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CHAPTER - | 7 000 K%

PROPERTIES OF FLUIDS A% 0006 0

The matter can be classified on the basis of the spacing between the molecules of the
matier as follows

1. Sohd state, and
2 ~Flwnd sate,

1) Liquid swate, and (11) Gaseous state

Solids

~ Sohds may be defined as substances which deform on the application of sheanng
stress until the intemmal shear resistance is equal to the exicrnally applied stress.

Fluids

—_— P .
_ A flndnay be defined as a substance which is capable of flowinig. It has no definire

shape of 11s own. but conforms to the shape of the containing vessel, Further cven 2 small

amount of shear force exerted on a fluid will cause it to undergo as deformation which

continues s Jong as the force continuous to be applie;d,/
-

A flwmid has the following characteristics:

1. it bas no definite shape of its own, but conforms to the shape of the containing vessel.
2. Even a small amount of shear force exerted on a liquid/fluid will cause it to undergo a
deformation which continues as Jong as the force continues to be applied.

Classification of Fluids
A fluid may be classified as follows:

1. (a) Liquid. (b Gas, and (c) Vapour.
2. (a)ldea] fluids and (bj Real fluids

Liquids
A hquid is a fluid. which possesses a definite volumd, which varies only slightly with
tempersature ana pressure. Since under ordinary conditions liguids are difficult 10 compress.

they mayke for all practical purposes regarded as incompressible. It forms a free surface or
an interface separating it from the atmosphere as any other gas present.

-
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and will store up energy
ession is

A liquid

Liquids have bulk elastic modulus when under compression id under compr
. : y s of u hquid un
N the same manner as a solid, As the contraction of volume ofa liqy ressible
o et} , » incompressioie.
extremely small, it is usually ignored and the liguid is awsumed 10 be ihcomp

wi ‘ — — ‘ween the particles
will withstand a shght amount of tension due to molccular attraction bet gy

. ) jacent layers.
Which Wil cause an apparent shear resistance, between (wo  adja
plienomenci is known as vicosiny.

- : nding on the
All known liquids vaponise at narrow pressures above zero, depending
rImperature.

Gases

A gavas a fluid, which is compressible and possesses no definite volume but it a.lways
SXpands unal 1ts volume is equal to that of the container. Even a slight change in the
emperature of a gas has a significant effect on its volume and pressure. However, if the
condiuons arc such that a gas undergoes a negligible change in its volume, it may be regarded
s meompressible. But if the change in volume is not negligible the compressibility of the gas
will have to be taken into account in the analysis.

Vapour

\/@ vapour is a gas whose temperature and pressure ch that it is very near the
—_—— e

liquid state. Thus stcam may be considered a vapour because its state is normally not far from
that of water.

Therefore it may be concluded that in solids, the molecules are very closely spaced
whereas in /iguids the spacing between the different molecules is relativeiy large and in gases
the spacing between the molecules is still large. It means that inter-molecular cohesive forces
are large 1n solids, smaller in liquids and extremely small in gases, and on account of this
faci, solids possess compact and rigid form, liquid molecules can move freely within the
liquid mass and the molecules of gases have greater freedom of movement so that the gases
fill the container completely in which they are placed. ‘

A solid can resist tensile, compressive and-shear stresses up (0 a cerrain limit whereas
a fluid has no tensile strength or very little of it and it can resist the compressive forces only
when it is Kept in a container. When a fluid is subjected to a shearing force it defonms

continuously as long as the force is applied. The amount of shear stress in a fluid depends on
the magnitude of the rate of deformation of the fluid element,

Liquids and gases exhibit different characteristics. The liquids under ordinary
conditions are quite difficult to compress (and therefore they may for most purposes be
regarded as incompressible) whereas gases can be compressed much readily under the action
of externai pressure and when the external pressure is removed (he gases tend t

indefinitely.

0 expand
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Tdeal Fluid ana Real Flud

P s

Weal Ninde wre those Nuide which have po visconty and sorface tension and they are
meomprestible Ax ewch o ideal Muide M0 resstance 1 encountered as he Muid moves
. e the 1des] Mt do not exist and thévefore, These are only gAY fuids,
The evwence of these Imhganary flunde was conceived by the mathemaneians in arder to
UM Ahe mathemancal analysit of the Mnds in motion  The funds, which have low

VIRDONR Tueh B water et , may however be treated a¢ ideal fluds without much errors

M W e - .
Practical or Real Ploids

Pracheal or real Nwd, are those fluids which are actually available i nature These
Dndes possess the properies such as wascosity, surface tension and compressibility and

therefore & certain amount of resistance 1s.always offered by these fluids when they are not in
maton S R =

Fluwé Mechanics

-

\Q Flwd mechanics is that branch of science which deals with the behaviour of the fluids
2l rost as well as i moton.

Hvdraulics

Hvdraulics may be defined as the branch of science, which deals with water at rest as
wel a5 10 mouon
Sub-Divisions of Fluid Mechanics

Flwd mechanics may be divided into three divisions:
1. Hvdrostatics

Hydrostztcs that studics the mechanics of fluids at absolute and relative rest; the flud
elements are free from shearing stresses
—_———————

2. Kinematics

Kinematics that deals with translation, rotation and deformation of flmd elements-
without considering the forces and energy causing such a motion,

3. Dvpan:ics

Dynamics that prescribes the relations between velocities and acceleration and the
forces which are exerted by or upon the moving fluids. \

ST e 1y o -
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Units and Dimensions

. , ' : istics of
A dimension is a name which describes the measurnble qualities or characteris

an object such as
(@ (»)

Physical quantiies used in fuid mechanics are expressed in five fundamental
dimensiony, viz, length,

mass, lenpth, ime and temperature etc.

A it s an aceepted standard for measuring the dimensions or quality.

mass, force, nme and temperature.

Fundamental Units
/

" The measurement of physical quantities is one of the most important operations in

chgneenng. Every quantity is measured in terms of some arbitrary, but internationally
accepted units, called fundamental units, All physical quantities, met with in this subject are
expressed in temms of the following four fundamental quantities:

Length (L)
Mass (M)
Time (T)
Force (F)

& o -

Derived Units

Some units are expressed in terms of other units which are derived from fundamental
units are known as derived units. e.g., the unit of volume, acccleration, velocity, pressure etc.

System of Units

There are four systems of units, which are commonly used and universally
recognized. These are known as:

(1) C.G.S. units (2) F.P.S. units (3) M.K.S. units and-(4) S.I. units.

—_— N e
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‘ Specific Weight, Mass Density, Specific Gravity and Specific Volume

(2) Specific Weight

Speaific waagl)t (W) of a hiquid is its weight per unit volume,
e —

i where Was the weight of the liquid having volume I’

Since weight u expressed in kgf or Newton, the unit of measurement of specific

werght 1s ket m* or N/m?. In terms of fundamental units, the dimensional formula of
specific weight is

i
v

(b) Mass Density

Density (p) is a measure of the amount of fluid contained in a given volume and is
defined as the mass per unit volume

e kae
b, "

'_ m
P—?
P where m 15 the mass of fluid havmg volume V: The units of dens;ty are kg/m or
,; kefs*/m* or Ns¥/m?*. j ‘
%i
g ' 3 The dimensional formula of density in fundamental units is ! -

1)-(]

The densit}; ofa ﬁMd diminishes Mth nise of temperature except for water which has

a maximum value at 4°C.

;; _ v&}/Spedﬁc Gravity

= Specific gravity (s) refers to the ratio of specific weight (or mass density) of a fluid 1o

rw the specific weight (or mass density) of a stfdard fluid. For liquids the standard fiuid
f is water at 4°C, and Tor gases ard Tuid is taken either air at 0"Cor hydrogen

at the same temperature. Specific gravity is dimensionless and has no units.

b et Tt L
0

; | 6) T LEae
i </ O@er\ GC,;!,/_Hs
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(ay Specific Volume

‘ ' id. It is the inverse of !
Specific volume (v) represents the volume per unit mass of fluid

the mass density
. (
m

Oor v = -
0

. : ; : i study of
The concept of specific volume is found to be practically more useful in the study
» Tlow of compressible fluids, i.c., gases.

————

/7 Compressibility and Bulk Modulus of Elasticity

\

Flwid mechanics deals with both incompressible and compressible fluids, i.e., with
flwds of erther constant or variable density. When pressure is applied to a fluid, it contracts
and when pressure is released it expands. Compressibility of a fluid then characterises its
ability to change its volume under pressure. The relative change of volume per unit pressure
is gven by the coefficient of compressibility -

P ——

\-—J\_ﬁ
_ =1{av
ﬂ“*?[z]

where dp is the small change in pressure applied to the fluid and dV is the incremental
volume change in the crigina! volume V. The negative sign implies that a positive pressure
InCrement results .in a negative volume increment, i.e., an increase in pressure causes a
decrease in volume. Quite often, the compressibility of fluid is expressed by its bulk modulus
of elasucity (K), which is the inverse of the coefficient of compressibility:

? b

The bulk'modulus of elasticity increases somewhat with temperature and pressure. At
ordinary temperatures and pressure k = 20,000 kgf/cm? for water and k = 1 05 kgf/em?® foe aitr:
That indicates that air is approximately 20,000 times more compressiblé than water. Water is
80 times more compressible than mild steel.

To gain some idea about the compressibility of water, imagine that a unit cubic meter
of water is. subjected to a pressure of 10 kgf/cm?. Then a change in the volume of water

0 v

amounts to:

n]

Vdp  1x10 |
-dV = = =
K . 20000 2000 '

| -
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Lhs the applicanon of 10 kpCem® 1o water under ordinary conditions causes the
volume 1o deciease by only ) pantn 2000 Such a volume change i« nsignificant and as such
Water s regarded as weompresable Muid for most of the hydrauhic problems But in case of
water Nowing through pipes when the sudden of larger changes In pressure (e g, water
bammer) wake Mace, the compresaibility cannot be neplecied

Though \he pasesan peneral are compressible, this compressibility becomes important
only when the pay veloeny becomes more then 20% of the velocity of sound waves in (hat

pas
7 . P2 Uon
Misgasity & al
A |
/ I plam Enghish viseosity is derived from the word *viscons ' which means ‘sticky’,

SATRCATW L Or emacion |

Thus Wiscosity can be defined as that property of n fluid, which resist relative motion

NN _ N I - ~ . ;
ohas ajjacent lavers: tis measure of intemal fluid frction due 1o which there 1s resistance to
oW,

A perfeet fluid would have no viscosity. There is no perfect fluid, but gases show less
Vanaton m viseosiy than liquids. Water is one of the least viscous of all liquids, whereas
glyeenne, heavy oil and molasses are liquids having comparatively high viscositics.

\'{N/mvton‘s Law of Viscosity
(3 oy 2:m). -
Moving Plate ~_ J
\;\ oving Plate \

vHdv— dv

v — dx V
7

Fixed Plate

PP Rp—

Fig. 1.1 Velocity Variation Near a Solid Boundary

The mathematical basis of viscbsily may be derived from the Fig. 1.1. Consider two
parallel plates of indefinite extent at distance x apart, the space between them being filled

with a fluid. Consider further that one of these plates moves at velocity V parallel to the other
plate,
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o
,,,.@m:c assumptions are made:
RN
the velocity of that
(1) That the Nuid particles in contact with a moving surface have
surface, ‘ h
' dicular to the
() That the rate of change of velocity is umfonn in the direction perpen
direction of motion. T
hange of
(3) That the shearing stress in the fluid is proporllonal to the rate of chang
velocity. o r
B) assumption 2, from similar triangles
Votv e (LD
x dx
But by assumption 3, the unit shearing stress
dv
T oC—
dx
=4 5—: | e 12)
X
£ where pis a proportionality factor called the coefficient of viscosity. . ‘
; ‘ From equatic;n (1.1 and (1.2)
| i
|
i
r ’%’( ......... (1.3)
e o ol 2 (1.4)
]
' ’ If the plates are unit distance apart and moving with unit relative velocity, then
j H =T
———
! The coefficient (p) is known as the coefficient of viscosity, or absolute viscosity or
s dynamic viscosity or simply- viscosity. e = —

—

Equation (1.4) was first suggested by Sir Isaac
| \ Newton’s Viscosity Equation,

—

Newton, So i is referred to as.

e ——
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” The F.P.S. units in which dynamic viscosty {s oxpressed can ba avaluated from
1 equation (1.4). Unit shear v is in pounds per square foot, distance X is in feet, and velocity V
181 feet per second. Hence the units of jeare

Wi sxn o lbsee = il_'.'_“.
> V/sec n? N\ sec

In the metnc system, the unit of viscosity is called the polse, 1 polse heing 1 dyne.seq-
per em®. A cenupoise is 0.01 poise. It has been found experimentally that the deunmic
viscosity of water at 68°F (20°C) is 1 centipoisg. The ratlo of the dynamic viscosity of any
Nuid to the dynamic viscosity of water at 68" I is lermed ns.relative iscosity, Therefore,
when expressed in centipoises, the dynamic viscosity and relative viscosity of any fluid are

<

8

numencally equal.

incmatic Viscosity
S

Kinematic Viscosity
. /—__’
ensity. Thus

=

~the_ratio of the dynamic viscosity-of a fluid to its mass_

is
e ki D ]
v =wp
and he units are

lbsec/ ft’ E
lbsec?/ ft?  sec

N\

L

is to be noted that numerical values of poise and stoke in C.G.S. units are same,

g

M%mperature on Viscosity :

“The viscosity of liquids decreases but that of gases increases with the increaye in
Julds decrecse

temperature.”

parmataintontiie L i b

|

The reason is that viscosity of liquids is mainly due to intermolecular cohcs?on and
this cohesion decreases with the increase in temperature;, whercas in gases the molecules are
more free to move (o the adjacent layers hence intermolecular forces are nearly negligible.
Thus there is a trangfer of momentum between different layers of pases. That is why, the
viscosity o@s is mainly due to transfer of momentum of molecules. So when temperature

/ '

"
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18 rased (e moleculd s
place, ar a result the \iscomn of gas 13 InerEs
nshap for viscosity of W

ater.
ollowing empincal relatio .

Heimholz supgested the f

(1)
01776 . pase ’
T o T

= o003k T -

- i A f ressurc.
LSCOND qn;‘cﬂlmc Onl\' a.nd s pﬂﬂlca”\ Illdc‘pcndcul 0 p
2 O-CP\-'“d\. upon 1 A

! 3 °C and 100°C.
o hetw cn the range of 0°C an
whee T= Temperaureln e

of Pressurc on Viscosity A ‘ ‘
< does not affect viscosity appreciably under ordinary

The change of pressuT : ith increase in pressure.
condracas Bui viscostty of some oils has been found 10 10Crease i Belees W

Surface Tension and Ca pillarity
Cohesion

Cohesion means intermolecular attraction between molecules of the same liquid. It
enables a liquid o resist small amount of tensile stresses, Cohesion is the teadency of the

liquid to remain as one assemblage of particles. Surface tension 1s due to cobesion between
particles at the free surface,

Adhesion

Adliesion means attraction between the molecules of a liquid and the molecules of a

solid houndary surface in contact with the liqu:d. This property enables a liquid to stick to
another body.

‘When a liquid like, mercury, is spilled on a smooth horizontal surface, it tends 1o
gather into droplets because the cohesive molecular forces are greater than the adhesive
forces between the mercury molecules and the material of the surface. Mercury tends to stay
away from the surface and is said to be 2 non-wetting liquid_ [n case of water, adhesive forces
are greater than cohesive forces. Nanmrally when water is poured on the same smooth
horizontal surface, it would spread out and wet the horizontal surface. The wetting and non-

wetting of the surface is dictated by the angle of contact between the liquid and the surface
matenial. ’

Liquid
Gas 9
7777777 /7777777
Solid //////f/fsoh.d///ffm
p<= ' g>=
2 2
(2) Wetting liquid (water) ¢b) Non-wetting liquid (mercury)

Fig. 1.2 Liquid Gas Interface with a Solid Surface

Refer to Fig, 1.2 which illustrates the liquid-gas interface with a solid surface. Liquid
would wet the surface when 8 < x'2 and the degree of wetting increases as 8 @u_s-e.s_éi
zero. | For a non-wetting liquid 8 > /2. The contact angle is dependent on the narurg and type
of liquid, the solid surface and its cleanliness, For pure water in contact with a cléan plass
surface 0 is essentially 0°. Even when water is slightly contaminated, § becomes as hj &

25°. Mercury, a non-wetting liquid has 8 between 130” 1o 150°.
/ —
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Surface 1cnsion face. A hquid

all around and is

the force of cohcsion Al the_fee

S c 1 Cauw c
Surface 1enmon 11 © - by olher molecules

m}&::h: g Tlc:‘hy ;;u:::l: :;L l::s;:\::‘wlfcrc arc o hqud molcculcg -:bFfi’Zc IU;C
:nm::o: w t:nmc: Ut: faree of the molecules below 1L Conscquentl ?5 51:’::;;& At the
there 1t 2 net mward foree an the molecule The foree 15 normal 1o the hqu hat a thin small
free surface 3 Cun laver of molecules 18 formed. This 1s because of this film tha

neadle car fioat on the free surface (the laver acts asa membranc)

Molecule
/_

Fig. 1.3 Surface Tension

Surface 12=nsion forces zre igible in comparison with the_pressure and

gzvizosz forcer bul become quite significant when there is 2 wau aufl’ Fhe
~ Grmensions zre smell, e.g, i the small-sca eJs of hvdraulic engineering
strucnres
= .
Some mmporiznt exzmples of phenomenon of surface tension are as follows:

‘/V Fzmdrops (4 flling ramdrep becomes spherical due 10 cohesion and surface
tengion)

() Fuseofszpmatree

(1) Burds czn dnnk waler from ponds.

(vi Cepiliery nise zod czpillery siphoning

(v) Collecnon of dust particles on water surface,
(vi) Brezk up of hguid jes,

s TS W

=

Dimensional Form ula for surface tension )

The dimensional formufa for surface tension is given by:

4t
L T!
Itis usually expressed in kgtim or N/m. The value of surface tension depends upon

(i) Nature of the liquid .
(i) Narture of the surrounding matters which may be a solid, liquid or a gas.
(iii)  Kinetic energy and hence the temperature of liquid molecules.

Growth in temperature results in a reduction of the mtermolecalar cohesive forces and
hence in a reduction of the surface tension force. Surface tension values for liquids are
generally quoted when it contacts with air as the surrounding medivm.

For water and air, o ranges from
0.6074 kgf/m (0.0727 N/m) at 20°C to
0.0058 kgf/m (0.0569 N/m) at i100°C; a drop with temperature rise.

