Fourier Series

Introduction: French Mathematician Joseph B. J. Fourier (1768-1830) at first uses his trigonometric
series (Fourier series) for heat transfer in physics. According to his name this trigonometric series is
called Fourier series. Now Fourier series is applied to solve the problem in various branches of physics.

Periodic functions: A function f(x) of real variable x is said to be periodic if there exists a non zero
number 7 independent of x, such that f(x+7)= f(x).

Examples: f(x)=sinx is periodic with period 27 .

Odd or Even functions: A function f(x) is said to be odd if it changes sign with the change of sign of
the  variable x thatisif f(—x)=—f(x),

and A function f(x) is said to be even if it does not changes sign with the change of sign of the variable
x thatisif f(-x)= f(x).

Examples: (i) f(x)=x"is odd function and (ii) f(x)=x"is even function.

Fourier series: Under certain condition of the function f(x) in a period —7 < x <7 can be represent a

: : a4y . o . : . .
trigonometric series —°+Z(an cosmx+b, sinnx) which is known as Fourier series with the Fourier

n=1

constants or coefficients a,,a,, b

n*~n"*

Determination of the Fourier constants in a period —7<x<7_or 2x:

We consider that the Fourier series in a period —7 <x <7 is

f(x)= %+i(an COSTX + B, SINAX) oo (i)

n=1
Now integrating (i) in (-7, 7) we get,

T

x 4 » -
J;f(x)dx =5 J;dx + ;(an J.cos nxdx +b, Jsm nxde

- -

or, | f(x)dx = % [x]. +0+0

or, 'ff(x)dx = %x 2

Multiplying (i) by cosnx and integrating in (-7, 7) we get,

4 V4 © 4 4

a .
If(x) cosnxdx = 70 Icos nxdx + Z(an Jcosz nxdx+b, Ism nxcos nxde
—r —r n=1

-7 -

or, 'ff(x)cosnxdx =0+a,7+0

sa, = 1 Jf(x) COSHXAX ..coevearraernne. (ii1)
7 -

Similarly multiplying (i) by sinzx and integrating in (-7, 7) we get,



b, = s j F(X)SINAXAX e, (iv)
72. t/2
Therefore the Fourier constants are: a, = 1 J f(x)dx
4 -
1 T
a, =— Jf(x) cos nxdx
4 -
17 .
b, =— j £ (x)sinnxdx
4 -
Note: i) If f(x) is an even function then we have
175G 17 17 .
a, =— Jf(x)dx %0, a, =— J.f(x)cosnxdx =0, b =— J.f(x)smnxdx: 0
4 - ﬂ- - 7 -
i) If f(x) is an odd function then we have

a, :%If(x)dxzo, a, =%J.f(x)cosnxdx=0, b, :%J.f(x)sinnxdx;to

Determination of the Fourier constants in a period 2L :

In a addition to the Fourier series with period 27 we like to develop a Fourier series with period 2L .
Let us consider the function ¢(y) in (—L, L) which is integrable.

Ly

Let, y _Lx then ¢(
/s p/a

j is the function of period 27

Lx
and f(x)= ¢(7J =4(y)
In that case the Fourier series for f(x)is

f(x)= Yo, Z(an cosnx+b, sin nx) will be converted to a Fourier series for ¢(y) as

n=l1

a, < nry . nTYy
=—+ a cos——+b sin—=—
$0)= Z[ nCOST =+, sin— j

n=l1

Hence the Fourier coefficients are given by

17 17
ay=— j Sy =— j )y,
a, = %j £ (x)cos nxdx = % jL #() cos%dy,

1§ . 1 f %
b =— sin nxdx = — sin—=dy .
) ﬂLf(x) nxdx Ljf(y) v

Theorem: State and Prove Parseval’s theorem.

Statement: If the Fourier series of a function f(x) is converses uniformly in the interval (-L, L) then
1 j.{ f ()c)}2 dx = a_g + Z.o:(a2 + bz) where a,,a,,b, are Fourier constants
L 2 — n n 0°%n>%n N

Proof: We have the Fourier series of a function f(x) in the interval (—L, L)is

2

L



a, ~ nwx . NTTX .

