
Fourier Series 
 
Introduction: French Mathematician Joseph B. J. Fourier (1768-1830) at first uses his trigonometric 
series (Fourier series) for heat transfer in physics. According to his name this trigonometric series is 
called Fourier series. Now Fourier series is applied to solve the problem in various branches of physics. 
 
Periodic functions: A function )(xf  of real variable x  is said to be periodic if there exists a non zero 

number T independent of x , such that )()( xfTxf  .  

Examples: xxf sin)(   is periodic with period 2 . 

Odd or Even functions: A function )(xf  is said to be odd if it changes sign with the change of sign of 

the  variable x  that is if )()( xfxf  , 

 and A function )(xf  is said to be even if it does not changes sign  with the change of sign of the variable 

x  that is if )()( xfxf  .  

Examples: (i) 3)( xxf  is odd function and (ii) 2)( xxf  is even function. 

       
Fourier series: Under certain condition of the function )(xf  in a period   x  can be represent a 

trigonometric series  
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 which is known as Fourier series with the Fourier 

constants or coefficients nn baa ,,0 . 

 
Determination of the Fourier constants in a period   x   or  2 : 

We consider that the Fourier series in a period   x  is 
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Now integrating (i) in ),(  we get, 
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Multiplying (i) by nxcos  and integrating in ),(  we get, 
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Similarly multiplying (i) by nxsin  and integrating in ),(  we get, 
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Note: i) If )(xf  is an even function then we have  
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    ii) If )(xf  is an odd function then we have  

 ,0)(
1

0  





dxxfa  ,0cos)(

1
 






nxdxxfan  0sin)(

1
 






nxdxxfbn  

Determination of the Fourier constants in a period L2 : 

 In a addition to the Fourier series with period 2 we like to develop a Fourier series with period L2 . 
Let us consider the function )(y  in ),( LL which is integrable. 
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In that case the Fourier series for )(xf is 
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Hence the Fourier coefficients are given by  
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Theorem: State and Prove Parseval’s theorem. 
 Statement: If the Fourier series of a function )(xf  is converses uniformly in the interval (-L, L) then   
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 where nn baa ,,0  are Fourier constants. 

Proof: We have the Fourier series of a function )(xf  in the interval ),( LL is 



 3

 









 

1

0 sincos
2

)(
n

nn L

xn
b

L

xn
a

a
xf


......................(i) 

 Multiplying both sides of (i) by )(xf  and integrating with respect to x  in the interval ),( LL  
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 which is the Parseval’s theorem (Proved). 

 
Question 1: What is half range cosine series? Expand the half range cosine series. 
  Or, What is cosine series? Expand the cosine series. 
Fisrt Part: The part which contains only the cosine term in Fourier series is called half range cosine 
series. Its range is ),0(  which is half range of ),(   of Fourier series. In the case of even function 

cosine term remain. 

Expansion: The cosine series in the range ),0(   is 
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Now integrating both sides with respect to x  in the limit 0 to   we obtain 
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Multiplying (i) by nxcos  and integrating in ),0(  we get, 
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Question 2: What is half range sine series? Expand the half range sine series. 
  Or, What is sine series? Expand the sine series. 
Fisrt Part: The part which contains only the sine term in Fourier series is called half range sine series. Its 
range is ),0(  which is half range of ),(   of Fourier series. In the case of odd function sine term 

remain. 

Expansion: The sine series in the range ),0(   is 
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Multiplying (i) by nxsin  and integrating in ),0(  we get, 
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Dirichlet’s conditions: Let any function )(xf  

 i) )(xf  is defined in ),( LL  except some finite points. 

 ii) )(xf  is with period L2  outside ),( LL  and 

 iii) in ),( LL  the function )(xf  and )(xf   are continuous. 
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 a) )(xf  is convergent to )(xf  if )(xf  is continuous at x . 

 b) )(xf  is convergent to 
2

)0()0(  xfxf
 if )(xf  is discontinuous at x . 

Problem-1: Expand the Fourier series for 2)( xxf   within   x ,  
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Solution: Given that 2)( xxf   within   x , 
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Now putting these values in (i) we get the expanded Fourier series 
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Problem-2: Expand the Fourier series for 
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4

4.

