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Power Series: A Power Series is an infinite series of the form
o
2 apu(x—c)"=ap+ta;(x—c)ta(x—c)?+az;(x—c)¥+ ...
n=0

th>>

where “a,” represents the co-efficient of the “n™” term and “c” is a constant.

Analytic Function: A function f(x) defined on interval containing the point x=x, is called analytic at xo if its
Taylor Series.

[oe]

f(m)
)= ) n(f“’) (x—xo)"

n=0

exists and converges to f(x) for all x in the interval of the convergence
Hence, we find that all polynomial functions, €*, sin X, cos X, sinh x and cosh x are analytic everywhere. A
rational function is analytic except all those values of x at which its denominator is zero, for example, the
rational function defined by x/(x>-3x + 2) is analytic everywhere except at x =1 and x = 2.
Ordinary and Singular Points
Definition:
A point x=X, is called an ordinary point of the equation.
Yy +P(x)y’+Q(x)y=0

if both the functions P(x) and Q(x) are analytic at x=xo

If the point X=X is not an ordinary point of the differential equation, then it is called a singular point of the
differential equation.

There are two types of singular points:

» Regular singular points
» Irregular singular points

A singular point x=x of the differential equation is called a regular singular point of the differential
equation if both (x=x0)P(x) and (x=x¢)*Q(x) are analytic at X=X

A singular point, which is not regular is called an irregular singular point of the differential equation.
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Related Mathematical Problems:

Problem 01: Determine whether x=0 is an ordinary point or a regular singular point of the differential
equation 2x*(d?v/dx?)+7x(x+1)(dv/dx)-3y=0

Solution:
Dividing by 2x2, the given equation becomes

d?y = 7(x+1) dy 3 _
L DY 2y 0, (1)

Comparing (1) with standard equation y” +P(x)y’+ Q(x)y=0, we have
P(x)=[7(x+1)]/2x
Qx)=-3/(2x2)

Since both P(x) and Q(x) are undefined at x=0, so both P(x)and Q(x) are not analytic at x=0. Thus x=0 is not
an ordinary point and so x=0 is a singular point.

Also, (x-0)P(x)=7(x+1)/2 and (x-0)*Q(x)=-3/2, showing that both (x-0)P(x) and (x-0)*Q(x) are analytic at
x=(0. Therefore x=0 is a regular singular point. (showed)

1800002

Problem 02: Show that x=0 is an ordinary point of (x? — 1)y” + xy’ —y = 0, but x=1 is a regular
singular point.

Solution:

Dividing by (x3-1), the given equation becomes

d?y X dy 1 .
w2 T oDa e oy = 0. e @)

Comparing (1) with standard equation y”+P(x)y’+Q(x)y=0, we get
P(x)=x/[(x-1)(x+1)]
Qx)=-1/{(x-1)(x+1)}

Since both P(x) and Q(x) are analytic at x=0, so x=0 is an ordinary point of the given equation (1)
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Since both P(x) and Q(x) are undefined at x=1, so they are not analytic at x=1. Thus x=1 is not an ordinary
point and so x=1 is a singular point.

Also (x-1)P(x)=x/(x+1) and (x-1)*Q(x)=-(x-1)/(x+1), showing that both (x-1)P(x)
and (x-1)*Q(x) are analytic at x=1.

Therefore x=1 is a regular singular point. (showed)

Problem 03: Verify that x=0 is a regular singular point of 2x%y”+y’-(x+1)y=0 equation.
Solution:

Given that,
2x%y"+y’-(x+1)y=0

' X+1

1] 1 —
Or, y 5y —ﬁy—O ..................... (D

Comparing (1) with standard equation,
y” +P(x)y’+Q(x)y=0

we get,
P=1/2x
Q=-(x+1)/2x?
Since both P and Q are not analytic (P=c0, Q=c0) at x=0, therefore x=0 is a singular point
Now,
P1=(x-x0)P(x)

=(x-0)x(1/2x)

=1/2

and,

Q1=(x-x0)’Q(x)
=(x-0)’[-(x+1)/2x?]
=-(x+1)/2
Here both P; and Q; are analytic (Pi#0; Qi#x) at x=0.

Hence x=0 is a regular singular point of equation (1) (showed)
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Problem 04: Show that x=0 and x=1 both are regular singular point for the equation x(x-1)y”+(3x-
Dy’ +y=0

Solution:

Given that,
x(x-1)y”+(3x-1)y’+y=0

» 3x-1 , 1 _
Or, ¥+ oV T oy = 0o (1)

Comparing (1) with standard equation,

y’+P(x)y’+Q(x)y=0
we get,

_ 3x-1
x(x—1)

1
Q_X(x—l)

Since both P and Q are not analytic (P=o0, Q=) at x=0 and x=1, hence both these points are singular point

At x=0,
3x—1 3x-1
P1=(x-x0)P(x)=(x-0)x - (z_l)— XX_l
1 X

Qi=(x-x0)*Q(x)=(x-0)* =

x(x— 1)_;

Since P; and Q; are analytic (P1700; Qi#0) at x=0. Hence x=0 is a regular singular point.

At x=1,
3x—1 _3x-1
Pl:(X_XO)P(X):(X'l)X x(z—l)_ Xx
1 -1
Q1=(x-X0)?Q(x)=(x-1)2x x(x_l):XT

Since P; and Q; are analytic (P#0; Qi#) at x=1. Hence x=1 is a regular singular point.
(showed)

Problem 05: Find regular singular points of the differential equation.
x2(x—2)?%y"+2x-2)y+(x+3)y=0

Solution:

Given that,
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x2(x—2)%y" +2(x—-2)y'+ (x+3)y=0

s X+3

2 - _
or, y™+ x2(x-2) y Ixz(x—Z)2 y=0

Comparing (1) with standard equation,

y’+P(X)y’+Q(x)y=0

we get,

. 2
T x2(x—2)
. x+3
T x2(x —2)2

P and Q are not analytic (P=c0, Q=00) at x =0 and x = 2.
Hence both these points are singular points of equation (1).

(i) Atx=0

2

P, =xP(x) = )

— o2 _ (x+3) _ (x+3)
Ql X Q(X) X 'x2(x-2)2 (x—2)2

Since P; is not analytic (P; =o0) at x =0, so x = 0 is an irregular singular point.

(i) Atx=2

2x-2) 2
P, = (x— 2)P(x) = (X—Z).ﬁ=x—2

x+3) _(x+3)
Qu=(x = 2)2Q(0= (x = 2)? oD

Since both P; and Q, are analytic (P; # o0, Q; # o) at x =2, so x = 2 is a regular singular
Point (showed)

1800004

Problem 06: x’y”+xy’+(x*-4)y=0; Prove that x=0 is a singular point
Solution:
Given that,

Xy Xy +H(x*-4)y=0

» 1 ! 2_4‘
Or, y'+.y +ICy =0, (1)

X
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Comparing (1) with standard equation,
Yy +P(x)y’+Q(x)y=0
p=1
X

x%—4
(2:

x2

Since both P and Q are not analytic (P=o0, Q=00) at x=0, therefore x=0 is a singular point for equation (1).
(showed)

2_
Problem 07: Show that x = 0 is a regular singular point of x%y" +xy’ + (X4—l)y =0

Solution:

Dividing by x2, the given equation becomes,

n 1 ! 2_1
y' 1y + &y —o (1)

4x2

Comparing (1) with standard equation,
y'"+PX)Y +QX)y=0............ (D

x%-1
4x2

Here, P(x)=§ and Q(x)=
Since both P(x) and Q(x) are undefined

At x =0, so they are not analytic at x =0
So, x = 0 is a singular point

x%2-1

Now, (x-0) P(x)= X.i and (x — 0)2.Q(x)= .
Both (x-0) P(x) and (x — 0)2. Q(x) are analytic at x =0

~ x =0 is aregular singular point (showed)

1800005

Problem 08: Determine whether x = 0 is an ordinary point or singular point of (2x% + 1)y” — xy’ —
y=0

Solution:
Dividing the given equation by 2x? + 1 and we get,

X 1

"_ r_ =0 (1
YV a1 T exx+ Y 1)

Comparing (1) with standard equation,

y" +PXy' +Qx)y =0
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We have ,

X
P(x) = ;

2 M=

2x2 +1

Since, P(x) and Q(x) are analytic at x = 0.so, x = 0 is an ordinary point at equation (1)

Problem 09: Determine whether X = 0 is an ordinary point or singular point of (1 - xz)y” — Xy +
4y =0

Solution:
Dividing the given equation by (1 — x?) and we get,

X

4
y - (1_X2)y +(1_X2)y=0..........(1)

Comparing (1) with standard equation,
y" =P®y +Qx)y =0

We have,
X

P() = — 5 Q) =

1-x2’

4
1-x2

Since P(x) and Q(x) are analytic at x = 0.So,x = 0 is an ordinary point at equation (1)

1800006

Problem 10: Find the ordinary point or singular point of differential equation.
x2+2)y" +xy' - (1+x)y=0

Solution:

Given that,
x2+2)y"+xy' —(1+x)y=0

Dividing the equation with (x? + 2) we get,

1+x
X242

X
X242

y” +

y —
Comparing (1) with standard equation,

y'+Py' —Py=0
We get,

X P—1+X
’ 27 %242




Page |10

Here, P; and P, are both defined atx = 0 (P; # o, P, # ©).So0, x =
0 is an ordinary point at equation (1).

Problem 11: Find the ordinary point or singular point of differential equation.
y' +xy +x*y=0

Solution:

Here,

y'"+ Py +Py=0

Since both P; and P, are defined atx = 0 (P; # o, P, # o). Here x = 0 is an ordinary point of y"' + xy' +
x?y =0

1800007

Problem 12: Show that x =0 and x = -1 are singular points of
x? (x+1)*y” + (x?-1) y’ + 2y = 0 Where the first is irregular and the other is regular.

Solution:

Dividing by x? (x+1)? the given equation becomes
d? x—1 d 2
= + = + y=20
dx?  x?(x+1)dx x%(x+1)?

Comparing (1) with standard equation
Yy’ +P(X)y +Qy=0

we get
P(x) = (x-1) / [x*(x+1)]
Q(x) =2/ [x*(x+1)’]

Since both P(x) and Q(x) are undefined at x =0 and x = -1, so they are not analytic
atx=0andx=-1.
Hence x = 0 and x = -1 are both singular points.

Also (x-0) P(x) = (x-1)/[x(x+1)] and (x-0)* Q(x) = 2/ (x+1)?,
Showing that P(x) is not analytic at x =0 and so x=0 is an irregular singular point .

Again,
(x+1) P(x) = (x-1)/x* and (x+1)>Q(x) = 2/x?,

Showing that both (x+1) P(x) and (x+1)> Q(x) are analytic at x =-1 and hence x = -1 isa regular singular
points.
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Problem 13: Find regular singular points of the differential equation

d%y dy
29y Yy 2 _ _
2x ozt 3x T (x2-4)y=0
Solution:
d? 3d x? —4
dy 3 K-b _,
dx?  2xdx 2x2
X% —4
P, = o and P, <2 2
Q1=X-P1=X<i)=EJ Q; = x%P, = 2X_4_1(X2_4)
2x 2 2x2 2

Since both P; and P; are not analytic ( P; = o0, P, =0 ) at x = 0 therefore x = 0 is a singular point of (1) .
Moreover both Q; and Q- are analytic ( Qi # o, Q2# )atx =0 . Hence x =0 is a regular singular point
of (1).

1800008

Problem 14: Find regular singular points of differential equation

x2(x — 4)? g+ (x—4)%+ x+2)y=0
Solution:
Given that
X2 =42 L4 X = DD X+ 2Dy = 0 )
Now, 1= XZ((XX;_?)Z 2= Xz((XXJr_Zj)z

P, and P, are not analytic (P;=co, P, = o0) at x=0 and x=4
Hence both these points are singular points of (1)

At x=0

Qi =xP=x T

" x2(x—4)2  x(x-4)

x+2) _  (x+2)
x2(x—4)2 (x—4)2

Q, =x*P,=x"

Since Q; is not analytic (Q; = o) atx=0, so x=0 is an irregular singular point
At x=4



(x—4) 1
Qi =x—-4).P = ()(—4).)(2()(_4)2 ==

X

x+2)  (x+2)
x2(x—4)2 x2

Q=kx- 4‘)2 P, =(x— 4‘)2

Since both Qq and Q, are analytic at x=4, so x=4 isa regular singular point

Therefore x=0is an irregular singular point

x=41s aregular singular point

Problem 15: Show that x=0 is a regular singular point of

2
x4 d%y 4 x3 dy
dx? dx

Solution:
Given that, x* 352’+ 3 y+x y=0
Dividing by x* the given equations becomes
iy ly=0 I
T T V=0 (1)

1 1
NOW, Pl = ; PZ = ;

P, and P, are not analytic (P;=0c0, P, = o) at x=0

Hence x=0 singular points of (1)
Q =xP= x.; =1

2D —y2 L
Q, =x°P=x =

Since both Q, and Q, are analytic at x=0, so x=0 is a regular singular point

(showed)

+x%y=0
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Problem 16: Determine whether x=0 is on ordinary point or singular point of (x*+1)y*+xy’*+xy=0

Solution:

Dividing the given eq" by (x*+1)

y+ = y-——y=0 ....(1)

X2+1 x2+1

Comparing (1) with standard eq"



yHp(X)y™+ Q(x)y=0

We have
P(x) = —

x2+1

X
x2+1

and Q(x)=-

since P(x) and Q(x) are analytic at x=0 , so x=0 is an ordinary point of equation (1)
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Problem 17: Show that, x=0 is a regular singular point and x=1 is an irregular singular point of

x(x-1)%y”+ 2(x-1)’y’+3y=0

Solution:

dividing by x(x-1)*, the given equation becomes
» E H] 3 :0 1
y Ly +—X(X_1)3y ...... (1)

comparing (1) with standard equation

Yy Py’ +6(x)y=0

3
x(x—-1)3

we get p0)=2, Q(x)=
P(x) and 6(x) both are undefined at x=0.

So they are not analytic. So x=0 is a singular point

_3
x(x—-1)3

(x—0)p(x) =2 and (x— 0)*Q(x) =
Both (x — 0)p(x) and (x — 0)2Q(x) are analytic at x=0
x = 0 is a regular singular point .

Q(x) is not defined st x=1 so Q(x) is not analytic at x=1.

So,x=1 is a singular point .

2 (x— 1% = 2

X x(x-1)3

(x—DPXx) =

(x — 1)?Q(x) is undefined at x=1.

So (x — 1)%2Q(x) is not analytic at x=1..
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Problem 18: Show that x = 0 is an ordinary point of y” — xy’ + 2y =0
Solution:

Given that,

y —xy +2y=0 (D)

Comparing (1) with standard equation,
Y+Pix)y +P(x)y=0

We get,
Pi=-1 P,=2

Since both Py and P; are defined at x =0 ( P; # w0, P, # ©0 ) therefore x =0 is an
ordinary point of (1).

Problem 19: Prove that, x =0 is a regular singular point for
2x2y” —xy’+(x-5)=0

Solution:
Given that ,

2x°y’—xy’+(x=5)=0
vy —1/2x+(x-5)/ 2x*=0 ..(D

Comparing (1) with the standard equation ,
Y +Pi(x)y +P2(x)y=0

We get ,
Pi=-1/2x ; Py=(x-5)/2x?

Since both P; and P, are not analytic ( Py =, P, =00) ; therefore x =0 is a singular
point .

Qi =(x-x0)P1(x) Q= (x-%0)* P2 (x)
=(x-0)(-1/2x) =(x-0)P.(x-5)/2x
=-1/2 =(x-5)/2

Here , both Q; and Q, are analylic (Qi#o,Q,# o )atx=0;thereforex=0 isa
regular singular point of (1).

Problem 20: Prove that , x =0 is a regular singular point for 3xy” +2y’+y=10

Solution:



Given that ,
3xy”+2y’+y=0

Dividing by 3x we get ,
y

2 "+ 0 1
Xy - (D)

n+ —
y T3 3%

Comparing with standard equation we get
y”+Ply, +P2y:0

We get ,
Pi=2/3x ; P,=1/3x

Since, Py and P, both are undefinedatx =0 (P; =0 P,=o)
So, x=01is a singular point of equation (1).

Again ,

Q=P (x-0) Q:=P2(x-0)
=2/3x(x-0) =1/3x(x-0)
=2/3 =1/3

Qi and Q; both are defined at x=0

So,x=0 isaregular singular point of equation (1)
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1800011

If x = 0 is a regular singularity of the equation,

P AP0y =0 (D) [p(0) = 0]

dx?

Then the series solution is y = x™(ag + a;x + a,x? + azx3 + ) = T2, apx™*
. . e . dy d?y . . .
The value of m will be determined by substituting the expressions for y, d—z , d—x}; in (1), we get the identity.

On equating the coefficient of lowest power of x in the identity to zero, a quadratic equation in m (indicial
equation) is obtained.

Thus, we will get two values of m. The series solution of (1) will depend on the nature of the roots of the indicial
equation.

1. Case 1: When roots m, m, are distinct and not differing by an integer m; — m, # 0 or a positive
integer.

e.g.,my = % ,my = 2
The complete solution is y = ¢1(Y)m, = ¢2(¥)m,

2. Case 2: When roots m{, m, are equal i.e., m; = m,

dy
y=c1(Mm, + ¢ (ﬁ)
mq

3. Case 3: When roots m, m, are distinct and differ by an integer (m; < my)
3 5
e.g,my =2 ,my =2 0rm = 2,m, =4

If some of the coefficients of y series become infinite when m = m 1, to overcome this difficulty,
replace aqy by by (m —mq). We get a solution which is only a constant multiple of the first solution.

0
Complete solutionis Yy = €4 (y)m1 + ¢, (_a 13:1 )
m1

4. Case 4: Roots are distinct and differing by an integer, making some coefficient indeterminate
Complete solution is y = ¢1(¥)m, + ¢2(¥)m,

If the coefficient does not become infinite when m; = m,



Page |17

Casel: when the roots are distinct and differing by an integer.

Related Examples

Example 1: Find solution in generalized series form about x = 0 of the differential equation

d?y dy _
3Ix—+ dx+y—0

dx?

Solution: a’y dy PR
3xdx2+2dx+y— 0

Since x=0 is a regular singular point, we assume the solution in the form

— [\ m+k
Y = Y=o QX

2
Such that, 2 = Sy a,(m + K)x™K 122 = 380 qy (m + k) (m + k — 1)xHe2

ay &y

Tx’ dn2 in the given equation (1) we get

Substituting for y,

Zay(m+k)y(m+k— 1)xm+k—1 + 2Xa;(m + k)xm‘"k—1 + Zakx"H’k =0
Sag[3(m + k)(m + k — 1) + 2(m + k)]x™K 1 4 Sgam™tr =0 ... (2)

The co efficient of the lowest degree term x™~ ! in the identity (2) is obtained by putting k = 0 in first
summation only and equating it to zero. Then the indicial equation is

ap[3(m — 1)m + 2m] = 0 or ag[3m? —m] =0 or agm(Bm —1) =0
Since ag # 0,m = 0 or %

The coefficient of next lowest degree term x™ in the identity (2) is obtained by putting k = 1 in first
summation and k = 0 in the second summation and equating it to zero.

a;[3(m+1)m+2(m+1)]+a, =0
ora[3m?>+5m+2]+ag=00ra;(3m+2)(m+1)+ay,=0
1
TBm+2)m+ DN

a1=

m+k

Equating to zero the coefficient of x™*, the recurrence relation is given by

a1 Bm+k+ 1) (m+k)+2(m+k+1)]+a, =0
-1
(m+k+D)@Em+3k+2) ™

age1(m+k+1)Bm+3k+2)+a,=0o0rag, =

This gives

-1

Fork = 0, aq =ma0
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Fork=1,a, = 1 a; = L a
T2 T m+2)(3m+5) 1T (m+1)(m+2)(3m+2)(3m+5) 0
-1 -1
Fork =2, a3 = (m+3)3m+8) P2 (m+1)(m+2)(m+3)(3m+2)(3m+5)(3m+8) 0
Form =0,
-_1, -1, -1,

a 20 2= 5% a3 480 0

Hence for m=0,y;, =a (1—1x+ix2—Lx3+---)
* /1 0 2 20 480

1
Form=-=

3

a=—1a a=—a a :_La

=3 %0 27 560 3 1680 0

1 1 1 4 1 7 1 10
Hence for m=z, ¥y, —ao(x3—1x3 26X TegoX® + )
Thus, the complete solution is
y = Ayi + By,
x . x? x3 1 x . x2 x3
= 24 2 4N+ 4 2 ..
y=ag(1 2+20 480+ )+ byx3(1 4+56 1680+ ) Ans.

1800012

Example 2: 4xy” + 2y’ +y =0

Consider 4xy” + 2y’ + y = 0--mm-memmemmm- (1)

So, x=0 is a regular singular point with p(x) = % and q(x) %. The power series in y; and y, will converge for

|x| < oo since p and q have convergent power series in this interval. The indicial equation is

K= 1)+ 51 = 021 =25 = Oeeemeeemeeeeeees )

sor; = % and r; = 0 (Note: po= % , qo=0). Substituting y = x" .- axx* into (1) and shifting the indices of
the first two series so all terms are of form x*'" we get

4% _(k+7r+1)(k + Dag + 1xKT+23% (k417 + Dagax T+ XFL o xS T=0mmmmmmmmmee 3)

All coefficients of powers x*"must equate to zero to obtain a solution. The lowest power is x" ! for k = —1 and
this yield

4rc =D +2r=0 = - r=0 ()

which is just the indicial equation as expected. For k > 0, we obtain
4k +r+ Dk + nNag+1 + 2(k+r+ Dag+1+ ag = 0------mmmmmmm—- ()

Corresponding to the recurrence relation



— —ak — (
At = G 2r+2) (2k42r+1)’ k=0,1,2.. (6)

First Solution: To find y; apply (6) withr =1, = % to get the recurrence relation

—ag

U Dk D’ k=0, 1, 2. oo (7)
Then
aj=— '_:To’ ar=— Si, az=— %, (8)
SO
arl=— %, 322%, az=— %, (9)
Since a is arbitrary, let ag=1 so
a(m) =S k=012 (10)
k(11 2k+1)!° 5 Ly &eee \
and
) :szoo CD* Lk (1)
yi oo @EADIT L

Second Solution: To find y, just apply (6) with r =, = 0 to get the recurrence relation

(2k+2)(2k+1)"

by =

(12)

Letting the arbitrary constant by = 1, then

(-1)¥

bu(r) = C2 (13)
SO
w (DX
y2(X) :ZKZO (2k)! ‘xk' (14)
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Example 3: xy” + 2y’ —xy =0

1800013

Given that xy” + 2y’ —xy = 0

Since x=0 is the regular singular point of the given equation-

a
y = z Cnxn+r

n=0

y' = 2 Co(n+r)x™tr-1
n=0



Y= Culnt+ DT
n=0

Substituting y,y’,y” is the given differential equation, We have-
2 Con+r)(n+r— x| Z 2C,(n+r)x™T1 — 2 Cpx™t7 1
n=0 n=0 n=0

OR, Cor(r — 1)x™! + C,(r + Drx” + Z:;z C,(n+1r)(n+7r—1x™1 + 2Cra™1 +
26,0 + X"+ X5 20, (n+ ) (41 — DXL Y

Cor(r+ x4+ c;(r +1)(r +2)x" + z [C(n+r)(n+1r—-1)— Crzjxntr-1 =0

Cor(r+1)=0 ; sor=0,—-1

Cr+1D)(r+2)=0

C,in+r)Y(n+R—-1)C,_, =0

r=03C =0, =0
Cin(n+1)—cp_p =

_ o2 . _
50, Cn = nn+1)’ n=

PUTTING n = 2

c _Co
37 6
PUTTING n = 3
C;
C,=—==0
3712
PUTTNG n =4
C, = Co
17120

V1= xT(CO + Clx + CZZX T+ o
+ &x‘* o

= Co,2%,2

1(c0+6x s X 120
r=—-1 so(C;=0
Ciin—1n—-C,_,=0;C, =
PUTTING n = 2; C, = %
_0c, =220
n=0; 3=% =

—4cC _CZ_Co
VY
1 1,1,

YV, =X C0(1+—x+ﬁx + o
SOLUTION-y = y; + V,

0

Cn_2 . —
nn-—1) =

xtT-1 —
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0
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E 1

— -1 2

Y2 = Clx (Zn)!x n
n=0

SOy =y, ty

1800014

Example 04: Find the solution in generalized series from about x=0 of the differential
equation

2x(1 x) + 5 - 7x) —3y=0
Solution: Given that,
d? dy
2x(1—x)m+(5—7x)a—3y+0 ------------------- (1)
Since x=0 is a regular singular point, we assume the solution in the form

— [\ m+k
Y = Y=o AKX

Such that,

dy ~o _
e kzoak(m+k)xm+k 1

[oe]

Z ak(m + k) (m + k — 1)x™+k=2
k=0

d2
dx?
.. dy d? . .
Substituting for y, = and ez in the equation (1) we get,
X —2x ap,(m+ m+rg—1)x""" "+ (O —-7x))aMm+r)x " —3)ax =
(2x = 2x)Tag(m + k) (m + k — Dx™ 2 + (5 — 7x)Tag (m + k)x™* 1 — 33a, ™k = 0

= Y2a,(m+ k)(m + k — Dx™*1 - Y2q,(m + k)(m + k — 1)x™* + ¥5a,(m + k)x™+k-1 —
Y7an(m + k)x™* — 33, x™ =0 )

The coefficient of the lowest degree term x™! in the identity (2) is obtained by putting k=0 and equating it to
zero. Then the indicial equation is,
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2aom(m—1) + 5ay;m =0
=>q,(2m? —2m+5m) =0

wap£0  ~2m? + 3m = 0 [Indicial equation]

3
oo m:O, — E

Equating to the zero the co-efficient of xX™"*, the recurrence relation is given by

20 1 (m+k+1)(Mm+k)—2aq,(m+k)Y(m+k—-1)+5a,, 1 (m+k+1)—7q,(m+k)—3a, =0

a _ 2m+2k+3
TPk L T o ok+s K
This gives,

2m+3
For k=0, a, = a

> 1 2m+5 0

2m+5 2m+3
For k:l’ az = —a1 = ao

2m+7 2m+7
Now,

3a 3a
For m=0, a, = TO and a, = TO

Form = —%, a;=0 and a,=0
Here, y = x™[ag + a;x + ayx? + -]
For m=0, y, = a [1 +§x +%x2 + ]
Form = —g, Yo = apx 32[1+ 040+ ] =qaex3/?
Hence the complete solution is,
y =4y, + By,

3 3 _3
y = Aa, [a+§x +;x2 +] + Bagx ™2

1800015

#Example 05: 2x%y” + 7x(x + 1)y’ — 3y = 0
The given equation,
2x2y" + 7x(x + 1)y’ — 3y = O-rrmmmeemev (1)

Since x=0 is a regular singular point, we assume the solution in the form,
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oo}
y = Z akxm+k
k=0

=y = Eizo @ (m + k)xm*et

And,

[oe]

y' = z ar(m+k)(m+ k — 1)x™k=2
k=0

Putting the values of y, y’, y” in equation (1) we get,
2x2Ya(m+ k)(m + k — Dx™ =2 4 7x(x + DYa(m + k)x™*1 — 3y q,x™k =0

=2 Yap(m+k)(m+k — D)x™* + 73, (m + k)x™ 1 4+ 73, (m + k)x™* — 3¥a, x™E = 0------
—--(2)

The co-efficient of the lowest degree term x™ in the equation (2) is obtained by putting k=0 in the 1%, 3" and
4" summation and equating it to zero. Then the indicial equation is,

2apm(m —1) + 7aym — 3a, =0
=>aq,(2m? +5m—3) =0
=q,2m—-1)(m+3)=0

. 1
Since ap£0, -~ m=, -3

m+1

The co-efficient of next lowest degree x™! in the equation (2) is obtained by putting k=1 in the 1°*, 3™ and 4

summation and k=0 in the 2" summation,
2aym(m+ 1)+ 7aym+7a;(m+1) —3a; =0
=a,(2m?+2m+7m+7-3)+7aym =0

=>a; 2m+1)(m+4)+7a,m=0

7ma0

=q, = ———0
4 (2m+1)(m+4)

Equating to zero the co-efficient ™, the relation is given by,

Rm+k)(m+k+1)+7m+k)—3la, +7(m+k—1)a_, =0

. _ —7(m+k-1ag_4
Ak = Rm+k)—1](m+k+3)

1
For,m = >

—7(%+k—1)ak—1 _ —7(2k-1Dag_,
2(%+k—1](§+k+3)_ 2k(2k+7)

a = [k>1]



Page |24

Now, fork=1, a; = — 7%
18
For k=2 a,=-24a =17,
’ 2 44~ 792
1 7 147
Y1 =a0x2(1—ﬁx+ﬁx2+---) ---------------- (3)
For,
m:_
_ —-7(=3+k-1)ay—4 _ =7(k-4)ag_1
e = 2 34k)-1](=3+K+3)  k(2k=7) [k=1]

Now,
For k=1, a; = —25—1a0
For k=2, a, = —§a1 = %ao

= — _ 792 _ _ 343
For k—3, as = 3 15 (2N

_ 21 49 343
SV = ApX 3(1—?x+?x2—gx3+---) ——————————————————— (4)
So, the general solution is given by,
— 4 %(1 7 +147 24 )+B _3(1 21 +49 , 343 3 )
y=ax 18° T 792" x 5 T 5% "5 ¥
(Ans)
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#Example 06: Solve the differential equation: 2x(1 —x)y" = (1 -x)y' +
3y=0

Solution: 2x(1 —x)y" =(1—x)y'+3y=0............ ... (1)

Since, x = 0 is a regular singular point, we assume the solution in the form:

— co . Mtk
Y= Xn=oQk " X

Such that, vy =Y%_,a,(m+ k) - x™+k-1
y' =¥ ap(m+ k)(m+ k — 1)x™+k=2
Substituting for y, y’ and y’’ in the given equation (1), we get:

2x(1 = x)[Xio ax (m + k)(m + k — 1)x™+k=2] +
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(1 -0 [X0ar(m+ )x™H =11+ 3¥% ja, x™k =0
k=0 Ak k=0 Ak

Or, X% oa2(m+ k) (m+k — Dx™k=1 — 32 ‘a,2(m + k)(m +n — 1Dx™k +

Y=o @ (M + K)x™TK=1 — 32 g age(m + k)x™* — ¥ a, 3x™K =0

Or, Y2 oar2[(m+k)(m+k—1)+ (m+ k)]x™k-1 -

Y2 oa2m+k)(m+k— 1)+ m+k)-3]x™k =0 Or,
Y oar(m+k)2m+k—1)+1]x™k1 %% Ja,.(m+k)[2m+2k—1) —
3]xm+k =0
Or, X7 oar[(m+ k)(2m + 2k — D)]x™k"1 — 3% Ja, [(m+k)2m+2k —1) = 3]x™k =0... ... ()

The coefficient of the lowest degree term x™7 in the identity (2) is obtained by putting k=0 in the first

summation only and equating it to zero. Then the Indicial equation is,

agm+0)(2m+0—-1)=0
ap-m(2m—-1)=0
(2m—1)m=0 because g * 0

22m=1=0 wam=0gm=1

Now m, # m, and m;y —m, =%—O=%¢Integer.[€asefl]

The coefficient of next lowest degree term x™ in the identity (2) is obtained by putting k = 1 in the first
summation and k = 0 in the second summation and equating it to zero.

a;(m+1)2m+2-1-1) —ag[(m+0)(2m+0-1)—3] =0
a;(m+1)(2m + 1) — go[m2m — 1) = 3] = 0
a;(m+1)2m+1) —ae(2m? —m —3) =0

a;(m+1)(2m + 1) — ag(m + 1)(2m —3) = 0

_(m+1)(2m—3)
N mrDem+ DY




a _(2m—3)a
mem+1)°

Equating to zero the coefficient of x™*¥, the recurrence relation is given by,
a1 m+k+1)2m+2k+1)—a,[Cm+2k—1)(m+n)—3]=0

Qe M+ k+1D)Cm+2k+1) = q[2(m+k) —1}(m+n) — 3
arer(m+k+1)2m+2k+1) = ap[2(m + k)?> — (m + k) — 3]
arr1(m+k+1)2m+2k+1) = q[2(m+k)> —3(m+ k) +2(m + k) — 3]

A (m+k+1DCm+2k+1) = a[(m+k{2m+k) — 3} + 1{2(m + k) — 3)
QGepr M+ k+1D)@m+ 2k +1) = aq[2m+ 2k —3) - (m + k + 1)]

_(@m+2k-3)(m+k+1)
T = om+ 2k + D(m+ k + 1) K

_ (@m+2k-3)
ak+1 - (Zm + Zk T 1) ak
This gives,

— _ (2m-3)
Fork=0. a1 =G %0

= _ (@m-1) _ (2m-1)(2m-3)
For k=1 a, = am+3) M T @me3)@m) ag
For k=2 _ @m) , _ @moDEm=3)

27 2m+3) 17T 2m+5)(2m+3) ©

Now we know that the complete solution of case - 2 is given by,

Y =C DMm, +C 2

Trial Solution: y = Y0, agx™tk

Or, y = apx™ + a;x™ + a,x™2 + azx™t34 L. +00

Now putting the values of a; , az, a; in the trial solution, we get:

(2m-3) (2m-1)(2m-3) (2m-1)(2m-3)
m an xMH1 ] oxX™2 4 [ lagx™+3+

Y = apXx (2m+1) 0 (2m+3)(2m+1) (2m+5)(2m+3)

Now at m = %,
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1 3
(Mm, = Qoxz2—apx2+0+0+0+........

Pt = ao(xz — x2)

Atm=0,

3
Mmy = ao(1=3x +x2+ =+ )

Thus, the complete solution:

Y =C DMm, +C 2

1 3 3
y=Cl[ao(xi—xi)]+Cz[a0(1—3x+x2+%+ ........ ]

1 3 3
y=A[(z —x)] + B[1-3x+x* + T+........ ]
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#Example 07: Find a fundamental set of Frobenius solution of

X*’B+x)y" +5x(1+x)y —(1-4x)y=0
Give explicit formulas for the coefficients in the solutions.

Solution: For this equation, the polynomials defined in Theorem 7.5.2 are

po() =3r(r—1)+5r—1=@r-1( +1),
p(M=r(r—1)+5r+4=(+2)?

p2(r) = 0.
The zeros of the indicial polynomial p, are 1y = é andr, = —1,s01y — 1, = g. Therefore
theorem 7.5.3 implies that
v (1
= a5)
n=0

and
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form a fundamental set of Frobenius solutions of (7.5.21). To find the coefficients in these series, we use the
recurrence relations (7.5.20); thus,

ao(r) =1,
_ piln+r—1)
an (r) - po (n + r) an—l(r)
(n+r+1)2?
T @n+3r—1)(n+r+1) 1 (r) (7.5.22)

+r+1
B 3Z+;r_1 an_1(r), n=1.
5)=1
a(3)=1
an(3)= — Franaa(3), 21

By using the product notation introduced in section 7.2 and proceeding as we did in the examples in that
section yields

1y DMI=.Gj+4)
an (—) = , 0.
3 9"n!
Therefore
10 GO TG +4)
Y1 =x3 Z 9nnl x"
n=0
is a Frobenius solution of (7.5.21)
Setting r = —1 in (7.5.22) yields
aO(_l) = 1;
a1 = - g5 a1, n21,
So
(=1D)™n!
a(-) =
" 7:1(3] —4)
Therefore
(=1)™n!

— 41
Vo, =X - X
LG -5

is a Frobenius of solution of (7.5.21), and {y;, y,} is fundamental set of solutions.
We now consider equations of the form
x%(ao + azx?)y" + x(Bo + B2x?)y" + (Vo + 223y = 0 (7.5.23)
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with ay # 0. For this equation, a; = f; = y;1 = 0, so p; = 0 and the recurrence relations in Theorem 7.5.2

simplify to
ao(T) = 1!
al(r) = 07
(n+r-2)
an(r) = _%an—z(ﬂ» n=2.

Since a4 (r) = 0, the last equation implies that a,,(r) = 0 if n is odd, so the Frobenius solutions are of the
form

YEr) =X ) @™,
m=0
where
ap(r) =1,
aom() = = 2ET R ay, o), m2 1.

1800018

#Example 08: Find the general solution to x*y” + xy' + (x —2)y =0
Solution:

In standard form this ODE has
1 -2
p(x) = 2and () =2,

Neither of which is analytic at x=0. However, both
xp(x) = 1and x?q(x) = x — 2

are analytic at x = 0, so we have a regular singularity with
Do = lirr(l)xp(x) =1landq, = lirr(l) x2q(x) = —2.
X— xX—

The indicial equation is

”+(A-1Dr—-2=0
r=+V2

Applying the method of Frobenius, we set

= Z apx™t" (ap # 0)

and substitute into the ODE, obtaining
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(r? — 2)apx" + Z(((n +7)% = 2)a, + ap_q )x™" = 0.

n=1

Here we must have 72 — 2 = 0 (which we already knew) and

Taking a, = 1 one readily sees that

D"
= A+ 22 + 21 (3 + 2r) .. (n + 21)

Since the difference of the roots is V2 — (—\/f) = 22 ¢ 7, the two R-values give independent solutions:

- xﬁi (=)™
n Linl (1+2v2)(2 +2v2)(3 + 2V2) .. (n + 2v2)

- (1%
va=x?) o (1-2v2)(2 - 2v2)(3 - 2v2) .. (n - 2v2)

n=0

And the general solution (for x > 0) is
Y =c1y1 t Y.

1800019

#Example 09: Solve the equation in series 9x(1 —x)y"' —12y' +4y =0

Solution: Given Equation,
Ix(1—-x)y"—-12y"+4y=0 ... .. (1)
Comparing the equation with Py (x)y'" + P;(x)y' + P,(x)y = 0, we get
Py(x) =9x(1 —x)
Putting x =0,
Py(0)=0 ~ x = 0 is a singular point.
~ The solution of equation (1) be,

[o0)
y = Z Ay x™ = qpx™ + a x™t + ayx™t? 4 -

n=0
=xM(ag + a;x + azx? + )

2y =magx™ 1+ (m+ Dagx™ + (m+2)ax™t ! + -
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sy =mm— 1Dagx™ 2 +m(m+ Da;x™ 1+ (m+ D)(m+2)ax™ + -+
Substituting y, y', y" in equation (1),
9x(1 — x)[m(m — Dagx™ 2+ m(m + Da, - x™ 1+ (m+ 1)(m + 2)ax™...]
—12[magx™ ' + (m + Da;x™ + (m + 2)ax™* ..] +4x™(ay + a;x + azx? + )
= [(Om(m — Dagx™ ! + 9(m + Dma,;x™ + 9(m + 2)(m + 1)a,x™*! ...
—9m(m — Dagx™ + 9(m + Dmay x™ +9(m + 2)(m + Dax™ 2 + -]

+[-12magx™ 1 — 12(m + Da;x™ — 12(m + 2)ax™* 1 ..]
+ [4a0xm + 4a1xm+1 + 4_a2xm+2 + ] =0

The lowest power of x is (m — 1) . Hence equating its coefficient to zero,

Im(m — 1)ay —12may, =0

or ao(9m? —9m — 12m) = 0
or IM?>—-9m—-12m =0 [a, # 0]
or 9m? —-21m =0

or 3m(B3m-7)=0

wl

~m=0,

i.e. roots are distinct but do not differ by an integer.
Equating the coefficient of x™ to zero,
9(m + 1)ma, — 9m(m — 1)ay — 12(m + 1)a; + 4a, =0
or a,(9m? + 9m — 12m — 12) = a,(9m? — 9m — 4)
or 3a;(3m? +3m —4m —4) = ag(9Mm? + 3m — 12m — 4)

or 3a;(m+1)(3m—4) =ay(3m+ 1)(3m —4)

4 = 3m+1
17 3(m+1) O

Equating the co-efficient of x™*1 to zero,
I(m +2)(m+ 1)a, —9(m + 1)ma,; — 12(m + 2)a, + 4a, =0
or ay[9(m+ 2)(m+ 1) — 12(m + 2)] = a;(9m? + 9m — 4)
or (m+2)a,(9m+9 —12) = a;(9m? —3m + 12m — 4)
or (m+2)a,(9m—9) =aq[3m(Bm—1)+4(Bm—1)]

or 3a,(m+2)3m—1)=a,3m—-1)(3m + 4)
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3m+4 (B3m+4)(3m+1)
or a, = 1 =—5—>=—"——="a, andsoon
3(m+2) 32(m+2)(m+1)
~ we have,
__ 3m+1 . _ (3m+4)(3m+1)
a = ag a; = 2
3(m+1) 32(m+2)(m+1)
When m =0,
a, ==a ; a,=—2 g, =2x2q and so on
17370 ’ 2 T ox2x1 073760

Y1 = (Wm=o = G + a1x + azx® + -

=ayg+= xa0+ ><— agx? + -

1 1_ 4
=ag[l+5+5xz+

a —La =—><Ea and so on
2 32(Z+1)(2+1) 07 1071370
y2=) 7= x3[ag + arx + a;x? + -]

7
= X3 [ao +—a0x + x—aox + ]

= qyx3 [1 +—x+—><—x2 +- ]
Hence the complete solution is

y= Cl()’)ml + Cz()’)mz

—c1a0[1+ x+ X = x +- ]+c2a0x3[1+—x+—><11 2+---]
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Example 10: xy" +y' + 2xy =0
Solution: x = 0 is aregular point, we assume the solution in the form,

— o n+r
y - ZTI:O CTl‘x

Andy’ =¥ ocp(n+7r)x™71
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Y = Tagen(n +r)(n+ 7 — 1) X772

Weget, xy" +y' +2xy =0

- X Z Con+r)(n+r—1x™"2 4+ z Co(n+r)x™tr-1
n=0 n=0

[oe]

+2xz cpx™" =10

n=0

[ee] [00)
- Z c(n+r)(n+r—Dx™n1 4 2 Cp(n +7r)xt7r-1
n=0 n=0

a

+ z 2cnxn+r+1 =0

n=0

Let, k=n+1, n=k+1
If n=0, then k=1
And k=n+1, n=k-1
If n=0, k=1

Now,

[oe]

Z Ciar (b + 7+ Dk +r)x*T + Z Crp1(k+ 1+ 1)xkH + Z 2¢,_ XM =0
k=1 — L

Evaluate at,
For first series, k=-1, k=0

oM —Dx" 1+ (r+ Drx” + Z Cop1(k+ 1+ 1) (k + r)xk+r
k=1

For 2" and 3™ Series, k=-1, k=0

o)X+ (r+ Dx™ + 2 Crr(k+ 1+ 7)xkT + Z 2ck_1xFT =0
k=1 k=1
Scox™ Mrr =D+ +ex"rr+ D+ T+ 1)+ Xelckrik+ 1+ +7) + ek +1+7) +
2ck_1]x*T =0
Linear independence will imply,
corr—=1)+71)=0,¢r2=0,7=0 [co = 0]

qr+1Dr+1)=0c(r+1)%2=0,c,=0 [r=0]
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Ck+1(k + 1)k + Ck+1(k + 1) + ch—l = 0, k 2 1

9Ck+1(k + 1)k + Ck+1(k + 1) + 2Ck_1 =0 [T = 0]

—2Ck—1

Ck+1 = (k+1)2 p k 2 1
—2c —2c c
k=1c, = 220= 40=_?°
_ _ —2c1 _
k=2c; 32 =0 [c; = 0]
—2c, 2 Co Co
k=30=—=-1(-2)=7
2¢y 2 /co Co
e=5.6= % =~35(36) = 788

=co+ax+x?+exd +oxt +osx® +gxb + - [r=0]

As,cq,Ccp,c3 =0

A
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Case 2: When roots m,, m-, are equal i.e.. m; = m,

Related Math

Ly | dy _
Example 01: Xt txy= 0

Solution:
THE GIVEN DE is: x 22 + 2 4 xy = 0..... (1)
dx dx
Put, y=x"
B a1 = LY m(m — 1)x™ 2

dx dx?
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From eq". (1)

x.om(m—1Dx™ 2 +mx™ 4+ xxm=0
s>mim — Dx™ T+ mx™ 1+ xmt =0
x=0 Is a regular singular point.
Let, sol” of the eq". is
[00]

y = Z ag xm+2k
k=0
[ee]

dy
— = ) ai (m+ 2k)x™m*2k-1
dx re
dzy N m+2k-2
Frvia a, (m+ 2k)(m+ 2k — 1)x
k=0

o dy d’y . ,
Substituting for y,%,d—szl in equation 1

X. 2 ax (m+ 2k)(m + 2k — 1)x™*2k=2 4 Z ay (m+ 2k)x™*2k"1 4 &, Z a, x™2k
k=0 k=0 k=0
= [{Z ay (m + 2k)x™*2k-1 } (m+2k—1+1D|+ x.E Qg x™2 =0 .. (2)
k=0 k=0

THE Coefficient Of lowest degree x™ 1

In equation 2 is obtained by putting k=0 in the 1°' summation only of 2 and equating it to 0

a,(m+0)2=0
m=00asa,#0
The coefficient of 2™ lowest degree x™

In equation 2 is obtained by putting k=0 in 2" summation and k=1 in 1*' summation of only 2 we get,

[ee)

[e¢]
Z ay (m + 2k)x™m*2k-1 4 z Ay, x™T2k"1 =0
k=0 k=0

= E[ak(m +2k)? + ap_q]x™t2"1 =0
k=0

= ak(m + 2k)2 + Ar_1

—Ak-1

> %= Gk ak)?
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Put, k=1
_q,
Sa=—-
M= ont 2)2
K=2
2= a2
Ao

2=+ 2)2(m + 4)2

we know

y=xM[a, + a;x% + azxt + -]

>y=xm [a S 20 x4+---]
Y *Tm+22" T (m+2)2(m+4)?
x? x*
= =da, LLC Iy [
Y= a0 [ m+2)2  (m+2)2(m+ 472 ]
dy
Ay — B—
y ym—O + ammzo
x x*
Ym=0 ao[l 2_2+ﬁ+”] (3)
ady m L x? N x* N
om 2 09N T O )2 T (m + 2)2(m + 4)2
caxm|os 2x? 3x*
Ao (m+2)° (m+2)2(m+42"
o _xe L
Ty aologx [1 2t ezt ] + a, [22 a2 ] ...................... @)
2 4 2 4 2 4
General solution=A (ao[l - ;C—z + 2’2(42 + - ])+B(aologx [1 - ’26—2 + 2;42 + ] + a, [’26—2 - 232’.(42 + - ])
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LY dy _
Example 02: x—— + 1+x) - t2y=0

Solution:

by a0 -
The Given DE is: x— + (1+x) - t2y=0 ...

Here x=0 is a regular singular point of the given DE.
Let, the solution of the given DE be,
Y=2neo A ™ 5 a, #0

a _
Then, d—z =Y o(m+n) a,x™mtnl

daz -
d_szl =Y2 (m+n)(m+n—1a,x™" 2

Substituting these in equation (1),

1800022

XYmeom+n)(m+n—1)ax™™ 2 + (14 x) Xozo(m + n)a, x™ 1+ 232 ja,x™" =0

Yo om+n)(m+n—1Da,x™m 1+ Y2 (m+n)a,x™" 1+ ¥ (m + n)a,x™" +

2y Ay x™ =0

Y om+n)(m+n—1+Da,x™ 1+ 32 ((m+n+2)apx™™=0..0)

Equating coefficient of x™! to zero,
m?a,=0
m=0,0
Now, equating coefficient of x™™! to zero in eq" (2),

(m+n)?a,+ (m+n-142) 2,1 =0

m+n+1
a, = — i) o O 3)
Putting n=1,2,34,............. Ineq” (3)
___m+2
A= 2 %o
_ m+3 (m+3)(m+2) (m+3)
ar—— = =

(m+2)2 a1 = (m+2)2(m+1)2 " © — (m+1)2(m+2) Qo

m+4 m+4

(m+3)2 a2 =~ (m+1)2(m+2)(m+3) Qo

a3:_
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Thus,

_ m m+2 (m+3) 2 m+4 3
¥y T ax [1 (m+1)2" (m+1)2(m+2) x (m+1)2(m+2)(m+3) X7 ]
6_y _ m } m+2 (m+3) 2 m+4 3 mry_ 1
am = X" logx (- X e D2 ame) mr D2 men(men X T ] tax"{= Gy
2(m+2) 1 (m+3) (-1 m+3 2 24 ...
(m+1)3}x +[(m+1)2(m+2) + (m+1)2 {(m+2)} + m+2 {(m+1)3}]x o
Hence, the complete solution of eq" (1) is,

oy 3x2  4x3 1 6 3
Y=C1(y)m:0+C2(%)m =Clao(1—2x+7 - T F o ) + {3)(,' + (E - E - Z)XZ} Foe
2 3

ie. y=(A+Blogx)(1 = 2x + - — 24 o ..., ) B (3x + G — 3 —Dxt}+ -

where, A=Cia, and B=C»a, are arbitrary constant.

(Ans)

1800023

d’y | dy
Exampl X—=+—=——y=
ple 03 Tnz + Y 0
Solution:
. d%y dy
THE GIVEN DE is : XSt oy = 0...(D

x=0 Is a regular singular point. We assume the solution In the form that,

[0}
y = z ag xm+k
k=0

dy N m+k—-1
T a, (m+ k)x
k=0

d?y

Tz ), (m+k)(m+k — 1)x™m*k=2
k=0

2
Substituting for y,g—i/,% in equation 1

Yxam+k)Y(m+ k— Dx™*2 4 ¥ q, (m+k)x™H 1 -Yaqx™k =0

Or Yal x™ - Hm+ k) m+k—1)+m+k)} - Yax™ =0
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Y ac {x™E T m+ k)2 - Y a ™R =0.....(2)
THE Coefficient Of lowest degree x™ !

in equation 2 is obtained by putting k=0 in the 1*' summation only of 2 and equating it to 0

a,m? =0
m=0asa,#0
The coefficient of 2™ lowest degree x™
In equation 2 is obtained by putting k=0 in 2™ summation and k=1 in 1% summation of only 2 we get,

ar (m+1)%-a, =0

P —
=_—
(m+1)2

equating the coefficient of x™*¥ to zero

ak+1(m+k+ 1 )2— a=0

A= %o
2 (m+1)%(m+2)2

k=2

ao
B=ni D)2 (m+2)2 (n+3)2

we know

y=xM[a,+ a;x +a;.x% + -]

QAo Ao

— m
Ory =x™ [ao + 553 % + Grnrmr 7 oma sz X

2+...]

x? x3

m+ 12  m+D2m+22  m+ DZm+22m+32

or,y =x"a,|1+

x x? x3
(V)mo=ao[ 1 +1—2+ﬁ+m+ ] .. (3)
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2x 2x2 2x2 R - x
Mt 1? Mt D2mT2?  mrimiE | T X legxl+ s
2
X

T Dz )

dy m
()=

3 2 2x? :
GDm=0=l2 X (=5 — 5 — o =+ [{(1 + 5+ 55 + - Jaox®logx]

x x? x?2 x x2
:-2ao(F+ﬁ+ﬁ+m.)+aologx (1 +§+ﬁ+---)

General solution,

2 2
X X X
PERMETPERMPErY

+e 1S+ I

2
Y=Aa, (1435 + o + ) + B[~20a, { —

12 1222

1800024

Example 04: x?y” — 5xy’' + (9 —x)y =0
Solution:

Given the differential equation x2y” — 5xy’ + (9 —x)y = 0
Lety=Xn_oan x™*"
Y'=Yaso(n + r)ayx™ !

Y=Y (n+r)(n+7r—1)a,x"" 2

Substituting y, y’ & y” in given DE: % i o(n +r)(n + 7 = Dagx™"~2 = 5x T o(n + )y a1 +
(9 — %) X ay 7= 0

Expand, Yo_o(n + r)(n+ 7 — Da,x™" =535 j(n + r)apx™ + 9Ym ga, x™T =Y ja, x"T =0
n+r

Equate to smallest power, x

Yo om+r)(n+r—1Da,x™"" =537 n+1r)a,x"tT +9Y gan x™tT =Y a, x™T =0

Indicial equation (n=0)
[r(r-1)-5r+9]ay,=0
r2—r—5r+9=0 sinceay # 0

r’—6r+9=0



(r—3)2=0

r =3 ( one root => case 2)
Recurrence relation:
(n+r—-3)%a,—a,.;=0

1

Ay =————50a,_
" (m+r-3)2 "1

1

When Ilzl, a, = “_—Z)Zao

1
n:2,a2 =

n+r

Y =Ln=0an X
=x"[ag + a;x + azx® + -]

x x2

=27 Tz T 1

=x"ay[1+

1 1,
Y1 =YVur=3) =X a0[1+ 2212x + ...

9y _ L (=2 1

ox ylnx + agx [(T—Z)Z (T—Z) X+ (r-1)2(r-2)2
_ 9y -2

Y2 = Gy, = Yalnx +aox [(1)2 ( )

3
Y2 = y1lnx +aq [—2x4 - sz + ]

General equation,

5

X 3
y = Aay [x3 + x* +t ] + B[yilnx + a, (—Zx4 _sz + )]

1
T T e %

1
(2)2(1)?

( -2 2
r—1 r—2

[answer]
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Example 05: x + +x y=0

Solution:

THE GIVEN DEis : x 22 + %y = 0..... (1)
dx? ' dx

x=0 is a regular singular point.

By Frobenius method,

m+n

Let the trial sol™, y = Yoz AnX

=YY% ,(m + n)a,xmn-D

dx
dxz =¥ s(m+n)(m+n— 1)a,xMmn-2)
Now put the value of y, dy & 1n givenDE. .................. (1)

=>x[ Tnzo(m +n)(m +n — DapxMD ]+ [ T2 o(m + n)anx™ 1 ]+ %% [N apx™ ™ ] =0
=> Yo +n)(m +n — Dax ™D + 30 ((m + n)anx™ ™+ T2 apx ™2 =0

= ¥ [(m+n)(m+n—1)+m+n)] axmn=D + y= g xM+n+2 =
= Y [(m+n)(m+n—1+1)]a,x™nD 4 $* g xMn+2=(

=> Yio(m +n)? apx™ 4 §2 a,x™2 =0

Now by equating lead power of x,

i.e.x™ 1 equal to zero :

(M)%ay=0

=>m?=0 [as,aq # 0]

Which is the required Indicial equation,

M=0,0

Soom; =0 &m,=0

So, root of indicial equation are same

my; =m, [Case (2)]

From equation (2),

Ym—o(m+n+ 1)2 an+1x(m+") + Yo an_zxm+n -0
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Yo m+n+1D2a, + ap ] x™W =0, (3)
Now put the co-efficient of x ™+ equal to zero,
(m+n+1%ap + a2 =0

(m+n+ 1)2an+1 =~ Aan-2

-1
An+1 = m (1 O N 4)

Which is the required recurrence relation,

-1
=—=a
(m+3)2 0

Now put,n=2  a;
Now by equating co-efficient of x™ both series in equation (2),
(M + 1)?a, =0

a, = 0

Now by equating co-efiicient of x™*1 both sides in equation (2)

(m+2)%a, =0

az = 0
Now put n=3 in equation (4)
_ 1 _ 1 0
CErmr T T mra®
a, =0
Put n=4 in equation (4)
1 1

ST Tmrs? 2T masr O

Put n=5 in equation (4)

1 1 1
= T mr62 BT Tmre)l mM+32®

1
%= m+6)2(m+3)2™

Now put the value of ai, a,, a3, a4, as, as

Trial solution

(o8]
y = z anxm+n — a6xm + alxm+1 + azxm+2 + a3xm+3 + a4xm+4 + a5xm+5 + a6xm+6 + .-

n=0
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la, 1
™[ay + (0 2+[——]2+0 *+(0)x° + 64 ...
[aO ( )x (m + 3)2 X ( )x ( )x [(M + 6)2 T (m T 3)2 AoXx ]
=x"M[ag — ——=apx3 + 1 agx® + -]
O (m+3)27" " (m+6)2(m+3)2°°
agx™[1 — ! x3 + ! x6 4 -]
0 (m + 3)2 (m+3)(m + 6)2
Now complete solution of case II is given as
dy
Y =Ci()my=0 + C; (dm) 03’m=o
mp=
— ofq _x° x°
Now V-0 = Qpx [1 32 + @20 F o 00]
Now partially Differentiate eq (5) w.r.t m, we get
9y _ m _ 3, Y 6. %3
P a,(x™logx) [1 a2 X + raromre X +o 00] + a,x™[0 + (m+3)3 +
{(—2m +3)3(Mm+6)"2+ (m+3)"2(=2)(m + 6)"3}x® + --- ... ...[By Product Rule]
_ m 1 3 1 6 4 ... mp_2%3 2x6 _
a,(x™logx) [1 i3z X T eanzimeez X T oo] + X [ T Garsaamrer?
2x° 6 2x
m'{"“ ......... ] ( )m 0 —ao(l)logx [1__+(3)2(6)2+ AT P 00]+a0(1)[3—3—
2x° 2x°

— + ... oo]

3@ G2 T

Now put (y)m+o and (%)m=o in eq.(6) we get,

3 6 ) 2 3

Y = ala {1_)36_2+(3));W+"' """"" 0| + Cyla,logx {1 + gt oo} + a,{55 —

2x6 2x6
@@ @R ©o}]

— X x6 x6 23 26 i
B )+ B Jlog(1— 55 + g - ) + G5~ Grar ~ )

- X_x 1 1 e
Y =(A+Blogx) (1- 2" @ ) + 2B [33 e (3 + 6)x e oo]

Which is the required complete solution of given D.E. (Answer)

1800026

Example 06: Solve x(x—1)y" + Bx—-1)y +y =
Solution.

xx-1Dy " +Bx-1Dy +y=0 ... .. (D
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Since, x = 0 is a regular singular point, we assume the solution in the form

y = z akxm+k
k=0
Such that
dy < _
vl kzoak (m + k)x™m+k-1

d [e¢]
% = z ar(m+k)(m+ k — 1)x™+k-2
k=0

dy d*y

— 2oz 0 (1) we have

Substituting the expressions for y,

Yx(x—1Dag(m+k)(m+k—1)x™k=2 4

(B3x—1) 2 a(m+ k) + 2 ax™tk =0

or Yam+k)(m+k—1Dx™* —Ya,(m+k)(m+k—1)x™r1+

3 z ap(m + k)™ — Z a(m + k)xmHe1 4 Z ax™tk = 0
or Ya [((m+kE)m+k—1)+3m+k)+ 1] x™k —
Yay [m+k)(m+k—1)+(m+k)]x™k1=0
or Ya[m+kE)Ym+k+2)+1]x™* Y a,(m+k)2x™k-1=0 ... .. ()

The coefficient of lowest degree term x™ 1 in (2) is obtained by putting k = 0 in the second summation only
of (2) and equating it to zero. Then the indicial equation is

agm+0)2=0 =m=0, 0asay,#0

The coefficient of the next lowest degree term x™ in (2) is obtained by putting k = 0 in the first summation
and k = 1 in the second summation only of (2) and equating it to zero, we get

a[(m+0)(m+2)+1] —a,(m+0)2=0
a,—ay=0 = a; =ay(asm=0)

Equating the coefficient of x™*¥ to zero, the recurrence relation is given by
alm+k)m+k+2)+1] —apy (m+k+1)%2=0
ag[m+k+1)?]—app(m+k+1)2=0

Hence Apyq = Qg
y =x"[ag+ a;x + azx? + -]

y=apx™[1+x+x%+x3..]
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When m = 0, this gives only one solution instead of two.

