AD 4 30 4x30°=3600 2 x4 %30 =240 DC 2 20 2x20°=800 2% 2x20=80
DB 1 10 —-1x10°=-100 2x1x%x10=20 CB 1 20 —-1x20°=-400 2x1x20=40
AB 2 60 —-2x60°=-7200 2x2x60=240 BD 1 10 1x10°=100 2x1x%10=20.
20, =-3700,  £2rQ, = 500, £205=500  £2r0,= 140
2 2
AQ = er5=-( 37°°)=7.4 AQ = Lro S00=-3..57 ~ -36.
Z2rQ, 500 Z2rQ, 140

*Head loss hy is positive for clockwise direction and vice versa.

*If AQ is positive for a loop, then it is to be added to the flow in clockwise

direction and vice versa.




First trial

Corrected flow for each pipe is given as:

Loop ADB (AQ= +7.4)

Pipe AD =30 + 7.4 =37.4 (flow is clockwise)
Pipe AB =60—-7.4 =52.6 (flow is anti-clockwise)
Pipe BD =10—-7.4 = 2.6 (flow is anti-clockwise)

Corrected flow for each pipe is given as:

Loop DCB (AQ=-3.6)

Pipe DC=20-3.6 =16.4 (flow is clockwise)
Pipe BC =20 + 3.6 = 23.6 (flow is anti-clockwise)
Pipe BD =2.6 —3.6 =—1 (flow is clockwise)

A 20
c
D 20> 40
30 10
A A 2
A . S
90 60 B 39

*The pipe BD is common in two
loops, Hence this pipe will get
two corrections.




First trial: Results

A
D ’ } 20 16.4 C {0'
D > 40
< 1 r=2
37 4 ol ' il A2ag
. r=
A rwl 23.6
r:
A - 3> >
90 52.6 B 39
r=2
A > b




Second trial

Loop ADB Loop DCB
Pipe r Q, he=rQy 2rQ, Pipe r Q, he=rQy 2rQ,
AD 4 374 4x374°=5595 2x4x374=2992| DC 2 164 2x164*=5379 2x2x164=65.6
DB 2 150=1 I1x1°=1 IxIx1=2 CB 1 236 -1x236°-5569 2x1x236=472
AB 2 526 -2x526°=-55335 2x2x526=2104! BD 1 1 -1x1*=-1 Ix1x1=2
10, = 62.54, ZZrQO-SII6 0, =-20, X2Q0,=1148
rQo 62.54 "Z’Qo - (-20)
L AQ= 5 AQ = =
_2_2’90 5116 Yorg, 1148
=-0.122=-0.1 =2 —0174
1148

=0.2




Second trial: Results

Loop ADB ( AQ =-0.1) Loop DCB ( AQ = + 0.2)

Pipe AD =37.4-0.1 =37.3 (Clockwise) Pipe DC=16.4 + 0.2 = 16.6 (Clockwise)
Pipe DB = 1- 0.1 = 0.90 (Clockwise) Pipe CB = 23.6 - 0.2 = 23.4 (Anti-clockwise)
Pipe AB=52.6 + 0.10 =52.7 (Anticlockwise) Pipe BD=0.9-0.2=0.7 (Clockwise)
Final distribution of Discharges

Pipe AD =37.3 (from A to D)

Pipe AB =52.7 ( from A to B)

Pipe DB =0.70 ( from D to B)

Pipe DC = 16.6 ( from D to C)

Pipe BC=23.4 ( from B to C)



Second trial: Results




Dimensional Analysis

Dimensional analysis is a mathematical technique which makes the use of the
study of the dimensions for solving several engineering problems.

Dimensional analysis helps in determining a systematic arrangement of the
variables in the physical relationship, combining dimensional variables to form
non-dimensional parameters.

Uses of Dimensional Analysis:

1.
2.
3.

To test the dimensional homogeneity of any equation of fluid motion.
To derive rational formulae for a flow phenomenon.

To derive equations expressed in terms of non-dimensional parameters to
show the relative significance of each parameter.

To plan model tests and present experimental results in a systematic
manner; thus making it possible to analyze the complex fluid flow problems.