For mercury and air, o is about

0.0524 icgfm (0.514 N/m) at 20°C.
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Capillarity or Mcniscus Effect a2 water

) 1s dipped nto
When a simall diameter glass tube. called the capilian ult‘flhc ]c\r"Cl of waler in the
containgr. water nses in the twbe 1o a level that stands highet manmc capillary tubug when
- <od down 10 £
container. Conversely. the surface of mercury 15 depress

< wbe is calle the
i - iy wne sion effect that depends
capiilanny or memcus ¢fiect (Fig1.4). Capillanty it 2 surface ten

- is due to both
upon the relatlhve micmmolecular atracbon berwesn diffcrent substances:
cohesion and adhesion

n a c2| illa

/
“1eA = ==
/ -]' Mercury
le— ¢ —
. N !
T
e<‘? l _‘\e,?
'l. ¢ ] TN e
_E‘i‘l—-—) e
! weter

Fig. 1.4 Capillary Rise and Depression

Achesion berween glass 2nd waler molecules is greater thar cohesion betweea water
molecules. Conseguenthy the water molecules spread over the glass surface and form a
conczve meniscus with small angie of comact Opposite conditions hold good for mercury,

‘E. cohesion benween mercury molecules is greater than adhesion of mercury to glass.
Mercury then displzys z coavex meniscus with angle of contact greater than 90°,

Knowing the surface tension g, zngle of contact 6, be diameter d and specific weight
of liquid w. the nise (for water) or Gepression (for mercury) of the liquid in the capillary tube
can be worked out by the foliowing analvss:

Weight of liquid rased or Jowered in the capillary tube

= (Arez of tube » nist or fell) » specific weight

=Zdhw
4

vertical component of the force of tension.

Vertical component of surface tension force
=(0x circunference) » cosd

=0 nd cosd

When in equitibrium, the downward weight of the liquid column h is balanced by the

Hence
n
:dzhw = nde cosd

_4docosh )
wd

or h

It is to be noticed that for 0 <8 <90°,

: h is positive (concave meniscus and capillary
rise) and that for 90> 6 < 180°, G

his negative (convex meniscus and capillary depression).

. Evidently the capillary action is versely proportional to the mbe diameters. For
precise work the small diameter tubes are to be avoided; .recommended minimum tube

diameter \fo)r\«?( and mercury is 6 mm. Further since the presence of dirt affects the surface

tension and bence the capillary rise or depression, the interior surface of the tube is to be kept
clean. -

Following points are worth noting:

(j) Smaller the diameter of the capillary tube, greater is Lh; capillary rise. or
depression. -

() The measurement of liquid level in laboratory capillary (glass) tubes should
not be smaller than 6 mm.

(1) Capillary effects are negligible for tubes longer than 12 mm.

(iv)  For wetting liquid (water): & < /2. For water. 6 = 0 when pure water is in

contact with clean glass. But 6 becomes as high as 25° when water is slightly
contaminated.

,’ For not-wetting liquid (mercury): 6 > /2. For mercury 0 varies between 130°
" t0150°,
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-¢ 1ension are neghgble mn man flow problems excepl
. 1

(vi  The eflece of surfa

those imvolving

- capillan Nt

formanon of drops and bubbles,

_  the break up of hqud jexs, and
odel or flow depth 1s small. | _

hvdraube model swdics where the m

e Ty -4

e i S a5} e

' CHAPTLR -2
FLUID STATICS

Flutd Statics s the study of a flurd a1 rest. the concept includes situations where
Mulds are cither actually at rest or undergo uniform 2cceleration 1 a container or rotate as a

solid mass. No shear force is then present 2s the fluid particles do not move with respect 1o
one another K ’ o
———_—-

Fluid Pressure

When a fluid such as water or oil is contained in a vessel. it exerts force at all points
- - - -——— e - 7
on the surface arca of the sides and bottom of the container. The fluid is 2t rest 1.¢., there is no
) Lo — = ———— = ———
relative velocity, hence, there would be no tanpential or shear stress. It means there is no
force component tangential to the walls of container. Hence the force exerted on walls by

{luid, when at rest, is normal to the surface area. \

—

The nonmal force exerted on a wnit arca of surface is called intensity of pressure,

specific pressure, unit pressure or sunply pressure.
—

. Normal force
Intensity of pressure= ——————
F
or P= "1

-t - - .
From (e above equation. the dimensions of pressure are FL™_ hence in MKS system
it may be represented in

kef kaf
A
m O en?

In S1 unils pressure is measured in N/m® or kN/m". Latest units (SI) for pressure are
Pa (Pascals) or kPa and 1 Pa = 1 Nim’.

Bar is also used as pressure and 1 bar = 100 kN/m*.
AR itdd

Sometimes (he normal force F is represented by symbol P, then

P=pa
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%”"“ ubvious, that the pressure can be expressed in cither of the following two

» re Head M
S nys:

.

) Asa force per unit area (i.c. kg/em?, kgym?, or N/’ \c}V/

ii) As a licight of the equivalent liquid column. /
Q’hcn the pressure is expressed in units of length, # 1s commonly referred (0 as
pressurdhead and can be measured in meters or em of hiqlid column.
- \/&

Fig. 2.1 Measurcment of Pressure Uead

- < N a Cyhndu bc
- ¢ ES&'\ Qontaninis ST q C 1\ e 1 I ¢l
cran amn N h lll\‘ as Sll Wn N lh(: } )

Conudd

sand inthe hiquad as shown

made W

i
y =Sp wt of the hqud
I = beght of bqud w the avimder
A = Arez of the lmdcr base

w L 1 weight of the IiI]llid in the
be & pressure oa the cvhnder base due to the 'emh
There will be S0m2F T dn ) 0

olmder

- [mreasiny of pressure or pressure

Weight of liqud 1n the cylinder
= Area of the cylinder base

ﬂ:.—\_h
= A "

Tius equaticn shows that the intensity of pm‘wrﬂ%xiﬁoiﬂx. in ﬂ‘ﬂ 1s
proporuicnal 1o xs depth. from the surface (since v is cgnjtfl;l@r_ ¢ @mven liquid)

e 2D)

Since 7y for any flud is constant, then pressuré p may be expressed in terms of the
height of a column of any nujd._
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Pascal’s Law ascal's Law

\ rn-“ ure 18 rel Nu
AN amporntant 3 W ur wJuc prope D ( ¥ ! -
F "

whnch states that |
¢ in all direchions.

. 3 [y vam
“Inmtemsity of pressure at a point in @ fluid at rest iy

v

Q“‘ T \ép A @ lace
" _\,\Q o

NN
Q,.;.\‘ . ..*\(‘?\ P AE ——p ’

IRSNRT i o
‘, =~ \ E ;
\ w B :' : C
"'Z ‘: : P, BC

Fig. 22 Forces on 2 Fluid Element

Consiée 2 small wedge shaped element of stationary flud and asst-lme that the
Slememt has 2 unn depth perpendicular 10 the plane of the paper. The element is acted upon
v the narmal pressure forces zod the verncal force due to weight. Let py, py and py be the
:;wc memsrue< on the faces AB, BC and AC respectively. Then

force on face AB =p, AB
force on ce BC=p. BC
force on face AC = pe AC
The werghn of the flnd element is
= arez of the tangular elements » sp. W1

=%mmuﬁw7

and 11 acts through the cenrre of Zaviry. Since the flwd elements is in equilibrium, the forces
in the honzontal and verucal duection must balance,

Resolving tonzontally,

Py AL = pyaCsiny

Recognising that AB = AC sin 0

S PxACsinQ = PoACsinG; p,=p,

Resolving vertically

1
pyBC = 3 (AB) x (BC)x y +pg AC cos 0

e

Let the size of the elemental system approach smaller and smuller dimensions; then

the gravitational force which diminishes as the product of two dimension can be neglected in

comparison with the pressure forces from which the diminishing effect in proportional to the
reduction on size. Thus

p.BC=pg ACcos 0
Py ACcos8 =pg ACcos@ ; P = po
Py = p: =pg e e e (23)

’(’Q}{s result is independent of the angle 8 and therefore it follows that pressure acts
equally in all directions in a stationary flui¢. Pressure at point has only one valne regardless

of the orientation of the area upon which it is determined. /ndependence of direction implies
that pres: @ scalar quantity. T T———————
———
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Mmmphcrk. Alsolute, Gauge and Negative Pressurc

2
g Stardard Zmosphenc presure
%2 ,
Z Local zmenghenc pressare
T’ e |
| st phere shon  — (Gage presas
- Ty
33 =22 .
it 253 —5—
e X ] Absriste recae
* Abscrte 1z (comglele vacaem)

Fig 2.3 Scales for Pressare Measurement

\;V For pressure measurement, pressurs at samrdampomxmbem Sozzero
pressure or datum pressure must be estahlished.

In hydraulic mgm_xfﬁlir’_d Jocal atmospheric_prassure is izken 25 dzmmm or zerp
pressure. The pressure measured on this scale m refared i0 as g2ug= pressare. [ 6 50 called
because gauges, instruments for pressure meesursment, are commenly calibrated with
atmospheric pressure as zero. In case of sub-armospheric prassure Lz, less then atmospihere,
the gauge shall read less than zero. Therefore sab—a.nnosphcﬂc pressure is referred s
"l."'ﬂ lve gauge pressure or suction

complete vacum where there
are no fluid molecules at all, absolute zero pressure exigr e essure measured with this

aliolule Zero as a danun (or zzm_prcssrrc) 15 called absolute N Henes ansolmc
pressure has always positive value.

L

Unless specially mentioned pressure is understood 1o be gauge pressure.

Therefore,

Absolute Pressure is defined as the pressure which is measured with reference tofg p
! absolute vacuum pressure. y .-

Guuge Pressure is defined as the pressure which is measured with the help of 2 -
pressure measuring instrument, in which the atmospheric pressure is taken as dm'i £

—

The atmospheric pressure on the scale is marked a5 gero.
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ressure and ¥

The relanonstup between the absolute pressure. gouge P

are shownmn Fig 23

Mathemaucally,

e pressure.
P (aby) - P fotm) = P (gouge), where P (gouge) 1¥ the positve P

e pressure.
P raby) = P lam) - P (gouge). where P (gonge) 18 the negalive p

)

(0\\)1’0 ﬂ)“‘- p*(annw’c, - q-}mw/ap)'\ﬂk ffwwﬂ

e

<~

Statle () and Total pressure (P,)

Tube-A Tube-B

. ! Tota
Static

4 Pressure
dynamig pressure -

Fig. 2.4 Static and Total pressure

/ Static pressure is deﬁned as the force per unit area acting on the 0 the wall by a_f'l_lgd_atjst
or flowing parallel to the_\Vﬂl}mlEﬂ)e_hue Static pressure of a moving ‘moving fluid is measured
withau mstrumcnt which is at rest relative to the fluid. The instrument shmmy
move with the same speed asthat of the fluid particle itself. AS'it is oot possible to move a
pressure ransducer along in a flowing fluid. Staric pressure is measured by inserting a rube
into the pipeline at right angles to the flow path (Fig. 2.4). Care in taken to ensure that tube
does not protrude into the pipeline and cause errors due to impact and eddy formation. When
the tube protrudes into the stream there would be local speeding up to the flow due to its ‘ ’

deflection around the tube; hence an erroneous reading of the static pressure would be
observed.

\/Total or stagnation pressure is defined as the pressure that would be obtained if the

—
fluid stream were brought to rest isentropically. In the above fgure probe B sensed the total
pressure while tap A senses only the static component of pre\SS}Z“I

The difference between the lotal and the static }ressu.re gnves the pressure due to fluid
velacity; referred to as dynamic pressure. The dynamic pressure is due tS flow speed and is
also known as the velocity or impact pressure. For an incompressible fluid or for a gas

ﬂow{ng at low velocities, the dynamic pressure equals Vg where V is the velocity of fluid
flow,

Velocity pressure = Total pressure - Static pressure

= (h-P)
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Pressice biEEmrORER [ the wtensiy of hydrostatic pressure are
' ~ O i i i .
Vo daaces Sosumed for measurement € . Wt of pressure. Fustly by
Al gz dovces STNE e of measurcment 1
ot e b Of O qundamenial pARIR e found! by the same or another known
pase e o bedd "
ey lancme e cotuma of haawd (whose pressure ];mn o hquid by sprng or dead weight.
e ~nd i oondhy of Nalancing the &
column of hawd &% -
\Jezsurement of Pressure
Balancing by Spang or Dead Weight
Baaace, b Lagwd ol (Mechamical Gauges)
— 7 | |
S V= Bo:l::mmbe Diaphragm Pressure Dead Weight
‘ Pressure Gange Gauge Pressure Gauge
. DufTerential Type Manometer
Se=oie Mmom=er l
| _ =
! 7 1 T Im lcned u |mbe Sensuilve
o enmmer 3 STSTUY WO =
i :;,?2:;& )im;g Piezometer U-rube Manometer Manometer
= L:m‘x Tube Method ~ Manometer
M=pmets
Sinzic Incimed Tube Single Inclined pre Two Liquds
Colimme Manometer Column DufTerential Double Column
Mzmomeies dufTerential Manometer Enlarzed Ends
- Manometer Manometer

(2) Balancing by Liquid Column

The imtensiry of Jliquid pressure p is measured by balancing against a hydrostatic
column of liguid of known specific weight y. Then the height h of the balancing column is
a measure of the unknown pressure.

p = vh kgn? (or KN/m?)

{-
h—

h=L metre
Y

xh
1
4

Manometers

Manometer are defined as the devices used for measuning the pressure of a point in a

luid by balancing the column of fluid by the same or another column of/lwﬁid.
— —_ v

Manometer liguids — The choice of balancing liquid depends upon the range of pressure to
be measured and sensitivity required. For low pressure range and sensitivity, liquids of low
specific weights such as carbon tetrachloride (CCL) - sp gr = 1.595. Acetylene-tetrabromide
(CH Bry CH Bry) - sp gr = 2.95 or Antimony pentafluoirde (Sb Fs) — sp gr = 2.99 are used
and for high pressure range mercury (Hg) - sp gr = 13.57 is employed.

For measuring small vacuums and small pressurg diffe e of gases—wateris-used
with high sensitivity. /_7}‘_}i'__‘_Q
e MY

(b) Balancing by Spring or Dead Weight

Mechanical gauges are defined as the devices used for measuring the pressure by
balancing the fluid column by the spring or dead weight. Such instruments are used for the
measurement of very high pressure where if the first method were used. the height of the
liquid column would become inordinate, thus impracticable.

In mechanical gauges, the liquid (whose pressure is to be measured) exerts its force

on a movable diaphragm or piston, which is resisted by a spring of known stiffness or dead

weight of known value. The intensity of pressure then would be equal to the force P divided
by the area a of diaphragm or piston.

ie. Foo

Mechanical gauges have the advantages of giving direct pressure reading, portability
and wider operaling range. These can yield fairly accurate readings if properly calibrated. A
combination of piston type gauge and manometer using joinlly the principles of manometer
and dead weight gauge are also in use now.

The ymonly used mechanical pressure gauges are: |
(a) Diaphragm pressure gauge
(b) Bourdon tube pressure gauge
1¢) Dead-weight pressure gauge
(d) Bellows pressure gauge.

s
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Classificatron of M pnomeic™

. a plass ube
- = pe of veseel full ‘,(_hquld. by | th -
Mangpfc' ™ P ol 1o astmosphere.
e Tad measures ot — end apen
Simple RS- -

Terence of pressure between any wo
v inscrmng pothi cnds of plass tube 10 the two
.

Height of liquid in the tube is proportional to the pressure at the gauge pont. Pressure
'

head may be direcily read from the graduations on the tube or on the scale attached 1o 8. Case
should be taken 1o ensure that the end of the tube connected 1o the vessel under presuse 15
Mushing with ihe imside surface of the vesse). The diameter of the lube should not be less tas
10 mim to avoid error due to capillary action Hesght of column whould be read at he centre of

the menises 1. Towest pos of curve for water and the highest point of curre for mercury

The pressure hiead at any secuon of a pipe nusing full of ligu:d s 2iso read derectly by
piczameter tube as shown in Fig. 2.6,

por arc available in the market,
- Prandil, Chattock, cic.

for procue TN B

o e

o pil
e of B FF pamed of

© Gmple Mz pomalcT ends connected 10 2

{ 1ts
_‘Qdawmbcmmgolf_", here, Common 5 : L .y . ,
4 iz mAROMET G 24 other end remains open 10 almosphert. If /7 is the height of liquid cofumn in piezometer tube in m of liguid. tien mtensizy of
e d 2nd ot pui A
_ yney prossat 1 10 e WEEEES - pressure
s WISt
e of ST IES0TE e

prh kefm? in MKS or kN/m? in S units

where 7 = specific weight of liquid, in kgfm’ or kX/m’.

buble Column or U-Tube Manometer

-_—

/ fa) Pezemater
/

If the pressure to be measured lies in 2 range bevond the scope of a smmpie
- /

piezometer, a double column or U-tube manometer (reier Fiz 2.7) is used.