Second solution is given by

(%)mzo and  y; = ap(1+x+x%+x%)
%z agx™logx[1+x +x2 4+ x3 4 -]

Y, = aglogx[1+x+x%+x3+ -] m=0
yi=ag[l+x+x?+x3+-] m=0

y = Ay, + By,

y=A[l+x+x?>+x3+ -]+ Blogx[1+x+x?+x3+--] Ans.

1800028

Example 07: Using extended power series method find one solution of the
differential equation xy" + y’ + x?y = 0. Indicate the form of a second solution
which is linearly independent of the first obtained above.

d?y
dx?

Solution. x—=+ % +x%2y=0

Let y=Yaux™* ... (1)

Yo S am+amt S =30, n 4 k) (m o+ k= 1)xmHe?

Substituting the values of y, % and % in (1), we get

xYap(m+k)(m+k — Dx™H 2+ Y g, (m + k)x™k=1 + x2 ¥ g, x™tk = 0
or Yarm+k)(m+k—Dx™ 1 +Y a (m+k)x™k 1+ Y qx™k+2 =0
or Yag[(m+k)(m+k—1)+ m+k)]x™k 1+ qxmkt2 =0
or Y ap(m+k)2xmtk1 4y g xMmtkt2 =

The coefficient of lowest degree term x™ 1 in (2) is obtained by putting k = 0 in first summation of (2) only
and equating it to zero. Then the indicial equation is

apm? =0 = m?2=0 or m=0,0

The coefficient of the next lowest degree term x™ in (2) is obtained by putting k = 1 in first summation only
and equating it to zero.
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a(m+1)?%2=0 or a, =0
Equating the coefficient of x™** for k = 2 we get
a,(m+2)2=0 = a, =0
Equating the coefficient of x™+k*2 to zero, we have

agezs(m+k+3)2+a, =0

Ag+3 = _Lz
(m+k+3)
1
k=0 , a3z = —mao
1
k=1,a4=_ma1=0,a7=0,a10=0
1
k=2,a5=_ma2=0,a8=0,a11=0
1 1
k=3.,a5=- m+6)z 3 T mra)2(mre)z 20
_ 1 _ 1
4o = (m+9)2 e = (m+3)2(m+6)2(m+9)2 Qo
_ am _ x® x° _ x°
y=X"to [1 a3 T 32 (mre)? | mas)(mee) mi)? ] """ 3)

To get the first solution, let m = 0 in (3), then

x® x

x3 9
yl =a0 [1_§+32X62_32X62X92+”.] ...... (4)

To get the second independent solution, differentiate (3) w.r.t. m. Then

6 9

a—y=(xmlo x)a [1— AR a -
om gX) Qo (m+3)2 | (m+3)2(m+6)2 _ (m+3)2(m+6)2(m+9)2

X

+ ] +xMa, [%—

2x6 _ 2x% n 2x° n 2x° n 2x° . ]
(m+3)3(m+6)2  (m+3)2(m+6)3  (Mm+3)3(m+6)2(m+9)2  (m+3)2(m+6)3(m+9)2  (m+3)2(m+6)2(m+9)3

Putting m = 0 in (5), we get

3 6 9 3 6 6 9 9
X X X 2x 2X 2X 2X 2X
y, = (logx)a [1——+ — +---]+a [—— — + +
2 = (logx)a, 32 | 32x62  32x62x92 033  33x62 32x63 ' 33x62x92 ' 32x63x92

2x°
et (6)

Hence the general solution is given by (4) and (6)

Y =C1Y1 T Y2

1 x3 x6 x° 1 1 x3 x6 x°
=cay|l1—= — |+ ¢, (logx)a [ -= — ]+
Y= Go [ 32 T 32xez  32xeixoz T ] 2(logx)a, 32 T 32xez  32xeixoz T

2x3 2x6 (1 1 2x° 11 1
— = —+—)+—(—+—+—)+---]
[33 32x66\3 6 32x62x92\3 6 9
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9 6

+] +2cyay [x3_x_(1 +%)+

x3 x6 x

=(c; + ¢z logx)ay [1 —-=+

32 ' 32x62  32x62x92 33 35x22
2x°

39%22

(1 +%+§)+---]Ans.

1800029

Case 11I: When m; and m» _are distinct and differing by an integer

Then,y = ¢1(Y)m, + C2 (a_y)

aom

[If coefficient = oo]

my whenm = m,

#Example 01: Find the solution of xy"’ + (x — 1)y’ — y = 0 using Frobenius
method.

Solution:

xy"+(x -1y —y=0......... @A)

Here,

[00)
y= gt
=0

n
[0¢]
vy = E(n +7r)a,x"™ !
n=0

[oe]

y" = Z(n +r)(n+7— Da,x™t" 2

n=0

Putting these values in (i) we get

[ee] (o) [ee] (o)
Z(n +r)(n+r—1Da,x"" 1+ Z(n + r)a,x™" — Z(n +1r)a,x™Tt — z a,x™7" =0
n=0 n=0 n=0 n=0

Y+ D@+ =1) = (1= agx™ 1 + Y [+ 1) — Uage™ =0
n=0 n=0
eq™ (it)

Now putting n = 0 in the first summation of equation (ii) and equating it to zero, we get the coefficient of the
lowest degree term x” ! to be

a{frr—1)—7r}=0

ap{r(r—2)}=0
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~r=0,2 [vay#0]

The coefficient of next lowest degree x” in eq™ (ii) is obtained by putting n = 1 in the first summation and
n = 0 in the second summation and equating it to zero,

a{r+Dr—+D}+a(r—1)=0
a,r?+r—-r—-1D+a(r—-1)=0
a,(r?’ =1 +a,(r—1)=0
a(r+1)4+a;=0

1
a1=—r+1a0

Now equating the coefficient of x™*" from eq™ (ii)

app{in+r+(n+r)—-(n+r+D}+a,(n+r—-1)=0
apyi(n+r+1)(n+r—-D+a,(n+r—-1)=0

apsi(n+r+1)+a,=0

-1
Ot = o O
eq"(iii)
Forn=0,1,2,3...in eq™(iii)
_ -1
% T+ 1a0
B -1 B -1
R e )
B -1 B -1
B 3T T D+ +3)
and so on
Forr=20
-1
a; = T ao
-1
a, = 3 ao
-1
as ﬁao
and so on
Forr =
-1
a; = 3 ao
-1
a; an
-1
3754370

and so on



Page |50

~ General sol™ of eq™(ii)is

y=c1)r=0+ c2(¥)r=2

= Cl[xo {ao + (T) agx + (7) a0x2 + (ﬁ) a0x3 + }

* afpfoo () aor+ (73)aort + (g5)aor - |
Cy | X7"4Qp 3 AgX 43 AgX 543 apgX

1 1 1 2 2 2
= a9 (1 BT —sz —ix‘?’ + ) + cya0(x? —ax‘?’ —ax‘* —axs + )

1800030

#Example 02: xy” — (4 + X))y + 2y = 0
Solve:

Xy —(4+x)y+2y=0...... (a)

Here, x=0 is a regular singular point.

Y=Y sapx™ (1)
Y=Y o(m+ k)ax™l (2)
Y=Y om+k)Ym+k — Dapx™k2 ... 3)

Putting the values of eq” (1), (2) and (3) in eq" (a)we get,
X[ERoo(m + k) (m + k = Dagx™ ™ 2]-(4 + x) [ Zio(m + k) ax ™ 2[5, apx™ =0

YR o(m+ k) (m + k — 1D)ax™ - [ 102 0 4(m + k) ax™ 1 [, (m +
l)ax ™ [E0 2a,x™ =0

—[ERzom + k)(m + k — 1 = Hapx™ 1]- [L3o(m + k — 2)ayx™*]=0

—[ERoo(m + ) (m + k — 5)ax™ - [ERLo(m + k — 2)ax™*]=0

—[(m = 5)maox™ '] + [kzo(m + k) (m + k — 5)aex™ - [N o(m + k — 3)ag_ 1 x™**71]=0
Equating the like power of x co-efficient

(m-5)mae=0; a#0

—(m-5)m=0

—m=0 or, m-5=0



So, m=0 or, m=5

Hence, m;=0, my=5

These two roots are district and differ by an integer
Now,

(m+k-5)(m+k)ai-(m+k-3)ax.1=0

—(m+k-5)(m+k)ax = (m+k-3)ai.

_ (m+k-3)ag_,

% T nrk=s)(m+k)

For m=0 (smaller root)

k—=3)ay_ . .
— ax= ﬁ [for ax is an arbitrary constant]
—2x*q, a
For k=l,a=—">2=->2
-4 2
—1xa a
K=2, a)= 1=
—3%2 6
0*a
K=3,a3=—2=0
—2%3
1xa a
K=4,a=—2===0
—1x4  —4
2xa .
K=5, as="—* = undefined
3xa a
K=6, a=—2 = =
1x6 2
4xa, 2a a
K:7, ar= b ="S=35

2%7 7 7

General solution:
Y:ZIOCOZO akxm+k

=Xk=0 akxk

=a9Xg + a1X1 + aXy + azXz + a4Xy + agXs + agxg + a7X7 + -

a a, a a
=ao +x+ 2x% +asx® + Zx0 + a7 4

_ x, x 5 X %
—a0[1+2+12]+a5[x +Z 4T 4]
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#Example 03: x?y” + 2xy’ + (x> — 6)y = 0

Solution:

Let, y=Ya,- xMm*k

dy _
a — Zak(m + k) . x(m+k 1)

d?y ~
S Ya,(m+k) - (m+ k — 1)xMm+k=2)
From given equation we can write by putting these values —
X2 a(m+ k) m+k —1) - x™=2 4 2xSa (m + k) - x™H=D 4 (x2 — 6) - T, - x™HR) = 0
= Yap[(m+ k) (m +k — 1) + 2(m + k) — 6]x™0 4 ¥, - x(M+k+2) —
= Ya,[m? 4 2mk + k2 + m + k — 6]xM+0 4 Yq, - x(M+k+2) — ¢
(1)

The co-efficient of next lowest term x™in (1) is obtained by putting k=0 in first summation only and equating
it to zero. Then the identical equation is-

a[m’+m-6]=0
Som=-3, 2

The co-efficient of next lowest term x™*in (1) is obtained by putting k=1 in first summation only and
equating it to zero.

S>a(m-1DmMm+4)=0 =a =0
Equating the co-efficient of x M+k=2)

apeyi(m+k)(m+k+5)}+a, =0

o ) T o T I m + k + 5)

.-.a1=a3=a5=...=0
@ =— %0
27 m(m+5)
—a; —Qg

U= m+r2)m+7)  mm+2)(m+5)(m+7)

_ —Qy _ —dy
= m+Hm+9)  mm+2)(m+4)m+5)m+7)(n+9)
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x? x* x®

1= m(m + 5) +m(m +2)(m+5)(m+7) B mm+2)(m+4)(m+5)(m+7)(m+9)

+]

.. (2)
Puting m = 2 in equation (2) we get,
Z[1 i + < < +
= aAnX J— J— cee
V1= %o 2X7 2X4X7TX9 2X4X6x7x9x11
..(3)

Co-efficient of x*, x° etc in equation (2) becomes infinite on putting m=-2. To overcome this difficulty we put
ao = bo (m+2) in equation (2) and we get,

(m + 2)x? x* x®
mm+5) mm+5)(m+7) B mm+4)(m+5)(m+7)(m+9) T

y=by - xm|(m+2)—

. (4)
By differentiating (4) w.r.t ‘m’, we get

oy (m + 2)x? x*
am = Lo™logx) [(m +2) = s

om

X6
T+ Hm IS m+ Hm+9) ]

_(m+2)x2{ 1 1 1 }

+b°xm[l mm+5)m+2) m (m+5)

x4-

1 1 1
+m(m+5)(m+7){_ﬁ_(m+5)_(m+7)}+"']

Or replacing m by -2, we get

9 4 6
(_y) =(b0-x_2-logx)[0—0+ - ]
m=-2

X
om 23 6 C03G®
x2 x4 31
+byx 2 [1+ ( )+

2x3  2x3x5\30
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Or,

1 x? x*
= byx?l - _
Y2 = Do¥ ng< IX3x5 22x3x5x7 2 x3x5x7 >

+box 2|1+ i + < x<31)+
0¥ 2x3  2x3x5  \30

General solutionisy = c;y; + ¢3¥5

2

Y PR x* B 6 N
y=ax 2X7  2X4X7X9 2x4AX6xX7x9x11
+cy [x%1 - ul i +
2 X X T 3 x5 T 22x3x5x7 23X32X5x7
+x72( 1+ x + ul (31)+
X 2%x3 ' 2x3x5\30
Example 04. Solve
2
2d%y dy 2 _
x — 5 x_ x _4 _O eee o0 o 1

Solution.

Let y =Y aqux™*k

Yo S am+amt S =30, n 4 k) (m o+ k= )X

a’y

dy .
37 ax and y in (1) we get

Substituting the values of
x2Ya,m+ k) (m+k—Dx™ 2+ xY a,(m+ k)x™ k1 +

(=D X ax™* =0
Yap[(m+k)m+k—1)+ (m+k) — 4]x™* + ¥ qpx™tk+2 = 0
Yap(m+k+2)(m+k —2)xmtk £ Y qxmtktz =9 )

The coefficient of lowest degree term x™ in (2) is obtained by putting k = 0 in first summation only and
equating it to zero. Then the indicial equation is

ag(m+2)(m—-2)=0= m=2,-2
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m+1

The coefficient of next lowest term x in (2) is obtained by putting k = 1 in first summation only and

equating it to zero.

a(m+3)(m—-1)=0 = a; =0
Equating the coefficient of x™+k+2
agio(m+k+4)(m+k)+a, =0 or Utz = ~ o rr ik
ag=az3=as=--=0
— __ %
az = m(m+4)
_ a _ Ao
s = (m+2)(m+6) ~ m(m+2)(m+4)(m+6)
_ Ay _ [40]
A6 = ~ nrayme8) | m(m+2)(m+a)2(m+6)(m+8)
_ mlq _ x? x* _ x°
Hence y = aox [1 m(m+4) + m(m+2)(m+4)(m+6) m(@m+2)(m+4)2(m+6)(m+8) + ]
...... 3)
Putting m = 2 in (3), we get
— 2[4 _ X% x* x°
Y1=aox” |1 = et o exe  axaxeixaxio T ] """ )
Coefficient of x*, x® etc. in (3) becomes infinite on putting m = —2. To overcome this difficulty, we put

ag = bg(m + 2) in (3) and we get
x? x*

x6
i) T mmanminmee)  mimiz)(miaZ(mie)mis) ]

y = box™ [(m+ 2) —

On differentiating (5) w.r.t. ‘m’, we get

(m+2)x? x* _ x® 4.
m(m+4) m(@m+4)(m+6) m(m+4)2(m+6)(m+8)

22 = by(x™ - logx) [(m +2) -

am

]+b0xm [1 -

(m+2)x? ( 1 1 1 ) x* ( 1 1 1 ) ]
- - _ _ ) 4.
m(m+4) \m+2 m m+4 m(m+4)(m+6) m m+4 m+6

On replacing m by —2 , we get

9y _ -2, _ x* x°
(am)m=—2_(b0x log x) [0 '+ Zow  caeree T ]+

-2 x2 xt 1 ]
box [1+22+22><4(4)+

= byx?lo x(— LI & +---)+b x‘2(1+x—2+x—4+---)
ot Y2 = Do 8 22x4 | 23x42x6X8 0 22 ' 22x42

General solutionis y = c1y1 + €22

x* x

y=clx2(1—i+ — ° +...)+

2X6 = 2X4X6X8  2X4X62x8%x10
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2 4 4

2 __1 < X —2( x2 ., xt )]
cz[x logx( 22xa ¥ Dixaxe  Dxarxexs | )+x 1+22+22><42+

Ans.

Case IV. If the roots differ by an integer such that one or more
coefficients are indeterminate.

Related math

Example 01: Find the extended power series solution of the differential equation

x2y" +4xy' + (x2+2)y=0...(1)
Solution:

Let,y = Zakxm”‘ be the required solution of the given equation

dy _
o Ya, (m + k)x™tk-1

dzy m+k—2
TxZ = Sape(m+k)(m+k—1Dx

.. dy d%y . . .
Substituting the value of y, = and —zn the given equation.

x2Zap(m+k)(m+ k — Dx"™*2 + 4xTa, (m + k)x™*1 + (x2 + 2)Zax™tk =0
Tar(m+k)(m + k — Dx™* + 45q; (m + k)x™F + Za x™k*2 4 52q, x™tK = 0

Tag[(m+k)(m+k—1)+4(m+ k) + 2]x™* + Zq x™trt2 = 0
Sai[(m+ k)? + 3(m + k) + 2]x™* + T, x™H+2 = 0....(2)

The coefficient of lowest degree term x™ in (2) in obtained by putting 4= 0 in first summation

only and equating it to zero. Then the indicial equation is

ag(m?+3m+2)=0
ag#0,m?>+3m+2=0or(m+1)(Mm+2)=0,m=—-1,-2

When m = —2,a, becomes indeterminate (%) But in this case we get the identity a,(0) = 0 which
is satisfied by every value of a,. Therefore, in this case we can take a; as arbitrary constant

Equating the coefficient of x™**+2

Apz[m?+ Rk +4+3)ym+ (k+2)2+3(k+2)+2]+a, =0
Apea[m?+ Rk +7)ym+k?+ 7k +12]+ a, =0
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1
T2 = T 2k + Tym+ k2 + Tk + 12 %
For

~ 1 ~ 1
2 T Tm+ 1207 T m+Hm+H
et oo 1 ~ 1

T BT T rm+ 20" T T m+r Hm+5)?

1 1

a4 = -

M2+ 11m+ 3072 " (m+3)(m + &) (m +5)(m +6) °

1 1
= i 13m+ 42 BT {(m +H(m+5)(m+ 6)(m +7) al}

Form= -1

1 1 1 1
2= "t d = = o % 4 T 3504
Hence form = —1

1 1 1 x*
yr=x"11—-=x?+—x*+- ] 1——=x?4+—+|a

6 120 12 360

Form = -2
1 1 1 1
az=_Ea0,a3=_ga1,a4=ﬁa0,a5=ma1
Hence for m = —2, second solution is
=x"%|1 x2+x4+ +1 x+x3+

Y2 =X 2 T2 T T 6" 120 N

x% x* x3 x5
y2=x‘2[{1—7+z+ }ao+{x—?+?+---}a1]

y, = x"?[agcos x + a;sin x]

Thus the complete solution is y = Ay; + By, (Ans)

Example 02: Find the extended power series solution of the differential equation
X2y’ +4xy’ + (x2+2)y=0

(D
Solution :

Let y = Zax™* be the required solution of the given equation
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dy _
aoo= Ya,(m + k)x™tk-1

dzy m+k—2
Sk Zap(m+k)(m+k—1)x

o d d?y . . .
Substituting the value of y, d—i and d—szl in the given equation,

x2Zag(m+k)(m + k — D)x™ %72 + 4xTa, (m + k)x™*1 + (x2 + 2)Ta,x™F =0
Yar(m+ k) (m + k — Dx™* + 43a, (m + kK)x™* + Zapx™Rt2 4+ $2a, ™k = 0
Yap[((m+ k) (m+k—-1)+4(m+ k) + Z]xm+k + Zakxm+k+2 -0

Yap[(m+k)? + 3(m + k) + 2]x™* + Za, x™E2 = 0

- (2)
The coefficient of lowest degree term x™ in (2) in obtained by putting k=0 in first summation only and

equating it to zero. Then the indicial equation is

ap(m?*+3m+2)=0
ag#0,m?>+3m+2=0 o (m+1)(M+2)=0, m=-1-2

m+1

The coefficient of next lowest degree term x™"' in (2) is obtained by putting k=1 in first summation only and

equating it to zero.

0
(m+2)(m+3)

a;[m?*+5m+6]=0 or ay(m+2)(m+3)=0=>aqa, =

when m=—2, a; becomes indeterminate (%). But in this case we get the identity a;(0)=0 which is satisfied by

every value of a;. Therefore in this case we can take a; as arbitrary constant

mtk+2

Equating the coefficient of x

Agpzm?+ 2k +4+3)m+ (k+2)>+3k+2)+2]+a,=0
Agialm? + Rk +7)m+ k?+ 7k +12] + a, = 0

1
2 = Ty 2k + Tym+ k2 + Tk + 12 %
1 1
F k=0 - = —
or Ty Tm+ 1297 T m+Hm+H
- ~ 1 ~ 1
- B T I om+201 T T m+a)(m+5) "
1 1

T T  1m+302 " m+3)(m+ H(m+5)(m +6)

1 1
T i 13m+ a2 BT {(m +H(m+5)(m+ 6)(m+7) al}
For m=-1



1 1 1 1
a2 =~ ¢ do a3 = 154 s = 150 %0 5= 360 ™
Hence for m= -1
4
y, =x71 1—%x2+%x4+ --]a0+[1—ﬁx2+%+ a,
for m= -2
1 1 1 1
Az = 750003 = =10y = 575 Ao, A5 = 1501

Hence for m= —2, second solution is

y, = x ?[agcos x + a;sin x|

Thus the complete solution is y = Ay, + By,
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(Ans)
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Bessel’s Equation

Introduction:

The term Bessel’s function or equation is named for Friedrich Wilhelm (1784-
1846); however, Danial Bernoulli is generally credited with being the first to
introduce the concept of Bessel’s function in 1732. He used the function of zero

order as a solution to the problem of an oscillating chain suspended at one end.
Specifically, a Bessel’s function is a solution of the differential equation---

d’y  dy
x2W+xa+ (x2—n?)y=0

This is called Bessel’s Equation. Where n is an arbitrary, constant value. We
will limit our focus to values where n>0.

Applications of Bessel’s Equation:

A. Heat Diffusion: One common application that results in Bessel’s function

solution is steady-state temperature in a cylinder.

B. Wave Propagation: In this aspect we discuss a radially symmetrical

circular drumhead with fixed edge that is directly in the center with an

arbitrary force.

Solution of Bessel’s Equation:

It is an ordinary differential equation of second order. It is found in the solution

to Laplace's equation in cylindrical coordinates:

2%y
dx?

X +x%+(x2—n2)y=0;


https://www.britannica.com/science/function-mathematics
https://www.britannica.com/science/differential-equation
https://en.wikipedia.org/wiki/Laplace%27s_equation
https://en.wikipedia.org/wiki/Cylindrical_coordinates

For an arbitrary real or complex number n (the order of the Bessel’s function).

The most common and important special case is where n 1s a positive integer.

Dividing this equation by x? gives:

2

—y+——+(1—z—2)y=0;

dx?  xdx
In this case P;(x)= i has a pole of first order at x = 0. When n#0 P,(x)=

2
(1 - %) has a pole of second order at x=0. Thus, this equation has a regular

singularity at 0.
So, the Bessel’s equation of order 7 is,

d? d
xz—y+xé+(x2—n2)y=0 —————————————————— (1)

dx?
Since, x=0 is regular singular point for (1) so let its series solution be,
Y= Yo o@r X™7T = (agx™ + a;x™ + apx™t ) e (2)
So that, % = Ya,(m+r)x™"1 and

d?y +r-2
—=Ya (m+r)(m+r—1)x™"

dx?

Substituting these values in the equation (1), we have,

xX2Ya, (m+r)m+r—Dx™" 24+ x¥a,. (m+r)x™r 14
(x2=n?)Ya, x™" =0

or,Ya,(m+r)(m+r—Dx™" +¥Ya, (m+r)x™" +Yaxm7"+2 —

n?Y a, x™" =0

Or,Ya,[(m+r)(m+7r—1)+ (m+7r)—n?]x™7" + ¥ qx™7*2 =0
Or, Y a,.[(m+1)? —n?]x™" + ¥ a,x™*7+2 = (.

Equating the coefficient of x™ to zero, we get-

apg[(m+0)2—n?] =0 where,r=0


https://en.wikipedia.org/wiki/Bessel_function
https://en.wikipedia.org/wiki/Integer

Or,m? =n? ie. m= +n where, a, # 0

Equating the coefficient of x™', if r=1, then we get- a,[(m + 1)? = n?] =0
ie. a;=0. Since, (m+1)>—-n?#0

m+r+2

Equating the coefficient of x to zero, to find relation in successive
coefficients, we get,

1

Aria[(m+7r+2)2—n?]+a,=0 or, ay;, = EreT Tl

ar

Therefore, a; = as =a; =++=0 since,a; =0
If r=0 =
=Y a2 = (m+2)2-n2 -@o
1 1
Ifr=2, Ay = = (m+4)2-n2 a2 = [(m+2)2-n2][(m+4)2-n2] +@o

and so on.

On substituting the values of the coefficients in (2), we have,

_ m _ Qo m+2 Ao m+4
Y = QoX (m+2)2-n2 * + [(m+2)2-nZ2][(m+4)2-n?] * +

.2 1 4 _ ..
(m+2)2-n2 x°+ [(m+2)2-nZ2][(m+4)2-n?] * ]

Or,y = apx™[1 —

For m= n,

2 : 4_ ...
4(n+1) * 42-21(n+1)(n+2) * ]

y =apx"[1—
Where, a,is an arbitrary constant,
For m=-n,

1 2 %o 4_ ...
4(-n+1) x“+ 42-21(—n+1)(—n+2) x ]

y=ayx "[1-

Where, agis an arbitrary constant.
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Bessel’s Function, |, (x):

Bessel functions, first defined by the mathematician Denial Bernoulli and then
generalized by Friendrich Bessel, are canonical solutions y(x) of Bessel’s
differential equation, for an arbitrary complex number ‘n’, the order of Bessel

function.
The Bessel’s function is

2 d%y

X
dx?

d
+xd—§ (2 =n)Y =0 oo (1)

Solution of (1) is,

x? x4
- n 1 _— —_ e
y =X = Y S s Dt D
x2r
+(-1)

2rrN2"(n+1)(n+2)..(n+71) ol

x27‘

22ri(n+1)(n+2)...(n+1)

=aox™ Y, (=1)"

Where ais an arbitrary constant.

1
8=y

The above solution is called Bessel’s function denoted by J,, (x)

xn+2r

22Tri(n+1)(n+2)...(n+1)

Thus J, (X)= =———X.(=1)"

2" [(n+1)

( Mn+1=n!)



_ n 1 X, 1 X,
Jn(x) = (_) { r( +1) L1l(n+2) CURND T(n+3) @)
1

G+

13T(n+4) 6

0 — @ (GO X\n+2r 2
r’]n(x) Zr:O r!(n+r)! (2) e o ( )
1
If, n=0, Jo () = LS &)
x* x©
OrJo(x) =1 - ? 24z grargz T

If, n=1, J; (x) _——x—3+ =

224 22426

Replacing n by —n in (2), we get,

N
]_”(x)_z (n+r+1)() ’

r=0

General solution of Bessel’s equation is

y = Aln(x) + B]_n(x)

Example 1: Prove that, J_,,(x) = (—=1)"/,,(x), where ‘n’ is positive integer.

Sol: We know,
N (_ )T X —-n+2r
](x)_Zr' (- n+r+1)()
r=
B (_1)T(£)—Tl+27' . (_1)r(£)—n+2r
:Zn 1 2 +Zr:n 2

=071 [(-n+r+1) r! [(-n+r+1)

(_1)r(§)—n+2r

(00 . .
=0+Yrp M Tontreny® Since [-ve integer=00]

On putting, r=n+k,



o (_1)n+k(%)n+2k
— n+K)! T(k+1)

]—n(x) =

(_1)k(§)n+2k

(n+k)! k!

(-5,

=(—1)"Jn(x)
[proved]

Example 2: Prove that, =+~ [/o(x)] = =/

Sol: We have by definition

Jo() =255 &

Differentiating it with respect to x, we get,

d 1+ 1 X .

£ j+ L XN2j+
LD Gy @

where j=r-1

1

== 2D T

XN2j+1
©)

=—J1(x)
[ proved]

Example 3: Prove that,

@ Ji, @ = [(Z)sinx



2
(b) J1 n (x) = \/%cosx
Sol: We know that,

4

Xt . x? X )
() =3 rn+1[ T2+ D) 242+ D+ 2) ]( )

(a)  Substituting n:% in (1) we obtain

]1/2(x)
xl/2 x°
2% r14d 1_2.2(1+1)
2 2
x4-
az(Ge)(Ees)”
Jx 2 2

_\/zr%[ T 231 ' 2345 "

- 11 3! 5!
vi.ril
1 .
r— \/_%smx
, 2 . . 1
= |—sinx [since |—E = Vx] [ proved]
_1
2
(b) Again substituting n = —%in (1), we have ] i(x) = f 1[1 -
2 272 |—1—5

= \/g coSX [since I_% = \/x] [ proved]
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RECURRENCE FORMULAE

Formulae-1: x]',, =nJ], — xJ,41

Proof: We know that,

Jn= Zoo (_1)r (E)x+2r

=0 ri(n+r+1)! \2

Differentiating with respect to ‘x’ we get,

L O DT+ 2r) x\nrErig
Sn= r!(n+r+1)!(§) 2

#n= "z r! (n(;lr):— 1)! G)MZT " xz 2r! Ef_li)j”zi D! (

2

=n], +x Zoo (G (E)n+2r—1

=1 (r—1)(n+r+1)! \2

(_1)s+1 (x)n+25—1

sl(n+s+2)!

=nJ, + X Dery ”

(-1)S (x)(n+1)+25

sl(n+1+s+1)! \2

=nJ, +xXor

=n]n - X]n+1

Example: Prove that, ', (x) = (1 - %)]1(x) + E]O(x)

[ putingr — 1 = 5]



Where |, (x) is the Bessel function of first kind.

Solution: By recurrence formula 2,

X]’n = —Jnp +XJp-1

On putting n=2 in (1), we have

x|, = =2]', +x]y

2
or, ]'; = — ;]2 +];

By recurrence formula 1,

X],n = n]n - X]n+1

(1)

(2)

(3)

From (1) & (3) we have,

—nJ, +XJp-1 = nJy —XJp4q

On putting n=1,
—J1 +xJo = ]1 — %],

1 1
Or, —;]1 +]0 = ;]1 _]2

Or, |, = %]1 —Jo

Putting the value of |, from (4) in (2) we get,

]’2 = _5(511 _]0) +];
. —ﬁh +§]o +h

=(1 _%)]1 +§]0

(4)

[Proved]
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Recurrence Formulae II: xJ,’=-nJ, + X ],-1

o0 GON
Proof: We have, |, = Zrzom (g) n+2r

Differentiating with respect to x we get,

o (17 (n+2r) _
]n —_ Z (x) n+2r—-1

=0 rin+r+1) \2

or, xJn'=Xo, S (f) 2

=0 ri(n+r+1) \2

i_yoo (1" @n+2r)-n (x\ p4op
or, X J, _Zr=0 ri(n+r+1) (2)

oy (CDT@n+2r) (x\ pior w (17 ({) n+2r
or, X]n —Er:O ri(n+r+1) (2) " Z7‘:07‘!(n+r+1) 2

or, X Ju'= Tt oo (5) M2 -,

=0 ri(n+r)

' o -’ X\ (n-1+2r) _
or, X]n =X Zr:O ri[(n—-1)+r+1] (2) n]n

So,xJ,'=xJ,—.1 —nJ, (Proved)



Problem: Prove that, % = %[%n]n —(+2) g2 + M+ 4) nsa con e e e e

Solution: The recurrence formula is,

X Jn '=— nfp+xJh

Putting this value of J,,_; in (1) we get,

]rlz =§]n—§[n]n— (n+2)]n+2 + (n+4)]n+4 BEEREREEEREREE ]
= f[%”]n —(4+2) )42 + M+ ) )psa e e o] (Proved)
Roll: 1800037

Formula ITL. 2V, = J, ; — Jon1
Proof: We know that
xV.=nJ,—xJou ... (1) Recurrence formula I
/

xJ,=-nJ,—xJ, ... (2) Recurrence formula II

Adding (1) and (2), we get,



2x) =nl,—xJ.-nJ, +x7J.
Or, 2XJ/n= -X Jo + X )0

or,2V =7, -J.. [Proved.]

Example: Prove that, 4 J,” (x) = J,2 (X) = 2 J (X) + Jpsa (X)
Solution: We know that the recurrence formula,
2102 0t - Tol e (1)
On differentiating again, we have
AV mFoim=Fai ceerenreronsreenes Q)

Replacing n by n-1 and n by n+1 in (1) we have,

2V01=ta- 1y
o1y 1
OI', J n-1= > Jn_2 ZJn ........................ (3)
AIld, 2J/1‘1+1 =Jn - Jn+2

3 (NET SR OO (@)

Putting the values of ¥ ,and Y., from (3) and (4) in (2) we get,
23, = ~{Tha = Jol- 5 U= Juso]

Or, 43, =3, ,-0,-T.+ ..,

Or,41," =T, -2 T+ o2 [proved]
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Formula-IV: 2n),=x (J,.1 + Joi1)
Proof: We know that,
X J/n =nlJ,—xJ ... (1) Recurrence formula I
X J/n =-nJ,—xJ, ... (2) Recurrence formula II
subtracting (2) from (1), we get,
0=2nl,—xJs1-xJs

Or,2n), =x (J,.1 + Jos1) [proved]

Example: prove that, ix Jo=(+1) ) —(+3) J oz + (45) Jpus - oeeeennn

Solution: We know from recurrence formula-IV that,
2an =X ( Jn—l + Jn+1)
Putting n+1 for n we get,

2(n+1)Jn+l =X ( Jn + Jn+2)
1 1
Or, EX J. = (n+1) Jos1- EX N (1)
Putting n+2 for n in (1) we get,
1 1
EX J.o= (n+3) Jn+3- EX Jobd o (2)

Putting this value in (1) we get,



X Jo = 041) Jpprm (043) Joast 2% Joss oo 3)

Putting n+4 for nin (1) , we get

1 1

EX Jn+4 - (n+5) Jn+5' EX Jn+6

Putting this value in (3) we get,

%00 = @4]) Tout (@43) Josat(045) Jousm 3% Jass

Proceeding so on we get,

ngn = (1) Ty — (043) Tz + (045) Tops - oo,

Which proves the required result.

Roll: 1800039

Recurrence Formulae V.

The Recurrence formulae V. is % (™) =—x""]u

Proof: We know from Recurrence formulae 1. is

x]n’ = n]n_x]ml

n=1  we obtain,

Multiplying by x~
X =T =T o
> xS —nx ™ = —xTY o0

> % (x ™) ==X

[Proved]



Example: Prove that, [ J3(x)dx + J,(x) + % Ji(x) =0

Solution: We know from Recurrence formulae V.

d , _ -
dx (X n]n (.X') ) =—X n]n+1(x)
Integrating above relation, we get

XMo@ = =[x ()dx o (1)

Taking n =2 in (1), we get
[x72]3(0)dx = —=x72]5(X) coeiiiiiiiiieieiee (2)

Again, [ ];(x)dx = [x?(x72)]; (x)dx

= x2 [(x72)]; ()dx — [ 2x [(x"%]3(x))dx ...... (3)

Putting the value of [ x72J; (x)dx from (2) in (3), we get
[J3(x)dx = x%(—x72],) — [ 2x(—x"%],)dx
= —]2+ fo_ljzdx

= =)+ 2(=x",)

On using (1), again when n=1

Hence, [ J3(x)dx + ], + % Ji=0 [proved]
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Recurrence formula VI: di (x”J . ) =x"J
X

nl
Proof .1 from recurrence formula Il
We know that, xJ.=-nJ, +xJ
Or, xJ, +nJ,=xJ,
Multiplying it by x7"', we get
x"J, +nx"'J, =x"J,

This can be written as
d
—x"J )=x"J
dx ( n) n—1

Which is the required result

Proof .2 we have,

d . n renya__ (D' X\yn+2r
dx (X ]n) - [X ZO (DI (n+r+1) (2) ]

d
‘&[0 (O!T(n+r + 1)

X
2n(§)2n+2r]

(-D'(n+r) x
L (D!IT(n+r+1) G

n

)2n+2r—1

= xn N (_1)1‘ X n+2r—1
- 4 OITm 0 2

= Xn]n—l

[proved]
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Equations reducible to bessel’s equation

There are some differential equations which can be reduced to bessel’s equation

and therefore can be solved.

We shall reduce the following differential eq. to bessel’s equation,

2
X2 x ZHP )y =0 (1)

Putting t=kx, %:k (1) becomes,

2. 5 d?y t. .dy o o
RS W i AT S P A -
= k FRCA k dx;:§+(t n")y=0
Its solution i1s y=cJ,(t)+cJ x(t)

Hence solution of (1) is y=cJ,(kx)+c,J (kx)

Example: Find the general solution of the differential equation

x2y"+2xy’ +(x2—1)y =0.

Solution. We make the substitution:

y=x1-227=x—12z,

=>y'=12x-32z+x—127',
=y'"=34x—-527-12x-327'-12x-327"+x—127"=34x-527—x—327"+x—127".

Put these expressions back into the equation:

x2y"+2xy"+(x2—1)y=0,=>
x2(34x—52z2—x—327"+x—122")+2x(—12x—327+x—127")+(x2—1)x—127=0,

=34x—12z—x—1272+x327"—x—12z+2x127'+x32z2—x—122=0,



=x327"+x—127"+(—54x—12+x32)z=0,

=>x27'+xz'+(x2—54)z=0.

Indeed, we see that

n2=v2+14(a—1)2=1+14(2—1)2=1+14=54.

Thus, the general solution for the function z(x) can be written in the form
2(x)=C1IN52(x)+C2YV52(x).

Then the solution for the original function y(x) is given by
y(x)=x—122(x)=1Vx[C1IV52(x)+C2YV52(x)],

where C1 and C2 are arbitrary constants.

Roll: 1800041

ORTHOGONALITY OF BESSEL FUNCTIONS:

f01 xJ,(ax) J,(Bx)dx =0 where a and B are the roots of J,(x) =0

Proof: We know that,

d? d

247y y 22 2\ —

X E-l—X&-I-(O(X —n)—O ...... (1)
2d%z dz 2,2 _ n2) —

X E+X&+(BX —n)—O ...... (2)

Solutions of (1) and (2) are y = ],(ax), z = J,(Bx) respectively.



Multiplying (1) by § and — % and add , we get
d? d?z dy dz
— e e 7 y—= 2 _ Q2 _
x(z P de2> + <Z T ydx) + (0( B )xyz 0

% [x (z% — yg)] + (az — Bz)xyz =0 (3)

Integrating (3) w.r.t ‘x’ between the limits o and 1, we get

1
dy dz
[x <z& — y&>](1, + (o - Bz)fxyzdx =0
0

1 d d
8 — ) [Pryade = e (22— y )
d d
=(zd—§ — y;z()xﬂ ...... (4)

Putting these values of y =]n(ocx),2—z = af,'(ax),z =]n(,8x),%

B .J.'(Bx)in (4) we get

(B2 — o) — [} xJn(@x). Jn(Bx)dx = [a']n(@X)]n(BX)- Jn'(Bx) Jn(@2)] =1

= afp(@)n(B)BInBn(@) ... (5)
Since a,f are the roots of /,(x) = 0,so J,(a) = ]n(ﬁ) = 0.

Putting the values of ], (a) = J,(B) = 0 in (5), we get,
(B2 — ) — [, xJn(ax).Jn(Bx)dx = 0

fol X Jn(@x).Jn(Bx)dx = 0 [ proved].

Example: Prove that



[y % Un(@)]2dx = > [Jns1(a] 12

Solution. From (5) ,we know that

(B2 = a®) = [ xJn(ax). Jn(Bx)dx = afsy(@)]n(B)-BJn(B) Jn (@)
When p=a

We also know that |, (a) = 0.let B be a neighbouring value of a, which tends

to a.

Then,

0 + afn(@)- Jn(B)

BZ_aZ

1
tim Oj KJn(@x). o (Bx)dx = lim

As the limit is of the form %, we apply L’ hospital’ s rule

o+aj;, (a).Jn (B 1.,
B Ly @)

1 2 T 1
fo xR (ax)dx = lim “ 0000 =

Roll: 1800042

A GENERATING FUNCTION FOR J,(x)

z—;)

X
# Prove that J,(x) is the coefficient of z" in the expansion of ez

tz2 3
Proof: We know that et=l+t+;+;+...

Xz

xz 3
TR e O

e =1 — iz+i(i)2 - = (1)3 + o .(2)

2!'\2z 3!



Multiplying (1) and (2), we get

eg(z—é)z [1 + (?) + % (E)Z + % (2)3 + ] X

@] o

The coefficient of z" in the product of (3)

1 x n 1 x n+2 1 x n+4
T (E) T (n+1)! (E) +2!(n+2)! (E)

=J, (X)

Similarly coefficient of z=™ in the product (3) = J_; (x)
X 1
e = Jot 2l + 2L+ PN+ A 2 T+ 2+ 20T+
221010:—00 Zn]n(x)

Xc,_1 ) .
For this reason ez(z z) 1s known as the generating function of Bessel functions.
g g

Roll: 1800049

Trigometric expansion involving Bessel function

To show that

Cos (x sing) = [Jo (X)<2 [cos 2¢ J,(x)+cos 4¢ J,(X)+.....],



Cos (x cos ¢)=Jo (x) — 2[cos 2 ¢ J,(x)-cos 4 ¢ J;(X)+....... ],

1
PO G S
ez i =3 it ] (X)
1
Putting t=e'? | so that = (t-=) =1 sin ¢, we get,

And sin(x singp)=2 singp J, (x)+2 sin3¢ J3(X)+....... 3)
Then putting % T —¢ for ¢ (1), (2),(3) we get,

cos*€05Q=] (x)+2i cosgp]; (x)- 2cos x2¢p J,(x)-2i cos3¢p J3(X)+....... 4)



Example:01: Show that,

Cos x=Jo(x)-2Jr(x)+2] 4(X)-.....

Sin x=2J,(x)-2J3(x)+2J5(X)-....

Solution: we know,

cos(x sing) = Jo(x) + 2cos2¢]2(x) + 2cos4pJ4(x) + - ...
Sin(x sing) = 2singJ1(x) + 2sin3¢J3(x) + 2sin5¢J5x + -+
Putting the value of ¢ = %, weget,

Cos x=Jo(x)-2J2(X)+2J4(X)-revvvrrrrnnnnns

And sin x=2J;(x)-2J3(x)+2J5(X)-....

Roll: 1800044

Trigometric expansion involving Bessel function

Prove that [Jo(x)]%+2 [J; ()]1?+2 [[ [ (X)]?*+....... =1

Solution: We know,
cos(xsing) = Jo(x)+2],(x) cos2¢+2 J,(x)cos 4¢p + --+(1)

Sin(xsing) = 2 cos¢p/; (x)+2sin3¢J3(x)+...... (2)



It would be noted that,

And

fon cos n¢ cosme =f0n sinn¢ sin m¢ =0 m#n

Now, sqaring (1) and integrating with respect to ¢ between the limits O to , we
get by the use of above integrals

et sP—cos (x singp) + i sin (x singp)

Jo 1242 [ Ja®)]?nt....=[, Lisin?(xsing)dep

Again sqaring (2) and integrating with respect to ¢ between the limits O to ,
we similarly get

[J1 ()2 n+[]3(X)]*n+.. ...=f: iisin?(xsing)d¢

Adding these,

[ {Jo (3242 {10} +2 [{J ()} mt......... ]

:fon[ cos?(x singp)+sin?(x sing)|=d¢p

:fondgozn

JoCO1%+2 [J1 012 +2 [[ [ (X)) +....... =1 (proved)



Example:1:show that, d/dx(3%,+J%1)=2(0/x.J*—(n+1)/x.J%0s1)
Solution: Recurrence formula (1) and (2) is,
X =)y X g e, (1)
X J =0+ Xy e (2)
Putting (n+1)for n in (2),we get,
X J o=+, +xJ,
Now, d/dx(3*,+%0:1)=23, 00+ 2T01 T s
=2J,.1/x(n Ji—XxJ o )+2) 01 /X [-(n+ 1)) +xJ,]  [from (1) and (3)]

=2[n/x.J5—(n+1)/x J%01]

Roll : 1800045

BESSEL’S INTEGRAL

prove that
() Jp (x) = % fon cos (x sinf) do
Proof. We know that,

cos (x sin 8)=Jy+2J,cos 26+2J,c0s460+ ... .l (1)

sin (x sin @) =2J;sin 8+2J3sin 360+2Jssin 50 + ... ssik2)



(a) Integrating (1) between the limits O and 7, we have

fon cos (xsinB)d6 = f:(]o +2],c0s20+2],cos406+ ... ) dO

=Jo J, d0+21, [ cos20dB + 21, [ cos46 db + ...
:J()T[+O+O

Jo(x) = % fon cos (x sin8) do [Proved.]

Example: Prove that , J;,(X) = \/g sinX

Solution: We have

n XZ X4-

[1— + -]

X
Jn(X) = 22(n+1)  2.4.22.(n+1)(n+2)

2" (n+1)

Putting n=1/2, we get

X2 X2 Xx*

J1n(X) == [[——+ — e ]
22 [‘(2) 23 2345
1
Xz 1 x3 x5
= = [ X=—=+— ]
Z%T (%) X 3)! 6!

= /(;—X).sinX as 7 (12) =+m

Roll: 1800046

prove that

(b) J, (x) = % fon cos (n@ — x sinB) do



Multiplying (1) by cos n0 integrating between the limits O and 7, we have

fon cos(x sin @ ) cosnf d9=f0“[ Jo cosnf + 2], cos 28 cosnb +
2],cos460 cosnf + ... | d6

=217 [ cosnf d6 +21J, [ cos 20 cosnf db + ...
=01fnis odd ...(3)
=m [, if nis even ..(4)

Again multiplying (2) by sin n@ and integrating between the limits 0 and m, we
have

fon sin(x sin 0) sinn@ dB:fOn( 2], sin@sinnf + 2 J;sin30sinnf + ...) do

=27 fogsinesinné? ae +2J3f0nsin305inn6 dé + .. =0 if n is even
.(5)

=m),if nis odd ...(6)
Adding (3) and (6) or (4) and (5), we get
fon[cos(x sin @) cosnf + sin(xsin @) sinnf] db =m |,

or, fon cos(nf —xsin8)do = ],

or,ani foﬂ cos(nf — x sin @) do [proved.]

Example: J_;5(X) = ’n—ZX cosX

Solution: Again, putting n= —1/2 , we get

x—1/2 X2 x4
Jan(X) = m [1—=+
t\2




, 2 X% x*
= ,(%).COSX

sinn®

fon cosn® dod = [ Jo"~ 0 when n is an integer.

n

Roll: 1800034

Practice problem

Problem-1: Solve the differential equation x’y"+xy/+(3x>-2)y=0

Solution:
This equation has order \2 and differs from the standard Bessel equation only by

factor 3 before x2. Therefore, the general solution of the equation is expressed by
the formula

y(x)=C1Jv2(V3x)+C2Y2(V3x),

where C1, C2 are constants, J \/2(\/3)() and Y~2(V3x) are Bessel functions of the 1st
and 2nd kind, respectively.



Problem-2: solve the equation X2y"+xy’ —(4x2+12)y =0.
Solution. This equation differs from the modified Bessel equation by factor 4 in

front of x2. The order of the equation is v=112. Then the general solution is written
through the modified Bessel functions in the following way:

y(x)=Ciliv2(2x)+C2Kiv2(2x),

where C1 and C2 are arbitrary constants.

Problem-3: Prove that, [ J3(x)dx + J,(x) + % Ji(x) =0

Solution: We know from Recurrence formulae V.

d , _ _
= (M (1)) = =X o (%)
Integrating above relation, we get

XM (@)= =[x ()dx o (1)

Taking n =2 in (1), we get

Jx™2300)dx = —=x72]5 (%) cooeieiiiiiiie e (2)

Again, [ ];(x)dx = [x?(x72)]; (x)dx

=x2 [(x72)]; ()dx — [ 2x [(x7?]3(x))dx ...... (3)

Putting the value of [ x72J; (x)dx from (2) in (3), we get

[]3(x)dx = x*(—x72],) — [ 2x(—x"2],)dx



=—Jo+2[x71,dx

= _]2+ 2(—x_1]1)

On using (1), again when n=1

Hence, [ J3(x)dx + ], + % Ji=0 [proved]
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Legendre’s Equation

A solution which is regular at finite points is called a Legendre function of the first kind, while a
solution which is singular at is called a Legendre function of the second kind. If. is an integer, the

function of the first kind reduces to a polynomial known as the Legendre polynomial.

The equation is named for Adrien-Marie Legendre who proved in 1785 that it is solvable in
integers x, vy, z, not all zero, if and only if -bc, —ca and —ab are quadratic residues modulo a, b
and c, respectively, where a, b, ¢ are nonzero, square-free, pairwise relatively prime integers, not

all positive or all negative.

2
The differential equation (1 — x?) % — Zx% +nn+1)y=0 -0

is known as Legendre’s equation. The above equation can also be written as

d

d
a{(l—xz)d—z}+n(n+1)y=0 nel

This equation can be integrated in series of ascending or descending powers of x.i.e.,

series in ascending or descending powers of x can be found which satisfy the equation (1).

Let the series in descending powers of x be

(2
y=x"(ayg+a;x 1 +axt+-)

or
— Z arxm—r
r=0
so that
dy -
— = a,(m—-rym 1
= am-n
r=0

and



ﬂ = i a,(m—r)(m—r—1)x™ "2
2 (
dx =

Substituting these in (1), we have

(0]

(1-x?%) Z arm —r)(m—r—1x™ "2 - 2x Z a,(m—r)xm 71

r=0 r=0

+nn+1) Z ax™m"=0
0

or

Z am-r(m-r-Dx" " 2+{nn+1)-2(m-1r)—(m—-r)(m—r—-1)}x™ "a,
r=0
=0

or

o)

Z[(m —rm—-r—Dx™" "2+ {nn+1)-(m-r)m—-r+1D}x™"]a, =0

r=0

-3

The equation (3) is an identity and therefore coefficients of various powers of x must

vanish. Now equating to zero the coefficients of x™ from the above we have (r = 0)

apinn+1)—-m(m+1)}=0

But ag # 0. as it is the coefficient of the very first term in the series
Hence,n(n+1)—-m@m+1) =0 e

ie., n+n-m-m?>-m=0or (n>-m?)+(n-m)=0



or m-mnm+m+1)=0

which gives m=n or m=-n-1 ()
This is important as it determines the index.
Next, equating to zero the coefficient of x™~1 by putting r = 1

a;inn+1)—-(m—-1)m]=0

or a((im+n)(im—-n—-1)=0
which gives a; =0 -(6)
Since(m+n)(m—-—n—-1) #0 by (5)

Again, to find a relation in successive coefficients a,., etc., equating the coefficient of

x™7=2 to zero, we get
m-r)(m-r-Da, +[nn+1)—(m-r-2)(m-r—-1)]a, +2=0

Now nn+1)-(m-r-2)m-r—-1)=n*+n-(m-r-1-1D)(m-r-1)
=—[m-r-1)?-(m-r—-1)—n®-n]
=—[m-r-1+m)m-r-1-n)—(n-r—1+n)]
=—-[m-r-1+n)(m-r-1-n-1)]
=m-r+n-1)(m-r+n-2)

oo (m-r)(m-r-Da,—(m-r+n-1)(m-r—2)a,,; =0

or
(m-r)(m—-r—-1) (7
a
m-r+n-1)(m-r-n-2) "

Arip =

Now since a=a,=as=a,=-=0
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Legendre’s polynomials

Two cases are given below

Case l: Whenm =n
(n—r)(n—r—l)
e D +2) "

_ _ _nm-1)
SO that, a, = D a,
_ _m2@=3) _ n(-)(-2)(n=3)
e = (2n-3)x4 2 (2n—-1)(2n—-2)x2x4 0
and so on and G, =a;=as=-=0

Hence the series (2) becomes

— n_ nm-1) n 5  nm-DM-2)(n-3) 5 4
Y =% [x (2n—-1)x2 (2n—-1)(2n—3)x2x4

which is the solution of (1)

Case II: Whenm = —(n + 1), we have

(n+r+1)(n+r+2)
2 T T )2+ + 3)

_ (n+1)(n+2)
so that, A2 = S nis) %0
(n+1)(n+2)(n+3)(n+4)
a4 ==

2x4(2n+3)(2n+5) 0
and so on.

Hence the series in this case becomes



ey DM +2)
2(2n + 3)
m+1n+2)(n+3)(n+4)
2x4(2n+3)(2n+5)

Yy =0apy|X

. ]

This gives another solution of (1) in a series descending powers of x.

Note: If we want to integrate the Legendre’s equation in a series of
ascending powers of x, we may proceed by taking

(0]
y = agx® + a;x*t + a,xkt2 + ... = z a,x**r
0

But integration in descending powers of x is more important than in
ascending powers of x.



SUBMITTED BY

Md. Abrar Hasin

Roll

Section
Session
Subject

Topic

:1800052
- A
: 2018-2019

: Math 2101
. Legendre’s Polynomial Pnr(x)

RUET




Legendre’s Polynomial P,,(x)

Definitions:

The Legendre’s Equation is

(1-—x )Z 3; 2x—+n(n +1)y=0 ..(1)
where n is a non-negative integer.
It is possible to obtain the solution of (1) in terms of descending
powers of x. Due to its applications to physical problems, this form of
solution of Legendre’s differential equation is more important.

For such a solution, let us assume that the Legendre’s differential

equation (1) has a series solution of the form

y = Z C.xk ™ Cy %0
m=0

Then, by Frobenius method, we can find two linearly independent

solutions of (1) in descending powers of x as:

_ n_ nn-1) n_o nn-1)(n-2)(n-3) 5 _4
y1 = afx (2n-1)2 (2n-1)(2n-3).2.4 ] -(2)
—n-1_, M+tDM+2) _,_3  +D)O+2)(M+3)(+4) 5
Y2=b[x + 2(2n+3) x + 2.4(2n+3)(2n+5) N +] -(3)
If we take a = w, the solution (3) is denoted by P,(x) and is

called Legendre’s function of the first kind or Legendre’s polynomial of degree n
and defined by

1.3.5...2n-1) . nn-1) n_2 _ nn-1)(n-2)(n-3) n-4 _ ...
P (x) = n! [x™ 2(2n—1)x 2.4.(2n-1)(2n-3) * ]

..(4)



Note 1:This is a terminating series.

