Non Linear Partial Differential Equation

If F(x,y,z, p,q) = 0be a nonlinear partial differential equation then the Charpit’s auxiliary
dp B dq B dz _dx dy
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equations are:

or dp _ dg dz _dx _dy
" F,+pF. F,+qF. -pF,—-qF, -F, -F,

s BB Find the complete integral of the given partial differential equation by Charpit’s method
2 2 2 2
p-yq=y —x

Solution: Given that, p° —y°g =y’ —x’

Let, F(x,9,2,p,q)=p° =g =y" +x* =0 ceuevenc... (1)
We know the Charpit’s auxiliary equations are
dp B dg B dz _dxdy
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. dp dq _ dz _dx _dy
T 2x+0 -2yqg—-2y+0 —2p2+y2q -2p y

(0)

From 1% and 4" ratio, we get,

dp _ dx
2x —-2p

or, pdp + xdx =0
of, p* +X> =¢ wverrrerrrnn. (i1)) [By integrating]

Now, solving (i) and (ii) we get, ¢, —y’g—y*> =0

2

or, q:—cl —Zy :C_12_1
Y Y
and p=4/c, —x’
We know, dz=%dx+%dy
ox oy

or, dz = pdx + qdy

or, dz =4/c —xzdx+(c—12—ljdy
Y

or, J dZZJ.1/CI —xzdx+1{%—ljdy

2
¢ —x

or, z=

+Ssin™! [%J ~ % _ ) +k [By integrating]
cl

2¢ y

which is the required complete integral/ Solution of (1).



Solve z*(p*z® +¢*) =1 by Charpit’s method
Solution: Given that, z*(p®z*> +¢°) =1
Let, F(x,v,2,p,q)=p°z* +q°z> =1=0..coe........ (1)
We know, the Charpit’s auxiliary equations are

dp dq dz _dx _dy
F_+ pF. Fy+sz —pr—qu —Fp —Fq

dp dg dz dx dy

O 04 pap’s +224°) 04qdp’z +224°) —poprt—q2er —2pzt 247
From 1% and 2™ ratio, we get,
dp _ dq
P aq
or,Logp = Logq + Logc [By integrating]

Now, solving (i) and (ii) we get, c¢’¢°z* +z°¢* -1=0
1 c

— and p=————
zNeiz? +1 zNelzh +1

or, g =

We know, dz = %dx + %dy
ox oy

or, dz = pdx + qdy

or, dz =

c 1
dx + dy
zA e’z +1 zale?z? +1
or, szlczzz +1dz:Jc dx+Jldy

3
or, 3%(0222 +1)2 =cx+ y+k [By integrating] which is the required complete Solution.
c

IS RH Solve pxy + pg +qy = yz by Charpit’s method

Solution: Given that, pxy+ pq+qy = yz

Let, F(x,y,z,p,q)=pxy+pg+qy—yz=0.............. (1)
We know, the Charpit’s auxiliary equations are

dp dq dz _dx _dy
F_+ pF. Fy+sz —pr—qu —Fp —Fq

or dp dq _ dz dx dy

Cpy+p(=y) qtpx—qy-z -—pxy-pqg-pq—qy -xy—q —(p+y)

From 1* ratio, we get,
dp=0
Of, D=C ceveeerreeeenne (il)) [By integrating]

Now, solving (1) and (i1) we get, cxy+cqg+qy—yz=0
2



or, q:w and p=c
c+y
We know, dz:%dx+%dy
ox oy
or, dz = pdx+ qdy
or, dz:cdx+wdy
c+y
or, dz—cdxzwdy
c+y
or, dz —cdx _ dy

z—cx  c+y

or, dz—cdx:[l_ c de

z—cx c+y
or, Log(z—cx)=y—cLog(c+y)+ Logk [By integrating]
of, z—cx=e " k(c+y)*
or, z=cx+e "k(c+ y) “which is the required complete Solution.
Solve 16p°z*> +9¢°z> +4z%> —4 =0 by Charpit’s method and identifying the surface.
Solution: Given that, 16p°z> +9¢°z*> +4z> —4=0
Let, F(x,y,z,p,q)=16p°z* +9¢*z* +4z° —4=0............. (1)

We know, the Charpit’s auxiliary equations are

dp dq dz _dx _dy
F_+ pF. Fy+sz —pr—qu —Fp —Fq

dp dg dz dx dy
or, 3 2 - 2 3 - 2 2 22 2 = 2
2pz+18pqg°z+8pz 32p°qz+18q°z+8qz —-32p°z° —18¢q7z" —-32pz —18¢z

Choosing 4z, 0, 4p, 1, 0 as multiplier,
dp dq dz dx dy  dx+4pdz+4zdp

32p°z+18pqg°z+8pz - 32p°qz+18¢°z +8qz - -32p°z* -18¢°z° B -32pz* - ~18¢z 0

1.e, dx+4pdz+4zdp=0
or, dx+4d(pz)=0

or, x+4pz =a [By integrating]

2
Now, solving (i) and (ii) we get, 16(61;—362).22 +9¢%z> +4z* —4=0
z

or, (a—x) +9¢%z% +42> —4=0
or, 9¢°z =4-4z> —(a—x)



or, q :3&2\/1—22 —%(a—x)2

We know, dz = pdx + qdy

or, dz= a_xdx+i\/l—zz —%(a—x)zdy

4z 3z

a—x 2 1 5
or, zdz=——dx+=.,[1-z> ——(a—x) d
zdz 2 x 3\/ z 4(a x) ly

or, zd: —i(a—x)a’xzé\/l—z2 —i(a—x)zdy

or, — % \/ 1-z° - % (a - x)2 = y + ¢ [By integrating] which is the required Solution

or, %(1_22 —i(a—x)zj:(y+c)2

or, 1-z° —%(ar—x)2 =g(y+c)2

or, g(y + c)2 + %(a - x)2 +2z% =1 it is represent an ellipsoid.

