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Power Series: A Power Series is an infinite series of the form 
 

� an(x − c)n = a0 + a1(x− c) + a2(x − c)2 + a3(x− c)3 +  … … …
∝

n=0

 

 
where “an” represents the co-efficient of the “nth” term and “c” is a constant. 
 
Analytic Function: A function f(x) defined on interval containing the point x=x0 is called analytic at x0 if its 
Taylor Series. 
 

f(x) = �
f (n)(x0)

n!
(x − x0)n

∞

n=0

 

 
exists and converges to f(x) for all x in the interval of the convergence 
 
Hence, we find that all polynomial functions, ex, sin x, cos x, sinh x and cosh x are analytic everywhere. A 
rational function is analytic except all those values of x at which its denominator is zero, for example, the 
rational function defined by x/(x2-3x + 2) is analytic everywhere except at x =1 and x = 2. 
 
Ordinary and Singular Points 
 
Definition: 
 
A point x=x0 is called an ordinary point of the equation. 
 

y”+P(x)y’+Q(x)y=0 
 
if both the functions P(x) and Q(x) are analytic at x=x0 
 
If the point x=x0 is not an ordinary point of the differential equation, then it is called a singular point of the 
differential equation.  
 
There are two types of singular points: 
 
 Regular singular points 
 Irregular singular points 

 
 
 
 
A singular point x=x0 of the differential equation is called a regular singular point of the differential 
equation if both (x=x0)P(x) and (x=x0)2Q(x) are analytic at x=x0 
 
A singular point, which is not regular is called an irregular singular point of the differential equation. 
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Related Mathematical Problems: 
 
 
Problem 01: Determine whether x=0 is an ordinary point or a regular singular point of the differential 
equation 2x2(d2v/dx2)+7x(x+1)(dv/dx)-3y=0  
 
Solution: 
 
Dividing by 2x2, the given equation becomes 
 

d2y
dx2

+ 7(x+1)
2x

dy
dx
− 3

2x2
y = 0 ………………(1) 

 
Comparing (1) with standard equation y” +P(x)y’+ Q(x)y=0, we have 
 
P(x)=[7(x+1)]/2x  
 
Q(x)= -3/(2x2) 
 
Since both P(x) and Q(x) are undefined at x=0, so both P(x)and Q(x) are not analytic at x=0. Thus x=0 is not 
an ordinary point and so x=0 is a singular point.  
 
Also, (x-0)P(x)=7(x+1)/2 and (x-0)2Q(x)=-3/2,   showing that both (x-0)P(x) and (x-0)2Q(x) are analytic at 
x=0. Therefore x=0 is a regular singular point. (showed) 
 

 
Problem 02: Show that x=0 is an ordinary point of (𝐱𝐱𝟐𝟐 − 𝟏𝟏)𝐲𝐲” + 𝐱𝐱𝐱𝐱’ − 𝐲𝐲 = 𝟎𝟎, but x=1 is a regular 
singular point. 
 
Solution: 
 
 
Dividing by (x2-1), the given equation becomes 
 

d2y
dx2

+ x
(x−1)(x+1)

dy
dx
− 1

(x−1)(x+1) y = 0 …………..(1) 
 
 
Comparing (1) with standard equation y”+P(x)y’+Q(x)y=0, we get 
  
P(x)=x/[(x-1)(x+1)]  
 
Q(x)=-1/{(x-1)(x+1)} 
 
Since both P(x) and Q(x) are analytic at x=0, so x=0 is an ordinary point of the given equation (1) 
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Since both P(x) and Q(x) are undefined at x=1, so they are not analytic at x=1. Thus x=1 is not an ordinary 
point and so x=1 is a singular point. 
 
Also (x-1)P(x)=x/(x+1) and (x-1)2Q(x)=-(x-1)/(x+1), showing that both (x-1)P(x)  
and (x-1)2Q(x) are analytic at x=1.  
 
Therefore x=1 is a regular singular point.  (showed) 
 
 
 
Problem 03: Verify that x=0 is a regular singular point of 2x2y”+y’-(x+1)y=0 equation.  
 
Solution: 
 
Given that, 
                  2x2y”+y’-(x+1)y=0 
 
          Or,  y” + 1

2x
y′ − x+1

2x2
y = 0 …………………(1) 

 
Comparing (1) with standard equation, 
 

y” +P(x)y’+Q(x)y=0 
 

we get, 
 
P=1/2x 
 
Q=-(x+1)/2x2 
 
Since both P and Q are not analytic (P=∞, Q=∞) at x=0, therefore x=0 is a singular point 
 
Now, 
 
P1=(x-x0)P(x) 
    =(x-0)×(1/2x) 
    =1/2 
 
and, 
 
Q1=(x-x0)2Q(x) 
    =(x-0)2[-(x+1)/2x2] 
    =-(x+1)/2 
 
Here both P1 and Q1 are analytic (P1≠∞; Q1≠∞) at x=0. 
 
Hence x=0 is a regular singular point of equation (1) (showed) 
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Problem 04: Show that x=0 and x=1 both are regular singular point for the equation x(x-1)y”+(3x-
1)y’+y=0 
 
Solution: 
 
Given that,    
                  x(x-1)y”+(3x-1)y’+y=0 
 
         Or,   y” + 3x−1

x(x−1) y′ + 1
x(x−1) y = 0…………….(1) 

 
 
Comparing (1) with standard equation, 
 

y”+P(x)y’+Q(x)y=0 
 
we get, 
 
P= 3x−1

x(x−1) 
 
Q= 1

x(x−1) 
 
Since both P and Q are not analytic (P=∞, Q=∞) at x=0 and x=1, hence both these points are singular point 
 
At x=0, 
               
             P1=(x-x0)P(x)=(x-0)× 3x−1

x(x−1)=
3x−1
x−1

 
 
            Q1=(x-x0)2Q(x)=(x-0)2× 1

x(x−1)=
x

x−1
 

 
Since P1 and Q1 are analytic (P1≠∞; Q1≠∞) at x=0. Hence x=0 is a regular singular point. 
 
At x=1, 
 
            P1=(x-x0)P(x)=(x-1)× 3x−1

x(x−1)=
3x−1
x

 
 
            Q1=(x-x0)2Q(x)=(x-1)2× 1

x(x−1)=
x−1
x

 
 
Since P1 and Q1 are analytic (P1≠∞; Q1≠∞) at x=1. Hence x=1 is a regular singular point. 
                                                                                                                                                   (showed) 
 
Problem 05: Find regular singular points of the differential equation. 
𝐱𝐱𝟐𝟐(𝐱𝐱 − 𝟐𝟐)𝟐𝟐𝐲𝐲′′ + 𝟐𝟐(𝐱𝐱 − 𝟐𝟐)𝐲𝐲′ + (𝐱𝐱 + 𝟑𝟑)𝐲𝐲 = 𝟎𝟎 
 
Solution: 
 
Given that, 

1800003 



P a g e  | 7 
 

                  x2(x− 2)2y′′ + 2(x − 2)y′ + (x + 3)y = 0 
 
              or, y”+ 2

x2(x−2) y’+ x+3
x2(x−2)2 y=0 

 
Comparing (1) with standard equation, 
 

y”+P(x)y’+Q(x)y=0 
 
we get, 
 

P =
2

x2(x − 2) 

Q =
x + 3

x2(x − 2)2 

 
P and Q are not analytic (P=∞, Q=∞) at x = 0 and x = 2.  
 
Hence both these points are singular points of equation (1). 
 
(i) At x = 0   
       
 P1 = xP(x) = 2

x(x−2) 
 
Q1= x2Q(x)= x2. (x+3)

x2(x−2)2=
(x+3)

(x−2)2 
 
Since P1 is not analytic (P1 =∞) at x = 0, so x = 0 is an irregular singular point. 
 
 
 
(ii) At x = 2 
 

P1 = (x − 2)P(x) = (x − 2).
2(x − 2)

x2(x − 2)2 =
2
x2

 

 
Q1=(x − 2)2Q(x)= (x − 2)2. (x+3)

x2(x−2)2=
(x+3)
x2

 
 
Since both P1 and Q1 are analytic (P1 ≠ ∞, Q1 ≠ ∞ ) at x = 2, so x = 2 is a regular singular 
Point    (showed) 
 
 
 
 
Problem 06: x2y”+xy’+(x2-4)y=0; Prove that x=0 is a singular point 
 
Solution: 
 
Given that, 
       
                   x2y”+xy’+(x2-4)y=0 
    Or,     y” + 1

x
y′ + x2−4

x2
y = 0 …………….(1) 
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Comparing (1) with standard equation, 
                                                               y”+P(x)y’+Q(x)y=0 
 
P=1

x
 

Q=x
2−4
x2

 
 
Since both P and Q are not analytic (P=∞, Q=∞) at x=0, therefore x=0 is a singular point for equation (1).     
(showed) 
 
 
Problem 07: Show that 𝐱𝐱 = 0 is a regular singular point of                             𝐱𝐱𝟐𝟐𝐲𝐲′′ + 𝐱𝐱𝐲𝐲′ + �𝐱𝐱𝟐𝟐−𝟏𝟏�

𝟒𝟒
𝐲𝐲 = 𝟎𝟎 

 
Solution: 
 
Dividing by x2, the given equation becomes, 
 
y′′ + 1

x
y′ + �x2−1�

4x2
y = 0…………(1) 

 
Comparing (1) with standard equation, 
                                                y′′ + P(x)y′ + Q(x)y = 0…………(1) 
 
Here, P(x)= 1

x
  and Q(x)= x

2−1
4x2

 
 
Since both P(x) and Q(x) are undefined 
 
At x = 0, so they are not analytic at x = 0 
So, x = 0 is a singular point 
 
Now, (x-0) P(x)= x. 1

x
 and (x − 0)2. Q(x)= x

2−1
4

 
Both (x-0) P(x) and (x − 0)2. Q(x) are analytic at x = 0 
 
∴ x = 0 is a regular singular point    (showed) 
 
 
 
 
 
Problem 08: Determine whether 𝐱𝐱 = 0 is an ordinary point or singular point of     (𝟐𝟐𝟐𝟐𝟐𝟐 + 𝟏𝟏)𝐲𝐲′′ − 𝐱𝐱𝐲𝐲′ −
𝐲𝐲 = 𝟎𝟎 
 
Solution: 
 
Dividing the given equation by 2x2 + 1 and we get, 
 

y′′ −
x

 (2x2 + 1 )
y′ −

1
(2x2 + 1) y = 0 … … … . (1) 

 
Comparing (1) with standard equation, 
 
y′′ + P(x)y′ + Q(x)y = 0 
 

1800005 
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We have , 

P(x) =
x

2x2 + 1
; Q(x) = −

1
2x2 + 1

 
 
Since, P(x) and Q(x) are analytic at x = 0. so, x = 0 is an ordinary point at equation (1) 
 
 
 
 
 
Problem 09: Determine whether 𝐱𝐱 = 0 is an ordinary point or singular point of �𝟏𝟏 − 𝐱𝐱𝟐𝟐�𝐲𝐲′′ − 𝐱𝐱𝐲𝐲′ +
𝟒𝟒𝟒𝟒 = 𝟎𝟎 
 
Solution: 
 
Dividing the given equation by (1 − x2) and we get, 
 

y′′ −
x

 (1 − x2) y′ +
4

(1 − x2) y = 0 … … … . (1) 

 
Comparing (1) with standard equation, 

y′′ − P(x)y′ + Q(x)y = 0 
 
We have, 
P(x) = − x

1−x2
;  Q(x) = 4

1−x2
 

 
Since P(x) and Q(x) are analytic at x = 0. So, x = 0 is an ordinary point at equation (1) 
 
 
 
 
 
 
Problem 10: Find the ordinary point or singular point of differential equation. 