X)=—+) | a,co SIN—— | oo i

f0=2 Zi,i T thasin= j )
Multiplying both sides of (i) by f(x) and integrating with respect to x in the interval (—L, L)

L L - L L

weget, [{f(0)fdv="2[f()dx+ | a, [ f(x)cos™ = dx+b, [ f(x)sin et | (i)
-L 2 -L n=1 -L L -L L

But, we know by Fourier coefficients

L L
a, =%_J;f(x)dx, or, _J;f(x)dszaO,
a =ljf(x)cosmdx, or, jf(x)cosmdsza ,
n L_L L 4 L n

1§ nwx ¢ nIx
b =— x)sin——dx. or, x)sin——dx=Lb
\ L{f() . {f() . )
Using these values in (ii) we get,

j{ F)Pdx= %.L + i(af +b’

0

L
i I{ f (x) dx = Z(aj + bf) which is the Parseval’s theorem (Proved).
-L

n=1

Question 1: What is half range cosine series? Expand the half range cosine series.

Or, What is cosine series? Expand the cosine series.
Fisrt Part: The part which contains only the cosine term in Fourier series is called half range cosine
series. Its range is (0,7) which is half range of (—z,7) of Fourier series. In the case of even function

cosine term remain.

Expansion: The cosine series in the range (0,7) is f(x) = a70 + Zan COSHX wecuveeneeernnennn. (1)

n=1

Now integrating both sides with respect to x in the limit 0 to 7 we obtain

Jf(x)dx— jdx+2a jcosnxdx

n=l1 0

Multiplying (i) by cosnx and integrating in (0,7) we get,

o0 V3

Tf(x) cosnxdx = ?OT cosnxdx+ Y. a, jcosz nxdx
0 0

n=l1 0

+a—”J.2cosznxdx
2 0



a T
=0+—2|(+cos2nx)dx
: {( )
=O+ﬁx7z
2
2%
sa,=— I f(x)cosnxdx .....cueevannnn. (ii1)
7[0

Hence the required cosine series f(x) = lJ- f(x)dx+ EZ I f(x)cos’ nxdx [Using (ii) & (iii) in (i)]
Ty T

n=l (
Question 2: What is half range sine series? Expand the half range sine series.
Or, What is sine series? Expand the sine series.
Fisrt Part: The part which contains only the sine term in Fourier series is called half range sine series. Its
range is (0,7) which is half range of (—z,7) of Fourier series. In the case of odd function sine term

remain.

Expansion: The sine series in the range (0,7) is f(x)= an SINZIX wovveereeerennne (1)

n=1

Multiplying (i) by sinnx and integrating in (0,7) we get,

]{f(x) sinnxdx = ibn ]{Sin2 nxdx
0

n=l1 0

b ..
:—”J2s1n2nxdx
2 0

bﬂ T
= ?,([(1 —cos2nx)dx

n

=—XT

b, = E]E f(x)sinnxdx .....ceeeeennen. (i)
4 0

Hence the required sine series f(x) = Ez I f(x)sin® nxdx [Using (ii) in (i)]
V4

n=19
Dirichlet’s conditions: Let any function f(x)
1) f(x) is defined in (-L,L) except some finite points.
i1) f(x) is with period 2L outside (—L,L) and
iii) in (=L, L) the function f(x) and f'(x) are continuous.

Then the series f(x)= % + Z(an cosnLﬂ +b, sin mLij

n=1

L
where, a, 1 j F(x)dx, (n=0)
L—L
a ——ljf(x)cosn—mdx (=012, )
n LiL L ’ slssy
b —ljf(x)sinnﬂxdx (n=0,1,2, - )
n LiL L slesy



a) f(x) is convergent to f(x) if f(x) is continuous at x.

b) f(x) is convergent to J(x+0) er f(x=0)

if f(x) is discontinuous at x.

Expand the Fourier series for f(x)=x" within—z <x<x,
Hence show that ”—2 = ILZ + 2—12 + 312
Solution: Given that f(x)=x" within —7<x<7,
Since, f(-x)=(-x)> =x" = f(x), So, the function f'(x) is even and in Fourier series b, = 0.
In this case the Fourier series is f(x) = %o, ian COSHX .ccuueee. (1)

n=1

Here, a, = 2 j F(x)dx
7 0

V4 371" 2
zgszdng Gl 2z
7y | 3 3

0

a, = EJ.f(x) cosnxdx
4 0

2%, 271, . 27 sin nx
:—J‘x cos nxdx = —|x smnxo——_[2xx dx
Ty p/a Ty n

:O_i{_xcosnx} iJ-—cosnxabC
nr n o Nmy n
:;L(ﬂcosnﬂ—O)—é{smnx}
n°rx nr|l n |,
:400821172'_0
n
4(-1)"

Now putting these values in (i) we get the expanded Fourier series

2 o 1\
x’ :lXZL+4Z( 12) cosnx Ans.
2 3 ‘o on

2 7’ COSX CO0S2x co0S3x
or, x' =—+4{ — P e iy et RASILIIE
3 1 2 3

2

OI', x2 = 7[— —_ 4( cofx — Coszzx + COSZ3)C —esescecns j AnS‘
1 2 3

Putting x = 7 in above equation we get,

, 7 (cos;z cos2m cos3rx j

T =—- - +
3 12 27 3?