Dimensional Analysis

Advantages of Dimensional Analysis:

1.

It expresses the functional relationship between the variables in
dimensionless terms.

In hydraulic model studies , it reduces the number of variables involved in a
physical phenomenon.

By proper selection of variables, the dimensionless parameters can be used
to make certain logical deductions about the problem.

Design curves, by the use of dimensional analysis can be developed from
experimental data or direct solution of the problem.

It enables getting up a theoretical equation in a simplified dimensional
form.



Dimensions: Rajput#380

Dimensions

Quantity Symbol MLT® FLTB
Length L L L
Area A L? 1?
Volume Vv L’ Fi
Velocity V Lr-! LT™!
Acceleration AVt Lr—* LT
Speed of sound a Lr-! LT™!
Volume flow 0 L*r~! !
Mass flow ni M! FTL™!
Pressure, siress P o, T MLT'T2 FL™*
Strain rate é T! 7"
Angle a2 MNone None
Angular velocity w, {1 T! !
Viscosity m ML~ FTL™*
Kinematic viscosity v Lr-! Lr-!
Surface tension Y MT2 FL=!
Force F MLT™* F
Moment, torque M ML*T™* FL
Power r MErT3 FLT!
Work, energy W, E ML*T™* FL
Density p ML= Frip—
Temperature T e ©
Specific heat Cor Car L'r—e ! rr—~e !
Specific weight ¥ ML™T™* FL™*
Thermal conductivity k MLT—*@~! FTr—'e!
Thermal expansion coefficient B e! e




Dimensional Homogeneity

Dimensional homogeneity states that, every term in an equation when
reduced to fundamental dimensions must contain identical powers of each
dimension.

Let us consider the equation,

Pressure, p = yh

Dimension of L.H.S = ML™1T 2

Dimension of R.H.S =ML 2T % « L= ML~ 1T %
Dimension of L.H.S = Dimension of R.H.S

So, equation, p = vh is dimensionally homogeneous; so it can be used in any
system of units.



Methods of Dimensional Analysis

The methods of dimensional analysis are:
Rayleigh’s method

Buckingham’s m method

Bridgman’s method

Matrix-tensor method

By visual inspection of the variables involved

o Uk wh e

Rearrangement of differential equations.
Here, only first two methods will be dealt with.



Rayleigh’s Method

In this method, a functional relationship of some variables is expressed in the
form of an exponential equation which must be dimensionally homogeneous.
Thus, if X is a variable which depends on X;, X,, X;5,....... X,,; the functional

equation can be written as:

NES 10,000 CT0, D a8 N (1)

In the above equation, X is a dependent variable, while X, X5, X;,....... X, are
independent variable.

A dependent variable is the one about which information is required while
independent variables are those which govern the variation of dependent

variable.
Thus equation (1) can be written as:

X=C (X{‘,XS,X:,S, ....... X7') ; Where, C is a constant and a,b,c are the arbitrary
powers.



Rayleigh’s Method (Modi#842)

Let Q be the discharge passing through a small orifice of diameter d under a
constant head H. Also let, p be the mass density and p be dynamic viscosity of
the fluid flowing through the orifice. The discharge Q may be assumed to
depend on these variables, d, H, p, u and the gravitational acceleration g.

Find an expression for discharge Q.

Solution:

Functional relationship for Q may be written as,

Q=f(w p,d Hg)

By exponential form, it can be written as,

Q= C (u% p? d¢ H? g® ) : where C is a dimensionless constant.

Substituting the proper dimensions for each variable in this exponential
equation in M-L-T system,



Rayleigh’s Method (Modi#842)
E — ﬂ a ﬂ brcrd L e

= = (1) (5" LL (5)

For dimensional homogeneity, the exponents of each dimension on both sides
of equation must be identical,

For M :0=a+b
ForL:3 =—a—3b+c+d+e
ForT:—1=—a—2e

Since, there are five unknowns in three equations, three of the unknowns must
be expressed in terms of other two,



Rayleigh’s Method (Modi#842)
So, according to, Q = C (u® p? d¢ HY g°)

5 3a 1 a

(1=C11p a gz 4y 977]