We can also write P,(x) in a compact from as:

P ) = Z[n/z](_l)r @n-20) o,

r=0 2! (n—=2r)!(n—7)

. . .1 .
When n is even ,it contains Sn+ 1 terms, the last term being

(_1)% nnh-1n-2)..1
2n-1)2n-3)..(n+1)2.4.6..n

When n is odd, it contains % (n + 1) terms and the last term in this case is

(_1)717-1 nn—-1)..3.2
2n-—1D)2n-3)..(n+2).24..n-1)"

Note. P,,(x) is that solution of Legendre’s equation (1) which is equal to unity
when x = 1.

The first several Legendre’s Polynomials are listed below
Po(x) - 1
Pi(x) =x

Py(x) = %(3x2 - 1)

P;(x) = %(5x3 — 3x)
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Legendre’s functions of the second kind (Q,)

It is another solution of Legendre’s equation.

d*y dy
2 —
1-x%)5=-2x—+n(n+1y=0

When n is a positive integer;

I (n+1)(n+2)x_n_3
Y=o 2(2n + 3)

n!
If we take, ay =
1.3.5...(2n+1)

The above solution is called Q,,(x). so that

n! [ g m+ D+ 2)

: -n-3 4 ...
1.35..2n+ 1) 22n+3) ¥

Qn(x) =

The series for Q,,(x) is a non-terminating series.

This solution is necessarily singular when x = +1



0.0 1

_1.|.:' T T T T T T T

—-1.00 —-0.75 -0.50 —0.25  0.00 0.25 0.50 0.75 1.00

The Legendre functions of the second kind can also be defined recursively
via Bonnet’s recursion formula

(11 1+x — 0o
2 081 n =
Qn(x) = { P1(x)Qo(x) — 1 im=1

2n—1 n—1
\ n xQn—l(x) - TQn—Z(x) ;n =2

Associated Legendre functions of the second kind

The nonpolynomial solution for the special case of integer degree A = n €
Ny, and u = m € Ny is given by

m

RO = (-DM(1 - x5

Qn (%)



Integral representations

The Legendre functions can be written as contour integrals. For example,

1 z (t2-1)%
P(2) = P(2) = = [}

where the contour winds around the points 1 and z in the positive direction and
does not wind around -1. For real x, we have;

1 101 S at
P(x) = Ef_nn(x +Vx* — 1cos 0)°do= [ (x + Vx? —1(2t - 1)) Ty S € C

Legendre function as characters

The real integral representation of P; are very useful in the study of harmonic
analysis on L' (G//K) where G//K is the double coset space of SL(2,R). Actually the
Fourier transform on L*(G//K) is given by

LY(G//K) 3 f->F
Where

F(s) = joof(x)Ps(x)dx, —1<R;<0
1
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General Solution of Legendre’s Equation

Legendre’s equation arises when solving partial differential equations involving the Laplacian in
spherical coordinate. The ODE in the r direction of spherical coordinate usually takes the form

2
-3 oW = S1<x<1 1)
dx dx
. —2X )7 . .
Since p(X) = PR qx) = P and r(x) = 0 are analytic at x = 0, the equation can be
j— X —

represented by a power series solution of the form

y=ax" ®)

m=0

Differentiating the series solution (2) yields
y =Y ma,x"",y"= > mm-1)a, x"?
m=1 m=2

Substituting the funsction and its derivatives into Eq. (1) yields

0

1-x) ) mm-1a,x"2 -2x > ma,x"" + 4> a x"=0

m=2 m=1 m=0

> m(m-1)a,x"?- > mm-1a,x"-2> ma,x"+u> a,x"=0 (3)
m=2 m=2 =1 m=0

The terms with x™2 can be changed to x™ by replacing m with m + 2

o0

S m(m-Da,x"2= 3 (m+2)(m+Da,,,x"

m+2=2



Equation (3) becomes

o0 o0

D (m+2)(Mm+1)ay,,, X" - im(m ~Da, x" - 2x imamxnH +u) a,x"=0
m=2 m=1

m=0 m=0

Y Am+2)(m+Da,,, —[M(M+1) +2m - ula, X" + 28, + pao + (6as - 2a1 + pax = 0

m=2

a = —% ao, as = — a
- mm+D)—-p
™2 (m+2)(Mm+1)
— 2_ _
For u= n(n+1) = am+2 = m(m+l) n n am = - (n m)(n+m+1)

(m+2)(m+1) " (m+2)(m+1)

= - n(n_+1) ao as= _w ai
2 3
__(=2)n+3) _(n-2n(+1(n+3)
B 3x4 2= 21 0
as= (=M +4) (=Y -1(n+2)(n+4)

4x5 51
The general solution is then
y (x) = aoy1(x) + aryz(x)

where

yi(x)=1 —wxz L (n —2)n(n4:r D(n+3) 2



(n-1)(n+2) 3 4 (n=3)(n-1)(n+2)(n+4) 54
3 S

y2(X)= X —

In summary: Forn =0, 1, 2, ... the Legrendre equation of order n

2
(1-x2):{—¥-2x%+n(n+1)y:0, -1<x<1
X X

has two linearly independent solutions y1(x) and y2(x)

n(n+1) (n=2)n(n+1)(n+3)
sz + 4 X2 — ...

yi(x)=1 -

(n-1)(n+2) 3 4 (n=3)(n-1)(n+2)(n+4) 5+
3! o

y2(X) =X —

When n is an even inrteger y1 is a polynomial Pn(x) of degree n and y2 has the form of an
infinite series. Legendre’s function of the second kind is defined as

Qn(X) = y1(x) + y2(x) n even

When n is an odd integer y2 is a polynocmial Pn(x) of degree n and yi: has the form of an
infinite series. Legendre’s function of the second kind for this case is defined as

Qn(X) = - y1(X) + y2(X) n odd
The general solution of Legrendres’ equation is then

y(x) = C1 Pn(x) + C2 Qn(X)



SUBMITTED BY

Anika Maisha Sharmi

Roll :1800055

Section : A

Session : 2018-2019

Subject : Math 2101

Topic : Rodigue’s Formula Part-1




Rodigue’s Formula
2. nl dxn

Proof. Let, v=(x%—1)" ... (1)

Pn(x) = "— 1)11
d _
Then é =n(x?—1)""1(2x)
Multiplying both sides by (x? — 1), we get
2 _ 1y v _ 2 _q1\n
(x*—1) = 2n(x* —1)"x
2 _ 1y 9v _
Or (x*—1) o 2nvx .....(2)

Now differentiating (2), (n+1) times by Leibnitz’s theorem, we have

(2 = D) TZ o (n+ D, (20 S+ (n+ 1), (2) 2w = 2n [+ (et D,
or (x2—1)% — + 2x[(n + 1, - 1] — T 2[(n+ 1)¢, |22 =0

or (= 1DI L+ 2x "d("nﬂ @+ DI =0.....(3)

If we put — =y, (3)becomes

2 _ ﬂ ay _ _
x 1)dx2+2xdx nn+1)y=0

2 _ &Y _ 5, _
Or (x l)dx2 Zxdx+n(n+1)y—0

. d™v , . , .
This shows that y:d—xz is a solution of Legendre’s equation.

dn
# = pp(x)

Where c is a constant.

But v=_(x%*-1D"(x—- 1"
So that ﬂ=(x+1)”£(x—1)n+n nlx + 1D 1d ( + D™ .. +(x—1)”i(x+
dxn dxm C1 . dxm
D=0
d™v
Whenx =1, — =2".n!
dxm

All the other terms disappear as (x — 1) is a factor in every term except first.

Therefore when x = 1, (4) gives



c.2nnl=P,(1) =1 P,(1) =1

1
C=om
Substituting the value of C from (1) in (5) we have
1 d™w
) = o e
d'n.
P(x) = = (62 = 1)

2n.nldxn
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Rodique’s Formula

Example 1. Let P, (x) be the Legendre polynomial of degree n. Show that for any function,

f (x), for which the nth derivative is continuous,

f_ll fO)P,(x)dx = zn, (2= D (x)dx

Solution:
n

d
f FGOP (o) dx = f PO g (e = 1)

[P(x) = —2 (x2 — 1)"]

2Mnl dx™

= [ @)@ - Drdx

2tn!v-1

Integrating by parts, we get

_ dn—l X N , dn—l ,

= o M) (* = 1 —f 100 gy (% = Ddx]L,
1 +1 , n

=0T S (6 - D]

+1
=C0 M ) S (- 1dx
Again integrating by parts, we have

=S )L (- D [ 0o (2 — D]

2Mn!

0SS (6~ Ddx

- Znn' -

Integrating (n-2) times, by parts, we get

f+1 (%) (x? = 1)"dx Proved.

o Znn'



Example 2.Show that if m<n,

1
j x™P,(x)dx =0

-1

and
j-1 " (x)dx = 2""'1(71!)2
I e R G R BT
Solution:
Rodrigue’s formula is
d?’l
— 2 _ n
Pn(x) zn( )'d n( 1)
Now fl x™P,(x)dx = —fl xmi(x2 — 1) "dx
’ -1 2nn1 -1 dxn
_ 1 oy adtt nl m-1 "t o
~ 2nnl [X dxn—1 (X 1) 2Mn! f— mx dxn—1 (x
D"dx
_ m_ 1 1 4V 2
_O_Zn_n' _1 x™m m(x —1)”dx
- (_ )m 2nn|f 1 dxn-m (X o 1)ndx
sincem<n ..(1)

Integrating by parts m times

m! dn m-—1
= (— )m 2nn| [dxn -m-—-1 (x 1)n]1_1

=0




Again in the second part, m=n; therefore proceeding as above integrating by parts n times, we
get,

1 (_1)nn! 1 dn—m " ,
np =~ —1
jl x"P,(x)dx Sl j—1 pp=T (x )“dx

1 1

=1 (1 —x?)"dx

2 1
= z_nfo (1 —x?)"dx
2 I
= z_nfoz cos?™OcosO do where x = sin@

2 T(+DIE)
z_n 2[,(2n+3

> )

2"+ plinl
2"(2n+1)(2n-1)(2n-3)......3.1.n.(n—-1)(n-2)....2.1

Expanding F(?) and multiplying numerator and denominator by n!
2n+1(n!)2
(2n+1)(2n-1)(2n-3)........3.1.2n.(2n-2)(2n—4)....4.2

2n+1(n!)2

(2n+1)!
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Legendre Polynomials

Pn(x) = ann, — —((x2-1) " (Rodrigue’s formula)
1
Ifn=0, py(x) oo -
If n=1, py(x)= 21 e (x —1) ——(2x

F0=2, py(x) = 540 (62 = 1) 2= 3 4(2(x% = 1)(20)

=5[(x2 — 1).142x.x] = %(sz —1)
Similarly, p3(x) =%(5x3—3x)
Pa(x) = 2(35x*-30x% + 3)
Ps(x) = ={63x5-70x+15x)
Pe(x) = =(231x6 — 315x* + 105x2 — 5)

N (-1)"(2n-2r)!

n-—-2r
=0 2n ri(n—r)l(n-27)!

Where N = % if nis even.

N = %(n-l) if is odd.



1 PG /
0.5 g
2 P,
RS
& {J} 1 - X
—0.5 P2 Pd
¥YY°

Note. we can evaluate p,,(x) by expanding (x% — 1)" by
Binomial theorem.

(x? = D" =X Zhne, ()T (-1

_\'r=n r n! 2n—-2r
= Lr=0\" ) X

r'(n-r)!
2 n
pn( )_Zn |dxn( 1)
n! an
(2n-2r)
2" n! Z ) r!(n—-r)! dx™ x

_\V'N (—-1D)"(2n-27)! 2T
T4r=0on 11 (n—1) I (n—-21)!

Either x° or x1 is in the last term.

n-2r=00rr=§ (nis even)



or n-2r=1lorr= %(n-l) (nis odd)

Ex-1. Express f(x) = 4x3 + 6x% + 7x + 2 in terms of Legendre
Polynomials.

Solution. Let
4x3 + 6x% + 7x +2 = a P3(X)+bP,(X)+CPy (X)+dPy(X) ...(1)
= a (2 - Zyrb (- Dre(+d(1)

3 2
S5ax __3ax+3bx
2 2 2

b
- E+CX+d

3 2
S5ax JI_3bx
2 2

Lr—3a ) 2
-(_2 +C)X 2+d.

Equating the coefficients of like powers of x, we have

5 8
4= ora=-

2 5

3b
6=7orb=4

7=_T3a+c or 7=_73(§)+c or c=4?7
2=‘7”+dor 2="+dord=4
Putting the values of a,b,c,d in (1), we get
Ax3+6x°+7x+2 = §P3(x)+4P2(x)+ % P, (x)+4P,y(x)

Ans.



Example-2.  Prove that Pn(1)=1

Solution. We know that

(1-2xz+2% ) Y2 =1+zP1 (X)+22 P, (X)+23 P35 (X)+...2" Py, (X)+...
Substitutingl for x in the above equation,we get

(1-2z+22)Y2 =14zP1 (1)+2%2 P, (1)+23 P3 (1)+...2" P, (1)
127 =Xm=0  Z2"pn(1) or(1-2)'=}z"p, (1)

or

Yz, (1)=(1-z) 1 =1+22 +23+...42"+...
Equating the coefficients z" on both sides we get

Ph (1)=1 Proved

Example-3. Show that

1.3.5..(2n—1)
2.4.6..21

(i) P2, (0)=(-1)" (ii) P2n+1(0)=0.

SOIUtion. We know that

Y 224, (x)=(1-2xz+72 )‘1/2

Y 22Dy (0) =(1+22 )12



=1+01/2ﬁ2+6_;{2) (Z ) C__)(__)(__D ( )3

+...+

n!

Equating the coefficient of z2" both sides we get

(DD-@etcinen

11.3.5..(2n-1)

2 n!

Pan (0)=

=(-1)

- 1.35..(2n-1)
2.4.6.8..2n

=(-1)

coefficient of Pyn 1 (0)=

. (‘%)(‘5)(‘5)---(‘3‘"“) (2)0+

Proved

Proved
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A GENERATING FUNCTION OF LEGENDRE'S POLYNOMIAL

Prove that P, (x) is the coefficient of z" in the expansion of
(1 — 2xz + z%) Y2 in ascendig powers of z.

Proof. (1 — 2xz + z?) ~Y/2 = [1 —z(2x — 2)]7/?
1 3

= 1+%z(2x-z)+ %ZZ(Zx —z)%+...
:_E(_E)(_E)"'(_E_n+1) (_Zn)(zx _ Z)n+ (1)

R N A S

Now coefficient of z" in

_ (_%)(_g)(_g) ...(—%—n+1) (_ 1n) (Zx)n

n!

_ 1.3.5...(2n—1)(2)n n

2nn!

1.3.5..2n-1
_135.2n-1) gy

n!

Coefficient of z" in

P(9)(3)-Cz3-n+2

oD (—2)" 12x — )" 1

DECL D s - 12y

_ 13.5..(2n-3)
T o2n-1(n-1)!

(@) (n - Da?

_ 13.5..(2n-3)
T 2.(n-1)!

(n—1)x"2

_135.(2n-3) (2n-1) . n—2
T 2.(n-1)! '(2n—1)(n 1)x

1.3.5..2n-3)(2n-1) n(n-1) ,_o
n! "2(2n-1)




Coefficient of z™

5
(— %) (_ %) ((_nf_) 2)'(_% —n+3) Zn—2(2x — Z)(n—Z)

RS A Y) e
_ ¢ Al 2)((112—)2)'( 213 (=D™2,

n-2)(n-3) 2)(71 3)

(2 )714

_13.5..(2n-5) (n- 2)(n 3) n—4
T oon2(p-2) (2)

_ 135..2n-5)(2n-3)(2n-1) (n—-2)(n-3) n—4
- 4(n—2)! "2(2n-3)(2n-1)

_ 135..2n-1) nn-1)(n-2)(n-3) 5_4
T an(m-1)(n-2)!" 2(2n-3)(2n-1)

_135..2n-1) n(n-1)(n-2)(n-3) ,_4
- n! " 2.4(2n-3)(2n-1)

And so on.

Thus coefficient of z™ in the expansion of (1)

=1.3.5...(2n—1) [ n_ nn-1) p_> , n(n-1)(n-2)(n-3) n—4_ ]
) 2(2n-1) 2.4(2n-3)(2n—-1) "

n!
= Py(x)

Thus coefficients of z, z2, z3 ... etc. in (1) are P;(x), P,(x), P5(x)....

Hence

(1 —2xz+ z2)7Y?2 = Py(x) + zP; (x) + z?P,(x) +
Z3P3(X)+...+ z™ P, (x)+...

ie, (1—2xz+z%) Y2=y"=2p (x).z".

Proved.
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Orthogonality of Legendre Polynomials

The Legendre polynomials Pm(x) and Pn(x) are said to be orthogonal in the interval -1 sx <1
provided

f_ll P m(x) Pa(x) dx =0 m#n

First Method:

The Legendre’s equation can be written as,
A1,y ¥ _
dx{ (1—x2) ™ } + n(n+1)y=0

Since Py is a solution of the equation ,we have

LLA-2) E2 inn41) Paz0 e (1)
Similarly,
L= L2 imme) Pm=0 (2)

Multiplying (1) b Pm (2) by P, and then subtracting ,we get when m #n,

a4 — 2y @) _ p 4 — 42} 4Pm .
Pmdx{(l x?) dx} Pndx{(l x2) dx}+PmPn[n(n+1) m(m+1)

Now,

=1 B {(1—x?) 23 dx
dPn] 1

=[ Pm(l-Xz)E -1 =

1 dPpm 0 24P
f_1 — (1 x)dx dx

............................................................ integrating by
parts.

(! 4Pn @Pm 4 _ 2
=[, —. (1 —-x?)dx



and

2 P { (1= x?) S pdx=-f1) 2 S (1 — x2) dx

Integrating now (3) w.r.t x, we get
d dpy d dPp
[Rasf@—x®) Z2bdx- [ RS { (1—2%) T2} dc + (n-m)(m+n+1) [ P,Prdx =0

Or,

fll d;;n 2P (1 — x2) dx +f de dPn —2(1 = x?) dx +(n-m)( n+m+1) f_ll P,P,dx =0

And this gives,

(n-m)(n+m+1) f_11 P,P,dx =0

Or, f_llePndx =0

Second Method:

From Rodrigue’s formula , we have

Pn(x) = oo n( x>-1)"
And,
Pm(x) = ﬁd_m( -1)"

without any loss of generality, we can suppose that m>n.

Consider now,



Fon=[", Pm(x) Palx) dx

_ 1 1 dam 2 1im ﬂ 2 4
= Iy oo 031 —— (x%-1)" dx

2m+n(m)l(n)!

_ 1 dm—l ) m 1
T amin(m)i(n)itd xm-1 (x*-1) ]—1
_ 1 1 gm-1 m .
2m+1(m)I(n)! f 1 g xm-1 ( 1) d xnH1 (X 1) dx
............................................. Integrating by parts.
m-—1
Now, P in its every term contains factors (x-1) and (x+1) both.Hence in the limits -1to 1

, its every term vanishes.

- - 1 am—t 2 m ar 2 n
Inn= R ) -1 @ xme1 (x*-1) P (x -1)"dx
Integrating now (n -1) times times , we get
- - D" am 2_1)m 2_1)n
[m,n— 2R ()l I-1 d g (X 1) qxzn (X 1) dx
But,
— (x -1)"dx =(2n)!
So,

[m,n :M f_11 (XZ_l)m dx

2m+n (m)l(n)!

_(yren [ dmon 1
T2mAn (m) () [dxm—n—1 oe-1)m | 3

=0



SUBMITTED BY

Nahid Hasan

Roll
Section
Session
Subject
Topic

:1600047
C

: 2016-2017
: Math 2101

. Orthogonality of Legendre Polynomials

RUET




2

+1
Example 1: Prove that, [ | B, (x)/?dx = -—

Solution: We know that,

(1 —2xz + z%)"Y2 = 22"B,(x)

Squaring both sides we get,

(1= 2xz + z2)t = 272" B2(x) + 2Xz™*"B,,(x) - By (x)

Integrating both sides between -1 and +1, we have

+1 +1
f 272" - P2(x)dx + j 2Xz™ . P (%) - Py(x)dx

-1 1

+1 +1 +1 1
_ 281 2 2 =
_f_l (1—2xz+z)dxf1 Zz"Pn(x)dx+0—f1 1_2x+ 22
+1 1
ZZan P2(x)dx = _Z[log log (1 —2xz+z%)]f*
-1
1 1-2z+422 1 (1—2)2_1 1+2z
2229 1+ 2z+22 229 \1+2) ~z2%91-2
1
=;[log(1+Z)—log(1_Z)]
— 1 z? +Z3 Z4+ + z?mt + z2 73 z* z’n+1
=75 +3-3 1 2T T3, 2n+1
2 Z3 Z5 ZZTl+1 Z2 Z4' ZZTL
Z[Z 35 2n+1 ] [ 2n+1

Equating the coefficient of Z2" on both sides, we have

+1 2 +1
f [P, (x)]%dx = e Hence j P2(x)dx =
-1

Proved.

» 2x3+1 7

dx or,



Example 2: Assuming that a polynomial f(x) of degree n can be written as Show that

2m+1 (?!
Lf@mmw

F0) =) CnPn() G ==

Solution:f(x) =Yg CpuPpn(x) = CoPy(x) + C1Py(x) + C,Py(x) + C3P3(x) + C4Py(x) +
e Cum(x) + .-
Multiplying both sides with Pm(x) we get
P (X)f (x) = CoPy (%) P (x) + C1 Py (X) Py () + CoPo(x) Py () + -+ + Cpp P (X)
+1
+ - f f(x)P,(x)dx
M

=f [CoPo ()P () + C1PL(X)Pra(x) + CoPy(0)Pr(X) + -+ CrPA )

2C
+...]_ m

+-~]dx=[0+0+--~+Cm T

2m+1

_2m+1
me2

_Lfmmmw

Proved
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Orthogonality of Legendre Polynomials

Example 3. Using Rodrigues formula for Legendre function, prove that f_+11 x™ B, (x)dx =0,

where m, n are positive integers and m < n.

Solution:
+1 1 dn
— (x? —1D"dx

+1
-f—1 x™ B, (x) dx = .1__1 xmznn! ey

1 +1 an
— m____ 2 _1\n
] fl i (x*=1)"dx

On integrating by part we get,

1 dan-1 +1 +1 an-1
. 1 1
+1 dn—l
=0- ] f xm1 P (x? — 1) dx
+1 (_1)2m(m _ 1) +1 dn—z
— _ -2 2 _
-’;1 x™PB, (x)dx = T f_l x™ P, (x " dx

Integrating m 2 times we get,
mim—1)..1 * dr™m —1)™mm! t1 gnm
( ) f (x2—1D"dx = D J (x? — 1" dx

— (_1\m

=D 2" n! _y dxnmm 2" n! _, dxnm
_ommipartmt o, ]
T 2nql [dx"‘m‘1 (x D ]_1 =0

(Proved)
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LEGENDRE POLYNOMIALS

Recurrence Formulae For P,(x)

Casel:

Formulal. nPn = (2n — 1)xP,_; — (n— 1)P,_,
Solution. We know that (1-2xz+z%)~%/2 = ¥ z"P, (x)

Differentiating w.r.t. ‘z’, we get

-% (1—2xz+ zz)_%(—Zx +2z) = Y nz"" 1P, (x)
Multiplying both sides by (1-2xz+z?2), we get

(1—2xz+ zz)_%(x —z)=(1-2xz+z3)Ynz" 1P, (x)
(x—2)Yz"P,(x) = (1 —2xz+ z?) Y nz""1 B,(x)

()

Equating the coefficients of z"*~1 from both sides, we get
xPp,_4 — P,y =nB, —2x(n—1)P,_; + (n—2)P,_,

or
nB, = (2n—1)xP,_, —(n—1)P,_, Proved

Formula Il. xPh — P,_; = nP,

1
Solution. We know that (1-2xz+z2)7z = ¥, z"P,(x)

(1)
Differentiating (1) with respect to z, we get
-% (1= 2xz +22)73/2(=2x + 2z) = ¥ nz""'B,(x)
or (X-Z)(1-2XZ+ZZ)%= Y nz" 1P, (x)
(2)

Differentiating (1) with respect to x, we get

1~ 2xz 4227 /2(~22) = Sy ()

3 7
or z(1-2xz+z?)7z = Y, z"P,(x)



Dividing (2) by (3), we get

x—z _ Ynz" 1P, (x)

z  YzNPy(x)
Or
(x-2)% z" By (x) = X nz"P,(x) -(3)

Equating coefficients of z™ from both sides, we get

XP,(x) — P,,_1(x) = nP,(x) proved
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Recurrence Formulae

Formula lll. P’n- XP’ n-1 = NP1

Solution:

NPn-1=(2n-1)XP n-1-(n-1)P n-2  (Recurrence formula )

Defferentiating the above formula w.r.t ‘x’, we get

nP' n=(2n-1)P n-1 +(2n-1)P'n—1-(n-1)P'n—2
Or n|Pn’-XP’ n-1]-(n-1) | XP’ n-1 -P" n-2| =(2n-1)P n-1
Or n|P’ n--xP’ n-1|-(n-1)|(n-1)P’ n-1 -P’ | =(2n-1)P n-1

From formula Il
n|P’ n-xP’ n-1|=(n-122n-1)P n-1 =nP n-1

P’n-x P’n-1 =nPn-1

(Proved)

Formula IV. P’n+1-P’n-1 = (2n+1)Pn
Solution:
nPn =(2n-1)xPn-1 -(n-1)Pn-2
Replacing n by (n+1)
(n+1)Pn+1 =(2n+2-1)xPn-nPn-1
Or (n+1)Pn+1=(2n+1)xPn-nPn-1
Differentiating (1) w.r.t ‘x’,we get
(n+1)P’n+1=(2n+1)Pn+(2n+1)XPn’-nP’n-1
X P’n-P’n-1=nPn (Recurrence formula I1)
Substituting the value of x p’ from (3) into (2) we get
(n+1)P’ n+1 =(2n+1)Pn-+(2n+1) | nPn-+P’ n+1|-nP’n-1
Or (n+1)P’ n+1-(N+1)P’ n-1 =(2n+1)Pn
Or P’ n+1-P’1.1=(2n+1)Pn

(Proved)
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Recurrence Formulae

Recurrence Formulae For P,(x)

Case 3 :

Formula V. (x? —1)P, =n[xP, — P, — 1]
Solution: B, —xP,_, =nP, —1 ..(1)
xP, —P,_;=nP, .. (2)

Multiplying (2) by x and subtracting from (1), We get
(1-x*P, =n(P,_,) — xP, Proved

Formula VI. (x> = 1B, = (n+ 1)(P,_,) — xP,

Solution:nB, = 2n—1xP,_; —(n—1) P,_,
Replacing n by (n+1), we get

n+ 1Py =02n+2—-1)xP, —nP,_4

n+ 1Py = (@2n+1)xP, —nP,_4

which can be written as

(m+ D (Ppy1 — xP,) = n(xB, — Pp_y)

But (x> —1)B, = n(xP, — Py_4) ..(2)
From (1) and (2) we get

or (x2 —1)B, = (n+ 1)(Ppy1 — xB,)

Example. Prove that

+1
-1

2n(n+1)

2 _
X% Poya (%) Ppy (x)dx = (2n-1)(2n+1)(2n+3)

Solution : The recurrence formula | is
2n+ DxP, = (n+ 1)P, 1 +nP,_,

Replacing n by (n+1) and (n-1), we have

Proved.

(2n+3)X Ppyy = (n+ 2)Ppip + (n+ 1P, ..(1)
2n—-1)xP,_; =nB,+ (n—1)P,_, -(2)



Multiplying (1) and (2) and integration in the limits -1 to +1, we have

2n+3)2n—-1) f_+11 x2 Py (%) Pp_i(x)dx =n(n + 1) fll_ P?dx +n(n+
2) 7] Py Pyyadx
+(n? = 1) [ By Pugx+(0-1) (0-2) [ Pz PaozOX

=n(n+1) [}, P2dx +0+0+0

=n(n+l)

‘(2n+1)

2n(n+1)

(2n—1)(2n+1)(2n+3) Proved.

+1
or f—l xz PTl+1 Pn_ldx =




THE END
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Linear Differential Equation:

A differential equation of the form-

dny dn—ly dn—zy _x
e + P2 -1 + P2 1 7n=z t o+ Py =

Where p4, p2, .- pn and X are functions of x or constants, is called a linear differential equation
of nth order.

Here, py, p2, ... P are all constants (not functions of x), and X is some function of x, then the
equation is a linear differential equation with constant coefficients.

The Operator D:

d2 dn
—, ..., D" for—.

. . d
It is usual to write D for o D< for o o

And in terms of terms of the operator D the differential equation (1) can be written as

[D™ + p; D" 1 + p, D" 2 4 -+ pyly =X

It can be proved that D can be treated as an algebraic operator of quantity in several respects.

A Theorem:
Ify =y1,y =¥, ..., ¥y = yp linear independent solutions of
[D" + a,; D" 1 + a,D" 2 4+ -+ a ]y =0

. (1)

theny = Cyy; + C,y, + -+ + C,y, is the general or complete solution of the differential
equation, where Cy, C,, ..., C,, are n arbitrary constants.

Let us denote the given equations (1) by f(D) y = 0,
where, f(D) = D" + a,D" ' 4+ a,D" 2 4 ... 4 a,,.

Sincey = y4,y =¥>, ...,y =y, are solutions of the equation,



so,f{(D)y, =0,f(D)y, =0,... ,f(D) y, = 0. R 2
Now puttingy = C;yq + C,y, + -+ + CLy, in (1), we have
D"(Cyy; + +*+ Cuyn) +a;D" 1 (Cry; + Coyp + -+ + Cpyp) + -+

+ap(Cry; + Coyp + -+ Chyn) =0

or, C;(D"y; +a;D" 'y, +--+a,) +C,(D"y, +a; D"y, + - +ay) + -

+C,(D"y, +a; D"y, + - 4+ay) =0

or, Cif(D)y; + C,f(D)y, + -+ C,f(D)y, =0

or, C.0+Cy04-+C,.0=0 [by (2)]

Since, (1) is satisfied by y = Cy; + C,y, + - + C,y, , it is a solution of (1). Also, since it
contains n arbitrary constants, it is the general or complete solution of the equation.
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Auxiliary equation:
Consider the differential equation
D"+ a; D" 1+ a,D" %+ +a))y=0 ... (1)
Where a4, a,, ..., a, are all constants.
Lety = e* be a solution of this equation. Then putting
y=e™X Dy = me™*, D%y = m?e™*, D"y = m"e™¥, the equation becomes
(m® +a;m" ! +a,m"2+ -+ a,)e™=0
Hence e™ will be a solution of (1) if m is a root of the algebraic equation

m" +a;m" ! +a,m" 2+ +a, =0.....(2)



This Equation in m is called the Auxiliary equation.

NOTE: It is observed that the auxiliary equation f(m)=0 gives the same values of m as the
equation f(D)=0 gives of D.

Hence f (D) =0, i.e.,, D" + a;D" ! + a,D""2 + -+ + a,=0

Can in general be regarded as the auxiliary equation

SOLUTION OF EQUATION (1) OF THE ARTICLE

Case 1: When all the roots of auxiliary equation are real and different.

If m;, m,, ..., m, be the n different roots of (2), then y=e™1¥, y=e™2X |y = e™nX gre all
independent solutions of (1). Therefore the general solution of (1) is

y=C,eM1*+C,e™M2* +C3e™M3* 4.+ Ce™Mn*

Example 1: Solve %-8%%5 y =0
Solution: Given equation can be written as
(D2-8D+15)y=0
Here auxiliary equation is
m?-8m+15=0
= (m-3)(m-5)=0
..m=3,5
Hence, the required solution is y = C; e3*+ C,e%* ANSWER
Example 2: Solve $2-132.12 y =0
Solution: Given equation can be written as
(D3-13D-12)y=0
Here auxiliary equation is
m3-13m-12=0

>m+1)(m+3)(m-4)=0



Som=-1,-3,4
Hence, the required solution is y = C;e %+ C,e 3%+ Cze*X

ANSWER

Example 3: Solve g+6 %ﬂlg% y =0
Solution: Given equation can be written as
(D3+6D?+11D+6)y=0
Here auxiliary equation is
m3 +6m? +11 m +6 =0
>m+1)(m+2)(m+3)=0
om=-1,-2,-3
Hence, the required solution is y = C;e %+ C,e™2X+ Cze 3%

ANSWER

: &Y (W, -
Example 4: Solve dx2-6dx+5 y =0
Solution: Given equation can be written as

(D2-6D+5)y=0
Here auxiliary equation is

m?-6m+5=0
=(m-1)(m-5) =0
.m=1,5
Hence, the required solution is y = C;eX+ C,e%%

ANSWER

: Py 3y g0 =
Example 5: Solve _—-3-"-4y =0

Solution: Given equation can be written as
(D2-3D-4)y=0
Here auxiliary equation is

m?-3m-4=0



=>(m+1)(m-4) =0

om=-1,4
Hence, the required solution isy = C;e %+ C,e**  ANSWER
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Case II: Auxiliary equation having equal roots.

We have shown in case [ 5.5, that when m;, m,, ..., m,, are all different, then general solution is
y = Cie™X + CyeMm2X 4 ..o 4 ¢ eMnX,

But if m;=m, (two roots equal) then this becomes
y = (Cq + Cp)e™* + CzeMs* + Cre™™,

Which clearly contains only n —1 arbitrary constants (since C; + C, is equivalent to only one
arbitrary constant)

Therefore there is no longer a general solution.
Consider an equation (D — m4)2y=0, ... .. (1)
A differential equation of second order having both the roots equal

Put (D — m,) y =v, then (1) becomes

d
(D—ml)v=00rd—z=mlv,

. : d
Separating the variables, 7" =m; dx.

Integrating, log v=1og C + m;x or, v=_Ce™*

or, (D—m;)y=Ce™* as v=(D—m,)y

mqX

d
or, —Z —m,y = Ce

d

which is a linear equation of first order, its L.F. = e 7™

ye ™M1X = [ CeMiXe MiX dx + C,

Or,y = (Cx + Cy)e™¥,



Therefore the most general solution is

(D" + a,D" '+ a,D" 2%+ . a,)y =0,
When two roots of A.E. are equal, is

y = (C; + Cyx) e™* + Cge™3* + ... + Ce™nX,
Cor. In case three roots are equal, i.e. m;= m,= mj3. The general solution is
y = (C; + Cox + C3x?)e™* + Ce™* 4 .. + Cpe™n¥,
Ex. 1. Solve% —%— 93—3— 11— 4y=o.
Solution: A.E.is D* — D3 —9D? — 11D — 4 = 0.
ie. OD+1)3M-4)=0D=-1,—-1,-1,4.

Hence the general solution is
y = (C; + Cx + C3x2)e ™™ + c e*.

Ex. 2. Solve (D3 —2D?-4D+8)y=0
Solution: Auxiliary equation is

D3—-2D?—-4D+8=0 or, (D+2)(D+2)?=0,

D=-2,2,2.

y = (C; + Cyx)e** + C,e %X
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Case Ill. Auxiliary equation having imaginary roots.

let a+ifd be the imaginary roots of an equation of second order (since imaginary roots occur in
pairs).

Then its general solution is

yzcle(a+i[3)x + Cze(a—iﬁ)x



=e°‘X[C1eiBX + Cze_iBX]

=e™*[C; (cosBx + i sinBx) + C,(cosPx — i sinfx)]

=e™*[(C; + C,) cosBx + (C; — C,) i sinBx]

=e**[ A cosBx + B sinfx]

Note: The above result after suitably adjusting constants may also be written as
y=e®Acos(Bx+B) or y=e™Asin(fx + B)

Imaginary roots repeated. If auxiliary equation has two equal pairs of imaginary roots, i.e., if
a+if and o-iff occur twice, then general solution is obtained as

y=e“¥[ (C; + Cyx)cosPx + (C3 + C4x) sinPx]

Cor. If a pair of roots of the auxiliary equation occur in the form of quadratic surd a+Vvp, where
B is +ive, then the corresponding term in the solution may be written as

e¥[C; cosh x\/ﬁ + C, sinh X\/E]

or C; e** cosh(x\/ﬁ +C,) or C;e™ sinh(x\/ﬁ +Cy)
Ex. 1. Solve (D* + 5D? + 6)y = 0

Solution. Auxiliary equation is (D* + 5D? + 6)=0

ie., (D*+3)(D2+2)=0 D =+V3i+V2i

Hence the complete solution is

y=C, cos/3x + C,sinv3x +C3 cosv2x + C, sinv2x.

Ex.2.Solve (D*—D3-D+1)x=0
Solution: Auxiliary equationis (D* —=D®*—-D+1) =0
or, D>-—1)(D-1)=0 or (D—1)?D*+D+1)=0

or D:1,1,-l + V3
27 2

Hence the complete solution is

y=(C; + CzX)eX+e—x/2 [Cgcosgx + C4Sin§x]
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Synopsis of the forms of solutions

To solve an equation of the from

(D™ + a, D" 2+ a,D™" % + -+ a,)y =0

Find the roots of the auxiliary equation, viz.

D"+ a, D" 1+ a,D" %+ .-+ a, =4

2. Putting the General Solution as follows:

Roots of Auxilary Equation

Complete Solution

Case 1:
All roots m4, m,, ms, ...
m,, real and different.

Case 2:
m; = m, but other roots real and different

Case 3:(Image Roots)
1. a £ iB, a pair of
imaginary roots.

2. (atip), (axip)

repeated twice.

y = Clemlx + Czemzx + cet Cneman
y= (Cl + C2X)emlx + C3em2X + -+ Cnennx
Corresponding part of the general solution is
or e™*(C, cos Bx + C, sin Bx)
or C,e™cos(Bx —C,)
C.e*sin(Bx + Cy)
Corresponding part of general solution is

y =e*- [(C; + C,x)cos Bx
+(C3 + C;x)sin Bx]
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Ex-1: Sol 4y _ e =0

x-1: Solve —— - aty=

Solution: The auxiliary equation is (D* - a*) =0
Or (D2+a?) (D2- a%)=0; D = #a, #ai.

=~ solution is y= Cq e2* + Cz e@ + ( C3 cos ax + C4 sin ax)

Ex-2: Solve &Y + m#y=0

x-2: Solve —— + m*y=

Solution: The auxiliary equation is (D* + m#*) =0
Or (D2+a%)2-2m2D%2=0

Or (D2-+2mD + m?) (D2 ++2mD + m2) =0

When (D2 - vZmD +m2) = 0; D = ==
When (D2++v2mD +m?2)=0;D = —n:/i;mi

i.e., roots of the auxiliary equation are RIgl 5 + RE

Hence the solution isy = e(M/V2X C; cos (%x + C2) + eCMADX C5 o (%X + Ca).

5.9: General solution of (D*+ a1 D™+ ...ap )y =X .......... (D)

To show that if y =Y is a complete solution of (D*+a; D1 + ... +a, )y =X .......... (2)
And y = u is a particular solution of (1), then y = Y+ u is a general solution of (1).
Since y =Y is a solution of (2) , we have

(Dr+a1 D1+ . +an) (Y)=0 . 3)

Since y = u is a solution of (1) , we have

(Dr+a1 D1+ L+an)(u)=X . (4)

Adding (3) and (4) , we have



(Dr+ai D1+ L +ap) (Y+u)=X

This shows thaty =Y + u is a solution of (1). Now Y being a general solution of (2) contains n
arbitrary constants and as such Y + u also contains n arbitrary constants. Thereforey = Y + uis
a general solution of (1)

Note 1:
In the general solution y =Y + u of the equation (1), Y is called the
Complementary Function (C.F.) and u is called the Particular Integral ( P. 1.), thus
The General Solution = C.F. + P.L.

2:

The solution Y of (2) can be determined by the methods discussed above . The
problem is now the particular integral u of (1). We give below certain methods of
finding u.

Ex: Define the complementary function and particular integral for the linear
differential equation with constant.

f(D) y = X.

Complementary Function: The solution which contains a number of arbitrary constants equal
to the order of the differential equation is called the complementary function (C.F.) ofa
differential equation.

Particular Intrgular for the linear differential equation with constants
f(D)y=X.

Assuming

f(D) =Dn + a;D1 + a;D2 + ......+an
inDry+aiDrly +aDn2y+ . +any=X.
Differential equation will be

f(D)y =X



= y= £(D)

Above value of y will be P.L. of L.D.E.
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1

Meaning of the symbol )

Definition. The expression % X is defined to be that function of x, free from arbitrary

constants which operated upon by f(D) gives X.

Thus, f(D).%X =X

1
D2+43D

For example, (2 + 6x) = x% [+ (D? + 3D)x? = 2 + 6x]

Therefore f(D) and T;) are inverse operators (i.e., they cancel each other’s effect on the

function on which they operate)

Thus, the symbol % stands for integration.
Determination of the particular integral (P.I) of f(D) y=X

Clearly r;) X will be the solution of (1) if it satisfies (1).
So, putting % X foryin (1), we get

f(D). %x = Xi.e, X = X, which is true.

It means that % y is a particular solution of (1).

Therefore, to find the particular solution of f(D) y=X, we should find the value of f(LD) X.

Note: we know that in solving f(D) y= 0, f(D)= 0 forms the auxiliary equations, which can be
resolve into linear factors (real or imaginary). The partial fractions will be of the form ﬁ

where x is real or imaginary.



General method of getting particular integral

Theorem. If X is a function of x, then ﬁx = e™ [ Xe ™ dx.

Proof. Let y=—X
On operating by (D-a), we get (D-a) y =X

Or (——a)y X or %—asz.

which is a linear differential equation whose L.F. = e~Jadx — g=ax 35 hence its solution is
given by ye™®* = [ Xe™**dx, after omitting constant of integration, since P.I. is required.

y = e [ Xe ®*dx
Thus, ﬁX =e™ [Xe ¥ dX e (1)
. v Lax —ax
Similarly, ~—X =e [Xe ™ dx ... (2)

Remark 1. Since we require only a particular integral, we shall never add a constant of
integration after integration is performed in connection with any method of finding P.I. Hence
P.I. will never contain any arbitrary constant.

Remark 2. The above method can be used to evaluate P.I. in any problem, since shorter
methods depending upon the special form of function X are available (to be discussed later on,
the above general method, however must be used for problems in which X is of the forms,
sec ax, cosec ax, sec2ax, cosec?ax, tan ax, cot ax or any other form not covered by shorter
methods (employed for special forms).

Example. Solve + 9y = sec 3x

Solution. Auxiliary equationism? + 9 = 0 or m = +3j,

C.F.=C; cos 3x + C, sin3x

1 1
P.l.= sec3X =——————sec3x = —|— — ——|sec 3x
D2+9 (D+3i)(D-3i) 6iID-3i D+3i
1 1 1 1
=—.——.sec3x ——.——.sec3X = e (D)
6i D-3i 61 D+3i

1 . o ) i
Now, _D 3iSeC 3x = e31X f e 3ix sec 3x dx [ D_aX — X f Xe—ox dx]

31x f cos 3x—isin3x e3iX f(l —itan 3X)dX — e3iX(X + élog cos 3X)

Cos3x
: _ 1 — o—3ix _ l
Changing I to -1, we have oo sec3x =e (X . logcosBx)

Putting these values in (1), we get



1 3 i _3i i
PIL=— [e3%(x + ;logcos 3x) —e 31X (x — 5 log cos 3x)
X 3§ e3iXlogcos 3x  xe 31X e73ix
=—e3X 4 g —— log cos 3x
6i 18 6i 18
X e3ix_e—3ix 1 esix+e—3ix x . 1
= t5 . log cos 3x = 3sin 3x+ 5 oS 3x.log cos 3x

Hence, complete solution is y = C;cos 3x + C,sin 3x + §51n3x + écos 3x.log cos 3x

(Ans.)
Example. Solve (D? + 4)y = tan 2x
Solution. Auxiliary equationism? + 4 =0 orm = +2i
C.F.=C;cos 2x + C,sin 2x
1 1 1 1
P'I'_D2+4 tan 2x = mtan 2X = E[D—Zi - m]taan
_i 2ix —2ix _ a—2ix 2ix .. L — AO0X —ox
=—-[e*™ [ e7?¥tan 2x dx — e™?™ [ e**tan 2x dx] [+ s;=X=e [ Xe™** dx]

=i [e2X [(cos 2x — i sin2x)tan 2x dx — e ™2 [(cos 2x + i sin 2x)tan 2x dx]

:i [e2X [{sin 2x — i(sec 2x — cos 2x)}dx — e~ %X [{sin 2x + i(sec 2x — cos 2x)}dx]

_1 [ cos2x i{log(sec2x+t612x) sinZX}]
T4 2 2 2
sin2x

cos2x . .log(sec2x+tan2x)

(cos2x + i sin2x)—
41 2

] (cos2x — i sin2x)

1 cos?2x . sin2x sin?2x = cos?2x  sin2x sin?2x .
vl T log(sec2x + tan2x) — — - log(sec2x + tan2x) + — t+i-
sin2xcos2x COS2X C0S2Xsin2x sin2xcos2x CcOS2x

> - = log(sec2x + tan2x) + > — > - = log(sec2x + tan2x) +
sin2xc052x]
2

=- ii cos2x log(sec2x+tan2x) = - %costlog(sech + tan2x)

Hence, complete solution is y = C;cos2x + C,sin2x — icostlog(sech + tan2x)

(Ans.)



X

. s . ax _ ax
Corollary. If n is a positive integer, then(D——a)n e** = Ee
Proof L.H.S.
1 ax 1 1 ax 1 ax axX ,—oxX
N CET i Bt M e e R

[Using the theorem with X=e®¥]
— 1 ax — 1 1 ax 1 ax X ,—OX d
_—(D—(x)“‘le X_(D—a)“‘Z(D—a)Xe _—(D—oc)n‘ze xe™e X

[Using the theorem with X=xe®*]

1 ox 1 ox XZ ;
We fxdxzme E (1)
1 1 O(XX2 1 ox ox XZ —ox
:(D_a)n—3 (D—a)e o1 = (D—oc)n—3e f{e -(ﬁ)e }dx

2
[Using the theorem with X=e“*( %)]

] e(XX 5 ] X3 N
= ﬁ_! X dX = ﬁ_!eax ...(11)
eClX — e(XX — e(XX 111

1

IOk

Working rule of finding the particular integral (P.1.)i.e.
There are two following ways to obtain P. L.

Method 1. The operator m maybe factored into linear factors;

1 1 1 1
D-o; D—ay D—az D—ay
On operating with the first symbolic factor, beginning at the right, there is obtained

L 1 1 e%nX J Xe~%nXdx:

D—o; D—a, D—oa,_4 ’
Then, on operating with them 2nd and remaining factors in succession, taking them from right to left,
required P.I. can be obtained.

Then, P.l.= X

P.I.=

Method 2. The operator m may be decomposed into it partial fractions, then



PI—[A1 P B B A“]X
T D—O(1 D—O(2 D—O(3 D—O(n

= Aleo‘leXe_"‘lex + -+ A e%n¥ f Xe™%n¥*dx.

Of this two methods, the latter is generally used in practice.

Solved problems based on method 1 & 2

1.Solve (D? + a?)y = cot ax.

Sol. Here the auxiliary equationis D?+ a? =0 sothat D =0 + ia.

~ C.F. =e"™(cq cosax + ¢, sinax) = ¢; cos ax + ¢, sin ax, ¢4, ¢, being arbitrary constants

1 1
Now, P..= ——cotax = - < cot
o P T Dta)D—a)

[As D? + a? = D? — (ai)? = (D + ai)(D — ai)]

1
—_— — cot ax, on resolving into partial fractions
2ix [(D “a) D+ ai)] gUtop
1 . . .
Now,——— cotoax = e“"Xf e 1 cotax dx = e‘“xf(cos ax — isin ax)
(D — ai)

COoS ax
dx

sin ax

TlaX = (cos ax — i sin ax) |

[by Euler’s theorem, e

. cos?ax : 1—sinfax
= elox f( - —icosax)dx = e‘“"f(.— — icos ax)dx
sin ax sin ax

1 axy /1 i\

= elax ](cosec ax — sin ax — isin ax) dx = el® [(—) log tan (—) + (—) cos(ox) — (—) sin ax]
a 2 a a

= ei“X[<l> log tan (%> + (1) {cos(ax) — isin ax}]

a 2 a

— elax [(1) log tan (%) + (1) e—iax] by Euler’s theorem
o 2 o

; cotox = 1[ l"‘Xlogtan(a )+1] o (1)
(D — ai) o 2
o . 1 _ 1 iax
Replacing{ i by -iin (1), Drap COtax = 0([ log tan( ) +1] (2)
Using 1and 2,

P.l.= % %{ 10‘Xlogtan(2>+1} i{ lo‘Xlogt.e\n<2)+1}]

1 eiotx e—l(xx

=__—logtan( ): é.sinaxlogtan (%)

a? 2i
Hence the required general solution is y= C.F.+P.L

y=(c; cos ax + ¢, sin ax) + —.sinaxlogtan ( ) where c; and c, are arbitray constant
(Ans)

2. Solve + y = sec?x.



d
Let,D = —, Then the given equationis (D% + 1)y = sec?x.

dx
Its auxiliary equationis D?4+ 1 =0 sothat = +iand C.F.= ¢, cosx + ¢, sinx
dPI—l . 1 2_1[1 1]2
an =T sec X_(D+i)(D—i)Sec X = CEDEROED sec“x
1 2. ix —ix 2 _ cosx—isinx
Now, ——sec’x=e [ e Xsec?xdx = f(—coszx )dx

= el f(secx — isec xtanx) dx = e*[log(secx + tanx) — isec x]

Replacing i by —iin (2), sec’x = e *[log(secx + tanx) + isec x]

1
(D+1)

From 2 and 3, we have

. (1)

. (2)
. (3)

1. i i .
P.lL=— [e‘X log(secx + tanx) — e¥isec x — e *log(secx + tanx) — e *isec x]

2i
eix _ e—ix ix _ e—ix
= Tlog(secx + tanx) — Tsecx

= sinxlog(secx + tanx) — cosxsecx = sinxlog(secx +tanx) — 1

Hence the required solutionis y = c; cosx + ¢, sinx + sinxlog(secx + tanx) — 1

Roll: 1800069

Particular Integral

When X is of the form e, where a is any constant

By successive differentiation, we find that

(Ans)



D"ae* =a"e>* . (n)

If f(D) =(D™ + a,D"" 1 + a,D"2+....+a,_;D + a,), then multiplying (1),(2),(3).....(n) by
ap, dp_1..-»1 respectively and adding,

We obtain

f(D) e®* = f(a) e**

Now operating on both sides by m

—f(D) e®* =—f(a) e

f(D) f(D)

f(a) @ e?*

1 1 eax
or f(a) e =t € [dividing by f(a)# 0]

Therefore,

1 ax__1 _ax :
€ it ,provided that f(a)# 0.

Example 1, Solve +2k ~+ kZy = 0.

Solution :
Auxiliary equation is D2-2kD+k2 =0,
(D-k)2=0 orD=kk.
&~ CF.=(c1+c2x) ekx

Pl =5———e¥= — —eX=——¢

eX = e
D2—2KkD+k2 1-2k+k2 (1-k)2

Hence the general solution is

y = (c1+c2x) ekx + e, k+ 1.

1
(1-ky?
Example 2, Solve (D2 + 3D + 5) y = e2x

Solution:



Given equationis ,(DZ+ 3D +5)y=eX

AE.is DZ+3D+5=0

D= —34+/9-20 _-3 n Ei
2 2 3
3
C.F. = e 2°(C; cos \/%_lx + C, sin\/%_lx)
Pl =—— g2
" D2+3D+5

Putting D = 2 in f(D)

Hence the general solution is
y = CF + PI

_3 Vi1 V11 1
y=e 2°(C, cos—x + C; sin—-x) +— e?X,

Example 3 Solve %+6% + 9y = 5e3%,
Solution:
Given equationis, (D?+6D+9)y = 5e3x
AE. =(D2+6D+9) =0
~(D+3)*=0
~ D= —3,—3 are the roots.

~ CF. = (C1+Cx) 3

1

— —-3x
And P.I = (D+3)25
— 3x 1
=5e {55 (1)
_563x
T 36

Hence the general solution is



y = CF + PI

5633{

y = (C1+Czx) e3x + v

Example 4, Solve (D? + 4D + 3)y = e~ 3%,
Solution:
Given equation is
(D? +4D + 3)y = e™3*
AE.is (D*+4D+3)=0
Or, (D+1)(D+3)=0 ~D =-1,-3
C.F. = (Cie—x + Cye73%)

_; -3x
: _(D+1)(D+3)e

Putting D = -3 in f(D) then

P.I. ==e™3* [method fails]

e—3

e 3% e~ 3% X
X
2

1
PI= (—-3+1)(D-3+3) 1} = (—2)5{1} =

Hence the general solution is

y = CF + PI

—-3X
y = (Crex + C2e7%%)- eTX-

Roll:1800070

To show that 1/f(D?)Sin ax=1/f(-a?)Sin ax except when f(-a2)=0

By succesive differentiation,we get



sin ax=sin ax, = ----- (D
Dsin ax=acos ax,
D2sin ax=-a%sin ax, = -------- (2)
D3sin ax=-a3cos ax,
D#4sin ax=a%sin ax
Or(D?)sin ax=(-a2)%sin ax, --------- (3)

Similarly (D2)sin ax=(-a%)"sin ax.
Thus f(D?)sin ax=f(-a2)sin ax.
Operating by 1/f(D?) on both sides,we get
1/f(D?2) f(D?) sin ax=1/f(D?) f(-a%)sin ax
i.e.. sin ax=f(-a2).1/f(D?)sin ax.
Dividing by f(-a%),we get

1/f(D?)sin ax=1/f(-a?)sin ax, if f(-a2)=0.

Similarly 1/f(D?)cos ax=1/f(-a%)cos ax.

Important. It follows from the result above that we put---a2 in place of D2. We cannot put
anything in place of D.

Thus for D2. We cannot put anything in place of D.
Thus for D2 put -a2.
For D3=D2.D put -a2D.

For D4=D2. D2 put -a?(-a?),i.e..,.a*etc.

Thus ultimately f(D) becomes linear in D say of the form (D+x). Then we proced as follows :

1/(D+a) sin ax=(D-a)/(D+a)(D-a) - sin ax

=(D-a)/D?-a? sin ax=D-a/(-a%-a%)sinax

Putting -a2 for D2in the denominator



=1/-a2-a%(d/dx sin ax-asin ax) as D=d/dx

=1/-a2-a%(acos ax- asin ax).

And thus the particular integral in case of sin ax and cos ax can be completely evaluated.

Roll: 1800071

. d?y dy s
Ex.1: Solve —— +—-+y =sin2x.

Solution: The auxiliary equation is,
D2+D+1=0
Now solving this equation we get,
1,1 .
D=- > + > \/§ 1
1
~ Complementary Function = e @ xcy cos{% V3x +C2}

sin 2x

Particular Integral = —
D2+D+1

sin 2x

T —4+D+1

1 .
=—— sin 2x
D-3

D+3

sin 2x
D2-9

:-%(2c052x+3 sin 3x)

Hence the complete solution is,

1
y= e @ xcy cos{% V3x +C2} - 1—13 (2 cos 2x + 3 sin 3x) .(Ans)

Ex.2: Solve (DZ+1)2y=cos 3x.
Solution: The auxiliary equation is,
(D2+1)2=0,

D= +i, +i



~ Complementary Function = (C1+Cz2x) cos x + (C3+Csx) sin x

cos 3x
(D2+1)?