4

2.1 322 


 

  
6

2
  

  




2

0

cos)(
1

nxdxxfan  

   









 


2

0

22

cos
424

1
nxdx

xx
 

   



 2

0

2
2

0

2

0

cos
4

1
cos

2

1
cos

4
nxdxxnxdxxnxdx  

  
























 2

0

2

0

22

0
2

2

0

2

0

sin
2

4

1sin

4

1cos

2

1sin

2

1sin

4
dx

n

nx
x

n

nxx

n

nx

n

nxx

n

nx
 

  





2

0
2

2

0
2

sin

2

1cos

2

1
0)12(cos

2

1
00 









n

nx

nn

nxx

n
n

n
 

  0)02cos2(
2

1
0

2
 


n

n
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2

1

n
  

  




2

0

sin)(
1

nxdxxfbn  

   









 


2

0

22

sin
424

1
nxdx

xx
 

   



 2

0

2
2

0

2

0

sin
4

1
sin

2

1
sin

4
nxdxxnxdxxnxdx  

    



























 2

0

2

0

22

0
2

2

0

2

0

)cos(
2

4

1cos

4

1sin

2

1cos

2

1cos

4
dx

n

nx
x

n

nxx

n

nx

n

nxx

n

nx
 

 








2

0
2

2

0

2 cos

2

1sin

2

1
)02cos4(

4

1
0)02cos2(

2

1
0 









n

nx

nn

nxx

n
n

n
n

n
 

 )12(cos
2

1
0

3
 




n
nnn

 

 0  

Putting the values of nn baa ,,0  in (i), 





1

2

2 cos

12
)(

n n

nx
xf


         (Showed) 

Problem-4: Find the Fourier series in the expansion of a function represented by 









.0,2

0,0
)(

3 



xifx

xif
xf  

Solution: Given that 









.0,2

0,0
)(

3 



xifx

xif
xf   

 We know that the Fourier series in   x  is  





1

0 sincos
2

)(
n

nn nxbnxa
a

xf ............(i) 

 Here,  






dxxfa )(

1
0  

   




  0

3
0

2
1

0
1

dxxdx  

  



0

4

4

2
0 










x
 

  
2

3
  

  






nxdxxfan cos)(

1
 

   




  0

3
0

cos2
1

cos0
1

nxdxxnxdx  

  











 0

2

0

3 sin
3

2sin2
0 dx

n

nx
x

n

nxx
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  














 00

2 cos
2

6cos6
0 dx

n

nx
x

nn

nxx

n
 

  





 0
22

0
2

2 cos12sin12)1(6













n

nx

nn

nxx

nnn

n

 

  }1)1{(
12

0
)1(6

42



 n

n

nn 


 

  }1)1{(
12)1(6

42



 n

n

nn 


 

 

  






nxdxxfbn sin)(

1
 

   




  0

3
0

sin2
1

sin0
1

nxdxxnxdx  

  









 




 0

2

0

3 )cos(
3

2)cos(2
0 dx

n

nx
x

n

nxx
 

  














 00

2
3 sin

2
6sin6

)0cos(
2

dx
n

nx
x

nn

nxx

n
n

n
 

  





0
22

0
22

2 sin12cos12
)0(

6)1(2













n

nx

nn

nxx

nnn

n

 

  0}0)1({
12)1(2

3

12







n
n

nn





 

  
3

12 )1(12)1(2

nn

nn 






 

Putting the value of nn baa ,,0  in (i),   

 





















 

















1
3

12

42

3

sin
)1(12)1(2

cos)1)1((
12)1(6

4
)(

n

nn
n

n

nx
nn

nx
nn

xf





 Ans. 

Problem-5: Expand the Fourier series in 22  x  for 








20;

02;2
)(

xx

x
xf   

Solution: Given that 








20;

02;2
)(

xx

x
xf   

 We know that the Fourier series in 22  x  is 









 

1

0

2
sin

2
cos

2
)(

n
nn

xn
b

xn
a

a
xf


.....(i) 

 Here,  



2

2

0 )(
2

1
dxxfa  

   


2

0

0

2

)(
2

1
)(

2

1
dxxfdxxf  

   


2

0

0

2 2

1
2

2

1
dxxdx  
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   
2

0

2
0

2 22

1








 

x
x  

  )02(
2

1
)20(   

  3  

  