Q=C (digi) (up “d"?ﬁ) (H*d=9)]
Q=C (dZdEgE)( 3 1)“( )¢]

pdzg2
Q=C[(—=D* G H4=3 (d?Hzga)]
pd2g2
Q= r= [(—5)* %72 22 [2gH])
4\/E pd2g2

Q= aml( ;;) (E)]



Rayleigh’s Method (Modi#842)

This expression may be written in usual form:

Q=C,4 *a./2gH

Where, C; is the co-efficient of discharge of the orifice which can be
expressed as:

cd=f1[(pd§g%),(§)]

It may be pointed out that both the terms in the bracket are dimensionless
and C; is also a non-dimensional factor.




Practice Problem: Rajput#383

7.3 Find an expression for the drag force on smooth sphere of diameter D,
moving with a uniform velocity V in a fluid density p and dynamic viscosity L.

7.4 The efficiency n of a fan depends on the density p, the dynamic viscosity p
of the fluid, angular velocity w, diameter D of the rotor and discharge Q.
Express efficiency n in terms of dimensionless parameter.

7.6 A partially submerged body is towed in water. The resistance R to its
motion depends on the density p, the viscosity pu of water, length L of the
body, velocity V of the body and acceleration due to gravity. Show that
resistance to motion can be expressed in the form:

R=p L2V2 ¢ [, GD)]



Bansal: Dimensional and Model Analysis

https://books.google.co.in/books?id=nCnifcUdNp4C&pg=PA554&source=gb
s_toc_r&hl=en#ftv=onepage&q&f=true



Buckingham’s i Method

When a large number of physical variables are involved, Rayleigh’s
method of dimensional analysis becomes increasingly laborious and
cumbersome. Buckingham’s method is an improvement over the
Rayleigh’s method. Buckingham designated the dimensionless group
by the Greek capital letter mt (Pi). It is therefore often called
Buckingham’s m method.

The advantage of this method over Rayleigh’s method is that it let us
know, in advance of the analysis, as to how many dimensionless
groups are to be expected.



Buckingham’s m Method (Statement)

“If there are n variables (dependent and independent variables) in a
dimensionally homogeneous equation and if these variables contain m
fundamental dimensions (such as M,L,T etc.), then the variables are arranged
into (n—m) dimensionless terms. These dimensionless terms are called m

terms”

Mathematically, if any variable X;depends on independent variables X,, X3,
), T X,,; the functional equation may be written as

Xlzf(Xz, X3, X4, ....... X’I’l)
It can also be written as, f; (X, X5, X5,....... X,)=0
It is a dimensionally homogeneous equation and contains n variables.



Buckingham’s m Method (Statement)

If there are m fundamental dimensions, then according to Buckingham’s nt
method, it can be written in terms of number of m terms (dimensionless group),
in which number of it terms is equal to (h—m). Hence equation becomes as:

f1(y, My, Mg,....... M,_m) =0

Each dimensionless 1t term is formed by combining m variables out of the total
n variables with one of the remaining (n—m) variables that is: each n term
contains (m+1) variables.

These m variables which appear repeatedly in each of it terms are consequently
called repeating variables and are chosen from among the variables such that
they together involve all the fundamental dimensions and they themselves don

not form a dimensionless parameter.




Selection of repeating Variables

1. Repeating variables must contain jointly all the fundamental dimensions
involved in the phenomenon. Usually the fundamental dimensions are M,L
and T.

2. The repeating variables must not form the non-dimensional parameters
among themselves.

3. As far as possible, dependent variables should not be selected as repeating
variables.

No two repeating variables should have the same dimensions.

5. Repeating variables should be chosen in such a way that one variable
contains geometric property (length, diameter, height), other variable
contains flow property (velocity, acceleration) and third variable contains
fluid property (mass density, weight density, dynamic viscosity).



Problem: Bansal#568

The pressure difference Ap in a pipe of diameter D and length | due to
viscous flow depends on velocity V, viscosity n and density p. Using
Buckingham’s it theorem, obtain an expression for Ap.