Particular Integral =

cos 3x 1
=——— =—cos 3x
(-9+1)2 64

Hence the complete solution is,

y = (C1+C2x) cos x + (C3+Csx) sin x + i cos 3x .(Ans)

Ex.3: Solve (D3+D2+D+1)y = sin 2x
Solution : The auxiliary equation is,
(D2+1) (D+1)=0,
D=-1, +i
= Complementary Function =C1e* +Cz cos (x+C3)

. 1 :
Particular Integral = Drrporn Sin 2x

B 1 i 2
T (-4+1)(D+1) SI 2

1 .
=—= sin 2x
3D%2-1

D-1
3 —4-1

sin 2x

:%[Zcos 2X - sin 2x |
Hence the complete solution is,

y = C1ex +Cz cos (x+C3) + % [ 2 cos 2x - sin 2x ].(Ans)

2
Ex.4: Prove that the solution of the differential equation % + 4y = sinax when a# 2,under

2 sin ax—asin 2x
2 (4—-a2)

the conditions y=0 and % = 0 when x=0 is y=
Solution : The auxiliary equation is,
D*+4 =0,

D=+2i



-~ Complementary Function = C; sin(2x+C;)

sin ax

Particular Integral = Dig SiNax=-—
~The general solution is,
y=Cisin(@x+Cy) +5550 L (1)
d
so that =% = 2C; cos (2x+C3) + =2 oo )
But y =0 whenx =0,
= (1) gives, 0=C;sinC, .l 3)
. dy _
Again el 0 whenx =0
= (2) gives, 0 =2C; cosC, + 4_332 ............ 4)

From (3), C;=0 or C,=0 but if C;=0,(4) does not hold.

a
Hence C,=0 and then from (4), C;= - Taa
Putting these values of C; and C; in (1),the required solution is

__asin2x + sinax _ 2sinax—asin2x
Y= 2 (4-a?)  4-a% 2(4—a?)

This proves the result.
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, 1

Exceptional case of ) e when f(a)=0
1 e?x |

We have from, 0 @ if f(a)#0

But if f(a) =0, this becomes infinite and our method fails.
Now, f(a) =0 means that (D-a) is a factor of f(D).
Therefore let  f(D) = (D-a) ¢ (D)

Such that ®@)#0 ... (D



1
e = —— __ @ax

30, 15, ¢™ = Ba) o)

1
D-a’ @(a)

e as @(a)#0

1 1
= eaX

" @(a) D-a

= ex[ g XX (x [L-X:eax.%(e_ax.x)]

T @) D-a
_ 1 ax [ d =Xe;’1X 2
o © [ dx o (2)

Now differentiating both sides of (1) with respectto D,
f(D)= (D-a) ¢’ (D) + ¢ (D)
putting D=a, f(a) =0+ ¢(a)
It means @(a)= f(a)

eax = X Or X.—— eax
f(D) fr(a) " f1(D)

Hence (2) becomes

Again if f(a)=0and f’(a)#0 then D-a isafactor repeated twice and applying the above
Result once again

we get,

Lax: 2

f(D) € fr1(D)

e and so on.

1
f(D?)

Exceptional case of sin(ax) when f(-a?)=0.

1 _ 1
f(Dz)sm(ax) =y

From 5.5, sin(ax),f(—a%) # 0

But if f(-a2)=0 it becomes infinite and our method fails.
Now f(-a2)=0 means that D2+aZ is a factor of f(D?)

Let f(D2)=(D2+a2)¢(D?) such that ¢(D?) # 0.



ax

Now (cosax + isin ax) = e

f(DZ) f(D?)

— ax
= X—
fr(D2)

= X + isin ax
f,(DZ)(cosa + i sin ax)

Equating real and imaginary part we have,

Cosax = X

X
f(D2) fr(p2) C05 2

An df( 2)smax—xf( 2)smax.

In case f'(-a2)=0 and f’(-a%2)# 0, D2+a? is a twice repeated factor of f(D2). Applying the above
result once again, we get

1 , 1
sinax = x sin ax
f(DZ) f'(x?)
— 42
And f(DZ) cosax = a” ;- cos ax.

Ex 1: solve(12 3 +2y—e

Solution: Auxilliary equation is
D2-3D+2=0, i.e (D-2)(D-1)=0

So C.F C,e* + C e%X

eX .
P.I-m (case of failure)

:x% multiplying by x and differentiating the deno.w.r.tD.

X

— xeX,

=X
2.1-3

Hence the complete solution is y=C;e* + C,e?* — xe*.



Examples of exceptional case of

1

- (Dz)sin ax when f(—a*)=0

R S 2
roz; Sin ax= p—o-sin ax, f(—a*) # 0

But if, f(—a?)=0,It becomes infinite and this method fails .
EXAMPLE 2: Solve (D? + 4D + 3)y = e 3%

Solution: Auxiliary equation is

(D% + 4D + 3)=0

or,(D+3)(D+1)=0

C.F.=Cie ™+ Ce 3%

e—3X

P.l.= 222D13 [ case of failure]
—-3X
=X :’DH [ multiplying by x and differentiating the denominator w.r.t D]
e—3x
T
= Lye—3x
2

Hence the general solution is

Y=C,e X + Cye 3% — %xe‘3X (Ans)

EXAMPLE 3: Solve%+ 3g+ 3X+y=0
Solution: Auxiliary equation is
D3+3D?+3D+y=0

or,(D+1)3 =0

Or,D=-1,-1,-1

C.F.=(C; + Cpx + C3x%)e™™

P.I

.:(De:)S (case of failure)

e
=X
3(D+1)2

[multiplying by x and differentiating the denominator w.r.t D

(this is again a case of failure)]



=x26 (;_:1) [multiplying by x and differentiating the denominator w.r.t D

(this is again a case of failure)]
=x3? [multiplying by x and differentiating the denominator w.r.t D]
Hence the complete solution is
Y=(C; + C,x + C3x?)e X+ X3?

(ANS)

EXAMPLE 4: Solveziz— 3£Z+y =e*+1
dx dx

Solution: Auxiliary solution is

2D3-3D2+1=0

or,(D-1)(D-1)(2D+1)=0

or,D=1,1,-1

C.F.=(C1+C2x)e2+(Czex/2

_ eX 1
"T2D3-3D2+1 ' 2D3-3D2+1

P.I [first term case of failure]

eX e . - . . . .
X —iep T 55001 [differentiating the denominator of the first and multiplying

by x (again case of failure)]

eX
12D-6

=x2 +1 [again differentiating the denominator and multiplying by x]
:leeX+1
6

Hence the complete solution is

Y:(C1+C2X)e2+C3e'X/2+%xzeX+1 (ANS)

EXAMPLE 5: (D3-2D2-5D+6)y=e3x

Solution: Auxiliary equation is



(D-3)(D2+D-2)=0
Or,(D-3)(D+2)(D-1)=0
Or,D=3,-2,1
C.F.=Ciex+Cze2x+(C3e3x

1
- 3
P'I'_(D—3)(D+2)(D—1) e

= 1 C3X
(D-3)(3+2)(3-1)

= 1 3x

“1o(D-3)

1 . .
= e3xx as it a case of failure.

The complete solution is

Y=CF.+P.L= CrevCae2xCae - — e (ANS)

EXAMPLE 6: (a) Solve % + 4% + 4y =e2x4e2x
Solution: Auxiliary equation is

(D2+4D+4)=0
Or,(D+2)2=0

C.F.=(C1+Czx)e-2

2x —2X

I _ e e
TTT(D42)2 T (D+2)?

second is a case of failure

2X —-2X

IS +2 > x? [differentiating denominator of the second twice w.r.t D and

e

multiplying by x?]

eZX

1
=— + -x%e2x
16 2

Hence the complete solution is

2X
Y=CF.+P.1= (Cr+Cax)e 2 — + ~x2es (ANS)

2
EXAMPLE 6: (b)Solve > = x + ' + e~

Solution: Auxiliary equation is



D2-1=0
Or,D=+1
C.F.=Ciet+Cpet

et4et
P.I.—m
ot -t

e -
=021 + D) Exceptional Case

The general solution is

X= cle-t+czet+§t(et —et) (ANS)

Roll: 1800075

7.Solve: (D? + a?)y = sinax
Solution: A.E.is D? + a? = 0,D = #ai

=~ C.F.=C; cos(ax + C,)

sina

X .
P.lL = case of failure
D2+a2

sin ax
2D

=X multiplying by x and differentiating the denominator w.r.t. D
X

=——cosax
2a

Hence y=C, cos(ax + C,) — zia cos ax is the complete solution.
94 Lo in®x sinl
8.Solve: e Ty =sinzx sin_x
Solution: AE.is D® +1 =10
or(D?+1)(D*-=D?*+1)=0
Or (D2+1)[(D?+1)2—-3D%] =0

Or(D*+1) (D> —+v3D+1)(D*++v3D+1) =0



When D2+1=0 =D =+i
When D2 —+/3D+1=0 _._DzT_'
WhenD? +v3D+1=0 .-.D:T—'

Hence C.F.=C, cos(x +C;) + Cse%\/gx cos GX + C4) + Cse_%‘/?’X coS(%X + Ce)

.3 .1 1
Now, sinzx sinox =~ (cos x — cos 2x)

1 cosx 1 cos2x

PL==. - =, fir rm f failur

S Dea1 5 Doy st term case of failure)
1 cosx 1 COS 2X

=-X —=.
27 6D5 2 (—4)3+1

COSX 1
. + —cos 2x
6(-1)2D = 126

1
==X
2
1. 1 1 . .
=—xsinX + —cos 2x as = means integration
12 126 D
Hence the complete solution is y=C.F.+ P.I.
By gy Ll 50 ax
9.Solve: —— —3_— +4_— 2y =e" +cosx
Solution: AE.isD3 —3D?+4D—-2=0
Or (D—1)(D?—-2D+2)=0
ordD—1D[(D-1)?%+1]=0
Oor((D=1)1+i
C.F.=C;e* + e*(C, cosx + C3 sinx)
P.I 1 X4y cosx firstterm in case of failure

="+
D3-3D2+4D-2 D3-3D2+4D-2

=X L eX + ! CcOS X
" 3D2-6D+4 (=1)D—-3(-1)+4D—-2

3D-1
cosx = xe* + COS X

3D+1 9D2-1

=xe*+
=xe* + 11—0(3 sinx + cos x)
Hence the complete solution is y=C.F.+ P.L
10.Solve: (D3 — 5D% + 7D — 2)y = e?* cos hx
Solution: A.E.isD3 —=5D?+7D—-3 =0
Or(D—1)(D>?—-4D+3)=0

ord-—1D(M-3)(D-1)=0



o C.F. = (Cl + sz)ex + C363X

2x 1, %, —x
e?X coshx e 2(e"+e™™)

PI= (D-1)2(D-3)  (D—-1)2(D-3)

3x eX

"D3-5D2+7D-3

e

1
"(D3-5D2+7D-3) = 2

1
)

3x eX

3D2-10D+7

1y e L1y
"2 7 3D2-10D+7 = 2

1 e3X 1 eX
==X —— + = x?
2 3.3%*-10.3+7 2 6D-10

1 1
== x eX¥ — - x%e¥
8 8

Hence the complete solution is y=C.F.+ P.I.

11.Solve: [D* + (m? + n?)D? + m? n?]y = cos%(m +n)x cos%(m —n)x
Solution: A.E.is (D? + m?)(D? + n?) =0
s~ D =+mi, *+ni
C.F.=C; cos(mx + C;) + C; cos(nx + Cy)

1 1
cosE(m+n)x cosE(m—n)x

Pl =

D*+(mZ2+n2)D2+m?2n2

1 COS mx+Co0Ss nx .
= cases of failure

) D*+(m2+n2)D2+m?2n?

_ 1 X CcOoSmX +Cos nx
27 4D3+2(m2+n2)D

X 1 [ cos mx cosnx 1
2D "-2m?+(m?+n?) +2n2+(m?-n?)

N R

cos mx COS nx.

= [ =]

~ 4(m2-n2)

X

1. 1.
= ————— [~ =sinmx + =sin nx]
4(m2-n2) m n

Hence the complete solution is y=C.F.+ P.L



Roll:1800076

1/f(D) X™, where m is a positive integer.
Consider 1/(D-a) xm

=-1/a(1-D/a) xm

=-1/a(1-D/a)1Xm

=1/a(1+D/a+D2/a2+

________ +Dm/am+___)Xm

-1/a{(x™+mx™1/a)+m(m-1)x™2/a?+----+m!/am}
Therefore to evaluate 1/f(D)x™ expand [f(D)]-! in ascending powers of D, retaining terms as
far Dm and operate each term on x™.

We need not retain terms containing Dm+1,Dm+2 etc. as

Dm+lx=(,Dm+2xm=() etc,

Ex. Solve (D3+2D%+D)y=e2*+x2+X.

Solution. A.E is D(D+1)2=0,i.e, D=0,-1,-1.
C.F=C1+(C2+C3x)ex
P.I=e2x/D(D+1)2 + 1/D(1+D)2 (x2+x)
=e2x/2(2+1)2 + 1/D(1+D)2(x2+x)
=e2x/18 + 1/D[1-2D+3D2—] (x2+x)
=e2x/18 +1/D[x2+x-4x-2-6]
=e2x/18 +x3/3-3x2/2+4x.

The complete solution is y=C.F.+P.I.



Roll: 1800077

V.

To show that —(eaXV)

f(D) f(D+ )

Where V is function of x.

We have on successive differentiation (by parts),
D(eaxV) = e2xDV + aeax = ea*(D+a)V,
D2(eaxV) = e2xD2V + aeax V + a2ea + aeaxDV
=eax(D2 + 2aD + a2) V =e2x(D+a)2V
Similarly, D3(e2xV) = eax(D+a)3 V
And Dn(exxV) = eax(D+a)» V
Therefore f(D)(e**V) = eax f(D+a) V.

Taking the inverse operators, we have

) E V) =en GV

on V taking e outside .

Thus we find that operator — on (e V) is equivalent to

(D)

1
x V as usual .

Therefore in practice take out e2x and put (D+a) in place of D and then find T

2
Ex. 1. Solve d—2—9y 6e3x + xe3x |

Solution : Auxiliary equationis D2-9=0,D=43.

C.F. = Cie3x + Cpe-3x

P.IL =

1
(6+%) =55 (6+%)

=e¥——— (6+x) = e (1 + D)1 (6+x)
= e —(1-=D-.......) (6+%)

—e3x L R W NP 2
=e 6D(6+x 6) o © (35x + 3x2)



Hence the complete solution is

y = Cie3x + Coe3x + % e3x(35x + 3x2).

Roll:1800078

ay ., d%y dy
Ex.2: Solve — -3 — + 3 —=-y=xe* + e*.
dx3 dx?2 dx y +

Solution: A.E.is D3-3D?+3D-1=0,
ie. (D—1)3=0 orD=1,1,1.
< CF = (Cl + CzX + C3X2)ex.

_ 1
T (D-1)3

P.L eX (x+1)

1
=e* oronr 1)

1
:ex§ (x+1)

_ Xi(x+1)2
Dz 2

1 (x+1)3
=eX.—( )
D 6

x+1)%
—ex D
24

Hence the general solution is y=C.F. + P.IL.
Ex.3: Solve (D3 — 7D — 6)y = e**.x?

Solution: A.E.is D3 — 7D — 6 =0;
ie. (D+1) (D =D —6)=0 or (D+1)(D-3)(D+2) =0

~ C.F. =C1e_x + Cze3x + C3e_2X.

e2X x2 _ ox 1 2

P'I':D3—7D—6 =€ (D+2)3—7(D+2)—6X




2x 1 2

=e X
D3+6D2+5D—-12

2X

- 1-2p-ip2-Llp31 g2
12 12 2 12
2X

== 1+2p+ip2+Ep2)x2
12 12 2 12

e2x 5 97

=-— x* +=x+ ) etc.
12 6 72

Ex. 4 : Solve ﬂ-zﬂm =e* cos x
to dx3 dx y '

Solution: Auxiliary equationis D3 —2D + 4 =0,
ie. (D+2)(D?—2D +2)=0
or (D+2)[( (D= 1) +1] =0

D=-2,1+i. C.F.=C;e ?X + C,e*cos(x + C3).

P.L. eX cosx

" D3-2D+4

1
X
=e COS X
(D+1)3-2(D+1)+4

=e CoS X

D3+3D2+D+3

X —— C0S X
3D2+6D+1

———— CO0SX
—-3+6D+1

COS X
6D—2

1y 3D+1
=-=Xe COS X
2 9D2-1

= -% xe* (-3 sin x + cos X)

=% xe* (3 sin X - cos x)

Hence the complete solution is y= C.F. + P.I.

d’y ., dy
Ex.5: Solve — -2 = +4y=e* X.
5: Solve —— -2 -~ +4y = e cos



Solution: A.E.is D> —2D +4 =0,
Or, [(D—1)%2+3]=0 Or,D=1+V3i

C.F.=e* [C; cosV3x + C, sinV3x]

Pl = e* cosx

D2-2D+4

X 1
= e
(D+1)2-2(D+1)+4

COS X

=€ COS X

D2+3

COS X
3

1
== eX cos x,etc.

Topic: m{xV} whereV is any function of x

We have,D"(x)V = xD"V + nD" "1V by Leibnitz’s rule

n i n i n _ n-1
= xD"V + (D )V as dDD nD

= f(D){xV} = xf(D)V + f(D)V.

Taking the inverse operator , we get

f(D) (V) = Xf(D) Vit [dD I
1 _ _ M)
Or, f(D) (V) = x5 f(D) V= ior
1
Topic: D) (x™V),whereV is some function of x.

Now V can have the following different forms:

1)V has the form of x™, then x™V becomes x™*" which can be evaluated



2)V has the form e®*, then x™V becomes x™e?* which can be evaluated .

3)V has the form cos ax or sin ax ,then x™V becomes x™ cos ax or x™ sin ax ,i.e. it is real or
imaginary part of x™e®*,which can be easily evaluated.

Ex.1 .Solve iﬁ —y = Xsinx
dx
Solution:
Auxiliary equation is
D*—1=0,(D>?+1)(D?-1) =0,D = +i,+1.

Hence C.F.=C;cosx +C,sinx+Cze* + C,e™™

Pl= XSinx.

D4-1

XeIX

=Imaginary part of v

— ix
=L.P. of e (D+i)4_1x
1

=L.P. of ¥ - — X
D#+4iD3-6D2—4iD

- oix L _3ip_n2alip31-tle (s 1o _;
=LP. of -e™ — [1 >iD —D” +~iD 17 (= - i)

_ _eix L 35

=LP. of —e™ —[x + ~i]

i - 1 5, 3,

=LP. of 7 (cosx + i sinx )[EX + EIX]

1, 3.

=—X“COSX — = XSinx

8 2
Hence the complete solution is

: x 1 3.
y=C;cosx + C,sinx + Cz;e* + Cpe ™ + gxzcosx — g Xsinx.

1 dzy _ .
Ex.2. Solve ezt 4y = xsinx
Solution:

AE.isD?+4=0,D = +2i

C.F. =C;cos2x + C,sin2x



P.J =—

D2+4

X sinx

=I.P. of

1 Xeix
D2+4

— ix

=L.P. of e (D+i)2+4x

=L.P. of e ———x

D2+2Di+3

=LP. of (1 + 2Di + = D?)"!x
3 3 3

=LP. of - eX(1— = Di)x

=LP. of 7 (cosx + i sinx) (x — =1)

=$(3X sinx — 2c0sx).

The complete solution is y=C.F.+P.L

Roll: 1800080

Ex:-2 Solve (d?y/dx?)+4y= xsinx

C.F=C1Cos2x+C2Sin2x
P.I=1/(D2+4)xsinx
=I.P of 1/(D2+4) xeix
=L.P of (1/(D?2+i)2+4 )x
=[.P.of eix (1/(D2+2Di+3))x
=[.P.of 1/3 eix (1+2/3Di+3)1x
=I.P.of 1/3ex(1-2/3Di)x
=[.P.of 1/3 (Cosx + isinx )(x- 2/3i)
=1/9 (3xsin x-2Cos x )

The complete solution is y= C.F+P.I



EX:-3 (a) Solve (d?y/dx?)- 4(dy/dx)+4y= 3x%2e?xsin 2x
Solution :- A.E is D2-4D+4=0, (D-2)2=0
C.F= (C1+C2x) e
P.I =( 3x2e?xsin 2x)/(D-2)2=3e%x,
(1/(D+2-2)2) X2Sin2x
=3e2x¥(1/D?) x2sin2x
=[.P.of 3e2x (1/D?) x2e2ix
=[.P.of 3e2xe2ix (1 /D?2)x2e2ix
= [.P.of 3e2X e2ix(1/(D+2i)?) x2
= L.p.of 3e2xe2ix (1 /D2+4iD-4)x?2
= [.P.of -3e2xe2ix(1/4) ( 1-iD-1/4D?%)-1x2
= L.P of -3e2xe2ix14 (1+iD+1/4D2-D?) X2
= L.p.of -3e2xe2ix 1 /4 (X2+2ix-3/2)
=I.P.of - 34 e2x (Cos2x+i sin2x)
(X2+2ix-3/2)
= L.P.of - %4 e?*(Cos 2x+Sin 2x)
(X2+2ix-3/2)
=-3/8 e2x [(2x2 -3) Sin2x+Cos2X]
The complete solution is y=C.F+P.]
Ex:-4 Solve (D2+2D%+1)y= x% Cosx
Solution :- The auxiliary equation is
(D2+2D2%+1)=0 i.e.(D2+1)%=0
D=+/-i; +/-i
:. C.F.= (C1+C1x) Cos x+ (C3+C4X) Sinx
P.I.=1/(D*+2D2+1) X2 Cos x= real part
0f 1/(D2+1)2 X2 eix

But [ 1/(D2+1)2] x2eix



=eix1/[(D+1)2+1]? x?

=eix1/(D2+2iD )2x2

=eix1/-4D2(1- %2 iD ) 2x?

=-1/4 ex(1/D?) (1-1/2iD)2x?

=-1/4 ex1/D2 (1+iD-3/4 D2 - %, iD3

+5/10 D*+....... )X?

=-1/4 eix1/D2[ x2+ 2ix -3 /2]

=-1/4 ex[x4/12 +i(x3/3) -3/4 x?]

=-1/4 (Cosx +isinx ) [ x4/12-3/4 x2 +
ix3/3]

P.I.= real part of the above
=-1/4[(X*/12 -3 X?) Cosx-1/3 X3Sin x]

The complete solution is y=C.F+P.I

Miscellaneous Examples

1.Solve: (D* — 5D + 6)y = 4e* + 5
Solution: AE.is(D—-3)(D—-2)=0
C.F.=C,e?* + C e3¥

4e¥45e0% 4e¥ 5 5
P.L= = +==2e*+=
D2-5D+6 1-5+6 6 6

Hencey = C;e?* + C,e3* + 2eX + g.

Y e dy 11 gy = e2x
2.50lve: = —6_—+11_——6y=e



Solution: AE.isD3 —6D2+ 11D — 6 = 0
or(D—1)(D2=5D+6) =0
or(D-—1)(D-2)(D-3)=0

o C.F.=Clex + Czezx + C3e3x

eZX

P.l= S —eDfiiiD—c (case of failure)

eZX

X—
3D2-12D+11

eZX

X—
12-24+11

= —xe?X

Hencey = C;e* + C,e?* + C5e3* — xe?X.
. ﬂ _ ﬂ — a—2x
3.Solve: 5 —3--+2y=e
Solution: AE.is(D—1)(D?+D—-2) =0
or(D— 1D +2)(D-1) =0
o CF:(Cl + C2X)ex + C3e_2X

P.L

= 3-3p73 (case of failure)

e—2X

3D2-3

1 —
=—xe %X
9

Hencey = (C; + C,x)e* + C3e‘2X%xe‘2X.

4.Solve: % - 4% + 4y = e** + sin 2x
Solution: AE.isD?—4D+4 =0
or(D—2)2=0
orD=2,2
~ CF.=(Cq + Cyx)e**

2x ;
e sin 2x
P.IL

= + first term, case of failure
D2-4D+4 D2-4D+4

e2x sin 2x

first term, again case of failure
2D-4 = —4-4D+4




Hencey = (C; + Cyx)e** + %Xze2X + %cos 2X.

3.Solve: ¥ — 3 4 2y = &%
Solution: A.E.is (D —1)(D?+D—-2) =0
orD—1)(D+2)(D—1) =0

o CF:(Cl + C2X)ex + C3e_2X

e .
P.lL= D —3D132 (case of failure)

e—ZX

3D%2-3

1 _
=—xe %X
9

Hencey = (C; + C,x)e* + C3e‘2X%xe‘2X.

4. Solve —4, v ~+4y = e* + sin 2x

Solution: AE.isD? — 4D+ 4 =0
or(D—2)2=0
orD=2,2

o CF = (Cl + CZX)eZX

2X :
e sin 2x . .
Pl = + first term, case of failure
D2-4D+4 D2-4D+4
e2x sin 2x . . .
=X first term, again case of failure
2D—4  —4—4D+4
2X
e 1 1,
=x%?— — > -=sin2x
2 4 D

2x2 e2x 4 1 < COS 2X

Hencey = (C; + C,x)e?* + = X2 2x 4 2 < COS 2X.
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ﬁ e, q)(X)

1
=e 'f(D+a)'(D(x)

D[eZx*d(x)] = e*DD(x) + aeZ*P(x) = e**(D + a)P(x)

D?[e**®(x)] = D[e®*(D + a)®(x)] = e**(D? + aD)P(x) + ae®*(D + a)P(x)

= (D2 + 2aD + a?)d(x) = e™*(D + a)2d(x)
Similarly, ~ D"[e*®(x)] = e*(D + a)"d(x)
f(D)[e™*d(x)] = e®(D + a) P (x)
éWM@=R%k“KD+®¢&H ...... (1)

1
f(D+a)

Put f(D + a)®(x) = X, so that ®(x)=

Substituting these values in (1),we get

_tr 1 [e3%.X]

ax —
f(D+a) f(D)

1 rax _ qax__ 1
= ) [e*. d(x)] =e f(D_I_a)d)(x)

MISCELLANEOUS EXAMPLES

EX.5 Solve (D? + 1)y = e**sinx + ez sin(%\/Bx)

Solution. AE.isD3+1=0,(D+1)(D?=D+1)=0

1+3i

D=1,
2

C.F.=C;e™™ + C,e2 cos(% V3x+C3)

P.I corresponding to e?* sin x



_eXsinx 5y

=—= ——sinx
D3+1 (D+2)3+1
—n2X 1 : — A2X 1 :
=g ————sInX = e“* ——  sInXx
D3+6D2+12D+9 -D-6+12D+9
. 11D-3 .
=e?X sinx = e’X——sinx
11D+3 112-32

1 :
= e?*(11 cosx — 3 sinx)

P.I. corresponding to ez sin(% V3x)

. V3 .
=e2 ——————sin—x (case of failure)
D +ED +ZD+§

=ezx ;3 sin ? x differentiating the dominator w.r.t D and multiplying by x

3D2+3D+Z
X 1 .
=ezx T—=SIn—X
—3Xx=D+-= 2
4
X . V3
=ez-—Sin—X

Xx 1 3 V3 1. V3
=ez-=—— (= c0s—X + =sin—x)
3_1_i 2 2 2 2

=—§e5(\/§ cos ?x + sin\/z—gx)
Thus the P.I.:ﬁ e?*(11cosx — 3sinx) — gei(\@ cos \/Z—gx + sin \/Z—EX)

The complete solution is y=C.F.+P.I.

1

Ex.6 Solve (D*+ D2 + 1)y = eZ cos(x \/Z—E)
Solution. The auxiliary equationis (D* + D% + 1) =0

Or,[(D?+1)2=D?]=0 or,(D>-D+1)(D?*+D+1)=0

When DZ—D+1=0,D=1iZm
—1+31

AndwhenD?+D+1=0, D= .

Then C.F. =C ez cos(%x/ﬁ +C,) +Cze 2 cos(%@ + Cy)



PL =——¢7: cos(% V/3x)

(D*+D2+1)

_Z 1 1
N S ; ENE
INCECE i

X
=e 2 51 7 cos(%\/Bx)
1’6

D*—2D3+2Dp2-3p+221
2 2

=e zx —3 cos(— V3x)

4D3-6D?+5D—

[multiplying by x and differentiating the denominator w.r.t. D]

— 1 l
=e 2X4D(—%)—6(—3)+5D—; cos (5 V3x)

—ezx 2D1+3 cos(% V3x)
=e” X cos(— V3x)

=e—§X4 (_ﬁ)_g [~22sin(v/3x) — 3cos (V3R]

2 \/_sm( \/_)—SCOS(—\/_)

—e o [ism( \/_)+cos( V3x)]

The complete solution is y=C.F. + P.1.

Ex. 7. Solve (D* + 2D3 — 3D?)y = x? + 3e?* + 4sinx
Solution.
The auxiliary equation is, (D* + 2D3 -3D?) =0
D?(D?+2D—-3)=0
D?(D+3)(D—1)=0
~D=0,0-31

Hence, C.F. = (C1+C2x)+C3eX + Cse™3X

- 1 2 2x -
Pl = 5274203 (x* + 3e“* + 4sinx)

3e2X  4sinx 1 2 1.5\ 1 5
=¥y -—(1-2p-:p?) «x
20 ' -2(D-2) 3D2 3 3

=iezx—wsinx—i(1 +2D +2D? +2p2 ...)X2
20 D2-4 3D?2 3 3 9



3 oy 2 : 1 ( 2, 4 14)

=—e“* —-(cosx + 2sinx) — —1({x -X 4+ —
5( + ) 3D2 +9 +9

3

—e
20

2 . 1 2 7
2X — Z(cosx + 2sinx) — (—x“‘ +=x3+ —xz)
5 36 27 27

Therefore, the complete solution is y=C.F. + P.I.

ﬂ_ dy - 3X i
Ex. 8.Solve —— — 6~ + 13y = 8e*sin2x

Solution. Auxiliary equation is, D> — 6D + 13 = 0

6 +/36 — 52 ,
=—————=3%2i

C.F. = e3¥[C1cos2x + C2sin2x]

P.L 8e3%sin2x

" D2-6D+13

1
= 8e3X sin2x
(D+3)2-6(D+3)+13

1
D2+4

= 8e3X sin2x (case of failure)

1.
= 8e3* —sin2x
2D
= —2xe3*cos2x

Hence, the complete solution is,
y = —2xe3*cos2x + e3*[C1cos2x + C2sin2x]

Ex 10. Solve % - % — 19 + 20y = xe* + 2e~*sinx
Solution. Auxiliary equation is D> — 2D? — 19D + 20 = 0
(D—1)(D?—D—20) =0
(D—1)(D—5)(D+4) =0
~D=1,5—-4
C.F. = C1e¥+ C2e%%+ C3e™#

P.I. corresponding to xe*

— 1 X X
" (D-1)(D-5)(D+4) €

1
—nX
= D+ D1+ D—-5][(D+D+4] ¥




—eX——
D(D-4)(D+5)

x1 1
=e* = X
D D2+D-20

s (13D = 550) x

Xil(1+iD)X
20D 20
_ xil( i)
=€ 20D X-I_zo

__ 1 xx, 1
=720 ° (2+20X)

=—eX

=—e

P.I corresponding to 2e~**sinx

I . f e—4xeix
=Imaginary part of —————
g yp D3-2D2-19D+20

2eX(i-4)

= Imaginary part of (i—-4)3-2(i—4)2-19(i—4)+20

ex(i—4—)

= Imaginary part of o7

e**(cosx+i sinx)

= Imaginary part of 1537 (1 + 22i)
e4x |
T (sinx — 22cosx)
o L ax®X L o
Hence P.I.== € (2 +% X)= e (sinx — 22cosx)

Therefore, the complete solution is y=C.F. + P.I.

~The general solution is,

sin ax

y = C1 sin (2x+C2) + Tz e (D)
d

so that d—z = 2C; cos (2x+C3) + a::jx ............ (2)

But y =0 whenx =0,
~ (1) gives, 0=CisinCz . (3)

. dy _

Again o 0 whenx=0

= (2) gives, 0 =2C1 cosCz + 4_:2 ............ (4)

From (3), C1=0 or C2=0 butif C1=0,(4) does not hold.

a
2 (4—a?)

Hence C2=0 and then from (4), C1= -



Putting these values of C1 and Cz in (1),the required solution is

_ asin2x + sinax _ 2sinax—asin2x
T 2(4-a?) 4-az  2(4-a?)

This proves the result.

11
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Solution of Linear Equations of Second and
Higher Orders with Variable Co-efficient

dny ~ dn—ly ~ dn—zy
xnﬁ + ax™? Tt T a,x" 2 T Tt ay

where, a4, a, are constants; f (x)= function of x.

It can be also written as —
x"D™ + ax" 1DV 4 q,x™ 2D 2 v,y = f(x)
- (2)
where, D = %
These equations are known as Cauchy -Euler Equations.

Conversion: Linear differential equation with variable co-
efficient to constant co-efficient.



Substitution: In order to solve (2) introduce a new independent
variable z such that-

x=e? orlogx =z so that i;%...............(g)
Now,
xD = x% = % =D, ; x*D?=D,(D;—1)y andsoon.
Proceeding likewise, we can show that
"y
XD = X" o = Dy(Dy —1)(Dy = 2) e vee oo (D —n+1)y

- (4)
Substituting the above values of x, xD, x?D?,x3D3,---,x™"D" in

equation (1) and thus changing the independent variable from
x to , we have

IDy(Dy — 1) (Dy —n+1)++a,_,D;(D; — 1)
+a,-1D; + an]y =7

Or, f(D1)y =7 eeeeeeenenn(5)
Where, Z is now a function of z only.

By solving (5) we will be able to get the auxiliary equation. And
by solving auxiliary equation, all the roots of auxiliary equation
can be found.



Depending on the different cases of the roots of the auxiliary
equation (A.E), the complementary function (C.F) and the
particular integral (P.l) can be found.

So, the required general solution will be —

y =C.F +P.I

Solution of Linear Equations of Second Order with
Variable Co-efficient

The general (standard) form of the linear equations of the
second order —

d’y dy
—— +P-=-+Q=R
dx? T dx+Q

where,P, Q and R are functions of x or constants.

Examples:
. . . o d%y dy
(1) Solve the differential equation, x Tz + ZxE = logx.
Solution:
Given equation, [x?D? + 2xD]y = logx +++ == +++ -+ (1)

d
where, D = —
dx



let, x =e? or,z=1logxand D, = %

Then, equation (1) becomes —

|ID,(D; — 1)+ 2D,y =2z

Or,(Dl2 + Dl)y =Z

Its auxiliary equation is, D12 +D; =0
Sothat, D; =0,—-1

~C.F = Clerz + Cze(—l)xz = + cz(ez)_l =c, +

c,x~1; where ¢; and c, are arbitrary constants.

P.I . 1(1 Dy + ) 1( 1)
~P.I= = - )z =— (2 —
D12+D1 Dl ! Dl

1

1
= =—(1+Dy)™ !
D,(1+Dy)" Dl( )72

So,P.I = % Xz%—z= %(logx)2 — logx
As,x = e* or,z = logx
. The required solution is,

y=c1+cx 1+ % (logx)* — logx.

(2) Solve the differential equation, (x2D? + 7xD + 13)y =
logx.
Solution:

Given equation, (x2D? + 7xD + 13)y = logx -+- (1)



d
where, D = —
dx

d
let, x =e? or,z=logxand D, = —

Then, equation (1) becomes —
|ID.(D; —1)+ 7D, + 13|y =z
or,(Df + 6D, + 13)y = z
Its auxiliary equation is, D12 +6D,+13 =0
Sothat, D; = =3 £+ 2i
. C.F = e 3%(c,c082z + c,5in22) = x~3[c, cos(2logx) +
Cy sin(Zlogx)]; where ¢; and c¢, are arbitrary constants.
1
D +6D; + 13
1
z
13[1 + (16/13)D; + (1/13)D?]

s P

17 6 1 A1
=E_1+(ED1+ED1>] VA
17 6 1
=131~ (30 +g30) + 2
1 6
-55(7-33)

= 75 (togx - 3)
—13\"%9* T 13



=169 (13logx - 6)

. The required solution is,
y = x‘3[c1cos(ZIogx) + czsin(ZIogx)]

s (13109x 6).

(3) Solve the differential equation, (x?D? —xD +2)y =
xlogx

Solution:
Given equation, (x°D? — xD + 2)y = xlogx ++- -+ (1)

d
where, D = —
dx

d

Let, x =e? or, Z—logxanle—E

Then, equation (1) becomes —

|D1(D; — 1) — Dy + 2]y = ze?

Or,(Df — 2D, + 2)y = ze?

Its auxiliary equation is, D12 —2D;+2=0
Sothat, D; =1%1i

~ C.F =e?(cyco8z + ¢,8inz) = x[cy cos(logx) +
Co sin(logx)]; where ¢; and ¢, are arbitrary constants.



1

Z

s~ Pl = 5 ze
D? — 2D, + 2
1
= e? Z
(D1 +1)2—=2(D; +1) +2
1
= e’ — Z
D% +1

=e?(1+ Dlz)_lz
— ez(l —_ e )Z
= e’z
= xlogx
. The required solution is,

y = x[cicos(logx) + c,sin(logx)] + xlogx.

(4) Solve the differential equation, (x2D?+ xD)y =
12logx.

Solution:
Given equation, (x2D? + xD)y = 12logx -+ - (1)

d
where, D = —
! dx

d
let, x =e? or,z=logxand D, = —

Then, equation (1) becomes —



|D.(D; — 1) + D, |y = 12z

Or,Dlzy =12z

Its auxiliary equation is, D12 =0
Sothat, D; = 0,0

~C.F =cy+c,z=c; + cylogx; where ¢; and ¢, are

arbitrary constants.

1

. The required solution is,

y =cq + cylogx + 2(logx)3.



NAME: ARPON DAFADAR

ROLL : 1800086
5.solve ( D?-2D+5)y=0
6. solve (D?+4)y= x?
7. solve (D?-2kD+k?)y=e*
8. solve (D?-6D+9)y=1+x+x?

Solution of problem 5 :

( D2-2D+5)y=0 .. (1)

Let, y= e™* be the trial solution of equation (1)
Now, from (1)

m2-2m+5=0

Since the general solution : y= e*(A cos 2x + B sin2x ).

Solution of problem 6:



(D?+4)y= x? .. (1)
Let, y= e™* be the trial solution of equation (1)

Now, from (1)

m2+4=0
Or, m= 4 2i
V.= A cos 2x + B sin 2x

1x2
D2+4

Now, y,=

_1. D* o
_4(1_ 4 ) x

1 2
:—(xz- -
4 4

152
—8(2x 1)

Since, the general solution:

y= A cos 2x + B sin 2x+ %(sz- 1).

Solution of problem 7:

(D?- 2kD+k?)y= e* .. (1)
Let, y= e™* be the trial solution of equation (1)
Now, from (1)

m2-2km+ k2=0



Or, (m — k)?=0
Or, m=k,k
y.= (A + Bx) e**

1 X
e
D2— 2KkD+k?

Now, y, =

1 x
= e
(D—k)?

1 x
e
(1-k)?

Since the general solution :

V= Yc+yp =(A+Bx) e

Solution of problem 8:

(D?-6D+9)y=1+x+x2

Let, y= e™* be the trial solution of equation (1)

Now, from (1)
m2-6m+9=0

Or, (m — 3)?=0

Or, m=3,3

y.= (A + Bx) e3*

Now, y,= ( 1+x+x2)

(3-D)?



-1 _ Dy 2
= 9(1 3) (1+x+x°)
2
=2(1+ 22 + 30) ( 14x+x2 )
9 3 9
= 2 L+x+x2+ 2 (142X)+ 2]
9 3 3
= 2 (x2+2X+ Z)
9 37 3
Since the general solution :

1 7 7
V= Ve + Vp=(A+ BY) €3% 43 (x? 42Xk )

% Md. TUHIN ISLAM
Roll: 1800087

2(A2
Ex.9: Solve: - c(1(>1<2y> + X;Z + y = sin(logx?)

232
Ex. 10: Solve: de y_ xdy 6y = =

x2 dx x4

Ex. 11: Solve: (x?D? — 3xD + 4)y = 2x?
Ex.12:Solve: (x2D?*+xD-1)y=x*



Solution-9:

x?(d?%y) | xdy
dx? T dx

We have, + y = sin(logx?) — —(1)

Let, x = e? => logx =z

And D=+

From (1) we get,

D(D-1)y+Dy+y=sin(2z)

(D2+1)y=sin(2z)

A.E. is m?+1=0

Or, m=%i

Yc=C;cosz+C;sinz
=C,cos(logx)+C,sin(logx)

Where C,,C; are the arbitrary constant.

1 .
Yp= * sin 2z
P=pzyq

1 . _ _1 . 2
—_4+1sm22 = =3 sin(logx*)
The complete solution is,

Y=Yc+Yp =C1cos(logx)+Czsin(Iogx)-% Si n(lo gxz)

Solution-10:




2
Wehave,xz%—4x3—z+6y=i—i———(1)

Let, x=e” => logx = z

AndD=i
d

Z

From (1) we get,
D(D-1)y-4Dy+6y=42¢ ~*?
Or, (D%-5D+6)y=42¢~**
A.Eis,. m?>-5m+6=0
Or, m=2,3
Y=Ce?? + (223 = Cix? + Czx3

Where C,,C; are the arbitrary constant.

_; —4z

Yp_D2—5D+6 4Ze
_ 1 _,—4z _ 1 _ 1
A2 st € T o T xa

The complete solution is,

Solution-11:
We have, (x?D?-3xD+4)y=2x*-----(1)

Let, x=e? => logx = z
From (1) we get,

(D2-D-3D+4)y=2¢?%?



(D?-4D+4)y=2e??
Auxiliary equation is,
(MmZ-4m+4)=0
Or, m=2,2
Yc=Cie?? + (C2ze?? = C1x? + Cz2x*logx

Where C;, C; are the arbitrary constant

1 2
Yp=————2¢%%
P D2—-4D+4
1 2Z

202 °

N ezzl
D-2 LD-2

=72¢%Z = x%(logx)*

The complete solution is,



Solution-12:
We have, (x*D*+xD-1)y=x* ... ... ... ... ... (1)

Let, x=e” => logx = z
From (1) we get,
(D?-D+D-1)y= e**
Or, (D?-1)y= e*?
Auxiliary equation is,
m2-1=0
Or, m=+1
Yc=Cie? + C2e % = C1ix + Cz%

Where C,, C, are the arbitrary constant

e4z

Yp=D2—1

_1 4z

The complete solution is,

Y=Yc+Yp = Cix + Cz% + 2t

Md. Sadman Rahat



1800088

d? d
Example No.13: FINDTHE COMPLEMENTARY FUNCTION OF d—xz + 4d—z +

5y =0,

dy d?
oa_cy when x =0

y = 0and T ez

Here the auxiliary equation is
m?+4m+5=0
Its root are (—2 + i)
The complementary function is
Yy = e 2 (Acosx + bSINX) .....cooveeiiininnnn.n. (1)
On puttingy =2 and x =0 in (1), we get
2=A
On putting A = 2 in (1),
we have,

y =e % (2cosx + bSinXx).................. (2)

On differentiating (2),

we get



Z—z:e‘zx(ZSinx + bcosx)-2e~?*(2cosx + bsinx)=

e ?*[(- 2B- 2)sinx + (B- 4) cosx]

2
:% = e ?*[(—2B — 2)cosx — (B — 4sinx)]

—2e %*[(- 2B- 2)sinx + (B- 4) cosx
=e 2*[(- 4B + 6) cosx + (3B + 8)sinx]

d d?
dx dx?

e ?*[(-2B-2)sinx + (B- 4) cos X]
= e % [(- 4B + 6)cosx + (3B + 8)sinx]

On putting x = 0, we get,
B-4 =-4B + 6 = B=2

(2) becomes,

y = e #*[2cosx + 2sinx]

y = 2e ¥ [sinx + cosX]

ANS.



dZ
Example 14: FINDTHE COMPLEMENTARY FUNCTION OF d_xil +

Q — 3x
6dx+9y—5e

Solution:

(D? + 6D + 9)y = 5e*

Auxiliary equation is,
m2+6m+9=0=>(MmM+3)2=0=>m=-3,-3
C.F.= (C1 + Cx)e™3*

PL= —  5eg3% = €

0e’t = =
D2+6D+9 (32)+6(3)+9 36

3x 56336

The complete solution is

533.96
36

AnNsS.

y=(C + Cyx)e 3% =

dZ
Example 15: FINDTHE COMPLEMENTARY FUNCTION OF d—y —

xz

6% + 9y = 6e3* + 7e %* — log2

Solution:




(D2 - 6D + 9)y = 6e3* + 7e %* — log2

Auxiliary equation is,

(m—6m+9)=0=>(M-3)2=0=m=
3,3

C. F - (Cl + CZX)GBx

—— 1 6e e
DZ2-6D+9 D2-6D+9

1 _
6e3* + Te 2% —
2D—6 4+12+9

== 6e3¥ +
2

1y — 2,2.3x
e ilogZ(g)—Sx e’* +
7 o2

1
" —;logz

Complete solution isy = (C; + C,x)e3* +

7 _ 1
3x%e3*+—e %X —=]og2
25 9

Roll: 1800089



Name: Rumman Shahriar

2
2d——Zx — 4y = x*,

Example 16: Solve x* ——

Solution : putting x=e? and D = %, the equation becomes
[D(D-1)-2D-4)y=e*? or (D? — 3D — 4)y=e*?
Auxiliary eqgn is D? — 3D — 4 = 0 or (D-4)(D+1)=0.
CF=Ce*” + Ce™? = C;x*+ C,/x as e? = x.

e4Z e4-Z

Pl=—r——=12z
D2-3D—4 2D-3

[ dif ferentiating denominator w.r.t D and multiplying by z]

e4—Z Ze4—Z

1 4 z
=7 = ==-(logx)x*.as x = e“.
743~ 5 —5Uogx)

Therefore, the required equation is

y=Cix*+ Cy/x + %x“ log(x). (ans).

2
a4y _ dy—3y = x%log x.

Example 17: Solve x —7 X

Solution : Putting x=e?,D = d/dz, the equation becomes
[D(D-1)-D-3]y= ze??
Auxiliary equationis (D> — 2D —3) =0,(D —3)(D + 1) = 0.
CF=Ce32 + Ce™? = C1x3 + Cyxt

ze?Z 27 1

Pl=———=c¢ Z
D2-2D-3 (D+1)2-2(D+2)-3




1
— p2Z 7
D2+4+2D-3

2Z
= 1-2p-:p? g
3 3 3

= - g2 (1 +2D + )Z = —le22(z +2)
3 3 3 3
1.2 2 X
=X (logx+§) ase* = x.
Hence the complete solution is

y=Cyx3 + Cox™t = %xz(logx + g). (ans)

Example 18: Solve x> % + 4x% + 2y = e*.
Solution: Putting x=e*, D= % ,the equation becomes
[D(D-1)+4D-2]y=e®”.
AEisD?+3D+4+2=0,~(D+2)(D+1)=0.
W C.F=Ce %2+ Che ?=Cx 2+ Cx L.

=L ee”
" (D+2)(D+1)

_ 1 1 ez
_(D+1 D+2)e '

1 .
Now Ietmeez =u,i.e.(D+1Du = e®?

du zZ .
Or, — +u = e®”, linear, |.F=eZ.

VA
~ue? = [e?e®"dz= [e*dx ase? =x

1
=e* or,u =;ex as e? = x.



1 ez _ — peZ
Also IetD+ze =y,(D+2)y=ce
dv _ ez . _ 2z
Ora+2v—e ,linear ,I.F = e“*,
ve?? = [e?? e®"dz = [e®”.e%.e?dz

= [xedx = e*(x — 1)

1 e* e* e*
Or y=§[ex(x—1)]=;(x—1)=7—;.
i Cuveter ()<
(1)g|vesP.I—uv-xe ( )— :

X x2

Hence the complete solution is

X
y=Cix 2+ Cx 1+ % (ans)

2

. 2d% _ dy
Example 19: Solve x 2 Xty log x.
. d .
Solution : Let x=e? and D EE , So the equation becomes

[D(D-1)-D+1]y= loge*
AE=D?-2D+1=0
or,(D—1)2=0
Or,D=1,1.
w C.F=(Cy + Cz)e? = (C; + Cylogx)x . [e? = x]
Now P.l=————z = (1 — D)2z

=(1+2D+3D?%+...)z

=z+2



=logx + 2.
Hence , the complete solution is,

y = (C; + C,logx )x +logx + 2. (ans)

Israt Jahan Ema

Roll No: 1800090

d?y __dy

2=~ —_— =
(20) Solve x 7 3x dx+4y 0
S I”'Lt—d =D

ol": Let — =

Then the given equation reduces to (x?D?-3xD +4)y =0

Let,
x=e?

=1 dD; =< (2)
or,z=logx and Dy=— ...
Then

XD=D1



and x?D? = D4(D1-1)
Hence (1) reduces to,
[ D1(D1-1) —3D; + 4] y =0
or, (D1-2)2y =0
[ts auxiliary equation is
(D1-2)2=0
Giving D1=2,2
The general solution is
y= (c1tc2z)e??
= (c1+c2z) (e%)?
= (c1+Cc2 log x ) x2 [Using (2)]

where c1and c; are arbitrary constant.

(21) Solve x? y, +y = 3x?
Sol": Given that,
X2y, +y = 3x2
or, (x?D?+ 1)y =3x*............ (1)

d
where D = —
dx

Let,



X =e?

or,z=logx
d
and D1=—
dz
so that,

x*D?=D;(D1-1)

Therefore from equation (1), we get,
[D1(D:1-1) + 1] y =3e??

or, (D12-D1+1) = 3e??

Its auxiliary equation is,

D12-D1+1 =0
so that,
D,= (1+i/3)
2
Therefore,
C.F=ez[c; cos(zzﬁ) +Cy sin(%)]

= (e?) 2 ¢y cos(%) +C; sin(%)]

1
=x2 [ cos(%log X) +C sin(%log x)]

[as x=e%

or, z= log x]



where ¢;  c; being arbitrary constants.

1

and P.l =————3e?%?
D2-D, +1

- 1 2z
22-2+1

= (e?)?

=X2

Hence the required general solution is

y=CF+P.

1
=x2 [ cos(%logx) +Cy sin(%logx)] + X2

(22) Solve xZDZ - 2y = x2+i

Sol": Given that,

(x2D2-2)y=x2+x"1............. (1)
-4
where D = —
Let,
x=e*
or, z=log x

d
and D; = —
az



Then equation (1) becomes,
[D1(Ds-1)-2] y = e?“+e~%

or, (D12-D;-2) y = e%?+e %

Its auxiliary equation is
D;%-D;-2=0

so that, D1=2, -1

Therefore,
C.F=cie??+ce?

= cy(e”)*+cy(e”)?

= cx?+cx ™1 [as = e7]
Pl=——— (e?Z+e7?)
" (D%2-D;-2)
1 1 1 1 _
— eZz + e zZ
(D1—2) (D1+1) (D1+1) (D1-2)
1 1 5, 1 1 s

S 2D ¢ T (1 €

Then the required solution is

1

41 1
Y = C1x2+Cox + (x2+;) log x

where c; ¢, being arbitrary constants.



2%y 5 4y _
(23) Solve x — 2x = log x

Sol": Putting x = e#, D= % we get,
[D(D-1)+2D]y =z
The auxiliary equation is
D2+D =0
or, D(D+1)=0
sothat, D=0, -1
Therefore,
C.F=ci+ce™?

= ci+Cx 1

1

Pl = (D2+4D)

z

_1 1
= (1+D)* z

-log x



Therefore the complete solution is

1 2
1, (log)

Y = C1+CoX -logx

Name: Sabbir Ahmed

Roll: 1800091

Solution of linear equation of higher orders with variable

coefficient
Theory:
d
X" APy /dxP+ x™T d AT e +xd—§:+y= X
trial solution,
x=e*

or, log x= log e*

or, logx = zloge

or, logx =z

or,1/x =dz/dx[diff. w.r to x]



Now,

dy/dx=dy/dz X dz/dx
= dy/dzx 1/x

Or,xxdy/dx=dy/dz=D.Y

d?y/dx?=d/dx(dy/dx)=d/dx(1/x X dy/dz
= -1/x2 dy/dz+1/x x d(32)/dz x dz/dx
=-1/x? dy/dz+1/x xd?y/dz?x1/x
=-1/x? dy/dz+1/x? xd?y/dz?
Or,x? d?y/dx?=-dy/dz+ d?y/dz?
=- D1y + D1%y
= D1(Ds1-1)y
This the solution .
Example 01.

(x3D3+2x2D?+2)y=10(x+x1) Where D=dy/dx
Solution: (x3D3+2x2D242)y=10(X+X1)cecieiererireee et (1)
Let, x=e?

Or, z=log x

Then (1) becomes
[Dl(D1-1)(D2-2)+2D1(D1-1)+2]y=10(X+X'1) ............................................ (3)
For 3 is D13-D1%242=0
Giving D1=-1,1
~ C.F =cie?+e?[ccosz+cssinz]=cix t+x[cocos logx +c3sinlogx],as x=e?
Where c1,C;,C3 are arbitrary constants,
P.l corresponding to 10x
=10x/ D13-D1%+2=5x
P.l corresponding to 10x
=1OX'1/ D13-D12+2=10X'1/(D1+1) (D12-2D1+2)



=10x1/(D1+1)5

=2x1/ D1+1

=2x1logx/1!

=2x1logx

Required solution is y= cix1+x[c, cos logx+cssin logx]+5x+2x! logx.

Muyeen Ahmad
Roll:1800092

Problem 2. Solve (x3D3 + 3x%2D% — 2xD + 2)y = 0
solution; Putting x=e% and D= %, the equation becomes

[D(D-1)(D-2)+3D(D-1)-2D+2]y=0

or, (D3 —=3D?+2D +3D*—-3D—-2D+2)y=0
or, (D3 — 3D + 2)y =0
AE. =D*-3D+2=0
or, (D-1?(MD+2)=0
or, D=1,1,-2

C.F. =(C1+C,2) e? + C,e %2
=(C1+C; logx) x + %

Therefore the general solution is



y= (C1+C2 lOg X) X + % (Answer)

2 d%y

d3y _

Problem 3.Solve x3—= — «x

d
+2x=2 2y =x?
dx dx

Solution; Putting x=e? and D = % the equation becomes
[D (D-1)(D-2) — D(D-1)+2D-2 Jy= e??
—[D3 — 4D? + 5D — 2]y = e??
Auxiliary equation is D3 — 4D? + 5D — 2=0
=(D — 1)%(D—-2) =0
—D=1,1,2
C.F=(Cy + Cyz) e? + C3e??
=(C; + Cylog x) x + C3x% as x=e? i. e. z=log x

- 1 2z
Now, P. I. “-12m-n" ¢

1
" D3-4D245D-2"
_ Z
" 3D2-8D+5°
denominator with respect to D)

e?? (Case of failure)

e?? (Multiplying by z and differentiating the

ZeZZ

- 3(2)2-8(2)+5

ZeZZ

T12-1645

ZeZZ
1

= ze??



=x%logx
Hence the complete solution is;

y=(C; + C;logx) x + C3x% + x? log x (Answer)

NAME: GOLAP RAHMAN

ROLL: 1800093

d3 d? d
=X x2 22 2x 2

_ — 3
dx3 dx? dx 2y x* + 3x

Example 4: Solve x3

Solution; Putting x=eZ and D= %, the equation becomes
[D(D-1)(D-2)-D(D-1)+2D-2]y = e3% + 3e?

or, [D3-4D2+5D-2]y = e3% + 3e?

The A.E. is D3-4D%+5D-2=0

or, (D — 1)?(D-2)=0

or, D=1,1,2

v C.F. =(C1+Cyz)e? + C,e??

=(C1+Cylog x)x + C,x*  as,x = e?, i.e. z=log x



e3Z eZ

(D-1)%(D-2) 3 (D-1)%(D-2)

Also P.l.=

e3Z 2

- (3-1)2(3-2) +3z (6D-8)

multiplying the second term

by z2 and dif ferentiating the denominator twice w.r.t.D

132322

=—e°? —=-z%¢
4 2
_1.3_3 2
=X 2(logx) X

Therefore the general solution is

y = (C1+Cylog x)x + C,x? + %x3 — % (log x)? x (Answer)

Example 5: Solve (x3D3 + 2xD — 2)y = x°log x + 3

Solution; Putting x=eZ and D= %, the equation becomes
[D(D-1)(D-2)+ 2D-2]y=e?%.z + 3

or, (D3 — 3D? + 4D — 2)y=z.e*? + 3

or, (D-1)(D? — 2D + 2)=z.e%*? + 3

AE.=(D—-1)(D?*-2D+2)=0
or, D=1, 1+i
C.F. = Cie? +e?(C,cosz+ (C3sinz)

= C1x + x[C, cos(log x) + C3sin(log x)

1
~ (D-1)(D%2-2D+2)

P.I. (z.e%% + 3)



—,2Z 1 1 0z
B (D+2-1)[(D+2)2-2(D+2)+2] z+3 (D-1)(D%2-2D+2)

27 1 1

(1+D)(D?%+2D+2) z+3 (-1(2)

...](2_1)_3

=e

2z 2 2
_e¥” [1 _Db+2) D20+ _
2 2 4

e?? 1 3
=—(z-1)-.2] =3

e?? 3
=2
x? 3
—7(Iog X-2)— E
Therefore the general solution is

2
y = Cix + x[C, cos(log x) + C5 sin(log x) + x;(log X-2)— %(Answer)

Example 7: Solve (x3D3 + 3x2D? + xD + 1)y = x + xInx
Solution; Putting x=e? and D= %, the equation becomes
[D(D-1)(D-2)+ 3D(D-1)+D+1]y = €% + z
or, (D3 —3D?+2D+3D?>—-3D+D+1)y=e?+z
or, D3+ 1)y=e?+z
AE. = D3+1=0
or, (D+1)(D? —D +1)=0

1 .
or, D——1,E(1i\/§)
C.F. =+4e?/? [Czcosgz + C3Sin§z]

= %+x1/2[6‘2cos(\/7§ Inx) + Cgsin(g Inx)]



P.I.