(𝐱𝐱𝟐𝟐 + 𝟐𝟐)𝐲𝐲′′ + 𝐱𝐱𝐲𝐲′ − (𝟏𝟏 + 𝐱𝐱)𝐲𝐲 = 𝟎𝟎 
 
Solution: 
 
Given that, 

(x2 + 2)y′′ + xy′ − (1 + x)y = 0 
 
Dividing the equation with (x2 + 2) we get, 
 
y′′ + x

x2+2
y′ − 1+x

x2+2
y = 0…………….(1) 

 
Comparing (1) with standard equation, 
 

y′′ + P1y′ − P2y = 0 
 
We get, 

P1 =
x

x2 + 2 
;         P2 =

1 + x
x2 + 2
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Here,  P1 and P2 are both defined at x = 0 (P1 ≠ ∞, P2 ≠ ∞). So, x =
0 is an ordinary point at equation (1). 
 
 
 
 
 
Problem 11: Find the ordinary point or singular point of differential equation. 

𝐲𝐲′′ + 𝐱𝐱𝐲𝐲′ + 𝐱𝐱𝟐𝟐𝐲𝐲 = 𝟎𝟎 
 
Solution: 
 
Here, 

P1 = x;         P2 = x2 
 
y′′ + P1y′ + P2y = 0 
 
 
Since both P1 and P2 are defined at x = 0 (P1 ≠ ∞, P2 ≠ ∞). Here x = 0 is an ordinary point of y′′ + xy′ +
x2y = 0 
 
 
 
 
 
 
 
Problem 12:  Show that x = 0 and x = -1 are singular points of      
 x2 (x+1)2 y” + (x2-1) y’ + 2y = 0 Where the first is irregular and the other is regular. 
 
Solution: 
 
Dividing by x2 (x+1)2 the given equation becomes 
 

d2y
dx2

+
x − 1

x2(x + 1)
dy
dx

+
2

x2(x + 1)2 y = 0 

Comparing (1) with standard equation  
                                                          y” + P(x)y’ + Qy = 0 
we get 
P(x) = (x-1) / [x2(x+1)]   
Q(x) = 2 / [x2(x+1)2] 
 
Since both P(x) and Q(x) are undefined at x =0 and x = -1 , so they are not analytic 
at x = 0 and x = -1 . 
Hence x = 0 and x = -1 are both singular points. 
 
Also (x-0) P(x)  =  (x-1) / [ x(x+1)]  and  (x-0)2 Q(x)  =  2 / (x+1)2 , 
Showing that  P(x)  is not analytic at x = 0 and so  x=0 is an irregular singular point . 
 
Again,   
 
(x+1) P(x)  =  (x-1) / x2  and  (x+1)2 Q(x)  =  2/x2 , 
Showing that both (x+1) P(x)  and  (x+1)2 Q(x) are analytic at x = -1 and hence x = -1 is a   regular    singular 
points. 

1800007 
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Problem 13: Find regular singular points of the differential equation 
 

𝟐𝟐𝐱𝐱𝟐𝟐
𝐝𝐝𝟐𝟐𝐲𝐲
𝐝𝐝𝐝𝐝𝟐𝟐

+ 𝟑𝟑𝟑𝟑
𝐝𝐝𝐝𝐝
𝐝𝐝𝐝𝐝

+ �𝐱𝐱𝟐𝟐 − 𝟒𝟒�𝐲𝐲 = 𝟎𝟎                                        
 
Solution:  
 

d2y
dx2

+
3

2x
dy
dx

+
(x2 − 4)

2x2
y = 0 

 

P1 =  
3

2x
  and  P2 =  

x2 − 4
2x2

 

Q1 = x. P1 = x �
3

2x 
� =  

3
2 

,      Q2 =  x2. P2 =  x2.
x2 − 4

2x2
=  

1
2

( x2 −  4) 
 
Since both P1 and P2 are not analytic ( P1 = ∞ , P2 = ∞ ) at x = 0 therefore x = 0 is a singular point of (1) . 
Moreover both  Q1  and  Q2  are analytic  ( Q1 ≠ ∞ , Q2 ≠ ∞ ) at x = 0 . Hence x = 0 is a regular singular point 
of (1). 
 
 
 
 
 
 
Problem 14: Find regular singular points of differential equation    
 

           𝐱𝐱𝟐𝟐(𝐱𝐱 − 𝟒𝟒)𝟐𝟐  
𝐝𝐝𝟐𝟐𝐲𝐲
𝐝𝐝𝐝𝐝𝟐𝟐

+ (𝐱𝐱 − 𝟒𝟒)
𝐝𝐝𝐝𝐝
𝐝𝐝𝐝𝐝

+ (𝐱𝐱 + 𝟐𝟐)𝐲𝐲 = 𝟎𝟎 
 
Solution:   
 
 
Given that                                                                                                                                                    
 

x2(x − 4)2  d
2y
dx2

+ (x − 4) dy
dx

+ (x + 2)y = 0 ………………………………….(1) 
 
Now,         P1 = (x−4)

x2(x−4)2                    P2 = (x+2)
x2(x−4)2 

 
P1  and   P2 are not analytic  (P1=∞ , P2 = ∞) at x=0 and x=4 
 
Hence both these points are singular points of  (1) 
 
At x=0   
         Q1 =x P1=  x. (x−4)

x2(x−4)2=  1
x(x−4) 

 
Q2 = x2 P2 = x2  (x+2)

x2(x−4)2 
=   (x+2)

(x−4)2 
 
Since  Q1  is not analytic   (Q1 = ∞)  at x=0, so  x=0  is an irregular singular point 
At  x=4       
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       Q1 = (x − 4). P1 = (x − 4). (x−4)
x2(x−4)2   =  1

x2
 

 
       Q2 = (x − 4)2 P2 =(x − 4)2 (x+2)

x2(x−4)2  =
(x+2)
x2

 
 
Since both   Q1 and  Q2 are analytic at x=4,   so   x= 4   is a  regular singular point 
 
Therefore    x=0 is   an irregular singular point 
 
x=4 is    a regular   singular   point    
 
 
 
 
Problem 15: Show that x=0 is a regular singular point of   
 

𝐱𝐱𝟒𝟒  
𝐝𝐝𝟐𝟐𝐲𝐲
𝐝𝐝𝐝𝐝𝟐𝟐

+ 𝐱𝐱𝟑𝟑
𝐝𝐝𝐝𝐝
𝐝𝐝𝐝𝐝

+ 𝐱𝐱𝟐𝟐𝐲𝐲 = 𝟎𝟎 
 
Solution:  
 
Given that,  x4  d

2y
dx2

+ x3 dy
dx

+ x2y = 0 
 
Dividing by x4  the given equations becomes 
d2y
dx2

+ 1
x
dy
dx

+ 1
x2

y = 0      ……………………………………   (1) 
 
Now,         P1 = 1

x
                    P2 = 1

x2
 

 
P1   and    P2 are not analytic  (P1=∞ , P2 = ∞) at x=0 
 
Hence x=0   singular points of   (1) 
Q1 =x P1=   x. 1

x
   =1 

Q2 = x2 P2= x2 1
x2

 = 1 
 
Since both   Q1 and  Q2 are analytic at x=0,   so   x= 0   is  a  regular singular point 
(showed) 
 
 
 
 
 
 
Problem 16: Determine whether x=0 is on ordinary point or singular point of (x2+1)y4+xy2+xy=0 
 
Solution: 
 
Dividing the given eqn by (x2+1) 
 
y”+ x

x2+1
y’- x

x2+1
y=0      …..(1) 

 
Comparing (1) with standard eqn 
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y”+p(x)y’+ Q(x)y=0 
 
We have 
P(x) = x

x2+1
 and Q(x)=- x

x2+1
 

 
since P(x) and Q(x) are analytic at x=0 , so x=0 is an ordinary point of equation (1) 
 
 
Problem 17: Show that, x=0 is a regular singular point and x=1 is an irregular singular point of 
 

x(x-1)3y”+ 2(x-1)3y’+3y=0 
 
 
Solution:  
 
 
dividing by x(x-1)3, the given equation becomes 
 
y”+ 2

x
 y’+ 3

x(x−1)3y=0     ……(1) 
 
comparing (1) with standard equation 
 
                                                      y”+P(x)y’+θ(x)y=0 
 
we get p(x)= 2

x
 , Q(x)= 3

x(x−1)3 
 
P(x) and θ(x) both are undefined at x=0. 
 
So they are not analytic. So x=0 is a singular point 
 
(x − 0)p(x) = 2 and (x − 0)2Q(x) =  3

x(x−1)3 
 
Both (x − 0)p(x) and (x − 0)2Q(x) are analytic at x=0 
 
x = 0 is a regular singular point . 
 
Q(x) is not defined st x=1 so Q(x) is not analytic at x=1.  
 
So,x=1 is a singular point . 
 
(x − 1)P(x) = 2(x−1)

x
 , (x − 1)2Q(x) = 3

x(x−1)3 
 
(x − 1)2Q(x) is undefined at x=1. 
 
 So (x − 1)2Q(x) is not analytic at x=1.. 
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Problem 18: Show that x = 0 is an ordinary point of y” – xy’ + 2y = 0 
 
Solution:  
 
Given that, 
 
y” – xy’ + 2y = 0                         …(1) 
 
Comparing (1) with standard equation, 
y’ + P1 (x) y’ + P2 (x) y = 0 
 
We get,    
P1 = -1                P2 = 2 
 
Since both P1 and P2 are defined at  x = 0 ( P1 ≠ ∞ , P2 ≠ ∞ ) therefore  x = 0  is an 
ordinary  point of (1). 
 