2

2 2
cos)(

2

1
dx

xn
xfan


 

   


2

0

0

2 2
cos

2

1

2
cos2

2

1
dx

xn
xdx

xn 
 

  

2

0

22

2

0

0

2 4

2
cos

2

1

2

2
sin

2

1

2

2
sin






































































n

xn

n

xn
x

n

xn

 

  )1(cos
2

00
22

 


n
n

 

   1)1(
2

22
 n

n 
 

  



2

2 2
sin)(

2

1
dx

xn
xfbn


 

   


2

0

0

2 2
sin

2

1

2
sin2

2

1
dx

xn
xdx

xn 
 

  

2

0

22

2

0

0

2 4

2
sin

2

1

2

2
cos

2

1

2

2
cos





































































n

xn

n

xn
x

n

xn

 

  0)0cos2(
1

)cos1(
2

 





n
n

n
n

 

  
n
2

  

Putting the values of nn baa ,,0  in (i),  







 

1
22 2

sin
2

2
cos1)1(

2

2

3
)(

n

n xn

n

xn

n
xf







 Ans. 

Home Works:ss 
Problem-6: Expand the Fourier series in   x  for xxf )(   

Problem-7: Expand the Fourier series in   x  for 



















x

x
xf

0;
4

0;
4)(  

Problem-8: Expand the Fourier series in   x  for 


















x

x

x

xf

0;1

0;0

0;1

)(  
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Problem-9: Expand the Fourier series in   x  for 











xx

xx
xf

0;

0;
)(   

Problem-10: Expand the Fourier series for 








20;1

02;0
)(

x

x
xf   

 
Theorem: State and prove Fourier integral theorem. 

Statement: It states that  
 




0

)(cos)(
1

)( dudtxtutfxf


. 

Proof: We know that the Fourier series of a function )(xf  in the interval ),( LL is 

 









 

1

0 sincos
2

)(
n

nn L

xn
b

L

xn
a

a
xf


......................(i) 

where the Fourier coefficients are ,)(
1

0 



L

L

dttf
L

a  ,cos)(
1




L

L

n dt
L

tn
tf

L
a


 




L

L

n dt
L

tn
tf

L
b


sin)(

1
.   

Substituting the values of nn baa ,,0  in (i) we get, 

  


 










1

sinsin)(
1

coscos)(
1

)(
2

1
)(

n

L

L

L

L

L

L

dt
L

xn

L

tn
tf

L
dt

L

xn

L

tn
tf

L
dttf

L
xf


 

 or,  


 












 

1

sinsincoscos)(
1

)(
2

1
)(

n

L

L

L

L

dt
L

xn

L

tn

L

xn

L

tn
tf

L
dttf

L
xf


 

 or,  


 










1

)(cos)(
1

)(
2

1
)(

n

L

L

L

L

dtxt
L

n
tf

L
dttf

L
xf


 

 or, dtxt
L

n
tf

L
xf

n

L

L








 



 1

)(cos21)(
2

1
)(


.......................(ii) 

 Since cosine functions are even, i.e;  cos)cos(  . 

 So, the expression 









nn

xt
L

n
xt

L

n
)(cos)(cos21

1


. 

Then the equation (ii) becomes dtxt
L

n
tf

L
xf

n

L

L








 





)(cos)(
2

1
)(


 

    or, dtxt
L

n

L
tfxf

n

L

L








 





)(cos)(
2

1
)(




................(iii) 

Let us assume that L  increases indefinitely, so that we may write u
L

n



 and du

L



 

This assumption gives, duxtuduxtuxt
L

n

L n
L 




















0

lim
)(cos2)(cos)(cos


............(iv) 

Using (iv) in (iii) we get, dtduxtutfxf 





0

)(cos2.)(
2

1
)(


 

   or, dudtxtutfxf  
 




0

)(cos)(
1

)(


 (proved). 
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Fourier sine and cosine integrals:  

     Fourier sine integral is dtduuxuttfxf  
 


0 0

sinsin)(
2

)(


 

       and Fourier cosine integral is dtduuxuttfxf  
 


0 0

coscos)(
2

)(


 

Fourier integral transform:  We know, the Fourier complex integral is  








 dudteetfxf iuxiut)(
2

1
)(


. 