(D3+1) (e T Z)

D3+ )z
—leZ 4z
2

=lx+lnx
2

Therefore the general solution is

y = %+X1/2[C2C05(\/?§ Inx) + C'3sin(\/7§ Inx)]+ %x +Inx (Answer)

1800094
a3 d? d
+®* Example 6: Solve x* d_xj-; + 2x3 d—szl - x? d_ic/ +xy=1

solution; Dividing by x, the equation can be written as

d2 d 1
dx3+2 x? y - X 4y=-

Putting x=e? and D = % the equation becomes
[D (D-1) (D-2) +2 D (D-1) - D +1] y=e 2
The auxiliary equation is D3 — D? — D + 1=0
=(D — 1)?(D+1) =0
=D=1,1,-1
C.F.=(Cy + Cy2) e? + Cze™*



= (C; + Cylogx) x + C3x~ ! as x=e” i. e. z=log x

e—Z
(D-1)?(D+1)

Now, P. I. = (Case of failure)

=—3D2,Zf;D_1 (Multiplying by z and differentiating the

denominator with respect to D)

ze %

=3(—1)2—2(—1)—1

_1
4x

log x
Hence the complete solution is

Y=(C; + Cylogx) x + C3x~ 1 + ﬁlogx (Answer)

d3y d?y = dy
** Example 7:Solve x3—= 4+ 3 x2 =2 + x== +y =x log x
¢ P ' dx3 T dx? dx Y g

solution; Putting x=eZ and D = % the equation becomes
[D(D-1) (D-2)+3D(D-1)+D+1]y=¢e%.z
=D3+ 1)y =e?.z

A.Eis(D3+1)=0
= (D +1)(D? — D + 1)=0
1+V3i
2

So, D=-1,
1
2

CF =Cie™? + Cze( )7 cos (%\/gz + (33)
=C;x~ + C,Vx cos (%\/?logx + C3)



ze?

=(D3+1)

—pZ

P. I.

1
—_— .7
(D+1)3+1
2
=e? . Z
D3+3D%2+43D+2

z -1
== (3D3+2D2 432D +1) -z
2 2 2

2
=%Z(1—§D.....).Z

= (2-3)
=z —-
2 2
x 3
=~ (logx —~)
Hence the complete solution is

y=C;x~1 + C,\/x cos (%\/glogx + C3) + g (logx — ;) (Answer)

a* as d?
% Example 8:Solve x* = + 2x3 =2 4 x222

dy
-x—+ 1 =x+logx
dx* dx3 dx? dx g

solution; Putting x=e? and D = % the equation becomes
[D (D-1) (D-2) (D-3) +2 D (D-1)(D-2)+ D(D-1)-D +1]y= e?+z
Or, (D — 1)*y=e?+z

AEis(D-1D*=0
Or,D=1,1,1,1

CF = (C1 + sz + CgZZ + C4ZB) eZ

eZ

o0 T -1

P. I. .Z (First term case of failure)

1
4.3.2.1
denominator of first term four times]

=z* eZ + (1 — D)~*.z [Multiplying by z*and differentiating



Z4—
=Z.ez+ (1+4D+....). z

4

=Z—'-ez+z+4

_(logx)*x

" + logx + 4

Hence the complete solution is

[C; + C,logx + C3(logx)? + C,(log x)3] x+ (o g4x) x

(Answer)

+logx + 4

MAHDI HASAN
ROLL : 1800095

3 2
Ex. 9. Solve X3;lx—;’ +6x> % +8x +2y x%+3x-4

Solution.

Putting x=e? and D= d/dz,

The equation is

[D (D-1) (D-2) + 6D (D-1) +8D +2] y = e22+3e%-4
The A.E. is (D3+3D?+4D+2) =

Or, (D+1) (D?+2D+2)=0

—2+V(4-8)

Or, D= -1, ]
2



ie. D=-1,-1% i

so,C.F. =C;e?+Ce?cos (z+C3)
2z zZ_
e2Z24+3e%Z—4
P.l. = >
D3+3D2+4D+2
ez 3e? 4

= + -
2343.22442+42 1343.1244.1+42 0+0+0+2
2Z Z
e 3e
=——+—=-2
30 10
2
X 3x
=— 4 — - 2
30 10

d3 d? d 1
Ex. 10. Solve x*—% +2x> —~ +8x d—};+2y= 10 (x + . )

dx3 dx?
‘Solution.

Putting x=e? and D= d/dz,

The equation is,

[ D (D-1) (D-2) + 2D (D-1) +2] y = 10 ( €%+ e?)
The A.E. is, D3-D?+2=0

ie. (D2-2D+2) =0



SO,

P.l.

C.F. =Cie?*+Cye? cos (z+C3)

=Cyx1+ Cyx cos (logx +C3)

_ 10e? + 10e~%
"~ (D+1)(D2-2D+2) (D-1)(D%2-2D+2)

[second term case of failure]

_ 10e? 2 10e~%
(1+1)+(12-2.1+2) (3D2%-2D)

[multiplying second term by

z and differentiating its denominator w. r. t. D]

10e %
3. (-1D%(-1)

=5e% + z2e?

=5e’+z

=(5x + 2 Iogxi) as x=e’, z = logx
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NAME : IRFAN HASAN
ROLL : 1800096

EQUATIONS THAT DO NOT CONTAIN “y” DIRECTLY :

The equations that do not contain x directly are of the form ,
any anly dy

T e o )=0 i (1)
ay _ ;o & _ P &y _ @

On substltutlng —=Pi.e, o T o s — IE etc. in the equation (1), we get

[dpn-l

FIEETARE ,x] =

d’y  dy dy- 3

Example: 83. Solve Sttt ( dx) =0
Solution. On puttmg y = P T equation (1) becomes

dx2 dx

dP dP
—+ P+P3=00r—+P(1+P2)=0

dx dx
b _ P(1+ P?) N =>(1 F )dP— d
dx Tra+py - TP T 1ypr) T

On integrating, we have

logP —llog(l +P?)=—x+c¢ or log% =—-x+c

P _ _—x+c p? 2,-2x 2 _ 2\ 422X
e tor —; =a’e = P° = (1+ P*)a’e
ae™* d ae™™
= P2(1 — g2e~2%) = g2¢~2X = P e vy__ a
V1—aZe2x dx +1—q2e2%
ae™™
dy = Frem 0%
On integration, we get  y=—sin"Y(ae™*) + b (Ans.)

NAME: SUMAIYA HASAN
ROLL: 1800097

. a?y _ _ (\291/2
Example 84: Solve, —3 = [1 (dx) ]

2

a’y _ _ (Dy271/2
Solution: We haved > = [1 (dx) 1% (D)

Since, DE (1) does not contain y directly and the lowest differential co-efficient is Z—z

d’y _ dp
Let - = or, = —
=p " dx? dx

Putting these values in (1) we get,

dap _ 1/2
—=[1-p7]
or, 2 = 1 — p?



On integrating we have, sin"!p = x +¢
Or,p = sin(x + ¢)
Or, ay _ sin(x + ¢)
dx
On integrating we have,
y=-cos(x+c)+ ¢

(Ans.)

Roll:1800098

NAME: MD. RAKIB HOSSAIN
dzy (dy\z _d)’_
+ —_—

Example8S. Solve: X] —
e ldx)  dx
dy dy dP
Solution.Onputting — =Pand — =__ inthegivenequation,weget
dx d  dx
1
de;—xszPz()z — d_P—l 1_—__1
dx P dx Px
1 1
Againputting =zsothat— _ﬁ’:dzi
P p:x dx
Equation(l)becomesﬁdzf Z=71;>dz+ o
dx X | dx X
I’dx
L= =e®=x
2 1 X
Hence,solutionis w=|xdx+c orzx= —+c; Or —X=_+€
Judsre, 2 P
x_ X2 p 2x dy 2x 2x
= i —7 = S T @ e oD e X
1 1

Onintegrating, we have  y=log(x*+2c,)+c, Ans

NAME: DHRUVA

(1)



ROLL: 1800099

d? d
(1+x)—y+x—y+ax=o
dx? ~dx

ion: Putting, & = dy _dp
Solution: Putting, -~ = p and ——= = -~

In the given solution we get,
dp
+X)—+xp+ax=
(1 x)dx xp+ax=0

=>(1+X)Z—Z=-x(p+a)

_\dp_ x(p+a)

“dx (1+x2)

__ dp xdx
B (p+a)__ 14+x2
dp xdx
=>I = —f >
(p+a) 1+x
Here,
2
z=1+x
. dz
.e.— = 2x
dx
. dz
Leq7;5=.XdX

d
=>log (p+a) =-[
=>log (p+a) = -% logz

=>10g C1 - og (P+a) +logV(1+x")

=>C;= (p+a) V (1+x2)



=>C1=p/(1 +x%) +a,/(1 + x?)
=>p\/a+x2) =(C1-— a\/a+x2)
cl

P= T~ @
_dy cl —a
Tdx T J(1+x?)

d
:>fdy=C1fﬁ—fadx

=>y =cl*log| /(A +x?) + x| +c2 —ax
=>y=CZ—ax+cl*log|\/(_1+x2)+x|

This is the required ans.

NAME: NAHIAN BIN OBAIED

ROLL: 1800100
d’ dy Y’

Ex. 3: Solve: (1 + xz)—}; +1+ iy 0.
dx dx

Solution: The equation does not contain y directly.

d d? d
Putting—y =p, —Z = —P;, the equation becomes
dx dx® dx

d
(1 + Xz)d_P +1+ p2 (Variables separable)

X
. dp dX _ . . -1 -1 _ -1
i.e + =o0; ..tan p+tan X =tan ¢,

“1+p? 1+x°



+X _ +X
p—=tar11c1 or.p =

1-px 1-px

Or, tan™

dy ¢, —-x 1]1+¢’
ie. (p+x)=c, (I-px)or p=—2=-1 =— L1
(p ) : ( P ) P dx 1+4+c¢x ¢, [1+clx }

2

c 1
- log(l + ClX)— — X + ¢, this is the general solution.

1 ¢

_ 1+
Integrating, y =



Name: Sazzatul Amin Rafi

Roll :1800101

Exercise: 03

d* d3
Solve =2 cot x =2 =0
dx* dx3

Solution: Equation is free from y and lowest differential coefficient is

d* d . d
,—y = —q, the equation becomes Y cot x.q =0
dx* dx dx

d
OFFq*COZ‘XdX =0

Integrating log q —log sin x = log ¢4

Orq= cqsinx

. ddy Ca si
ie..—=Cysinx
dx3 1
. d*y )
Integratmg,ﬁ— -C1 COS X + Cy

. . d .
Integrating agam,ﬁ =-CqSinX+ Cyx + C3
And then,

1
y= ¢y cos x + Eczx2 +C3 +Cy .

NAME: SANJIDA AKTER
ROLL: 1800102

By By (N
PROBLEM = 2x 22 x 22 (49" ¢
SOLUTION: Given that,

d3y dZy dzy 2 .
XX :(ﬁ) ~Q% e (i)

The equation does not contain y directly

d3y h i d3y
—, nence putting ——,; =
dx3 p 8 dx3 q



. . . d?
Also, lowest differential is d—x);

So put,
d?y
dxz P
d’y dp
dx3  dx

Then equation (i) becomes;

d
2x—p

XD = p? — g2
dxppa

:>2p3—i=—

Now,

From equation (i)
dz z a
dx x X

dz z a?

dx x X

Linear equation,

=z =cyx + a?

=p?=(c;x+a?)| ~ P? =7z



1
=p = (c;x +a?):z
d?y 1 d?y
=>—= = (c1x + a?)2 [ vp = ]

T dx?
DQ_M.i_C [ by integrating]
ax T (G | LDV Integratng

3
(cyx + a?)z*!
:} =

373 + c,x + ¢3 [ again integrating]
E(E+1)XC1XC1

5
cix+a?)2
:>y=—(31 . 2) + cyx + C3
EXEXC]_

5
=15c¢2y = 4(c;x + a®)z + c,x + ¢3 [as ¢y, c3 constant ]
1Y 3 3

.~ The required general solution is

5
15c¢2y = 4(c;x + a®)z + cyx + ¢4

NAME: MAHMUD KAISER TUSHAR
ROLL: 1800103

x2 2
PROBLEM: 5 Solve. ez [xﬂ _ d—y] = x3

dx?2  dx
2
SOLUTION: On putting Z—i =P and 3732] = £ in the given equation we get,
21 dP p 3
ez |x——P|=x
dx
dp p x3
> X— — [ p—
*dx 2
ez
dP P x*
= — — — =
dx x #
ez
Now,

LF. =eJ P(®)dx



dx
= ef_7

Rl

Now,
Px (I.F.)=[Q X (I.F.)dx + ¢,

p X iy
= X}— T_ZX)_( x+C1
Pxi= (L4 Let
= Px—= [—+cLet,
1 1 x2
= _= - — = —
PXX €z+C1 Z 2
SP=cx— X% _y
-1 ez dx
d X
= 2= x— = > dz=xdx
dx e?
X
= | dy= (clx—;)dx
x2 x2
Sy=ca5-—xt c,(Ans.)
2e 2

NAME : MOHAMMAD LABIB SARWAR
ROLL : 1800104

EQUATIONS THAT DO NOT CONTAIN “x” DIRECTLY :
The equations that do not contain x directly are of the form ,

dny dn—ly dy

dxn’ dxn-1’

. d a2
On substituting EoAS P,—y = =—,
dx dx? dx dx dx

dP _ dP dy _ dP

dPn—l

[W, ...... P,y]:O ............................. (2)
Equation (2) is solved for P. Let
dy
P fl(}’):_ fl(y)orf() dx=>ff1()—X+C
Example: 86. Solvey 2+ (dy )2 = Zz
Solution. Put & = d—321=d—P= @ w_pli equation (1)
dx dx dx dy dx dx
yP—+ PZ—P=>y——1 P
P _D . og(1—P) = logy +1
5> — e —
1-P y 08 0gy T10gcy
1 1 d cy—1
=>—= cly:>P=1——or—y= LY

1-P 1y dx 1y

=% P in the equation (1), we get



1Y
cy—1

=

dy =dx = (1 +
y+ Cllog (ciy—1)=x+¢ (Ans.)
1

NAME: NUR AZAM SWAPAN
Roll: 1800105

a2y  d
Solve: yd—x)z’ + (ﬁ)2 =y2...(1)

d_y_de dp _dpdy _ ndP.

=T =Pl in

Put =
dx ’dx?2  dx dydx

4P L p2 — 2 o pER L0
dey+P =y orde+y—y .. (2)

PutP2=z0r2PZ—; — (2)——+——y rd—; +— 2y

LF. = efédy — p2logy _ elogy2 =yz
Here, the solutionis  zy?=[2y.(y?) dy+c

4
»P? 2=y?+C

» 2 P?2y? =y* + kor V2yP = \/y* + k... [Put 2c=k]
»\/Ey%:w/y4+kor\/7\/%:dx

=dx [Put y?=1t, 2y dy = dt]

\/_?
Lanp-1 L =
»ﬁsmh %" =X +c
2
» sin h™1 % =+/2x + c or y? = Vksinh(v2x + ¢) Ans.

NAME : SHAHADAT ISLAM
ROLL : 1800106

Example: 4 Solve + L -+ (dy)3

. dP .
Solution : On puttmg P dxz = -~ » équation (1) becomes
dP dpP
—+ P+P¥=00r —+P(1+P*)=0
dx dx
P o _pap? A NN )dP d
ax = TPAF P or pa ey = mdx (P 1+ P2 *

On integrating, we have
logP— %log(l +P)=—-x+¢



P
orlog———==-x+0¢

V1 + P2
2
Tipz = e"‘“lorlfp2 = a?e % = P2 = (1 + P?)a?e™?*
2 2,—-2x 2,—2x ae_x
> P(1-ae ) =ae ¥ a23P=—ro==---=
1/1 — qle—2x
ae™*
dy = A ¥

On integration, we get

y =—sin"'(ae ) + b(Ans.)

NAME: MD. SHAMIUL ISLAM
ROLL: 1800107

. d3y d?y _ d%y 2 2
PROBLEM: 2x =2 x 22 _(@) -a

SOLUTION: Given that,

d3y d?y d?y 2

2X—= X — :(—) L @)

dx3 "~ dx? dx?

The equation does not contain y directly

. . . d?
Also, lowest differential is d—x);

So put,
d?y
dx? p;
d’y dp
dx3  dx

Then equation (i) becomes;

dp
2x— Xp = p?—a?
xdx P P a

Now,

dy

dx

ae™™

dl.__aze—Zx



dz a’
dx x x
dz =z a?
dx x  x

Linear equation,

LF. = e/ 3%
1
Tx
VA az
— =0 fx—zdx
=Z=c + z—j

=z =cx + a?

:>p2 — (Clx + aZ)[ .o PZ — Z]

1

=>Db = (Clx + az)f

dzy — 2 l .. _ dZy
:ﬁ—(clx+a )2[ : p‘ﬁ]

dy (c x+a2)%+1
_la . )
= S+ by integrating

3
dy (cix+a?):
.= -3 + Cy

3
(cix +a?)z™!

=Y =373 + c,x + c3 [ again integrating]
2G+1)xexe
2 \2
( v
c1x+a?)?
- =
y %XEXC% + Co X + C3

5
=15c2y = 4(c;x + a®)z + c,x + ¢3 [as ¢y, c3 constant |
1y 3 3



.- The required general solution is

5
15¢2y = 4(cix + a?)z + cx + ¢4

(Ans.)

Roll: 1800108

Name: Tanvir Ahmed

Question 3: solve

d?y dy\?2 2 .
2yi2-3 (E) —4y? =0 (D)
Solution:

Putd—y =P
dx

d’y dP dP dy dp

w=a=dy.dx=pa

Now from (i) we get

2yPZ—5 —3P2 =492 . (i)
Putp? =z
:2PZ—I; = Z—; [Diff w.r.t.y]

dP _ 1dz

dy 2dy

From (ii) we get

dz 3y = 42
ydy Z =42y
:>dZ 3Z—4

dy “y= "

LFE. = J —%dy _ ,—-3logy _ plog.,—3 _ -3 _ L
F.=e =e =e%9y 3 =y 53

Hence the solution is,



z 4y
=>—= ?dy
z dy
2
I
y y

d
:fdx=f—y
VCy? —4y?
d
>x+b={ 4
yyCy —4
Let, cy — 4 = t?
= —2+dt
c= o
d _2+dt
Y=
_ 2+dt
= x+ by f(t2+4).tc
c
>x+b =2f at
X T 5 t2 + 4

=>x+b=(tan)"t=[b, + b, = b]

t
= tan(x + b) =37

=2tan(x + b) = /Cy — 4
=d4tan*(x +b) = cy — 4
=4{sec’(x +b) — 1} =Cy — 4



=d4sec’(x +b)—4=cy—4

4
=y =—sec’*(x +b)

C
4
y = asec?*(x + b) [E =a]
(Ans.)
Name: Nazmul Huda
Roll: 1800109
ise 6: 2y _ (dyya _ 2
Exercise 6: Solve, y = (dx) = y“logy

Solution: The equation does not contain x directly;

o o @y dp dy o dp
Hence puttlnga = p, or, o —ayax Pay
The equation becomes,
d—p—zzzlo or d—p—12= lo
ypdy p y-logy, 'de ylogy

. 2 _ dp _ dv
Putting p* = v, Zpdy = 2
The above equation becomes; Z—; — iv = 2ylogy

2

Linear equation, L.F. = e_f = y_12

1

LV— =0

yZ

1
)

Or, p = ¢; + (logy)?

1 2
+j2ylogy.}7dy =cl+J§logydy

dy 21
Or,p=-"= ty[c + (logy)’]>

dy
or,— %

b S Vler+(ogy)?]
. du —
” \/(c1+u2) -

dx

Or, u +V(c; +u?) = ce*

= dx

; [put logy =u, %dy = du |
or, log[ u + V(¢c; + u?)] = logc, + x

X

or, logy + V[c; + (logy)?] = c,e



Or, ¢c; + (logy)? = (c2e* — logy)?
Or, c; = c,%e?* — 2c,e*logy

Or,logy=k.e* + kye™

(Ans.)
Roll: 1800110
Name: Md. Arifuzzaman
Problem: solve
d?y dy (dy\’ .

Since (i) contain x directly and then
dy _
put o p

d’y dP _dP dy dp

Su T dy ax Py

Then (i) becomes,

dP
P—+p+P3=0

dy
dP
=>—+14+P*=0
dy
dy =0
AT A

S tan P +y=(
S>tan P =c¢ -y

= P =tan(C; — y)

dy
== tan(C; — y)

dy

>——~ _=d
tan(Ci—y)

= cot(C; —y)dy = dx

= —logsin(c; —y) = x + logc,



= logsin(c; —y) = —x — logC,

X

= logsin(c; —y) = loge™ — logC,
= C,sin(C; —y)=e™*

=sin (C; —y) = Cize‘x

1
= C; —y =sin"1(be™) [C_ = b]
2

y =a— sin"Y(be™)[c; = a]

(Ans.)



Equation solvable for p

Equation solvable for y

Equation solvable for x

Clairaut’s equation

1800111 1800112 1800113 1800114 1800115 1800116 1800117 1800118 1800119
1800120 1800121 1800122 1800123 1800124 1800125 1800126 1800127 1800128.




Roll: 1800111

Solution of Differential Equation of First Order and Higher Degree
Definition

The differential equation of first order do not contain differential co-efficient
higher than %. In this chapter we shall consider differential equations which

. d . d .
involve powers of d_Z' It is usual to denote d—z by p. Thus an equation

P+ pp" t+ppt it tpy =0

Where, p1, P,, Py are functions of x and y, is the equation of first order and n
degree.

Types of Equations

It may be possible to solve such equations by one or more of the four methods
given below. In each case the problem is reduced to that of solving one or more
equations of first order and first degree.

Equations Solvable for p.
Suppose the equation

Pt +pp™t +pp? i 4 e Py, =0
can be put in the form

[P —Fixy)[p - F2(xyp - Fa(xy)] = 0.

Then equation to zero each factor of the above form, we got n equations of first
order and first degree, namely

d d d
=Py 2 = Fa(%y) w5 = Fr(xy)

X

d
If solutions of the above n component equations are given by

fix,y,¢c1) =0,f,(x,5,¢) =0,..... f,(x,y,¢c,) = 0.
then the relation

fixy c) L&y cy) ...y c,) =0.

is the most general solution of the equation (1).

There is no loss of generality f we take
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C; = Cy =... = C, = C (say)
Therefore the general solution of the equation s put as

fi(x,y,0) f,(x,y,0) .5, (X,y,c) = 0.

Roll: 1800112

Ex.1. Solve p*-(x+2y+1)p3+(x+2y+2xy)p?-2xyp=0

Solution:

On factorization the given equation becomes,
P(p-1)(p-x)(p-2y)=0

The component equations of first order and first degree are,

p=0, p=1, p=x, p=2y
dy_o dy_q dy_ dy_
or, dx_o' dx_l' dx_x' dx_zy
Solutions of these component equations are respectively,
y-c=0, y-x-c=0, 2y-x?-c=0, y-ce*=0
and therefore the most general solution of the given equation is,

(y-c)(y-x-c)(2y-x>-c)(y-ce*)=0

Ex. 2. Solve p3 + 2xp2—y?p? —2xy’p =0
Solution:

The equation can be written as,

p( p*+2xp—y*p-2xyp ) = 0

or p(p+2x)(p—y?) =0

The component equations are

dy dy dy
&—0, &'FZX—O, & y =0

Solution of these component equations are
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y —c=3, y+x%>—c=0, xy+yc+1=0
Therefore the general solution is

(y —c)(y+x*—c) ( x y + yc+1)=0.

Ex .3. Solve xy(p2+1) =(x*+y?) p
Solution:

The equation can be written as
xyp’—(x*+y?) p+ xy =0

i.e. (yp —x) (xp —y) =0

Thus the component equations are

dy _ dy_ _
yOlX x=0, xdX y =0,
dy_dx

i.e. ydy—=xdx =0 , ” =0,

X

; 2-y2_~ Y _
whose solutions are y“x°=c, S=c
Hence the general solution is

(y>=x*-c)=0, (y—cx) =0.

Roll: 1800113

Ex. 4. Solve x? (%)2 +xy—
Solution:

Writing p for % , the equation becomes
x2p%+pxy—6y>=0,

i.e. (px+3y) (px—2y) =0

The component equations are

Y 3= vy 5
X +3y=0 and X 2y=0
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or ﬂ+3——0 andﬂ—22=0
y oy y X
Integrating these yx*=c and y/X2=c

Hence the solution is (yx?—c) (y/Xz —Cc) =

Ex. 5. Solve x (j )? 2xy +2y?—x%=0
Solution:

Writing p for %, the equation becomes
x’p?2 = 2xyp +2y* —x>=0

Solving for p,

_2xy+V[4x%y?—4x2(2y?—x?)]
B 2x?

_ytV(x?-y?)
L=

d +V/(x2 -
the component equations are di %

These are homogeneous;

s put p=vx, sothat

dv _vivi-vZ . dv
V+X— ; |.e.,x&=i\/1—v2

dx 1
or & - and dv &
V(1-v?)  x Va-v2)  x°

Integrating, sin"ly=logcx and sin~!y=-log cx,

i.e., sin™?! (g) =+ logcx as y=

which form the required solution.

Ex. 6. Solvex( )2+3xy +2y 0

Solution:
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The equation can be written as
x%p? + 3xyp +2y> =0, i.e. (xp+y)(xp+2y)=0.
The component equations are
v,y Y oy =
X dx+y_0and de+2y—O,

d dx d dx
T+ Z=0 and Z+2=2=0,
y X y X

or

Integrating, xy=c and yx’=c,

Hence the solution is (xy-c) (yx*-c) = 0.

Roll: 1800114

Ex. 7. (a) Solve yp?+(x-y)p—x=0.
Solution:

We have (p-1) (yp+x) = 0.

o I _ . .- _

|.e.dx—1 and ydx+x-0 or ydy+xdx=0
Integrating, y=x+c and x*+y?=c.

The solutionis (y-x-c) (x> +y?—c)=0.

Ex. 7. (b) Solve xp?+ (y-x)p—y=0.
Solution:
We have (p-1) (xp+y) =0

dy _ g

i.e.
dx

and x%+y=0 or xdy+ydx=0
Integrating, y=x-c and xy=-c.

The solutionis (y—x+c) (xy +c)=0.

Roll: 1800115
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Ex. 8. Solve p?—p (x2+xy+y?) + xy (x+y) =0

Solution:

After factorizing, the equation can be written as,
(p-x) [p*+px-y(x+y)] = 0

or (p-x) (p-y) [p+(x+y)] = 0

The component equations are

dy dy dy
_ = —_ = —_ X = (.
dx 7o dx Y dx tx+y=0

2

. d . X )
Solution of d—z =xisy=—+ const., i.e.2y-x?=c,
. dy . _ . X
Solution of noYis log y = x+ const., i.e.y=ce*,

and solution of % +y =-x (linear equation) is
ye* = c+ [ —xe*dx,
i.e. ye*=c-(x-1) e*
or y+x-1-ce *=0.
Therefore the complete solution is

(2y-x3-c) (y-ceX) (y+x-1-ce *) = 0.

Ex. 9. (a) Solve p3(x+2y) + 3p? (x+y) + (y+2x) p = 0.

Solution:
On factorizing, the equation is
p (p+1) (px + 2py + 2x +y) = 0.

The component equations are

Y_g 19 ¥ _

=0, ——+1=0, dX(X+2y)+2x+y—0
. dy _ ~.

Solution of o 0isy=c

. d .
Solution of d—z +1=0,isy+x=c.
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Solution of %(x+2y) +2x+y=0,
ie.(xdy+ydx)+2ydy+2xdx=0 isxy+y?>+x’=c
Therefore the complete solution of the given equation is

(y-c) (y+x-c) (xy+y*+x>-c) = 0.

Ex. 9. (b) Solve p2*+px+py+xy=0

Solution:

The given equation is equivalent to

(p+x) (p+y) =0

That is, either

p+x=0 or, p+ty=0

In other words,

%-I—X: 0, or % +y=0

The solutions of the above factors are

2y = -x*+c and

x =-In |y|+c, for c being an arbitrary constant.
Therefore, the general solution of the given equation is

(2y+x%-c) . (x+ In|y|-c) =0

Ex. 10. P3-(x2+xy+y?) p2+(x3y+x2y2+xy?) p-x3y3 = 0.
Solution:
The equation on factorization is
(p-x?) (p-y?) (y-yx) = 0.
The component equations are

o o (=Y
y

dx_x' dx_y'dx = x dx).
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Solutions of these equations are respectively
1.2

3y-x3 = ¢, xy+cy+1=0, y=cez" .

Therefore the complete solution is

12
(3y-x3-c) (xy+cy+1) (y- cez™ ) = 0.

Roll: 1800116

Equations solvable for y

If the equation is solvable for y, we can express y explicitly in terms of x and p.
Thus the equations of this type can be put as

y =f(x,p) ..(1)
Now differentiating with respect to x, we get
dy = @
o p=t (sn2) @

which is now an equation in two variables x and p.
Suppose the solution of (2) is,
® (x,p,c) = 0. ..(3)
Then eliminating p from (1) and (3), we get the required solution.

If p cannot be easily eliminated, then express values of x and y in terms of the
parameter p in the form

X = ®1 (p, C), y= ®2 (p' C)-

These two relations together give the complete solution of the given
equation.

Lagrange’s Equations
To solve the equation

y =x0 (p) + f (p),
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Differentiating with regard to x, we get

p= 0@+ M)+ (P}

or, p—0(p)=[x0'(p)+ ()L

& 0® _ o)
dp p-9 () p-9()

or,

This is linear equation in x and p and can be solved in the usual way.

Note. In case @ (p) = p, the above method fails since p — @ (p) = 0 and we
do not get a linear equation in x and p. In this case the equation is of Clairaut’s

form.

Roll: 1800117

Ex.1: Solve y = 2px + p*x?
Solution:
Given there, y = 2px + p*x?

Differentiating with respect to x,

_ dp, , 4 3,29P
p—2p+2xdx+2p X+ 4p’x I

or, (p+ 2xj—§)(1+ 2p3x)=0
We discard the factor, 1+ 2p3x = 0

dx

dp _ i dp _
The factor p+2de_O gives 2p+x—0

Integrating, p?x=c.... (2)

From (2), p? = § Putting this value in (1),
y = 2px + c? or y-—c?=2px
Squaring, (y — ¢?)? = 4p?x? = 4§X2

or (y—c?)? =4cx isthe complete solution.
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C

Note. From (2), x= >

2c
—+c?

: LTI
(Dgives y=2p+p* 5 ="

2 . .
Thus x= é, y = f + c? also together constitute the complete solution
of (1).

Ex.2: Solve y = 2px — p?
Solution:

The equation is solved for y. Differentiating with respect to x,

=2p+2 dp 2 dp dp+2 2y =0
p=<p XdX P dx or P dx X y=
d 2 2
or £p +—x=2, linear,I.F = efpdp = p2.
dx p

2
" xp2=c+j2p2dp=c+§p3

or x=cp ¢+ gp. ..(1)

Also putting this value of x in given equation,

2
y = 2p(CP‘2 +3 )—pz
=2cp 4+ %pz. (2)

(1) & (2) together constitute general solution of the given equation.

Roll: 1800118

Ex. 3: Solve y = -px + x*p2.
Solution.

Given that,

y =-px + x*p?

(1)

11| 35



Differentiating with respect to x,

p=-p -xj—§+4x3p2+2x4p3—i
; dp 5 .3 dp, _
i.e. 2p+xclX 2px (2p+xdX )=0
or, (2p+xj—i) (1-2px3) =0

Rejecting the factor 1-2px3, we get

dp
x—+2p =0
dx P
dp 2dx

or 2+Z-0
p X

C
2

Integrating, p= =z

Putting this value of p in (1), we get
y = - (c/x?) x+ x* (c?/x?)

or, y=-c/x+c?

which is the required solution of the equation.

Ex. 4: Solve x — yp = ap>.
Solution.

Solving fory, y = x/p — ap.

. . 1
Differentiating, p = 5o A a—

co AP o 102
le. — (ap®+x) = p (1-p?).

. dx 1 _ap
This can be put as a0 X pae?) " Tip?
(1)

which is a linear equation in x and p.

[remrss
Integrating factor = e P-p?) |
dp
Now
J p(1-p?)
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__[ dp
~p(1-p)(1+p)

1 1 1
=S+ a0 " 2am

¥dp

1 1
=logp-Zlog(l—p) — ;log(1+p) = logﬁ?—pz

P
Ja-p?) _/1-p%

p

—log
~ Integrating factor = e

Solution of (1) is

—n2 _n2
x\/(lpp)_C+I ap Vi-p dp

- 1-p2°  p

p
(1-p?)

or, X =7 (c+asintp)

(2)

Putting this value of x in the given equation, we get

__ 1 -]
y= N (c+asin"p)—ap
-(3)

(2) and (3) together constitute solution of the given equation

Roll: 1800119

Ex.5. Solve p?—py+x=0.
Solution:

Solving fory,y = p + x/p.

Differentiating, p= d_p + l — id_p
dx p p?dx
Iydx  x dx 1 p
or (P @t T O G e T T

which is a linear equation in x and p.
Now proced as in the above expamle or puta = —1 in the

above example.
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Ex.6. Solve y =3x+log p.

Solution:

The equqtion is solved for y. Differentiating w.r.t.

1dp dp
x,wegetp=3+5& or p(p—3)=&
or dx=—dp =1[—1 —1] dp.
p(p—3) 3l(p—-3) p

1 p=3
Integrating, X=3 log P +logCy

or p_3=ce3x or =;
p P —ce®™

Putting this value of p in the given equation, the solution is

y = 3X+10gm

Ex.7. Solve y— 2px = f(xp?)
Solving fory,y = 2px + f (xp?)

Differentiating w.r.t. x, we get

dp N dp
p—2p+2x&+f(xp ) [p +x.2p&]

d

or (p + Zxd—z> [1+ pf'(xp?)] =0,
dp _ 2dp dx

sothat p+2x—=0.i.e. —+—=0
dx p X

Integrating, 2 logp + logx = log ¢, i.e.p?x = c.

Putting p = \/E/ VX in the given equation,

y = 24/(cx) + f(c),
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which is the required solution.

Roll: 1800120

d d
Ex. 8 Solve (d—Z)3 + m(d—z)2 = a(y + mx)

Solution:

Solving for y, the equntion is

ay = —amx +mp? +p>  ......(1)
Diferentiating w.r.t. 'x’ we get

dp dp

ap = —am + Zmp& + 3p?

dx
dp a(p+m)
°Tax ~ 2mp + 3p?
2mp + 3p? m?
or,adx = dp={3p—m+ dp
p+m p+m
3

Integrating,ax = c+=p? — mp+ m? % log (p + m) ... ... ... ...

2
so that from (1),

3
ay = —m [c+§p2+ mp + m? * log(p+m)]+mp2+p3

(2) and (3) together constitute solution of the equatios.

1

Ex.9.Solvey =x+a tan™" p.

Solution:
The equation is solved fory,

a dp
14 p?2dx

Differentiating,p = 1 +

or a@ =(p—-1(1 +p?
" dx

(2)
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adp
or,
(p - 1@ +p?)
ar 1 p+1

e.o dp =d
el —1” 2+1]p X

= dx

1
Integratlng, [log(p—1) — —log (p’+1—tan"lp)]=x+c

This relation together with the given equation constitutes the

solution of the equation.

Ex.10.Solve xp? —2yp + ar = 0

Solution:
Solving fory,y = 1% + lxp
2p 2
Diferentiating, p = 1(3 — a_)z( dp) + = . (p + xd—p)
p p?dx dx

a(1-3)=(-3)
or,xdX o7 p .

(p* —a) dp
Or,p—z[p-l- & =0
dp_
or,xdx—p
dp dx
or,— = —
X

Integrating, p = cx

Putting this value of p in the given equation, we have
c?x3 — 2ycx +ax =0

ie 2y =cx?+ 3/,

which is the required solution.
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Roll: 1800121

Equations solvable for ‘x’:

If x can be expressed explicitly in terms of for x’. Such as equation can be out
in the form  x=f(y,p)......... (1)

Differentiate it with respect to y to obtain

dx 1 F dp
_ e— T —— y [) ------------ 2
dy p ( ’ 'dy) ( )

Which can be solved as an equation in y and p suppose the solution is
(y,p,c)=0

Then eliminating ‘p’ form ‘1’ and 2’ we get the primitive of the equation.

If elimination is not possible then values of x and y are expressed in terms of
parameter p together constitute the solution of equation.

Ex. 1. solve y=3px+6p?y?
Solution:
solving for x, 3x=% -6py?

1 ydp dp

Differentiating with respect toy, =iy 6y ay 12py

. d
ie. (1+6p2y)(2p+yd—§)=0
Neglecting the first factor, we get 2p+yj—§=0
Integrating it, py?=c, i.e ,p=p—c2
Putting the value of p in the given equation,
=3xS +6y25 that is y2= 3cx+6c2
y= xyZ yy4 atis y“= 3cx+6¢

which is the required solution.

Ex. 2. solve y=2px+p?y

Solution:
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solving for x,we get 2x= -py+%
Differentiating with respect to y, we get
2 dp ;4 dp

—_— - _+ - S

b p de p--yp dy

. d d
That s, = X 12)—p+i+2+ Y2
p 2

p_dy 2p 2 2 dy

dp 1 dp ,1
L — 4+yLi(~+p)=0
dy p dy 'p

@, o)1)=
(Yorrp)(1+5)=0

dy _ _ dp dy_
yOlX = -p, or . +dX—0
or, log p +log y =log c (integrating)

putting the value of in the given equation ,the solution is,
c c?
=2-x+ =Y,
y y y? y
or, y? =2cx+c?

which is the required solution.

Ex. 3. solve for x=y+alogp
Solution:
x=y+alogp

Differentiating w.r.toy,

1 1dp
—=1+a——
p p dy
1 _adp
p p dy

d
1-p=ad—f’

d
dy=aT§%
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log (1—-
EIE

y=-alog(1-p) +c
putting the value in the given equation,
x=-alog(1-p)+c+alog p

which is the required solution.

Ex. 4. solve xp3=p?+1

Solution:

solve fOr X= = 4 —vvvvrerer.. (1)
P P

1 ( 1 3_dp
2 p*dy
d
Or, p*= -(p” +3)gy
_(®*+3)dp
dy= p3 dy
dp(p?+3) dp , 3dp _
B P W

By integrating, Inp- % =-y+c

3
yzz—pz—lnp+c... e (2)

Equations 1 and 2 together constitute the solution.

Roll: 1800122

Ex. 5. Solve the differential equation (solvable for X), p3 — 2xyp + 4y% = 0
Solution:

We have,
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p3 — 2xyp + 4y% =0
Solving for x, we get,

p? | 2y

"2y p

Differentiating w.r.to y, we obtain,

dx. _ p?>  pdp 2 2ydp
dy 2y? ydy p p?dy
1o _ P  pdp 2 2ydp
p 2y? ydy p p?dy
1 2yd 2 d
= — _32’_1’ pz bpcp
p pedy 2y ydy

S (2 1) _ 2 (1)
p2dy p 2y?2 \p2dy p

2y d 1 3 r2yd 1
S (B _1y_ P (1),
p2dy p 2y?

2y d 1 3
- (_Y_p__)(l_p_) =
p?dy p 2y?

Omitting the second factor, we have

2y dp 1

p2dy p

2y d
=>FP 9
p dy

2d d

p y

Integrating,

= 2logp = logy + logc

= logp? = log (yc)

= p? =yc

Putting this value of p? in the given equation, we get
p(cy — 2xy) = —4y*

=>p(c—2x) = —4y

= p?(c — 2x)? = 16y?
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= yc(c — 2x)? = 16y?

Hence, 16y = c(c — 2x)? is the required solution .

Ex. 6. Solve the equation (solvable for x) p3y?

Solution:

We have,

p3y? —2px+y =10

Solving for x, we get
2x =% + p?y?

Differentiating w.r.to y, we obtain

dx_l ydp
Zd—y—p +2py+2ypd
2 1 y
- = 2 2
1
p

dp , d
>L2+T=0
P Y

Integrating,

logp + logy = logc
= log(py) = logc
> yp=c

Substituting the value of p = 5 in the given equation, we get

—2px+y=0
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=>c3—2cx+y? =

Hence, ¢3 — 2cx + y? = 0 is the required solution . (Ans.)

Ex. 7. Solve the equation (solvable for x) (2x — b)p = y — ayp?

Solution:

We have,

(2x —b)p =y — ayp?

Solving for x, we get
2x=b + % — ayp

Differentiating w.r.toy,

> 22 XL_gp_gy®
p p p ady y

ai Rl e

>  p=-yp-ap —aplyy

d
= p+ap3=—yd—§ (1+ ap?)

d
= p(1+ap?) = —yd—f,(l + ap?)

dp
=>p+yd—y—0
dp dy
p y
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By integrating,

= logp + logy = logc

= log(yp) = logc
“yp=¢

Putting the value of p = § in the given equation,

C ac?
(2x-b)==y——
y y

Hence,(2x — b)c = y? — ac? is the required solution . (Ans.)

Ex. 8. Solve the equation ( solvable forx) xp® =a+ bp
Solution:

Solving for x, we get

a b

=> X = E + p—z

Differentiating w.r.to y, we get
dx ~ 3adp 2bdp

dy ~ p*dy p3dy

:_ ______
p p*dy p3dy
dp dp
3 — _ __2 _r
=D 3ady bpdy

=>p3=—-Ba+ pr)d—p
dy

3a+2b
Ly (22D
p
d 3ad 2bd
= = —— -
y D3 p p? p

By integrating,
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From the given equation,

a b
X:E-l_F ----------- (2)

Hence, equations (1) and (2) constitute the required solution. (Ans.)

Roll: 1800123

Ex. 9. Solve the differential equation (solvable for x), p = tan (x — 1fp2)

Solution:

when solved for x, the equation becomes

x=tan"lp+ 1+pp2 ......................................... (1)

Differentiating with respect to y,

1 1 dp (1+p?)—2p*dp
P A+p)dy (A+pH dy
Or,
2pdp
ECET D%
Integrating,
y=c—u;ﬁ ............................................... (2)

Equations 1 and 2 together constitute the solution.

-1
Ex. 10. Solve the differential equation(solvable for x), x = a — p(1 + p*)z
Solution:
Given, X =a — P(1 + P (1)

Differentiating (1) with respect to y and writing 1/p for dx/dy, we get
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1 -1 -1 -3 dp

_o-lad+o7 <—)1 2y7.2p|—

5 (1+p?) +p2(+p) Pl Gy
Or,

1 _dp| p? 1 _dpp? = (1+p?)

- 3 31 — 3
P Wa+pnz a+pz] Y oa+p22
Or,

-3
dy = —(1 + p*)z pdp

-3 -3
Integrating, y = ¢ — %f(l =p?)z (2pdp) = c— %fV7 dv

Putting 1 + p2 = v, 2pdp = dv

1

Or,y=c+vz

We now try to eliminate (1) and (2) as follows,

Here, (1) and (2)

1 1
x—a=p/(1+p?z and y—c=1/(1+p?):

Squaring and adding these,
(x—a)?+(y—0)? =1

Which is the required solution, c being an arbitrary constant.
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Ex. 11. Solve the differential equation (solvable for X), y=px+p?3.
Solution:
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x_1_ydp_, dp
dy p p?dy P dy
1 y dp dp
Or, = ==-——=—— —
p p p?dy P dy
y dp dp
Or, = ay + ay 0
dp (¥ )_
Or, ay (pz +2p)=0
Omitting the second factor, we have
d
dp _ o
dy
Or, dp=0

By integrating,
p=c
Putting p=c in equation (1),

y=cx+c3

Hence, y=cx+c? is the required solution. (Ans.)

Ex. 12. Solve the differential equation (solvable for X), P3-4xyp+8y>=0.
Solution:

We have, P3-4xyp+8y?=0 -------------- (1)

2
X_Z_y+p_

p 4y
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Differentiating with respect to y, we get,

dx. 1 2 2ydp pdp p°

dy p p p?dy 2ydy 4y?

2ydp 1y PPy _
Awoys p)(1 4y2)—0

Omitting the second factor, we have

. 2y d
i.e., —Z—p— =0
p“ dy

2ydp _

or =
" p2dy

S|l T

2dp __ dy

’

y

By integrating,

or, 2 log p=log c+ logy

or, log p?=log cy

p*=cy

Putting these value of p? in equation (1),
(cy-4xy) p=-8y°

Or, -8y=(c-4x) p

Or, 64y*=(c-4x)%p?

Or, 64y?*=(c-4x)*cy

Hence, 64y=c(c-4x)? is the required solution. (Ans.)
Ex. 13. Solve the differential equation (solvable for X), x=y+p2.
Solution:

We have,

Differentiating equation (1) with respect to y, we get
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d
=1+2p£

2p2dp —d

Or,
1-p

Or, -2(p+1+ ﬁ) dp = dy
By integrating,
y=c- [p*+2p+2log (p-1)]
From the given equation,
X=c- [2p+2log (p-1)]

Hence, equations (2) and (3) constitute the required solution. (Ans.)

2

Ex. 14. Solve the differential equation (solvable for X), y? log y=xpy+p?.

Solution:
We have, y? log y=xpy+p?

or, xpy = y* log y- p?

_Yylogy b
p y

1=(logy+yl)l—ylogyigd—p—(—ip+ld—p
p Yy p p®dy y2© ydy
on } =S 2B 43)

on 2(2522+3) - B3 +3) =0

or, (yl:§y+§)(§—2—§)=o

Omitting the first factor, we have

p_dp
y dy
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dp _d
or,2=2

p Yy
By integrating,
Log p=log c+ logy
Or, p=cy
Putting these values in equation (1), we get,

lo
X= gy—c
C

Or, log y=cx+c?

Hence, log y=cx+c? is the required solution. (Ans.)

Roll: 1800125

Clairaut’s Equation

The differential equation of the form (1) is known as Clairaut’s equation.

To solve y=px+f(p)
Differentiating it with respect to x, we get

Y/ d . " d
p=p+[x+f'(p)] ﬁ, i.e. [x+f (p)]d—z=o_
Neglecting x+f' (p)=0, we get %zo_

Integrating it, we get p=c.
Putting p=cin (1), the required solution is y=cx+f(c)

Thus, to find the solutions of Clairaut’s equation put c for in the equation.

Note: If we eliminate p between x+f’(p)=0 and the given equation, we get an
equation involving no constant; this is called the singular solution of equation.

Equation Reducible to Clairaut’s Form

It is sometimes possible to reduce a given equation in Clairaut’s form with the
help of suitable substitutions. The following two substitutions may be noted in
this connection:
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1. Equation y?=pxy+f(p)

. . d
Putting y2=Y, and x>=X, i.e. ~ =X
x dx

=4 , the equation becomes
dx

2202 24t 02 or Ve . Ve 69 which is Clairaut

Yy =pT X +f (p x) orY X Y+ f(dX) which is Clairaut’s form.

2. Equation e™ (c-mp) =f( pe™ ).

This can be reduced to Clairaut’s form by the substitutions
e™ =Y and e* =X.

Roll: 1800126

z_m>
Ex. 1. Solve px-y+p =

Solution:

3

The equation is y=px+103-r;l—3

This is of clairaut’s form. Hence putting c for p, the solution is,

3
_ 3. m
y=ex+eT—

Ex. 2. Solve y=px+p-p?
Solution:
The equation is of clairaut’s form. Hence putting c for p, the solution is,

y=cx+c-c?

Ex. 3. Solve (y-px)(p-1)=p
Solution:

The equation can be written as,

_P
y-px=-=
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or y=px+ﬁ

which is of clairaut’s form. Hence putting c for p, the solution is,
y=cx+£

Ex. 4. Solve sinpxcosy=coxpxsiny+p

Solution:

The equation can be written as,

sin(px-y)=p

or y=px-sin~1p

which is of clairaut’s form. Hence putting c for p, the solution is,

1

y=CX-Sin~-c
_ 2
Ex. 5. Solve w%lz
+p
Solution:

The equation can be written as,
1
y-px=ta(l +p?):

1
or, y=pxta(l + p?)z

which is of clairaut’s form. Hence putting c for p, the solution is,
1
y=cxta(l + ¢?)z

1
or, y-cx=ta(1 + ¢?)z
or, (y — cx)?=a?(1 + ¢?)

Ex. 6. Solve p?(x%?—a?) — 2pxy + y? — b?=0

Solution:

31135



The equation can be written as,
p?x? — 2pxy + y? = p?a? + b?
Or, (y — px)? = p?a? + b?
1
Or,y = px *+ (p?a® + b?)2
which is of clairaut’s form. Hence putting c for p, the solution is,
1
y = cx + (c?a® + b?)2
1
Or,y — cx = +(c?a? + b?)z
Or, (y — ¢x)? = (c?a? + b?)
or, c2(x?—a?) — 2cxy + y? — b?=0

Roll: 1800127

Ex. 7. Solve p=tan(px-y)

Solution:

The equation can be written as,

tan™p=px-y

Or, y=px-tan~1p

The equation is of clairaut’s form. Hence putting c for p, the solution is,

y=cx-tan~lc

Ex. 8. Solve (y — px)?=1+p?

Solution:

Here we have y=px+./1 + p?

Both the factors are of the Clairaut’s form ; their solution are

y=cx+V1 + c?

Therefore, the primitive is,

32135



[y-ex-V1 + c?][ y-ex+V1 + ¢2]=0
Or, (y — cx)?=1+c?

Roll: 1800128

Ex. 9. Solve p?x(x-2)+p(2y-2xy-x-2)+ y2+y=0

Solution:

The equation may be written as (y — px + 2p)(y —px + 1) = 0.
Each factor is of Clairaut’s form.

Hence, putting c for p in each factor, the solution is

y—cx+2c)(y—cx+1)=0.

2

dy 2 2 dy 2 2 —
Ex.10.Solve <E) (x*—a*) — Z(E)xy +y“—b*=0.

Solution:

We have p?x? — 2pxy + y? = a?p? + b?

or (y — px)? = a%p? + b?

i.e. y=pxi\/m

Both these are in Clairaut’s form. Hence, the solution is

y=cxtvc?a? + b?

Ex. 11. Solve y = px + p?.

Solution:

The given equation is of Clairaut’s form.
Hence putting c for p, the solution is

y = cx + c?
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Ex. 12. Solve xp% —yp + 2 = 0.
Solution:
The equation may be written as
yp = xp* +2
2
Or,y = -
ry=x+ >

which is of Clairaut’s form.
Hence, putting c for p, the solution is

y=cx—e°

Ex. 13. Solve p = log( px — y).
Solution:

The equation may be written as

eP =px—y

=y=px—-epWhich is of Clairaut’s form.
Hence putting c for p, the solution is

y=cx—e°

Ex. 14. Solve y? + x? (%)2 — 2xy (%) =4 (g)z.

Solution:
The equation may be written as

y2 + x2 (%)2 — 2xy(%) = (d_j)z

dx

4
=>y2+x2p2—2xyp=F
= (7 - p? =

y—px)?=—
pZ
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2

Y p
N
SyV=pXx-—
Y p

Both these are in Clairaut’s form.

Hence putting c for p, the solution is
2

=cxX*t-—
y e
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SOLUTION OF 1°" ORDER ORDINARY DIFFERENTIAL
EQUATION BY VARIOUS METHODS
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Ordinary Differential Equation:




An equation involving ordinary derivatives of single  independent
variable is called ordinary differential equation.

Example:
o = (4x+y+1)2
dx
d?y | dy _
* a2t Ty =x et

1st Order Ordinary Differential Equation:

When the number of the highest derivative in an ordinary differential
equation is one, then it is called 1* order ordinary differential
equation.

Example:
o 2= f(ax+by+c)
o« =10
« Z+p()y =0

d
o Z+px)y=Q()y"
M _ dN

° =
dy dx

etc.

Thus, we can identify 1% order ordinary differential equation.

Methods of Solving 15t Order Ordinary
Differential Equation:

There are commonly 5 methods of solving 1° order ordinary
differential equation,



Separation of variables,
Homogeneous differential equations,
Linear differential equations,
Bernoulli’s equation,

Exact differential equations.

vk wWwhe

Separation of variables method:

If in an equation, it is possible to get all the functions of x and dx to one side
and all the functions of y and dy to the other, the variables are said to be
separable.

Working rule to solve an equation in which

variables are separable:

d
Step 1: Let d—z = f1(x)f5 (V) be the given function.

[ fi(x) is a function of x alone and f,(y) is a function of y alone.]

Step 2: Separate the variables, [ dy = f;(x)dx .

o

Step 3: Integrating both sides of the equation,

f[%] dy =[ fi(x)dx +c.

[ here, cis an arbitrary constant that must be added in any one side of the

equation according to its suitable form.]

Solving various problems applying separation of

variables method:




1 dy 1+yz
“dx  1+x2

Solution:

The 1% order ordinary differential equation is given that:

dy 1+y?
dx 1+ x2

Applying separation of variables method,

dy dx
Or =
"1+y?  14x?

Integrating both side of the equation,

or, tan~1! y = tan"'x +tan"tc |c being an arbitrary constant]

_ —X _
or, tan 1 X= = tan~1 ¢
1+xy

—-X
r, 4 —
1+xy

or, y-x=c(1+xy)

(answer)
dy xX—y 2,y
2. —=e¢e + x“e
dx
Solution:

The 1* order ordinary differential equation is given that:



— =e* VY +x%e™?
dx

or, Y = eXe=V 4 x2eY
dx
Applying separation of variables method,

or, eYdy = (e* + x?)dx

Integrating both side of the equation,

3
X
or,e¥ =e* + 3 +C [ ¢ being an arbitrary constant]

(answer)

1800130

3.sec’x tany dx + sec’y tanx dy = 0

Solution:

The 1% order Ordinary Differential Equation is given that:
sec?x tany dx + sec?y tanx dy = 0

Applying separation of variables method,



sec?x sec?x

tanx tany
Integrating the equation,
log tan x + log tany = A
or, tan xtany =e = C  [Cbeing an arbitrary constant |

tanxtany=_C.

(answer)
_ Ny ( 2 ﬂ)
4.y xdx—a y +dx
Solution:

The 1% order Ordinary Differential Equation is given that:

dy , dy
y-xg=alr+z)

Applying separation of variables method,

dx dy
x+a y(1—-ay)
dx 1 a
or, — = (— + ) dy
x+a y 1-ay

Integrating the equation,

Yy
1-ay

x+a=C [C being an arbitrary constant |



or, (x+a)(1—ay)=Cy
(x+a)(1—ay) =Cy
(answer)

dy  sinx+xcosx
dx y(2logy+1)

5.

Solution:

The 1% order Ordinary Differential Equation is given that:

dy sinx+ xcosx
dx y(2logy + 1)

Applying separation of variables method,
(sin x + x cos x) dx = (2y log y + y) dy

Integrating the equation,

2
—cosx + [ xcosxdx = 2 [ ylogydy + y? F Cvrrrrrrrerarsrsnes (1)

Now,
[ xcosxdx = xsinx — [ sinxdx [integrating by parts]
or, [ xcosxdx = XSINX 4 COSXvrerrrerrrrsrereresans (2)

also,

2 2
fy logydy = y7 logy — f{% : y?}dy [ integrating by parts]



2

logy dy = L logy — L
or, [ylogy el (-1 (3)

Using equation (2) and (3), equation (1) reduces to,

2 2 2
—cosx + x sinx + cosx = Z{y?logy—y:}+y7+c

or, xsinx = y2 logy + ¢ [cbeing an arbitrary constant]
xsinx = y*logy +c

(answer)
6. Find the curves passing through (0,1)

and satisfying sin (%) =C

Solution:

From the given equation, we get,

d o
& —sin~1c
dx

Applying separation of variable method,
dy = (sin"1c)dx

Integrating the equation,

1

YV =XSIN " C+ C vrverserrvenenes (1) |[c’ being arbitrary constant]



Since, equation (1) must go through (0,1); we put x=0 and
y=1in equation (1) and get,

c’=1
Hence, equation (1) reduces to,
y=xsin"tc+1

1 .
or, 2= = sin~ !
X

C

. cy—1 L :
or, sin{ yT} = ¢, which gives the desired curves.