2
or, ﬂ_ = L + L + L deieeiaans (showed).




-k, —7m<x<0

Solution: Given that f(x) = {

k, O<x<rx

. o . Ay, < .
We know that the Fourier series in —z <x <7z is f(x)=—2+ Z(an cosnx + b, sin nx)

n=1

Here, a, _1 j f(x)dx
4 -

=%j{f(x)dx+%]:f(x)dx
1| 17
:;J;(—k)dx+;£kdx

- AL+l

:_—k(0+;z)+f(;z—0)
T T
=0
1 Va
a,=— If(x)cosnxdx
ﬂ-—iz

0 T
:l j—kcosnxdx+ljkcosnxdx
T ”0

-

. 0 .
_—k|sinnx +k sinnx |”
T n |, no

=0

b, = 1 'f £ (x)sin nxdx
4 -

0 T
=l I—ksinnxderlJ.ksinnxdx
ﬂ_ﬂ_ ”0

0
_ —k| —cosnx +k —cosnx |
7 n |, no

= i(1 —cosnﬁ)—i(cosnn—l)
nxw niw

= 2k (1—-cosnrm)
nxw
2k "
== (1-(-")
nr

Putting the value of a,,a,,b, in (i), f(x)=0+ Z(O X COSnX + 2k {1-(-1)"}sin nxj
nw

n=1

6



_2k l{1—(—1)”}sinnx

n=l1

or, f(x):% 251nx+0+251n3x+0+251n5x+0+251n7x+ ....................
V4 1 3 5 7
Now putting x = % in (i1) we get,
f(;z/Z)Zﬁ smﬂ/2+sm37r/2+sm57r/2+s1n77r/2+ .........
V4 1 3 5 7
o kM1 11
V4 3 57
or, z_ Lt ot (Proved)
4 3 57

2 5 "
Problem-3:JiaAEYE (?) in the range 0 to 27 then show that f(x) = % + cosznx )
n=1 n

2 2 2
ﬂ—xj Tt TX X

2 4 2 4

Solution: Given that f(x)= (

0

We know that the Fourier series is f(x) = Do, Z(an cosnx+b, sin nx) ............ (1)

n=1

1[zx 7 27
= —| —— — + —
7| 4 4 12
_l 72'2.272'_72'.472'2 87’
T 4 4 12
_7
6
127!
a, :—If(x)cosnxdx
7 0
1% (2% zx x°
=— || ——-—+— |cosnxdx
ey 4 2 4

72_27[ 1271' 1 2r
=—Jcosnxabc——chosnxder—jx2 cos nxdx
4 0 2 0 T 0
2z

. 2z . 2z 2z 2 . 2 .
7| sinnx 1| xsinnx 1| —cosnx 1 | x“sinnx 1 sin nx
== —— +— 5 +— - J.2x x
41 n 2 n 2l n o 4r n 4z n

0 0 0

2z . o
:0_0_%(C082nﬂ'—1)+0_ 1 |:—XCOSnx:| n 1 |:—Slr;nx:|
2n 2nrx n o 2n7m| n ,

=—0+%(27zc052n7z—0)+0
2n°rw



b, = s j £ (x)sin nxdx
T

=— I(———+X—Jsmnxdx

2 2

:—Jsmnxa’x—ljxs1nnxa’x+L '[x sin nxdx
4z 3

al—cosnmx " 1[-xcosnx ™ 1[-sinmx " 1 [-x’cosnx 2” 1% (—cosnx)
e ] e e e
4 n 0o 2 n o 2L n o 4r n 4z n

0

. 2z 2z
— 04— (27008207 —0) =0 — —— (47> cos 2n7 — 0) 4 — {‘xsm’“} ! {_Cof”x}
2n dnm 2nw n o 2nm| n 0

T T 1
=————0+———(cos2nr—1)
n o n nw

=0

2 .
Putting the values of a,, a,,b, in (i), f(x)= % " Z Cosznx
n

n=1

. . . . . . Oa lf‘ —r<x<0
185 % R Find the Fourier series in the expansion of a function represented by f(x)=

2 ,if 0<x<.

(Showed)

. . 0,if —m<x<0
Solution: Given that f(x)= X
2x7,if O<x <.