 If we put   




 dtetfuF iut)(
2

1
)(


...............(i) 

 Then we get, 




 dueuFxf iux)(
2

1
)(


...............(ii) 

 If a pair of function is reciprocally related as in equation (i) and (ii) then they are called Fourier integral    
 transform of one another. 
Fourier sine and cosine transform:  

 We know, the Fourier sine integral is dtduuxuttfxf  
 


0 0

sinsin)(
2

)(


.................(i)  

 If we put   



0

sin)(
2

)( dtuttfuh


...............(ii) 

 Then we get from (i), 



0

sin)(
2

)( duuxuhxf


...............(iii) 

 If a pair of function is reciprocally related as in equation (ii) and (iii) then they are called Fourier sine    
 transform of one another. 

 We know, the Fourier cosine integral is dtduuxuttfxf  
 


0 0

coscos)(
2

)(


.................(iv)  

 If we put   



0

cos)(
2

)( dtuttfug


...............(v) 

 Then we get from (iv), 



0

cos)(
2

)( duuxugxf


...............(vi) 

 If a pair of function is reciprocally related as in equation (v) and (vi), then they are called Fourier cosine    
 transform of one another. 
 

Problem-1: Determine Fourier sine and cosine transform of xuexf )( . 

Solution:  We know Fourier sine transform 



0

sin)(
2

)( dxxvxfvh


 

       or, 



0

sin
2

)( dxxvevh xu


 

       or, 
22

2
)(

vu

v
vh





    [By Laplace integral transform] 
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 The reciprocal relation is given by 



0

sin)(
2

)( dvvxvhxf


 

     or, 





0
22

sin
22

)( dvvx
vu

v
xf


 

     or, 







0
22

sin2
dv

vu

vxv
e xu


  

Also, we know Fourier cosine transform 



0

cos)(
2

)( dxxvxfvg


 

       or, 



0

cos
2

)( dxxvevg xu


 

       or, 
22

2
)(

vu

u
vg





    [By Laplace integral transform] 

 The reciprocal relation is given by 



0

cos)(
2

)( dvvxvgxf


 

     or, 





0
22

cos
22

)( dvxv
vu

u
xf


 

     or, 







0
22

cos2
dv

vu

vxu
e xu


  

Problem-2: Determine Fourier transform of 2
2x

e


  Or, Determine Fourier cosine transform of 2
2x

e


. 

Solution:  We know Fourier cosine transform 



0

cos)(
2

)( dxxvxfvg


............(i) 

      or, 





0

2 cos
2

)(
2

dxxvevg
x


............(ii) 

 Let, 





0

2 cos
2

dxxveI
x

.............(iii) 

 or, 








0

2 sin
2

dxxvex
v

I x
 

  










 

0

2

0

2
22

cossin dxexvvexv
xx

 

  





0

2
2

cos0 dxexvv
x

 

  Iv  

 vdv
I

dI
  

 or, Logc
v

LogI 
2

2

 

 or, 2

2v

ecI


 ....................(iv) 

when 0v , then from (iii) we get, 
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 





0

2
2

dxeI
x

 

 



0

2
2

dze z   Put, dzdxz
x

2
2

  

 



0

2

2 dze z   

 
22

2


 ..........................(v)  

Also, when 0v , then from (iv) we get, cI  ...................(vi) 

Hence from (v) and (vi) we get 
2


c  

and from (iv) we get, 2

2

2

v

eI





 

Therefore we obtain from (ii),    22

22

2

22
)(

vv

eeIvg






 

The reciprocal relation is given by 



0

cos)(
2

)( dvxvvgxf


 

    or, 





0

22 cos
2

22

dvxvee
vx


 Ans. 

 

Problem-3: Find the Fourier transformation of xexF )(  in . x  

Solution:  We know Fourier integral transform 




 dueuFf ui 


 )(

2

1
)( .............. (i) 

  







 








0

0

)()(
2

1
)( dueuFdueuFf uiui 


  

  







 








0

0

2

1
dueeduee uiuuiu 


 

  







 








0

)1(
0

)1(

2

1
duedue uiui 


 

   




























0

)1(0)1(

112

1





i

e

i

e uiui

 

  













 ii 1

1

1

1

2

1
    0,10  ee  

  










21

2

2

1


 

Also the reciprocal relation of (i) is given by 
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 




 


 defxF xi)(
2

1
)(  

 or, 













 


 dexF xi
21

2

2

1

2

1
)(  

 or, 


 
 





d
e

xF
xi

21

1
)(  Ans. 