 
 
Problem 19: Prove that , x = 0  is a regular singular point for 
 2x2 y” – xy’ + (x – 5 ) = 0 
 
Solution:  
 
Given that , 
 
2x2 y” – xy’ + (x – 5 ) = 0 
y” – 1 / 2x + ( x – 5 ) /  2x2 = 0          …(1) 
 
Comparing (1) with the standard equation , 
 
y” + P1 (x) y’ + P2 (x) y = 0 
 
We get ,     
P1 = -1 / 2x      ;     P2 = ( x – 5 ) / 2x2 
 
Since both P1  and  P2  are not analytic  ( P1 = ∞ , P2 = ∞ ) ; therefore  x = 0  is a singular 
point . 
 
Q1 = ( x – xO ) P1 (x)                             Q2 = ( x – xO )2 P2 (x) 
= ( x – 0 ) ( -1 / 2x )                             = ( x – 0 )2 .( x – 5 ) / 2x2 
=  - 1 / 2                                                = ( x – 5 ) / 2 
 
Here , both  Q1  and  Q2  are analylic  ( Q1 ≠ ∞ , Q2 ≠ ∞ ) at x = 0 ; therefore x = 0  is a 
regular singular point of (1). 
 
 
 
Problem 20: Prove that , x = 0  is a regular singular point for   3xy” + 2y’ + y = 0 
 
Solution:  
 

1800010 
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Given that , 
 
3xy” + 2y’ + y = 0 
 
Dividing by 3x we get , 

y" +
2

3x
 y′ +  

y
3x

 = 0        … (1) 
 
Comparing with standard equation we get 
y” + P1 y’ + P2 y = 0 
 
We get , 
P1 = 2 /3x   ;    P2 = 1 / 3x 
 
Since, P1  and P2  both are undefined at x = 0  ( P1 = ∞  P2 = ∞ ) 
So ,  x = 0 is a singular point of equation (1). 
 
Again ,            
Q1 = P1 ( x – 0 )                                      Q2 = P2 ( x – 0 ) 
= 2 / 3x ( x – 0 )                                     = 1 / 3x ( x – 0 ) 
= 2 / 3                                                      = 1 / 3 
 
Q1  and  Q2  both are defined at  x = 0 
 
So , x = 0   is a regular  singular point of equation (1) 
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 FROBENIUS METHOD 

 

If x = 0 is a regular singularity of the equation, 

                                𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
+ 𝑃𝑃1(𝑥𝑥) 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
+ 𝑃𝑃2(𝑥𝑥)𝑦𝑦 = 0 … … … . (1)      [𝑝𝑝(0) = 0]

 Then the series solution is 𝑦𝑦 = 𝑥𝑥𝑚𝑚(𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + 𝑎𝑎3𝑥𝑥3 + ⋯ ) = ∑  ∞
𝑘𝑘=0 𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘

  

The value of m will be determined by substituting the expressions for 𝑦𝑦, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

, 𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
 in (1), we get the identity. 

On equating the coefficient of lowest power of x in the identity to zero, a quadratic equation in m (indicial 
equation) is obtained. 
Thus, we will get two values of m. The series solution of (1) will depend on the nature of the roots of the indicial 
equation. 

1. Case 1: When roots 𝒎𝒎𝟏𝟏,𝒎𝒎𝟐𝟐 are distinct and not differing by an integer 𝑚𝑚1 −𝑚𝑚2 ≠ 0 or a positive 
integer. 

e.g., 𝑚𝑚1 = 1
2

 ,𝑚𝑚2 = 2 

The complete solution is 𝑦𝑦 = 𝑐𝑐1(𝑦𝑦)𝑚𝑚1 = 𝑐𝑐2(𝑦𝑦)𝑚𝑚2  

2. Case 2: When roots 𝒎𝒎𝟏𝟏,𝒎𝒎𝟐𝟐 are equal i.e., 𝒎𝒎𝟏𝟏 = 𝒎𝒎𝟐𝟐 

𝑦𝑦 = 𝑐𝑐1(𝑦𝑦)𝑚𝑚1 + 𝑐𝑐2 �
∂𝑦𝑦
∂𝑚𝑚�𝑚𝑚1

 

3. Case 3: When roots 𝒎𝒎𝟏𝟏,𝒎𝒎𝟐𝟐 are distinct and differ by an integer (𝒎𝒎𝟏𝟏 < 𝒎𝒎𝟐𝟐) 

e.g., 𝑚𝑚1 = 3
2

 ,𝑚𝑚2 = 5
2

 𝑜𝑜𝑜𝑜 𝑚𝑚1 = 2,𝑚𝑚2 = 4 

If some of the coefficients of y series become infinite when m = m1, to overcome this difficulty, 
replace a0 by b0 (m – m1). We get a solution which is only a constant multiple of the first solution. 

Complete solution is 𝑦𝑦 = 𝑐𝑐1(𝑦𝑦)𝑚𝑚1 + 𝑐𝑐2 �
∂𝑦𝑦
∂𝑚𝑚
�
𝑚𝑚1

  

4. Case 4: Roots are distinct and differing by an integer, making some coefficient indeterminate 

Complete solution is 𝑦𝑦 = 𝑐𝑐1(𝑦𝑦)𝑚𝑚1 + 𝑐𝑐2(𝑦𝑦)𝑚𝑚2 

If the coefficient does not become infinite when 𝑚𝑚1 = 𝑚𝑚2  

 

 

 

1800011 
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Case1: when the roots are distinct and differing by an integer. 

Related Examples 

 

Example 1: Find solution in generalized series form about x = 0 of the differential equation 

                                                       3𝑥𝑥 𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

+ 2 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑦𝑦 = 0 

Solution:   3𝑥𝑥 𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

+ 2 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑦𝑦 = 0 … … … … . . (1)  

Since x=0 is a regular singular point, we assume the solution in the form 

𝑦𝑦 = ∑  ∞
𝑘𝑘=0 𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘                             

Such that,  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= ∑  ∞
𝑘𝑘=0 𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1, 𝑑𝑑

2𝑦𝑦
𝑑𝑑𝑥𝑥2

= ∑  ∞
𝑘𝑘=0 𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 

Substituting for 𝑦𝑦, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

, 𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
 in the given equation (1) we get 

3Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−1 + 2Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 + Σ𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0
Σ𝑎𝑎𝑘𝑘[3(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) + 2(𝑚𝑚 + 𝑘𝑘)]𝑥𝑥𝑚𝑚+𝑘𝑘−1 + Σ𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0 … … . . (2)

 

The co efficient of the lowest degree term 𝑥𝑥𝑛𝑛−1 in the identity (2) is obtained by putting 𝑘𝑘 = 0 in first 
summation only and equating it to zero. Then the indicial equation is  

𝑎𝑎0[3(𝑚𝑚− 1)𝑚𝑚 + 2𝑚𝑚] = 0 𝑜𝑜𝑜𝑜 𝑎𝑎0[3𝑚𝑚2 −𝑚𝑚] = 0 𝑜𝑜𝑜𝑜 𝑎𝑎0𝑚𝑚(3𝑚𝑚 − 1) = 0 

Since 𝑎𝑎0 ≠ 0,𝑚𝑚 = 0 𝑜𝑜𝑜𝑜 1
3
 

The coefficient of next lowest degree term 𝑥𝑥𝑚𝑚 in the identity (2) is obtained by putting 𝑘𝑘 = 1 in first 
summation and 𝑘𝑘 = 0 in the second summation and equating it to zero. 

𝑎𝑎1[3(𝑚𝑚 + 1)𝑚𝑚 + 2(𝑚𝑚 + 1)] + 𝑎𝑎0 = 0
𝑜𝑜𝑜𝑜 𝑎𝑎1[3𝑚𝑚2 + 5𝑚𝑚 + 2] + 𝑎𝑎0 = 0 or 𝑎𝑎1(3𝑚𝑚 + 2)(𝑚𝑚 + 1) + 𝑎𝑎0 = 0

𝑎𝑎1 = −
1

(3𝑚𝑚 + 2)(𝑚𝑚 + 1)𝑎𝑎0
 

Equating to zero the coefficient of 𝑥𝑥𝑚𝑚+𝑘𝑘, the recurrence relation is given by  

𝑎𝑎𝑘𝑘+1[3(𝑚𝑚 + 𝑘𝑘 + 1)(𝑚𝑚 + 𝑘𝑘) + 2(𝑚𝑚 + 𝑘𝑘 + 1)] + 𝑎𝑎𝑘𝑘 = 0

𝑎𝑎𝑘𝑘+1(𝑚𝑚 + 𝑘𝑘 + 1)(3𝑚𝑚 + 3𝑘𝑘 + 2) + 𝑎𝑎𝑘𝑘 = 0 or 𝑎𝑎𝑘𝑘+1 =
−1

(𝑚𝑚 + 𝑘𝑘 + 1)(3𝑚𝑚 + 3𝑘𝑘 + 2)𝑎𝑎𝑘𝑘
 

This gives 

For 𝑘𝑘 = 0,  𝑎𝑎1 = −1
(𝑚𝑚+1)(3𝑚𝑚+2)

𝑎𝑎0 
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For 𝑘𝑘 = 1, 𝑎𝑎2 = −1
(𝑚𝑚+2)(3𝑚𝑚+5)

𝑎𝑎1 = 1
(𝑚𝑚+1)(𝑚𝑚+2)(3𝑚𝑚+2)(3𝑚𝑚+5)

𝑎𝑎0 

For 𝑘𝑘 = 2,  𝑎𝑎3 = −1
(𝑚𝑚+3)(3𝑚𝑚+8)

𝑎𝑎2 = −1
(𝑚𝑚+1)(𝑚𝑚+2)(𝑚𝑚+3)(3𝑚𝑚+2)(3𝑚𝑚+5)(3𝑚𝑚+8)

𝑎𝑎0 

For m = 0, 

 a1 = −1
2
𝑎𝑎0  a2 = 1

20
𝑎𝑎0  a3 = − 1

480
𝑎𝑎0  

Hence for m = 0, 𝑦𝑦1 = 𝑎𝑎0 �1 − 1
2
𝑥𝑥 + 1

20
𝑥𝑥2 −  1

480
𝑥𝑥3 +⋯� 

For m = 1
3
  

 a1 = −1
4
𝑎𝑎0  a2 = 1

56
𝑎𝑎0  a3 = − 1

1680
𝑎𝑎0 

Hence for m = 1
3
,     𝑦𝑦2 = 𝑎𝑎0(𝑥𝑥

1
3 − 1

4
𝑥𝑥
4
3 + 1

56
𝑥𝑥
7
3 −  1

1680
𝑥𝑥
10
3 + ⋯) 

Thus, the complete solution is 

  y = Ay1 + By2 

  y = 𝑎𝑎0(1 − 𝑥𝑥
2

+ 𝑥𝑥2

20
−  𝑥𝑥

3

480
+ ⋯) + 𝑏𝑏0𝑥𝑥

1
3(1− 𝑥𝑥

4
+ 𝑥𝑥2

56
−  𝑥𝑥3

1680
+ ⋯)      Ans. 