0

. o . a . .
We know that the Fourier series in —7 <x <7z is f(x)= 70 + Z(an cosnx+b, sin nx) ............ (i)

n=1

Here, a, = 1 If(x)dx
4 -

1 OOd 1”2 *d
—;_J. x+;_(|: X dx

a, = 1 J.f(x) cos nxdx
T

=— IOxcos nxdx +— JZx cos nxdx

-

3 : T T .
:0+£{x smnx} _2'[3"2 smnxdx
0 7

T n n



2 z T
:0_£[ X cosnx} +£J~2x cosnxdx
nr n

6 r'(-D" 12 {xsinnx}” 12 {—cosnx}”
= —X — +

nrw n wrl n |, nxl n |
67(=1)" 12 )
_OrCDT o 12y
n n
C6x(-1)" 12

=D -1
n normw

b, = 1 J.f(x) sin nxdx
7 -

0 T

= l ijsin nxa’x+l‘|.2x3 sin nxdx

ﬂ-—ﬂ' 7[0
3 z T

:0+£{x (—cosnx)} 2 J~3x2 (—cos nx) ax

T n T n

0 0

2 . a T .
=—i(7z3c0sn7z—0)+£{—x smnx} —£J.2xsmnxdx

niw nmw n 0 nmw 0 n
275 (-1)" 6 12 [=xcosnx|” 12 [—sinnx|"
S i
n n'rzw n'rzw n 0o N7 n 0
2 _ n+l
S ) S SV VR
n nm
272'2(—1)”” 12(_1)n
= + 3
n n

Putting the value of a,, a,, b, in (i),

S(x) :%34_5:{(6;[;—21)” _%((—1)" —l)jcosnx+{27[2(_1)n+1 + 12(_31)}1 }sinnx} Ans.

n n

n=1

. .. 2; —2<x<0
I9NELEH Expand the Fourier series in —2<x <2 for f(x)=
x; O<x<2

2; —=2<x<0

Solution: Given that f(x)=
x; O<x<?2

0

We know that the Fourier series in —2<x<2 is f(x)= a—2° + Z(an cos%+bﬂ sin nizzx) ..... (1)

n=1

2
Here, a, = % j F(x)dx
-2

zéjlf(x)dx+%jf(x)dx



sin —— X sin —— 1| —cos—
- + 2. 2
nrw nrw 2 nomr
2 ) 2 0 4 0

—0+0+ 2 > (cosnz —1)
‘n’

27[2 {(_l)n _1}

2
b = % [ f(x)sin%dx

2
=—J.2s1n—dx+l.[xs1n—dx
2'0
2 2
. NX
—cos— —xcos— —sin ——
_ 1 2
{ 2 n’r?
0 4 0

:—i(l—cosn;r)——(Zcosn;r—O)+0
nrw nrw

2

nrw

Putting the values of a,, a,,b, in (i), f(x)= —+ Z{

9 N ELEE Expand the Fourier series in —7 <x <z for f(x)=x

|9 N EYH Expand the Fourier series in —7 < x <z for f(x)=

I B AEE Expand the Fourier series in —7 <x <7z for f(x)=

10

= -1fe

2 }Am.
nx

—z;—n<x<0

4

£;0<x<7r

4

-1, —7<x<0

0; x=0

I, O<x<rm



. L -x; —m<x<0
IO GEME Expand the Fourier series in — 7 < x <7z for f(x)=
x; O<x<rw
) . 0; -2<x<0
I8 GBIIE Expand the Fourier series for f(x)=
I, O<x<2

Theorem: State and prove Fourier integral theorem.
1 0 00

Statement: It states that f(x) = —'f J f(t)cosu(t—x)dtdu.
4 0 —0

Proof: We know that the Fourier series of a function f(x) in the interval (-L, L)is

fx)= a—2°+2(an cosnTﬂerbn sin 17X

n=1

L L
where the Fourier coefficients are a, = % Jf(t)dt, a, = % jf(t) cosndet b, =— jf(t) sm—dt .
-L -L

Substituting the values of a, a,, b, in (i) we get,

n=l1

(x)—— [ f(t)dt+2[ j f(t)cos—cos”’” dt+— j f(t)sm—sm%dtj

1 ¢ = (1§ nrt nrcx . nxt . NTX
or, f(x)=— f(t)dt+2[— f(t){cos cos +sin——sin }dt}
2L IL — LJ; L L L L

n=l1

or, f(x)=— j F()dt+ Z( ! j f(t)cos%(t - x)dtj

or, f(x)—— j (0 {1+2Zcos—(t x)}dt ....................... (ii)

n=l1

Since cosine functions are even, i.e; cos(—6) =cosé.

