
Partial Differential Equation 
 

 Partial Differential Equation (PDE): An equation involving one or more partial derivatives is called a 

 partial differential equation.  

Or, A differential equation involving derivatives of one or more dependent variables with respect to more 

than one independent variables is called partial differential equation.   

 Example:(i) z
y

z
y

x

z
x 








is a  partial differential equation. 

    (ii) v
t

v

s

u









is a Partial Differential Equation. 

 Classification: Partial differential equation are two kinds such as :  

                                                                           A) Linear partial differential equation  

              B) Nonlinear partial differential equation 

 Linear Partial Differential Equation: A partial differential equation is said to be linear if it is of the 1st 

degree in the partial derivatives. 

  Example: z
y

z
y

x

z
x 








is a linear partial differential equation. 

 Order of the Differential Equation: The order of the differential equation is the highest ordered 

derivatives involved in that equation.  

Example: z
y

z
y

x

z
x 








is a 1st Order Differential Equation. 

 Degree of the Differential Equation: The degree of the differential equation is the power of the highest 

ordered derivatives.  

Example: i) xe
dx

dy

dx

yd









4

3

3

3 is a 1st degree Differential Equation. 

       ii) 035
2

23

4

4









y

dx

yd

dx

yd
 is a 3rd degree Differential Equation. 

 Theorem: If 1),,( czyxu   and 2),,( czyxv  be any two independent solution of 
R

dz

Q

dy

P

dx
 where 

RQP ,,  are function of zyx ,,  then prove that 0),( vu  or, )(uv   is a general solution of the 

Lagrange’s linear equation RqQpP  , where   is an arbitrary function. 

Proof: Let u  and v  be any two function of the variables zyx ,,  connected by the relation 0),( vu .....(i) 

Partially differentiating equation (i) with respect to x and y respectively we get, 

 0









































x

z

z

v

x

v

vx

z

z

u

x

u

u


.............................(ii) 

and  0









































y

z

z

v

y

v

vy

z

z

u

y

u

u


.........................(iii) 
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Now eliminating 
u


 and 
v


 from (ii) and (iii) we get, 

 0









































y

z

z

v

y

v

y

z

z

u

y

u

x

z

z
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x

v

x
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x

u

 

or, 0





























q
z

v

y

v
q

z

u

y

u

p
z

v

x

v
p

z

u

x

u

   where,  q
y

z
p

x

z









,  

or, 














p
z

u

x

u















q
z

v

y

v
- 















p
z

v

x

v















q
z

u

y

u
=0 

or, 




























































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x
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u

x

v
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u

z

v

x

u
q

z

v

y

u

y

v

z

u
p .................(iv) 

Let, 
z

v

y

u

y

v

z

u
P














 ;      
x

v

z

u

z

v

x

u
Q














 ;  
y

v

x

u

x

v

y

u
R














  

Hence the equation (iv) becomes  

 RQqPp    

 or, RqQpP  ..............(v)       this is Lagrange’s linear partial differential equation. 

Again let, 1),,( czyxu   and 2),,( czyxv  be two solution of  equation (v). 

Differentiating these equation with respect to x, y, z  respectively we get, 

 0











dz
z

u
dy

y

u
dx

x

u
 ....................(vi) 

and   0











dz
z

v
dy

y

v
dx

x

v
...................(vii) 

Solving equation (vi) and (vii) we get, 
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u
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v
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u
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










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





























 

 or, 
R

dz

Q

dy

P

dx


  

 or, 
R

dz

Q

dy

P

dx
  which are the required Lagrange’s auxiliary equation. 
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Example 1:  Find the partial differential equation of 0, 22
2 






  zyx
x

z . 