Spwi=7m
Hg [Sn gr=5]

mzs:ringgzugcprcssmcs.Oncend of this
1510 1 4 and other end is OpeD
= 1c the po==l ":p.'cssu:!ﬁlobemmt
:.x:.a::::;oc:’.:Aszc“vn‘

—n E i 6
S e TIE 180+
1o the ETCHRCE E FE

,_..—{r—_:c.'mam::wfm

fe o She G
ol s RS ey

Piezometer

N

uU-TUBE c-TUEE

.*&i.\i{u\&uh'.

wilunda

Fig 2.6 Picometer Tubes Fitted to Closed
Fiz 2.5 Picumeter Tobe fned 16 pipe. (3) and (b) show Different

Ogpen Vessd Conpections,

4 BI5E SECTION® <-<=—-,7J “PIPE SECTION"

() (b)

Fig. 2.7 Double Ceolumn or U-tube Manometer

(a) Using same liquid of pipe as measuring lignid
(b) Using mercury as measuring liquid

A sifizle tube is bent in U shape, one end of which is connected 1o the zauge point and
the other open to atmosphere. The diameter of tube should be about 10mm. The liquid

commonly used in such a manometer is mercury but tie information regarding liquid used for
measunny vanous magnitudes of pressure should be a proper guide.
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A = Fall of heawy ligud m reserionr

= Fise of heary liqud in nght imb

hi = Hengit of center of prpe abiave XX

= Pressure at A, which 5 (6 be measursd

A = Cross-sectional arza of the reservor

a  ~ Cross-sectional arza of nght limb

S = Sp @ of liquid i pipe

S1 = Sp gr of heavy hiquid m reservarr and right limb

heaviet than watct nod 1

moman tmnet
an fot the

. ’ "
O — R oL .
= vy | 1 Aube can be dec ma&(‘d

|
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Nemvine Mapoameter Sineke Column Manomcicr

Jube manometer 10 which a
) —

e ca of the
rewrvow v @l \-m\.-\x‘hﬂ' arce (about 100 umes | as cen\pi\md 1o the ?ICB 2
- shown in Fig. 2.8

Sk e manometer & modified form of @ v

Wl & Gmecie: 1o one of the hmbn (2 leR hmb) of the manometer as

Fall of heavy hiquid in reservoir will cause a nise of heavy liqud level m the nght hmb
w9 Ty % Dae b lerey Gross-sechonal area of the reservor. for any varnatbion 1n pressurc,

d A<M = axhy

U Gmnge 5 Le hgaic beve w the reservor will be very small wiich may be neglected an \
I S presser © prver by the hewde of hquid in the other limb The other imb may be VT ’:' s
ol @ imclines Thae thert are two hpes of sigle column manomelcr as. ) A VR — )

L Vernal Smgie Colgnn hanomete

Considering the datum line Y-Y as shown in Fig 2.3 Then pressure head i the nght bmb
T imchmex Sangle Colums Manometer

above Y-Y
, = (ah+h,)s,
/ Veruoa! Sugic Column Manometer ;
/ Pressure head in the left limb above Y-Y
=(ar+h)S, +h

Equating these pressures, we have

1
i
RE

Fle = (@h+h,)S, = (@h+h)S, +h
T :\:{'j;— i nl 4
| - L g or I = (N] 4 h,)sl ‘(’-V""f’.)S,
r
. -
'l r F’CSEP' 0'1;:' J - =Ah [Sz ";\-II* h;sz ‘h|sl
LT Y 1 But from equation (24), &h = axh,
1 y axhoe, . .
G d [“'l"bll*hg-\;-hlbi a8

IR 4 : y &
Fig 1k Vertuws) Single Columps Manometer As the area A 15 very large as compared to g, hence ratio -3 becomes very !glﬂ and

Fig 28 ghows the veruce! sugde wolumy manometer Let Y-¥ be the datum line in the

cin be neglected. 4
reservowr and s the gy huob of e mwawaneler, wien 1 15 Lo comected 10 e pipe. When ¢ f
the manometer 15 connccled 10 e pipe, Gue W lugl) pressue ol A, e hicavy hiquid in e Then h=,S, =08, — 7!: - (2.6)

reservoir will e pushed downward end will 0w o the gt lunb
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From oquat
\ calculated.

heawy hquid in the nght limb, the pressure atAcan bc.

Inclined Single Column Manometer

ter. This manometer is more

L N rclined single column Manome! omey ‘
Fip 29 shows the w ; liquid in the might limb will be

seasitive. Due to inclmation the distance moved by the heavy

maore.

Fig. 2.9 Inclined Singie Comumn Magomerer

Let L =Length of beavy liquid moved in right limb from X-X
6 = Inclinanon of right limb with horizontal
h:=Vemcal nise of heavy liquid in nght limb from X-X
=Lxsmf
From equation (2 6), the pressure head at A is
h=1.5;-kS,
Substituting the valus of J;, we get

h=1lsin0»S,~hS,. c e e (2T)

33

Diwﬂlcter

When the difference of pressure between any two points in a pipe line (Fig 2.10) or i

two pipes (Fig 2.117775 [0 be measured; mnecied to the two ends of a
manemeter. This is called differential manomeler
-_

A differential manometer consists of 2 U-tube, containing a heavy liquid, whose two
ends are connected to the points, whose difference of pressure is to be measured. Most
commonly types of differential manometers are: '

1. U-tube diﬂ'creqtial manometer and
2. Inverted U-tube differential manometer.

U-lube Differential Manometer

1f the pressure at each of the two points is high compared to atmospheric pressure. the

. above two methods will be unsuitable, as the tubes required will be inordinately long. In such

a case U-tube or double column manometer has to be used. The measuring liquid which fills
a part of U-tube will be heavier than water flowing in the pipe or pipes. Fig. 2.10 and Fig.
2.11. shows the differential manometers of U-tube type.

[/

RUBBER

' TUBING ‘ U-TUBE

4 i [sp wt=wn]'
. % o} . 4
spwwm]_ Th .SP or=Sg )

t
U~TUBE:

Fig. 2.10 U-tube Differential Manometer  Fig. 2.11 U-tube Differential Manometer
for One Pipe Line for Two Pipes

:

e,

e,
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Inverted Ustube Differential Manomelcr

quid. The two ends of the tube
10 be measured. 1t 1S used lor
.wbe dilterential

eht i
It conssts of an ivertad Ustube, containing 3 light

are connected 1o the pownts whase ditterence ol pressurc 18 i

y vel
measunng differcace of low pressurcs. Fig. 2.12 shows an n
manameter connected 1o the two points A and B.

Fig. 2.12 Inverted U-tube Differential Manome

Two Liquid Double Column Enlarged Ends Manomcter (Micromanometer)

For 2 very hugh precision on measurement of pressure difference, the U-tube
d:fferenual manometer is equipped with two basins (or widened ends). In order to magnfy
the readings two liquds of different sbeciﬁc gravities, tmmuscible in each other and in the
fwid 10 be measured, are used in the two basins and U-tube as shown in Fig. 2.13.

Fig.2.13 Two Liquid Double Column Enlarged Engds M anometer (Micromanomclcr)

The heavier liquid of sp. g 1 fills the lower U-tube portion uplo Z-Z. then the higher
liquid of sp. gr. S; is added to both sides, filling the upper portion of U-tube as well as parts
of basins up (o Y-Y. The liquid or gas of sp. gr. S,. running in the pipes fill the space above
Y-Y.

Assuming that pipes are at the same height and fluid in both the pipes is same, the
differcnce in pressure between points 1 and 2 can be determined as follows:

First both ends of U-tube are exposed 1o the same pressure with which both ends of
the meniscus of heavier liquid occupy the level Z-Z. Now, let the pressure exerted at point |
be more than that at point 2. This will cause the level of light liquid to fall in the left basin
and risc in the right hand basin by an amount equal 10 Ax. The volume of liquid displaceﬂ in
each basin is equal to the volume displaced in U-tube —

Qor AI.A:%G v e e eee een (2.8)

where A = the cross-sectional area of basin;
- a =the cross-sectional area of U-tube.

Forming the manometer equation starting from point 1,

S,h|+(x,+Ax)Sl+(x,—Ax+%)sz-h5] \

B 2.
-(xl_:)-*.AxJSI_(KI—Abe: h,S, h
Simphfying the equation,
I
$5,(h,=n,) = s, +(x, -1;-+Ax)s, +(x, = Ax)S, = (x, +Ax)S, = (x, -Ar+;’)bz

Substituting the value of Arx from equation 2.8

. hol ;
8, =hy)=hS, +[.\-, —;’+-21-%]S, +(.\-, —%-34]5,

h
_(x‘ +—r.£}5‘|_ X1—£-£+ﬁ)-s_,
14 242
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(%d rostatic Forces on Submerged Surfaces ' "

h A
= h§, +x. S —!"S:*I’n‘.“%s: S __Z-.KM
) 2 2 ¢ Wa " When a static mass of fluid comes in contact with a surface. cither planc or curved, a
-y, S, b2 S, =X 8+ 5T S, ":"bl force is exerted by the fluid on the surface. This force is known as total pressure. It has been
A - “ obscrved (hat:
- a ~|
- ses(-2)-sd] M s myniag
A, A (i)~ The intensity of pressure p due to the weight of fluid at any point is directly
. proportional to its depth below the free liquid surface. This depth is known as
: al' [ 2 e e (210) pressurc hiead.
S.(h,-h;) = h‘l §, -S:{l-sl > D ' . . ;
L (i)  The fluid static pressure cause force which acis normally at every point of the
surface of container or any submerged object,
r 2 1 ) .
or, (h,~k,)=h —S—’--g‘{l-(s) }‘(3] ] in m of liquid of sp. gr- 51 %CL‘ on a Horizontal Submerged Plane Surface
1 LI

The whole of the quannity i the bracket of Eqn 2.10 is a constant for a pan'lcular

mznometer 2nd 115 measunag Liquids. It is therefore required to measure only one reading of

! the manomeser, ie. k. This tvpe of sensitive manometer is useful for measuring the small

pressure differences of gases, for which the water may be taken as heavier liquid.as

measurng flud and ofl as Liohter liquid. Since the manometer is used for very high precision
mezsurement, 1 1§ knowa as micromanomelter.

Free liquid surface

- anometer Eguation Procedure

(3) Stznt &om one end of the manometer or the end at which the pressure is given. Write
the mzensity of pressure, at this ead in meter of water. In case of simple manometer
stant from open end and rake the intensity of pressure at this end as zem.vKuaIion
thus formed shall show gauge pressure.

Fig. 2.14. Force on a Horizontal Submerged Plane Surface

Fiu.2.14 shows as plane surface submerged and held in a horizontal position at depth
Y below the free surface of the liquid. Since every point on the surface is at the same depth,
the pressure intensity is constant over the entire plane surface.

From hydrostatic equation p = wy, and if A is the total area of the surface then total @%%/X

pressure force on the horizontal surface is:

(b) Add 10 the pressure found above, the change in intensity of pressurc from onc
meniscus 1s lower than the first and negative if'it is higher. This is calculated by
multiplyiag the difference in level in the tube by tre specific weight of Lhe liquid.

(¢) Centinue the process zs in (b) until the other end of the U-tube is reached.

(d) The algebraic sum of the pressures found at (a), (b) and (c) shall be cqual to the

pressure at the other end. F = pd = wvd = A fwy)
Note: The pressure difference may also be expressed-in meters of water by fomiiﬁé-ljié"
manometric equation as given abuve with specific gravity of (he comresponding fluid in place
of s specific weight.

. For the given configuration, the depth y = yc depth of the centre of gmvily- (ce;llroid) ‘
of the submerged surface below the free surface of the liquid:

F="Wdy ' ok )
o

ﬁif —
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J?mt on a Vertical Plane Submerged Surface

\ Free iqud surface -
= = = -
L y

¥ ox

dA

Edpe view of

face
el bl Vertical plane surl

Fig. 2.15. Force on a Vertical Plape Submerged Surface

Consider a plane surface of arbitrary shape immersed vertically in a static mass of
flud (Fig 2.15). Depth of the liquid varies from point to point; pressure intensity is thus not

. -
coastant over the eate surface. Analysis for the total pressure force is then made by -

considenng on the verncal plane surface an elementary horizontal strip lying at a depth y
below the free surface of the liquid. The pressure intensity for this strip can be assumed to be
constant and equal 10

P=wy
Hence d:fferential force on the strip is:
dF = pd4 = wy dA
an'c.! the total force on the entire area is given by:

r =Iu)‘dA = WJ'ydA

) T joteg I yidA represents the sum of first moments of the areas of the strip about

free liquid and equals Ay, where y, is the depth to the centroid of the immersed
surface, Thus
F = wAy. =A (wy) o e (2.12)
™ l
| .
,_,; '
wil L

39 ;

Force on an Inclined Submerged Planc Surface

Free liquid surface 0
= {1 1 q//
' 5p ¥ -

Pressure F
profile

Edge view of
inclined plane

View normal to
inclined plane

Fig. 2.16 Force on an Inclined Submerged Plane Surface

/

Let a plane surface of arbitrary shape be entirely submerged in a static mass of liquid.

The plane of the surface intersects the horizontal liquid surface at axis 0 — 0/ making an

arbitrary angle o. The differential force dF on an clementary strip of ar;a dA, where the
pms p.is given bﬁ

’

dlF = pdA = wydA = w xI sin @ xdA Ty

Where ) is the vertical depth of the elementary area from the free liquid surface, and
/is its distance from the axis 0 - 0, Force on the entire immersed surface can be computed by
integrating the differential force dF over the entire area A_

{1an

= = wsinu| fdd -Qc’".
[ pad f A
Integral j IdA is the first moment of area A about 0 - 0’ and is equal 10 Afc 4
F=wgsinadl, i
ew Al sina)= w Ay, 3
=4 () TR S (23]

Cvidently through equations (2.11), (2.12) and (2.13) we conclude that whatever may
be the inclination of the submerged planc surfuce to the free liquid surfuce, the magnitude

* of the resultant hydrostatic force equaly the product of the arca anwwﬂm—

a_"f"’m_irf’lﬂly_ma——
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entre of Pressure put inGreases with depth of a

l
We kpow that the wteasity of wuswcm s geater over the lower portion of the
point on the immersed surface. As the press 1l act at some point, below

ersed surface W
suface, thorefore the resultant pressuse. 01 1 ¥ s the lower edge of the figure. The

s not uniform,

the centre of gaviey of the immersed surface and toward g T
pont of the ares a¢ whuch the resultant pressure acts. is known 35 €
uzys cquc& = terms of dqvth , from the Liqud surface.

d by taking

e
Considermg the above figure location of ceatr of pressure is determin
momexnts abow the axzs 0- 0
_-=J'(_;_"-j,( =wa[$lmxd-ixl
=wsma [Fdd
rsmj-lzi-i
Il = —T— . /
Substinmng the valoe of £ = w sin @ /Id4. we obtain
w:majl“daf .
& wsmaJ.ldA
[raa

frda
Recognizing teat /F d4 = Iy = second moment of area, or the moment of inertia of
the area conserved zbout 2xis 0 — 0, the above equation can be rewritten as:

_ 1L
v Al

Momext of inentiz is generally quoted zbout an axis through the centriod; shifling the
axis from the surface to parallel axis passing through the centroid gives:
fo = I. — AL (parallel axis theorem)
where /, is the moment of inertia of the area a!;out an axis through the centroid.
orly - AkZ + Al ‘
where k. is the radius of gyration.

41
I
lp- /t+/fl=
Alc
Ic i
. e e e (2.14)
Ale  °
[, &’
or, | -/ =—f=2¢_ e e e e (2,142 -
PR Al ( )
In terms of vertical distance from the free si:rface,
Isin*a  k’sin‘a -
Y -p=el tate S0 : . (215)

v

’ﬁ_

6.

/ﬁe following facts can be gleaned from the above equation:

surface below the liquid level. ‘

‘
'
]
r

Ay, Ye

—

Centre of pressure lies below the centrmd, because for am&ne surface the factor
(Icc 2 st ) is always posmve . e
b_‘-/

Deeper the surface is lowered into the liquid i.e., greater is the value of y, closer
comes the ceatre of pressure to the centroid of the area.

Depth of centre of pressure is in'dependeut of the specific weight of the liquid and is i
consequently same for all liquids.

"For a horizontal surface @ = 0 and so ¥»=JYe . 1., the centre of pressure coincides
with the centroid.

For a vertical surface @ = 90° and so

- = 1‘
Yo=Y Ay,
Ifthe vertical rectangular surface has breadth 4 and depl
d bd’ /12 _2 |
Yo =T bz 3 i

1 %
i
i.e., the centre of pressure is at a depth equal to érd of the submerged height of the
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Force on Curved Submerged Surface

Free liquid surface

C, =Centre of pressure
of projected area

C; = Cenmnodof

y volume
ABCEDEFA
Pressure
distnbution
profile
X1
AreadA
Projected Surface Cupstisaiozs

Fig. 2.17 Force on Curved Submerged Surface

Let the Fig. 2.17 represent the trace of curved surface submerged wholly in a static
mass of liqud. Consider on the curved surface an elementary area dA lying at a vertical depth
y below the free surface of the liquid. If p is the normal pressure intensity at_the elementary.
area, then the differential force acting in direction normal to the surface is

dF = pdA = wydA

—_— -
and the total force on the entire curved surface is

F= fuydA.

Since for a curved surface direction of the pressure force varies from point to | omt
strai L,htforward uuegmtlon proc’ﬂ_ure cannot longer he applied. Computalion of total pressure

on a curved sirface in then mac made possible by assessing the pressure forces acting on
projected horizontal and vertical planes. For the elementary area:

dF, = dF sin8 = pdA sin@

dF, = dF cos 8 = pdA cos@

Where 01

is tl < inclination of the elementary area dA with the horizontal Substituting
'——r> "
P = wy i the above expressions and subsequent integration yields
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cwmopds e @

d g o F

® D epremmen @t eoo? ol @ ear® TgvesE repectively he verical and 1_?;__-,: _\‘ .
WO prosecen o oy ri-nm-vr_.m aroa ol { _ / !:\

qrved surfoce on 9 | -

e e mresenn (i toral pressare Taree on projected arca of vurved N , b k

; . ent / ie cenire of
T e The pome of aepleation of the honzontal component £, 18 ol the

TRy 7
PRy o e prosecte; area

¥ e represent B toml pressare on projected areg of the curved surface on
- SITA -
" Bemeoma pienc and 1 egush B weht of liquid ving an the portion ABCDEFA,

T g evtendig Trom the cumed surdacc o the free surface of the hquid. The point -yl
© EpPaaton of th, womponent T, achny verucally downward s at the centroid of the lxqmd .

%
I Sove fhe curved surface

’ . | Fig 2.18 Prvsnnl)ubl)ul('-ddbq-d' id on One Side
I wkhan pressere foro B then equal to ((F, 4 £, ; acung at angle

with tis horzomal

Considera v:mnlnﬂsxxb;eaudm;rmdncww'mdcflmnd.onmofm

. sides as shown in Fig 2.
Ve enpmeening applications, the liquid acts from below the curved surface. In Hae
¢ . ) . ) p
A G verucal componen of pressure force acts upwards, and equals the weight of an Let  H=Heightofliqud ¢
Magnan columy of liguad above the curved surtace } . ‘ .
u 7 to the free surface. W = Specific weight of the liqud
<

"w—-——' /
Fresan diagran may be defined a3 graplucal representation of the varation in

tas incor, <4 < ing ot
Ty of pressucs over s syface Sudrfagams arc very useful for finding out The
'mu‘-ﬂ“ (ix u,p"m

p= Totalprmonth:mﬂ.paumtkngm‘/
We knowzlmzhcpmu:ontb:munwoaxthcliqunimrﬁm.mdmninunse
—
by a straight line law to wH at the bortom. Therefare the pressure diagram will be a triangle
ABCasshawnmmnﬁmmcwapmonmennpamlmgth

£ veruca! sudf, ) .