So, the expression 1+ 22 cos T (t —-X)= z cos 2 (t -X).

n=1 n=—oo

Then the equation (ii) becomes f(x)=— j 1@ [ Z cos—(t x)}dt

1 T = nr
or, f(x)=— H— > cos—(t—x)|dt cuununn....... 111
/() 27z_[f()L,,Z_w T )} (iid)
Let us assume that L increases indefinitely, so that we may write % =u and % =du
This assumption gives, zm [% z cos%(i —x)} I cosu(t—x)du = 2J- cosu(t—x)du ............ (iv)

Using (iv) in (iii) we get, f(x)=— I f().2 I cosu(t—x)dudt

or, f(x)= %T Tf(t) cosu(t—x)dtdu (proved).

11



Fourier sine and cosine integrals:

Fourier sine integral is f(x) = 2 I j f(¢)sinutsinuxdu dt
4 00
and Fourier cosine integral is f(x) = 2 J j f(t)cosut cosux du dt
4 00

Fourier integral transform: We know, the Fourier complex integral is f(x) = ZL j j f(t)e"e™dtdu .

—00—00

If we put F(u)= ﬁ Tf(t) e'dt ... (i)

Then we get, f(x)= AU . (ii)

1 0
— | F(u)e
N27 ‘[O
If a pair of function is reciprocally related as in equation (i) and (ii) then they are called Fourier integral
transform of one another.

Fourier sine and cosine transform:

We know, the Fourier sine integral is f(x) = g” f(O)sinutsinuxdudt ................. (1)
ﬂ- 00
2% . ..
If we put  h(u) = \P [f@ysinutdr... (ii)
4 0
Then we get from (i), f(x)= \/Z I h(u)sinuxdu ............... (ii1)
7 0

If a pair of function is reciprocally related as in equation (ii) and (iii) then they are called Fourier sine
transform of one another.

We know, the Fourier cosine integral is f(x) = EJ. f(H)cosutcosuxdudt ................. (iv)
ﬂ- 00

2 o0
If we put g(u)= \ﬁ j F(£)cOSUtdt eoveennnn, )

4 0

. 2% .
Then we get from (iv), f(x)= \/: I g (u)cosuxdu ............... (vi)

4 0

If a pair of function is reciprocally related as in equation (v) and (vi), then they are called Fourier cosine
transform of one another.

19 NI Determine Fourier sine and cosine transform of f(x)=e™"".

Solution: We know Fourier sine transform /(v) = \/z J f(x)sinvxdx
T 0

or, h(v)= \/zje'” sinvx dx
7 0
2

v

or, h(v)=,|—x

5 [By Laplace integral transform]|
Toou+v

[

12



The reciprocal relation is given by f(x) = \/Z '[h(v) sinvxdv
T 0

or, f(x):\/%f\/%xu —

% )
-sinvx dv

_ J‘ \4 SlIlV.X'

Ty ul v’

Also, we know Fourier cosine transform g(v)= \/Z I f(x)cosvxdx
T

or, g(v)= \/7 I Y cosvxdx

or, g(v) = X ivz [By Laplace integral transform]

The reciprocal relation is given by f(x) = \/z j g(v)cosvxdv
4 0

or, f(x)=\/%j\/%xuz+vz

3 J~ u cosvx

cosvxdy

Ty ut v

_xz . . . _Xz
19118 H Determine Fourier transform of e A Or, Determine Fourier cosine transform of e A .

Solution: We know Fourier cosine transform g(v) = \/Z I f(x)cosvxdx ............ §)
7 0

or, g(v)= \/% I 7 cosvds . (ii)
0

Let, 1 = | ¢ cosvxds o (iii)
0
or, o _ —Ixe_xg sin vx dx
A%

0

_xz * “ _X2
=—{—s1nvxe A} —jvcosvxe Adx
0 0

0

= O—VI COSVX e_xé dx

=

=—v/
ar _ —vdv
1
2
or, Logl =——+ Logc
Of, I =C€ 2 oo, (iv)

when v = 0, then from (iii) we get,
13



ZJ.e*zz\/Edz Put, —=z =dx=+2dz
0 V2

=2 x R )
2 2
Also, when v =0, then from (iv) we get, / =¢ ...ccecvennn.ee. (vi)