 

Example 2: 𝟒𝟒𝟒𝟒𝟒𝟒” + 𝟐𝟐𝟐𝟐’ + 𝐲𝐲 = 𝟎𝟎 

Consider 4xy” + 2y’ + y = 0--------------(1)  

So, x=0 is a regular singular point with p(x) = 1
2
 and q(x) =𝑥𝑥

4
. The power series in y1 and y2 will converge for 

|x| < ∞ since p and q have convergent power series in this interval. The indicial equation is 

                              r(r − 1) + 1
2
r = 0 ⇒ r2 − 1

2
r = 0-----------------(2) 

 so r1 = 1
2
 and r2 = 0 (Note: p0 = 1

2
 , q0 = 0). Substituting y = 𝑥𝑥𝑟𝑟 ∑ a∞

𝑘𝑘=0 kxk into (1) and shifting the indices of 
the first two series so all terms are of form xk+r we get 

           4∑ (𝑘𝑘 + 𝑟𝑟 + 1)∞
𝑘𝑘=−1 (k +  r)ak + 1xk+r + 2∑ (𝑘𝑘 + 𝑟𝑟 + 1)∞

𝑘𝑘=−1 ak+1xk+r + X∑ 𝑎𝑎∞
𝑘𝑘=0 kxk+r=0---------------(3) 

All coefficients of powers xk+r must equate to zero to obtain a solution. The lowest power is xr−1 for k = −1 and 
this yield  

                           4r(r −  1)  +  2r =  0   ⇒   r2 −  1
2
𝑟𝑟 = 0--------------------(4) 

which is just the indicial equation as expected. For k ≥ 0, we obtain  

                   4(k +  r +  1)(k +  r)ak + 1 +  2(k +  r +  1)ak + 1 + ak  =  0------------------(5) 

Corresponding to the recurrence relation  

1800012 
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                  ak+1 =
−𝑎𝑎𝑘𝑘

(2𝑘𝑘+2𝑟𝑟+2)(2𝑘𝑘+2𝑟𝑟+1)
,     k = 0, 1, 2...--------------------(6) 

First Solution: To find y1 apply (6) with r = r1 = 1
2
 to get the recurrence relation  

                   ak+1 =  −ak
(2k + 3)(2k + 2)

,      k = 0, 1, 2...-------------------(7)  

Then 

                           a1=−
𝑎𝑎0
3.2   

,   a2=−
𝑎𝑎1
5.4

,    a3=−
𝑎𝑎2
7.6

, …------------------------- (8)  

so  

                          a1=−
𝑎𝑎0
3!

,    a2=
𝑎𝑎0
5!

,     a3=−
𝑎𝑎0
7!

, …-------------------------- (9)  

Since a0 is arbitrary, let a0 = 1 so  

                          ak(r1) = (−1)𝑘𝑘

(2𝑘𝑘+1)!
 , k = 0, 1, 2...-----------------------(10)  

and  

                        y1(x) =x1/2� (−1)𝑘𝑘

(2𝑘𝑘+1)!
𝑥𝑥𝑘𝑘

∞

𝑘𝑘=0
.------------------------(11)  

Second Solution: To find y2, just apply (6) with r = r2 = 0 to get the recurrence relation  

                          bk+1 = − 𝑏𝑏𝑘𝑘
(2𝑘𝑘+2)(2𝑘𝑘+1)

.-----------------------------(12)  

Letting the arbitrary constant b0 = 1, then  

                               bk(r2) = (−1)𝑘𝑘

(2𝑘𝑘)!
 ------------------(13)  

 so  

                         y2(x) =∑ (−1)𝐾𝐾

(2𝑘𝑘)!
𝑥𝑥𝑘𝑘∞

𝐾𝐾=0 .----------------(14) 

 

Example 3: 𝐱𝐱𝐱𝐱” + 𝟐𝟐𝟐𝟐’ − 𝐱𝐱𝐱𝐱 = 𝟎𝟎 

Given that xy” + 2y’ − xy = 0 

Since x=0 is the regular singular point of the given equation- 

𝑦𝑦 = �𝐶𝐶𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟
𝛼𝛼

𝑛𝑛=0

 

𝑦𝑦′ = �𝐶𝐶𝑛𝑛(𝑛𝑛 + 𝑟𝑟)𝑥𝑥𝑛𝑛+𝑟𝑟−1
∞

𝑛𝑛=0

 

1800013 
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𝑦𝑦′′ = �𝐶𝐶𝑛𝑛(𝑛𝑛 + 1)𝑥𝑥𝑛𝑛+𝑟𝑟−2
∞

𝑛𝑛=0

 

Substituting   y,y’,y” is the given differential equation, We have- 

�𝐶𝐶𝑛𝑛(𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)𝑥𝑥                      +
𝑛𝑛+𝑟𝑟−1

∞

𝑛𝑛=0

     � 2𝐶𝐶𝑛𝑛(𝑛𝑛 + 𝑟𝑟)𝑥𝑥                       
𝑛𝑛+𝑟𝑟−1

∞

𝑛𝑛=0

−�𝐶𝐶𝑛𝑛𝑥𝑥                              =     0
𝑛𝑛+𝑟𝑟−1

∞

𝑛𝑛=0

 

 
OR, 𝐶𝐶0𝑟𝑟(𝑟𝑟 − 1)𝑥𝑥𝑟𝑟−1 + 𝐶𝐶1(𝑟𝑟 + 1)𝑟𝑟𝑥𝑥𝑟𝑟 + � 𝐶𝐶𝑛𝑛(𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)𝑥𝑥𝑛𝑛+𝑟𝑟−1   +   2𝐶𝐶0𝑟𝑟𝑥𝑥𝑟𝑟−1 +∞

𝑛𝑛=2
2𝐶𝐶1(𝑟𝑟 + 1)𝑥𝑥𝑟𝑟 + ∑ 2𝐶𝐶𝑛𝑛∞

𝑛𝑛=2 (𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)𝑋𝑋𝑛𝑛+𝑟𝑟−1 −� 𝐶𝐶𝑛𝑛−2𝑥𝑥𝑛𝑛+𝑟𝑟−1
∞
𝑛𝑛=2 = 0 

 
 

𝐶𝐶0𝑟𝑟(𝑟𝑟 + 1)𝑥𝑥𝑟𝑟−1 + 𝑐𝑐1(𝑟𝑟 + 1)(𝑟𝑟 + 2)𝑥𝑥𝑟𝑟 + �[𝐶𝐶𝑟𝑟(𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1) − 𝐶𝐶𝑛𝑛−2]𝑥𝑥𝑛𝑛+𝑟𝑟−1

∞

𝑛𝑛=2

= 0 

 
 
𝐶𝐶0𝑟𝑟(𝑟𝑟 + 1) = 0    ;      𝑠𝑠𝑠𝑠 𝑟𝑟 = 0,−1 
 
𝐶𝐶1(𝑟𝑟 + 1)(𝑟𝑟 + 2) = 0 
𝐶𝐶𝑛𝑛(𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑅𝑅 − 1)𝐶𝐶𝑛𝑛−2 = 0 
𝑟𝑟 = 0,3𝐶𝐶1 = 0,𝐶𝐶𝑙𝑙 = 0 
𝐶𝐶𝑛𝑛𝑛𝑛(𝑛𝑛 + 1) − 𝑐𝑐𝑛𝑛−2 = 0 
SO, 𝐶𝐶𝑛𝑛 = 𝐶𝐶𝑛𝑛−2

𝑛𝑛(𝑛𝑛+1) ;𝑛𝑛 = 1,2,3 … … … 
PUTTING 𝑛𝑛 = 2 
 

𝐶𝐶3 =
𝐶𝐶𝐶𝐶
6

 
PUTTING 𝑛𝑛 = 3    
 

𝐶𝐶3 =
𝐶𝐶2
12

= 0 
PUTTNG 𝑛𝑛 = 4 

𝐶𝐶1 =
𝐶𝐶0

120
 

𝑦𝑦1 = 𝑥𝑥𝑟𝑟(𝐶𝐶0 + 𝐶𝐶1𝑥𝑥 + 𝐶𝐶2𝑥𝑥2 + ⋯… … … . . ) 
     =1(𝑐𝑐0 + 𝐶𝐶0

6
𝑥𝑥2 𝐶𝐶0

6
𝑥𝑥2 + 𝐶𝐶0

120
𝑥𝑥4 + ⋯… … … . . ) 

𝑟𝑟 = −1      𝑠𝑠𝑠𝑠  𝐶𝐶1 = 0 

𝐶𝐶𝑛𝑛(𝑛𝑛 − 1)𝑛𝑛 − 𝐶𝐶𝑛𝑛−2 = 0   ;𝐶𝐶𝑛𝑛 =
𝑐𝑐𝑛𝑛 − 2
𝑛𝑛(𝑛𝑛 − 1)  ;𝑛𝑛 = 2,3 … … 

PUTTING 𝑛𝑛 = 2; 𝐶𝐶2 = 𝐶𝐶0
2

 

𝑛𝑛 = 0;𝐶𝐶3 =
𝐶𝐶1
6

= 0 

𝜂𝜂 = 4;𝐶𝐶1 =
𝐶𝐶2
12

=
𝐶𝐶𝐶𝐶
24

 

𝑦𝑦2 = 𝑥𝑥−1𝐶𝐶0(1 +
1
𝑥𝑥
𝑥𝑥+2

1
24

𝑥𝑥4 + ⋯… … ) 
SOLUTION- 𝑦𝑦 = 𝑦𝑦1 + 𝑦𝑦2 
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𝑦𝑦1 = 𝐶𝐶0 �1 +
1
3!
𝑥𝑥2 +

1
5!
𝑥𝑥4 + ⋯… … � = 𝐶𝐶0�

1
(2𝑛𝑛 + 1)!