Of Prossues = suriace fray be subjected 10 the following rypes — ) =
P = Area of mangle ABC = %nH:nH g_)
] Prossurc duc 10 e hand u-'hqund ot une side, 2 2 4

Peessure duc ic oo ad of liguid, oyer anuther, on one side, and his pressure will be act at the centre of grawity of the miangle, ie. at 2 depth of

3 LI " : 1 Lot
Pressure duc 16 Liguits ou both the gudes 3" from the hquid surface, or at a height of -ib! from the bottom of the liqui -

X
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nother on One Shle

\%""l"\ul’r Due 10 One Rind of Liqu"’, over A

+
77 i i PP rl 77778

wiH et

- One Side
Fig. 2.19 Prossure Due to One Kind of Liquid over AHM——

Consider 2 verticz] wall, subjected to pressure due to one kind <,)f " : vera'nothl;r
on one side 2¢ shown 1n the figure. This will happen, when one liquid s insoluble into the
othier

Let  H, = Heght of liquid 1,

w, = Specific weight of liquid 1,

H; = Height of liquid 2

wy = Speaific weight of liquid 2

P = Total pressure on the wall per unit length

We inmow that the pressure in such a case in zero at the liquid surface, and will
mcrease by a swagly line law 10 wiH; Ap to a depth of Hy/It will further increase, by a
straighi [z law, 10 W.H;/ - w;}:l}as shown in the figure, '

The pressure P, on the surface AD, due 10 liguid ], may be found out, as usual, from
2 y
the area of tnangie ADE (it., P, = ‘”_'2’."!_) . Fhe pressure on the surface DB will consist of

pressure P; due to supenmposed liquid |, as well as pressure Py due to liquid 2. This pressure

will be given by the 2rea of the wapezium BCED (ie., area of rectangle DBFE due 1o

supenimposed Yiquid ie, P, = wiH, » H, and the area of triangle FCE due to liquid 2 {i.c.,
7 2

; =i£2H—r’)

~
M —
$£5

The total pressure P will be gum of three pressures (e, P = Py +Py+Py). The

line of agtion of the total pressure may be found out by cquating the moment of P, Py, P, and
P; abo(‘.sr‘ I — e R -
L e— e /

7

P'ressure Due to Liquids on Both Sides

A

I‘
=
= 4,
@ E_ﬁ__;:_‘
H, — 2 I
» :5 H-
—
P,
—
\/ d Y

8\J ¢ 3
! ¢ wyiy l k wiH, !
Fig 2.20 Pressare Due to Liquids oa Both Sides

Consider a vertical wall subjected to pressures due 1o liquids on both sides a5 shown
in Fig.2.20. ’

Let  H; = Height of liquid I,
Wi = Specific weight of liquid 1, \
Hz = Height of liquid 2

W2 = Specific weight of liquid 2

(P = Resultant pressure on the wall per unit length.
= '

We know that the pressure of liquid 1 is zero ar the liquid surface and will increase by
a straight line law, to w\H, at the bottom as shown in the above figure.

The total pressure on the wall per unit length due to liquid 1.
2
A =‘%"H| xw L
|
Similarly, total pressure on the wall per unit length due to liquid 2,

1
w,H,

1
, =-ixH,xw,H, =—'T'—

As the two pressures are acting in the opposite directions, therefore the resultant 1
pressure will be given by the difference of the two pressures (i.e., P = P; —Pz). The line of :

5

}
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Hoop Tensim in 3 Pressure Pipc

Fig. 2.21 Hoop Tension in a Pressure Pipe

A aroder pipe under the action of an internal pressure is in Lcnsngn aroun.daJ litz
crcumference. This hoop tension causes stretching of the pipe wall.and. the pipe mater
subjecied 10 tensile sresses. Consider the above figure showing longitudinal section and one-
half cross-section of 2 circuler pipe. Assuming that no longitudinal stress occurs, the “{alls are
In 10500 2 shown Considering 1 cm length of pipe and one-half of its circular section as 2
frez body, I=t the tensile force per cm of pipe length at top and bottom be Ty and Ty,
respectvely 2 shown in Fig 2.21

The bonzonizl hvdrostatic_force Fy acts through the centre of pressure of th;.
projecied 2rez ang hzs 2 magnstude 2rp, in which p is the pressure at the pipe centre in kg/em
and r 15 the pipe rdius in cm. For penstock pipes which are subjected to high pressures, the
centre of pressure may be Laken 2t the pipe centre, and then,

T+ T.=Fy

=2pr

o 2T - 2pr
Therefore the hoop tension foree

T=ps ’ vr e e e (221)

For the pipe wall thickness of 1 em. the tensile stress o in the pipe-wall
T, pr

-t =

1~ 1

49

If the pressures at the top and bottom of pipe differ appreciably, the centre of pressure

is computed and Z determined. To determine T, and T;. the following equation may be
written,

T| +T2 = zpr

taking moments of forces about the pipe bottom

T,.2r = F||.Z ?
=2prxZ i
Solving the above two equation
T =pz s v (BED
T.  =p@r-2) e e (223)

‘l}fksure Diagram; for Horizontal, Vertical and Inclined surfaces

P ]

= water surface

h,

(n) Horizontal (b) Vertical (c) Inclined

Fip. 222 Pressurc Diagrams for Horizontal, Vertical and Inclined surfaces
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P'ractical \pplications of Hydrostatics
| : e subject of hy osmn’c
aulic
There are numerous engimeenng ) N > i -
1 - '
Transmnson of hydrostancs Pl'ts\un 15 apphe c W Ln;“m[cn“b

I
__--r—’—rfh\dnuln. cral
ubic Jde
machines such as ydraube press, Tiydm@ iquids arc:
1atic g
structires which are consToaed To witfistand e forces in (he

npphmm‘ﬂs on

4
1 the design ©

1 Overhead water tanks
2 Slurce gates

3 Lock gates .

4 Masonny walls

5

Dams

ﬁverhud Water Tanks

Overhead water tanks are used to hold water at a certain height 10 be supplied under
sy

2. Sluice Gates

Gates are used m the rivers, dams, pipes and canal locks. The hydrostatic pressure or
forces may be acung on one side of the gate e.g., simple gates, sluice gates, tainter gates and
roller gatey.

In some cases the liquid lies on both sides of gates of sluice type. A sluice gate is used
to conerol the flow of water by moving it in a vertica! plane through the grooves made in the
outlers.

Static Pressure on Sluice Gates

A sluice gate consists of two vertica! plates, known as skin plates, having a number of
borizonta! I-beams in berween them. The pitch of the beams on the bottom side is less than
that on the 1op side of the plates, since pressure increases with the depth. To control the flow
of water the sluice gate moves up and down with the help of rollers fixed on the skin plates.
The rollers trave! on the vertical rails, called guides, which form a part of piers or ventical
walls of outlets,

51

, Fig. 2.23 Resultant Pressure on Sluice Gate
(
J/FO" the gate is acted upon by the pressure on both of its sides, the resultant static

pressure action on the gate and the position of centre of pressure, is determined as follows -

'CJICulate the total pressure F, and F; on the gate on opstream and downstream sides
respectively, and as the two pressure are acting in the opposite directions, the resultant
pressure F will be the difference of F 1and F; -

Total pressure on upstream side of Qe F,=yy 1y =
Total pressure on downstream side of gate, £, = :';_..4_. T
Resultant static pressure on gate F= [, - F> B . (224)

For determining the position of centre of pressure, & is calculated for both sides.
final position of ¢.p. is determined by taking moments about any point say top or bclhm of
the gate.

3. Lock Gates

A lock gate is used to change the water level in the canal by construction a lock for
the purpose of navigation. .

If the dam is constructed in a canal or river, the water levels on the two sides of the
dam will be different. For the purpose of navigation or boating, a chamber known as fock is
constructed between the two different water levels by providing two sets of lock gates. In
order to transfer a both from the upper water level to the lower one, it is first admitted intc; the
lock by opening the upstream gates with which the water enters the lock rising the level of
waler Equul to that of the canal upstream are opened with which the water level in the lock

v
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Since F acts pormal 10 AB at the centre of width AS 30 m order that the gt to be m
equilibrium. these forces N, F and R should pass through a powt D Therefors R mests a1 D

and nangle BAD becomes an isosceles tnange baving angles ADD aad BAD equal to
angle 6

Resolving forces along AB -

Ncosb Pcost .
Nep C25)
Resolving forces normal 10 AB
F=Rsin@-Nsm¢  _ _ _ _ _ (226)
F=(R-N)sin® = 2R sin6 R Ly

The ruu]mntplmFlslhedlﬁ'mofﬁmdF~dzmnm¢mmo
opposite direchions.

e, F=F/-F, whee

i H . 25 - .
Fr=vv4, =7‘—2'—-A acting atcp.a: ﬁ‘l ﬁmn&e:msmﬁxonupwam side.

H.
F, = .A..-'y—A actmg atc.p. a—ziﬁom&eemmﬁceondmmﬂd.
and A =the wetted area of the gate AB.

Reactions at top and bottom hinges

The total pressure F, and F» act in the middle of gate AB. Thus only half of the
pressures of Fy an F; will be acting on both the hinges of gate AB and the remairung half on
the edge of gate BC (i.e. on the contact surface of gates AB and BC).

Taking moments about bottom hinge.
- - \
mrsmem_(’_ B (& A
2 3 Z 3
where H = height of lock gale;

Also resolving honzontally-
FoF
Krsb - Ky sing = —-—
7 H 272
Find the reactions on top and bottom hinges Ry and R,, from the above cquations.

Alsa o - 1y
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“ﬂ‘én Dam

Masoan Dam s 3 STucture across 3 aver <
is
shung @ rescrvon The water thas mpounded By 437 (he two prn
&d power gencration. There are vanous Hpes of dams.
dam and arched dam.

nstructed for 1mpounding water by
uscd for the purposes of irmigation
ciple types being gravity

Water Pressure on Masoary Dams

cted for impounding water by
‘J‘/\'ﬁam dam 1s 2 sructure across a nver consty

unded by dam 1s used for the purpose of imigation

e reseno The waler (s 99 g on a dam are siauC waler pressure against

and power penecziion. The main forces actun
upstream face znd the weight of masonry. For the actual des1gn o
beneath or
consiaered are \nnd forces,ice m uplift of water :
be of any cross-55cnon, but the followmg are important from the subject point 0 ncvr

t'a dam, the other forces
e dam. A dam may

1 Reczngular damsY
2 Trapezoidal dams J

35

v -

'
\\’;.Wzngumr Dzms
.

W R
Fig. 2.25. Resultaat Pressure on Rectangular Dam

Consider a rectangular dam having water on one of its sides as shown in Fig. 2.25.
Now consider a unit length of the dam.

Let  H =Height of water stored by dam
P = Total pressure of water

éwﬁxh:ﬂ.

We know that this pressure P will act at a point of height i above the base of the d&é
d

Let W be the weight of the dam masonry per unit length of the-danrwhich-will act

down wards through the centre of gravity of the dam section.
f———— —— e{

Now the resultant pressure of force P and weight W will be iven by the relation

R=J(# +W?) . o e (228)

and the inclination of the resultant with the vertical /3) will be given by the relation,

l “w,

tand = i— vt e e e e (2282)
h
Now with OL and ON or LQ (equal to W and P to some scale) complete the rectangle

OLQN. Then the diagonal OQ will give the resultant (R) to scale. Now extend OL and OQ to
mect the base line at M and R as shown in the figure.
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Wapd pressure on Trapezoidal Dams

|
|
|
nlll

N

Fig. 2.26 Resultant Pressure on Trapezoidal Dam -

R

A trapezoidal dam is more economical and also easier to construct than a rectangular
dam. That is why, diese days trapezoidal dams are preferred to the rectangular ones. ’

Consider a trapezoidal dam retaining water on one of its sides (say vertical side) as
shown in Fig. 2.26.

Like the rectangular dam, the total pressur= on a trapezoidal dam per metre length will
be uiven by the relation

wH*
2 .
and the horizontal distance between the ceater of gravity of the dam and the point, at which

the resultant cents the base will also be given by the relation:

P=

IEthe water is retained on the inclined face, the water pressure will act normally to the
face. In such a case the horizontal and vertical components of the pressure are to be used for
all calculations. This may be simplified by assuming the surface to be vertical and the weight
of triangular wedge of water over the inclined surface, is included in the weight of dam,

]
l
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Fig. 3.1 Archimedes Principle

Let a body be immersed in a fluid of const:mt shown in the figure.
It1s required to find the resultant verucal lift force acting on the body.

Divide the body into a large number of vertcai prisms. Consider an elementary
vertical prism of cross sectignal area dA.

Then force acting upward on bottom of prism

;gu!d-@udd

) and force acting downwards on top of prism
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Fig. 3.2 Body Immersed in Fluids of Differcat Specific Waghts

Suppose the body floats i berwesx the surfaces of separancn of two Suids of specific
weight 7y and ¥; as shown in the fiqure.

On an elementary vertical prism of cross-sectional area dA, the buoyant force. l
dFfg = prdd-p;dd
=dd [y -hon=h:pl-rndd
T h:pdd
s pdvy v pdve
Total buoyant force
Ly - fdtg = Jadv =fpdv:
= nVE L@ - (32
= total weight of fluid displaced ;

Here v, and v are the volumes of the body submerged in fluids o@
ST — =

and 72 respectively.

~
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Prnci tion i
w—l—/ atine body i eqit ul to the weight
—

i, (]
Praaciple of floatation states that zhe weight of a fl
of the fluid displaced by the body. '

Fig. 3.3 Principle of Flotation

Proof
Considera floating body at the free surface of a ligud.
From equation 3.2, buoyant force
Fo = YarVer= Vigud- Vo
A fe " Vo
5% Vs - Viro
= weight of liquid displa?.
Since the body is in static equilibrium.
LY C— 0
or  Fy W 0
or a3 -w ahs

 Le.. Weight of liquid displzced = Weight of floating body.

i
Cases are possible:

PX

Depending on the ratio of the weight W ofa body and the buoyant force Fy, three
o - 4‘9—_—

\,)/% W~ Fy, the body tends to move downward. and eventually sinh.

(ii) W =Fy; the body floats and is only partially submerped.

(iiiy W <Fy; the body is lified upward and nscs to the surface

% the above condition, we can say that a body can be made 16 Noat by-

(i) decreasing the weight of the body, the volume remaining the same.

(ii)  increasing the volume of the body, the weight rWe same.
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Some Practical Applications
by knowing the apparcat loss of

il d of known

. alid can be det . .
% Volume of an rcgular & hen totally submerged in flui

< weight which the body will expencnee W

specific pravity.

i - g eter.
- Speaific graviy of hiquid, can be detcrmined — Principle of Hydrom

AC

y easing its weight, the volume
A submanne 1s brought on the surfece of ocean by decreasing

/ remaizung the same. It 1s done by pumping the water out of the ballast tanks until ::
weght oi submarine is less than the upward buoyant forces exerted by water on the

outside. The submarine sinks by taking water in it until its weight is greater Qm the

buovant forces.

[

(87 ULife-saving suits for ships and rubber rafts for airplanes which fly over the )

. - - H N n-
(.‘_)/Modcm bathing suits which can be inflated with air making possible even for no!
swimmers to bathe in safety.

Wctcr
— ) .
» A Doating object of weight W will sink more in a lighter fluid than in a heavier one.

o W =V, where V is the volume of fluid displaced and y the specific weight of the
fluid Thus, W remaining constant the volume V displaced will vary inversely with y.

« For two liquids of weight densities 7y and y; and volumes V; and V,
W=n¥ - »l:

5 . (33)

or

X

-_—

i e

Statical Stability of Floating Bodies
Any floating body 15 subjected 1o Iwo systems of prallel forces:

)t Sovmward force of yravity acting on each of the panticles that gocs 1o
make up the body, and

ti) - the buoyant force of the liquid acting upward on the wuous clements of the
submerged surface.

o
“w

In order that the body may be in equilibrian the resultznts of these tao syzems of

forces must be collinear, equal and opposite. Hence the centre of bucyancy 2ad the ceazz of
gravity of the floating body must lie in dww

_ —
Types of Equilibrium of Floating Bodigs—

The equilibrium of floating bodies is of the following types:

Stable equilibdum
Unstable equilibrium . -
Neutral equilibrium

- o)L

[ E g

~I/Smhle equilibrium '
When a body is given a small angular disp!aiex_nem (iLe. dlted slightdy). by scme
external force, and then it returns back to its origmal posin'oﬂm_‘lo the intemal

weight and the upthrust), siich an equitibricam s called stable equilibrium.

\/f Unstable equilibrium

[f the body does not return to its original position from the slightly displaced angular
position and heels furthér—away, when given a small angular displacement, such an
equilibrium is called an unstable egailibrivm.—

(S

3. Neutral equiijhrium

If a body, when given a small angular displacement, occupies a new position and
remains at rest in this new position, it is said to possess a neutral equilibrium.

- P
= |

Metacentre and Metacentric Height
iMetacentre

Metacentre is defined as the point about which a body starts oscillating when the body
is tilted by a small angle. It may also be defined as a point of intersection of the axis of body

", passing through c.2.(G) and , original centre of buoyancy (By), and a vertical line passing

through the centre of buoyancy (B) of the tilted position of the body.

The position of metacentre, M remains practically constant for the small angle of tilt 6.
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! Metacentric Ileight as Direct Measurc of Stability of Floating Body

ic Height . . v .
MEGESmOSC Ses From the previous anticle we know that the position of metacentric is a direct measure

of the stability of floating body. The condition of equilibrium of a floating body is determined
by the external couple in relation to the sense of the infinitesimal tilt given to the body.
| Therefore, more the metacentric height, the more stable the body will be, A zero value of
metacentric height means neutral equilibrium and a negative value, unstable equilibrium.

¢ centre of gravity of 3 floating body and the metacentre (i.c.

melacentric height.

e N A

The distance berween th
Gistance GM as shown i Fig. 3. 4 s called

ship. For small angles of inclination, the position of M does not change materially and the
metacentric height is approximately constant.