Hence from (v) and (vi) we get ¢ = \/%

VZ

and from (iv) we get, [ = \/%ez

Therefore we obtain from (i), g(v)=, fle = ‘{2 x\/;e2 e 2
T V4

The reciprocal relation is given by f(x)= \/Z I g(v) cosvxdv
4 0
o 2% s
or,e *= —J. e % cosvxdv Ans.
ﬂ- 0

IS Q1B ERE Find the Fourier transformation of F(x) = e in —o0 < x < o0,
1

Solution: We know Fourier integral transform f(w) = T IF w)e™du.........
T —0

flw)= ﬁ j F(u)e ™ du+ ]OF(u)e-"“’ du}

0 ©
Je” e ™ du +Je_” e du}
0

| —©

o ©
J’e(Hm)u du—i—J‘e*(Hiw)" du}
—0 0

_e(l—ia))u T 4{ o i T’
l-io | —(1+io) o

ﬁ_ QH ﬁ_ ﬁ_ ﬁ_
a‘ ) N ) N
I

! 1

_ ! } et <1, e =0
_1—za) 1+iw

~ 2
_1+a)2

Also the reciprocal relation of (i) is given by

14



F(x)= ﬁ j fl@) e do

1 71 2 ;
or, F(x)= e do
0 N27 _'!;\/271 [1+a)2}
or, F(x):ljl ¢ ~dw Ans.
7°l+w

00

IR Using Fourier transform solve the heat equation with boundary condition:

ou 0’u ) .. 1, 0<x<l .
— =—; x>0>0; subject to the condition u(0,7) = 0, u(x,0) = and u(x,?) is bounded.
ot oOx 0, x>1
2
Solution: Given, 6_14 = 8_1;1
ot Ox

Taking Fourier sine transform on both sides we get,

“ou . T0%u .
'f— sin nxdx = I —— sin nxdx
0 0

or, éju sin nxdx = [sin nxa—u} — nj cosnxa—udx
oty ox |y % ox

0
0 . ou
=0—n[cosnxxul; —nzj.smnxxudx [':——)0 as x — oo
0

Ox
:nu(O,t)—nZIsinnxxudx [ u—0as x — o]
0

o7 . 2T .
or, — I usin nxdx =—n I usin nxdx ............ (1)

oty 0

Let, F(n,t) = I u(x,8) SINNXAX v, (i1)
0
then from (i) we get,
or, oFn.1) =-—n’F(n.t)
ot
I, OF (1) _ -n’ot

F(n.t)
or, LogF(n,t)=—-n’t+ LogA [By integrating]
of, F(n,)=Ae™"  oovoeooeeeeereerrcere. (iif)
or, F(n,0)=4 .coovvvevrveeereenn. (iv)

(=]

sin nxdx [ u(x,0)=1, 0<x<1]
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4 1—cosn

[Using (iv)]
n

-n-t

Hence from (iii) we get, F(n,t) = l—cosn o

Now, the reciprocal relation of (ii) is given by u(x,?)= gJ‘F (n,t)sin nxdn
ﬂ- 0

2 ¢l—cosn _p .
or, u(x,t)=—j e”""sinnx dn
T

0 n

Which is the required solution.

2
1B HERH Using Fourier transform solve the heat equation with boundary condition: —(ZIZ = —Z 12: ;
X
‘ . oF
—oo<x<00,¢>0; subject to the condition: F(x,1) = f(x) when t =0, P 0 when x = o0,
X

2
Solution: Given, a—F = 8_1:7
ot Ox

Taking Fourier sine transform on both sides we get,

© © ~2
I 8_F sin nxdx = I 0 Ij sin nxdx
> Ot c Ox

or, 2 IFsin nxdx = [Sin nxa—F} -n j cos nxa—Fdx
ot *, ox ox

—00

=0—-n[cosnxx F", —nzfsinnxdex {.‘Z—u—>0 asx—)oo}
—00 x

=—n’ I Fsinnx dx

—00

or, 9 IF sin nxdx = —n’ I Fsinnxdx ........... (i)
ot ”,

Let, u(n,t) = j F (X, £) SIN XA oo, (ii)

then from (i) we get,
ou(n,t)
o
ou(n,t)
u(n.t) -

—n*u(n.t)

b

—n’ot

or,

or, Log u(n,t)=-n’t+LogA [By integrating]

of, U(M,t) = A" oo, (iif)
or, u(n,0)=A .ccocevvvriieienns (iv)

Again from (ii) we get, u(n,0) = IF (x,0)sin nxdx

—00

A= T f(x)sinnxdx [Using (iv)]
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Hence from (iii) we get, u(n,t) = J‘ £ (x)sinnx o dy

—0

Now, the reciprocal relation of (ii) is given by F'(x,t)= 2 Iu(n,t) sin nxdn
T

—00

or, F(x,t)= 2 J If(x) e sin® nx dx dn
T —o00—00

Which is the required solution.