. . .. (y-1
The equation of desired curves is sin {yT} =cC

(answer)

7. Solve p = e**Y + xZe* Y

Solution:

From the given equation, we get,

d 3
= = e¥(e* + x%e* )  [weknow,p =

dx

=y
dx

Applying separation of variables method,

e Vdy = (e* + xzexg)dx



Integrating the equation,

je‘ydyzjexdx+jx2 e*” dx

_ 1
or, —e™Y = ex+§fet dt +c [putting x* = t]

_ 1

or, —e 3’=ex+§et+c
—y x 1 43

or, —e - =e +§e + c
_ 1 .3

—e Y =e*+ze* +c

3

(answer)
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This method is used when separation of variables is difficult and so
we have to transform the equation in a form in which variables are
easy to separate.



Example:

dy
a—f(ax+by+c)

Here it is difficult to separate variables so this equation can be
reduced in an equation in which variables can be separated. For this
purpose, we can follow these steps:

Step 1: Use of suitable substitution.

Let,ax + by +c=v oo vee e .. (1)
Step 2: Differentiate equation (1) with respect to x.
d d
a(ax+by+c) =V
ay _ av
or,a+b =
d d
or, = = l(—v — a) T (7))
dx b \dx

Step 3: Now using equation(2),the given equation can be reduced in
such a form where separation of variables is easy.

{(5-0)- 10

dv . .
oT) v = dx |- Separation of variables] ... ... ... (3)

Step 4: Integrating both side of equation (3), we have
dv
fbf(v)+a a fdx




This is the required solution where C is an integrating constant.
d
1. Solve d—i’ = (4x +y + 1)?

Solution:
Let,4x +y+1=v

dv

dy
or,4 +— =
! +dx dx

So the equation becomes,

dv

— — 4 = p?

dx
dv

or, —=v*+4
dx

Now the variables are separatable and we can write,

dv
v2+4

=31 b S  §)

Integrating equation no. (1) we get,

Ztan1Z=x+C
2 2
g %tan‘ﬂﬁy+1 =x+C [»x+y=1v]
(answer)
2 dy 2
2. Solve(x + y) =a



Solution:

Let,x +y =v
d dv
or,—y:——l
dx dx

So the equation becomes,

dv dv  v%+a?
v? (— — 1) = a’or,— =
dx

dx v2
2
or,dx = p dv
2
or,dx = (1 — a;:vz) [+ AV & §

Integrating equation no. (1) we get,

17D
or,x +C =v —atan 15

or,x+C = (x+y) —atan‘l%[—wc+y= V]
Ly = atan‘l%y+ C
(answer)

3. Solve & +1=e*"
dx

Solution:



So that,

dv
dx
dx _
or,— =e Y
dv
or,dx = e Vdv ......ccovev . ... (1)

Integrating equation no. (1) we get,

x=—-e"+C
nx=—e¥Y) 4+ ¢
(answer)
d 4x+6y+5
4.Solve =2 = 4

dx 3y+2x+4

Solution:

The above equation can be written as

dy _ 2(2x+3y)+5 (1)
dx  3y+2x+4

Let,2x +3y =v

Differentiating with respect to x,



2432 =22
dy _1(dv _
r2 =2 (dx 2) e (2)

From (1)&(2) we get,

]_(dv 2) _ 2(2x+3y)+5
3 \dx T 3y+2x+4

1/dv 2v+5
or,-|——2) =

3 \dx v+4
dv 3(2v+5)
r,— = + 2
dx v+4
dx v+4
or,— =
dv 8v+23

dx  5(Bv+23)+4->
dv 8v+23

or dx __1_+ 9
'dv 8  8(8v+23)

Separating variables,

dx = {l +— }dv TR ¢ )

8  8(8v+23)

Integrating equation no. (3) we get,
1% 9
x+C = §+alog(8v + 23)
or,8x + 8C = 2x + 3y + %log(16x + 24y + 23)

[—>2x—+497='vandrnuﬁnﬂthybyS]



0r,3y—6x+§

log(16x + 24y + 23) = 8C

y—2x+3log(16x + 24y +23) = '

|

8
— where C' = 3 C is an arbitrary constant]

(answer)
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5 xdx+ydy  |a?—x%?-y?
xdy-ydx x2+y2

Solution:

Here, we change this to polar co-ordinate by putting,

x =rcosf,y =rsinf, x> +y? =r

R IR

= tand, -. =

~The Equation becomes, —— =

Separating the variables,

Integrating , sin~* (

xdy—-ydx

2, xdx + ydy = rdr

= sec?0d0 or xdy — ydx = r?do

1dr az—-r2
rde r2
dr
= df
Vaz—r2

r

Z):H_I_C or,7 = asin(8 + c)



i.e. W = a sin[tan™?! (i) +c]

(answer)

6 (x+3’—a) dy _ x+y+a

x+y-b/ dx  x+y+b
Solution:
Put x+y=v

d d
sothat1 + =2 =%
dx dx

or & =1+ (ﬂ) (ﬂ) _ 2(w*-ab)

dx v—>b v—a o v2+(b—a)v—ab

or,2dx = (1 y bra )dv

2 vi-ab

or,2x +c=7v+ b%alog(vz —ab) [By Integrating]
or,2x + ¢ = x+y+%(b — a) log{(x + y)? — ab}
(answer)
7.2x+y+1dx+ (4x+2y—1)dy =0
Solution:
Rewriting the given equation,
Z—z =—2x+y+1)/(4x+2y—1)

or,2x+y=v



y dv
or,2 +—=—
’ +dx dx
d dv
or, =2 == _
dx dx
dv —(2v+1
or,—— 2 = ( )
dx 2v—1
dv 2v+1
or,— =2 —
dx 2v—1
dv 2v—1
or,— =
dx 2v—1
dv
or,—=1
dx
or,dv = dx
or,v=x-+¢ [By Integrating]
or, Zx + y =Xx+cC
or,2x +y—x=¢
“X+y=c
(answer)
dy x—y+3
dx  2x-2y+5
Solution:
Let,x —y =v
d dv
or, i = —
dx dx
dv d
or,1—-—==
dx dx
we can write,
dv v—1
1 —— =
dx 2v+5



dv v—1

or,—=1-—
dx 2v+5
dv v+6
or,— =
dx 2v+5
2v+5
or,dx = dv
v+6
2x(v+6)-7
0r,dx==-————————d
v+6
7
or,dx = (2 — —) dv
v+6

or,x +c =2v—7log(v + 6)

[By Integrating]

~x+c=2x—-y)—7log(x—y+6)

(answer)

9. (x+2y—1)dx=(x+2y+ 1)dy

Solution:

Rewriting the given equation,

Yo (x+2y—1)/(x+2y +1)

dx::
Let,

_ d_y)_@
x+2y—vsothat,1+2(dx =

ay _ (v _
OI", E_(dx 1)/2

. (1)Reduces to-



1 dv v—1

D=
d —
or,—v = (v—l) +1
d v+1
dv 3v—1
or,— =
dx v+1
1 3v—1)+4
or,dx = 18y D+ dv
3 3v-1
4
or,3dx = (1 - )dv
3v—1
Integrating

3x=v+(4/3) xlog(B3v—1) — (g) X logc

¢ being an arbitrary constant.

or,glog 3”;1 =3x—v

01",%10(9M = 3x — (x + 2y)

or,log 3x+iy_1 = z X (2x — 2y)
3(x=y)

or,3x + 6y —1 =ce 2

(answer)

1800133

oy _ = 2 1 V2
10. x>~y =xJx* +y

Solution :



The equation can be put as

xdy — ydx = x/x? + y?dx

xdy—vydx
Y VX — sec? 6

-
Changing to polar as above the equation becomes:
x*sec?0df = xrdx
or,x sec® 0 = rdx
or,rcos 8 sec? 0 d6 = rdx
or,sec dO = dx

or,log(secd +tanf) = x+logc

or,sec 8 + tan @ = ce”*

2
/1+%+§=cex

(answer)

11. x* % + x3y = —sec(xy)

Solution :

Given that,



4 4y 3., — _
x*—+x7y = sec(xy)

d
or, x3 (xd—z -+ y) = —sec(xy)

put v = xy
. . .. dv dy
Differentiating, — = x—
& dx dx Ty
Now,
3 dv
x°— = —secv
dx
dv dx
or, =—
secv X

dx
or, [ cosvdv=—fF+C

1
,sinv ===+ C
or,Ssinv D2
nxy ==+ C
or, sinxy = 2 22

(answer)
12. cos(x + y)dy = dx

Solution :

Given,

cos(x +y)dy = dx



dy

or,— = sec(x +
s (x +y)
putx +y =1z
dy dz
then, 1+ — = —
! +dx dx
dy dz
dx o dx
dz
or,——1=secz
dx
dz
or,—=secz+1
dx
dz
or,—— = dx
14+secz
COS Z
or,| ——dz = | dx
’f 1+cos z f
or, [[1—-——]dz=x+c
1+cosz
1
or, [[1 — ldz=x+c

20052§—1+1
1 z
or, [[1 —Eseczg]dz =x+c

Z
or,z—tan5=x+c

X+
or,x+y—tan7y=x+c

x+y
2

y—tan—=c

(answer)



13. (dx —dy) = dx + dy

Solution:

Given,

(x+y)(dx—dy) =dx+dy
Rewriting given equation

x+y—1dx=((x+y+ 1)dy

gz___x+y—1

e ST (1)

Letx +y =v
dy _av

1+ T e (2)
o _av_

Or, oot | OO (3)

From eqgn (2) and (3)

av V-1
1 =

dx v+1
av 2v

Or,— = —
dx v+1

Integrating, 2x+c=v+ log v

x+y+c=log(x+y)

(answer)
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Homogencous Differential Equations:

d
An equation in the form d—z=f1(x,y)/f2(x,y) in which f1(x,y) and f;(x,y)
are homogeneous functions of x and y of same degree can be reduced
to an equation in which variables are separable by putting,
Yy = VX

dy dv
Or—=v+x—
7dx dx

dv
or,v+x— = f(v)

dv
Or, x — =f(v)—v

dv dx
Or’f(v)—v T x
or,[ =2 = Inx + ¢
" fw)-v

Working rules:

: _ @ _ aw
Step-1: put y = vx,so that =V + X >

Step-2: separate the variables

Step-3: Integrate both the sides.



Step-4: Put v = %and simplify.

The following few examples will illustrate the method,

1.solve xzydx-(x3 +y3 )=0.

Solution:
have, &2 = XYy )
we have, 7° = 573 (Homogeneous

. a dv .
Putting, v = vx,d—z= v+ X the equation becomes
dv v
Orbv+x —=
/ dx 1+v3
dv v
Or,x —=
dx 1+v3
dv v
or,x—=—
dx 1+v3
dx 1 1
Oor,— = — —4+—] dv
X v 1%

Integrating, log xzﬁ —logv +c

3
logy=3x—yg+c,asy=vx

(answer)



2 2dy dy
2.solve V' +X'— = xy—.
y dx y dx

Solution:

2

. .d
The equation is — = —2— . (Homogeneous )
dx  xy—x?2

. d
Putting,y = vx,d—i/ = v+ x,we get

v—1
dv v?2

Or, X—=——v
dx v-1
dv 1%

Or, x.— = —
dx v—1

Integrating, log x = v — logv + logc
Or, logxv =v +logc
Or, xv = ce?

y
Or,y=cexasy = vx

(answer)

3.Solve,(x* + y?)dx + 2xydy = 0



Solution:

dy = x%*+y?

Given that,
dx 2xy

o
O
<
_|_
&
|

I

| =
<R
~
(W
_|_
<
N
—/




Or,—%ln(l +3v3) =Inx+linc
Or,lnx + gln(l +3v?) =Inc
or,ln(x.(1+ 3v?)Y3) = Inc
or,x(1+3vH)Y3 =¢

2
or,x(1 + 3%)1/3 =c

3
So, x* + 3y? =C;

(answer)

4. solve the following equation,
2xy + x?)y = 2xy? + 3y?
Solution:

we have (2xy + x?)y = 3y% + 2xy

d 3y2+2xy?
Or, &Y 2y Ty
dx 2xy+x2
. dy dv
Puttin =VX,—=V + X.—
& ¥ “dx + dx

On substituting, the equation become



dv _ 3vix?+2vx?  3v%+2v

vV+x—= =
dx 2U0x24+x2 2v+1
dv 3v24+20-2v%—vp
Or,x— =
dx 2v+1

or,y* + yx = cx3

(answer)
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5.(x% + 2xy — y®) dx + (y? + 2xy —
x))dy =0

Solution:

(x% 4+ 2xy —y3)dx + (y* + 2xy —x?)dy =0

dy = x*42xy-y?
dx  y2+2xy—x2

[y=vx



SUV+HX—= —— or,dy = vdx+ xdv
dx v242v-1 Y ]
dv 14+2v—v2 v3+v24v+1

5> X—=——— —p=—
dx v242v-1 v342v-1
dx v242v-1 v242v-1
N dv = —
X v3+v2+v+1 (w+1)(v?2+1)

dx 1 2v
=>— = ———)dv
X v+1 v4+1

Integrating, logx = log(v + 1) —log(v? + 1) +log C

= =C(w+1
vZ+1 ( )
*r (Y _y
= yz/x2+1 C (x ~+ 1) [putv = /x]
(answer)
1 dy x+y
6. Y~ 0
2xdx  x“+y
Solution :
1ay XY
2x dx = x%2+y?
i(v dx+x dv) x+tvx 0 -
2Xx dx x24v2x2 [y =vx
= i+ v + Atv) _ or,dy =vdx + x dv]

2x  2dx  x(1+v?2)

= dv _{ 1+v -I—L}
2dx x(1+v2)  2x




dv 242v+v+v3

2dx 2x(mv)

(1+v?)dv _  dx

V343042 x
Integrating,

%log(vg’ +3v+2)+logx =logc

> W3 +3v+2)x3=¢3

= y3 +3x%y + 2x3 = ¢3 [putv =7 /4]

(answer)

7.xcos§(ydx + xdy) = ysin%(xdy —

ydx) =0

Solution:

xcos%(ydx+xdy) =ysin§(xdy—ydx) =0

ﬂ B y(x sin%+x cosg)

dx x(y sin—x COSX)
X X

dv 2V COS vV

SV+X— = —
dx vSin v—cosv

= (tanv—l) dv=2%

v X

Integrating,

dx dv
[put,y—vx,a—v+xa]



secv

log =logC+ 2logx

v

= sec (y) = Cxy lputv =7/

(answer)
8.2y3dx + (x* —3y*)xdy =0
Solution:

2y3dx + (x* —=3y?)xdy =0

d 2y3
Ly _ 2
dx (x2-3y2)x
xdv+vdx 2v3x3 fout dx N cw]
_— = ut, y = vx,— =v + x—
dx x(x2—3v2x2) p y dx dx
dv 2v3
SV+X—=—
dx 1-3v2
dv v—v3
= X—=—
dx 1-3v2
1—3v2 dx
—dv = ——
v—v X
Integrating,

loglv —v3) =—logx+logC

> w—-—v)x=C

R {z _ (zﬂx =C  [putv="/y]

X X



= x?y — y3 = cx?

(answer)

9x —y = \/xz—y

Solution:
ay _ 2 _ 2
de y X y

dv
:>x(v+xa)—vx=\/x2—v2x2 [put,y = v, = v+ x|

dx
dv
:xv+xza—vx=xV1—v2

dv dx
— = —
1-v2 X

Integrating, sin ' v = logx + ¢

:sin‘liz logx +c [put, v ="/]
(answer)
X+
10 y( Zy) 0
dx X

Solution:

dy | yx+y) _
dx+ x2 =0




o} x+
:>_y__y( y)

dx x2
dv vx(x+vx) dx dv
= —_——= — — = .
vV+Xx I 22 [put, y VX = + x dx]
= av (v+v2 n v)
dx x2
dv 2
>x—=—2v+v
— ( )
dv dx
20+v2 X

Integrating, %logvv: = —logx + logC

- (@) -

Yy
z(%)x2=6'2 [put,v:y/x]

;+2
= x*y = C(y + 2x)

(answer)
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Equations reducible to homogeneous

form :
. dy ax+by+c a b
Equations of the form — = ———where — #+ —... (1
9 dx a'x+b'y+c © ar = br ( )
can be reduced to homogeneous form as explained below.

Taking x = X+h and y =y + k... (2) where X and Y are new




variables and h and k are constants to be so chosen that the
resulting equation in terms of X and Y may become
homogeneous.

From (2) dx = dXand d y = dy, so thatdy/dx = dY/dx.... (3)
Using (2) and (3). (1)becomes

dy _ a[X+h]+b[Y+k]+c _  aX+bY+[ah+bk+c] 4

dx  a'[X+h]+b'[Y+k]+cr  a'X+b'Y+[a'h+b'k+c] """ (4)

In order to make (4) homogeneous, choose h and k so as to
satisfy the following two equations ah + bk +c=0 and
ah+bk+c=0.

) bc'-b'c ca'-c'a
Solving (5), h= and k=
g ( )’ ab'—a'b ab'—a'b

Given that a/a’#b/b'. Therefore, (ab' - db) +0. Hence, h and k
given by (6) are meaningful, i.e., h and k will exist. Now, h and
k are known. So from (2), we get X = x-h

and

Y
a+b|<
In view of (5),(4) reduces to & CfX+bf/ = (X,?
dx a'X+b'y a’+b’(})
which is surely homogeneous equation in X and Y and can be
solved by putting Y/X = v as usual. After getting solution in
terms of X and Y, we remove X and Y by using (7) and obtain

solution in terms of the original variables x and .

special case.1:

b 1 . . . .
When % === then the dif ferential equation can be written as
d_y __ax+by+c

dx m(ax+by)+c
d d
Put ax+by =r, so that atb = =%
dx dx
b+c
mb+c

(1)Then becomes 1/b(>> — a) =
dx



dy x+2y-3
"dx 2x+y—-3
Solution:

Put x=X+h,y=Y+k , where h,k are some constants: then

dy _ dy : :
= = — then given equation becomes

dx
dY X +2Y + (h+ 2k —3)
dX 2X+Y+ Qh+k—3)

Now choose h,k such that h+2k-3=0 and 2h+k-3=0 solving
these we get h=1,k=1

d )
ar _ X+2Yhomogenous inXandY
dX  2X+Y

Put Y=vX

dy dv
Sothat —=v + X—
ax ax
dv X+2vX 1+2v . dv 1+2v
V+HX— = = l.e, X— =
ax 2X+vX 2+v dx 24+v

ax 2+v 1 v
dv=(—; + —3)dx1

r — =

X 1-v?
integrating ,

v 1 — 2
- 2log(l v*) +logc

1+¢c 1 c/i+v

1—ci-v? (1—17)%

or X*(1—-v)3=C*(1+v)

or X*(1- %)"3=C2(1 -+ g) as v=Y/X

or (X-Y)"3=C?*(X +Y)butx=X+1,y=Y +1
s0 (x-y)*3=C?(x + y — 2) is the required solution

logX=2 % log

or X=C



(answer)

2. (3x-7y-3)dy/dx =(3y-7x+7)

Solution:
ﬂ _ 3y—-7x+7
dx 3x—-7y-3
Put x=X+h, y=Y+k where h,k are some constants then
dy _ ar
dx  dX
And then given equation becomes
ay 3Y—-7X+ @Bk—-7h+7)
dX 3X-—7Y+ (h—7k—3)
Choose h,k such that 3h-7k-3=0 and 3k-7h+7=0,which give

h=1 ,k=0

dy  3Y-7X

— = [homogenous]
dX  3X-7Y

Put Y= vX,dy/dx=v+Xdv/dx

3vX—-7X  3v-7
V+Xdv/dx= =
3X—7vX  3-7v

3v—7 7(vi-1
- ( )

Or Xdv/dx=

3_7v 3_7v
or7% =37 4y = —(i+i)dv
X (v2-1) v—-1 v+1

Integrating , 7logX=-2log(v-1)-5log(v+1)+logC
orx’( v—1)20+D° = ¢
2 5
7(Y _ Y_ _ _
orx7(z=1) (3—1) =Casy =vX
or(Y—-X)*(Y+X)=cC



or(y—x+1*y+x—-1)°>=Casx—X+1,y=Y+0

(answer)

3. Solve dyldx = (x + 2y - 3)/(2x + y - 3).

Solution :

Take x = X+h, y =y + k. so that dy/dx = dY/dx.... (1)

. . d X+2Y+(h+2K-3
. Given equation becomes 2= ( ). (2)
dx  2X+Y+(2h+k-3)

.. Choose h, ksothat h+2k-3 =0 and 2h+k-3=0....(3)
Solving (3), we get h=1, k = 1 so that from (1), we have
X=x-1,andY=y-1............... (4)

: , dy _ X+2Y 1+(%)
Using (3) in (2), we get T oy T 2+(§)
Take Y/X =v. i.e..Y =vX. Therefore. dY/dX = v + X (dv/dx). ...
(6) From (5) and (6), we have

d 1+2v
VX =
dx 2+v
dv 14+2v 1—-1v2
or X— = — Vv =
dx 2+4v 2+v
ax (2+v)dv

T = =k (7 +3 (@) v,

resolving into partial fractions
Integrating,
log x + log c =(1/2) [log (1 +Vv) -3 log (1 - V)]

. 3 2.2 _liZ_
2 log (cX) =log 1+v/(1 —v)> or X“c (1-v)2



Or  X?%c?(1 - %)"3=1+Y/X,as v=Y/X

Or c*’(X—-Y)$ =X+Yor c*lx—1-(@y—-1D}¥=x—
1+y—1,by (4)
Or ¢’¢C=)° =x+y—2,

taking ¢’ = ¢?, c'being an arbitrary constant

EX.4. SOLVE dy/dx = -(x-y-2)/(x - 2y-3)
SOL. Given equation. Take x = X+h, y =Y + k so that dy/dx =
dy/dx.... (1)

X-Y+h—k-2

. . dy
The given equation becomes — = ————.. ...(2)

Choose h-k-2=0 and h-2k-3=0  ............ (3)
Solving (3), we get h=k, k = -1 so that from (1), we have
X=x-1 and Y=Y 4)

Y
And (2)becomes &= XY _ & (5)
dx

X-2v 1-2(3)

take Y/X=v,i.,e Y=vX sothat Dy/DX=v+X=dv/dx ......... (6)
From (5) and (6)  v+X dv/dx =- (1-v)/(1-2V) or X =-

ax _ 2v-1 ax 1(—4v) . 1
oy 1w dv or X =1 2(1-2v2)  1-(vV2)2 dv

1- v\F_ElogC

Or 2logX+og(1-2v?) + loge =—log((1+v\2)/(1-v\2))
1//2

. _ 1 . 2y 1
Integrating log X= e log(1 — 2v°) 2\/_l

1+v\/_)

Or log{cX?(1 — 2v?)= Iogl ( o

X-YV2

Or c(x2(1—2 ) { o

})’\1/\/_ or c(X2 —Y?) = ¢(

\/_
1+ (—)\/_ )



Or c{(x-1)"2-2(y+1)"2}={X—= (y“)f}

x—1+(y+1)V/2
Orc(x? —2y%2 —2x —4y—1) = (Li? ;C\F)v‘ c being an

arbitrary constant
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5.Solve (2x — 2y+5) - =x—y+3

. . dy _ x-y+3
Sol:Theeqn is = Zegya (1)
d d d
letx —y =, sothat1 -2 =% op ¥ o1 _ &
dx dx dx dx
. . 3 d
Putting the value in egn 1,we get AR .
2v+5 dx
Or,ﬂ =123
2v+5
() EE::U+2
‘dx 2v+5
2045 1
Or,dx = T dv = (2 +—)dv
v+2

Or,x = 2v + log(v +2) + C,
Or,x=2(x—y)+loglx—y+2)+Casv=x—y
Or,2y—x=loglx—y+2)+C

Which is the solution.

6.Solve(2x+y+3)%=x+2y+3

dy x+2y+3
Sol: = =
dx 2x+y+3

letx =X+ h,y =Y + k,where h ,k are constants.



dy dY

“dx  dx
dY X +2Y+(h+2k+3)
"dX  2X+Y + (h+ k + 3)

Choosing h,k suchthat (h + 2k +3) =0,(2h+k+3) =0

Solving these,we geth = —1,k = —1

_ dY B X+ 2Y
TdX 22X +Y
LetY = vx
dy +de
— =7 —_—
adX dx
v+ dv_X+2vX
dx 2X+vX
Or,XE _ 1+2v .
dx 2+v
ax 2+ : 2
or,— = ——dv=(-—2—+ —2)dv
X 1-v 1-v 1+

Integrating,2 log X = —3log(1 — v) + log(1 + v) + logC
or,(X—-Y)2=CX+Y);wherex=X—-1,y=Y -1
or,(X —Y)3 = C(x + y — 2)is the solution.

dy  6x—-4y+3

7. Solve — =
dx 3x—-2y+1

Sol:

. . d 6x—4y+3
The equation is SoAP it A (1)
dx 3x-2y+1

Let 3x-2y=v

d dv
n3-—22_%
dx dx



dy __EZ
Or,2 = (3 dx)
vy _ B3 _1av
Or’dx o (2 2 dx)
From (1) we get,

(3 1dv) _ 2v+3

2 2dx v+1

3 2v+3 1dv
Or,- — ==—

2 v+l 2dx

1dv 3v+3—4v-6
or-— ="—"—2

2dx 2v+2

1dv —v-3
Or-— =

2dx 2v+2

dv —(v+3
Or,— = wt3)

dx v+1

dv —(v+1+2
Or— = Zwrir?)

dx v+1

dv 2
or— =-1-——

dx v+1

dv 2
or— =-1——

dx v+1

2v+5

Or,dx = dv = (2 +—)
v+2 v+2

Or, [ dx =f(2+$)dv

Or,x =2v+log(v+2)+C

Or,x =2(x—y)+loglx—y+2)+C
Or,2y —x=log(x—y+2)+C

Is the required solution.

dy  3x-2y+1
dx ~ 6x—4y+1

8. Solve

Sol:



. . da x—y+3
The equation is = I, (1)
dx 2x—-2y+5

Let x-y=v

d dv
or==1-=
dx dx

From (1) we get,

dv_v+3
dx_2v+5
v+3 dv
Or,— + 1=—
7 2v+45 dx
dv v+3 v+2
Or—=1- =
dx 2v+5 2v+5

2v+5
Or,dx =
v+2

1
dv —-(2 +';IE)

Or,fdx=f(2+$)dv
Or,x=2v+loglv+2)+C

Or,x =2(x—y)+loglx—y+2)+C
Or,2y —x =loglx—y+2)+C

Is the required solution.

d 6x—2y—7
9. Solve =2 = Y
dx 3x—y+4

Sol:

. . da 6x—2y—7
The equation is 2 R, (1)
dx 3x-y+1

Let 3x-y=v



dy dv
dx  dx

ay _ q _ v
Or'dx N (3 dx)

From (1) we get,

(3 dv) _ 2v-7
dx)  v+1

2v-7 dv
Or,3 — =
v+1 dx
dv 3v+3-2v+7
or— = ———=
dx v+1
dv v+10
Or,— =
dx v+1
dx v+1
Or— = (wtl)
dv v+10
dx v+10-9
Or,— = ( )
dv v+10
dx 9
Oor,— =1-
dv v+10
9
Or,|dx =1[(1- dv
'f f( v+10)

Or,x =v—9log(v+10) + C

Or,x =23x—y)+logBx—y+1)+C
Or,2(3x—y) +log(3x—y+1)+C—x=0
Or,5x — 2y +log(3x—y+1)+C=0

Is the required solution. (ans)
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d 3x—4y—-2
10. Solve =2 = 24
dx 3x—y+4

Sol:

. . da 3x—4y-2
The equation is 2= e, (1)
dx 3x—4y+4

Let 3x-4y=v

dy _ 1.5 @
Or'dx T4 (3 dx)

From (1) we get,

3 v—2 1dv
or>— —=-—
4 v+4 4dx

1dv __3v+12—4v+8

Or-— =

"4 dx 4(v+4)

dv —v+20
Or,— =

dx v+4

dx v+4
Or— = (wr4)

dv —(v—-20)

dx —(v-20+24
Or— = Zwo2042h)
dv v-20

dx 24
Oor,— =—-1-
dv v—20

or,f dx = [(—=1——=")dv

Or,x = —v — 24log(v — 20) + C

Or,x = —(3x—4y) +log(3x—4y+ 1)+ C
Or,dx — 4y —log(3x—y+1)+C=0



Is the required solution. (ans)

11.Solve(2x +y+ 1)dx = (4x + 2y — 1)dy

. d 2x+y+1
Sol:Theegnis =~ = — =22~ ... (1)
dx 4x+2y-1

Putting the value in eqn 1,we get —

v+1
2v—1
dv 4v-2-v-1
O - s - -
"dx 2v—-1
dv 3v-3

O —_— =
"dx 2v-1

2v—1
Or,dx = dv
3v—-3

2v-1
3(v-1)

2v-1
3(v-1)

Or,ﬂ= 2 —

Or,dx = dv

dv

Or, [dx = |

2v-1
(v— 1)
Or,3x =2v+log(v—1) + C,

Oor,x =2Q2x+y)+logx+y—1)+Casv=2x+y
or,3x + 2y +log2x+y—-1)+C=0
Which is the solution.

12. Solve

Orfdx——f

y—x+1
dx y—x—5



Sol:

L dy _ y—x+1
The equation is—— T (1)
Let y-x=v
dy B
dx B
v _ v
Or,dx = +1
From (1) we get,
dv 1= v+1
dx =~ v-5
Or,ﬁ _ v+1—-v+5
dx (v=5)
dv 6
O = (v—5)
or & = =8
dv 6

or,f dx == [ (v — 5)dv
Orx=—=v2-2v+(C
12 6

—Lly—x)2=2(y-—
Orx=—@-x)"—--x)+C

Is the required solution. (ans)

d 2xX+y+3
13. Solve =2 = =22
dx 4x+2y+1

Sol:

. . da 2x+y+3
The equation is 2= e, (1)
dx 4x+2y+1




Let 2x+y=v
dy dv

N2+ —=—
+dx dx

From (1) we get,

dv v+ 3
(z) 2

dx 2v+1

v+3 dv
Or, + 2=—

2v+1 dx

dv v+3+4v+2
or— = ——

dx 2v+1

dv 5(v+1
Or— = (w+1)

dx v+4

dx v+4
Or— = Aa)

dv 5(v+1)

dx 1 (v+1+3
Or— = 1 )
dv 5 v+1

dx 3
or,5— =1+—
dv v+1

or,5 [ dx = [(1+=2)dv
Or,5x=v+3loglv+1)+C

Or,5x = (2x+y)+3log(2x+y+1)+C
Or,3x —y —3log(2x+y+1)+C=0

Is the required solution. (ans)
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Al particular case:

A differential equation of the form

dy ax + by +c

dx —bx+hy+k’

In which co efficient of y in the numerator is equal to the coefficient
of x in the denominator with sign changed, can be integrated as
follows:

The equation(1) can be written as

- b(xdy+ydx)+(hy+k)dy-(ax+c)dx=0.

Integrating we get -bxy+(1/2 hy? + ky) — (% ax? + cx) = A.

dy . ax+hy+g
1 [ IV - —
soive dx  hx+by+f

Sol. The equation can be written as
(hx+by+f)dy+(ax+hy+g)dx=0

Or, h(xdy+ydx)+(by+f)dy+(ax+g)dx=0
Integrating, hxy+% by? + fy + %a x2+gx=A
Or, ax? + 2hxy +by? + 2fy + 2gx +c =0,

writing ¢ = —2A4A



d 2x—y+1
2. solve =2 =2
dx x+2y-3

Here coefficient of y in numerator is equal to co efficient of x in the
denominator with sign changed, hence written it as

(x+2y-3)dy-(2x-y+1)dx=0
integrating xy+y2 — 3y —x?—x =

3. Solve (2x-y+1)dx+(2y-x-1)dx=0

Sol. The equation is of above type. Hence after regrouping we
have

(2x+1)dx+(2y-1)dy-(ydx+xdy)=0

Integrating, (x> + x) + (2 —y) —xy =c

Which is the solution

d 2x+3y+1
4Solvey+xy =0
3x+4y-1

Sol. The equation is of above type and can be written as
(3x+4y-1)dy+(2x+3y+1)dx=0
i.e., 3(xdy+ydx) + (4y-1)dy+(2x+1)dx=0

Integrating, 3xy+2y? — y+x% + x = ¢ is the solution
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{INEAR DIFFERENTIAL EQUATION :

A differential equation of the form

Is called a linear differential equation, where P & Q are
functions of x (but not of y) or constants.

In such case, we multiply both sides of (i)

byefP 4x3s an integrating factor (I.F) to make the equation
readily integrable. So (i) becomes,

d )
efpdx(d—i+Py)=Qedex .................... (ii)
The left hand side of (ii) is % [y el Pdx]

Or'%[yedex] :Qedex

Now, integrating both sides we get,
yelPdx = [ QelPdxdy 4+ C which is the solution.

Hence, the required solutionis, y(I.F) = [ Q(I.F)dx + C



1. (1—x2)%—xy=1

Solution:
. ) dy . X 1
The equation can be written as, —= (1_x2)y = 152
X 1
Here, P=—(—%), Q=

X
Integrating factor = el ~GT2) &

1
_ ezlog(l—xz)

=vV1—x?
Hence, the solution is,

yVi—x2= [—=VI—xZdx+C

1—-x2

(answer)
d
2. xd—i + 2y = x%log x

Solution:



The equation becomes Z—Z + %y =xlogx
Here, P = 2;, Q=xlogx

Integrating factor = e/ P 9%

_ ef%dx
=e2logx
:x2
Hence, the solution is

yx*= [xlogx.x*dx +C

Or, yzxizfx3logxdx+C

Or, y=xiz[{logx.fx3dx—f%(fx3dx)dx}+C]
1 x* x4

Or, y—x—z(zlogx—1—6)+C

Or, y=x72(logx—%)+6x‘2

(answer)

3. (x?’—x)%—(sz—1)y=x5—2x3+x



Solution:

. dy (sz—l) _ xP-2x34x
The equationis - =)V = o,
or, dy (3x2—1) y = x(x*—2x%+1)
dx x3—x x(x?%-1)
dy (3x2—1) 2
Or, " 5 )Y~ (x 1)
3x2—1 2
Here,P=—( 2 ),Q=x -1
X=X

Integrating factor = e/ P 9%

— e—log(x3—x)
1
T x3—x
L 1 2 1
The solutionis, y . ——= [(x*=1) ——dx+C
y _r1
Or, m—=[-dx+C

or, =~ logx + C

x3—x

(answer)



4. x%"‘)’: ax? + bx + c
Solution:

. : d
The equation can be written as d—z + % =ax+ b+ %

1

Here,P=;, Q=ax+b+ =
X

Integrating factor = e/ P 9%
_ ef%dx
- plogx
= X
Hence, The solution is ,y.x = [ (ax +b+ ﬁ) xdx+C
Or,xy = [(ax? 4+ bx +¢)dx +C
Or, xy = (%axg + %bx2 +c)+C

(answer)
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5.x(x-1)%—y=x2(x-1)z

Solution:

The equation is A y = x(x-1)

dx x(x—1)

1
- X
Integral Factor = ¢ J x(x-1)

= o Grpax

X x—1

Hence, yﬁ=C+fx(x — 1).% dx

or, yﬁ=C+fx2dx

X

1 3
or, y —1 =C + EX where C is an arbitrary constant

(answer)



1+ x + x2

6. (1 +x)%+3y=

(1+ x)%
Solution :
.. ody 3 14+x+x?
The equationis —— +_—y = 112

Integral Factor = e’ 1+x

=3 log(1+x)

=(1+x)

1+x+x2)

y (1 +x)3=C+f((1+x)4 (1 +x)? dx

_ (1+x+x2)
=C+ f—(1+x) dx

1
=C+|(—
C+/[ (- + x)dx
1
=C+log (1+x) + 2 XZ where C is an arbitrary constant

(answer)



d d
7. x y ay

dx+2y-

+4

Solution:

The equation can be writtenas (x - 1)% +2y =4

a2 -
o ax 1Y T 1
[Z—dx
Linear Integral Factor = ¢’ x-1
- efZZog(x—l)
=(x—1)
2 _ 4 )3
Hence, y (x— 1) —C+fx_1 (x—1)° dx
or, y(x-— 1)2 =C+2(x- 1)2 where C is an arbitrary constant
(answer)
8. x -2y =X +sin— !
dx y= x2
Solution:
The equation is Q-—y = X + = sin —

dx x X x?2



Integral Factor =¢

e—Zlogx
X2
1
Hence, y.—-C+fx —dx+f—smx—2dx

or, y. 13 -C+/ogx-—f51nt dt [where, =t, —dx dt]

1 1 1
or, y. = =C+log x + = cos — where Cis an arbitrary constant
x3 2 x2

(answer)

0. —x - 2y cosx = -2 sin2x

Solution:

Integral Factor = ¢~ J cosx dx
- e—3 sinx
Hence, y.e 351"¥ =C—2 [ sin 2x. e 251"¥ gy
or, y. e 35X =C—4 [sinxcosx.e 25M¥dx fput 25inx=1]
or, y. e 3SMX=cC.[teldt
o, y. e 3SMX=-c_elt(t-1)

So, y=C.e35™mX 4 (2sinx+ 1) where Cisan arbitrary constant



(answer)
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10. (x+1)7 — y=e*(x + 1)?) (1)

Solution :

Step 1:ldentifying equation

This is a linear partial differential equation and can be
expressed as % + Py = Q,
where P and Q are the functions of x

We get from (1),

av _ Y _ _x
ol (x+1) (2)

Step 2:Evaluating integrating factor
dx
Integrating factor=e ey

— e—log(x+1)

= plog(x+1)™" _ 1
x+1



Step 3:Solution

1 (,x 1
yx+1—fe (x+1)x+1dx

= [ e*dx

n2-=e*+C
x+1

(answer)

11. sinx% + 2y = tan?’(g) (1)

Solution:

From (1) we get,

X
dy N 2y _ tan3 3)
dx sinx sinx

(2)

tan3 (JZ—C)

2
Here, P=——and Q=—
sinx sSinx

fidx
Integrating factor = e’ sinx

= g2 [ cosecx dx

X
_ eZIogtanE

X
= tan?=
2



2X 2 X tan?)E
Now we get, ytan==| tan“-—===dx + C
2 2 ZsmEcosE

X
tan*z

=%f 2dx + C

2X
cos“—
2

1
=—[tan*Zsec?Zdx + C
2 2 2

: 1
Putting tang =t so that Eseczgdx = dt on RHS we get,

x 1
ytanzz = E,[ t*(2dt) + C

5 5%

2 f _ t_ . tan E
ytan 2—5+C— - + C
(answer)
d
12. cos’x d—i’+y=tanx (1)

Solution:

Dividing (1) by cos?x we get,

d
d—i + ysec?x = tanx sec?x (2)

2
Integral Factor = el sec?xdx

= ptanx



Now multiplying (2) by the IF and integrating we get,

tanx

ye =[ tanx sec? xet %™ dx (3)

Let, | =[ tanx sec® xet¥™*dx and tanx =z
~ secxdx = dz
w1 = [ ze?dz
=e?(z—1)
= e (tanx — 1)
(3) = yet®™ = @™ (taqnx — 1) + C

~y=tanx — 1+ Ce '

(answer)
dy 3x%-1 2
13. — — =x—1 1
dx  x3-x y (1)
Solution:
"f3x2_1
Integral Factor =e - x3-x
=e—log(x3—x) _ 31
X =X

3_
From (1) y——=[2 1dx+C=f§dx+C

x3—x x3—x

y = Inx+C

x3—x



(answer)

14. % + Zy tanx = sinx (1)

Solution:

Integral Factor = g2/ tanxdx
= e—Zlogcosx

-2
= pCOS™°x

=cos %x
=sec?x

Hence the general solution is,

ysec’x = jsinxseczxdx +C

2

ysec x = secx + C

(answer)
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15. 2 42— _3
dx X

Solution:
We take the equation in form % + Py =Q

Here, P and Q are the function of x

So, the above equation becomes,

This is now expressed in linear form

. fédx
Integrating factor = e’ x

e6lnx

= x6
Multiplying equation (1) by I.F we get,
64y L 25,60 — —

Xt X 6y = -3

d
= — (yx®) = —3x®

= yx® = — [3x°dx




3x c
>y =— 7 — F [ where c is an arbitrary constant]

(answer)

16. xcosx% + y(xsinx + cosx) = 1

Solution:

We take the equation in form % + Py =Q

Here, P and Q are the function of x

So, the above equation becomes,

ﬂ ( l) __ secx
—>dx+ tanx+xy— .......... (1)

X

This is now expressed in linear form

1
Integrating factor = eJ (t4n¥+)4x
— elog secx+logx

= elog xsecx

=xsecx
Multiplying equation (1) by I.F we get,
d
xsecxd—z + xsecx(tanx + i)y = sec’x

2

d
= (yxsecx) = sec“x




= yxsecx = [ sec’xdx

= yxsecx = tanx + ¢

sinx C COSX

>y = o [where c is an arbitrary constant]

(answer)

17.(1 — xz)%+ 2xy = xV1 — x2

Solution:

We take the equation in form % +Py=0Q

Here, P and Q are the function of x

So, the above equation becomes,

dy 2x x

V=" crrrrrens (1)

dx = 1-x2 1—x2

This is now expressed in linear form

fz_xdx

Integrating factor = e’ 1-x2

-—e log(l_'xz)

1—x2

Multiplying equation (1) by I.F we get,




dy 2x x

dx 1-x27 = (1-x2)3/2

> () ==
dx \1-x2) =~ (1-x2)3/2

y _ X
= 1—x2 f(l_x2)3/2 dx

>y=v1l— x? + (1 - xz) [where c is an arbitrary

constant]

(answer)
18. (1 +x2)%+ 2xy —4x* =0

Solution:

We take the equation in form % +Py=0Q

Here, P and Q are the function of x

So, the above equation becomes,

dy 2x 4x?

V=" crrerens (1)

dx = 1+x27  1+x2

This is now expressed in linear form

2x
f1+x2dx

Integrating factor = e
- elog(1+x?)

=1 + x?




Multiplying equation (1) by I.F we get,
dy
14 x*)==+ 2xy = 4x?
1+ x )dx+ Xy X
d 2\ — A2
:E{y(l + x2)} = 4x
= y(1+ x?) = j4x2 dx

N _ 4x3 c
y_3(1+x2) 1+x2

[where c is an arbitrary constant]

(answer)
. d
19. smxd—i' + 3y = cosx

Solution:

We take the equation in form % +Py=2Q

Here, P and Q are the function of x
So, the above equation becomes,
dy
-t (3cosecx)y = cotx .......... (1)
This is now expressed in linear form
Integrating factor = e/ 3cosecxdx

— e3 logtan(x/2)




X
=tan3=
2

Multiplying equation (1) by I.F we get,

t 37 dy+ 3 t 32 tx-t 32
an3 2 dx (3cosecx) - tan3 > -y = cotx - tan3 >
d X 1—tanz2 X
tan? tan’® =
dx(y o 2) Ztan% 2
= yt 3x—1J 1 — tan?>)tan?2}d
ycmz—2 {( anz)anz}x
X 2dt
> gytand== | (1 -2t ——
X 1 2X 2dt
[Let,tan= =t so that -sec”-dx =dt = dx =—3:
2 2 2 sec“-

2

2dt 2dt

1+tan2§ a 1+t2]

t2—t4
= ytan3 ——f1+t2 dt
2
=>ytan——f( tz m)dt

1
:>ytan3§= —(§)t3+2t—2tan‘1t+c
1
>y = —§+2cot2——xcot3 +ccot3

[where c is an arbitrary constant]




(answer)
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d
20. (x + 2y°) y/dx=y

Solution :
We take the equation in form Z—f]+Px =Q

Here, P and Q are the function of y

So the above equation becomes,

dx_x+2y3
dy y
dx X 2
= — — ==2V" e, 1
o 572y (1)

This is now expressed in linear form,
For1l,[ Pdy = —f%dy = —logy

So I.Ffor (1)

y




Multiply equ” 1 by I.F we get,

-

— nydy [By integration]

-

SRIR ok

= y2 + C, where Cis an arbitrary constant.
(answer)

21. ylogydx + (x — logy)dy =0
Solution:

. d
We take the equation in form d—;+Px =Q

Here, P and Q are the function of y

So the above equation becomes,

dx  (x—logy)

-
dy ylogy
dx 1 1
d_y-l_ylogy —; ................... (1)

This is now expressed in linear form,




1
For (1) fylogydy = log(logy)
So ,I.F equal

- elOQ(lOQ)’) — logy

Multiply equ” (1) by I.F we get,

dx 1 1
- logyd—y+;x = ;logy

d(l ) |
- —(xlo =—1lo
dy gy y gy

1
= (xlogy) = [ Jlogy dy[By
integration]

~xlogx = %{log y)’+C, where c is an arbitrary constant .

(answer)

22.dx + xdy = e 7 log ydy
Solution :
We take the equation in form %+Px =Q

Here , P and Q are the function of y

So the above equation becomes,




ax — oY
-, tx=e [To o 7 (1)

This is now expressed in linear form,
Forl [dy =1y
~l.F=e”

Multiply equ” 1 by I.F we get,

yd"c_|_ y -y ] y
H — f—
e’ ——+e’x=eVlogye
d( ) -y y
ﬁ_ —_—
7 (xe e Ylogye

—>xeY = [eViogyeYdy
=logyy — fy%dy [By integration]

xeY =y logy — y + C, where cis an arbitrary constant .

(answer)
23. Solve (1+y*)dx + (x — tan™ 1 y)dy = 0
Solution :
We take the equation in form % +Px =Q

Here, P and Q are the function of y




So the above equation becomes,

dx X tan~1y
5 — = +
dy 1+y2 14 y?

. dx X tan~
Tdy  1+y? 1+y?

This is now expressed in linear form,

1

Forl [ dy =tanly

1
1+y?
o] F=etan™'y

Multiply equ” 1 by I.F we get,

dx x tan~ly
-1 -1 -1
5 ptan'y 4 gtan™ty = ptan™ty ;
dy 1+y 1+y
- _ -1
- i(xemn 13’): etan tytan 'y
dy 1+y2
-1
tan~ly _ tan~lytan "y
— xe =|e ———dAY  verrrrrrrereenns 2

Let, t=tan" 1y

t—ldy

142

Now put the value in equ” 2 we get
xet = [tetdt [By integration]

=ett—1)+C




Substitution the value of t we get
o xet® Y = gtan™ Y (tgn=1y — 1)+C
-1
S X = (tan_l Yy — 1) + Cetam Y Here C is an arbitrary constant.

(answer)
24. x log x(%) +y=2logx
Solution :

We take the equation in form Z—z+Py =Q

Here , P and Q are the function of x
So the above equation becomes,

dy y 2
- = + xlogx = L Teeeeeneeeseeaee (1)

This is now expressed in linear form,

For(1) - fxl;gx dx = f% [By integration]
Let logx =t | o
idx _ g4 by differciation| = logt

= log(logx)
~I.F = 09(09%) = |pgx

Multiply equ” 1 by I.F we get,




- logx%+% = %logx

d 2
- — (ylogx) = - logx

Again put,logx = z

- ylogx = f%logxdx 2Ly = dy
X

So, VZ = ZdeZ [By integration]
ZZ
- Yz = 2 Y + C
nyz=2z%2+C
Substitution the value of z in equ” 2, we get;

~ ylogx = (logx)* + C Here Cis an arbitrary constant.

(answer)
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252 Y — 43 _3
dx X

Solution:

o d
we take the equation in form ﬁ +Px =0

Here, P and Q is the function of x.




And given is,

% -|-% = X3 = 3 e, (1)
So we get,
P =§, then integrating factor (I.F.) = ef%dx
- plnx
=X

So, l.LF.=x
Multiplying the equation(1) by I.F., we get,

WY — a(x3 —
x——+ x> x(x® —3)

4 — a4
or, X — +y=x 3x
or i(xy) =x* - 3x
7 dx
or, d(xy) = (x* — 3x)dx
integrating both side, we get,

or, xy=[ (x* — 3x)dx

3x

4
X
oy=g-7 T

3 K9

xt 3x

yes T2

c
— where cis an arbitrary constant
X



(answer)

d
26. d—i’ + ycotx = cosx

Solution:

we take the equation in form Z—i’ + Px =0
Here, P and Q is the function of x.

And given is, Z—i + YCOEX = COSX wvvvvrreverreeereeanns (1)

So we get, P = cotx, then integrating factor (I.F.) = eJ cotxdx

— elnlsmxl

= sinx
So, I.F.= sinx

Multiplying the equation(1) by I.F., we get,

. d . .
Sinx d_ic} + y.COotX.SINX = COSX SInX

. dy cosx . .
or, SINX — + Y.—/——.SInX = COSX SInX
dx sinx

. d .
or,sinx d_ic} + YCOSX = COSX SInX

d . .
or,— (ysinx) = cosx sinx

Integrating both side, we get,



ysinx =[ cosx sinx dx

1 .

or, ysinx == [ 2cosx sinx dx
1

or, ysinx == [ sin2x dx

: 1/(1
or, ysinx = — - (E cost) +c

or v = 1 cos2x
V=T Y sinx
1 cos2x _ _
y=——-—— + C where cis an arbitrary constant
4 sinx

(answer)

27. x% + 2y = x*logx
Solution:

we take the equation in form % + Px =(Q
Here, P and Q is the function of x.

And given is, x% + 2y = x%logx

P_2 hen i . _ fzdx
=—, thenintegrating factor (I.F.) =e’'x



e2nx — 42

So, I.F.=x*

Multiplying the equation (1) by I.F., we get,

dy 2
2 22, — .3
X dx+x V=X logx

24y — 43
or,x”——+ 2xy = x°logx
or, % (x%y) = x3logx
Integrating both side, we get,
x?y = [ x3logx dx
Or, x*y = logx[ x3dx— f(% logx [ x3 dx)dx

1x
X 4

Or, x%y zlogxx—4— f——4dx
4
2, = X _1x
Or,x%y = 4logx 27 7€
2y = X _x
Or, x%y = 4logx Lt

4 x4

16

2

X
X"y = 7 logx - + C where cis an arbitrary constant

(answer)

28. % + ysecx = tanx



Solution:

we take the equation in form % + Px =0
Here, P and Q is the function of x.

And given is, Z—i + YSECX = LANXurerrerressresssvrsssnnans (1)

So we get, P = secx, then integrating factor (I.F.) = eJ secxdx

e In|secx+tanx|

secx + tanx

So, I.LF.= secx + tanx
Multiplying the equation(1) by I.F., we get,

d
(secx + tanx)d—z + ysecx(secx + tanx) = tanx(secx +

tanx)

d
Or, — (secx + tanx)y = tanx(secx + tanx)

Integrating both side, we get,
(secx + tanx)y = [ tanx(secx + tanx) dx
Or, (secx + tanx)y = [ tanxsecx dx + [ tan®x dx

Or, (secx + tanx)y = [ tanxsecx dx + [(sec?x — 1) dx



Or,(secx + tanx)y = secx + tanx — x + C
(Secx + tanx)y = secX + tanx — X + C where cis an arbitrary constant

(answer)
y o, _ 5
29.(x + a) -~ 3y = (x+a)

Solution:

we take the equation in form % + Px =(Q
Here, P and Q is the function of x.
And given is,

(x+a)%—3y= (x + a)®

3

ay _ _ 4
Or,— Y = (G2 7 ) S (1)
So we get,
P=—— then integrating fact r(IF)-e_f(xia)dx
== Gray then integrating factor (I.F.) =

— e—31n(x+a) — (x 4+ a)—s
So, L.LF.=(x +a)™3

Multiplying the equation (1) by I.F., we get,

-3 d_y _ 3
(x t a) dx (x+a)=*

y=x-+a



Or, d 4 =Xx+a
(o)

dx (x+a)~—3

Integrating both side, we get,

y
(x+a)~3

=[x+adx

2

y X
Or, =—+0ax+cC
’ (x+a)~3 2

2
x%+2ax

Or, y=
R4 2(x+a)3

_ x2+2ax
T 2(x+a)3

where c is an arbitrary constant

(answer)
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First order first degree non — linear differential equation

Or, equation reducible to the linear form [Bernoulli’s equation]

An equation in the form

Z—z + Py = Quy™ ;wheren #0,1

Now, let,

yl—n =V



Oor,(1—n)y™ &y _ v [differentiating with respect to x]
y dx dx

From equation (1), we get,

1
o 1) TPV = Qe
Or, E + (1 — n) P(X)V = (1 — TL)Q(x)
Which is linear in V and x
it's if = e/ Peo(1-midx

— e(l—n)fP(x) dx

Hence, required solution is,

V-e@™Pwdx = [ - e@™WIPwd* gy + ¢ [where cis an

arbitrary constant]

Or, yl—n ; e(l—n)fP(x) dx _— fQ(x) . e(l—n)fP(x) dx dx + ¢

dx . . .,
N:B: o + Piy)X = Q(yyx™ is also in the Bernoulli’s form. It can be

solved by above method.
d
1. Solve xd—i' — 2y = xy*

Solution:

Dividing by xy*, we get



Put —y~3 =,
_4dy dv
Jy ===
y dx dx
dv 6
—+-v =
dx

- [2dx 6
Linear, ILF.=e’x" =x

7
Hence, vx® = ¢ + [3x%dx = c + 3%

_ 3 . :
Or, -y 3x® =c+ ;x7 is the solution.

d

2.Solve =2 = x3y% 4+ xy
dx

Solution:
d
d—i = x3y2 + xy
_,d _

Or, y Zd—z—xy L = S

Puttingy ™! = v

So that, —y 2 (%) = %

: d
Hence equation (1) reduces to — (d—Z) — XV =X



dv

Or, (—) + xv = —x3 :; which is linear whose LF. = e xdx —

dx

x2

ez
And hence, its solution 18

2 =—[x%zdx+c=—[x*"e2xdx+

ve

Where c is an arbitrary constant.

2

Putting x? = t, so that x dx = dt, equation (2) gives that

x2

vez = =2 [tet dx = —2[tet — [eldt] + ¢

= —2(tet —e)+c=2e"(t—1)+c

X

2 X2, 5
Or,y lez = 2ez (x? — 1) +c

x2

Or,y~! = (2—x%)+ cez is the solution.

3. Solve x% +y=1vy%*logx

Solution:



e : : d 1 _
Rewritting the given equation y2 d—z + 2V 1=

—2dy _dv : .
= then equation (1) gives,

Putting y ™! = v so that —y
dv 1 1
———+-y=—logx

dv 1

1
Or,a—;v——;logx ............................................................ (2)

— [Lax ] 1
|.F. of equation (2) = e /3™ = ¢7'08% = x~1 = ~

And hence solution of equation (2) is

vx~t = — [x"%logx dx + ¢, Where cis an arbitrary constant.

~1,-1 — _ Tl ]
Or,y x71 = llogxx_1 fxx_l dx|+ c
Or,% = logx + 1 + cx is the solution.

d
4. Solve d—z — 2ytanx = y* tan® x

Solution:

Dividing by y?, the equation becomes,

_,d _
y Zd—i—Zy ltanx = tan®x

—2dy dv

—_ _1:
Put —y v,y T 2



. . dv
equationis —+ 2tanx - v = tan® x, I.F. = sec? x
1
vsec’x = c + [ tan®x -sec’x dx = c +-tan’ x

1 1 . .
Or, —;sec2 x=c+ gtan3 x is the solution.
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ﬂ — X3
5. Solve dx+y—36 y

Solution:

The given equation is, z—z + y = 3e*y3

34y —2 X
Or,y 1y 3e (1)
let,y 2 =v
_py3W _ W
Or, =2y dx  dx
34y _ _1dv
Or, y dx  2dx

Now, putting the value in equation (1), we get,

1dv
—=-—+v = 3e*
2 dx

Or, % — 2V = —68% s (2)

Now, Integrating Factor (I.F) =eJ —2dx



=e—2fdx

—2X

Now, from equation (2),

—2y dv — -
e Zxa_e 2X92p = e Zx(_6ex)

i —2X\ — __ -X
Or, — (ve™**) = —6e
Or,ve™* = —6 [ e ™™ dx
Or,y 2e 2 =6e ¥ +¢

1

Or, ﬁ = 6e* + ce?* [Where C iS an arbitrary constant]

1

;= 6e™ + ce®*,

The required solution is
2dy _ 2
6. Solve 2x“—=xy+y
dx
Solution:
The given equation is, 2x? 3—3: = xy + y?

Or, ZxZZ—Z— xy = y?