[

/ W
____________ _ M
------------------ -z \
YEEE L de =
=
_=- M w c M
B,
B ¢¢ B,
4 BY ¢ B,
0 . ; Fmi FBI Fm
(a) (b) (a) ‘ (b) (©)
Fig.3.4 C ross-section of a Ship
i i ing i ight position, the axis of
Figure 3 4 shows the cross section of a ship floating in an uprigh P e axis of Configuration (a) ®) ©
symmery being vcm:al. For this position the centre of buoyancy lies on the axis
ACL The centre of gravity of the .
symmetry 2t By which &5 the centre of gravity of the area v Sense of Tilt Clockwise o dE: oo
ship 1s a.smned 1o beat G. If from any case, such as wmd or wave action, the ship 1s made to
P d cargo
heel throuygh an a.n;,lc/B as shown in the figure, the centre of gravity of the he ship & 31“_/[5 Sense of External Couple Anti clockwise Clockwise Nil
remaining unchan oed, the centre orbuoy:mcy / shifts 10 2 new posmon B, which is the centre Due to W and Fpy
of gravity of the area A C‘L The buoyam force F, acung downwaid'_lhroubh G, ﬂ%ﬂt_e_g_
couple 1 » x which resists further overuming and tends o Testore the ship to its original Action of Extemal Couple Restoring Further Tilting Nil
upnght posmon
Behaviour of the Bod Returns 1o Status- i i y iti
lf the vertical line through the centre of buoyancy intersects the mclmed axis of Y o Status-Quo Further Till- Stays as it is
symunetry at point M above the centre of gravity, the two forces,E and W produce a righting Condition of Equilibrium — — -
moment. If, however, M lies beloy G an overtuminy momem is produced. The point M is
known a.Slhe metacentre, and its dxsuncg GM fo;mihﬂentrc of gravity of the ship is te Sign of GM, +ve S =
the metacentric height. The metacentric height is a measure of the staticai stability of e | the Metacentric Height
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[ that stable, unstablc and
o Joscr s of the above figure e

1t <2n b obsenad from the . J::"; C. M below C and .\? comcud}nb “ﬂll::\C
ncutral cs..::'llﬂ:..-': oo —\:;1 ‘::m: Ly o drlic mpnMI les(;:;z:s m.a:
N i cﬁa‘m:aﬂcd the :_ncnmntric height should be posiive- It also fol
mezsoed fom Co M s _ ;
h“udxmﬂc;\ﬁiﬁ\tbdgmmoltﬂzblelslhcbod) .
E - f equilibnum of a body is the position

ion 0 ris
It is insSrucove fo comment ﬂmme-[m:: the equilibrium State. This is a general
ty C should therefore, be

study of mechanics. The centre of gravi o )
e s o - on of “CM’ to be positive is 0 conformity

Theoretical or Analytical Method for the Determination of Metacentric Height

condusoa amved 2t m 1
25 low s passible. For a floating body, the conditi
with this coadlusion

The normal values of metacentic height for different types of ships are:

- merchant ships 030 to 1.00m
- sziling ships 045 10125m

- banle ships 1.00 to 1.50m

- fiver crafts up t03.50 m

Fig. 3.5 Theoretical Method for Determination of Metacentric Height

Determination of Metacentric Height
Consider a ship floating freely in water. Let the ship be given a clockwise rotation

through a small angle 6 (in radians) as shown in the figure. The immersed section has now
chanyed from acde to acde;.

For certain floating bodies like ships, pontoons, barges elc., it is very importa.m to
‘know the metacentric height, in order that they might not capsize. Therefore na.vaJ architects
and engineers tzke care in designing a ship to keep the metacentre at a safe dlslﬂljlﬂ: a;ol:
centre of gravity. The position of centre of gravity of ship may be on-v.cred by carrying ballast
also. The ballast is 2 heavy material plaved in the ship’s hold for stability.

The original centre of buoyancy B has now changed to a new position B,. [t may be
noted that the triangular wedge aom has come out of water, whereas the triangular wedge
aon has gone under water. Since the volume of water displaced remains the same, theretore

’ : - - - - - a]
ich the metacentric height can be determined — theoretic :
There are two methods by which the the two mangq]a: wedges must have equal areas.

and experimental. The theoretical method to find the metacentric height is used at the time of
designing the ship and the experimental method is employed after the ship has been afloat

and ballasted.

As the triangular wedge gom has come out i water, thus decreasing the force of
buayancy on the left, therefore it tends to rotate the vessel in an anti-clockwise direction.
Similarly as the miangular wedge ocn has gone under water, thus increasing the force of
buoyancy on the right, therefore it again tends to rotate the vessel in an anti-clockwise
direction. It is thus obvious, that these forces of buoyancy will form a couple, which will tend
to rotate vessel in anticlockwise direction about O. If the angle (6) through which the body is
given rotation, is extremely small, then the ship may be assumed to rotate about M (ie.,
metacenter). d

~
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. Lengh ofthe shi?

- p = Breadth ofthe shiP

[
From the peoemy 0F e izure we find tha
e

gr ==

r R
Volame of wedge Of #3& &

| Wesgin of thes wedge of waier
"'ﬁle ! (W = spﬁiﬁc wd@[ Of wa[ef)

2n¢ arm of the couple

2,
= —0
3

" Moment of the resiorng couple

w

and momen of the disturbing force
=V 7 BB,

Equating thewe two moments,

_wb’é'l
12

= wn«/bI;,

o) {hrough win

n
s \ )
ch the ship s rolated. Substituting values of % =/ (ie moment of nerta of the plan of G skip) and
’ By = BA # 0 in the above equation.
w il = weV(BM#B) -
\ Moment of inerna of the plan 33)
Volume of water displaced

Now metaceninc height,
GM = BM =BG
- ve sign is 1o be used if G is lower than B, and

- ve sign is to be used if G is higher than B.

. (3.6)

. (37) -
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[ll‘mmra:tal Method for the

1 P|cndulum

on Metacentric Height

Fig. 3.6 Experimental MethoJ for the Determinafi
2 3.

The metacentric beight of ship, floating object,

experimentally: A rolling koown weight is move
through an angle 6. The angle is measured
’ peadulum or 2 plumb bob, banging inside the shd

honzontal graduated scale as shown in the above figure.

Let d = thedistance moved along the deck by the rolling weight;

the distance  is to be measured,
x = the distance along the graduated scale parallel to the deck; _
w = the movable wci@ﬂ (known),
W = the weight of the ship (known);
G = thecg of the ship (known);
M = the metacentre of the ship 7

| = the distance along GM from the centre of deck to the point from where 1

e

may also be determined 4
d across the deck by which the ship heels *
by noting the horizontal distance moved by a long
p from the centre point of the clock alonga

73

By moving the rolling weight w on the deck of ship through a distance d its moment
Is equal to wd, This moment should be equal to the moment of W about metacentre M.

or W.GGy = wd N (3 Oy
where GOy = GMsing -

and GMsin® = GM tan 6 (as sin 6 = tan O for small angle of heel)

S W.GMtanb = w.d .

w.d 3
or, GM =— B R ()
W.tané@ . 0:10}

where tan@ =%

. Metacentric height GM = %,"-.i B (D)
P 9

.By noting the position of the water-line and calculating the displaced water, the value
of W can be found. Thus all the terms on right hand side of the above equation being known,
the metacentric height GM can be determined. ; %

The position of centre of gravity @ being known, the above method will find the
position of metacentre M.

A\
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v

= oo WL‘ v
Bads (3 conld X
Piosting Bodics Anchored 3t the B¢

there is 2lways 2 certain limit of length, up to

e zrcle that £
e bzve seo I e 20VE ” of the body exceeds this limit, it cannot float
vencelly. the leag

due to certain reasons, the body is.

ppotally. But, SOmELDES, |

verucally though £ €2 floz bon yzhc body s anchored, by means ofa chain from ‘ v

oz vemcaly, FO dong 50, . puts 0n 2dditional downward force on the
mm the znch chain,

olume of water 10 pe displaced.

T
wack 2 body @2 LoZ

reguered 1o &
comre of s bese The 1225350

by, whch will czuse 2 larpe v
Le W= ngh! of the VJdY /i
T= T....mmtbczncbofcham

Then the total downward forcz, which will displacc the water

-W+T

The remainuyg procedure for wolving the problem is the same.

Fig 3.6 Conical Buoy

Consider a conical buoy floating in a liquid as shown in Fig. 3.6
Let .D = Diameter of the cone _
d = Diameter of the cone at the liquid level
2a = Apex angle of the cone
L = Length of the cone
| = Length of the cone immersed in the liquid
From the geometry of the figure we find that the distance of centre of buoyancy from

the apex O.

os =3
4

Distance of centre of gravity from the apex O.
; .
0G ==L
4

Volume ofliquid displaced

V=-;71rl’tan'a . (.13)

2 J
Moment of inertia of the circular section at the liquid level about the centroidal axis.
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Solution of this second order linear differential equation 15
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rranon.
where A and B arc the consiants of intcg

Ny i are.
ds. lheﬂ ‘h un C |d|h
in secon 4 ‘)O d ()lll ons

If T 1s the ume peniod of oscillahon
T
€=0a,1=0 €=0a l"i‘

These boundany condition grve:

( i
5=0, ALsmT F]ﬂ

NE

’—_; e e (320)

Evidently the time period of oscillation decreases wiylh@n inaqx in me;acen::
height 4 . num;;cr of oscillations increase in A. Apparently it '? not desxra?le to ee[; ©
metacemnc heiglt very large 10 avoid large number of oscil\.atllox?s. Recalling that a larg
value of metacenmc height corresponds 1o improve stable equ1l1§num, we find that the tw_o
requirements are contrary 10 each other. In actual practice, an opumum value of metaceninc
height is selected and specified for the ship.

Bilge Water in Ships

All ships require some amount of water for everyday use and also to run the prime
movers and boilers etc. This water in some cases is stored in the lower portjon of the ship and
is known as hulge water or hallust water. If this water has a frec surface, its c.g. shifts in the
direction of the shifi 1o centre of buayancy of the whole ship. The movement of the centre of
gravity of the bilge water decreases the stabibity of the ship. The metacentnic height of the
ship also changes with the movement of bilge water. In order 1w reduce the instability due Lo
bilge water, companments ase made m the ship 1o store water or the tanks are provided for
the purpose,

——

ede

W

CHAPTER -4
FUNDAMENTALS OF FLUID FLOW

Jntroduction i

/ When the fluid is at rest, the only fluid property of significance in the specific weight
of the fluid. On the other hand when a fuid i< in motion various other fluid properties
become sigmificant. As such the nature of flow of a real fluid is complex and not always
subject to exact mathematical analysis, so often recourse to experimentation is required.
However, in some cases the mathematical analysis of problems of fluid flow is possible if
some simplifying assumptions are made.

The science which deals with the gc’wgl_qmuid;wﬁhom reference to
the forces causing the motion is known as hydrokinematics or simply kinematics. Thus
kinematics involves merely the description of the motion of fluids is terms of space-time
relationship. On the other hand the science which deals with the action of forces in producing

- or changing motion of fluids is known as hydrokinetics or simply kinetics. Obviously the

study of flwds in motion involves the consideration of both the kinematics and the kinetics.

A fluid unlike solid, in composed of different particles, which move at different
velocities and may be subject to different accelerations. Moreover, the velocity and
acceleration of a fluid particle may change both with respect to time and space. Therefore in

the study of fluid flow it in necessary to observe the motion of fluid particles at various poiats
in space and at successive instants of time.

Description of Fluid Flow

There are in general two methods by which the motion of a fluid may be described.
These are the Lagrangian method and the Eulerian method.
_—_——’_ﬁ

Lporangian Method:

Tlus approach refers to description of the behavior of individyal fluid particles during
their course of motion through space. The observer travels with the particle being studied as
demonstrated in Fig. 4.1(a). The fluid velocity and acceleration are then determined as
functions of position and time. Let originally the co-ordinates of a fluid particle be . b, ¢
and let these co-ordinates change to x, y, z after time interval ¢. The kinematic flow pattem is
then fully described if the following equations of motion are known

x=fifabct)

y=fi(abcy e e (D)
z=fi(abcl)
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Fimal time

ch
(2! Lagrampue Appmee
(e 7 ek particie with i)

[} Lulerise Approach
(Study ot fisnd statsons in space)

tig 4. lagrangiao and Lulenan Methiod of Approach

Tiex eyustione can be siated a2 postiion X of u Jluid purticle in some JSunction of
irstia! speie coordimates ¢ b, ¢ and the fime 1" The putial space coordinates, g, b, ¢ and
L | auc u."—‘f [ LA}fdl}',uﬂ .wb,.

The velocsty and acceleraton components of the fuid particle are obtained by taking
detivalives with: respect o UMlic

The vaigary compound: pic
ds
P
di

dy

g 4 2
= L (42)

d- /

Thie scccierution compaenls alc

du A :
& — - ——
‘T d dr ‘
i
o »2 X

dr di? ¢ ae oo o {4.3)
& dw d’'z

U B ——

& di?

o

4ot the motion of ane ndiridust fud garicis n madeguate o descrbe the =t

firw feld meton of A1 te faud particies has o o conmdersd wmqﬂﬂ‘

———— .

Fulerian Methad

Tt med anenton is focussed on the moton ard gropertes of differmmt fud
particles as they pass fided poants n space The ohrerre remains Jaticasesiod Gbseriss
what happens at some particalar poirt a5 demonstrasted m Fig, 8 1(3), Lg £ 7 md 2 be e
space co-ordinates at tme 1 Then the compunents of veloaty vecior ars Rmnchons of these
spacc co-ordinates and hme.

Symbolically
uefifepzn,

ve filt.y 2y
we=filr.y.29

The velocity components for the flow Seld cm also be represented x5 the @tz of
change of displacement:

L
&R BI% |k

Since the velocity of a fluid element or parucle is a function of both pesition and nme,
the acceleration is given by the total rate of change of velocity. Thus for the x-component of
accelerationa,, wecanwnte. T o —

du Qu Ouds OQudv Sud:
Q, & = % e o —
Ll A &xd vdr & d
Applying these operations to the preceding expression for velocity components gives:

du du Ou du 3
u
o

L I 1)
A x ¥ a

u -gi+(u-a:+|-—a:+u——) !
i ax  ov & e
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In curvilinear motion equation (4.5) gves the 'ungzml_gagkxmthA particle
moving in a curved path wll alw:ys have 3 normal acceleranion (radnal acceleration)

_ o . 43

1
1]
X
|
i

convective

mmmwrmwmdsz—mmcdbym:
‘5{3-‘115—“=mcpmmmuha1vhcﬂ) in different

Tﬂtt:ximd:mof:h:ﬂmdpmid:isaucdmcmﬂ!ormbmu_aal
eccelergiion

————————

= gmaa!, the velociny is 2 Fimction of pace (s) 2nd time (1), ie.
v=fyz1
o v=fy %

Fig. 4.2 Tangential and Normal Acceleration

/ln general, for motion zflong a curved path (Fig 4.2)

a=a,-a,

v

or a=[wz+£ o ) Mool s se 'i. 49)
s i \r/ ;

. (4.5)
.2 Comparison between Lagrangian and Eulerian Method

The distinction berween the two approaches can be well understood with reference to
the following analogy cited by Prof. Sulumo Eskinazi:

“A smmplete survey of automobile traffic in a large city can be
accomplished by two methods: First, a complete description of the traffic can be obtained by
placing an observer at every intersection and recording the speed and direction of the traffic,
. license numbers etc. as they cross each wntersection. This information gained by concentranng

; at various points in the city constitutes the Eulerian method of analysis. The same traffic
information can also be obtained if a motorist observer in assigned to each vehicle in the city.
' The observer records the speed ard direction as a function of time, together with the license
number ol'the car he s assigned to observe. This is the Lagrangian methods”

-

. (4.6)

. (4.7)
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it begin an enoMMOUS task to keep
rclative _position

—

The Lagrangan s rather cumbersome and cx‘mi'! I
tack of the posinons of all parncles in 3 flow be
continuously change with ime. The equations ©

moton s hard 0 undersand. Furthar, the flud an

' in establistung the
particular pount and s not mterested D S

flud paracle. The Eulenian approach m more pr . ol
majory of the Huwd dynamuc analysis are made 00 the Eulcrian app

The following lines are considered suitable o describe the motion of t

CXC
d because_thelr
difficult to solve and the
alvst needs the flow properties at a

history of predicting the future of fhe
ently the overwhelming

[ motion arc very

he fluid =

/“i/' | . mnary Id h LI at [he
S[Im] Ime 15 Sald 0 bc an 1ma. W uc 1
' 1 i 1 Iine dﬂ]“'ﬂ thmugh a ﬂD ﬁe S| ’

, ity Uf Lhc ﬂuld pa.l'thlc at

tzageat at each pomt on the line indicates the direction of the veloc
that pomt (Fig 4.3).

Fig. 43 Stream line and velocity of flow

‘L Since 2t 2nv point on 2 stream line the velocity in tangential to the streamline, so the
component of velocity at right angles to the strean line in always zero. Thus th_ere can be no
flow occurring across aay streamline. Wlm
cross, the fluid particle located at that point of wntersection would have twg velocities and this
1s inconsistent with the definition.

For drawing any stream line it is difficult to select just any group of fluid particles and
consider a line tangent to the velocity vector, because in that case a number of particles may
be left out for which no stream line can be traced which would not cross the first stream line
or cross a solid boundary. The flow stream lines are interdependent and must be determined
such that the entire field is satisfied. Due to this reason, the stream line in the vicinity of the
solid surface conform to the outline of the boundary surface as shown in Fig. 4.3 and 4.5.

The series of stream lines will re ui

I

&5

~ Fig.4.5 Streamlines of Flow Within a Closed Co@
E S - ;
Let during the time interval dr, a fluid particle travel a distance ds along the

streamline. Further, let dx, dy, and d= be the components of the displacement ds into the co-
ordinate axes. This implies that the fluid particle has traversed distance:

—

dx along the x-axis with velocity v
dy along the y-axis with velocity v
d= along the z-axis with velocity w
during the same time interval /. The velocity components are then obviously piven
by
- dx dh ez
dr’ et

tence the cquation of a peneral streamlinc is given by:

s _ b _d: e e 0)
u v w
L —

When cylindrical co-ordinates arc uscd. then for the same streamline:

-

dr:ord@:d= w:v:w U K 0 B
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ewnse the flud pasticle wil havg two Yelocies
Nrpamimes do nat cross, otherwn possiblc Streamlines may,

O the pomt of mtesecnion and that prysically (T finite vel
—_— » n
Bowe & TTESET &1 nolared points of 70 velociy or i

w) Thero cannot am movenett of flnd m

ass across the streamlings, i.€., the flow is
it Ewndently. 3 streamline is equivalent to

oais alony the sreambine and not aces == inos can be
v reaml

s rgd bowndan and the flwd hng between Y

comudered {e be m solaion

mversely as the velociny: converging of streamlines in

{mt) Strcamlme spac . . ‘ . i
e flows n that durection. This point can

s partcular direction shows accelerated _
h(- dearh understood by considenng a poruon of fluid flow bctwtj.en two
s:fwr:lzu': AC and BD (Fig 4.6) Since no fluid can penetrate uliitrcamhnfs, .Lhe
flow passing through cach of the secuons AB nd CD would be same. Taking
depth of stream 10 be constant m 2 duection at nght angles 1o Lhc‘ plane of the
peper. the cross secuon area at secuon CD s greater than that at section AB. Th.en
1 accordance with contnuity equation (area x velocity = const.), the flow velocity
2 secuon AE 1 greater than that at secion CD.