2
IS GBI Prove that the solution of the boundary value problem aa—(t] =3 v,

ox?’

© _ n+l 73n27r2t
U0,)=U(2,¢)=0,t>0; and U(x0)=x, 0<x<2 is U(x,t)=24( D sin(n;[x)e ‘
n=1 nrw

2
Proof: Given, 8_U =3 0 (2]
ot Oox

Taking finite Fourier sine transform (with L=2) on both sides we get,

2 2 2
a—Usin(—mmjabc = I3 oy sin( n;[xjdx
0

o Ot 2 ox’
2 2 2
or, 2J.Usin(mjabc:3 sin(mja—(] —%—”J cos(mja—de
oty 2 2 Jox |, 23 2 ) ox
2 2 22
= 0—311—7[ cos(nﬂxij(x,t) 3z J. sin(nﬁxede
2 2 0 4 2
3’z ¢ nwx
=0- j Usin(—jdx [ U0,0)=U(2,)=0]
+ 9 2
2 2 22
é_[U sin(n”xjdx __nz '[Usin(ﬂjdx ............ (1)
oty 2 4 5 2
2
Let, F(n,0)=[U(x.1) sin(”T’”jdx ..................... (i)
0

then from (i) we get,
OF (n,t) 3n’n’
or, =—

F(n.t
ot 4 (n.)
2_2
" OF (n,t) :_Sn LAY
F(n.t) 4
3n’x’t

or, Log F(n,t)=-

+ LogA [By integrating]

3n’x’t
of, F(n,) = Ae  * oo (iii)
or, F(n,0)=A4 .cceeerveerereernn. (iv)

2
Again from (i) we get, F(1,0) = I U(x,0) sin(n;rxjdx
0

17



xsin(%)dx [-Ux0)=x, 0<x<2]

2
!
2 g2
=|- —xcos{n—”xj + —jcos(nﬂxjdx
nr 2 nr 2

LA=- 4 COSNT [Using (iv)]

3’7t

Hence from (iii) we get, F(n,t)= —iCOS(l’lﬂ') e 4
nxw

Now, the reciprocal relation of (ii) is given by U (x,t)= %ZF (n,t) sin(%)

n=1

0 _3}1271'2[
or, U(x,t)= Z—%cos(nﬂ) e * sin(n—zxj

n=l1

0 73n27r2[
or, Un=3 = e+ sinf "2

n=l1

0 4(_ 1)r1+1 nTx 73n27r2t
or, U(x,t)= Z sin( Je 4 (Proved)
o N7 2

IS AEIR Solve the boundary value problem Z—u=42—u; where 1(0,y)=8¢"" by the method of
X Y

variables separation.

Solution: Given, ou = 46_u ............. )
ox oy
In order to apply the method of separation of variables let, u(x, y) = X(x).Y(y) is a solution of (i).
.'.a—u:X’Y and a—u:XY’,
ox oy
Putting these values in equation (i) we get,
X'Y=4XY'
or, X = LA (i1)
4X Y

Since the left hand side of (ii) is a function of x only and the right hand side of (ii) is a function of y only
then the equation (ii) is true only if each side is equal to the same constant.

So, Let, & =1 _
4X Y
or,X'-41X =0, or, Y=Y =0

The solutions of these equation are, X = Ae*** and Y = Be™

Therefore the general solution of Eq. (i) is u(x,y) = ABe***e’” = ke*»)* Here, k are arbitrary constants.
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s u(0, ) = ke™
or, 8¢ = ke’ this is possible only when k =8 and A=-3

Hence the required solution is u(x,y) =8¢ (x) Aps.

2
IS BB Find the solution of Z =h’ ZM where u(0,t)=u(/,t)=0 and u(x,0)= s1r(7[lijy the method
X’

of variables separation.

2
Solution: Given that, a—b; L (i)
ox ot
In order to apply the method of separation of variables let, u(x,t) = X(x).T(¢) is a solution of (1).
M _x'T and P oxr,
“ox ot
2
and 6_ =X"T
ox’
Putting these values in equation (i) we get,
X'T=hnXT'
X" T .
[, —— = — e il
X T @)

Since the left hand side of (ii) is a function of x only and the right hand side of (ii) is a function of t only
then the equation (ii) is true only if each side is equal to the same constant.