Step 1: Selection of repeating variables

Now Apisafunctionof D, LV, W, por Ap=AD, 1, V, U, p)

or fildp, D, LV, u,p)=0 --(7)
Total number of variables, n=6

Number of fundamental dimension, m =3
Number of n-terms =n-3=6-3=3
Hence equation (i) is written as f;(m,, X, ;) =0 ..(if)
Each m-term contains m + 1 variables, i.e., 3 + 1 = 4 variable. Out of four variables, three are
repeating variables.
Choosing D, V, [ as repeating variables, we have n-terms as
n, = D" yh UL Ap
t, = D% .V .y .|

m, = D™ .V>.u%.p




Step 2: Calculate it terms

First x-term t, =D . Vh.uo . Ap
Substituting the dimensions on both sides,

ML =1 . T . (MLT'TTY . MLT'T
Equating the powers of M, L, T on both sides,

Power of M, O=c;+1, Soop=-1
Power of L, O=a,+b;-c;,-1, Say=—-bhy+ey+l=1-1+1=1
Power of T, O=-b,-¢; -2, S bhy=-c-2=1-2=-1
Substituting the values of a,, &, and ¢, in &,,
n,=D".v! pt. = Dap
 HV
Second %n-term n,=D%, V2 _p |

Substituting the dimensions on both sides,
M°L°T® = L% (LT . (ML7'T )" | L.
Equating the powers of M, L, T on both sides

Power of M, 0=c,, soep=0
Power of L, O=a,+by-c+1, . ay==by+c,-1=-1
PDWEFDf T... D=—b=—f2, gt bz=-"fz=n

Substituting the values of a,, b, and ¢, in &,,




Step 2: Calculate it terms

_ n-l o ,_ 1
t,=D". V. u.I= 3
Third %-term my=D% .V u% . p
Substituting the dimension on both sides,
ML’ = 1% . (LT . (ML'T ™) . ML,
Equating the powers of M, L, T on both sides

Power of M, O=c¢;+ 1, S G==1
Power of L, 0=a;+b3-cy-3, o @y=—bytcy+3=-1-1+3=1
Power of T, 0==-b;~-0, SN o by=—y=-(-1)=1

Substituting the values of a,, b, and ¢, in 7,

::3=D'.V'.p".p=g—i-‘i.

o




Step 3: Final expression

Substituting the values of «,, T, and &, in equation (ii),

fl[ﬂ;‘piﬂ]=ﬂ or &ﬂ,[f PT’] B uV¢[f_pEV]

pwv ‘D’ uv D’ D'|D
Experiments show that the pressure difference Ap is a linear function é Hence % can be taken

out of the functional as

ap =Y x L¢[an]. Ans.

D D 1]
Expression for difference of pressure head for viscous flow
h!=ﬂp=wxfx I { pDV _ }
pg D D pg M

= %—;};é [R,]. Ans.




Model Analysis

Google Search: Model

* a three-dimensional representation
of a person or thing or of a %
proposed structure, typically on a ™

st

— K
e

smaller scale than the original. e

* a thing used as an example to
follow or imitate.

Leonardo DiCaprio Wins Oscar For
Best Actor For ‘The Revenant’



Model Analysis

* In order to know about the performance of the hydraulic structures
(dams, spillways etc.) or hydraulic machines (turbines, pumps etc.)
before actually constructing or manufacturing them, their models
are made and tested to get the required information.

* The model is the small scale replica of the actual structure or
machine.

* The actual structure or machine is called Prototype.
* The models are not always smaller than the prototype.

* In some cases, a model may be even larger or of the same size as
prototype depending upon the need and purpose.



Advantages of model testing:

* The model tests are quite economical and convenient.

* With the wuse of models, the performance of hydraulic
structures/hydraulic machines can be predicted in advance.

* While designing a particular portion of the structure, if clear cut
analytical and reliable method is not available then in such cases it
becomes absolutely necessary to know about the safety and
reliability of such parts which is possible by means of model testing.

* Model testing can be used to detect and rectify the defects of an
existing structure which is not functioning properly.



Applications of the model testing:
1. Civil engineering structures such as dams, spillways, weirs, canals
etc.

Flood control, investigation of silting and scour in rivers,
irrigation channels.