Solution: Given, 0, 22
2







  zyx
x

z ...........(i)   

Let, zyxv
x

z
u  22

2
,  then (i) becomes   0, vu ..............(ii) 

Partially differentiating equation (ii) with respect to x and y respectively we get, 

 0









































x

z

z

v

x

v

vx
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z
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u


 

and  0








































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z

z

v

y

v

vy

z

z

u

y

u

u


 

or,   0.12
12

23











 





px
v

p
xx

z

u


.............................(iii) 

and    0.12
1

0
2











 




qy
v

q
xu


.........................(iv) 

Now eliminating 
u


 and 
v


 from (iii) and (iv) we get, 

 0

2

2
2

2

23








qy
x

q

px
x

p

x

z

 

or,     022
2

223














 


x

q
pxqy

x

p

x

z
 

or, 0
2224

22233


x

pq

x

q

x

pq

x

yp

x

zq

x

yz
 

or, 02224 2  qxxypzqyz  

or, yzzxqxyp 2)( 2  which is the required PDE. 

Example 2:  Find the partial differential equation arising from   0, 222  zyxzyx . 

Solution: Given,   0, 222  zyxzyx ...........(i)   

Let, 222, zyxvzyxu   then (i) becomes   0, vu ..............(ii) 

Partially differentiating equation (ii) with respect to x and y respectively we get, 

 0








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








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

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






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and  0






















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

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


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
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
 

or,     0.22.11 







pzx
v

p
u


.............................(iii) 
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and      0.22.11 







qzy
v

q
u


.........................(iv) 

Now eliminating 
u


 and 
v


 from (iii) and (iv) we get, 

 0
221

221






zqyq

zpxp
 

or,       0122221  qzpxzqyp  

or, 022222222  zpqzpxqxzpqypzqy  

or, yxzxqzyp  )()(   which is the required PDE. 

 

Example 3:  Find the solution of the partial differential equation  )(2)()3( yzqzyxpzyx  . 

Solution: Given that, )(2)()3( yzqzyxpzyx   

We know the Lagrange’s auxiliary equations are 

   
R

dz

Q

dy

P

dx
   

   or, 
)(23 yz

dz

zyx

dy

zyx

dx








  

Choosing  1,-3,-1;  1,1,-1;  1,-1,1 as multiplier we get, 

   
)(2)(40

3

)(23 zyx

dzdydx

zyx

dzdydxdzdydx

yz

dz

zyx

dy

zyx

dx




















 

From 4th  ratio we get, 03  dzdydx   

   or,  13 czyx          [By integrating] 

Again from 5th and 6th ratio we get, 
)()(2 zyx

dzdydx

zyx

dzdydx








 

    or, 2)()(
2

1
LogczyxLogzyxLog   [By integrating] 

    or, 2)(

)(
Logc

zyx

zyx
Log 




 

    or, 2czyx

zyx





 

Hence the general solution is  0,3 














zyx

zyx
zyx , where   is an arbitrary function. 

Example 4:  Solve:  22)()( yxqyzxpzxy  . 

Solution: Given that, 22)()( yxqyzxpzxy   

We know the Lagrange’s auxiliary equations are 
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R

dz

Q

dy

P

dx
   

   or, 
22)( yx

dz

yzx

dy

zxy

dx








  

Choosing  1,, xy  and  zyx ,,   as multiplier we get, 

   
00)( 22

zdzydyxdxdzxdyydx

yx

dz

yzx

dy

zxy

dx 












 

From 4th  ratio we get, 0 dzxdyydx   

   or,   0)(  dzxyd  

   or,  1czxy          [By integrating] 

From 5th  ratio we get, 0 zdzydyxdx  

   or,  2
222 czyx          [By integrating] 

Hence the general solution is    0, 222  zyxzxy , where   is an arbitrary function. 

H.W. Example 5:  Find the general solution of the partial differential equation    

(i) yxzqxzpy 222  . [Hints, Taking 1st and 2nd ratio; Taking 2nd and 3rd ratio; then 0),( 2233  zyyx Ans] 

(ii) xyzqzxypyzx  222 )()(  

(iii) xzqyxpzy  )()( . [Hints 1,1,1 and yzx ,, as multiplier then 0)2,( 2  yzxzyx Ans] 

(iv) )()2()2( 444444 yxzqxzypzyx    [Hints 333 ,, zyx  as multiplier and 2,, zyx  as divider then 

        0),( 2444  xyzzyx Ans.] 

 

 

 

 

 

  

 