_o dy dv

or,—y 222 =22
» =Y dx dx
zdy dv
Or,y~ T

Now, putting the value in equation (1), we get,

dv v 1

dx 2x 2x2

1

O —-|-—=—— -------------------------------------

" dx 2x2
Now, Integrating Factor (I.F)= ef PP
d
— e;f—x
1
— p(logx)z
1
= X2
= x
Now, from equation (2),
\/_
VE G VES = -5

d 1 3

Or,a(v\/x) = —7X 2
1, 3

Or,vvx = —-[x"zdx

(2)



1%

= —+c

Or, 7%

S

Or,—=1+ C\/E [Where C iS an arbitrary constant]

The required solution is g =1+ cVx.

7.Solve (x> +y?* +2x)dx+2ydy =0
Solution:
The given equation is, (x? + y? + 2x) dx + 2y dy = 0

Or, (x?> + y? 4+ 2x) dx = =2y dy

d x%+2x
Or,—y——( )—Z
dx 2y 2
d x%+2x
Or,—y+z——( )
dx 2 2y
dy . y? x%+4+2x
Or, y— ———( ------------------------ 1
'ydx+2 2 (1)
Let, y2 = v
dy dv
Or, 2y —=—
! ydx dx
dy 1 dv
Or,y—=-—
'ydx 2 dx

Now, putting the value in equation (1), we get,

1dv v X242x
et T
2dx 2 2




Now, Integrating Factor (I.F) = el 1dx

Now, from equation (2),

e* %+ e*v = —e*(x? + 2x)

Or, %(ve") = —e*(x? + 2x)

Or,ve* = — [e*(x? + 2x)dx

Or, ve* = —(x% 4 2x) [ e*dx + [(2x + 2)e*dx

Or, ve* = —(x% + 2x)e* + [ 2xe*dx + [2e*dx

Or, ve* = —(x* + 2x)e* + 2xe* — [2e*dx + [ 2 e*dx
Or, y?e* = —x%e* + ¢

Or, ( x? + yz)ex = C [Where ¢ is an arbitrary constant]

The required solution is. (x% + y2)e* = c.

dy
8.Solve— ( )tan = (1+ x)e*sec
dx 1+x Yy = ( T ) y
Solution:
The given equation is, Z—Z — (ﬁ) tany = (1 + x)e* secy

Or, cosy % — (1+ )smy = (1+x)e*----—--—-- (1)



Let, siny = v

dv

dx

d
Or, cosy d—i

Now, putting the value in equation (1), we get,

@w_ v o_ X e
dx 1+x (1+x)e (2)
f—de
Now, Integrating Factor (I.F)= e’ 1+x
1

— ¢ T
— e—log(1+x)
=[1+x)?

Now, from equation (2),

(1+ x)"lg — (1+x)71 =1+ x)"HA +x)e*}

(1+x)
i 17 — ,Xx

Or, — fvQ+x)"}=c¢

or,v(1+x)"1 = [eXdx

Or,siny (1+x)™1=e* +¢

siny )
Or, 14 =e*+c [Where € is an arbitrary constant]

. . . Siny
The required solution is Toe = e*+c.

9. Solve 2 4 2 = x,/y

dx 1-—x2




Solution:

. . . dy xy
The given equation is, Ix + = x\/;

1—x2

1 d x
Or,——y y2=
Vy dx o 1-x

Let, \/; =7V

1 dy dv

Oor,— —==
" 2\y dx dx
1 d dv
or, = 2= 2
Vy dx dx

dv xXv

2—+ =
dx  1-x2
dv XU X

X
—=—d
Now, Integrating Factor (I.F)= efZ(l—xz) X

1. dz Let, 1 —x*=7z
— eEf_E Or,—2xdx = dz
0r,xdx=—£
2
_1
=e 2092
_1
=7 4
_1
= (1 —_ x2) 4

Now, from equation (2),

(=] S [a -5 = [a -7

2(1—x2) -



Or,(1 2)1=—Zfz adz
—-X 4
3
5 1 [z
or, ylz_le?]+C
(1-x2)4 4
3
Or, vy =11 -x»i+c
-xi 3

1
or, Jy = —g(l —x%)+c(1l—x%)2

dz

Let, 1—x%*=7z
Or,—2xdx = dz
Or,xdx = -

[Where C iS an arbitrary constant]

1
The required solution is, \/y = —%(1 —x)+c(1—x?)x
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10. Solve % +xy = x3y3

Solution:

dy — 3.3
dx+xy—xy



-3 dy

- 3 _
dx

-3dy _dz

+xy2=x3-2y —=—

Or, y
or, =24 xz = 3

2dx
or, £+ (—2x)z = —2x3
r— x)z = —2x

o [LF.= e~ J2xdx = g=x°

Hence the solution is:
ze ™ = j(—2x3) e~ dx + ¢
= [x%(—2x) e~ dx +c Let, —x%=t
= j —t.etdt + ¢ — 2xdx = dt
=—tet +et+c
=x2e™* +e™ 4 ¢

ny e =(1+x%e ™ +c

(Ans.)
dy . X
11.Solve x——+ ylogy = xye
Solution:

xd—y+ logy = xye*
dx ylogy y

ldy 1 _ X
Or,ydx+xlogy =e

- _ 1dy _
Putting logy = z, S ax @



.dzz
“dx  x

1
o [LF.= elx®™ = glogx — 4

Hence the solution is:
ZX = j xe*dx + ¢

=xe*—e*+c¢

~xlogy =xe* —e*+c

(Ans.)
d sin 2
12. Solve =~ + 2222 = x2cos2y
dx X
Solution:
dy sin2y
P = x%cos’y

d 2siny cos
Or, sec?y =2 4 sec?y T2 — 2
! dx

dy 2
Or, seczyﬁ +-tany = x* Let, tany = z

dz 2 dy dz

Or, —+=-z=x? sec’y—= = —

T odx T X y dx  dx



Hence the solution is:

7.x% = fxzxzdx+c



dy , sin2y 2 2
13. Solve —+—= = x“cos“y
dx X
Solution:
dy
X _ 7 — 2 2 + X
e I xy* + ye
xd_y_ X — 2
Or, er——ye’ = 2xy
1 dy 1, _ 2x 1
Or,?a + (—;) = ox Let, 5 =Z
dx eXy2dx dx

n LF.= efdr = ¢*

Hence the solution is:

2x
ze* = | —e*dx+c¢
ex

=x%2+c
——e*=x*+¢
y
(Ans.)
1d 1 _
14.Solve — > — = = 2xe™*
ycdx 'y

Solution:



1 dy

—=) =2xe™”* Let —=—=7z
yzdx+( ) ! y
dz .~ 1d dz
or, Z+4+z=2xe*=2==
dx y2dx  dx

w [LF.= eJd% = ¢

Hence the solution is:
z.e* = j 2xe XeX*dx + ¢
=x%+c
1 x 2
Or,—;e =x“+c

e*+cy+x%y=0

(Ans.)
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Example 01: x% +yix =1y

Solution : X + ylx =y

dy _y_ _,2
dx X y
—pdy y?!
= 22 L —
y dx X 1
Let,y ! =
@_—ZQ—Q

dx  dx



4

4 3

4

4 4 4 ¢

Y T T T &
dv v

—————-=-1
dx x

dv v

—4+-=1

dx +x

| F=el™* = x

The solution becomes,
dv v

X—+Xx-=X
dx X

—(vx) =

< (vx)

vx=/ xdx

x x? . .
ity + ¢, is the solution.

dy _
ol 2Xy = —Xy

Example 02:

Solution:% + 2xy = —xy*

-4 dy -3 _ _
y Lt 2Xy X
lety 3 =v

_4dy dv

—3y 4L ==
y dx dx
—4dy _ _1dv

y dx 3dx
1dv

—-—+2xv = —X
3dx

dv

— — 6xv = 3X

dx

|.F=e/ —6%x = g=3%°
The solution becomes,

C2e2dV _ay2 a2
3x d——e3X 6xv = e 3%° 3x
X

i(V. e‘3x2) = [ 3x e3*% dx

6xdx =dz

3xdx = dz
3

4



Then,

_ay2 ez
= v e 3X =dez

2
e3x

= y3e—3x2 =-= +C
1 1 —3X2 . .
= = =-- + ce ,is the solution

d 2 3

3. Solve ~Z=(x y +xy) =1
dx

Solution: The equation can be written as,

dx
— - xy =xy’
dy

T 2dx
Dividing by x?, x2= Lo y?
dy x
1 2dx  dc
Put, - ==V, 50, X ’— = —
X dy dy

So, the equation becomes, Z—;i+vy=y3
12
Linear in v and y, I.F.=e/ ¥4V =¢3”
1,2 3 L2 1 5
ve?” = [ yle2” dy+C, ~y?=t, ydy=dt
= [ te'dt +C = 2e'(t-1)+C

1 1
Or, -ie?’z = ZeEyZ(%y2-1)+C

1
Or, % = (2-y2)-Ce5y2 is the solution.



d 2
4. Solve tanyd—i' + tanx = cosycos x

. d
Solution. ta nyé +tanx = cosycoszx

d - dz d
secyta nyé +secy tanx = cosszntlng, z=secy, so that = Secy tanyé

. dz
The equations becomes —t ztanx = cos°x

|LE. = eftanxdx logsecx

=e =secx
The solution of the equation is

2
zsecx = | cos’xsecxdx — C

secysecx = [ cosxdx — C = sinx-C

secy = (sinx-C)cosx,is the solution
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Example 1: Solve xy—@ =yl

dx
dy 3 _?
Solation : We have, Xy——7" =Yy € X
dx
d 2
Or y3d—i—xy2= € e e e, (i)
— y2 =y 2y_3@ :ﬂ

dx dx



Put Or

1dv —x2
——txv=—e
2dx
dv —x2 .
Or EC+2xv:—26 A e, (i1)
[ 2xdx
Now, LF =€
= exZ
Now, From equation (ii) , We get,
v N ex2 =2xv X ex2 = —Ze_xz X exZ
Or X
d( 2
Or E(ve ) ==
x2 .
o ve” =-2x+c¢ By— Integrating
exz
o 5 =—2x+c Ans:



Example 2: Solve The Partial differntial

ylog dx +(x —log y)dy =0

equation

Solation: We have,

ylog ydx + (x —log y)dy =0

dx _—(x-logy)
Or dy ylogy

dx _—x+logy
Or dx  ylogy
dx X 1
— 4+ —
Or dy ylogy 'y
1
J
—e ylog
Now, If
log(logyj
=e
=logy

1
- Required Solation is xlogy = ,[ ;(log )by



2
Or xlogy = —(logy) =+c

2

Example 3: Solve 2xydy- (x*+ y*+ 1) dx =0

Solution: Given that,

2xydy- (x*+ y*+ 1) dx=0

d
or, 2xy & X+ y+ 1
dx

or, 2xy & y’= x>
dx
d 2
or, 2y & y—-—+X ........... @)
dx x X
Now, Puting y*=V
5 dy dv (i
OF, 2Y —= =— iirirereerreernenns ii
Y dx dx
From (i) and (ii) we get,
dv v 1 (i
LIPS iii
dx x X
1
Now, LF =e J- &
— e—logx
. -1
= e- 0gX
-1
=X
From (iii) We get,
dv v, 1 1
— XX -—XX = —XX +XXX

dx X X



d, 1. 1
OY,&(V ;)—X—2+1

By integration,we get,
1 1
V==-=+X+C
X X
y2

1
or, —=X-=+C
X X

yAX T=x-x"+c

d
@ + tan ytan x = cosxsecy
Example4: solve dx
solution: Given that,
dy
——+tan ytan x = cosxsecy
dx
dy . :
COSy—+1tan X.SIN ¥ =COSX....uuurearnnnn... (@)
or, dx
let, siny=v
Y dy dv
or COSy—=—
' dx dx
v .
from(']) we QEt, Zx F AN XV = COSXKurrrimreriiiiimennnnneens (ll)

now,l.F = e ItanXdX



sin X
_eI dx
=CJ cosx

Let, COSX = Z
Or, -sinxdx = dz
—dz
Now, LF =e T
o oz
o logz-!
= Z'l
1
~ Cosx
= secx

From (ii) we get ,
dv
5 Secxttanx secx-v=cosx.secx
d
Or, —(Vsecx) =1
dx

By integration,
vsecx= X+c

Or, siny secx= X+c

Example 5: solve siny 3—}/ =cosy(l—xcosy)
X
. . . dy
Solution: Given, Siny ax =cosy(l—xcosy)
X
dy
or, secy tany — =secy — X
dx
y _
or, secytany ——-S€Cy = -X...ovvvnnnne.
dx

let, secy =v



dy dv

or, secy tany —— =

dx  dx
from (i)
dv (i
ot L SR i
dx
Now, LF =e j -dx
=e*
from (ii),
dV -X -X X
— e™-ve™ = -xe
dx
O d ( -X) -X
r, —(ve™) = -xe
dx
By integratiag,
ve =xe" -e” +¢
or, secy € =xe"-e+c
or, secy = x-1+ce*
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Solve the following Bernoulli differential equations:



. d
Exercise 1.2-2-2-2L
dx x x
dy y _y
dx x x?

X X
2dy 11 1
or,2y ——-y —=—........ i
let,
1
y =V
or, _y-Zd_y ﬂ
dx dx
dy dv
or, y2— = — —
'Y dx dx

dy

-1. . .
— and y~in equation (i),

Substituting the value of y-2



This is of the form Z—i’+ P(x)y= Q(x)where,
P(x) =

Q) = —=

Integrating Factor, |.F = e/ P 4%

V

— efﬂdx
1,1

= eEf;dx

1

= plnx2

- Vx

multiplying equation (ii) with this integrating factor we
get,



VXS4 x=— X
X 2X X

3

dv vV -2
Or,\/}a{- m=—2x 2

3

or,%(v.ﬁ)LZx_E

1
or, V/x=-2 % + C (By integrating)
2

1

1 _1 L .
or, 5 =Cx "z +x~1, Which is the complete solution of

this Bernoulli differential equation.

. d 1 ey

Exercise 2.2+ ===
dx X X

dy 1 _eY
dx x  x2

dy eV 1
ore Y=+ —=—..... |

! dx X x? (i)



eV =V

_yd av
or,e VX = =
dx dx
_yd av
or,eY == —=
dx dx

L _yd . L
Substituting the value of e yd—i} ande~Yin equation (i),

sy @y, e 1
dx X x?
Or_d_V.l.K:i
Tdx x  x?
av v 1
Of) = =~ G (ii)



Integrating Factor, I.F. = e/ P() dx

1
:e_f;dx

Inx

I
Q

R Ir

multiplying equation (ii) with this integrating factor we

get,
1av v 1 _ 1 1
xdx x 'x = x2'x
1dv Vv -3
y Tt —S=—X
x dx x?2
d 1 _3
or, —(V.-)=—x
2 (V.2)
14 x~2 i :
or, -=— — + C(By integrating)

1 L . .
or,e Y = v Cx ,Which is the complete solution of this

Bernoulli differential equation.



Exercise 3.2 2 +y =y%(x — 1)

d
2d—z+y=y3(x—1)

or, 2y Lryy3=(x—1)

let,
_2 _
y =
d av
or,2y = I
dx dx

Substituting the value of 2 y and yin equation (i),

or, 2 y'ﬁ—i’ +y 2= (x — 1)

or,fl—z +V=(x—1)unes (ii)



This is of the form Z—z+ P(x)y= Q(x)where,
P(x) =1
Q(x) = (x — 1)

Integrating Factor, |.F.= eJ P %

:efdx

1

1
:ezf;dx

= eX

multiplying equation (ii) with this integrating factor we
get,

e”, Z—Z +V.e*=(x — 1)e”
X

d
or, — (V.e*)=xe* — e

or,V.e* = [xe*dx — [ e* dx(By integrating)

Now, e* = [ xe* dx



=xfexdx—f(%fexdx)dx

= x eX — fexdx

V.e* = [xe*dx — [e*dx
or,V.eX=xe*— [e*dx— [e*dx
or,V.e¥*=xe*— e¥*— e*+C

or, y‘2 =x — 2 + Ce™*,Which is the complete solution
of this Bernoulli differential equation.

. d .
Exercise 4.cos xﬁ +ysinx +2y3 =

d .
cosxd—z+ysmx+2y3 =

dy sin x 1

3
or,—+ =—2
"dx ycosx y COS X
-3 dy -3
or,y E+y.y tanx = — 2secx

or, y~3 % +y~?tanx = — 2secx........ (i)



y2=V
d av
or, 2 Al
dx dx
3d 1dVv
or, y3—y = ———
d 2 dx

Substituting the value of y and y~2in equation (i),

;3 Ay

+v2tanx = — 2secx
Yy dx y
av
or, _1l4 + V.tanx = — 2secx
2dx
av .
or,a—zv.tanx = 4secx........ (ii)

This is of the form Z—i+ P(x)y= Q(x)where,

P(x) = —tanx

Q(x) = —4 secx

Integrating Factor, I.F.=eJ P 4%




= p—Jtanx dx
= g2 In(secx)

= (secx) ™2

1
sec?x

= cos?x

multiplying equation (ii) with this integrating factor we
get,

dv
— —2V.tanx = 4secx
dx

av
or, Ecoszx —2V.tanx cos’x = 4secx cos’x

sinx

av
or, cos’x — — V.cos?*x 2 = 4cos’x.
dx COS X COS X

dv .
or, cos?x " V.2 cosx (—sinx) = 4cosx

d
or, —(V.cos?x) = 4cosx
dx

or,V.cos’x = 4 sinx + C (By integrating)



or, y~*

cos?x =4 sinx + C ,Which is the complete

solution of this Bernoulli differential equation.

Exercise 5 — + ==Xyt

ay |y X a4

dx 3 y
_ady yy~t
or, y = — S =€
ady vy &
or, y "+ ——=e..... (i)
let,
y =V
—4dy _dv
onL-3Y T &
! dx 3 dx

Substituting the value of y~*—= and v~

3in equation (i),



or,v =e
Y dx 3
1dv .V
or,—-—+ —=¢*
3dx 3
av
or, ——V=-3e*..... (ii)
dx

This is of the form Z—z+ P(x)y= Q(x)where,
P(x) =—1
Q(x) = —e*

Integrating Factor, |.F.=eJ P () dx

= ef —dx

=e—X

multiplying equation (ii) with this integrating factor we
get,



— —V==3¢*
dx
.. dv _ _
or,e ™ *——V.e *¥==3e*.e7*
dx
av
—X —X
or,e *—+V.(—e =—3
d
or,—(V.e *¥)= =3

or, Ve *=—-3x + C (By integrating)

X

or,y 3e™*=-3x+C

1 L :
or, s e *=e*(C — 3x),Which is the complete solution
y

of this Bernoulli differential equation.

(152 - 157)

Exact Differential Equation:

A Dif ferential equation of the form M(x,y)dx + N(x,y)dy =0

or, M+ N Z—z = 0 is called an exact D.E if it satisfies the following condition
oM 0N

dy  ox

Working Rules:

i) Integreting M, with respect to x treating y as a constant.
ii) Find out those terms in ‘N’ which is free from x, then integrate them with respect

toy.
iii) Addingiandiiie (i) + (ii)) =C

Example:
xdy +ydx =0



oM 0
__

dy dy
6N_6x_
0X odx
as

oM _ dN

Pl 1; So the equation is an exact equation [ Mdx = [ ydx = yx

N terms free from x is o whose integretingC,
Therefore, the general solution of the given equation is
xy+C, =0C,

xy==C

1. (y*+4x3 +3x)dx+ (x1 +4xy3 +y+ I)dy = 0
Solution: Here M = y* + 4x3 + 3xand N = x* + 4xy3 + y + 1

M 4y + 457 and 2 = ax® 4 47
By 3% x> an o X Yy

Since there are equal, the equation is exact.
To find solution if the differential equation, integrating M i, e. y34x3y +
3x w.r.t.x, keeping y as constant, we get
3, .3 1,
yox x°y + 5
Inx* + 4xy3 + y + 1, terms free from x are y + 1 whose integral with respect to y is
1 92
Sy Y.
Therefore the general solution is

2 1
yix + x4y+§x2+ Ey2+y=C.

2. Solve x(x? + y? — a?) dx+y (x* — y* — b?)dy=0

Solution. Here M = x3 + xy? — a?x. N = yx? — y3 — b%y

oM N
3 =2xy and I =2Xy.

Since these are equal, the equation is exact,
Integrating Mw.r.t. x keeping y as constant, we get
1 1
4 2.,2 2.2
—x*+-x‘y* —-a‘x
2* T2V T3

In N, terms free from x are —y® — b?y whose integral is



1 1
I S A
2V —3b%Y

Hence the general solution is

2

1oa,1 22 1 2.2 1.4 1322 _
SXTHoxTyT —catxt =y 2by const.
or,x* — y* + 2x2y% = 2b%y?2 =C

3. Solve (x?-2xy + 3y?) dx + (4y3-6xy-x?) dy=0.

. oM aN
Solution. Here P —2+6y, Pl 6y —2X.

Since these are equal the equation is exact.
Integrating M,i.e.x2 — 2xy + 3y2 w.r.t.xkeeping yas constant,

we get

1

§x3 — x%y + 3y%x
In N, term free from x is +4y3 whose integral is y*.
Hence the solution is §x3 —x’y+3y*x+y*=C

Ex. 4. Solve (y—2eV) dy +(y+xsin x) dx=0).

Solution. Here M = y + xsinx. N = x — 2eV

Z—I: =1, Z—: =1; therefore equation is exact.

Integrating y + x sin xwith respect to x keeping as constant,

we getxy + [ xsinx dx = xy — x cos x + —sin x.

In N, term free from x is — 2eYwhose integral with respect to y is — 2e?
Hence the complete solution is

xy —xcosx+sinx —2e’ =C.

a? (x dy-y dx).
x2+y?

5.Solvexdx +ydy =

Solution. The equation can be put as

a’y a’x
x+x2+y2 dx + y—m dy:()

Here M = x + ?Zyz and N = x + gzyz
x2+y x2+y
oM (x?+y?)a’-a’y2y _ a?(x?-y?)
ay (x2+y2)2 T (xZ+y?)?
daN _ —a?(x?+y?)+2a%x? _ a?(x%-y?)
an ox (x2+y2)? T (x24y2)2



. oM ON . .
Since — = —, the equation is exact.
ady ax

Integrating M w.r.t. x regarding y as constant, we get

1 1 X 1
Exz + azyztan‘l; or Exz + a’tan”

1X

. : .1
N, term free from x is y whose integral is > y?

1

. .1 _1Xx 1
Hence the solution is 2 x? + a’tan 5T S ¥?=const.

1X

orx? + y? + 2a’tan” 5= C.
Ex. 6. Solve (1 + e*/Y)dx + /Y (1 — x/y) dy = 0.
Solution. Here M = 1 + —e*/Y and N = e*/¥ (1 — x /).

. oM N . .
Since — = —, the equation 1s exact.
dy ox

Now integrating 1 + e*/Ywith respect to x keeping y as constant,
eXx/y

1/y

In Nie., in e*/Y(I — x/y) there is no term free from x.

we get x + i.e.,x+yex/y

Hence the required solution is x + ye*’Y = C.

Ex.7.[cos xtany + cos (x + y)] dx
+[sin x secy + cos (x +y)| dy = 0.
Solution. Here M = cos x tan y + cos (x + y),

andN = sin x sec? y + cos (x + ).

oM .
Now== = cosr sec’y —sin (x + ),

ON 2 .
5= COS x sec”y — sin (x—v)
Since these are equal, the equation is exact.

Now integratingM, ie. cos x tan y — cos(x + y) with respect to x keeping yas constant,
we get

sinxtanr +sin (x + 1)
In N, there is no term free from x

Hence the general solution is



Ex.

sinxtany +sin(x+1) =C.
8.(cosxtany — sinxsecy)dx

+(sin x sec?y + cos x tan* y cosec y)dy = 0

Soln. We have M = cosxtany — sinx secy;

and N = sinx sec? y + cos x tan? y cosec y.

Ex.

EXx.

oM 5 )
W: cos x secy —sinx secytany,

aN .
—=cos x sec’ y —sinx tany secy

ax

. oM ON . .
Since — = —, the equation is exact.
ady ax

Integrating M ie.cos x tan y — sin x sec y with regard to keeping y as constant we get
sinx tany + cos x sec y.
In N there is no term free from x.
Hence the general solution is
sinxtany + cos x secy = C.
9. Solve (sin x cos y + e**) dx
+(cosxsiny+tany)dy =0

oM . . aN . .
Sol“.Herea = —sinxsiny,——= —sinxsiny

Since these are equal, the equation is exact.

Integrating Mi.e.,sinx cosy + e w.r.l.x, keeping yas constant, we
get— cos x cos y + %ezx

Also in N the term free from x is tan y whose integral w.r.t y is log sec y.

Hence the solution is

1
—cosxcosy+zezx + log secy =C

10.Solve (r+sin@ — cosB)dr + r(sinf+cos0)do = 0

Sol".Here we have r and 0 in place of usual variables x and y.

Comparing the given equation withM dr +N d6 = 0, M =r +sinf — cos@, N = r(sin6 + cosf).

So,

Or,

dM /060 =cos 0 + sinf = dN /0r .so equation is exact with solution
JM dx + f( terms in N not containing r) = ¢

[(r + sinf — cosO)dr = ¢



Or, r/2 +r(sin@ — 0) = ¢

Ex. 11. Show (4x + 3y + 1)dx + (3x + 2y + 1)dy =0 is a family of hyperbolas with a
common axis and tangent at the vertex.

Sol".Given (4x +3y + 1)dx + B3x +2y + )dy =0 ... (1)
Comparing (1) with M dx +N dy =0 here, M=4x+3y +1,  N=3x+2y +1.

Here dM /0y =3=0N /0x and so (1) is exact .Its solution is
f(4x+3y+1)dx + f(3x+2y+1)dy=0

Or, 2x% +3xy +x +y%+y+ k = 0, where k is an arbitrary constant. ...(2)

Comparing (2) with standard form of conic section ax? + 2hxy + by? + 2gx + 2fy +c =0,
here, a=2, b=1, h=3/2 g=1/2, f=1/2, c=k ..(3)

Then h? —ab = (z) — 2 = positive quantity,

Showing that (2) represents a family of hyperbolas ,k being the parameter ,with common axis
and tangent at vertex.

Ex. 13. Find the values of constant A such that (2xe” + 3y?) (%) + (3x% + 2e”) = 0 is exact.

Further,for this value of A,solve the equation
Sol". Re-writing the given equation ,(3x% + Ae¥)dx + (2xe¥ + 3y?)dy = 0 ...(1)
Comparing (1) with M dx + Ndy = 0 ,hereM = 3x? + 1e” and N=2xe” +3y?

Now,for (1) to be exact we must have

oM ON
oM _ 9N Y =20V  givi =
5 Pl that, Ae 2eY giving A =2.

So, (1) becomes (3x% + 2e¥)dx + (2xe?¥ + 3y®)dy =0 ...(3)

Equation (3) in exact and hence its solution is its solution is

JM dx + J(terms in N not containing x)dy = ¢



or, [(3x?+2e®)dx + (3yH)dy =c

Or, x3+2e*+y3 =c.

Reduce to Non exact D.E into exact D.E:

Mdx + Ndy =0
a d .
When % * % then two case occur to convert the Non exact D.E into exact D.E.
IM_0N
i 2y 9% — £(x)a function of X’ onl , then e/ F(®)ax i5 an integrating factor.
N y g g
IM_0N
i dy dx __ : f—g(x)dx . . .
(ii) = g(x),a function of y alone, then e is an integrating factor.

Ex. 14.Solve (x* + y?* + x) dx+xydy=0
Sol. Here M = x? + y? + x,N = xy

oM =2y,a—N =y. equation is not exact,
dy ox
oM _0dN
However, oy ox _ ZX7Y _ 1, a function of x alone.

xy x

Hence1F=e‘f§dx=e *=x

Multiplying by I F., the equation becomes

(x% + y? + x¥)dx + x?y dy = 0, exact now (check up)

Integrating x3 + xy? + x? with regard to xkeeping y as constant, we getix4 + %xzyz +
1.3

3

and in x2y? there is no term free from x. Therefore the solution is %x“ + %xzyz + §x3 =

Cor3x* +4x3 + 6x%y?> =C

Ex.15.(2xlogx — xy)dy + 2ydx = 0

6_M __ 02y a_N __ 0(2xlogx—xy)

in —_ —_ J—
Sol". = oy 2 and o o =2+ 2logx —y
oM AN
A ,E * ™
aM aN
3y ax  —(2logx— 1 . .
Hence,we need2X 22X — (2logx—y) _ _1 which is the function of x alone
N x(2logx—y) x



1
So,the I.Fise/ @9 =1

X

Now by multiplying the equation we can get 2%dx + (2logx —y)dy =0

So now ,by integrating M’with respect to x keeping y constant and adding the integral of the
part free from x in N’ we can get the solution which is

2ylogx — %yz = c(ans.)

Ex. 16.Solve (x> + y* + ) dx — 2xy dy = 0

oM aN
Sol.— = 2y, — = —2y.not exact,
oy s ox y ’
oM ON
3y 9x  2x— 2 )
However, 2% = 227 — _ 2 fynction of x alone.
N —2xy x
- 2 —2logx 2
I.LF=e —dx=e 9x = —
X X

Multiplying by xiz the equation becomes
1+2 + Dydx — 2 dy = 0, exact
(1 +25+3)dx —— dy = 0, exact now

2
Integrating 1 + z_z + xiz with regard to x keeping y as constant,

2
1
wegetx—y?+;

.2 .
and in 73/ there is no term free from x.

L 2 1
Hence the solution isx — y; ——=Cor x2—y?=Cx+1

Ex. 17. Solve (x? + y?) dx-2xy dy = 0.

Sol. Just as in the above example, I.F=1/x"2
Hence Multiplying by xizthe equation becomes
(1 +y?/x?)dx — 2y/x dy = Onot exact
= Solution is x — y; =Corx?—y?=Cx

Ex. 18. Solve (x? + y? + 2x) dx + 2y dy = 0.

oM AN
Sol. ke 2y, Pl Onot exact



oM 0N

9y ox __ 2
However, 2% = 2¥ — 1
N 2y

=~ LF=e*
Multiplying by e* the equation becomes
e*(x% + y? + 2x)dx 2y e* dy = Onot exact
This can be written as
(x2 + 2x) e*dx + (y?e*dx + e*.2y dy) = 0
Or, d(x2%e*) + d(y%e*) =0
~Integrating, x?e* + y%e* = Cor (x? + y?)e* =C
After, The equation can also be written as

d
2yd—§2+x2 = —x?+ 2x

Putting y? — r,;i—;/ +r = —x? + 2x Linear, L.F=e”* etc

Ex. 19. Solve (%y + 93 %xz) dx + % (x +xy*)dy =0

oM _ 2 ON _1 2
Sol. 3y = 1+y%, P —4(1+y ) not exact
oOM ON
oy ox _ (1+y)-7(1+y?) 3

However, — is a function of xalong.

%x 1+y?) x2

-‘-I.F:ef%dx — e3logx = 53
Multiplying by x3 the equation becomes
(x3y + §x3y3 + %xs)dx + i(x4 + x*y?) dy = Oexact now
Integrating, x3y + §x3y3 + %xswith respect to x keeping y as constant, we
14,1 4.3, 1 6
get;xy + —xty® + —x
In i (x* + x*y?) there is no term free from x
~the solution is = x*y + —x*y® + —x® = constant
4 12 12
or, 3x*y + y3x* +x6=C
Ex. 20. Solve (y* + 2y) dx + (xy® + 2y* — 4x)dy = 0
oM

aN
Sol. ™ 4y3 + 2, 5= y3 — 4, not exact
aM_oN 52 ()
3y =ax  4y3+2—-(y3-4) 3 .
However, 222% = = ~ Y = =q function of y alone.
M y*+2y y




3
I_F:e_f;dy = e‘310gy - 1
y3

Multiplying by 1/y3, the equation becomes

4x

(y + %) dx + (x + 2y — y3) dy = 0,exact now.

Integratingy + % w.r.t x keepingy as constant, we have
yx + ix
yZ
In x + 2y — %,the term free from xis 2y; So inteerating 2yw.r.t.y; we get y?2

Therefore the solution is yx + %x +y? =C.
Ex. 21. Solve (3x%y* + 2xy) dx + 2x3y® — x®)dy = 0
; oM _ 2.,3 ON _ . 2.3
Solution.Here oy 12x°y° + 2x, Py 6x“y 2x,
dM_ON

By ox _ _6x*y +4x 2
M y(3x2y3+2x) y

Now, function of y alone.

I_F=e—f2/ dy — p—2logy — iz
y

Multiplying by 3% the equation becomes
2,2 4 2% 3., _ %2 —
(3x ye+ y) dx + (2x y y2) dy = 0,exact now.

Integrating 3x%y? + 27x w.r.t x keeping y as constant, we get

2
x

x3y3 +—
y

2
X .
In 2x3y — —yz,there is no term free from x

2
Hence the solution is x3y? + x; = C.

orx3y? + x% = Cy.
Ex. 22.Solve (2xy*e* + 2xy3 + y) dx + (x*y*e* — x?y* — 3x)dy = 0

M d
Sol.We have-- (3% — 2%)° ZLF==
M \ 0y ox/y y*
2
Solution is x?e* ==+ = = C
y oy

Ex 23.y(x% + e¥)dx — e*dy = 0

Sol.



(x%y? + e*y)dx + (—e*)dy = 0

oM d(x%y*+e*y) 2 x AN _ 9(-e*) x
Or,ay = 3y =2yx“+e but, = o =€
oM ON
AS,@ * E™

om_ow
9y 9x __ 2(x%y+e®) _2
M y(x2+eX) y

Now we need to find, which is the function of y alone

2
f;dy = p—2lny — 1

so,the I.LF=e 7

Multiplying )%the equation becomes,
1 2 x eX _ . .
5 (x“y +e*)dx — ?dy = 0,which is exact.

Now,as there is no term free from x in N’ so, only by integrating %(xzy + e*)with respect to x keeping y

as constant we can have the solution which is
x3  e*

—+ —=c(ans.

S +% = cfans)

23.(2xy? — 2y)dx+(3x%y — 4x)dy = 0

Now,
oM _ 9(2xy*-2y) _ _ ON _ 9(3x%y—4x) _ _
I T 4xy 2andax == = 6xy — 4

aM  ON
Here,E e

om_on
So we need to find,ayMax = ;gg:g = —= which is the function of y alone
1
= [(=Ya

Sothel.Fise J=dy =y

Now ,multiplying y the equation becomes,
(2xy3 — 2y?)dx + (3x?y? — 4xy)dy = 0

Now, as there is no term free from x in N’, we can find the solution only by integrating M’ with respect
to x keeping y fixed.So the solution will be ,

x2y3 — 2xy? = c(ans.)

24.(xy3 + y)dx + 2(x*y?* + x + yHdy = 0



oM _ d(xy3+y) _ 2
Now,ay =" - 3xy“+1 and

oN _ 3R(x*y*+x+y")} _ , 2
rl e =4xy° +2

oM | 9N )
As,— # — we need to find,
ay dx

aM_oN
2y ox _ —(xy?+1) _
M y(xy2+1)

- %which is the function of y alone

1
. . . - [(-Dd
so, the integrating factor is I.F=e [edy el =y

Now, by multiplying the equation with y we can get,
(xy* + y)dx + 2(x*y3 +xy + y>)dy =0
2

y*
2

X

+ y2x

Now, integrating M’ with respect to x we can get

6
And,inN’,term free from x is 2y5,whose integral isy?

) o x%yt 2 6
So now the solution is — tyx+o=c (ans.)
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Elementary Discussion of Differential Equation & Formation of
Differential Equation

Differential Equations

In Mathematics, a differential equation is an equation that contains one or more functions with its
derivatives. The derivatives of the function define the rate of change of a function at a point. It is
mainly used in fields such as physics, engineering, biology and so on. The primary purpose of
the differential equation is the study of solutions that satisfy the equations and the properties of
the solutions.

Differential Equation Definition

A differential equation is an equation which contains one or more terms and the derivatives of
one variable (i.e., dependent variable) with respect to the other variable (i.e., independent
variable)

dy/dx = f(x)

(Y4

Here “x” is an independent variable and “y” is a dependent variable

d%y
“dx?2

d 1+x2
For example, 1.2 = ,
dx 1-y2

_ oy o _ dyy2qs _ 1. 4%
=22 _gy=0, 3[1+@)=k

2 dx?

A differential equation contains derivatives which are either partial derivatives or ordinary
derivatives. The derivative represents a rate of change, and the differential equation describes a
relationship between the quantity that is continuously varying with respect to the change in
another quantity.

Types of Differential Equations

Differential equations can be divided into several types namely

e Ordinary Differential Equations

o Partial Differential Equations

e Linear Differential Equations

e Non-linear differential equations

o Homogeneous Differential Equations

e Non-homogenous Differential Equations



Differential Equations Solutions

There exist two methods to find the solution of the differential equation.

1. Separation of variables
2. Integrating factor

Separation of the variable is done when the differential equation can be written in the form of
dy/dx = f(y)g(x) where f is the function of y only and g is the function of x only. Taking an initial
condition, rewrite this problem as 1/f(y)dy= g(x)dx and then integrate on both sides.

Integrating factor technique is used when the differential equation is of the form dy/dx + p(x)y
= q(x) where p and q are both the functions of x only.

Order of Differential Equation

The order of the differential equation is the order of the highest order derivative present in the
equation. Here some examples for different orders of the differential equation are given.

e dy/dx = 3x + 2, The order of the equation is 1
o (d’y/dx?) + 2 (dy/dx) +y = 0. The order is 2
e (dy/dt) +y = kt. The order is 1

First Order Differential Equation

A first order differential equation is an equation of the form F(z,y,y")=0. A solution of a first
order differential equation is a function f{(¢) that makes F(z.f(¢),/(t))=0 for every value of .

Here, F is a function of three variables which we label 7, y, and y". It is understood that y" will
explicitly appear in the equation although ¢ and y need not. The term "first order" means that the
first derivative of y appears, but no higher order derivatives do.

Example:

y'=t2+1 is a first order differential equation; F(ty,y" )=y —t2—1. All solutions to this equation are of
the form t3/3+t+C.

The equation from Newton's law of cooling, y'=k(M—y) is a first order differential equation;
F(t,y,y )=k(M—y)—y".Higher Order Differential Equation.



Second-Order Differential Equation

The equation which includes second-order derivative is the second-order differential equation.

is represented as;

d/dx(dy/dx) = d*y/dx* = £ (x) = y”

Higher order differential equations:

There are two types of higher order differential equation

1.Higher order linear homogenous differential equation.

2.Higher order linear non homogenous differential equation.

Higher order linear homogenous differential equation: Higher order homogenous
Differential equations with constant coefficients is called the characteristic equation
Of the differential equation.

Example:

Ly’ +2y’’-y’-2y=0

2.y’-Ty”+11y’-5y=0

3.y777-y 7 +2y’=0

4.y +18y’’+81y’=0

5.4y’ +5y -4y’ +4y=0

Higher order linear non homogenous differential equation: The general solution y(x)
Of the non-homogeneous equation is the sum of the general solution yO(x) of the

Corresponding homogeneous equation and a particular solution y1(x) of the non

Homogeneous equation.

Y(x)=y0(x)+y1(x)

Example:
1.y’ +3y”’-10y’=x-3
2.y’7’-y’=sin3x

2999

3.y’ -y=2cosx

It



Degree of Differential Equation

The degree of the differential equation is the power of the highest order derivative, where the
original equation is represented in the form of a polynomial equation in derivatives such as y’,y”,

999

y”’, and so on.

Suppose (dzy/dxz) + 2 (dy/dx) +y = 0 is a differential equation, so the degree of this equation
here is 1. Some more examples here:

e dy/dx +1=0,degreeis 1
. (y”’)3 +3y” + 6y’ — 12 =0, degree is 3

Ordinary Differential Equation

An ordinary differential equation involves function and its derivatives. It contains only one
independent variable and one or more of its derivatives with respect to the variable.

The order of ordinary differential equations is defined as the order of the highest derivative that
occurs in the equation. The general form of n-th order ODE is given as

FX,y,y,....,y)=0

1. (1-x) y"-4xy'+5y = cos x
2. 2. @ty =0

3. 5% ey +6y—0

4 d2 + +u—cos(r+u)

’ dr2
d?y dy
5. —= |1 —)2
dx? + (dx)
d?R k
dt? R?

Partial Differential Equations

A differential equation involving derivatives of one or more dependent variables with respect to
more than one independent variable is called partial differential equation. A Partial Differential
Equation commonly denoted as PDE is a differential equation containing partial derivatives of
the dependent variable (one or more) with more than one independent variable. A PDE for a
function u (x4, ...... Xp) 1s an equation of the form

ou ou  9%u %u
......  en’ e’ Biden)




Example:

0%u 0%u
1. —+ —==
0x2 ay?
2. Ut Uy =0

2

0%u 0%u 0%u 2 2
3. dx2 + (6x6y) + ay2 X“+y

0

Linear Differential Equations

A linear differential equation is a differential equation that is defined by a linear polynomial in
the unknown function and its derivatives, that is an equation of the form. This is an ordinary
differential equation (ODE). A linear differential equation may also be a linear partial differential
equation (PDE), if the unknown function depends on several variables, and the derivatives that
appear in the equation are partial derivatives.

Example:
dy/dx + 2y = sin X

dy/dx +y =ex

Non-linear differential equations

A non-linear differential equation is a differential equation that is not a linear equation in the
unknown function and its derivatives (the linearity or non-linearity in the arguments of the
function are not considered here.

Example: 3+yy'=x—y

An equation will be non- linear if —

1) Derivatives will be in the form of product.

2) Dependent variables and derivatives will be in the form of product.
3)dependent variables will be in the form of product.

4) Transcendental function of the dependent variables

Homogeneous Differential Equations
A differential equation of the form Z—z:%is called a homogeneous equation if each term of f

(x,y) and ¢ (X, y) is of the same degree i.e.,

dy 3xy+y?
dx  3x2+xy



dy dy
In such case we put y = vx and o vtx—-

The reduced equation involves v and x only. This new differential equation can be solved by
variables separable method.

Working Rule

dy dy .
Step 1: Put y = vx and Lo vtx—~ Step 2 : Separate the variables.
Step 3: Integrate both the sides. Step 4: Put v = % and simplify.
Example:

2
Lsinx) T2 +4 24y =0
2. dy/dx = y(x—y)/x*

3.f(ZX,Zy> = (ZX)2 + (Zy)2 — ZZ(XZ + y2)

Non-homogenous Differential Equations

A second order, linear nonhomogeneous differential equation is

y" Oy +a®y=gO((Dy +p(t)y+q®)y=g®)

where g(t)g(t) is a non-zero function. Note that we didn’t go with constant coefficients here
because everything that we’re going to do in this section doesn’t require it. Also, we’re using a
coefficient of 1 on the second derivative just to make some of the work a little easier to write

down. It is not required to be a 1.

Before talking about how to solve one of these we need to get some basics out of the way, which
is the point of this section.

First, we will call
y"+p(D)y+q(t)y=0(2)(2)y"+p(t)y+q(t)y=0

the associated homogeneous differential equation to (1).



Now, let’s take a look at the following theorem.

Theorem:

Suppose that Y1(1)Y1(t) and Y2(t)Y2(t) are two solutions to (1) and
that v1(t)y1(t) and y2(t)y2(t) are a fundamental set of solutions to the associated homogeneous
differential equation (2) then,

YIO)-Y2(O)Y1(H)—Y2(t)

is a solution to (2) and it can be written as:

Y1(1)=Y2(t)=clyl(t)+c2y2(t)

Note the notation used here. Capital letters referred to solutions to (1) while lower case letters
referred to solutions to (2). This is a fairly common convention when dealing with
nonhomogeneous differential equations.

This theorem is easy enough to prove so let’s do that. To prove that Y1(t)-Y2(t)Y1(t)-Y2(t) is a
solution to (2) all we need to do is plug this into the differential equation and check it.

(Y1-Y2)"+p(t)(Y 1-Y2)+qt)(Y 1=Y2)=0Y 1"+p(t)Y 1'+q(t)Y 1-(Y2"+p(t) Y 2'+q(t) Y 2)=0g(t)—g(t
)=00=0(Y 1-Y2)"+p(t)(Y 1-Y2)+q(t)(Y1-Y2)=0Y 1 "+p(t)Y 1 +q(t) Y I-(Y2"+p(t) Y2"+q(t) Y2)=0
g(H)—g(t)=00=0

We used the fact that Y1(t)Y1(t) and Y2(t)Y2(t) are two solutions to (1) in the third step.
Because they are solutions to (1) we know that

Y 1"+p()Y 1+q(t)Y 1=g(t) Y2 +p(t) Y2'+q(t) Y2=g(t) Y 1 "+p(t) Y 1 +q(t) Y 1=g(t) Y2 +p(t) Y 2'+q(t) Y
2=g(t)

So, we were able to prove that the difference of the two solutions is a solution to (2).
Proving that
Y1(t)—Y2(t)=clyl(t)+c2y2(t) Y 1(t)—Y2(t)=clyl(t)+c2y2(t)

is even easier. Since y1(t)y1(t) and y2(t)y2(t) are a fundamental set of solutions to (2) we know
that they form a general solution and so any solution to (2) can be written in the form

y(O)=clyl(t)+c2y2(t)y(t)=cly1(t)+c2y2(t)



Well, YI(t)-Y2(t)Y1(t)—Y2(t) is a solution to (2), as we’ve shown above, therefore it can be
written as

Y1(t)-Y2(t)=clyl(t)+c2y2() Y L()-Y2(t)=c 1yl (t)+c2y2(t)

So, what does this theorem do for us? We can use this theorem to write down the form of the
general solution to (1). Let’s suppose that y(t)y(t) is the general solution to (1) and

that YP(t)YP(t) is any solution to (1) that we can get our hands on. Then using the second part of
our theorem we know that

y(t)—YP(t)=clyl(t)+c2y2(t)y(t)-YP(t)=clyl(t)+c2y2(t)

where y1(t)y1(t) and y2(t)y2(t) are a fundamental set of solutions for (2). Solving
for y(t)y(t) gives,

y(O)=clyl(t)+c2y2(t)+YP(t)y(t)=clyl(t)+c2y2(t)+YP(t)
We will call

ye(O=cly1(O+c2y2(0)yc(t)=c1y1(t)+c2y2(t)

the complementary solution and YP(t)YP(t) a particular solution. The general solution to a
differential equation can then be written as.

y(O=yc(O+YPOy(t)=yc(H)+YP()

So, to solve a nonhomogeneous differential equation, we will need to solve the homogeneous
differential equation, (2), which for constant coefficient differential equations is pretty easy to
do, and we’ll need a solution to (1).

This seems to be a circular argument. In order to write down a solution to (1) we need a solution.
However, this isn’t the problem that it seems to be. There are ways to find a solution to (1). They
just won’t, in general, be the general solution. In fact, the next two sections are devoted to
exactly that, finding a particular solution to a nonhomogeneous differential equation.

Example: y'=2y'—3y= e
The corresponding homogeneous equation y” — 2y" — 3y = 0 has characteristic equation
P=2r=3=@+1)(r—3)=0. So the complementary solution is y.= C; e + C, e,

The nonhomogeneous equation has g(t) = ¢ Ttis an exponential function, which does
not change form after differentiation: an exponential function’s derivative will remain an
exponential function with the same exponent (although its coefficient might change due
to the effect of the Chain Rule). Therefore, we can very reasonably expect that Y(¢) is in



the form A ¢*' for some unknown coefficient A. Our job is to find this as yet
undetermined coefficient.

Let Y= Ae™, then Y'=2A ¢*, and Y" = 4A ¢*. Substitute them back into the original
differential equation:

(44 ) — 224 ™) — 3(A €*) = &*
_ 3A 62[ = eZt
A=-1/3

Hence Y(t) :_?1 e?t

Therefore, y = y. +Y= Cje" + Cae™ - §92t

Example: y” - 2y’ -3y =3t° + 4t-5

The corresponding homogeneous equation is still y” — 2y’ — 3y =0.

Therefore, the complementary solution remains y. = C; e ' + C, €',

Now g(t) = 3t + 4t — 5. It is a degree 2 (i.e., quadratic) polynomial. Since polynomials,
like exponential functions, do not change form after differentiation: the derivative of a
polynomial is just another polynomial of one degree less (until it eventually reaches
zero). We expect that Y(t) will, therefore, be a polynomial of the same degree as that of
g(t). (Why will their degrees be the same?)

So, we will let Y be a generic quadratic polynomial: Y=At* + Bt + C. It follows
'=2At+B,and Y" =2A.
Substitute them into the equation:
(2A) —2Q2At+B)-3(A+Bt+C)=3t"+4t—5

—3At"+(—4A - 3B)t+(2A—2B—-3C)=3t"+4t—5

The corresponding terms on both sides should have the same coefficients, therefore,
equating the coefficients of like terms.



t’:  3=-3A A=-1
t: 4=—4A-3B — B=0
1: -5=2A-2B-3C C=1

Therefore, Y =—t*+ l,andy=y.+ Y=Cie '+ Co e —t* + 1.
Normal Equation to Differential Equation

Ex. 1. Find the differential equation of all circles which pass through the origin and whose
centers are on the x-axis.

Sol.
We know that the equation of any circle passing through the origin and whose center
is on the x-axis is given by,

x? +y? + 2gx = 0, g being an arbitrary constant. ... (1)
Differentiating (1) w.r.t ‘x’, we get,
2x + 2y(dy/dx) + 2g = 0... (2)
From (1),
2gx = —(x* +y*)
so that,
28 = —(x*+y?)/x...(3)

Substituting for 2g from (3) in (2), we have,

2xy%+x2—y2=0

Ex. 2. Find the differential equation which has y = a cos (mx + b) for its integral, a and b
being arbitrary constants and m being a fixed constant.

Sol.

Given that,



y=acos (mx +b). ... (1)
Differentiating (1) w.r.t ‘x’, we get,
dy/dx = — am sin (mx + b). ... (2)
Differentiating (2) w.r.t ‘x’, we get,
d?y/dx? = —am?cos(mx + b) ... (3)
Or d?y/dx? = —m?y, using (1)
Thus, the required differential equation is,

d?y/dx? + m?y =0

Ex. 3. Find the differential equation from the relation y = a sin X + b cos x + X sin x, where
a and b are arbitrary constants.

Sol.
Given,
y=asinx +bcos x +x sinX. ... (1)
Differentiating (1) w.r.t ‘x’,
dy/dx = a cos x —b sin x + sin X + X co0s X. ... (2)
Differentiating (2) w.r.t. ‘x’,
d?y/dx? = —asinx — bcos x + 2cos x — xsin x
Or d?y/dx? = 2cosx — (asinx + bcos x + xsinx) = 2cosx —y, by (1).

(d?y/dx?) + y = 2cos x, which is the required differential equation.

Ex. 4. Find the differential equation of the family of curves y ! ex (A cos x " B sin x),
where A and B are arbitrary constants.

Sol. Given that,

y = e*(Acosx + Bsinx) ... (1)



Differentiating (1),

y' = e*(—Asinx + Bcos x) + e*(Acos x + Bsin x)

or y' = e*(—Asinx 4+ Bcos x) + y using (1). ... (2
Differentiating (2) again with respect to x, we get,
y" = —e*(Acosx + Bsinx) + e*(—Asinx + Bcosx) +y'... (3)
Now from (2),
we get,

e*(—Asinx + Bsinx) =y’ —y... (4)

Hence, eliminating A and B from (1), (3) and (4), we get,

" _

y'=-y+y —y+y or y'—=2y"+2y=0

Ex. 5. By eliminating the constants, a and b obtain the differential equation for which xy = ae* +
be™* + x2 is a solution.

Sol.
Given that,
xy = ae* + be ™ + x2... (1)
Diff. (1) w.r.t ’x’, we get,
xy' +y =ae* —be ¥+ 2x...(2)
Diff. (2) w.r.t ’x’, we get,
xy" +y' +y =ae*+be™*+2
Or xy" + 2y = (xy — x2) + 2, using (1)

Or xy" + 2y —xy+x2—-2=0



Ex. 6. Find the differential equation corresponding to the family of curves y = c¢(x — ¢)? where ¢
is an arbitrary constant.
Sol. Given that,

y=c(x—0c)2..(1)
Diff. (1) w.r.t. ‘x’, we get,
y'=2c(x—0)..(2)
From (1) and (2),
y'/y =2/(x—c) sothatc =x— (2y/y’)... (3)
Putting this value of ¢ in (2),

The required equation is y' = 2{x — (2y/y")} x (2y/y") or (y")3 = 4y(xy’ — 2y)

Ex. 7. Find the differential equation of all circles of radius a.
Sol. The equation of all circles of radius a is given by,
(x—h)?2+ (y—k)? =a%..(1)
where h and k, are to be taken as arbitrary constants.
Diff. (1) w.r.t. ‘X’, we get,
(x—h)+ (y—Ky' =0..(2)
Diff. (2),
1+ )2+ - Ky =0ory—k=—{1+(F)2/y".. 3)
Putting this value of y — k in (2), we get,
x—h=-(@-ky ={1+@)}xF/y"..4

Using (3) and (4), (1) gives the required equation as

(00 0 o _

(y'")? (y'")?

or {1+ (7)) = a2(y")’




Exact Differential Equation

A differential equation of type P(x,y)dx + Q(x,y)dy = 0 is called an exact differential
equation if there exists a function of two variables u(x, y) with continuous partial derivatives

such that du(x,y) = P(x,y)dx + Q(x,y)dy. The general solution of an exact equation is
given by u(x,y) = C, (where C is an arbitrary constant.)

This is a type of differential equation that can be solved directly without the use of any of the
special techniques in the subject. A first-order differential equation is called exact, or an exact
differential, if it is the result of a simple differentiation.

Examples:
(6x%* —y +3)dx + By? —x—2)dy=0.
We check this equation for exactness:

0Q 0 5 oP 0 5
a—a(By —x—2)——1,@—@(6x —-y+3)=-1.

Hence, the given differential equation is exact.



Applications

Let us see some differential equation applications in real-time.

1) Differential equations describe various exponential growths and decays.

Differential Equations:
Exponential Growth and Decay
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3) They are used in the field of medical science for modelling cancer growth or the spread of
disease in the body.
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4) Movement of electricity can also be described with the help of it.
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5) They help economists in finding optimum investment strategies.

The financial market we consider consists of two tradeable instruments. The price
of a risk-free asset Sy := (Sp(t),0 <t < T) is described by the ordinary differential

equation

=rdt, So(0)=1, (2.1)

and the dynamics of the risky asset’s price S := (5(¢),0 < t < T) is given by the

stochastic differential equation

;](Sr(f)) = pdt +dL(t), S(0)=s9>0, (2.2)

6) The motion of waves or a pendulum can also be described using these equations.

S= o\m\u"\k M d vav.\u‘
o v.}&iouf\-'\eu yorduwluma -29'
alMtK‘\eu arc\e Q
s_ 998 _ A% PR
%—K = L 2% = -6_5= X e

F=wol A’E
2

-"‘35‘“5‘“’% =m % 3

)

The various other applications in engineering are: heat conduction analysis, in physics it can be
used to understand the motion of waves. The ordinary differential equation can be utilized as an
application in the engineering field for finding the relationship between various parts of the
bridge.



Formation of Differential Equations

For any given differential equation, the solution is of the form f(x,y,c;,co, ....... ,Cn) = 0 where x
and y are the variables and c; , c; ....... cy are the arbitrary constants. To learn the formation of
differential equations in a detailed way, suitable differential equations examples below with few
important steps. Differential equation formulas are important and help in solving the problems
easily.

To obtain the differential equation from this equation we follow the following steps: -
Step 1: Differentiate the given function w.r.t to the independent variable present in the equation.
Step 2: Keep differentiating times in such a way that (n+1) equations are obtained.

Step 3: Using the (n+1) equations obtained, eliminate the constants (¢;, c; ... .... Cn).

Formation of Differential Equation Example
Formation of differential equation (Straight line)

The general equation of a straight line is y = mx + ¢, where m is the gradient, and y = c is the
value where the line cuts the y-axis.

» The differential equation of the family of straight lines
y = mx + ¢ ; when
(1) m is the arbitrary constant
(i1) c is the arbitrary constant
(i11))  m and c both are arbitrary constants.

1) When m is an arbitrary constant
Yy=mx+c¢ ..o (1)



Differentiating w.r. to x, we get Z—i =m ... (2)
Substituting (2) in (1) we get,
— Y
y=x_ +c

So, x Z—z —y + ¢ = 0 is the required differential equation of first order.

(i) When c is an arbitrary constant

Differentiating equation (1) w.r. to x, we get,
dy _
dx

Here c is eliminated from the given equation.

d . . . : :
So, d—z = m is the required differential equation.