Turbines, pumps and compressors.
Design of harbours, ships and submarines.
Aeroplanes, rockets and missiles.

Tall buildings (to predict the wind loads on buildings, the stability
characteristics of the buildings and airflow patterns in their
vicinity.

N
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Similitude

Google search results:

* the quality or state of being similar to something.
* a comparison between two things.

* a person or thing resembling someone or something else.

The following three similarities must be ensured between the model
and the prototype:

1. Geometric similarity
2. Kinematic similarity
3. Dynamic similarity



Geometric Similarity

For geometric similarity to exist between the model and the prototype, the
ratios of corresponding lengths in the model and in the prototype must be same
and the included angles between two corresponding sides must be same.

Models which are not geometrically similar are known as geometrically
distorted model.

b
ARy - -
L,,= Length of model

H,,= Height of model , L ‘ ‘*._ L _..‘
D,,,= Diameter of model
A= Area of model Prototype Model

V.= Volume of model
and L, Hy,, Dp,Ap, Vy = Corresponding values of the prototype.



Geometric Similarity

L D
Scale factor, L= &% = —£

Lm Hm  Dm

p

, A
Area ratio, 4, = A—p = L%

m

, v
Volume ratio, V. =2 = L3
Vin



Kinematic Similarity

Kinematic similarity is the similarity of motion. If at the corresponding
points in the model and in the prototype, the velocity or acceleration ratios
are same and velocity or acceleration vectors point in the same direction,
the two flows are said to be kinematically similar.

So, for kinematic similarity,

: : V1 Va
Velocity ratio, I, = —% = =&
Vim  Vom

Acceleration ratio, a,, =
Aim  A2m

*Directions of the velocities in the model and prototype should be same.
*Geometric similarity is a pre-requisite for kinematic similarity.



Dynamic Similarity

Dynamic similarity is the similarity of forces. The flows in the model and in
prototype are dynamically similar if at all the corresponding points,
identical types of forces are parallel and bear the same ratio.

. Fi F. F
Force ratio, F,=—t = £ =4
Fim Fym Fgm

F; = Inertia force

E, = Viscous force

fg

*directions of the corresponding forces at the corresponding points in
prototype should also be same.

= Gravity force



Similitude

Prototype

Prototype:

mA . .

2 ]
D prototype v vp | D = ‘g
N 0
O q
3 y
A - B @
Proi ——
“.“L.,fe " W ]
= eric — "\ _
e Y Model:
A o=k V
w = @k, m
Ho = i, l | | Co = CVa E—
Model W
PcﬂulT,_IprE \ Vau Vi K D, m




Factors influencing Hydraulic Phenomena

1. Inertia force (F;):

* It always exists in the fluid flow problem.

* It is equal to the product of mass and acceleration of the flowing fluid
and acts in the direction opposite to the direction of acceleration.

Inertia force, F; = mass * acceleration

2. Viscous force (E,):

[t is present in fluid flow problems where viscosity is to play an
important role.

|t is equal to the product of shear stress (t) due to viscosity and
surface area of flow.

Viscous force, F,, = shear stress * surface area



Factors influencing Hydraulic Phenomena

3. Gravity force (F;):

* |t is present in case of open surface flow.

* |t is equal to the product of mass and acceleration due to
gravity.

Gravity force, F 4, = mass * acceleration due to gravity

4. Pressure force (E,):

This type of force is present in case of pipe flow.

It is equal to the product of pressure intensity and cross-
sectional area of the flowing fluid.

Pressure force, F,, = pressure intensity * cross-sectional area



Factors influencing Hydraulic Phenomena

5. Surface tension force (Fy)
It is equal to the product of surface tension and length of

surface of the flowing fluid.
F, = surface tension * length of surface of flowing fluid

6. Elastic Force (F,):
It is equal to the product of elastic stress and area of the

flowing fluid.
F, = elastic stress * area of flowing fluid



DIMENSI
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Dimensionless numbers and their significance

1. Reynolds number
. Froude’s number
Euler’s number
. Weber’s number
. Mach’s number



Reynolds Number, R,

Reynolds from his experiment, found that the nature of flow in a
closed conduit depends upon the following factors:

1. Diameter of the pipe (D)

2. Density of the liquid (p)

3. Viscosity of the liquid (p)

4. Velocity of flow (V)

By combining the above variabIIe/sl,), Reynolds determined a non-
P

dimensional quantity equal to o which is known as Reynolds

number.



