Solve the Laplace equation in three dimensional cylindrical coordinates (7,80, z).

Solution: We know the Laplace equation in three dimensional cylindrical coordinate (r,6, z)is
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In order to apply the method of separation of variables assume that u(r,6,z) = R(r).F(8).Z(z) is a solution of (1).
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Putting these values in equation (i) we get,
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Since the left hand side of (ii) is a function of »and € while the right hand side is a function of z only then

the equation (ii) is true only if each side is equal to the same constant.
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Since the left hand side of (iv) is a function of » only and the right hand side is a function of @ only then the

equation (iv) is true only if each side is equal to the same constant.

So, Let, r* R—+£+/12 = —F—: u’
R R F
and  7’R"+rR'+ 2’ R—’'R=0
or, rzR”+rR’+(/12r2 —,uz)Rzo ................. (vi)
Equation (vi) is a Bessel’s differential equation and it’s general solutions are:

R(r)=A4,J ,(Ar)+ B, J_,(Ar) for fractional .



and  R(r)=4,J,(Ar)+ BY, (Ar)for integer u.
Also the solution of equations (iii) and (v) are
Z(z)=A,e”* + B,e™™*
and F(0)= A4,cosuf+ B, sin u0
Therefore the required solution of equation (i) are
u(r,0,z) = (A4, J ,(Ar)+ B.J_,(Ar))(4; cos u6 + By sin u6)(A,e™* + B,e ™).
and  u(r,0,z)=(4,J,(Ar)+ B\Y,(Ar))(4; cos u6f + B; sin 10)(A,e** + B,e™**) Ans.
Here 4,, A4,, A4,, B,, B,, B, are arbitrary constants.
Solve the Laplace equation in three dimensional Spherical polar coordinates (7,8, @) .

Solution: We know the Laplace equation in three dimensional Spherical coordinate (7,8, ¢) is
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In order to apply the method of separation of variables assume that u(r,60,9) = R(r).F(6).D(¢) is a solution of (i).
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Putting these values in equation (i) we get,
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Since the left hand side of (ii) is a function of 7 and ¢ while the right hand side is a function of #only then

the equation (ii) is true only if each side is equal to the same constant.
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or, é((l)” +cot (p(D')— siZlZ p = —%(rzR” + 2rR') ........................ (iv)

Since the left hand side of (iv) is a function of ¢ only and the right hand side is a function of » only then the

equation (iv) is true only if each side is equal to the same constant.
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Let, cosp = u then sin’ p=1—cos* @ =1—- p*

Now, @,:@:@-%:_sin¢@
dp du do du
.'.cotgoCI)':cf)S(odE:c?S(p. —sin(pdg =—c ¢d£:_ﬂd£
sinp dp  sing du du du
@”—i( ’)=i —sin(odg
do do du
——cosqo——sm(oi(dﬁj
o do\ du
do . d (dd \du
=—cosp——singp.—| — |—
du du\ du Jde
——cosgodg—sin(o : (—singo)
du du?
= —cosp®® 4 sin? :
(pd,u P—
dd , d*D
——u -
ﬂdﬂ (-u )a,ﬂ2
Putting the values of ®" and cote®’ in (vi) we get,
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Equation (vii) is associated with Legendre’s differential equation and it’s general solution is:

O(p)= AP (1) + BO," (1)



S D(p) = AP" (cos@) + BQO" (COSP) .cvvvueuennnnne. (viii) [ p=cose]

and the solution of equation (iii) is

F(0)=CcosmB+ Dsinm@ ...................... (ix)

Also we have to solve the equation (v): 7’R" +2rR'—n(n+1)R=0..............
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Differentiating Eq. (v) w, r, to r we get,
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Putting these values in (x) we get,

2
d R—d—R+2d—R—n(n+l)R=0

dz*  dz

d’R dR . , , ,
+——n(n+1)R =0 which is linear homogeneous differential equation.
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So, the auxiliary equation is m*+m— n(n+1)=0
or, m> —n*+m-n=0
or, (m—n)(m+n+1)=0
m=n, m=—(n+1)
Hence the solution is R(r) = Ee"* + Fe "*"*

= E(e z )n + F(ez )7(}”1)



=Er"+Fr " . (xi) [-r=e"]
Therefore the required solution of equation (i) is
u(r,0,0)=(Er" +Fr ") (Ccosmb + Dsinm@){A P"(cosp)+ B Q" (cos go)} Ans.
Here, A,B,C,D, E, F are arbitrary constants.
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dimensional Spherical polar coordinates (7,8, @) . [Another form]]