𝑥𝑥2𝑛𝑛
∞

𝑛𝑛=0

 

 
 

𝑦𝑦2 = 𝐶𝐶1𝑥𝑥−1�
1

(2𝑛𝑛)!
𝑥𝑥2𝑛𝑛

∞

𝑛𝑛=0

 

 
SO 𝑦𝑦 = 𝑦𝑦1 + 𝑦𝑦2 

� 1
(2𝑛𝑛+1)!

𝑥𝑥2𝑛𝑛
∞

𝑛𝑛=0
+ 𝑪𝑪𝟏𝟏𝒙𝒙𝒏𝒏=𝟎𝟎

−𝑰𝑰𝜮𝜮
∞ 𝟏𝟏

(𝟐𝟐𝟐𝟐) !𝒙𝒙𝟐𝟐𝒏𝒏  (ANS) 

 

 

 

Example 04: Find the solution in generalized series from about x=0 of the differential 
equation  

2x(1-x)𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
+ (5 − 7𝑥𝑥) 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
− 3𝑦𝑦 = 0 

Solution: Given that, 

                    2𝑥𝑥(1 − 𝑥𝑥) 𝑑𝑑2

𝑑𝑑𝑥𝑥2
+ (5 − 7𝑥𝑥) 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
− 3𝑦𝑦 + 0-------------------(1) 

Since x=0 is a regular singular point, we assume the solution in the form 

𝑦𝑦 = ∑ 𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘∞
𝑘𝑘=0   

Such that, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= �𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1
∞

𝑘𝑘=0

 

𝑑𝑑2

𝑑𝑑𝑥𝑥2
= �𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2

∞

𝑘𝑘=0

 

Substituting for y, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 and 𝑑𝑑
2

𝑑𝑑𝑥𝑥2
 in the equation (1) we get, 

(2𝑥𝑥 − 2𝑥𝑥2)∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 + (5 − 7𝑥𝑥)∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 − 3∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0 

=> ∑2𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−1 − ∑2𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘 + ∑5𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 −
     ∑7𝑎𝑎𝑛𝑛(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘 − 3∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0---------------------(2) 

The coefficient of the lowest degree term xm-1 in the identity (2) is obtained by putting k=0 and equating it to 
zero. Then the indicial equation is, 

1800014 
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2𝑎𝑎0𝑚𝑚(𝑚𝑚 − 1) + 5𝑎𝑎0𝑚𝑚 = 0 

=> 𝑎𝑎0(2𝑚𝑚2 − 2𝑚𝑚 + 5𝑚𝑚) = 0 

∵a0≠0     ∴2𝑚𝑚2 + 3𝑚𝑚 = 0  [Indicial equation] 

∴ m=0, −3
2
 

Equating to the zero the co-efficient of xm+k , the recurrence relation is given by 

2𝑎𝑎𝑘𝑘+1(𝑚𝑚 + 𝑘𝑘 + 1)(𝑚𝑚 + 𝑘𝑘)− 2𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) + 5𝑎𝑎𝑘𝑘+1(𝑚𝑚 + 𝑘𝑘 + 1) − 7𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘) − 3𝑎𝑎𝑘𝑘 = 0 

∴𝑎𝑎𝑘𝑘+1 = 2𝑚𝑚+2𝑘𝑘+3
2𝑚𝑚+2𝑘𝑘+5

𝑎𝑎𝑘𝑘 

This gives, 

For k=0,  𝑎𝑎1 = 2𝑚𝑚+3
2𝑚𝑚+5

𝑎𝑎0 

For k=1,  𝑎𝑎2 = 2𝑚𝑚+5
2𝑚𝑚+7

𝑎𝑎1 = 2𝑚𝑚+3
2𝑚𝑚+7

𝑎𝑎0 

Now, 

For m=0,  𝑎𝑎1 = 3𝑎𝑎0
5

  and  𝑎𝑎2 = 3𝑎𝑎0
7

 

For 𝑚𝑚 = −3
2
,  a1=0  and   a2=0 

Here, 𝑦𝑦 = 𝑥𝑥𝑚𝑚[𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + ⋯ ] 

For m=0,  𝑦𝑦1 = 𝑎𝑎0 �1 + 3
5
𝑥𝑥 + 3

7
𝑥𝑥2 + ⋯� 

For 𝑚𝑚 = −3
2
,  𝑦𝑦2 = 𝑎𝑎0𝑥𝑥−3/2[1 + 0 + 0 + ⋯ ] = 𝑎𝑎0𝑥𝑥−3/2 

Hence the complete solution is, 

𝑦𝑦 = 𝐴𝐴𝑦𝑦1 + 𝐵𝐵𝑦𝑦2 

𝑦𝑦 = 𝐴𝐴𝑎𝑎0 �𝑎𝑎 +
3
5
𝑥𝑥 +

3
7
𝑥𝑥2 + ⋯� + 𝐵𝐵𝑎𝑎0𝑥𝑥

−32 

 

 

#Example 05: 𝟐𝟐𝐱𝐱𝟐𝟐𝐲𝐲” + 𝟕𝟕𝟕𝟕(𝐱𝐱 + 𝟏𝟏)𝐲𝐲’ − 𝟑𝟑𝟑𝟑 = 𝟎𝟎 

Solution: 

The given equation, 

2𝑥𝑥2𝑦𝑦" + 7𝑥𝑥(𝑥𝑥 + 1)𝑦𝑦′ − 3𝑦𝑦 = 0------------(1) 

Since x=0 is a regular singular point, we assume the solution in the form, 

1800015 
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𝑦𝑦 = �𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘
∞

𝑘𝑘=0

 

∴𝑦𝑦′ = ∑ 𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1∞
𝑘𝑘=0  

And, 

𝑦𝑦” = �𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2
∞

𝑘𝑘=0

 

Putting the values of y, y’, y” in equation (1)  we get, 

2𝑥𝑥2∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 + 7𝑥𝑥(𝑥𝑥 + 1)∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 − 3∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0 

=> 2 ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘 + 7∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘+1 + 7∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘 − 3∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0------
---(2) 

The co-efficient of the lowest degree term xm in the equation (2) is obtained by putting k=0 in the 1st , 3rd and 
4th summation and equating it to zero. Then the indicial equation is, 

2𝑎𝑎0𝑚𝑚(𝑚𝑚 − 1) + 7𝑎𝑎0𝑚𝑚 − 3𝑎𝑎0 = 0 

=>𝑎𝑎0(2𝑚𝑚2 + 5𝑚𝑚− 3) = 0 

=>𝑎𝑎0(2𝑚𝑚− 1)(𝑚𝑚 + 3) = 0 

Since a0≠0,  ∴ m=1
2
 , -3 

The co-efficient of next lowest degree xm+1 in the equation (2) is obtained by putting k=1 in the 1st , 3rd and 4th 
summation and k=0 in the 2nd summation, 

2𝑎𝑎1𝑚𝑚(𝑚𝑚 + 1) + 7𝑎𝑎0𝑚𝑚 + 7𝑎𝑎1(𝑚𝑚 + 1) − 3𝑎𝑎1 = 0 

=>𝑎𝑎1(2𝑚𝑚2 + 2𝑚𝑚 + 7𝑚𝑚 + 7 − 3) + 7𝑎𝑎0𝑚𝑚 = 0 

=>a1 (2m+1)(m+4)+7a0m=0 

=>𝑎𝑎1 = − 7𝑚𝑚𝑎𝑎0
(2𝑚𝑚+1)(𝑚𝑚+4) 

Equating to zero the co-efficient xm+k, the relation is given by, 

[2(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 + 1) + 7(𝑚𝑚 + 𝑘𝑘)− 3]𝑎𝑎𝑘𝑘 + 7(𝑚𝑚 + 𝑘𝑘 − 1)𝑎𝑎𝑘𝑘−1 = 0 

∴𝑎𝑎𝑘𝑘 = −7(𝑚𝑚+𝑘𝑘−1)𝑎𝑎𝑘𝑘−1
[2(𝑚𝑚+𝑘𝑘)−1](𝑚𝑚+𝑘𝑘+3) 

For, 𝑚𝑚 = 1
2
 

𝑎𝑎𝑘𝑘 =
−7�12+𝑘𝑘−1�𝑎𝑎𝑘𝑘−1

2�12+𝑘𝑘−1��
1
2+𝑘𝑘+3�

= −7(2𝑘𝑘−1)𝑎𝑎𝑘𝑘−1
2𝑘𝑘(2𝑘𝑘+7)       [k≥1] 
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Now,   for k=1,              𝑎𝑎1 = −7𝑎𝑎0
18

 

             For k=2,             𝑎𝑎2 = −21𝑎𝑎1
44

= 147
792

𝑎𝑎 

∴𝑦𝑦1 = 𝑎𝑎0𝑥𝑥
1
2(1− 7

18
𝑥𝑥 + 147

792
𝑥𝑥2 + ⋯ )----------------(3) 

For, 

m=-3  

𝑎𝑎𝑘𝑘 = −7(−3+𝑘𝑘−1)𝑎𝑎𝑘𝑘−1
[2(−3+𝑘𝑘)−1](−3+𝐾𝐾+3) = −7(𝑘𝑘−4)𝑎𝑎𝑘𝑘−1

𝑘𝑘(2𝑘𝑘−7)      [k≥1] 

Now,      

For k=1,             𝑎𝑎1 = −21
5
𝑎𝑎0 

For k=2,             𝑎𝑎2 = −7
3
𝑎𝑎1 = 49

5
𝑎𝑎0 

For k=3,             𝑎𝑎3 = −7𝑎𝑎2
3

= −343
15
𝑎𝑎0 

∴𝑦𝑦2 = 𝑎𝑎0𝑥𝑥−3(1− 21
5
𝑥𝑥 + 49

5
𝑥𝑥2 − 343

15
𝑥𝑥3 + ⋯ )-------------------(4) 

So, the general solution is given by, 

𝑦𝑦 = 𝐴𝐴𝑥𝑥
1
2 �1−

7
18

𝑥𝑥 +
147
792

𝑥𝑥2 + ⋯� + 𝐵𝐵𝑥𝑥−3 �1−
21
5
𝑥𝑥 +

49
5
𝑥𝑥2 −

343
15

𝑥𝑥3 + ⋯� 

                                                                                                                                            (Ans)                                                                                                                                                                                                                       

 

 

#Example 06: Solve the differential equation:  𝟐𝟐𝟐𝟐(𝟏𝟏 − 𝒙𝒙)𝒚𝒚′′ = (𝟏𝟏 − 𝒙𝒙)𝒚𝒚′ +
𝟑𝟑y=0 