Problem-4: Using Fourier transform solve the heat equation with boundary condition: 

     ;
2

2

x

u

t

u








 0,0  tx ; subject to the condition 








.1,0

10,1
)0,(,0),0(

x

x
xutu  and ),( txu  is bounded. 

Solution:  Given, 
2

2

x

u

t

u








 

  Taking Fourier sine transform on both sides we get, 

  









0
2

2

0

sinsin nxdx
x

u
nxdx

t

u
 

       or,  


















000

cossinsin dx
x

u
nxn

x

u
nxnxdxu

t
 

              


 
0

2
0 sincos0 udxnxnunxn       



 




xas
x

u
0  

              



0

2 sin),0( udxnxntun            xasu 0  

       or,  






0

2

0

sinsin nxdxunnxdxu
t

............(i) 

 Let, 



0

sin),(),( nxdxtxutnF .....................(ii)  

then from (i) we get,            

      or, ).(
),( 2 tnFn

t

tnF





     

      or, tn
tnF

tnF


 2

).(

),(
    

      or, LogAtntnLogF  2),(    [By integrating]  

      or, tnAetnF
2

),(     ...........................(iii) 

      or, AnF )0,(   ..........................(iv)  

Again from (ii) we get, 



0

sin)0,()0,( nxdxxunF  

        
1

0

sin nxdx             10,1)0,(  xxu  

        
n

n

n

nx cos1cos
1

0






          
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n

n
A

cos1
         [Using (iv)] 

Hence from (iii) we get, tne
n

n
tnF

2cos1
),( 
  

Now, the reciprocal relation of (ii) is given by 



0

sin),(
2

),( nxdntnFtxu


 

      or,  





0

sin
cos12

),(
2

dnnxe
n

n
txu tn


  

          Which is the required solution. 
 

Problem-5: Using Fourier transform solve the heat equation with boundary condition: ;
2

2

x

F

t

F








  

     0,  tx ; subject to the condition: ,0)(),(  twhenxftxF  



xwhen
x

F
0 .  

Solution:  Given, 
2

2

x

F

t

F








 

  Taking Fourier sine transform on both sides we get, 

  






 






nxdx
x

F
nxdx

t

F
sinsin

2

2

 

       or,  










 















dx
x

F
nxn

x

F
nxnxdxF

t
cossinsin  

              





  FdxnxnFnxn sincos0 2       



 




xas
x

u
0  

              




 dxnxFn sin2           

       or,  












nxdxFnnxdxF
t

sinsin 2 ............(i) 

 Let, 




 nxdxtxFtnu sin),(),( .....................(ii)  

then from (i) we get,            

      or, ).(
),( 2 tnun

t

tnu





     

      or, tn
tnu

tnu


 2

).(

),(
    

      or, LogAtntnuLog  2),(    [By integrating]  

      or, tnAetnu
2

),(     ...........................(iii) 

      or, Anu )0,(   ..........................(iv)  

Again from (ii) we get, 




 nxdxxFnu sin)0,()0,(  

     




 nxdxxfA sin)(        [Using (iv)] 
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Hence from (iii) we get, dxenxxftnu tn2

sin)(),( 



  

Now, the reciprocal relation of (ii) is given by 




 nxdntnutxF sin),(
2

),(


 

      or,   









 dndxnxexftxF tn 2sin)(
2

),(
2


  

          Which is the required solution. 
 
 

Problem-6: Prove that the solution of the boundary value problem ;3
2

2

x

U

t

U








  

 0,0),2(),0(  ttUtU ; and 20,)0,(  xxxU    is  4

3

1

1
22

2
sin

)1(4
),(

tn

n

n

e
xn

n
txU


















 .  