—_— —

Fig 4.6 Stream Line Spacing and the Velocity

(ly) Strean surface

A strearn surface 13 gererated by a large number of closely spaced srzam Imes whech
pass through an arbitrary curse A stream surface can be plane. wymmennc or gmenal sparat

(¢) Stream tube
'__’______.-_—————-“
In a steady field of flow the stream nibe may be defined 2 nbular space formed by the
collection of stream lines passing through the permeter of a clased curve (Fig 47) S

/*—

Fig. 4.7. Stream Tube Showing Streamlines and Potential lines

As it is bounded on all sides by stream lines and the velocity normal a stream lin= 1n
zero, hence no fluid can enter or leave the stream tube except at the ends. Therefore soexm
. — e N ————
tube behaves as if it were a solid tube. =

W ZFrom the Law of conservation of matter, the qualitv of fluid entenng at one end of the
strewn (ube and leaving at the other must be same, provided there is no sink or source in the
tube. The general equation of continuity will then apply to the case of swream tube even

though it has no solid boundaries. ,

—
The above-mertioned behavior of sweam tube has pracnical significance. [n

complicated flow problems the whole field of flow can be divided up into a large number of
stream tubes and thus a clear picture of actual pattern of fow is obtained. Such a technique is

referred to as flow net.
Moreover in special case of unsteady flow in which the velw
remain constant but the magnitude changes with time, the stream tubé Temains fixed.
—
In simple flow problems such as fluid flow in condits, the sqlid boundaries may
serve as the periphery of a stream tube since they satisfy the conditions of having no flow

crossing the wall of the tube.
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Different Types of Dispiacement of Fluid Particles ‘
Amy S dement con be sl rozted of distoried duning ixjs om.u'se (:;TO:;Z;

Com=pundaghy = displacemens of the ezments zme celled (i) wanslation (i) rof

() S0 or ﬁé’wm —

Transiatiog e

in thus the gemems moves bodily in spme direction. For example, in flow

In this e e £ € - .
OB s of conman Camen 0F xtrgh e cizane! of constent width and depth, any
clemem of flzd i simply moved from fts origingl position (Fig 4.8). Therefore a pure
T2nEanon does not Cause any STess i Che dement 25 the element czn be brought to rest by
chasge of co-prdzate sysmem.

m tbe. Only is the steady g

39

D
Orignal 0 Pouueasf —_—
postion ~ | l T umedr & ! | |
; |
B ¢ e C '
Fig 4.3 Pure Translation of Fluid Element
Rotation

Figure 4.9 shows the case of pure rotation. Here rotation of AB 2nd AD both 272 in
the same direction i.e. anticlockwise, Ig pure rotation also, no siress in caused m the Auid
element. because there i o relative motion with respect 1§ the rotating system.

w

Fig. 4.9 Pure Rotation of Fluid Element

Distortion and Deformation
The distortion of a fluid element is of two types -

(a} Angular distortion (refer Fig. 4.10a)
{b) Volume or linear distortion (refer Fig. 4.10b)

¢
e 7
- i

- i
e F ' { Element afier
i / Element at | time (t+dr)
0. ] any time t i
> / —> zA/

{(a) Angular Distortion (b) Lineur Deformation (Dilatalion)

Fig. 4.10 Distortion and Deformation of Fluid Element
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Unsteady Flow

fowse 5 o aitihoTn

e R

10 the NMurd or flow parameters such as velocity and pressurs are dependent not only
on the pontion in the coordinate system used to descnbe the fichl of fow, but alsa on ume,
the Mow 1y termed a3 wmveeady The path lines of successive particles will be difTerent and
thus the stream Line pattern of flow will be chanying every mnstant

< B O Nt
? Mroasey flow o e o flow
& e o gy fuw
P soong o 0 anea’
L] B imy o fhoey QEMTIGONE

S Mg g oretedl o dagPet WIS

Mathematically -

a
.%-0 tor unsteady dow 3 A L) L

«

P00 Delirounig pome SO o Bypersoun Liow

Al Showk gy of fiow wan oass mdependently of each oter making i pussible to have

_ or m terms of veloaty
Ve cotibumgnon ¢ § @ fow mes b wastcad) noo-unifomi and turbulent ete

.3 0 tor unsteady tlow - (4]16)
1 Strads and Upsteads Fiow X \.
Sicady Flow Some famdias examples of unsteady Now are: \
Maotion of 3 Owd o sad 10 be sicady when the partile wluch succeed each other
trough 3 wpecilic posit. dunag 8 ponud of tume Lave tie same flow parameters such a3 o Liquud falling under gravity vut of an opening in the bottom of a vessel.
velooh | demasty | yiscosty, presswre, serfec tensson and lempet afure *  Liquid Now in the suction and pressure pipes ol a reciprocaling pump.
0| Sp—— b P Gon satesuatically ¢ mast be exprsesed a1 o Wave motion and the cychic movement of large bodies of water in tidal flow.
— - -
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N ll-‘l-‘forn #ad Noo-Uniform Flow
- Unsteady and non-uniform flow, 2.z, flow at an increasing or decreasing rate

through a converging or diverging pipe.

given instant

A undorn flow is one in which the fluid of flow Wcﬁcrs at any

roman SAME & cvery point In SpASe.
The above four flow classifications may be shown by the following sketches:

: 4

i jth di he flow
ow parameter al any instani change with distance, the

Conversch 1f the fluid or fl

s calied noogmiform fiow.
Time
Symiolesiy | ® 0]
ar ) , e @D _ . . . .
= for uaiform flow - i) Steady uniform 4 Q 4
— . 2 — °
E—tb for noo-uniform flow - = (‘“?) . o d
!
In tezms of velocty, these are expressed 2s i 1 o >
- i l“) Steady noB_unifDrm 4 Q -
R
d £ o for uniform flow e (419) 2 N A
ol ' 4 Q 5
I
2 , =
,‘ 2 e fornop-uniform flow . (420)
I = ® > .
¢ iii)  Unsteady uniform Q 4
! . 2 . -
where 35 is the displacement in any direction. y ? -
6
; The terms uniform and non-uniform flow are more used is open channels. In case of
? uniform flow the size znd shape of the cross section in a particular lengtl remain constant. 1 I - .
R e = : iv)  Unsteady non-uniform * 9 6
Steudiness refers fo no change with tme and uniformity refers (o no change in space. 5 = . - >
Q 8

e —
Consequently the sicadmness and uniforrmuty =T TTow can coexist independently and the

following possible combinations can be though of:

JJFhus in i i
o o steady. umform flow there is no acceleration. In steady non-uniform flow d
o o gence or divergence of stream tube, -there is only convective accelerati %
eal -uni 1 ocal i
y non-uniform flows both convective and | accelerations are caused J(/o b

- Steady uniform. e.g.. the flow al constant rate in a pipeline of constant Cross-

sectional area

- Unstcady uniform flow, c.& the flow al an incrcasing or decrcasing ratc

through a pipe lien of constant cross-sectional area
For stead: =
y flow, V = f(xy,2) and local acceleration in zero. i.e. the term dv/dt in

n-uniform flow, e.& flow at constant ratc through a converging or .
equations (4.5) and (4.9} and the terms

' Stcady nol
diverging pipe.
¢ ¥
G v dw
o' e ar
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1 ¢ and Turbulent Flo® _ .
"z{.f.-m,-, e |armuna of uid over another.
—_— haractenized by 8 smooth flow ol onc lam! elative position at
ﬂ ow In charad v - thc samc :
A |gmmar 1iC relamn in definite

v 1n well<defined paths and lhc}l'l
of the flow passagc (Fig- 4112 .
cs, this flow 15 sometimes

). As the particles move ‘
nown as streamline flow, It is

f flow oceurs generally in smooth pipes when the
ow e

Flund elemenl: m¢
SUCCESSIVE CTOST-3oCnons |
22¢ chvervable parin of stCamin .
} H veous flow Tlus P ! i
2lso called the vis - ;M_ilwm ik havmgnmgh i
S i i aths.
turbul ’ the fluid clements MmOVe in erratic and unpredl::l:able r;iJon i
s . 1 ities so that the mo!

i ln‘ flurd pamicles are subject 0 fluctuaing :ransversc. veloci i
e s than rectilinear. The random edding motion I5 ¢ fenee
v ir s followed by a single particle during an interval of time.

‘ ’ o . : ) t
i j‘;ﬂ"::;::‘;’a large number of fluid particles at any instant. Tu:(bu'le:;
s md:c—'jmmns‘ = canals, and 1o the ammosphere. The discharge of smoke Il
e & o wac ly observed example of turbulent flow.

the zmmosphere from 2 large stack is another common

veioan of fiow B o

GIIIII I I
Ll LLLL L L
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ZZIZ-zzZ P AaATA
—ZIZZZZ=- [N
SIZZZzZz o PAARTA
== e VYR,
”////////////// WWWW
(a) Laminar (b) Turbulent i

Fig 4.11 Laminar and Turbulent Flows

4. Campressible and Incompressible Flow

/ [low n incompresuble of the densiey changes, duc 1o pressure and ICmperature
varations. are insignificant sn the fow field For all gracucal pusposes. hquds can be
rezarded as meompressible, This means that peessurs and lemgeratur= changes have hnle
cllect on thew volume. Exceptions occur only when the hqumd warer s subjected 12 scvere

acceleranons a5 m water hammer (&Y causes compression wavss.

When the denssty changes are appreciable. rie flow 15 called compresuble. The zases
arc readily compressible fluids. They cxpand infimitcly m the abscncz of pressure and
contract casily under pressure. Nevertheless when the density vanauon is small. ez, flow is
a ventilating system even the gas flow can be treated mcompressible.

5. Pressurc Flow and Pressure-less Flow

In pressure-flows the Auid motion is bounded by solid walls on all the sides and free
surface of the liquid does not exist, ie, the liquid surface is not exposed 10 atmespheric or
any other constant pressure. A pipe flow is a pressure flow: the fluid flow is maily due to
pressure gradient existing along the pipe length. A '

[n pressure-less flows, also called the gravrry flows, the fluid motion is bounded on
three sides, and the fourth side is exposed to the atmosphere. Here the fluid motion is due to
its own weight. The flow in open channels, rivers and partially filled pipelines is a pressure-
less flow.

yAeal and Real Flow

[n the ideal friction-less flows, no shear stress in presumed to exist between adjacent
Nuid layers. and berween the fluid layers and the boundary. This assumption is valid only
when the fluid is non-viscous (inviscid p=0) or when the velocity gradient nommal to the
dircction of llow is zero. Only normal stresses can exist in ideal flows.

Fluids are generally viscous, and as such the shear stresses came into existence when
the fluid particles are in motion. These stresses opposc the sliding of one layer over another.
Real flow situations are characterized by the frictional resistance to fuid motion: this
resistance is due to the viscosity of real fluids. N

7. Irrotational and Rotational Flow

For irrolational flow there is no net rotation of a fluid element as it moves from point
to reint along a streamline, and hence each fluid element has zero angular velocity about its
mass center: only distortion (rather than rotation) of the fluid element occurs.
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(b) Irrotationsl molion

(a) Rotational motion

Fig.4.12 Rotational and Irrotational Fluid Flow

The flud pamicle AB (Fig 4.12b) rotates abou its OWD axis when movmi alonlgl:
creular seresmline, and consatutes the rotational flow. In Fig. 12b, the.: same ﬂu.l palm::h
does not rotate zbout its oWn axis as it moves along the circular stream line and evidently the

flow is irrotational

A free voriex or whirlpool which develops above a drain in the bottom of a stationary
onal flow; the velocity varies inversely with the distance from
ove in a circular path but

nal vortex in which the
rex, i.e. fora {
%

tank is an example of irrotali
zhcwmre;asmzﬂobjacxﬂomngonlhcsurfacecanbcscentom
" not 1o rotate relauve 1o the tank Thus a free vertex is an iTotatio
velocity vanies inversely 2s the radial distance from the center of the voi

. ]
Free vorntex: v o —
r

or+ \, = constant

A liquid in a rotating 12nk is an example of rotational flow; here the velocity varics
dircctly with the distancc from the center. and an object floating on the surface can-be seen to
rotate in the same manaer as the tank itself, Thus a force vortex is a rotational vertex in which
the velocity increases directly as the radial distance from the center of vortex, i.e. fora

force vortex: Ve r

I
or, — =constanl
r

97

a c
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Fig. 4.13 Rotation of Rectzn'g,ulnr Fluid Element about z Axis

The rotation of fluid element may be defined in terms of the components of cotation

* about three mutually perpendicular axes. Referring to Fig. 4.13 the mathematical expression

V . -
for the rotation components about an axis paraliel to z-axis is develaped.

Let a fluid element at any point P (x,y,z) has the velocity components u and v in the x
and y directions respectively. Consider any two line segments PA and PB of lengths 6x and
&y, taken parallel to the x and y axes respectively, for the sake of convenience. The velocity at

A in the y directipn will be (v+?&r) and the velocity at B in the x direction will be
. X

(u + %@a) since the velacities at P and A in the y direction are diffcrent,' there will be an

angular velocity developed for the linear element PA. Similarly the velocities at P and B in
the x direction are different and hence these will be an angular velocity developed for the

linear element PB.
§

~J
Now 1f during a time interval of 8t the elements PA and PB which were initially

perpendicular to each other, have rotated in x-y plane, by small angles 50, and 0;
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2\l o

ﬁﬁm&ﬂm&mm_msmmempamﬂﬂmmexmd
¥ zxss will be obrzmed 25

_fow & . (421D

o -tZ &) | (21b

~—y . ﬁ-,z) e e (A210)
e a

If 2t every poiot in the flowing fluid the rotation components ©,, @y and ©, are equal
to zero, then the flow is know as irrotationzl flow. Thus for a flow to oe irrotational the
following conditions must be satisfied threughoutthe flow field:

7

Coew > (4222)
For 0, =0, > &
du e (422b)
Foro, =0. = =
. M . ame e = (421c)
For 0,=0: = |

The rotation of a ﬁ:ﬁdpmﬁﬂeisa!wzyszssodaadwihwmbmﬂn
muﬁonanbcanscdon}ybyamrqmmwdmthcﬂuﬂparddemdmisﬁnbepm
bymcshwfmmmmmeasenfﬂawofﬂ:ﬁdsmvbghgﬁﬁsmsityuhmc
regions of flow field where the viscosity of the fimid has greater predommance the flow s
invarizbly rotational flow. However, in the case of fiuids sach as 2ir or waier baving small
viscosity the flow in the region away from the bomndary may for 2ll practical purposes be
treated as imotatiopal. Moreover, im-the case of rapidly converging or accelerating flows the
flow may be treated as inotational. The consideration of an inotational fiow m general leads
to a simplified analysis of fluid flow problems.

Circulation, Vorticity and Rptatibn

The flow along a closed curve is called circulation (ie. the flow in eddies and
vortices). The mathematical concept of circulahon is the hine mntegral, taken completely
around a closed curve, of the tangential component of the velodty vector. Consider a closed
curvz C as shown in Fig. 4.14a, and let at any point on the carve the velocity of flow of fluid
be V. If O in the angle between a small element ds along the curve m the tangenhial direction
and the velocity V, then the component of the velocity in the direction tangential to the curve
in V cosb. By the definition the circulation I' (Greek, capital, “gamma’) around a closed curve
Cis '

= [Vcosgds ) e e e - (423)

= :

Further if u, v and w are the components of velocity v and dx, dy and dz arc the
components of the displacement ds, then the circulation can also be written as

r=j(mtr+vdy+uu;) e e e e (4232)
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b) Around an elementary rectanle
(s) Arownd s dosed curve

- Tw .oﬂﬂls udy I ltld
[ the Plane ofa o-dimensi t F oW F

Tims e o circumference i.€.

fiesd round the cylmder multsplied by cylinder
p=2mrVe

whese 1 1 the radus of the cylinder.

e rculation zround 20 clementary sectangle with sides p
’ . -
23 shown 1 Fig 14@)”’“"’“”["%'

ny
Crrcuiztion ziong £B = “-by 2

&’éi'
Circulation zlong BC = ”52

ou oy
Circulation dlong CD = -[u *5'2'}’ o

ov bx
Circulation along DA = —(v - -c_;'-z—)by

The positive sense of integration is such that the enclosed surface is on Jefi when

- 3 Coee slom midn Al the netward normal

cylinder is equal to the peripheral velocity of

arallel to the axes x and y
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Further whatever be the shape of the curve, 2 circutation around the pertphiery oflhf
curve, must equal the sum of the cireulation armund the elementary ;ur".aces of whuch it
consists, pravided the boundary of the curve in whoilfy m the find. Thus in this case Lhe total

circulation will be grven by

E] PR Y e U .

= u--a—"i‘z. & *(v’a—v.ﬁ. & _(u+g“_5_Y_L _(Y‘:ﬂ:’—"’- =($:_fl" -
& 1 x2S "5 U &2 Er>

Cm - — (429)

The vorticity at any point is defined as the ratio of the circulation around an infinitesimal
closed curve at that point io the area of the curve, Le., it is defined as circulation per unif
area. Thus from equation (4.24), the verticity © (Greek, capital. “omeza”) may be expressed
as -

_ Circualtion

" Area

gv du .
&3 RS

Q

-By comparing equation (4.25) and (4.21a), we get

Q=2w; — e .. — (426)

that is vorticity (or circulation per unit area) is equal to twice the rotation component about an

axis perpendicular to the plane in which the area is lying Vortciry is a vector duantiry whose
direction is perpendicular to the plane of the small curve round which the arculation in
measured. Thus in a general case of three dimensional flow, equation (4.26) represents only a
component of vorticity in the Z direction, i.c., Q,= 2w, Similarly the other twa components
of vorticity may also be obtained as Q=20 and 2, =20,

The three components of vorticity, therefore are

W av )

Qx=2 a| 2T .

x =20, (ay Bz] e e e (4272)
du Gw 3

Qv=2 v T | - —

v = 20, (az ax) 4 e (4.27D)
u

Q=2 a|

= 20 (6)& ay) ;) .. (4.27c)
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i - is implics that,

For erogational flow the net rotaton in zero L& © 0. This implh¢ am
o, "o, Toy =0 . (429)
or Q.- Q= =0

wluch pves the condinons of jrrotationality of flow as

e e e (4.302)
é:- = _el N
& &

o e (4.300)
ﬁ = g
& &
& _& e (4.300)
&x &

in a region then the flow in that region is said to be

I the vorucity is zer0 atal points than zero in said to

irrotational. On the other hand flow in regions where the vorticity is other
be rotational.

The above results have been derived by considering a rectangular curve. But it may bef
stated that the results obtained in equations (4.24) and (4.26) are independent of the shape 0
the closed curve considered, and the rectangular curve has been chosen only for the sake of

simplicity.
Free vortex and Forced Vortex
The vortex motion is of two types: Free vortex and forced vortex.

Free Vortex

Free Vortex is that in which the fluid mass rotates without any external impressed
contact force. The whole fluid mass rotates either due to fluid pressure itself or g{avnty ordue
10 rotation previously impaired. energy is not expended to any outside source.

The free vortex motion is also called potential vortex or irrotational vortex.
Examples: Common examples of free vortex are:

o Whirlpool in a river

e Drainage of liquid through an opening at the bdttom of a container.