Solution: 𝟐𝟐𝟐𝟐(𝟏𝟏 − 𝒙𝒙)𝒚𝒚′′ = (𝟏𝟏 − 𝒙𝒙)𝒚𝒚′ + 𝟑𝟑y = 0 . . . . . . . . . . . .  . . . (1) 

Since, x = 0 is a regular singular point, we assume the solution in the form:           

                                      𝑦𝑦 =  ∑ 𝑎𝑎𝑘𝑘 ∙  𝑥𝑥𝑚𝑚+𝑘𝑘∞
𝑛𝑛=0  

Such that,      𝑦𝑦′ = ∑ 𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘) ∙ 𝑥𝑥𝑚𝑚+𝑘𝑘−1∞
𝑘𝑘=0     

                        𝑦𝑦′′ = ∑ 𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2∞
𝑘𝑘=𝑜𝑜  

Substituting for y, y’ and y’’ in the given equation (1), we get: 

          2𝑥𝑥(1 − 𝑥𝑥)[∑ 𝑎𝑎𝑘𝑘∞
𝑘𝑘=0 (𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2] + 

1800016 
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                                                        (1 − 𝑥𝑥)[∑ 𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1∞
𝑘𝑘=0 ] + 3∑ 𝑎𝑎𝑘𝑘∞

𝑘𝑘=0 𝑥𝑥𝑚𝑚+𝑘𝑘 = 0 

Or,  ∑ 𝑎𝑎𝑘𝑘2(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−1 −  ∑ 𝑎𝑎𝑘𝑘∞
𝑘𝑘=0

∞
𝑘𝑘=0 2(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑛𝑛 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘 +

                          ∑ 𝑎𝑎𝑘𝑘∞
𝑘𝑘=0 (𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 −  ∑ 𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘∞

𝑘𝑘=0 −  ∑ 𝑎𝑎∞
𝑘𝑘=0 𝑘𝑘 3𝑥𝑥𝑚𝑚+𝑘𝑘 = 0 

Or,   ∑ 𝑎𝑎𝑘𝑘∞
𝑘𝑘=0 2[(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) + (𝑚𝑚 + 𝑘𝑘)]𝑥𝑥𝑚𝑚+𝑘𝑘−1 −  

                                                   ∑ 𝑎𝑎𝑘𝑘[2(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 −  1) + (𝑚𝑚 + 𝑘𝑘) − 3]∞
𝑘𝑘=0 𝑥𝑥𝑚𝑚+𝑘𝑘 = 0   Or, 

∑ 𝑎𝑎𝑘𝑘∞
𝑘𝑘=0 (𝑚𝑚 + 𝑘𝑘)[2(𝑚𝑚 + 𝑘𝑘 − 1) + 1]𝑥𝑥𝑚𝑚+𝑘𝑘−1 − ∑ 𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)[(2𝑚𝑚 + 2𝑘𝑘 − 1) −∞

𝑘𝑘=0

                                                                                                                                             3]𝑥𝑥𝑚𝑚+𝑘𝑘 = 0 

Or,  ∑ 𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)(2𝑚𝑚 + 2𝑘𝑘 − 1)]𝑥𝑥𝑚𝑚+𝑘𝑘−1∞
𝑘𝑘=0 − ∑ 𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)(2𝑚𝑚 + 2𝑘𝑘 − 1) − 3]𝑥𝑥𝑚𝑚+𝑘𝑘 = 0∞

𝑘𝑘=0 . . . . . . (2) 

The coefficient of the lowest degree term xm-1 in the identity (2) is obtained by putting    k=0 in the first 

summation only and equating it to zero. Then the Indicial equation is, 

𝑎𝑎0(𝑚𝑚 + 0)(2𝑚𝑚 + 0 − 1) = 0 

𝑎𝑎0 ∙ 𝑚𝑚(2𝑚𝑚 − 1) = 0 

(2𝑚𝑚 − 1) ∙ 𝑚𝑚 = 0     because      𝑎𝑎0 ≠ 0 

              ∴ 2𝑚𝑚 − 1 = 0    and   𝑚𝑚 = 0 or, 𝑚𝑚 = 1
2     

  ∴     𝑚𝑚 = 1
2

 , 0 

Now 𝑚𝑚1 ≠ 𝑚𝑚2 and 𝑚𝑚1 −𝑚𝑚2 = 1
2
− 0 = 1

2
≠ Integer. [ Case – 1 ] 

    

The coefficient of next lowest degree term xm in the identity (2) is obtained by putting k = 1 in the first 
summation and k = 0 in the second summation and equating it to zero.  

 

𝑎𝑎1(𝑚𝑚 + 1)(2𝑚𝑚 + 2 ∙ 1 − 1) − 𝑎𝑎0[(𝑚𝑚 + 0)(2𝑚𝑚 + 0 − 1) − 3] = 0 

𝑎𝑎1(𝑚𝑚 + 1)(2𝑚𝑚 + 1) − 𝑎𝑎0[𝑚𝑚(2𝑚𝑚 − 1) − 3] = 0 

𝑎𝑎1(𝑚𝑚 + 1)(2𝑚𝑚 + 1) − 𝑎𝑎0(2𝑚𝑚2 −𝑚𝑚 − 3) = 0 

𝑎𝑎1(𝑚𝑚 + 1)(2𝑚𝑚 + 1) − 𝑎𝑎0(𝑚𝑚 + 1)(2𝑚𝑚 − 3) = 0 

𝑎𝑎1 =
(𝑚𝑚 + 1)(2𝑚𝑚 − 3)
(𝑚𝑚 + 1)(2𝑚𝑚 + 1)

𝑎𝑎0 
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𝑎𝑎1 =
(2𝑚𝑚− 3)
(2𝑚𝑚 + 1)

𝑎𝑎0 

Equating to zero the coefficient of xm+k, the recurrence relation is   given by, 

𝑎𝑎𝑘𝑘+1(𝑚𝑚 + 𝑘𝑘 + 1)(2𝑚𝑚 + 2𝑘𝑘 + 1) − 𝑎𝑎𝑘𝑘[(2𝑚𝑚 + 2𝑘𝑘 − 1)(𝑚𝑚 + 𝑛𝑛) − 3] = 0 

𝑎𝑎𝑘𝑘+1(𝑚𝑚 + 𝑘𝑘 + 1)(2𝑚𝑚 + 2𝑘𝑘 + 1) =  𝑎𝑎𝑘𝑘[{2(𝑚𝑚 + 𝑘𝑘) − 1}(𝑚𝑚 + 𝑛𝑛) − 3 

𝑎𝑎𝑘𝑘+1(𝑚𝑚 + 𝑘𝑘 + 1)(2𝑚𝑚 + 2𝑘𝑘 + 1) = 𝑎𝑎𝑘𝑘[2(𝑚𝑚 + 𝑘𝑘)2 − (𝑚𝑚 + 𝑘𝑘) − 3] 

𝑎𝑎𝑘𝑘+1(𝑚𝑚 + 𝑘𝑘 + 1)(2𝑚𝑚 + 2𝑘𝑘 + 1) =  𝑎𝑎𝑘𝑘[2(𝑚𝑚 + 𝑘𝑘)2 − 3(𝑚𝑚 + 𝑘𝑘) + 2(𝑚𝑚 + 𝑘𝑘) − 3] 

𝑎𝑎𝑘𝑘+1(𝑚𝑚 + 𝑘𝑘 + 1)(2𝑚𝑚 + 2𝑘𝑘 + 1) =  𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘){2(𝑚𝑚 + 𝑘𝑘) − 3} + 1{2(𝑚𝑚 + 𝑘𝑘) − 3) 

𝑎𝑎𝑘𝑘+1(𝑚𝑚 + 𝑘𝑘 + 1)(2𝑚𝑚 + 2𝑘𝑘 + 1) =  𝑎𝑎𝑘𝑘[(2𝑚𝑚 + 2𝑘𝑘 − 3) ∙ (𝑚𝑚 + 𝑘𝑘 + 1)]  

𝑎𝑎𝑘𝑘+1 =
(2𝑚𝑚 + 2𝑘𝑘 − 3)(𝑚𝑚 + 𝑘𝑘 + 1)
(2𝑚𝑚 + 2𝑘𝑘 + 1)(𝑚𝑚 + 𝑘𝑘 + 1)

𝑎𝑎𝑘𝑘 

𝑎𝑎𝑘𝑘+1 =
(2𝑚𝑚 + 2𝑘𝑘 − 3)
(2𝑚𝑚 + 2𝑘𝑘 + 1)

𝑎𝑎𝑘𝑘 

This gives, 

For k = 0 ,     𝑎𝑎1 = (2𝑚𝑚−3)
(2𝑚𝑚+1)

𝑎𝑎0 

 For k=1         𝑎𝑎2 = (2𝑚𝑚−1)
(2𝑚𝑚+3)

𝑎𝑎1 = (2𝑚𝑚−1)(2𝑚𝑚−3)
(2𝑚𝑚+3)(2𝑚𝑚+1)

𝑎𝑎0 

For k = 2,      𝑎𝑎2 = (2𝑚𝑚+1)
(2𝑚𝑚+3)

𝑎𝑎1 = (2𝑚𝑚−1)(2𝑚𝑚−3)
(2𝑚𝑚+5)(2𝑚𝑚+3)

𝑎𝑎0  

 

Now we know that the complete solution of case - 2 is given by, 

                                    𝑦𝑦 = 𝐶𝐶1 (𝑦𝑦)𝑚𝑚1 + 𝐶𝐶2 (𝑦𝑦)𝑚𝑚2  

 

Trial Solution:          𝑦𝑦 =  ∑ 𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘∞
𝑘𝑘=0  

 Or,            𝑦𝑦 = 𝑎𝑎0𝑥𝑥𝑚𝑚 + 𝑎𝑎1𝑥𝑥𝑚𝑚+1 + 𝑎𝑎2𝑥𝑥𝑚𝑚+2 + 𝑎𝑎3𝑥𝑥𝑚𝑚+3+ . . . . . +∞ 

 

Now putting the values of a1 , a2, a3 in the trial solution, we get: 

𝑦𝑦 = 𝑎𝑎0𝑥𝑥𝑚𝑚 + (2𝑚𝑚−3)
(2𝑚𝑚+1)

𝑎𝑎0 𝑥𝑥𝑚𝑚+1 + �(2𝑚𝑚−1)(2𝑚𝑚−3)
(2𝑚𝑚+3)(2𝑚𝑚+1)

� 𝑎𝑎0𝑥𝑥𝑚𝑚+2 + [(2𝑚𝑚−1)(2𝑚𝑚−3)
(2𝑚𝑚+5)(2𝑚𝑚+3)

]𝑎𝑎0𝑥𝑥𝑚𝑚+3+ . . . . . . . . .+∞ 

Now at m = ½, 
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                 (𝒚𝒚)𝒎𝒎𝟏𝟏 =  𝑎𝑎0𝑥𝑥
1
2 − 𝑎𝑎0𝑥𝑥

3
2 + 0 + 0 + 0+. . . . . . ..  