Proof:  Given, 
2

2

3
x

U

t

U








 

 Taking finite Fourier sine transform (with L=2) on both sides we get, 

   



















 2

0
2

22

0 2
sin3

2
sin dx

xn

x

U
dx

xn

t

U 
 

       or,   




































 2

0

2

0

2

0 2
cos

2

3

2
sin3

2
sin dx

x

Uxnn

x

Uxn
dx

xn
U

t


 

           






















2

0

222

0 2
sin

4

3
),(

2
cos

2

3
0 Udx

xnn
txU

xnn 
 

           







2

0

22

2
sin

4

3
0 dx

xn
U

n 
             0),2(),0(  tUtU   

        


















2

0

222

0 2
sin

4

3

2
sin dx

xn
U

n
dx

xn
U

t


............(i) 

 Let,  







2

0 2
sin),(),( dx

xn
txUtnF


.....................(ii)  

then from (i) we get,            

      or, ).(
4

3),( 22

tnF
n

t

tnF 





     

      or, t
n

tnF

tnF



4

3

).(

),( 22
    

      or, LogA
tn

tnFLog 
4

3
),(

22
   [By integrating]  

      or, 4

3 22

),(
tn

AetnF



    ...........................(iii) 

      or, AnF )0,(   ..........................(iv)  

Again from (ii) we get,  







2

0 2
sin)0,()0,( dx

xn
xUnF


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       







2

0 2
sin dx

xn
x


        20,)0,(  xxxU  

       






















2

0

2

0 2
cos

2

2
cos

2
dx

xn

n

xn
x

n







        

      
2

0
22 2

sin
4

0cos
4

















xn

n
n

n







        

      


n
n

cos
4

         

     


n
n

A cos
4

        [Using (iv)] 

 

Hence from (iii) we get, 4

3 22

)cos(
4

),(
tn

en
n

tnF






  

Now, the reciprocal relation of (ii) is given by 











1 2
sin),(

2

2
),(

n

xn
tnFtxU


 

      or,  













1

4

3

2
sin)cos(

4
),(

22

n

tn xn
en

n
txU






  

      or,  













1

4

3

2
sin)1(

4
),(

22

n

tn
n xn
e

n
txU






  

      or,  4

3

1

1
22

2
sin

)1(4
),(

tn

n

n

e
xn

n
txU


















   (Proved) 

  

Problem-7: Solve the boundary value problem ;4
y

u

x

u








 where yeyu 38),0(   by the method of 

variables separation. 

Solution:  Given, 
y

u

x

u








4 .............(i) 

In order to apply the method of separation of variables let, )().(),( yYxXyxu   is a solution of (i). 

YX
x

u 



  and  YX
y

u 



,  

Putting these values in equation (i) we get, 
 YXYX  4  

or, 
Y

Y

X

X 



4

.............(ii) 

Since the left hand side of (ii) is a function of x only and the right hand side of (ii) is a function of y only 
then the equation (ii) is true only if each side is equal to the same constant. 

So, Let, 





Y

Y

X

X

4
 

,04,  XXor    or, 0 YY   

The solutions of these equation are, xeAX 4   and    yBeY   

Therefore the general solution of Eq. (i) is   yxyx keeABeyxu  44),(   Here, k are arbitrary constants. 
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 ykeyu  ),0(  

 or, yy kee 38  this is possible only when 38  andk  

Hence the required solution is  yxeyxu  438),(  Ans. 

  

Problem-8: Find the solution of 
t

u
h

x

u






 2

2

2

 where 0),(),0(  tlutu  and 






l

x
xu


sin)0,( by the method 

         of variables separation. 

Solution:  Given that, 
t

u
h

x

u






 2

2

2

.............(i) 

In order to apply the method of separation of variables let, )().(),( tTxXtxu   is a solution of (i). 

TX
x

u 



  and  TX
t

u 



,  

and TX
x

u 



2

2

  

Putting these values in equation (i) we get, 

 TXhTX  2  

or, 
T

T

Xh

X 



2

.............(ii) 

Since the left hand side of (ii) is a function of x only and the right hand side of (ii) is a function of t only 
then the equation (ii) is true only if each side is equal to the same constant. 