So,  Let, X =1
h X T
or, X"+ 2*h*X =0, or, T'"+A*T=0

The solutions of these equation are, X = 4, cosAhx+ B;sinAhx and T = Cle'izt

Therefore the general solution of Eq. (i) is u(x,t) = (A1 cos Ahx + B, sin lhx)Cle’ﬂzt

= (Acos Ahx+ Bsin Ahx)e ™ oovvvvvvovererene (i)
Here, 4 C,=A4, B,C,=B are arbitrary constants.
since u(0,7)=0
or, Ae”" =0 thisis possible only when 4 =0
Then from Eq. (ii) u(x,t) = Be™” " SinARX eovvvere.. (iii)
Again since u(l,t)=0
“.Be™'sin 1hl =0

or, sin Ahl =0 l B#0, e £0
or, Ahl=nr
or, A= nr
Wl
Then from Eq. (iii) u(x,?) = Be (’” ) sin? ................. (iv)

Again since u(x,0) = sir{”lxj
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Bsin? = Si{ﬂlxj this is possible only when B =1 and ? =? =n=1

2
(=Y,
Then from Eq. (iv), u(x,t)=e [’”) sin? Ans.

IS GEME Find the solution of ou =2 Z—L; +u where u(x,0)=6e™" which is bounded for x>0, =0

ox
by the method of variables separation.
Solution: Given that, ou =2 ou F Ui (1)
Ox ot
In order to apply the method of separation of variables let, u(x,¢) = X (x).T(¢) is a solution of (i).
.'.a—u:X’T and a—u:XT',
Ox ot

Putting these values in equation (i) we get,
X'T=2XT"+XT
or, £:22+1 ............. (i1)
X T
Since the left hand side of (ii) is a function of x only and the right hand side of (ii) is a function of t only
then the equation (ii) is true only if each side is equal to the same constant.
So, Let,X—:2£+1:c
X T
or,X'—cX =0,
and 27" —(c-1)T =0
(c-1)t
The solutions of these equation are, X = 4e** and 7T =Be ?
(et
Therefore the general solution of Eq. (i) is u(x,t) = Ae“* Be *?

)x+(c—1)t

=Ke' 7 . (iii)
Here, AB =K are arbitrary constants.

since u(x,0)=6e""
or, Ke® =6¢* then K =6 and ¢ = -3
Then from Eq. (iii) u(x,7)=6e>"> Ans.

I9QINEHBIIHE A string is stretched and fastened to two points / apart. Motion is started by displacing the
string into the form y =/x— x> from which it is released at time ¢ =0. Find the displacement of any

point on the string at a distance of x from one end at time ¢.

2 2
Solution: The equation of vibration of the string is given by ?g/ =c’ Z—Z ................................ 6)]
X
As the end points of the string are fixed for all time, 50, (0,7) =0 c.ooceeriiriereeiienieieeeeeeeee (i1)
and Y(1,1) =0 oo (ii1)
since the initial transverse velocity of any point of the string is zero, so, (g—yJ =0 e (iv)
t t=0
and  p(x,0) =X = X7 oo v)
Solution of (i) is ¥ = (4, cos Ax + A4, sin Ax)(A4, cos Act + A, SIN ACE) ...ocveuvenvenvcunnnee (vi)
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Using (ii), y(0,2) =0
or, 0=4,(A4,cosAct+ A,;sinAct)  so, 4, =0
Hence from Eq.(vi) becomes, y = A4, sin Ax(4, cos Act + A, sin Act) ................... (vii)

% = A, sin Ax(—A,Acsin Act + A, Accos Act)

Using (iv), 0= 4,4,AcsinAx A4, #0, so,A,=0.
Hence Eq. (vii) is reduce to, y = 4,4, SINAXCOSACE .....ocuevueennen (viii)
Using (iii), y(/,¢)=0
or, 0= 4,4, sin Al cos Act
ssinAl=0
=>A=nr

:l:% where n=1,23,---

Hence Eq. (viii) becomes y =5, sin(%) cos(m;crj where b, = 4,4,
So the complete solution is y(x,¢) = an sin(%) cos(m;CtJ ............. (ix)
n=1
Using (v)  b-x*=b, sin(?j ............................ (x)
n=1

Hence by Fourier transformation

b, =—j Ix—x )sm( z jdx

- Lol 22 o 2 o 22

2
o 20 207 } i when n is odd

~| N

of
_ - — 3_3

- (=D 5 35t 33 nz

/ nwrl o n'rw .

= 0 when n is even

Putting the value of b, in (ix), y(x,?) Z s1n( 7 jcos(m;aj when 7 is odd. Ans.
'

n=1
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