                         (𝑦𝑦)𝑚𝑚1 =  𝑎𝑎0(𝑥𝑥
1
2 − 𝑥𝑥

3
2) 

At m = 0, 

                 (𝒚𝒚)𝒎𝒎𝟐𝟐 =  𝑎𝑎0(1− 3𝑥𝑥 + 𝑥𝑥2 + 𝑥𝑥3

5
+. . . . . . . . . . . )   

           

 Thus, the complete solution: 

            𝑦𝑦 = 𝐶𝐶1 (𝑦𝑦)𝑚𝑚1 + 𝐶𝐶2 (𝑦𝑦)𝑚𝑚2 

          𝒚𝒚 = 𝑪𝑪𝟏𝟏[𝒂𝒂𝟎𝟎(𝒙𝒙
𝟏𝟏
𝟐𝟐 − 𝒙𝒙

𝟑𝟑
𝟐𝟐)] + 𝑪𝑪𝟐𝟐[𝒂𝒂𝟎𝟎(𝟏𝟏 − 𝟑𝟑𝟑𝟑 + 𝒙𝒙𝟐𝟐 + 𝒙𝒙𝟑𝟑

𝟓𝟓
+. . . . . . . . ] 

         𝒚𝒚 = 𝑨𝑨[(𝒙𝒙
𝟏𝟏
𝟐𝟐 − 𝒙𝒙

𝟑𝟑
𝟐𝟐)] + 𝑩𝑩[𝟏𝟏 − 𝟑𝟑𝟑𝟑 + 𝒙𝒙𝟐𝟐 + 𝒙𝒙𝟑𝟑

𝟓𝟓
+. . . . . . . . ] 

 

 

#Example 07: Find a fundamental set of Frobenius solution of 

                       𝒙𝒙𝟐𝟐(𝟑𝟑 + 𝒙𝒙)𝒚𝒚′′ + 𝟓𝟓𝟓𝟓(𝟏𝟏 + 𝒙𝒙)𝒚𝒚′ − (𝟏𝟏 − 𝟒𝟒𝟒𝟒)𝒚𝒚 = 𝟎𝟎                                          
Give explicit formulas for the coefficients in the solutions. 

 

Solution: For this equation, the polynomials defined in Theorem 7.5.2 are 

𝑝𝑝0(𝑟𝑟) = 3𝑟𝑟(𝑟𝑟 − 1) + 5𝑟𝑟 − 1 = (3𝑟𝑟 − 1)(𝑟𝑟 + 1), 
𝑝𝑝1(𝑟𝑟) = 𝑟𝑟(𝑟𝑟 − 1) + 5𝑟𝑟 + 4 = (𝑟𝑟 + 2)2, 
𝑝𝑝2(𝑟𝑟) = 0. 

The zeros of the indicial polynomial 𝑝𝑝0 are 𝑟𝑟1 = 1
3
 and 𝑟𝑟2 = −1, so 𝑟𝑟1 − 𝑟𝑟2 = 4

3
. Therefore  

theorem 7.5.3 implies that  

𝑦𝑦1 = 𝑥𝑥
1
3� 𝑎𝑎𝑛𝑛 �

1
3
�𝑥𝑥𝑛𝑛

∞

𝑛𝑛=0

 

and 

𝑦𝑦2 = 𝑥𝑥−1�𝑎𝑎𝑛𝑛(−1)𝑥𝑥𝑛𝑛
∞

𝑛𝑛=0

 

                 

1800017 
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form a fundamental set of Frobenius solutions of (7.5.21). To find the coefficients in these series, we use the 
recurrence relations (7.5.20); thus, 

𝑎𝑎0(𝑟𝑟) = 1, 

𝑎𝑎𝑛𝑛(𝑟𝑟) = −
𝑝𝑝1(𝑛𝑛 + 𝑟𝑟 − 1)
𝑝𝑝0(𝑛𝑛 + 𝑟𝑟) 𝑎𝑎𝑛𝑛−1(𝑟𝑟) 

                                                                  = − (𝑛𝑛+𝑟𝑟+1)2

(3𝑛𝑛+3𝑟𝑟−1)(𝑛𝑛+𝑟𝑟+1)𝑎𝑎𝑛𝑛−1(𝑟𝑟)                                          (7.5.22) 

                                                                    
                                                                  = − 𝑛𝑛+𝑟𝑟+1

3𝑛𝑛+3𝑟𝑟−1
𝑎𝑎𝑛𝑛−1(𝑟𝑟),   𝑛𝑛 ≥ 1. 

Setting 𝑟𝑟 = 1
3
 in (7.5.22) yields 

𝑎𝑎0 �
1
3
� = 1, 

                                                                              
                                                                            𝑎𝑎𝑛𝑛 �

1
3
� =  −  3𝑛𝑛+4

9𝑛𝑛
𝑎𝑎𝑛𝑛−1 �

1
3
� ,     𝑛𝑛 ≥ 1. 

By using the product notation introduced in section 7.2 and proceeding as we did in the examples in that 
section yields 

𝑎𝑎𝑛𝑛 �
1
3
� =

(−1)𝑛𝑛 ∏ (3𝑗𝑗 + 4)𝑛𝑛
𝑗𝑗=1

9𝑛𝑛𝑛𝑛!
,       𝑛𝑛 ≥ 0. 

Therefore  

𝑦𝑦1 = 𝑥𝑥
1
3�

(−1)𝑛𝑛 ∏ (3𝑗𝑗 + 4)𝑛𝑛
𝑗𝑗=1

9𝑛𝑛𝑛𝑛!

∞

𝑛𝑛=0

𝑥𝑥𝑛𝑛 

is a Frobenius solution of (7.5.21) 

Setting 𝑟𝑟 = −1 in (7.5.22) yields 
𝑎𝑎0(−1) = 1, 

                                                                           

                                                                         𝑎𝑎𝑛𝑛(−1) =  −  𝑛𝑛
3𝑛𝑛−4

𝑎𝑎𝑛𝑛−1(−1),      𝑛𝑛 ≥ 1, 

So 

𝑎𝑎𝑛𝑛(−1) =
(−1)𝑛𝑛𝑛𝑛!

∏ (3𝑗𝑗 − 4)𝑛𝑛
𝑗𝑗=1

 

Therefore 

𝑦𝑦2 = 𝑥𝑥−1�
(−1)𝑛𝑛𝑛𝑛!

∏ (3𝑗𝑗 − 4)𝑛𝑛
𝑗𝑗=1

∞

𝑛𝑛=0

𝑥𝑥𝑛𝑛 

is a Frobenius of solution of (7.5.21), and {𝑦𝑦1,𝑦𝑦2} is fundamental set of solutions.  
We now consider equations of the form  
                    𝑥𝑥2(𝛼𝛼0 + 𝛼𝛼2𝑥𝑥2)𝑦𝑦′′ + 𝑥𝑥(𝛽𝛽0 + 𝛽𝛽2𝑥𝑥2)𝑦𝑦′ + (𝛾𝛾0 + 𝛾𝛾2𝑥𝑥2)𝑦𝑦 = 0                                         (7.5.23) 
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with 𝛼𝛼0 ≠ 0. For this equation, 𝛼𝛼1 = 𝛽𝛽1 = 𝛾𝛾1 = 0, so 𝑝𝑝1 ≡ 0 and the recurrence relations in Theorem 7.5.2 
simplify to  

𝑎𝑎0(𝑟𝑟) = 1, 
𝑎𝑎1(𝑟𝑟) = 0, 

                                                                            𝑎𝑎𝑛𝑛(𝑟𝑟) = −𝑝𝑝2(𝑛𝑛+𝑟𝑟−2)
𝑝𝑝0(𝑛𝑛+𝑟𝑟) 𝑎𝑎𝑛𝑛−2(𝑟𝑟),     𝑛𝑛 ≥ 2. 

Since 𝑎𝑎1(𝑟𝑟) = 0, the last equation implies that 𝑎𝑎𝑛𝑛(𝑟𝑟) = 0 if 𝑛𝑛 is odd, so the Frobenius solutions are of the 
form  

𝑦𝑦(𝑥𝑥, 𝑟𝑟) = 𝑥𝑥𝑟𝑟  � 𝑎𝑎2𝑚𝑚(𝑟𝑟)𝑥𝑥2𝑚𝑚,
∞

𝑚𝑚=0

 

where                                

                                                         𝑎𝑎0(𝑟𝑟) = 1, 

                                                         𝑎𝑎2𝑚𝑚(𝑟𝑟) =  −  𝑝𝑝2(2𝑚𝑚+𝑟𝑟−2)
𝑝𝑝0(2𝑚𝑚+𝑟𝑟) 𝑎𝑎2𝑚𝑚−2(𝑟𝑟),   𝑚𝑚 ≥ 1. 

 

 

#Example 08: Find the general solution to 𝒙𝒙𝟐𝟐𝒚𝒚′′ + 𝒙𝒙𝒚𝒚′ + (𝒙𝒙 − 𝟐𝟐)𝒚𝒚 = 𝟎𝟎 

Solution:  

In standard form this ODE has  

                                             𝑝𝑝(𝑥𝑥) = 1
𝑥𝑥
 and 𝑞𝑞(𝑥𝑥) = 𝑥𝑥−2

𝑥𝑥2
, 

Neither of which is analytic at x=0. However, both  
                                              𝑥𝑥𝑥𝑥(𝑥𝑥) = 1 and 𝑥𝑥2𝑞𝑞(𝑥𝑥) = 𝑥𝑥 − 2 

are analytic at 𝑥𝑥 = 0, so we have a regular singularity with 
                                           𝑝𝑝0 = lim

𝑥𝑥→0
𝑥𝑥𝑥𝑥(𝑥𝑥) = 1 and 𝑞𝑞0 = lim

𝑥𝑥→0
𝑥𝑥2𝑞𝑞(𝑥𝑥) =  −2. 