» Flow of jiquid in a centrifugal pump casing afier it has left z‘f}e impeller.
o Flow of water in a turbine casing before it enters the guide yanes.

o Flow aroung a gircular bepd.

T

105

()  Forced Vortex iz one in which the fluid mass in made to rotate by mmns of some
external agency. The external agency is generally the mechanical power which unpans a
constant torque on the fluid mass. The torque rotates the fluid mass either by stmng ‘Ul‘-'
liquid contained in the vessel or by spinning the vessel containing the liquid, about 2 vemcj:ll
axis; consequently the whole fluid mass revolves with constant angular velocity o. Thus in
forced vortex, there is always expenditure of energy.

The forced vortex motion is also called flywheel vorrex ot rotational vortex.

Examples: common examples of forced vortex are.

o Rotation of liquid inside the impeller of a cenirifugal pump and inside the runner of a
hydraulic turbine.

« Flow through central core of a mixer.

Free or forced vortex in further characterized as cylindrical free or forced vortex, or spiral
free or forced vortex.

Cylindrical Yortex

In cylindrical free or forced vortex, the fluid mass rotates in concentric circles. Hence
it i also known as circulatory flow.
Spiral Vortex

when cylindrical vortex is superimposed over the radial flow described above, the
resulting vortex is known as spiral vortex.

Example: Motion of liquid in spiral casing (i.e. volute) of a centrifugal pump.
8. One, Two and Three-Dimensional Flows

In a one dimensional flow, the fluid ﬁé!:mn'eters (velocity,v pressﬁre, temperature and
thus density and viscosity) remain constant throughout any cross-section normal to flow
direction. Reference to velocity as the flow parameter, its varation across any section is
insignificant and its variation occurs only along the flow direction. The flow feld is
represented by streamlines which are essentially straight and parallel.

A change in the flow parameters may, however, occur from sgction to section. A
change in the cross-section of the flow passage, is hawever, required to be gradual. Examples
of one-dimensional flow have beea depicted in Fig 4.15.
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Fig. 4.0 {llustrations of Two-dimensional Flow

() viscous flow between converging plates

(81 wiscous fiow between parsliel plaes
(d) flow w the middle portion of an arplane wing.

(c) flow Lver e canus' pan of & spill way

Fig 4.17 Nustration of 8 Three-dimensional Flow

——
s -

ng w

3 P s Lﬁm—l—r o

3 s fipmmamnnl fowe the low oy sl otfeer fhid pargmetsrs vy damd
prsbipsctuns This @ hassmes of e snel ceal fow conditions wheemm nscons =ffoes
troan @ which maks the wefonry changs fom (279 # the Senmisry © § mpumn THEE T
e ffovw folf Sresamiinet ae plane corms, ars denfical 0 garailel planes, md thers 1§ 10
viraren of fow groperier on 8 wurfees Zewmphes of owo-himensional flawr farre o=

digsrraeed i Frg 4 14

A thresdimensicnsl (low stigalates that the Qow progerties ray 0 3l the thees
dirsctions the sreamiines s pacs curres (Fig § 17). Ecamples of three-dimensional flows
are flow m 2 rreer. fiow antlun fud machines. ow 3t & mlat 0 3 nozzle.

A tlurd Jow wth symmemcal velocy peofile” about the pus s iled m wymmers
flow. Such a flow m essentally & wo-dimensonsl fow becsuse o cybmdncal co-ordinates
the veloaity adients oust only m the woal md radial dissctions, vanables do act changs =
the crcumferential dirzcton

Dimensionality of a flow Seid for steady/unsteady fows can be mathemancaily
presenbed as follows

Steady Unsteady

One dimensional flow v=[(x) v=fiu)
Two-dimentional low v=1(wy) v=f(xyl)
Three-dimensional flow v={(xy.2) v =Wyl

For simplicity, much of the science of fluid mechamcs is dependent upon the one-
dimensional method of analysia. 1

9. Sub critical, Critical and Supercritical Flow

The ratio of the inertial forces to the gravitational forces (per unit volume) is known
as the Froude Number and this may be wntten as
U

%o

where,

U = characteristic velocity (generally taken as the average velocity over the cross-
section of an open channgl).

, ¢ = pravitational acceleration

D = hydraulic depth, defined as the ratio of the area of cross-section of flow to the
width of the water surface.
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Wiam F= 1, then the fow s sad to be cnncal u
h ) be suberincal of trond

F = 1.0. then the flow s sad 10

il flow.

' ting flow
b supercrivea! flow. rapid flow or shooting
e
F >1.0, then the fiow ssad o
‘ ic Flow
10, Subsonic, Sonic. Supersonic and Hypersoni¢
¢ a point in the fluid to the
ach number is an unportant
Jastic force becomes

Mack Namber . a
Mach Number 15 defined as the ratio of lhc_ vcloTc];:YM

=, TR = L e
velocity of sound at the point at 3 i msmnr:’;;i fluids when ¢
peramete m dealmg with the fiow of comp llowing flow regimes:

emportant and predommant. Mach gumber

Subsomic flow :M<1

Somc fiow ‘M=1

Supersomc flow ‘M>1

Hypersonic flow ~ :M>3
where M is the Mach Number.
Continuity Equation

thematical statement of the principle of
o on the basis of the -principle may be
fluid as shown in Fig. 4.18. Since
t may be stated thay the rate of

Tue conunuity equanion is actually mal

consenvason of mzss. A most general expressio :
obtained by considering 2 fixed region within 2 ﬂo@g .
fluid 15 nexther created nor destroyed within this region 1 :
@I‘Uﬁﬁ of the flud mass contained within the region must be equal fo e di _ereuce
berween the rate at wiuch the fluid mass eaters the region am? the rate at which 'thc fluid x.n]a..ss_
leaves the fe‘::!'onDHowcva f the flow is steady, the rate of increase of the fluid mass within

the region is equal 1o zero, then the rate at which the

the rate a1 whjch the fluid mass leaves the region. This
equation of continuity for 2 three-dimensional steady or unsteady flow.

relation is used to derive a general

—

Y
o —» Massof fluid

entenny the \ Fixed Region leaving the

tixed region
. \ ’ fixed region
—_—

Fig. 4.18 Diagrammetric Representafion of the Principle of Conservation of Mass

)

fluid mass enters the region 15 equal to

197

Continuity Equation For One-Dimensional Steady Flow

Fig. 4.19 Flow Through Closed Conduit - Derivation of Equation of Continuity

Consider the flow of fluid between sections (1) and (2) of a stream tube (Fig-4.19).
Let the cross-sectional areas across flow be A; and A, respectively. Let the velocities be V
and V; at these sections. Further let dS, and dS; e the distance traversed by fluid patients at

(1) and (2) respectively in a differential time dt.

~“Now there are possibilities that during the differential time dt either the fluid mass
flowing into will stay between sections (1) and (2) or it may flow out . By the principle of

conservation of mass -

Rate of intl £ )
iatd mal;ls ow 0 Rate of outflow of | gﬂtg at which

between section fuid mass through u :135;1;; v Cl—
(1)and (2) = | section(2) +| stored wi

st A3 section (1) and (2)

But in steady flow, the rate of fluid mass flowing into any control volume and that
flowing out must be the same at all times so the rate at which the fluid mass is stored in zero.
[f does not matter whether the flow is uniform or non-uniform. Therefore in equation of

continuity for steady flow becomes -

te of i f ,
gﬁiz ;onfag;ﬂow i | Rateof uutﬂowI of
between sections = | fluid mass throygh
(1 and (2) section (2) |
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atxcaly ¢ can be wnren 8
e (@3Y)
& M.
& di

; to and out of sections (1) and (2)
e S AM: e the rates of fluid mass flowing 1010 S0
et T

respectvelr

¢ &M= Mass = Deasity » volume
-p AdS

denote the density of flowing fuid at that particular section,

4 v
wher p. A 39 the stream tube.

cross-sectional ares and focal velocity of flow across dA in

Using subscrpts -
T J—
"

M.
T‘P: ALYy

From Law of conservation of mass -

A, dM,
Jr da
Hence p. AV, = p Ay V3 = mass rate of flow

V—-——"_’—_’

e e e (4.32)

~-— e~

Yo e

e 2

- AT SN s S8

9

o

P4
’

Continuity Equation from One Dimensional Unsteady Flow:

Fig. 4. 20 One-Dimensional Unsteady Flow Through Stream Tube

Conside the flow of fluid in a small length AS of a stream tube (refer Fig. 4.20). Let

p. A and V be the mass density, cross-sectional avea and the velocity at the center of fuid
clement. It is assumed that the flow does not occur imwards or outwards through its sides but

only across its ends which are AS apart. p, A, and V are all function of AS.

Now mass of fluid entering the control volume through the face A?_E%’E_‘EE‘ ar -

is given by
3 AS
.. =| pAV = —IpAV At
Mis [p i )T]
Mass of fluid leaving the control volume through the face DC in time At,
2 AS
My =| pAY +—(pAV)— | &1
w =[paV+ 2 6a0)S
- Increasc in mass of control volume in time At,
Am = mjg - Mg

3/ o AS 3 as 3, n
oAy =L oAV lat= pav + -2 (oaV) 2 [ar = = 2 (pAV)AS.AC
or Am [pA aS(pAV).2 ]Al [pA +m(pA ) > ]Al as(p JAS

But increase in mass of control volume in time At is equal to Sa:-(p A AS) At
or i(p AAS)At= -i(pAV)AS.A!
at as

%(pA)+%(pAV)=O e (433)

This is the equation of continuity for one dimensional unsteady flow in differential

Sorn,
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L 0
1 the New seady, ;:| b“)'
OMes *
Mlow becom
Hener the eguation of continuty 11 steady

~ il e 439)

o pA\ = consan!

e e (435)

e DAL = AN = s rate of flo

i g the stream 1ube. Equation (4.35) is the

2 slon;
where subscripts | and 2 denote sections 1 and

sani @ denved an the pn:nous .ﬂld:
Iy i ) i 'h | 1 an
Ira mox 1 | ( '3 t1er is 1nk n l) | ] ). P
e Nud » mcom css ble (¢ waler is nLCl‘\ as com, rcss b Y cn p - (l

the equation of contmuity reduces 10
e e (4.36)
AN, = AV;= Q= constanl
—
whice Q1 the volume rate of flow.
compressible flow the volume rate of flow

for steady in A
Lquation (4.36) umphes that y rachs pmvided fuid in neither injected

(or dischiarge) will reman the same a1 all sections 0
10 nor taken oul of ot

~  Applicability of Lqustion of Contiouity
= 1 15 umponant 10 note it in cases where the velocity varies over the entire Cross-
scctional arca. the velocity i the conlinuity equalion JEprescols Bverage velocity of flow

scross the secuon The sverape velocity 1s denved in the following manner.

Lei & pupe consst of 8 number of infinitely small stream tubes each having a cross-
sections! arcs dA Lot the veloaty of flow through such @ stream tube be constant and equal
10V Now if A s Uic cruss secuonal ares of the pipe and Vo the mean velocity of fuid
passing over s secuon. then the mean veloony is given by

j VdA

ot ud o e e e (4.37)

\

‘
LU=

- ———

e ———

T

sl A

el et
e —

Jr_'_..._‘_ re. e

e Sae o' F

pome P

I

The equation of contiauity () = AV, = Ay Vz) 15 applicable only when

-
af The Naw is seady #huch 1 usually the case for most of the problems of fud
mechanics [f it 13 not menticned whesher the flow 15 sieady of unsteady, steady
tlow 13 assimed.

(b) The density along the flow is not changng Le. the flow 13 neompressible which o
the case for most problems of hydraulics as compressibiliry n neglipble. Unless
specifically mennoned, fow 13 ausum~ to be mcompresuble.

(c) If the velociry 13 not umform over the cross-section, the average veloary is
assumed for each section of flow e

(d) The flow is one~dimensional. All pipe and charme! flow problems ar= solved by
this assumption, because of umphary and pracucal purposes
(e) There is no branching of stream tubes.

—7

AV,
 Si—
Q

Fig. 421 Branching of Pipe

Referring to Fig. 4.21
Qi =AVI=AV: ‘ >
also AV =AYy
But Qi=AVi= AV +AV,
o, Q=Q+Q ~ (4.38)

Scanned with CamScanner

e



A

o .

Fig. 422 Elemental Volume of Fluid

i) For Two Dimensional Flow

Let us zpply the prancipie _
wiict 2 fiow takes place. This volume is 2n imaginary volume

of conservation of mass to a small volume of space through
fixed in position and offering

o resistznce of any kand to flow.

In twe, dumensional fiow, there is 5o component of flow along the z-axis. Sections
Wto&uxisrhadm,hncmidmﬁmlﬂowpmsorhatitissuﬂicicntm

consider 2 unyr width 10 the z-direction.

o/ The fisd velocity in the x-direction will be designated by u, and that in the y-
direction by v, while the density will be designated by p. Both the Velocity components and
density are funcuons of position 20d tupe. -

%hf principle of conservation of mass requires that the net outflow of mass from the
volume be equal 1o the decrease of mass within the volume, The flow of mass per unit time
and area Uirough a surface 10 the product of the velocity normal to the surface and the
density. Thus the x-component of the mass flux per unit area at the center of the volume in
pu. This flux, however, changes from point 1o point as i}xdicawd in Fig. 4.22, )

)

‘,l

TS -

T —V, — —

e S

dp 0 d 2
=~ 2,2 (e 2(p)e Lpu)=0 =D o =
g&&f ox oy &z

e s

and thi

ii) Fo

The net outflow of mass per uwt Gme, therefore is

14
{12l e

Bk o iz e e (439)
= O (u)iadady +— (oo )tedy
ax o
s must be equal to the rate of mass decrease within the elemeat
oy e == (440)
al
ng (4.39) and (4.40) and somplifymg we 2%,
»,2 a (441)
= = +— =0 J T
2., 2 () 2 () -
r Three-dimensional Flmv
If we had considered the Z-direction also, than we would get
e (442)

The equations (4.41) and (4.42) are known as continuity equations for two-~

dimensional and three dimensional flows respectively.

If the density is a constant or the fluid is incompressible, the continuity equations

become

and

N C X X))

oo . (4.44)
= . A, 50,

for two-dimensional and three-dimensional flow respectively.
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Continuity Tquation in Tw o-Dimensional Cylindieal Polar Co-ondinates

Fig. 423 Coutrol Volume For The Continuity Equation in Cylindrical Polar Coordinates

Quite ofien 8 two-dmensional flow field for incompressible flow in described with
reference 10 a system of polar cylindrical coordinates (r, 8). The flow velocity has a
componeat V', w the radial direction and a component Vg in the tangential direction and the
flow is assumed 1o take place through a differential clement rd@ and dr as show in Fig.4.23.

Sides of the fuid element ABCD have the following dimensions :
AD = BC = dr
AB = 1d6 and CD = (r+dr)dé

Tluckness of the element perpendicular to the plane of the paper shall be presumed to

be unity There will occur changes both in the velocity and the density as the fluid flows
through o the element -

Flow in Radial Direction
Mass of flud emenng the face A3 dunng time dt is given by:

Flud 1nflux = density (Velocity # Aren) ime as
Flud influx = pV, rd6 dt

D e (4.45)
Mass of flwd leaving tie face CD durng the same time di is
\
. /
ﬂwdfmul’[/H,tg;(jw,)df](rfdf)dvdf v e e (4,46)

m by G
8Mass accurmulated m (he element becuis of o m radial directicn @ ZT
differenes hatwaen flud i and fad effux

mass accnmulated due 10 flerw m radial drzsion.

- pV, rdQdr -{pl’, -i‘pV,yIJ’r¢df)dqdl
p 7

. .
- -[ﬂ".df«l‘?*;fplf,)drrdajw e = — A7)
or

(The terms contunng (drf vz been neglected )
Flow in Tangential Direction

Byasmlxmm:mxcmhnmazwﬁawinmcnsgm'ﬂldm
would be

s[pv’dr—{pV‘Av%(pV,)iﬁ}&‘dt
-—%(pb")lrdﬂdx e (8.48)

Total gain in fluid mass
. -[pV,drde +a£-(pV,)drrd6 +E%(pv,)drda]a e e (B49)
=

Actording to the law of mass conservation, the total gain in mass must equal
the rate of change of fluid mass in the element ABCD which is

= %(demmy x volurme)!l

at 2

- i‘:prdeq-(ndr)dedrlm
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stich is the equzsion of continuity in ¢Y
dimensional sueady incompressible flow.

%I

r

)] drd@dt

lindrical polar coordinates for two

(113

: (4.50)

NCEIN

. (4.52)

. (4.53)

- (4.54)

B e

17

COnli"”“y Equation in Three-Dimensional Cylindrical Polar Co-ordinates

n

7——-—————.__
A T S

~~

/
A S

~

Fig. 4.24 Elementary Cylindrical Parallclopiped

Ofien a continuity equation is required to be used in terms of the cylindrical polar
coordinates which may also be derived by adopting the procedure as indicated below.

Consider any point P (r, 8, z) in space. Let dr, d6 and dz be |he small increments in

the dircction r, 0 and z, respectively, so that PS = dr, PQ = rd® and PT = dz, construct an
elementary parallelepiped as shows in Fig. 4.24. Let v, and vy and v, be the components of
the velocity v in the directions of r, 8 and z at point P. Further let p represent the mass density

of fluid at point P.

Considering the pair of faces PST'Q and P'S'TQ' the mass of fluid entering the
parallciopiped per unit time through the face PST'Q
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e i s b e

pct mass of fluid that has remaincd in the parallelopiped per unit e
TherefoT the
through tos paxr of faccs

d
- pr.(drxrde)-pf';(dr’trdo)—;(p:cdmdayz

2 ) - - U
£y,

tmilzrly menamsofﬂnﬁdmatmamShdmpmlleloped per unit time through
Simiarly : e
the pair of faces PTQ'S and PSTQS
- e e (45
- Zpnat -
a
20d than through the pair of faces PQST md P’QST

- ..._i(pylrded‘!)d’ [ (4.57)
or =

By adding all m expressions in Equations (4.55), (4.56) and (4.57), the net total
s of o o s remaioed i the paralieepiped per unt time through allth three pairof
faces.

e e e (4.58)

. _[awtn) dovd), 4, ‘)](drderB)
rdr rdd &

The mass of fluid in the parallelepiped
= pldr dz rf)

and its rate of increase with time

_ad
. a{(ﬂdf{lzdﬁ)
3%“’""”"’ e (459)

Eansting (4 58) and (4 59) we get

o oy Dttt i il

R s

S Pt v

119

: A7) At 50?“,)] ap
¢ ’[é%‘r')*-—‘,ag = (drdz,da)=-87(drd.—rda)

Dividing both sides”of the above expression by the volume of the parallespiped
(J,d:rdmmd taking the linﬁtwumrydxadmcpmnﬁmpipdme.ﬁcwnﬁm@
equation s obtained 25

- - 7 e(p¥’
ap dorr) dote) dpv) e L T AT
& ror rd@ é=

Equation (+.60) represents the continuity equation in cylindrical polar coordinates in
its most general form which is applicable for steady or unsteady flow, wniform or non-
uniform flow and compressible and incompressible fluids

Again for steady flow since %’:—: 0, equation (4.60) reduces to

alpr,r), devs), &o¥) g
&

rdr rd@ = o (&5

Further for an incompressible fluid the mass density p does not change with 7, 4, = and
| { hence equation (4.60) sumplifies to - .