1SRN Solve p* +¢° = py —gx by Charpit’s method

Solution: Given that, p* +¢° = py—gx

Let, F(x,y,z,p,9)=p > +q> —py+qx=0...cce....... 6)]
We know, the Charpit’s auxiliary equations are

dp dq dz _dx _dy
F +pF, F +qF, —-pF —qF, —-F, —F,

or d_p—ﬂ— dZ _ dx _ dy
"q —p “2ptHyp-2¢9°—gqx ~2pty —2q-x
From 1*' and 2™ ratio, we get dp _ dq.
q9 —P
or, pdp+qdg =0
or, p’ +q°> =a [By integrating]................. (i)

Now, solving (i) and (ii) we get, a—q° +¢q> —+\Ja—q  y+qx =0

or, atgx=+a-q’y

4



or, a* +2agqx+q’x* =ay* —q*y” [by Squaring]
or, ¢°(x* +y*)+2agx+a’ —ay* =0
—Zaxi\/4a2x2 —4(x* +y*)a* —ay?)

or, g =
1 2(x2+y2)
—axi\/ayz(szryz—a)
or, g = —
(x"+y7)
1
2 |2
—axi\/ayz(x2+y2—a)
and p=|a- —
(x"+»7)

We know, dz = pdx + gdy

1
2 |2
ot 2,2 2 ot 2,2 2
or, dz=|a— ax_\/ary2 (x 2+y a) dod ax_\/ary2 (x 2+y a) dy
(x"+y7) (x"+y7)

N -

ot 2,2, 2
dx+f{ artyay’ @ vy a)}derk

(x*+y%) (x*+y%)

2
{—axi\/ayz(x2 +y° —a)}
or, Z=I a—

[By integrating] which is the required Solution

IsBYAID eI IR Find the complete integral of the given partial differential equation by Charpit’s method
(i) 2z+ p> +qy+2y° =0 [Hints,Taking 1* and 4™ ratio and 2y’ 24y (x—a)” +y* =cans]

s B WH Find the complete and singular integral of (p2 +q° )y =qz

Solution: Given that, (p2 +q° )y =qz

Let, F(x,y,z,p,q) = (p2 +q2)y—qz =0, (1)
We know, the Charpit’s auxiliary equations are
dp _  dgq _ dz _ dx _ dy
F.+pF. F +qF. -pF,-qF, -F, -F,
or, dpzzdz - 2d22 :dx: dy
—pq ptq —q° —2py=2q'y+qz —2py —2qy+z
dp _dq

From first and 2™ ratio, we get ——
-9 D

or, pdp+qdg=0
or, p° +q° =a [By integrating]................. (i1)
Now, solving (i) and (ii) we get, ay =gz
ay

or, g =—
z



We know, dz = pdx + qdy

/ 2 2.2
Nz ZaY e+ dy
z

z

or, dz=

dz—a’ yd
azdz ayy:dx
/azz—azyz

or, yaz* —a’y® = ax+b[By integrating] which is the complete Solution

or,

or, az’ —a’y* =(ax+b) ... (iii)

Differentiating equation (iii) with respect to @ and b respectively

22 =2ay” =2x(ax+b) corvrerrnean... (iv)
and 0=2(ax+b) or,ax+b=0........ v)
ZZ
From (iv), z° —2ay° =0 or, a= —
2y
—xz°
and from (v), b=——
2y
Putting these values of a and b in (iii) we get i—i ’= z'x - z'x 2
s o e Tl ey

or, z* =0 which is the required singular solution.

IS ISR Find the complete and singular integral of 2xz — px* —2gxy + pg =0
Solution: Given that, 2xz — px”> —2gxy + pg =0
Let, F(x,y,z,p,q)=2xz— px" =2qxy+ pq =0 .............. (1)

We know, the Charpit’s auxiliary equations are

dp dq dz _dx _dy
F_+ pF, Fy+sz —pr—qu —Fp —Fq

or dp _ dq B dz _dx ady
T 2z-2px—2qx+2px  —2qx+2qx 2qxy—pq+2x'p—pq x'+q 2xy-p

From 2™ ratio, we get dg =0
or, ¢ =a [By integrating]................. (i1)

Now, solving (i) and (ii) we get, 2xz— px° —2axy+ pa =0
or, p(a—x*)=2axy—2xz
_ 2axy—2xz

or, p >
a—-x



We know, dz = pdx + gdy
2axy —2xz

or, dz = s—dx +ady
a—x
or, dz —ady :de
X —a
dz—ady: 2x dr

> 2
z—ay X —a

or, Log(z—ay) = Log(x* —a)+ Logh[By integrating] which is the complete Solution

)

or, z—ay =b(x’ —a)
or, z=ay+b(x> —a)............ (iii)

Differentiating equation (iii) with respect to @ and b respectively

Putting these values ofa and b in (iii) we get, z = x*y + y(x*> — x?)

or, z=x"y which is the required singular solution.