Reynolds Number, R,

It is defined as the ratio of inertia force to the viscous force.

Inertia force (F;)

= mass * acceleration
Velocity

= density * volume * —
time

: Volume :
= density * — * Velocity

time
= density * Area * Velocity * Velocity

= pAl/?




Reynolds Number, R,

Viscous force (F,)

= shear stress * area

- & * dred
_udy

V

Fi _ pVL _pVD

Reynolds Number , R, = - . .
v



Froude Number

It is defined as the square root of the ratio of inertia force and the gravity force.

. F:
Mathematically, F, = F_l
g

Here, inertia force, F; = pAV?
Gravity force, F,

= Mass * Acceleration due to gravity
= density * volume x g

=p * AL * g

V
Fro=—=



Euler’s Number

It is defined as the square root of the ratio of the inertia force to the pressure
force.

. F:
Mathematically, £, = F_l
p

Here, inertia force, F; = pAV?
Pressure force, F,

= intensity of pressure * area
=P x A

E,=—

e




Weber Number

It is defined as the square root of the ratio of the inertia force to the surface
tension force.

Mathematically, W, = \/?

Here, inertia force, F; = pAV?
Surface tension force, F;

= surface tension * length
=0 *L

W, = %

e




Mach Number

It is defined as the square root of the ratio of the inertia force to the elastic

force.
: F;
Mathematically, M = |

e

Here, inertia force, F; = pAV 2
Elastic force, F,
= elastic stress * area

= K % A = K * LZ
M = —— = K; C = Velocity of sound in the fluid
K/ ¢

P



Summary

AYA Dimensionless ) Aspects )
No. ‘number _ . |
Symbol | Group of | . Significance Field of application
variables |- L | |
1. | Reynolds "Re- B_IZ‘. {I}eﬁla. force Laminar viscous flow in confined
RO W ol H | Viscousforce | 5aceases (where viscous efjects
- B : ' - o are significant) ]
=k v V- rtia force .
2. | Froude’s Fr —_— e .1a :r | Free surface flows (where grav-
number ' ~ig GI?_“ ity orce ity effects are important)
3. | Euler’s number| Eu . 4 Incytia foree Conduit flow (where pressure
| p/p Pressure force variations are significant)
A 1 e I 4 Inertia force Small surface 11a
. | Hebers e [/ 7 - mall surface waves, capillary
Lo “Jo/olL S L i
number F uEiaee tension = d sheet flow (where surface
- fension is important) =~
. Vv o ~ .
5. | Machs number| M | |- Inertia force | pioh speed flow (where com-
; L7 . p ElasticForce | pressibilizy effects are significant).

~




Model (or Similarity Laws)

Dimensionless number should be same for the model as well as the
prototype; this condition is difficult to be satisfied for all
dimensionless numbers.

ence, models are designed on the basis of the force which is
ominating in the flow situation. The laws on which the models are
esigned for dynamic similarity are called model or similarity laws.

Reynold’s model law.
Froude Model law.
Euler model law.
Weber model law
Mach model law.

UA W P agT



Reynolds Model Law

In flow situations where in addition to inertia, viscous force is the other
predominant force, the similarity of flow in the model and its prototype can be
established if Reynolds number is same for both the systems. This is known as
Reynolds law.

According to this law:

(Re)model =(Re)prototype
PmVmLlm _ PpVplp

Hm Hp
V. L 1
p_p* O =1
Pm Vm Lm  Hp/Wm
V.,-L
prrr_l
Hr

Here, subscript r represent the corresponding scale ratios



Reynolds Model Law: Scale ratio

. . L
Time scale ratio, T,, = —

r

. . v,
Acceleration scale ratio, a, = —

r

Force scale ratio, F.= p,.L2V, * a,
Discharge scale ratio, Q,.= p,. L2V,

Application of Reynolds model law:

1. Motion of air planes

2. Flow of incompressible fluid in closed pipes

3. Motion of submarines completely under water
4

. Flow around structures and bodies immersed completely under moving
fluids.