M.{-@.ﬁ.i(_yz_):(]

e e (4.62)
rdr rdé dz .

3

Fao oo

-
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on _
Stream Funchio s any line between the two stream lines gng

. is denoted by Greek letter v (psi), The
stream funcgion- Itis
< 1s known a8

per unt thicknes! D pased on the continuity principle @d the properties ot.‘ stream
concept of scream ﬁm;‘:on is e mction provides a mathematical means of plottiag ang
lines. The definition of streamt TR, )

mterprelng flow ﬁﬂld-s

~ unit time acros:
The flow rate OF mass per unit

Physical Concept of Stream Function

Fig. 4.25 Physical Concept of Stream Function

Let the flow be two-dimensional, steady and incompressible. Let M’ and BB’ be the
stream lines (Fig. 4.25) representing the flow. The flow per unit time acrass point A and B gf
the two steam lines is called Stream function y. The lines joining AB may be AMB or. ANB,
but. the flow per unit time t will remain the same. If point A is fixed, the flow per unit time
w will depend upon the position B of the fluid and not on the line joining A and B. Let y at
point A be zero, then v at point B will be flow per unit time, i,e, .

Since the stream function measures the discharge between two stream lines, each
stream line will have a constant value of vy,

The stream function y has the dimensions of volume per unit lenth per unit time. It
must be bore in mind that the existence of this function is a conseduence only of the

Aol vl e
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Jitions for the continuity and incompressibility of the (14, 4 Htaam function fs valig
con ¢

for  ViscOUS fluid.

A

Let us now consider two points Py and P and two curves drgum from tem 15 2 fyed
point A. Let v and y; represent the value of the stream funcrion # poicts 2, 224 p,
respectively. Then the flux across tl?e curve AP, is equal to the flux across the curye AP, gl
that across the curve PP, Hence, the flux across the curve PiP; is ;- yy It can be easily
seen that if the reference point A is replaced by another point A, the value of the stream
function \z - i changes by a constant, namely the flux across A,A.

Stream P
Line

P,

When the point Py and P, are points on the same sreazlioe (oo oecewsarily -
coincident), the flux across P\P; is Ay .y, - y; = 0. Since by defnition fa=z s mo fow
across a streamline, the stream function is constant along a steam Fe.

. To have an important physical inierpretntion of stream Smczion, et axs consifar 2 twn
dimensional, incompressible flow in a channel. :

. 1 )
\v4 ) : 1

|
e

~-
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] (low between the fixed
pn'nciplc stales that the amuunl 0 v
SS s ¢el
onservation of ma e {
e for all CI'OSS-SH.UOH

walls ot'a channcl is the am

LU= I udd =
‘ x are the cross-section and yy and y; are
e n can be carried out at

I h ofcousﬁl . .
w, if lines \hen the integratio

In tvo-dimensional flo

bottom,

the coordinates of the channel toP a:(: '
constant x. @ving for flow per upit WIEH:

N Lo .. (4.63)

. q= f,m

A ‘

and this is the same for all secuon-
and y; at a constant

The differcnce on stream function berween the same points i
< ce z \
value of x can be obtained in the follovwing way:

From the definition of stream function we have

uséw_g’f_ as x is constant
oy

dy =udy

'fdw;ifuaj'
] )
e (464)

§ ¥
oy -y, = [udy
"

Comparing equations (4.63) and (4.64) we find that y - W2 is precisely the same as

the flow rate per unit width, we therefore conclude that lines of constant stream ﬁmcti-on al:e
everywhere paralle! to the flow and the numerical difference in y between two stream lines 1
equal to the flow rate per unit width passing between the stream lines.
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Mathematical Concept of Stream Function

y .
Strcam Line

Fig. 4.26 Mathematical Concept of Stream Function
W = fc (x, y) for two dimensional flow, -

. Let point B on the streamline move by a small distance ds along the flow. The
distance ds may be represented by components dy in y-direction and dx in x-direction (Fig.
4.26). Let the velocity components at point B (x, y) be u and v in x and y-directions
respectively. Then equation of su!mmli.ne in’ ’

o8

4
dr

E|<

or, udy - vdx=0

Further the discharge across dy will be

dy = udy
v
u..gy— v e e (4.65)

Similarly discharge across dx is given by

dy = -vdx
oy . , . )

V=—— - S et |
A (4.66)

(Minus sign indicates thg velocity v agtipg in daymwagd dircction in Fig.26)
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Substituting the values of u and v from equations (4.65) and (4.66) in the left hand

wide of the contmuity equation,

e e e (8.67)

Thuxs stezes fimenon satisfies the equation of continuity.

Further puming the values of u and v in the expression for vorticity in a two-
dm%‘_ﬁ g‘\-cs 3

=2 _

(Equation of Vorticity)

Q'l\'&,'

Zv__q - vt e e e (468)

v _Fv.g : e e (469)
& o
This is Laplace Equation for y.

s Nk

123

p Opcrﬁgs of Stream function
r

The following are the useful properties of stream function.

@ W is constant everywhere on any one stream line;
or, along a stream line v = constang
or, w=consmmmpresennmc&zﬁ}yorwmlim
or, V= constant, is a steam line equarion,

(iiy  The ow around any path in the ﬂuidisuroifmcﬂowiscmthxm

(i) ~ The rate of change of y with distance in an arbitrary direcs
the component of velocity normal to that direction 1 progortional to

~ (iv)  The velocity vectors may be found be differentiating the sream fimction (rzfer
equations 4.65 and 4.66) - i

(v)  The algebraic sum of the stream fimction for two incompressible flow panems

is the stream function for the flow resulting from the super-imposition of these
patterns,

w3, _dlyi+vy)

ie., s T ey e 2 (4.70)

Lines of Constant y Represents Streamlines

We know , !
v=f(xy. 1) e e &MY !
For unit time t = 1, we have from equation (4.69) i
Y=w(xy)
dy . v : )
ndy =—/—de+— aee  ne vim wm
iy i dy .
Bu u=2¥ ang v=-¥ (from equations 4.65 and 4.66)
% T :
Substituting these values of u and v is equation (4.72) we have
R N E)|
dy = — vdx + udy o
L . -
For a lines constant v, dy =0 hence from equation (4.73), e &t
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Qv
- P
B

o . of consiant w represent
{ stream line. Hence aline ©
of stre :

5 a stream line.

which 1 the equancn

Velacity Potential o
i . The direction
¢ linc if there is a difference of prc.ssurcr The irec ?f
The flow takes place 13 plpmc Jower pressurc. Thus the velocity © . : rtain
flow will take place from hugher © nal difference which is known as velocity potent al and
- . i ition and time.
denoed 'm( hi) fh:p:docny potential is scalar function of pos!
by ¢ (pho) |

Mathemaucally

6 o4 0 v e e (474)

ty components in x, y and z directjon respectively.

whee v, v 2nd w are the velocil its partial derivative with respect
) ? ion of x and y such that its partia
Velocny potential function is 2 function 0

1o displacement 1o 2ny durection is equal 10 the velocity component.

oy re ol ; . ial is
otentional Lt oorential line is 8 line along which the velocity polentlta
wnan:w}m n::;:fpmﬁmﬁimismuawdwawﬁesofwnmms,at'am.lly of

Curves 1s obramned. These curves are 2t right angles to swreamlines at every point i.e. they are

orthogonal to streamlines.

Some of the salient characteristics of a potential function are: i
s Since ¢ is 2 function of x and y alone its total different is .

-

d¢.i_?4;+ﬁ7;‘.,/, s son e e ARTS)

m .
Substituting the values of u and v from equation (4,74), we gel
dp ~udx+vdy R (% ()|

For an equipotential line the potential function $ is constant ie., d' ¢ = 0. Therefore an
equipotential line : ’

P~

, UWdx+vdy=0 >;
o, H._v
e v : 8 OE ig e £ (4.77)

127
which prescribes the slope of equipotential line at any point
Substitute for u and v in terms of potential function in the expression for veracty
P i(éi)-i(éﬁ] -0 e~ (T8
x y a\y) y\E _

Hence the velocity potential satisfies irrotational ﬂnw The edstence of ;:io:y
potential function means that 2 possible flow must be frrotational. Consequentfy (o]
dimensional irrotational flow in ofien called the potential flow. -

Combining equation (4.78) with continuity equation

@+Q_+i“i=o, we get,
& & oz

{242

H 2 1
or, g_x?»fg;?#;fw e e (479)

which is the Laplace equation. The velocity potential function thus satisfies the Laplace
cquation.

¢ The velocity potential function can also be defined as the integral of the tangential
velocity component along a curve joining any two points. In that case, the velocity potential

- of point B relative to point A is :

gy = [Vcosa ds . e e e (4.80)

A0B

Cauchy Riemann Equations

The above discussion with reference to stream function and velocity potential
function leads us to conclude that:

(i)  Stream function applies to both rotational and in'ol-u'fional fiows. The fiow
has only to be steady and incompressible.

~ o s " o~ v~
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nave the following ynportan ni e n:mmonal i
|\n|ﬂlhl| function # for 8 seady |

\
N

Qw h
vc &

In hydradynamics, thes cquanons are sometimes called the

The corresponding relauons in cylindrical polar co-ordin
2 12
Yo" e raf
v o
LR

Vortes Line
If 2 Line in drawn in the fluid so that the tangent
vortex vector 0 a:hatpomthmmchncxscaﬂcdavonex line.
If d! is in the direction of vorticity vector then

¥
fn=
&

i ]
Qxdl=|Q, 0
dr dy

UO 2~ 0,)+ (D, 0,4) +£(D,dy - ds) =0

From the above relation, the equation of vortex lines are obtained as

& Ay de
o 0

ates are

129

am function and the velocity potentjy
snsequently they are interchangeable, w,

hips between the stream function ang
pressible flow

. (4.81)

Cuuchy-Riemann equations,

. (4.82)

to it at each point is in the direction of

.. (483)

. (4.84)

=S

129
_Orthogonality of Streamlines and Equipo{emizl Lines

From equations (4.73) and (4.76) for suream function and velocity potential we have

dy = —vdx + udy and

dp = udc+ vdy
However, along any streamline  is constanf, therefore

dy =0 = —vdv + udy
or, % =-‘ul ' R ()|
also along a potential line ¢ is constant an< hence

dp=0 =udc + vdy

dy u » B

U ()

o, —=—--—

Combining expressions (i) and (ii)
slope of streamline x slope of equipotential line

w= consfant

u
slope= ——
v

¢= constant

J
F—— X

Fig. 4.27 Orthogonality of Streamlines and Equipotential Lines
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cquipolcmial lines are
between the
tation of

fact that '
The orthogonality

Slownet, 2 graphic.‘ll represen

statement of the

48512 mathematical Figd2.

normal 10 e stream lines. This aspect is depicted ’m'

streamlines snd equipotential lnes serves 10 d::ueqmpormml L bctwicr}lad]e
' tial flow. Strcamlines an g sufces

::’c:bomhcslm e a::: n:he: requiremeats that they form small squuﬁl?; s

form streanines and the cquipoteatial lines intersect the boundaries @

Egquation

\\'."’_

& w\ =5

134

Flow Net

A grid obrained by drawing a sertes of ‘strcamiines and equ!po{en{la! lines Lrbrmm as
a flow net, The flow net provides a simple graphical technique for studying nvo-dxmmsw'nal
irrotational flows especially in the cases where mathematical relations for stream function
and velocity function are either not available or are rather difficult and cumbersome to solve.

With means now at hand of obtaming the velocity distribution from a given
streamline pattern, then next step is to seek 2 method of determining tae form of stream lines
for any boundary geometry. The only absolute method of determination, to be sure, entails
observation of the flow itself, by means of smokes, dye, or other visible agent [n many
instances, however effective use may be made of a simple graphical process based upon
mathematical principles of classical hydrodynamics. Since these principles embody, as a
natter of fact. the only general means of even approximating a flow pattern without recourse
to actual field or laboratory measurement, their graphical representation warrants careful

attention at this point.

For two-dimensional motion, such graphical representation of the mathematical
analysis is known as a flow net. This consist. in brief, of a system of stream lines so spaced
that the incremental rate of flow Aq is the same between each successive pair and a systm; of
normal lines so spaced that at any point the distance As between normal lines equal the
distance An between stream lines. The velocity under such circumstances would then be
inversely proportional to the distance between either the stream lines or the normal lines

throughout the flow.

The flow net is a graphical representation (Fig. 4.28) of stream lines and equipotential
lines which are perpendicular to each of other. The steamlines . Wz, \3 etc. show the

direction of flow. The equipotential lines ¢;, ¢z, 3 etc., shows the lines joining the points of
equal velocity potential. When the flow is irTotational, then only, the flow net can be drawn.

For a two-dimensional steady irrotational and [n;ompressible flow y (x, y) is constant along
a stream lines and for potential flow ¢ (x, y) is cozstant along equipotential lines.

—ng—

Bl |

———— -
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as,
"oy \e ®
o b L
V2
—
— .

/
M/ Ys

Aq

Fig. 28. Flow Net
Let Aq be the flow rate between any two stream lines say i and yy, then for a unit
length (perpendicular 1o the plane of paper),

4g =V 4ny = V2 4np = constant . (4.86)

where Ay, An; and V), V; are the distances between two stream lines and velocities
2t the two sections 1 aod 2 respectively, Heace closeness of streamlines in a flow net
indicates higher velocity.
From equation (86)

vV, 4an

L=— - v i e (i)

v, an
%

Further A$ =V As; = V; Asy = constant e e o e e (4.87)

where As; and As; are the distances between two equipotential lines. A

As
=——clg- e e s aee s (iV)

As

or,

S|

From equations (iii) and (iv)

unad 1
= i,
an, As, . I

An.
or, —:T"—z= constant . e (488)\
‘ L

— e

133

An
or, —=constant
As

[f this ratio %:'c- =1, the flow net is a set of squares. ’

For example the net of flow between parallel boundaries would consist, as shown in

Fig. 4.29 of a series of square meshes of constant size, indicating the same velocity at every
in Fig 4.30, the meshes would no longer be

point. Were the same boundaries to converge as i
exactly square but the medium lines of any mesh would still have essentially the same length;
the velocity would evidently be constant along any normal line but would vary as the
streamlines converged. If on the other hand, the boundaries were coavial cylinders, the stream

lines and normal lines of Fig 4.30 would simply be interchanged, as indicated in Fig. 4.31 the
velocity would then be constant along the circular stream lines but would vary inverscly with

the radius in the normal direction.
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Fig. 4.31 Flow Nc': for Coaxial Boundaries
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Methods of Drawing Flow Nets |
- 3 body of @y Pven

’ or oV
mmlnmd.nawparmmzmw oz of the followisE

The pla
{ottzd in e lonna!comM'Pand $ Imes by

geometry can be p
procedures :;,

Analytical method

Graphical Method

Electrical Analogy Mettiod

Relaxation Methad

Helle Shaw or Viscous Flow Analogy mettod

w oW N

Out of these five methods, the first three methods 2ce brielly described below.

1. Analytical Method

mthismedmdthcequnﬂouscmspandingwmemsgmd?mﬁmommcd
and the same are plotted to give the flow net pattern for the flow of fluid between the given
boundary shapes. n other words, this metizod involves a solution of Lapiace equation for &
and ¥, which gives the corresponding equations for ¢ and '¥. Bur this method cannot be
applied in various cases oa account of the boundary shapes bemg such that it may not be
possible to obtain the solution of the Laplace equation for ¢ and . In such cases cther
methods may be adopted to obtain the flow net patterm for the comresponding flow.

Analytical method is used for simple cases of parallel flows, flow around a comer of
flow around cylinders etc. where it is possible to obtain expression for stream function and
velocity potential. There are many other practical flow cases where analytical method cannot
be applied. In such cases graphical and electrical analogy methods are employed.

2. Graphical Method

The graphical method of plotting a flow net is the simplest apd gives good results if
carefully drawn. The streamlines are drawn equally dividing the space between the
boundades into a few equal number of flow channels. Then the equipotential lines are drawn
intersecting the boundaries and he streamlines orthogonally, such that the flow fields are
roughly square. if the equipotential lines are spaced at the same distance as the streamlines,
the tlow net resuﬂk in perfect squares in the region of uniform flow, and near squares in the

region of non-urdiform flow. The accuracy of final flow net can be checked by drawing
diagonals. 5
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thd consum i :
shape of 2 flow e cs 1ot of time and requires lot of erasing 1o pet Uy

¢ proper
Klg :

3. Bm Am‘o‘;\' .\‘emod

LN

" mgthod 1S 2 practical method aof drawing a flow net, for a-particular set of
: k& 1s based on the fact that the flow of fluids and flow of electricity through a
COBCUCX are analogous. These two systems are :

: similar in this respect thatzlectri i
1= 22logows 1o the velocity potential, the electric e o

current is analogous to the velocity of
e : : ty of flow,
e homopeneous conductor is analogous to the homogenous fluid. * :

Appliubiﬁtyofnowhfa & . € : *— .

The 80w net is applicable in the c-onqitions menﬁoned.below:

(© The fHow must be steady.

} (@) The fuid should be ideal or fluid have negligible viscosity. H-owever, for rapidly
. accelerating flows, even for fluids of low viscosity the flow nets_give good
(1) Fluid weight should not govem the flow phenomenol

* should be light and the flow is two-dimensional.

(1v) Flow nets can be drawn for confined converging: flows, for flows with jrgt? =

surface but not for diverging flows of real fluids in boundaries such as ﬂow, ina’
sudden enlargement of a pipe~ - '

Utility of Flow Net Analysis
Following are the utility of flow net analysis:

- Ol;cc a flow pet is constructed for a given model at a given rate of discharge, the same
flow nez will hold good for different rate of discharge for different geometrical similar
fixed boundaries. With the application of continuity equation, velocity at.any point in
terms of reference velocity can be obtained. =

W~

. With flow net known efficient boundary profile can be designed. The flow nets give a
good idea about th%smooth boundary profile that can be substituted for boundaries
with sharp comners. b - e

1
L

(™)

),
. Flow net can be used to determine the quantity of :’.ecpagt)J and uplift pressure below
hydraulic structures. ' 2

/ .

o This means that fluids =
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