(111)  When both m and c are arbitrary constants

Since m and c are two arbitrary constants differentiating equation (1) twice, we get,

Hence m and c are eliminated from the equation

d? . . . . .
So, ﬁ = 0 is the required differential equation.

Formation of differential equation (Curve)

m The order of the differential equation to be formed is equal to the number of arbitrary constants
present in the equation of the family of curves.

mExample: Find the differential equation of the family of curves y = e*(a cos x + b sinx)
where a and b are arbitrary constants.

Solution:
Here,

y =e*(acosx + bsinx) (D



Differentiating (1) w.r.t x, we get,

Z—z: e*(acosx + bsinx) + e*(—asinx + b cos x)
=y + e*(—asinx + b cos x) (from (1) )
Or, Z—z—y = e*(—asinx + b cos x) (2)

Again differentiating, we get,

dzy ay _ . X(__ — i

S Te (—asinx + b cosx) + e*(—a cos x — b sin x)

4y W x(_g s — ¥ i

o e (—asinx + b cosx) — e*(acosx + b sinx)

d’y dy _(dy _ )\ _

b _(dx y) y (from (1) and (2) )

2
Or,% -2 % +2y =0, which is the required differential equation.
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In this age, we are aware of how infection by microorganism such as Escherichia coli (E. coli)
causes diseases. Many organisms (such as E. coli) produce a toxin that can cause sickness or even
death. Some bacteria can reproduce in our bodies at a surprising fast rate, overwhelming our

bodies’ natural defenses with the sheer volume of toxin they are producing.

The rate at which the bacterial cultures grow is directly proportional to the current population (until
such time as resources become scarce or overcrowding becomes a limiting factor). If we let P(t)
to be the population at time t of any compartment say counting bacteria, etc. Where P(t) is not

continuous we need to determine the growth (input) rate and death (output) rate for the population.

Let us consider a population of bacteria that produce by simple cell division we assume that the
growth rate is proportional to the population present this assumption is consistent with observation

of bacteria growth provided there is food and space. We assume death rate is zero.

Therefore.

(Growth rate p, is attimet = 0)

The solution of the equation % = kp using variable separable we have

dp _

ar = kP
dp = kpdt
@ _ at

14

Integrate both sides of the equation

dp
Jo;=1Tkadt



InP =kt+c

P(t) = ek*e
P(t) = ekte¢
P(t) = poe**
Where,
po =e°
P(t) = poe® e e (1)

Where P (t) is the population at any given time t, p, is the initial population, t is the time and k is

a constant. Equation (1) is the Malthusian or exponential law of population growth.

Thomas Malthus (1766-1834) published a book on the principle of population as it affects the
future improvements of the society in his book; Malthus put forth an exponential growth model
for human population and concluded that eventually the population would exceed the capacity to
grow an adequate food supply. We refer equation (1) as the general solution of the differential

equation

For k > 0, equation (1) is called an exponential growth law, and for k < 0, it is an exponential

decay law.

A problem involving either decay or growth of a particular population requires the use of

Malthusian population model (exponential growth or exponential decay rate).



Problem 1:

A freshly incubated bacterial culture of streptococcus (a bacterium found in the throat and
on the skin) contains 100 cells. When the culture is checked 60 minutes later, it is determined

that there are 450 cells present. Assuming exponential growth:
(a)Determine the number of cells presents at any time t (measured in minutes)
(b) Find the doubling time.

Solution:

This type of problem requires the use of Malthusian population model (exponential growth rate)

as stated from the problem.

(a)

Using equation (1) for exponential growth rate we have,
P(t) = poe™

Where P(t) is the population at any given time t, p, is the initial population, t is the time and k is

a constant.
From the given data we have, P(0) = 100, (initial condition)
Setting P(t) = 100,andt = 0, we have
100 = P,
= Py = 100
Now the above equation becomes
P(t) = 100£%¢; where (k = constant)
We use the second observation In order to determine the value of the growth constant k;
P(60) = 450

=t = 60 minutes



Therefore, we have,
P(t) = Pyt
— 450 = 100£%(60)

450 — 160k
100

9
:E — 160k

Take In of both sides,

! (9) = 60k
n 5) =
1 9
=k = 511’1 (E)

-k =0.0251

We now have a formula representing the number of cells present at any time t as
P(t) — 100€(0.0251)t

()
The doubling time is

2P(t) = 2(100)

2P(t) = 20
So we have
P(t) = P,£¥t
But,
P, = 100,
And

k = 0.0251



From the (a) above
P(t) = 100(0-0251)t
Put
P(t) = 200

— 200 = 100,(0-0251)t

—~ 2 = {)(0.0251)t
Take In of both sides:
. In(2)
"~ 0.0251
=t=276

= t = 28 minutes
The population will be double when the time reaches 28 minutes.
From
P(t) — 100€(0.0251)t
P(28) = 100£(0:0251)(28)
P(28) = 201
The bacterial culture will be double when the time is 28 minutes.

(Ans.)



Problem 2:

A bacteria culture is known to grow at a rate proportional to the amount present. After one
hour, 1000 strands of the bacteria are observed in the culture and after four hours 3000

strands.

(a) Find an expression for the approximate number of strands of the bacteria presents in the

culture at any time t. and

(b) Find the approximate number of strands of the bacteria originally in the culture.
Solution:

(@)

Let P(t) denote the number of bacteria strands in the culture at time t.

Then using exponential growth rate that is

dp__

dt_kp

Which is both linear and separable, then we can use the method of separation of variables to find

the solution
P(t) = Pyt*t
At
t = 1hour
P = 1000
1000 = P, £kM
1000 = Pof¥ oo e e e e e (1)
At
t =4 hours,

P =1000



1000 = Py £*®
1000 = Py o ev e e e e e e e e e (2)

We solve equation (1) and (2) simultaneously to get

K = 1ln(3)
3
K = 0.3662
Then we use equation (1) to find P,
1000 = Pyekt

But K = 0.3662
1000 = P,¢0-3662
(1000)¢~0-3662 = P,
P, = 693
Therefore the equation P(t) = Py£*t now becomes:
P(t) = 693£03662)t i (3)

The above equation is the expression for the approximate number of strands of the bacteria presents
at any time t.

(Ans.)
(b)
To find the approximate number of strands of the bacteria originally in the culture.
We require P(t) at t = 0.
We substitute P(0) into the equation (3) we have:
P(t) = Pyt*t

P(t) = 693¢(0:3662)(0)



P(0) = 693P(t) = 693¢°
P(0) = 693
Therefore, the approximate number of strands of the bacteria originally in the culture is 693.

(Ans.)

Problem 3:

If it is assumed that the earth cannot support a population greater than twenty billion
persons and that the rate of population growth is proportional to the difference between how
closed the world population is to the limiting value, what is the mathematical expression

describing the world population as a function of time?
Solution:

If P(t) is the world population according to the described model

ap(t) _ _ _
— = ~k@(®) - 20)

where K is negative to make d’;—(tt) positive since P we must be less than 20 billion. Then solving

the equation using variable separable we have

WO _ qe
p(t)-20

Integrate both sides of the equation

dp(t)
f—p(t)_zo = [ kdt

In(p(t) —20) =kt +C
Ip(t) — 20| = Ppe
|P(t) — 20| = Pye*t
Where P, = ¢¢

Since P(t) is assumed less than 20 billion, thus



—(P(t) — 20) = Py£*
By rearranging in order to make P(t) the subject we have:
P(t) = 20 — Py£*t
The above expression describes a world population as a function of time.

(Ans.)
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Problem 4:

The current population of California is 36 million with a 33% Hispanic population. The
rate of people entering the state, by being born or immigrating, is approximately 1 million
people per year with 70% of the newcomers Hispanic. The rate of departure of the
population, by dying or emigrating, is approximately 0.2 million people per year. Assume
that the departing population has the same ethnic mix as California's population at the

time of departure. In 20 years, what percent of California will be Hispanic?

Solution:

We use a useful fact applicable to any question where there is input and output through a system:
Total Rate = Rate In — Rate Out

In this case, if we let x represent the number of Hispanics in the state and t represent the time in

years from now, then we have

dx
Total Rate = —
dt

The rate in will be 70% of 1 million or
RateIn = 0.7(1) = 0.7

The rate out is more difficult. At time t, there are x Hispanics in California. To find the
population of California, we take the initial population plus the added population per year times
the number of years. Since there are 1 million people entering and 0.2 million leaving the

population at time t is
P(t) = 36 + (1 — 0.2)t = 36 + 0.8t

Hence the rate of Hispanics leaving can be found by multiplying the proportion of Hispanics in

the state and the rate of people leaving the state.



P

Rate Out = x .02
36+0.8t

We use the Rate In and Rate Out information to get,

d_x _ _ 0.2x
at 36+.8t
We can rewrite this as,
d 0.2
& x=0.7
dt 36+.8t

This is a first order linear differential equation with

2
p= ol 3erardt

2

_ ogIn(B6+80)
.25

— In(36+80)

= (36 + .8t)%°
The solution is

x = (36 +.8t)7%° [(36 + .8t)*°(.7)dt

51 1

_ -2 _
= x = .7(36 + .8t) 25 ——

[(36 +.8t)12° + (]

= x =.7[(36 + .8t)*° + C(36 + .8t)~%°]

Now we have that at time zero, there are 33% of 36 million Hispanics or 11.88 million

Hispanics, hence
11.88 = .7[(36 + €(36) %]

Solving for C gives



C =—46.61

Now plug in 20 for t to get
x =.7((36 + 8(20)) — 46.6(36 +.8(20)) **| = 24.25

This is the number of Hispanics that will be living in California. To arrive at the percent we

divide it by California's population in twenty years.
P(20) = 36 + (0.8)(20) = 52
Finally, we have

24.25 A7 = 479
o =47 = 0

Our model predicts that California will be 47% Hispanic in 20 years.

Number of Hispanics . ) )
Rate Out = - ; X Rate of all leaving California
Number of Californians

(Ans.)

Problem 5:

The population of a community is known to increase at a rate proportional to the number
of people present at a time t. If the population has doubled in 6 years, how long it will take

to triple?

Solution:

Let N(t) denote the population at time t. Let N (0) denote the initial population (population at
t =0).

dN
P kN (t)

Solution is



N(t) = Ae*t
Where,
A= N(0)
Ae* = N(6) =2N(0) = 24
= e =2
=k == In2
Find t when
N(t) = 34 = 3N(0)
= N(0) et = 3N(0)

t
— N(0)ekt = 3es?

(In2)t

=In3 =

. t= (9.6 years (approximately 9 years 6 months)

(Ans.)

Problem 6:

Let population of country be decreasing at the rate proportional to its population. If the

population has decreased to 25% in 10 years, how long will it take to be half?

Solution:

This phenomenon can be modeled by

dN—kN t

Its solution is

N(t) = N(0)e*t



Where,
N (0) in the initial population

For,
1
t=10, N(10) = ZN(O)

N(0) = N(0)el0

1
— pl0k 1
4

1 1
=k =—In-
10 4

Set,

N(t) = N(0)

It o1
= N(0)ew ™ = -N(0)

1

n .
=t = % = 8.3, years approximately.
10 4

(Ans.)

Problem 7:

A certain culture of bacteria grows at rate proportional to its size. If the size doubles in 4

days, find the time required for the culture to increase to 10 times to its original size.
Solution:

Let p(t) be the size of the culture after t days.

dp_

dt_kp

we will use the initial condition p(0) = p,



to find the arbitrary constant c, and we will find the additional constant k by using additional

condition
p(4) = 2po
we have,
p = Ce*t
from the initial condition p(0) = po,t = 4
Zpo — poe4k
etk =2
In e** = n2

k =0.173

Thus the time is required for the culture to increase 10 times to its original size can be found

from

10p0 — pon.173t

eO.173t =10

t = 13.31days.

(Ans.)



Problem 8:

Suppose a population of e-coli bacteria grows at a rate proportional to the current
population. If an initial population of 200 bacteria has grown to 1600 three hours later, find
a function for the size of the population at time t, and use it to predict when the population
size will reach 10,000.

Solution:

We already know that the population at time t is given by p = Ce*¢ for some C and k. The

information about the initial size of the population means that p(0) = 200. Thus C = 200. Our

knowledge of the population size after three hours allows us to solve fork via the equation
1600 = 200e3*

Solving this exponential equation yields

In8

k = 5~ .6931
The population at time t is given by
Ins,
p = 200e 3
Solving
Ine,
1000 = 200e s
Yields
— 3Iln 50 ~ 5.644
In8

The population is predicted to reach 10,000 bacteria in slightly more than five and a half hours.
(Ans.)
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Problem 9:

The population x of a certain city satisfies the logistic law,

dx _ «x x?%

2t = 100 " g8 e e wee e (1)
when time t is measured in years. Given, that the population of this city is 100000 in
1980.determine the population as a function of time for t>1980. In particular, answer the
following questions:
(2)What will be the population in 2000?
(b)In what year does the 1980 population double?
(c)Assuming the differential equation applies for all ¢ > 1980, how large will the
population ultimately be?

Solution:

We must solve the separable differential equation (1) subject to the initial solution,
x (980) = 100000 ... ... ... ......... (2)

Separating variable in (1) we obtain

dx

(10)~2x—(10"8)x2 = dt
And hence
dy _
(10)~2x[1—(10)~6x] dt
Using partial fraction, this becomes
1 107

Integrating, assuming 0 < x < 10° ,we obtain

100{Inx—In[1—- 10"%x]} =t + C,

Hence



Thus, we find
x £t
1—106x ¢V
Solving this for x, we finally obtain,
t/
x=— o (3)

"~ 1+10-6cet/100
now applying the initial condition to equation (ii) we get

105 _ C619.8
T 14+(10)~6cel98

From which we obtain

_ 105 _ 108
T e198[1-105(10)"6]  9¢19:8

Substituting this value for ¢ back into (3) and simplifying we get

10°
x =

w(d

—1+9e[19-8‘%] e

This gives the population x as a function of time for t > 1980.

Now,

(@

Asks for population in the year 2000.Thus we let t = 2000 in (4) and get



10°

X = m ~ 119495
(Ans.)
(b)
Asks for the year in which the population doubles. Thus we let, x = 200000 = 2.10° in
equation (iv) and solving t we get,
10°
2. 105 = W
From which
19.8—t
e 100 = —
and hence
t = 2061
(Ans.)
()]

Asks how large the population will ultimately be assuming the differential equation (i) applies

for all t>1980.To answer this, we evaluate lim x t — oo using the solution (iv) of (i) we find

106
t—oo t—oo 1+9¢19.8-t/100

= (10)° = 1,000,000

(Ans.)

Problem 10:

A population grows at the rate of 5% per year. How long does it take for the population to

double? Use differential equation.

Solution:

Here, % o x [since increase in population speeds up with increase in population] and let x be

the population at any time t



Then

dx
— =71X
dat
where r is proportionality constant.
Rewriting,
. dt
X
Integrating,

Inx =rt +C

where C is the integration constant

Exponentiating on both sides with e,
=>x = ert+c

= x = ket where k = e€

Here r is the rate of increase, and K is the initial population let xo
Given to find the time t taken to attain double population,
So,

x = 2x,

So,
x = ke™

= 2xo = xe%0%¢

Then divided by x,,
we have

2 = e0.0St
Taking log on both sides,

In2 = In(e®%%")

= 0.69314 = 0.05¢



0.69317
>t =
0.05

= t = 13.86294 years

So, it takes 13.86294 years to attain double population.
(Ans.)

Problem 11:

Assume a population of fish grows exponentially. A pond is stocked initially with 500 fish.

After 6 months, there are 1000 fish in the pond. The owner will allow his friends and
neighbors to fish on his pond after the fish population reaches 10,000. When will the

owner’s friends be allowed to fish?

Solution:

We know it takes the population of fish 6 months to double in size. So, if t represents time in

months, by the doubling-time formula, we have 6=(In2)/k. Then, k = % Thus, the population

In2
is given by y = 500e7s © .To figure out when the population reaches 10,000 fish, we must solve

the following equation:

In2

10,000 = 500e s *

Inz2

20=¢ 6 *
In(20) = ==t
t =820 9593

n2

The owner’s friends have to wait 25.93 months (a little more than 2 years) to fish in the pond.

(Ans.)

Problem 12:

A herd of llamas has 1000 llamas in it, and the population is growing exponentially. At

time t=4 it has 2000 llamas. Write a formula for the number of [lamas at arbitrary time t.



Solution:

Here there is no direct mention of differential equations, but use of the buzz-phrase ‘growing
exponentially’ must be taken as indicator that we are talking about the situation

f(t) = Cekt

where here f(t) is the number of llamas at time t and c, k are constants to be determined from the
information given in the problem. And the use of language should probably be taken to mean
that at time t=0 there are 1000 Ilamas, and at time t=4 there are 2000. Then, either repeating the
method above or plugging into the formula derived by the method, we find

C=valueof fatt =0 = 1000

k= Inf(t1)—Inf(t2)
- t1—t2

_ In1000-1n2000
- 0-4

1000
=ln——-4
2000

inz,
o f(t) =1000e "+
t
o f(t) =1000 x 22,
This is the desired formula for the number of llamas at arbitrary time t.
(Ans.)

Problem 13:

Use the fact that the world population was 2560 million in 1950 and 3040 million in 1960 to
model the population of the world in the second half of the 20th century. (Assume that the



growth rate is proportional to the population size.) What is the relative growth rate k? Use

the model to estimate the world population in 1993 and to predict the population in the

year 2020.
Solution:

We measure the population p(t) in millions of people. We have

L=k
p = Cekt
we have the initial condition
p(to) = Po
p(0) = ce®
C = 2560
Now,
p(10) = 3040
p = cekt

= 3040 = 2560e10%

_ In1.1875

k = = 0.01785
10

The relative growth rate is about 1.7% per year and the model is

p(t) = 2560001785t

p(43) = 2560e%01785(43) = 5360 million.

p(70) = 2560e°01785(70) = 8524 million.

(Ans.)
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In these problems we will start with a substance that is dissolved in a liquid. Liquid will be
entering and leaving a holding tank. The liquid entering the tank may or may not contain more of
the substance dissolved in it. Liquid leaving the tank will of course contain the substance
dissolved in it. If Q(t) gives the amount of the substance dissolved in the liquid in the tank at any
time t we want to develop a differential equation that, when solved, will give us an expression
for Q(t). Note as well that in many situations we can think of air as a liquid for the purposes of
these kinds of discussions and so we don’t actually need to have an actual liquid but could

instead use air as the “Liquid”.

The main assumption that we’ll be using here is that the concentration of the substance in the
liquid is uniform throughout the tank. Clearly this will not be the case, but if we allow the
concentration to vary depending on the location in the tank the problem becomes very difficult
and will involve partial differential equations, which is not the focus of this course.

The main equation that we’ll be using to model this situation is,

Rate of change of Q(t)
= rate at which Q(t) enters the tank - Rate which Q(t) exits the tank

d
0 =F=0©

(flow rate of liquid entering)x(concentration of substance in liquid entering)



Rate at which Q(t) exits the tank:

(flow rate of liquid exiting)x(concentration of substance in liquid exiting)
Problem 1:

A 1500-gallon tank initially contains 600 gallons of water with 5 lbs of salt dissolved in it.

Water enters the tank at a rate of 9 gal/hr and the water entering the tank has a salt
concentration of %(1 + cos(t)) Ibs/gal. If a well-mixed solution leaves the tank at a rate of 6

gal/hr, how much salt is in the tank when it overflows?

Solution:

Now, to set up the IVP that we'll need to solve to get Q(t) we'll need the flow rate of the water entering
(we’ve got that), the concentration of the salt in the water entering (we’ve got that), the flow rate of the

water leaving (we’ve got that) and the concentration of the salt in the water exiting (we don’t have this

yet).

So, we first need to determine the concentration of the salt in the water exiting the tank. Since we
are assuming a uniform concentration of salt in the tank the concentration at any point in the tank

and hence in the water exiting is given by,

Amount of salt in the tank at any time,t

Concentration = , ,
Volume of water in the tank at any time,t

The amount at any time t is easy it’s just Q(t). The volume is also pretty easy. We start with 600
gallons and every hour 9 gallons enters and 6 gallons leave. So, if we use t in hours, every

hour3gallons enters the tank, or at any time t there is 600 + 3t gallons of water in the tank.

So, the IVVP for this situation is,

Q'(t) = 9G{1+cos(t)}— 6 (o) [Q(0) =5]

600+3t



Q'(t) = 9 G{1L+cos(t)} — 22 [Q(0) = 5]

200+t

This is a linear differential equation. Solving it we get,

200+t

Q'(t) + 22 =2 (1 + cos(t))

ut) =e Sroredt = ¢ 2In(200+0) — (200 + t)2
J (200 + £)2Q(®))" dt = [ 2 (200 + £)2(1 + cos(t))dt

(200 + t)?Q(t) =

v ]|©

(§ (200 + £)3 + (200 + £)2sin(t) + 2(200 + t)cos(t) — 2sin(t)) + C

_ 9 1 , 2cos (t) __ 2sin () c
Q) = 5 (3 (200 +¢) + sin(t) + 200+t (200+t)2) (200+t)2

So, here’s the general solution. Now, apply the initial condition to get the value of the
constant, c.

5=0(0) = = (5 (200) +2/200) +

(200+t)2
C =-4600720

So, the amount of salt in the tank at any time t is.

Q) = 2 G (200 + £) + sin(t) + =2 — 2sin(t)

) 4600720
(200+t)

(200+t)2 (200+t)2

Now, the tank will overflow at t = 300 hrs. The amount of salt in the tank at that time is.

Q(300) = 279.797 lbs.

(Ans.)



Problem 2:

A 1000 gallon holding tank that catches runoff from some chemical process initially has 800
gallons of water with 2 ounces of pollution dissolved in it. Polluted water flows into the tank
at a rate of 3 gal/hr and contains 5 ounces/gal of pollution in it. A well-mixed solution

leaves the tank at 3 gal/hr as well. When the amount of pollution in the holding tank
reaches 500 ounces the inflow of polluted water is cut off and fresh water will enter the
tank at a decreased rate of 2 gal/hr while the outflow is increased to 4 gal/hr. Determine the

amount of pollution in the tank at any time t.
Solution:

Here are the two IVP’s for this problem.

01'(t) = (3)(5) — (3)(Q1(t)/800) Q1(0)=2 0<t<tm

R — _ Q2(t) _
02'(t) = (2)(0) — (4) ([800_2 (t_tm)]) Q2(tm) =500 tm<t<te
The first one is fairly straight forward and will be valid until the maximum amount of pollution
is reached. We’ll call that time tm. Also, the volume in the tank remains constant the simplified
version of the IVP’s that we’ll be solving.

QU =15-28 g100)=2 0<t=<tm

ey 202() _
Q2(D) =~ Q2(tm) =500  tm<t<te

The first IVP is a fairly simple linear differential equation so we’ll leave the details of the

solution to you to check. Upon solving you get.

-3t
Q1(t) = 4000 — 3998¢800

Now, we need to find tm. This isn’t too bad all we need to do is determine when the amount of

pollution reaches 500. So, we need to solve.



-3t
Q1(t) = 4000 — 3998¢800 = 500 = tm = 35.4750

So, the second process will pick up at 35.475 hours. For completeness sake here is the IVP with

this information inserted.

Q2'(t) = _#7(?4 02(35.475) = 500 35.475 < t < 435.475

This differential equation is both linear and separable and again isn’t terribly difficult to solve so

I’1l leave the details to you again to check that we should get.

(435.476—t)2
320

Q2(t) =

So, a solution that encompasses the complete running time of the process is

=3t

4000 — 3998es3oo, 0<t<35475

Q®) = o
%, 35.475 < t < 435.4758

(Ans.)

Problem 3:

Uranium disintegrates at a rate proportional to the amount present at any instant. If m,
and m, grams of uranium are present at time t; and t, respectively, show that half-life of

uranium is

(t1—tz)log2
my
logm2

Solution:

Let m be the amount of uranium at any time t.

dm_ I
a



. [madm dm _ f dt = log— =k (ty = t1) e e e e e e e e e e (1)

mi; m

Let the mass m reduce to ? intime t.

Also,
Zdm t2
[
m m
log% —logm = —kt

= kt = log 2

log2
t

=>k=
Substituting the value of k in (1), we get,

m, log2

logm—2

(tz — t1)

(t;—t1)log?2

=>t=
log—

(Proved)
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Problem 4:

A 1000 gallon holding tank that catches runoff from some chemical process initially has 800
gallons of water with 2 ounces of pollution dissolved in it. Polluted water flows into the tank
at a rate of 3 gal/hr and contains 5 ounces/gal of pollution in it. A well-mixed solution

leaves the tank at 3 gal/hr as well. When the amount of pollution in the holding tank
reaches 500 ounces the inflow of polluted water is cut off and fresh water will enter the
tank at a decreased rate of 2 gal/nr while the outflow is increased to 4 gal/hr. Determine the
amount of pollution in the tank at any time t.

Solution:

Here are the two IVP’s for this problem.
Q1'(t) = (3)(5) — (3)(Q1(t)/800) Q1(0)=2 0<t<tm

02'(t) = (2)(0) — (4) (Qz—(“) Q2(tm) =500 tm <t < te

[800—-2(t—tm)]

The first one is fairly straight forward and will be valid until the maximum amount of pollution
is reached. We’ll call that time tm. Also, the volume in the tank remains constant the simplified
version of the IVP’s that we’ll be solving.

QU =15-28 g100)=2 0<t=<tm

ey 2Q2(8) _
Q2'(t) = PRy - Q2(tm) = 500 tm <t <te
The first IVP is a fairly simple linear differential equation so we’ll leave the details of the
solution to you to check. Upon solving you get.

-3t

Q1(t) = 4000 — 3998e300

Now, we need to find tm. This isn’t too bad all we need to do is determine when the amount of
pollution reaches 500. So, we need to solve.

-3t

Q1(t) = 4000 — 3998es00 = 500 = tm = 35.4750

So, the second process will pick up at 35.475 hours. For completeness sake here is the I\VP with
this information inserted.

02'(t) = -0 _ ©2(35.475) = 500 35.475 < t < 435.475

435.475-t

This differential equation is both linear and separable and again isn’t terribly difficult to solve so
I’1l leave the details to you again to check that we should get.



_ (435.476-1)?
- 320

Q2(t)

So, a solution that encompasses the complete running time of the process is

-3t

4000 — 3998eso0o, 0<t<35475

Q)= ~0)2
%, 35.475 < t < 435.4758

(Ans.)

Problem 5:

A tank has pure water flowing into it at 10 litre/min. The contents of the tank are kept
thoroughly mixed, and the contents flow out at 10 I/min. Initially, the tank contains 10 kg of
salt in 100 litre of water. How much salt will there be in the tank after 30 minutes?

Solution:

we consider the rate of change of the amount of salt in the tank. Let S be the amount of salt in the
tank at any time t. If we can create an equation relating dS dt to S and t, then we will have a
differential equation which we can, ideally, solve to determine the relationship between S and t.

To describe %, we use the concept of concentration, the amount of salt per unit of volume of

liquid in the tank. In this example, the inflow and outflow rates are the same, so the volume of
liquid in the tank stays constant at 100 litre. Hence, we can describe the concentration of salt in
the tank by

. S .
Concentration of salt = 700 kg/litre

Then, since mixture leaves the tank at the rate of 10 litre/min, salt is leaving the tank at the rate
of

s ) . S
750 (10 litre/min) = 7

This is the rate at which salt leaves the tank, so

as s

dt 10

This is the differential equation we can solve for S as a function of t. Notice that since the
derivative is expressed in terms of a single variable, it is the simplest form of separable
differential equations, and can be solved as follows,

ds__ i
s f10dt



m|S| = —=t+C

1

S = Ce 1o

where C is a positive constant. Note that we have used the fact that S > 0 to eliminate the
absolute value symbol.

SinceS = 10whent = 0, we find C = 10 and finally we have

1,
S = 10e "0

We can see from this that as t goes to infinity, the amount of salt in the tank goes to zero.
Also, after 30 minutes, there will be
S = 10e73
= 0.49787068 kg of salt in the tank.

(Ans.)

Problem 6:

A tank has pure water flowing into it at 10 litre /min. The contents of the tank are kept
thoroughly mixed, and the contents flow out at 10 litre/min. Salt is added to the tank at the
rate of 0.1 kg/min. Initially, the tank contains 10 kg of salt in 100 litre of water. How much
salt is in the tank after 30 minutes?

Solution:

Here the setup is very similar the previous example. The only difference from the previous
example is the addition of 0.1 kg/min of salt to the tank.

As a result, we can modify our differential equation to take this into account,

s _ S+01— 0.1S + 0.1
dt 10 I '

Here we see the effect of the outflow as a negative term and the addition of salt as a positive term
which we sum to get the net rate of change of salt.

Yet again, this equation is clearly separable, since there is no t variable on the right hand side.
We thus solve in the standard way:



as
f—0.1s+0.1 = Jdt
~10In| — 0.1S + 01| =t + C
—0.1S + 0.1 = Ce 01t

S =1+ Ce 0
Here C may be positive or negative, depending on the initial conditions. We see that as t
approaches infinity, S approaches 1 kg regardless of the initial conditions. For this example,
there were initially 10 kg of salt in the tank, so we can solve for C and find C=9. Thus,

S =1+ 9e 01t
After 30 minutes, there will be 1.448 kg of salt in the tank.
Unlike the previous example, the amount of salt in the tank does not go to zero as t goes to
infinity: S goes to 1. Notice that if there was 1 kg of salt in the tank, then the outflow rate of salt

will be (0.01 kg/litre)(10 litre/min) = 0.1 kg/min, which will exactly balance the inflow
rate of salt.

(Ans.)

Problem 7:

A tank has pure water flowing into it at 12 litre/min. The contents of the tank are kept
thoroughly mixed, and the contents flow out at 10 litre/min. Initially, the tank contains 10
kg of salt in 100 litre of water.

Solution:

In this case, the inflow rate is greater than the outflow rate. As a result, the volume is not
constant. Using the initial conditions and the flow rates, we can say that the volume V of liquid
in the tank is

V =100 + 2t

after t minutes. The concentration of salt after t minutes is then

S S

vV~ 100 + 2t

and the rate of change of S is

ds S litre
S (gl
dt 100+2t min



108
T 100 + 2t

Once again, this is a separable differential equation, and we can solve it:

s [ 10
s 100+2t

InS = —51In(100 + 2t) + C
S = C(100 + 2¢t) 75

Note we have used the fact that S > 0 and V = 100+2t > 0 to eliminate absolute value symbols
from the equation. With the initial conditions, we can solve for C,

10 = C(100 + 0)~°
c = 101!
and thus

101
S = 00 1 207

After 30 minutes, there will be 0.953674 kg of salt in the tank. Notice this is more than in

example 1 due to the fact that the increased inflow rate dilutes the salt, and reduces the outflow
rate of salt, so the amount of salt in the tank will be greater than in Problem 7.

(Ans.)

Problem 8:

Under certain conditions, cane sugar is converted into dextrose at a rate, which is
proportional to the amount unconverted at any time. If out of 75 grams of sugar att=0, 8
grams are converted during the first 3 minutes, find the amount converted in 11 hours.

Solution:

Let M be the amount of cane sugar initially, m be the amount of cane sugar converted into
dextrose. Then according to problem,

dm — KM )
dt m

— 2™ km =KM
dt



which is the linear differential equation.
L.F. = e Kat

— ekt

Solution is

m.e*t = [K Me*tdt = Me*t + C

m=M+Ce ™ .o,

(@ Att = 0oom= 0,M =75
(1) becomes,

m=75—75e7k .. ..

=0=75+C

. C = -75
(b)Att = 30,m = 8
8 =75 — 75¢ 730k
= 67 = 75e 30k

- 67
— @30k — &7

(c) Att = 90, (2) becomes

m =75 — 75720k

=m =75 — 75 (2)° from (3)

673
=>m=75—- —

752

300763
=>m=75-—

5625

= m = 75— 5345

~m = 2155

ey

(2

(3

(Ans.)
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Radioactive-Decay Problems:

In many circumstances, for a limited period of time, the rate of reaction of a chemical process can
be considered to be proportional only to the amount Q of the chemical that is present at a given
time t. The differential equation governing such a process then has the form

daqQ
22— kQ e (1)

where, k > 0 is a constant of proportionality. This is a homogeneous linear first order
differential equation. An analogous situation applies to the radioactive decay of an isotope for
which the decay takes place at a rate proportional to the amount of radioactive isotope that is
present at any given instant of time. The equation governing the amount Q of the isotope as a
function of time t is also of the form shown in (1), but instead of the amount growing as in the
previous case, it is decreasing, so as in this case the constant of proportionality is usually denoted
by a positive number A, the equation for radioactive decay takes the form

aQ
L2 = AQ e (2)

It is not difficult to see by inspection that the general solution of (2) is

Q = Qoe™
half-life where Q, the amount of the isotope present at the start when t = 0. The so-called half-
life Th of an isotope is the time taken for half of it to decay away, so setting Q = %QO in the

above result shows the half-life to be given by T), = % In2.

Problem 1:

Radium is known to decay at a rate proportional to the amount present. If the half-life of
radium is 1600 years. What percentage of radium will remain in a given sample after 800
years?

Solution:

We have x = xge*t,

where Xo is the amount of radium at t = 0.
Since the half-life of radium is 1600 years.

Therefore, half of the original amount of radium exists after 1600 years,

X
%o = x, e1600t
2
_ log2
T 1600

the amount of radium present in a given sample after 800 years is given by



So,
x = 0.707 x, (approx.)

Hence xi 100 = 70.7% of the original amount of radium would remain after 800 years.
0

(Ans.)
Problem 2:

A certain radioactive material is known to decay at a rate proportional to the amount
present. If initially 0.5 gm of the material is present and 0.1 percent of the original mass has
decayed after one week, find the half-life of the material.

Solution:
Let x(t) denote the amount of material present at time t.

Then

ax _ kt,where k < 0
dx

= x = xyekt,
sincex =0.5att =0,
So,
xo = 0.5
Thus,
x = 0.5 et atany time t.
If we take the time unit to be 1 week, then 0.1% of x,, has decayed.
If t = 1, then 99.9% of x, remains.
So,
x =.999x,

999



oo x =.4995 gms

Now,
0.4995 = 0.5
= ek =0.99
= k =10g(0.999)
- k=-0.001
Thus,

x = 0.5e79901¢ in t weeks.

Now half-life is the time t associated with the decay of one half the original mass. Here the
original mass is 0.5 gm.

So when x = 0.5x, = %
the time tis given by ; = 0.5e 70001

~0.001t = log

= t =292
0.001
= t =103%log2

= t = 301 weeks

hence, t = 301 weeks = 5.78 years
(Ans.)

Problem 3:

Assume that the rate at which radioactive nuclei decay is proportional to the number of
such nuclei that are present in a given sample. In a certain sample 10% of the original
number of radioactive nuclei have undergone disintegration in a period of 200 years.

(a) What percentage of the original radioactive nuclei will remain after 1000 years?
(b) In how many years will only one fourth of the original number remain?
Solution:
Here,

x = xqe*t , where x(0) = x,

We are given that



X0

x:xo_ﬁ

:x=%°,whent=200

So,
9
E Xo = Xo eZOOk
L
— ek = (—)200
Thus,
9 _t .
X = Xg (E)ZOO , atany time, t.
(a)
When t=1000,
9
X =X (E)S
So,
5
X 100 =222 100
X0 10

= 59.05% (approx.)

Hence, 59.05% of the original radioactive nuclei will remain after 1000 years.

(Ans.)
(b)
Now,
9 _t
0.25x, = x, (E)zoo
t 9
Hence, t = % = 2631 years. (approx.).

9

(Ans.)



Problem 4:

Uradium is known to decay at a rate proportional to the amount present. If the half-life of
radium is 1800 years. What percentage of radium will remain in a given sample after 800
years?

Solution:
We have,
x = xqekt

where Xo is the amount of radium at t=0. since the half-life of radium is 1600 years, therefore ,
half of the original amount of radium exists after 1600 years,

x
%0 = x, 1800t
2
log2
— k= -2
1800

the amount of radium present in a given sample after 800 years is given by

x = x,e800K

—log2
= xO e 2

= Xo 2_0'5

NIl

So,
x=0.707 x, (approx.)

Hence xi 100 = 70.7% of the original amount of radium would remain after 800 years.
0
(Ans.)
Problem 5:

A fragment of bone is discovered to contain 20% of the usual the 14, concentration. The

relative amount of 14 in the bone has decreased to 20%o of its original value.
Solution:
x(t) = 0.20x,

_ In2
" 5730



_[lnz ¢
0.20xy = xpe 15730

—In (0.20)

t =5730
In2

t = 13300 year.

(Ans.)
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Problem 6:

The rate at which radioactive nuclei decay is proportional to the number of such nuclei
that are present in a given sample. Half of the original number of radio-active nuclei have

undergone disintegration in a period of 1500 years.
1.what percentage of the original radioactive nuclei will remain after 4500 years?

2.1In how many years will only one-tenth of the original number remain?
Solution:

Let, x be the amount of radioactive nuclei present after t years .

Then % represents the rate at which the nuclei decay.

So,
dx = —kx
dt
By integrating,
x =cekt
applying the initial condition
X = xge Kkt
when t=1500
%xo = x e~ 1500k
— e~k = (%)1/1500
=k = %
-k =0.00046.

now,



X = xge0-00046t

1.t
= x = x0(5)1500
Each of the two equivalent expressions gives the number x of radioactive nuclei that are present
at time t.

Heret = 4500

1, 1
X = xO(E) = x0(§)

Thus one-eighth or 12.5% of the original number remain after 4500 years.

1 1.t

— = (—)1500
0~ @

1 t
= In1_0 = In (=)1s00
= In—=—In ()

10 1500 2

1500Iin10
=>t=

In2
-t = 4985 years

(Ans.)

Problem 7:

A radioactive material has an initial mass 100mg. After two years it is left to 75mg. Find

the amount of the material at any time. What is the period of its half-life?

Solution:
We measure the amount of the material present at any time t.
We have

dy
dt



and we have the initial condition

y(to) = Yo
y(0) =100
thus, we can find the arbitrary constant ¢
y = Cekt
= y(0) = ce’
=100 = c.
.y = 100ekt

Now we will find the additional constant k by using the additional condition

y(2) =75
75 = 100e2F
k=" = —0.1438

Thus we have,

y(t) — 1008_0'1438t

from the latest equation we will find the Half-life of the material which is the time when

y = 50mg.
50 — 1006—0.1438t

— 01438t — ()

In0.5
=>t=
—0.1438

-t =482 years

(Ans.)



Problem 8:

A zircon sample contains 4000 atoms of the radioactive element 235U. Given that 235U has

a half -life of 700 million years, how long would it take to decay to 125 atoms?

Solution:
1.t
y= 4000(5)700

t
=> 125=4000(3) 700

125 1.t
= In—— = In (=)700
4000 2

- t= 3500 million years
before zircon sample degrades to 125 atoms.

(Ans.)

Problem 9:

Radium decomposes at a rate proportional to the amount present. If half of the original
amount disappears in 1600 years, find the percentage lost in 100 years.

Solution:
x = xoekt, where x(0) = x,
when t =1600, x = %xo

1
lxg= xoel600k
2
k _ 1 1/1600
ek = 3)

Thus

1 .
x = xo(z)t/”’"0 in t years.



The amount present after 100 years will be

1.1
X = Xo= (5)16 = 0.958x,

X0—0.958x¢

The percentage decrease from the initial amount Xo is X 100 =4.2%

Xo

(Ans.)

Problem 10:

A radioactive substance has a half-life of 1620 years.
(a) If its mass is now 4 g (grams), how much will be left 810 years from now?

(b) Find the time t: when 1.5 g of the substance remain.

Solution:
@
to = O,XO =4
x = 4e”kt
k = ln_2 — In2
t 1620
tin2
Q = 4e 1620

Hence the mass left after 810 years will be

810 In 2

Q(810)=4e 1620
= 2.83
(b)
Setting t = t4

Q(t1) = 1.5 yields

3 tin 2
— = 4¢ 1620
2

Dividing by 4 and taking logarithms yield

3 tlan
Ind = _Ginz
8 1620

t; = 2292.4 years.



(Ans.)
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Frictional Forces:

If a body moves on a rough surface, it will encounter not only air resistance but also another resistance
force due to the roughness of the surface. This additional force is called friction. It is shown in physics

that the friction is given by uN, where

1. p is a constant of proportionality called the coefficient of friction, which depends upon the roughness of

the given surface; and
2. N is the normal (that is, perpendicular) force which the surface exerts on the body.
We now apply Newton's second law to a problem in which friction is involved.

Problem 1:

An object weighing 48 b is released from rest at the top of a plane metal slide that is
inclined 30° to the horizontal. Air resistance (in pounds) is numerically equal to one-half

the velocity (in feet per second), and the coefficient of friction is one-quarter.
A. What is the velocity of the object 2 sec after it is released?

B. If the slide is 24 ft long, what is the velocity when the object reaches the bottom?

Formulation:

The line of motion is along the slide we choose the origin at the top and the positive x direction down the

slide. If we temporarily neglect the friction and air resistance, the forces acting upon the A are:

1. Its weight,48 lb, which acts vertically downward; and
2. The normal force, N, exerted by the slide which acts in an upward direction perpendicular to the

slide. (See figure 1)
The components of weight parallel and perpendicular to the slide have magnitude

48sin 30° = 24



Figure: 1

And
48 cos 30° = 24+/3

Respectively, the components perpendicular to the slide are in equilibrium and hence the normal force N

has magnitude, 24+/3.

Now, taking into consideration the friction and air resistance, we see that the forces are acting in

the object as it moves along the slide are the following,

1. F;, the component of the weight parallel to the plane, having numerical value 24.Since this

force acts in the positive (downward) direction along the slide, we have
F, =24

2. F,, the frictional force, having numerical value uN = %(24\/§).Since this act in the negative

(upward) direction along the side, we have
F2 = _6\/§

3. F3, the air resistance, having numerical value %v.Since v > 0 and this also acts in the negative

direction, we have

We apply Newton’s second law F = ma.



Here

F=F+F+F=24-6/3—2v

And
w 48 3
m=—-—=—=-
g 32 2
Thus, we have the differential equation
3dy _ _ 1
~ = 24— 6V3 =V (1)

Since the object is released from the rest, the initial condition is,
1) N R (7))
Solution:

Equation (1) is separable; separating variables we have

dv dt

48-12V3-v 3
Integrating and simplifying, we find
v = 48 — 12V3- Cres
The condition (2) gives
C, = 48 — 12V/3

Thus, we obtain

v = (48 — 12V3)(1- e‘§) Y )

Question A is thus answered by letting t = 2 in Equation (3).

We find

v(2) = (48- 12V3)(1- e%) ~ 13.2(ft/sec)

In order to answer question B, we integrate (3.39) to obtain



x = (48 — 12V3) (t + 3e‘§) + C,.
Since, x(0) = 0,
C, = —(48- 12v3)(3)

Thus, the distance covered at time t is given by,

x = (48 — 12V3) (¢t + 3e‘§—3).

Since the slide is 24 ft long, the object reaches the bottom at the time T determined from the

transcendental equation

T
24 = (48 — 12V3) (T + 3e73-13)
which may be written as

, T 474243 .
TR

The value of T that satisfies this equation is approximately 2.6. Thus from Equation (3.39) the

velocity of the object when it reaches the bottom is given approximately by
(48 — 12V3)(1 — e™%%) = 16.2 (ft/sec).
(Ans.)

Problem 2:

Suppose that the object of mass 1 slug is thrown downward with an initial velocity of 2 ft/s
and that the object is attached to a parachute, increasing this resistance so that it is given

by u. Find the velocity at any time t and determine the limiting velocity of the object.
Solution:

This situation is modeled by the initial value problem

Z—I: = 32 — u?where u(0) = 2



we solve the differential equation by separating the variables and using partial fractions.

du =dt

32— u2

1

(avara) (v Q4 = dt

%(m u— 4\/—)du_dt

ln[u+4\/_] ln[u 4\/_] V2t8 + C;

In [“22) = 8yt + ¢,
58]
Solving for,
U+ 4V2 = Cye8V2
(1 - C3et8ﬁ)u = —4\/2 Ce8V2 4+ 1
So,

— _4\/_ C3€8t\/—+1

1— CSeBt\/—
u is an application of the initial condition yield.
_1+2V2
(3 = 1-2v2

The limiting velocity of the object is found with L° Hospitals’ rule to be, Limit tends to infinity

u(t) = — 226 _ WAt

3 S

(Ans.)



Falling Body Problem:

We shall now consider some examples of a body falling through air toward the earth. In such a
circumstance the body encounters air resistance as it falls. The amount of air resistance depends
upon the velocity of the body, but no general law exactly expressing this dependence is known.
In some instances, the law R = kv appears to be quite satisfactory, while in others R = kv?
appears to be more exact. In any case, the constant of proportionality k on turn depends on
several circumstances. In the examples that follow we shall assume certain reasonable resistance
laws in each case. Thus we shall actually be dealing with idealized problems in which the true
resistance law is approximated and in which certain comparatively negligible factors are

disregarded.

Example 3:

A body weighting 8 Ib falls from rest toward the earth from a great height. As it falls, air
resistance acts upon it, and we shall assume that this resistance (in feet per second). Find

the velocity and resistance fallen at time t seconds.

Formulation:

We choose the positive x axis vertically downward along the path of the body B the origin at the
point from which the body fell. The forces acting on the body are:

1. F; it’s weight, 8 Ib, which acts downward and hence is positive.

2. F, , the air resistance numerically equal to 2v, which acts upward and hence is the negatively

quantity -2v
Newton’s second law, F = ma, becomes

dv—F + F
mdt_1 2



Be—Y_

Y+

MMMy
Earth

Figure: 1
or,

taking g = 32 and using

1dv

T 8—2V. i (1)

Since the body was initially at rest, we have the initial condition
V(0) =0 s v vr e eee v (2)
Solution:

Equation (1) is separable: separating variables,

we have

Integrating we find

—0.5In(8 — 2v) = 4t + C,



Which reduces to
8—2v=_Ce 8
Applying the condition (2) we find C; = 8.
Thus, the velocity at time t is given by
v=41-e®) . (3)

Now to determine the distance fallen at time t, we write (3) in the form

dx
—=4(1—-¢78
It (1—e™)

And note that x(0) = 0.

Integrating the above equation, we obtain

1
x = 4<t+§e‘8t> + C,

Sincex = 0whent =0,wefind ¢, = _71 and hence the distance fallen is given by
— 1,-8c_1
x=4(t+ e 8).

(Ans.)
Problem 4:
A skydiver equipped with parachute and other essential equipment falls from rest toward
the earth. The total weight of the man plus the equipment is 1601b.Before parachutes
opens, the air resistance (in pounds) is numerically equal to %v, where v is the velocity (in
feet per second). The parachute opens 5 sec after the fall begins; after it opens, the air
resistance (in pound) is numerically equal to gvz, where v is the velocity (in feet per

second). Find the velocity of the skydiver (A) before the parachute opens, and (B) after the

parachute opens.



Solution:

Let F,, the weight, the 1601b, which acts downward, hence is positive.

F,, the air resistance, numerically equal to %v, which acts upward and hence is the negative

quantity —%v.
From Newton’s second law F = ma, where F=Fi+F>, let m = % and g = 32
52 — 160 — = v.

dt 2

Since the skydiver was initially at rest, v = 0 when t = 0

we shall first consider the problem (A), We find a one-parameter family of solution of

5 dv =160 !
dt 2"
Separating variables, we obtain
dv. it
v — 320 10

by integrating this,

1
In(v — 320) = —Et+co

v =320+ Ce /10,
whenv =0,t = 0,wegetC = —320
_t
v =320 (1— e 10).
which is valid for 0 < t < 5. In particular, where t = 5
_1
v, =320(1—e 2) =126

which is the velocity when parachute opens.



For problem (B),

5L = 160 — 22
dt
dv 1
v?-256 _Edt
By integrating this,
2% = 4t +c,
+16
v—-16 — Ce_4_t
v+16

__ 16(ce*t+1)
T 1-ce 4t

Here v, = v =126

110 -
_16( 5?07+ )

T 10 204t
1-(3z¢ )

which is valid t > 5.

(Ans.)
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Newton’s Law of Cooling Problems:

It states that the rate at which the temperature T = T(t) changes in a cooling body is
proportional to the difference between the temperature T of the body and the constant

temperature t, of the surrounding medium.

ie.,

% = —k (T — T,), where k > 0.

Negative sign is taken due to the reduction in the temperature of the hot body, when it cools.
Note that T > T,.

Problem 1:

A body whose temperature is initially 100° C is allowed to cool in air, whose temperature
remains at a constant 20° C. It is given that after 10 minutes, the body has cooled to 40° C.

Find the temperature of the body after half an hour.
Solution:

If T denoted the instantaneous temperature of the body in degree Celsius and t denotes the time
in minutes when the body begins to cool, the rate of cooling is,

% = —k (T — 20),where k>0

s—— = —kdt
=log (t — 20) = —kt + logC
=T —20=Ce™*
=T =20+ Ce*
Att = 0,7 = 100andso C = 80

Thus,



T =20 + 80e™*t
is the temperature of the body at time t. It is given that when
t = 10,T = 40.

(Ans.)

Problem 2:

A metal bar at a temperature of 100° F is placed in a room at a constant temperature of
0° F. If after 20 minutes the temperature of the bar is half. Find an expression for the

temperature of the bar at any time.
Solution:

Here, T, = 0, therefore
% = —kT implies T = Ce™*.
Att = 0,wearegivenT = 100,andso C = 100
. T =100e~k¢
Whent = 20,wearegivenT = 50
- 50 = 100e~2%
= —20k = log(3)
= —20k = —0.693
=k = 0.035

Hence, T = 100 exp (—0.035¢t).

(Ans.)



Problem 3:

According to Newton’s Law of cooling, the rate at which a substance cools in moving air is
proportional to the difference between the temperature of the substance and that of the air.
If the temperature of the air is 290 K and the substance cools from 370 K to 330 K in 10

minutes. Find when the temperature will be 295 K.
Solution:

Let T be the temperature of the substance at time t minutes. Then

ar = —k (T —290)
dt

dT
= e = Tkl (1)

Integrating (1) between the limitst = 0 (T = 370)andt = 10 (T = 330), we obtain

330 dT 10
f37o (T-290) —k fo dt
=1log40-1log80 = —10k
=10k = log 2 ... e v v v v e (2)

Integrating (1) between the limitst = 0 (T = 370)andt = t (T = 295),

f295 ar
370 (T-290)

—k [ dt
= log5 —1og80 = —kt
=kt =log16
= log16 = log2*
= kt =4log2 =4 (10 k), using (2).

. t =40 minutes. Hence the temperature will be 295 K in 40 minutes.

(Ans.)



Problem 4:

According to Newton’s Law of cooling, the rate at which a substance cools in air is
proportional to the difference between the temperature of the substance and that of the air.
If the temperature of the air is 30° € and the substance cools from 100° C to 70° C in 15

minutes. Find when the temperature will be 40° C.
Solution:

Let T be the temperature of the substance at time t minutes.

Then

ar _ k (T — 30)
dt

ar
G5 = R (D)

Integrating (1) between the limitst = 0 (T = 100)andt = 15 (T = 70), we obtain

70 dT 15
flOO (T—-30) —k fo dt
=1log40-1log70 = —15k

= — 15k = log~
— — 15k = 0.56

Integrating (1) between the limitst = 0 (T = 100)andt = t (T = 40),

40 4T t
f100 T-30) —k fo dt
= log10 —log70 = —kt

15log7

= 15kt =15log7t = = 32 minutes.

(Ans.)
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Problem 5:

The rate at which a body cools is proportional to the difference between the temperature of
the body and that of the surrounding air. If a body in air at 25°C will cool from 100° to 75°

in one minute, find its temperature at the end of three minutes.
Solution:

Let temperature of the body be T°C.

dT

=k (T —25)

=T _ kdt
T-25

=log (T — 25) = kt + log A

T-25
225 _ ke
A

= log

=T —25 = Ae**
When,t = 0,thenT = 100, from (1) A = 75
Whent = 1,thenT = 75and A = 75, From (1)§= ek
. (1) becomes

T = 25 + 75kt

Whent = 3,thenT = 25 + 75e3k = 25+ 75 *% = 47.22

(Ans.)



Problem 6:

The rate at which the ice melts is proportional to the amount of ice at the instant. Find the

amount of ice left after 2 hours if half the quantity melts in 30 minutes.
Solution:

Let m be the amount of ice at any time t.

dm_k
ac

— I _ kdt
m

= [ —kfdt+C
m

=logm=kt+C..cc e e e . ... (1)

I
<

At,t = 0O,m
LogM =0 + C
C =logM
On putting the value of C, (1) becomes

Logm = kt + logM ............ e e e ... (2)

m=Ywhent = Lhour
2 2
M k
log? =5+ log M

Mk
:logﬁ— E

logl =k
= log> = -

1
..k—210g5

On putting the value of k in (2), we have



logm = (2 log%) t+logM...........(3)

On putting t = 2 hours in (3), we have

logm = (4log%) + log M

4
= log% = log (%)
m
=>—-=—=
M
M
=>m= —
After 2 hours, amount of ice left = 1—16 of the amount of ice at the beginning.

(Ans.)

Problem 7:

If the temperature of the air is 300 K and the substance cools from 370 K to 340 K in 15

minutes. Find when the temperature will be 310 K.
Solution:

Let T be the temperature of the substance at time t minutes. Then

dT
prl —k (T —300)

dT
= on = KAl (D)

Integrating (1) between the limitst = 0 (T = 370)andt = 15 (T = 340), we obtain

340 15
[ —
(T —3000)
370 0
=1log40-1log70 = — 15k

=15k = 10 Z oo e e (2)



Integrating (1) between the limits¢t = 0 (T = 370)andt = t (T = 310),

310 dT t
J; = —k [ dt

70 (T-300)
= log10 —log70 = —kt
= kt =log7
= t = 52.158 minutes, using (2).

. t=52.158 minutes. Hence the temperature will be 295 K in 52.158 minutes.
(Ans.)

Problem 8:

A body at temperature 72°F is taken outdoors, where the temperature is 20°F. After 5
minutes the temperature of the body is 55°F. How long will it take the body to reach a

temperature of 32°F.
Solution:

Let T be the temperature of the substance at time t minutes.
Then

ar _ k (T — 20)
dt

ar _
G = R (D)

Integrating (1) between the limitst = 0 (T = 72)andt = 5 (T = 55), we obtain

55 dT 5
f72 T—20) —k fo dt
= log35-1log52 = =5k

= — 5k =log=

= 5k =108 v s (2)



Integrating (1) between the limitst = 0 (T = 72)andt = t (T = 32),

32 dr t
/; = —k [ dt

2 (T-20)

= log12 —log52 = —kt

= log13—3 = 18.519 minutes.

Problem 9:

(Ans.)

A body of temperature 80°F is placed at time t = 0 in a medium, the temperature of which

is maintained at 50°F. At the end of 5 minutes, the body has cooled to a temperature of

70°F. Determine the temperature of the body as a function of time for t>0. In particular

answer the following questions.

(a) What is the temperature of the body at the end of 10 minutes?

(b) When will the temperature of the body be 60°F?

(c) After how many minutes will the temperature of the body be within 1°F of the

constant 50°F temperature of the room.

Solution:
(a)
Let T be the temperature of the substance at time t minutes.
Then
Z—Z = —k (T - 50)
T

(1

Integrating (1) between the limitst = 0 (T = 80)andt = 5 (T = 70), we obtain



70 dT 5
f8 = —k [ dt

0 (T-50)
= log20-1log30 = —5k
2
=—-5k= logg
= 5k =108 oo e e (2)

Integrating (1) between the limitst = 0 (T = 72)andt = t (T = Ty),

T, dT t
f721 (T—50) _ —k J.0 dt

= log(T; — 50) —log30 = —10k

3

l =
= log(T; — 50) =log30 — 10.—2

=T, — 50 = 13.33

— T, = 63.33°F.

(Ans.)
(b)
Let T be the temperature of the substance at time t minutes.
Then
= —k (T - 50)
= (T‘io) = —kdt e ()

Integrating (1) between the limitst = 0 (T = 80)andt = 5 (T = 70), we obtain

70 dT 5
Jao T —k [, dt
=log20-1log30 = =5k

= — 5k =log=



= 5k =108 e e e (2)
Integrating (1) between the limitst = 0 (T = 80)andt = t (T = 60),
60 dr ot
Jao 70 = k[, dt
= log10 — log30 = —kt
= log3 =kt

-t = 13.55 minutes

(Ans.)

(©

Thus we seek the time when the temperature x is 51. Thus lettering x = 51 in
2.t
x =50+ 30(5)5

We quickly find,

From which

-t = 41.94 minutes.

(Ans.)
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