So,  Let, 2
2







T

T

Xh

X
 

 ,0, 22  XhXor    or,  02  TT   

The solutions of these equation are, hxBhxAX  sincos 11    and    teCT
2

1
  

Therefore the general solution of Eq. (i) is   teChxBhxAtxu
2

111 sincos),(      

         tehxBhxA
2

sincos   .......................(ii) 

       Here, BCBACA  1111 ,   are arbitrary constants. 

 since 0),0( tu  

 or, 0
2

 tAe   this is possible only when 0A  

Then from Eq. (ii) hxBetxu t  sin),(
2 .................(iii) 

Again since  0),( tlu  

 0sin
2

  hlBe t   

 or, 0sin hl    0,0
2

  teB   

 or,  nhl    

 or, 
hl

n    

Then from Eq. (iii) 
l

xn
Betxu

t
hl

n 

sin),(

2









 .................(iv) 

Again since  






l

x
xu


sin)0,(  
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 






l

x

l

xn
B


sinsin  this is possible only when 1B  and 1 n

l

x

l

xn 
 

Then from Eq. (iv),  
l

x
etxu

t
hl 


sin),(

2









 Ans. 

Problem-9: Find the solution of u
t

u

x

u









2  where xexu 36)0,(   which is bounded for 0,0  tx   

  by the method  of variables separation. 

Solution:  Given that, u
t

u

x

u









2 .............(i) 

In order to apply the method of separation of variables let, )().(),( tTxXtxu   is a solution of (i). 

TX
x

u 



  and  TX
t

u 



,  

Putting these values in equation (i) we get, 
 XTTXTX  2  

or, 12 





T

T

X

X
.............(ii) 

Since the left hand side of (ii) is a function of x only and the right hand side of (ii) is a function of t only 
then the equation (ii) is true only if each side is equal to the same constant. 

So,  Let, c
T

T

X

X






12  

 ,0,  cXXor    

          and  0)1(2  TcT  

The solutions of these equation are, xcAeX    and    2

)1( tc

BeT


  

Therefore the general solution of Eq. (i) is 2

)1(

),(
tc

xc BeAetxu


    

       2

)1( tc
cx

Ke



 .......................(iii) 

       Here, KAB    are arbitrary constants. 

 since xexu 36)0,(   

 or, xcx eKe 36   then 6K  and 3c  

Then from Eq. (iii) txetxu 236),(     Ans. 

 
Problem-10: A string is stretched and fastened to two points l apart. Motion is started by displacing the 

string into the form  2xlxy   from which it is released at time 0t . Find the displacement of any 

point on the string at a distance of x  from one end at time t .   

Solution:  The equation of vibration of the string is given by  
2

2
2

2

2

x

y
c

t

y








 ................................(i) 

As the end points of the string are fixed for all time, so, 0),0( ty ................................................(ii) 

       and 0),( tly   ................................................(iii) 

since the initial transverse velocity of any point of the string is zero, so, 0
0











tt

y
 ........................(iv) 

        and   2)0,( xlxxy    ............................(v) 

Solution of (i) is )sincos)(sincos( 4321 ctActAxAxAy   ........................(vi) 
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Using (ii), 0),0( ty  

 or, )sincos(0 431 ctActAA         so, 01 A  

Hence from Eq.(vi) becomes, )sincos(sin 432 ctActAxAy   ...................(vii) 

    )cossin(sin 432 ctcActcAxA
t

y  



  

  Using (iv), xcAA  sin0 42  .0,,0 42  AsoA  

Hence Eq. (vii) is reduce to,  ctxAAy  cossin32 ....................(viii) 

  Using (iii), 0),( tly  

  or, ctlAA  cossin0 32  

  0sin  l  
   nl   

  
l

n    where ,3,2,1n  

Hence Eq. (viii) becomes 















l

tcn

l

xn
by n


cossin    where 32AAbn   

So the complete solution is 



















1

cossin),(
n

n l

tcn

l

xn
btxy


.............(ix) 

         Using (v)   











1

2 sin
n

n l

xn
bxlx


............................ (x) 

Hence by Fourier transformation 

    dx
l

xn
xlx

l
b

l

n 





 


sin
2 2

0

 

  
l

l

xn

n

l

l

xn

n

l
xl

l

xn

n

l
xlx

l
0

33

3

22

2
2 cos2sin)2(cos

2



































































 

 














 

evenisnwhen

oddisnwhen
n

l

n

l

n

l

l
n

0

8
22

)1(
2 33

2

33

3

33

3
1 

 

Putting the value of nb  in (ix),    



















1
33

2

cossin
8

),(
n l

tcn

l

xn

n

l
txy




 when n is odd. Ans. 

 
 
 
 
  
 
 
  
 