Reynolds Model Law

Water at 15" flows at 4 m/s in a 150 mm pipe. At what velocity must oil at 30"
flows in a 75 mm pipe for the two flows to be dynamically similar? Take v for
water at 15Y as 1.145% 10~° m? /s and that for oil at 30" as 3.0x 107° m?/s.

Solution:

(Re)modelz(Re)prototype

V,, vV,
V =20.96 m/s




Reynolds Model Law: Problem

A pipe of diameter 1.5 m is required to transport an oil of specific
gravity 0.90 and viscosity 3x107% poise at the rate of 3000 liter/s.
Tests were conducted on a 15 cm diameter pipe using water at
20°C. If viscosity of water at 20° is 1x10~2 poise, Find the velocity and rate of
flow in the model.



Solution

Solution:
Prototype Data:

Diameter, D,= 1.5m

Viscosity of fluid, p,= 3x10-2 poise

Discharge, Q, =3000litre/sec

Sp. Gr,, S,=0.9

Density of oil=p,=0.9x1000
=900kg/m?3

Model Data:

Diameter, Dm=15cm =0.15 m
Viscosity of water, y,, =1x10-2 poise
Density of water, p,,=1000kg/m?3
Velocity of flow V=7

Discharge Q,,=?

For pipe flow,

According to Reynolds' Model Law

pmeDm — I'.!:’li"x“lrl-"' — Vm "0]3 p Jum
K., 4, V, PuD,H,

vV 900x1.5 1x107?

[ — —

V, 1000x0.153x107

Since V =QF = 3.0 >
FA m/4(L5)
=1.697m/ s

V,=3.0V,=5.091m/s

and Q =V A =5.091x7z/4(0.15)

=0.0899m> / s

A M




Froude Model Law

When the gravitational force can be considered to be only
predominant force which controls the motion in addition to the
inertia force, the similarity of the flow in any two such systems can be
established if the Froude number for the both system is same. This is
known as Froude Model law.

Application of Froude model law:

1. Free surface flows such as flow over spillways, sluices etc.

2. Flow of jet from an orifice or nozzle.

3. Where waves are likely to be formed on the surface.

4. Where fluids of the different mass densities flow over one another.



Froude Model Law

V %4 V V

Fe) =(Fe) or L—— no_ Oy —— =
(Fe), =(Fe), Je,L, e L, L. L,
Ve *—'V/\/7 1; where:V, =-‘V7r LF—E—P

i




Froude Model Law

sin ce Ve = Y
N
Velocity Ratio: V, —:—= \/7 J_

Time Ratio: Tr—

TLN \/_\/_

a, VulT, \/__
a. V_IT. Tr - JL

_ sz Lz J_ Lsr 2

Force Ratio: Fr=m,a, = prQ,V, =pLVV =p LV’ =p Ll =plIL

Acceleration Ratio: a_=

Discharge Ratio: Q_=

3
Power Ratio: Pr=Fr.Vr=p L’V’V = p I’V’> = p I’ (ﬁﬁL ) =p L




In the model test of a spillway the discharge and velocity of flow over the
model were 2 m3/s and 1.5 m/s respectively. Calculate the velocity and
discharge over the prototype which is 36 times the model size.

For Discharge
Solution: Given that Q, (L) =(36)*
Q. '"
For Model Q, = (36)2"5 X2 =15552 m’ /sec

= Discharge over model, Q=2 m3/sec

= Velocity over model, V. = 1.5 m/sec For Dynamic Similarity,

= Linear Scale ratio, L, =36 Froude Model Law 1s used
V
P _ I = —
For Prototype v VE =V56=0
= Discharge over prototype, Q, =7 _ _
P V,=6X1.5=9m/sec

= Velocity over prototype V,=?




Spillway




Problem: Rajput#432 [Semester Final=2017]

A 1:64 model is constructed of an open channel in concrete which has
Manning’s N = 0.014. Find the value of N for the Model.

Solution:
Manning’s Formula:

Velocity in an open channel flow

1 2 1
V=— %x R3 % 52
N
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