The indicial equation is  

𝑟𝑟2 + (1 − 1)𝑟𝑟 − 2 = 0  
𝑟𝑟 =  ±√2 

Applying the method of Frobenius, we set 

𝑦𝑦 = 𝑥𝑥𝑟𝑟 �𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛
∞

𝑛𝑛=0

 

                         = �𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟
∞

𝑛𝑛=0

                 (𝑎𝑎0 ≠ 0)  

 

and substitute into the ODE, obtaining  

1800018 
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(𝑟𝑟2 − 2)𝑎𝑎0𝑥𝑥𝑟𝑟 +  ��((𝑛𝑛 + 𝑟𝑟)2 − 2)𝑎𝑎𝑛𝑛 + 𝑎𝑎𝑛𝑛−1�𝑥𝑥𝑛𝑛+𝑟𝑟 = 0.
∞

𝑛𝑛=1

 

Here we must have 𝑟𝑟2 − 2 = 0 (which we already knew) and 

𝑎𝑎𝑛𝑛 =
−𝑎𝑎𝑛𝑛−1

(𝑛𝑛 + 𝑟𝑟)2 − 2
 

                          =
−𝑎𝑎𝑛𝑛−1

𝑛𝑛(𝑛𝑛 + 2𝑟𝑟)
    𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛 ≥ 1. 

Taking 𝑎𝑎0 = 1 one readily sees that 

𝑎𝑎𝑛𝑛 =
(−1)𝑛𝑛

𝑛𝑛! (1 + 2𝑟𝑟)(2 + 2𝑟𝑟)(3 + 2𝑟𝑟) … (𝑛𝑛 + 2𝑟𝑟)
  

Since the difference of the roots is √2 − �−√2� = 2√2  ∉ ℤ , the two R-values give independent solutions:  

𝑦𝑦1 = 𝑥𝑥√2�
(−1)𝑛𝑛𝑥𝑥𝑛𝑛

𝑛𝑛! �1 + 2√2��2 + 2√2��3 + 2√2�… �𝑛𝑛 + 2√2�

∞

𝑛𝑛=0

 , 

𝑦𝑦2 = 𝑥𝑥−√2�
(−1)𝑛𝑛𝑥𝑥𝑛𝑛

𝑛𝑛! �1 − 2√2��2 − 2√2��3 − 2√2�… �𝑛𝑛 − 2√2�

∞

𝑛𝑛=0

 

And the general solution (for 𝑥𝑥 > 0) is  
                                                           𝑦𝑦 = 𝑐𝑐1𝑦𝑦1 + 𝑐𝑐2𝑦𝑦2. 

 

 

#Example 09: Solve the equation in series   𝟗𝟗𝟗𝟗(𝟏𝟏 − 𝒙𝒙)𝒚𝒚′′ − 𝟏𝟏𝟏𝟏𝒚𝒚′ + 𝟒𝟒𝒚𝒚 = 𝟎𝟎 

Solution: Given Equation, 

  9𝑥𝑥(1 − 𝑥𝑥)𝑦𝑦′′ − 12𝑦𝑦′ + 4𝑦𝑦 = 0   … … (1) 

Comparing the equation with  𝑃𝑃0(𝑥𝑥)𝑦𝑦′′ + 𝑃𝑃1(𝑥𝑥)𝑦𝑦′ + 𝑃𝑃2(𝑥𝑥)𝑦𝑦 = 0 , we get 

𝑃𝑃0(𝑥𝑥) = 9𝑥𝑥(1 − 𝑥𝑥) 

Putting x = 0, 

 𝑃𝑃0(0) = 0   ∴ 𝑥𝑥 = 0 is a singular point. 

∴ The solution of equation (1) be, 

𝑦𝑦 = �𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛 = 𝑎𝑎0𝑥𝑥𝑚𝑚 + 𝑎𝑎1𝑥𝑥𝑚𝑚+1 + 𝑎𝑎2𝑥𝑥𝑚𝑚+2
∞

𝑛𝑛=0

+ ⋯ 

   = 𝑥𝑥𝑚𝑚(𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + ⋯ ) 

∴ 𝑦𝑦′ = 𝑚𝑚𝑎𝑎0𝑥𝑥𝑚𝑚−1 + (𝑚𝑚 + 1)𝑎𝑎1𝑥𝑥𝑚𝑚 + (𝑚𝑚+2)𝑎𝑎2𝑥𝑥𝑚𝑚+1 + ⋯ 

1800019 
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∴ 𝑦𝑦" = 𝑚𝑚(𝑚𝑚 − 1)𝑎𝑎0𝑥𝑥𝑚𝑚−2 +𝑚𝑚(𝑚𝑚 + 1)𝑎𝑎1𝑥𝑥𝑚𝑚−1 + (𝑚𝑚 + 1)(𝑚𝑚+2)𝑎𝑎2𝑥𝑥𝑚𝑚 + ⋯ 

Substituting 𝑦𝑦,𝑦𝑦′,𝑦𝑦" in equation (1), 

9𝑥𝑥(1 − 𝑥𝑥)[𝑚𝑚(𝑚𝑚 − 1)𝑎𝑎0𝑥𝑥𝑚𝑚−2 + 𝑚𝑚(𝑚𝑚 + 1)𝑎𝑎1 · 𝑥𝑥𝑚𝑚−1 + (𝑚𝑚 + 1)(𝑚𝑚 + 2)𝑎𝑎2𝑥𝑥𝑛𝑛 … ]  

−12[𝑚𝑚𝑎𝑎0𝑥𝑥𝑚𝑚−1 + (𝑚𝑚 + 1)𝑎𝑎1𝑥𝑥𝑚𝑚 + (𝑚𝑚 + 2)𝑎𝑎2𝑥𝑥𝑚𝑚+1 … ] +4𝑥𝑥𝑚𝑚(𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + ⋯ ) 

= [(9𝑚𝑚(𝑚𝑚 − 1)𝑎𝑎0𝑥𝑥𝑚𝑚−1 + 9(𝑚𝑚 + 1)𝑚𝑚𝑎𝑎1𝑥𝑥𝑚𝑚 + 9(𝑚𝑚 + 2)(𝑚𝑚 + 1)𝑎𝑎2𝑥𝑥𝑚𝑚+1 … 

−9𝑚𝑚(𝑚𝑚− 1)𝑎𝑎0𝑥𝑥𝑚𝑚 + 9(𝑚𝑚 + 1)m𝑎𝑎1𝑥𝑥𝑚𝑚+1 + 9(𝑚𝑚 + 2)(𝑚𝑚 + 1)𝑎𝑎2𝑥𝑥𝑚𝑚+2 + ⋯ ]  

+[−12𝑚𝑚𝑎𝑎0𝑥𝑥𝑚𝑚−1 − 12(𝑚𝑚 + 1)𝑎𝑎1𝑥𝑥𝑚𝑚 − 12(𝑚𝑚 + 2)𝑎𝑎2𝑥𝑥𝑚𝑚+1 … ]
+ [4𝑎𝑎0𝑥𝑥𝑚𝑚 + 4𝑎𝑎1𝑥𝑥𝑚𝑚+1 + 4𝑎𝑎2𝑥𝑥𝑚𝑚+2 + ⋯ ] = 0 

The lowest power of 𝑥𝑥 is (𝑚𝑚 − 1) . Hence equating its coefficient to zero, 

9𝑚𝑚(𝑚𝑚 − 1)𝑎𝑎0 − 12𝑚𝑚𝑎𝑎0 = 0 

or 𝑎𝑎0(9𝑚𝑚2 − 9𝑚𝑚 − 12𝑚𝑚) = 0 

or 9𝑚𝑚2 − 9𝑚𝑚− 12𝑚𝑚 = 0  [𝑎𝑎0 ≠ 0] 

or 9𝑚𝑚2 − 21𝑚𝑚 = 0 

or 3𝑚𝑚(3𝑚𝑚 − 7) = 0 

∴ 𝑚𝑚 = 0,
7
3

  

i.e. roots are distinct but do not differ by an integer. 

Equating the coefficient of 𝑥𝑥𝑚𝑚 to zero, 

 9(𝑚𝑚 + 1)𝑚𝑚𝑎𝑎1 − 9𝑚𝑚(𝑚𝑚 − 1)𝑎𝑎0 − 12(𝑚𝑚 + 1)𝑎𝑎1 + 4𝑎𝑎0 = 0 

or 𝑎𝑎1(9𝑚𝑚2 + 9𝑚𝑚 − 12𝑚𝑚− 12) = 𝑎𝑎0(9𝑚𝑚2 − 9𝑚𝑚− 4) 

or 3𝑎𝑎1(3𝑚𝑚2 + 3𝑚𝑚− 4𝑚𝑚 − 4) = 𝑎𝑎0(9𝑚𝑚2 + 3𝑚𝑚 − 12𝑚𝑚− 4) 

or 3𝑎𝑎1(𝑚𝑚 + 1)(3𝑚𝑚− 4) = 𝑎𝑎0(3𝑚𝑚 + 1)(3𝑚𝑚 − 4) 

 ∴ 𝑎𝑎1 = 3𝑚𝑚+1
3(𝑚𝑚+1)

𝑎𝑎0 

Equating the co-efficient of 𝑥𝑥𝑚𝑚+1 to zero, 

 9(𝑚𝑚 + 2)(𝑚𝑚 + 1)𝑎𝑎2 − 9(𝑚𝑚 + 1)𝑚𝑚𝑎𝑎1 − 12(𝑚𝑚 + 2)𝑎𝑎2 + 4𝑎𝑎1 = 0 

or 𝑎𝑎2[9(𝑚𝑚 + 2)(𝑚𝑚 + 1) − 12(𝑚𝑚 + 2)] = 𝑎𝑎1(9𝑚𝑚2 + 9𝑚𝑚 − 4) 

or (𝑚𝑚 + 2)𝑎𝑎2(9𝑚𝑚 + 9 − 12) = 𝑎𝑎1(9𝑚𝑚2 − 3𝑚𝑚 + 12𝑚𝑚− 4) 

or (𝑚𝑚 + 2)𝑎𝑎2(9𝑚𝑚− 9) = 𝑎𝑎1[3𝑚𝑚(3𝑚𝑚 − 1) + 4(3𝑚𝑚− 1)] 

or 3𝑎𝑎2(𝑚𝑚 + 2)(3𝑚𝑚− 1) = 𝑎𝑎1(3𝑚𝑚− 1)(3𝑚𝑚 + 4) 



P a g e  | 32 
 

or 𝑎𝑎2 = 3𝑚𝑚+4
3(𝑚𝑚+2)

𝑎𝑎1 = (3𝑚𝑚+4)(3𝑚𝑚+1)
32(𝑚𝑚+2)(𝑚𝑚+1)

𝑎𝑎0     and so on  

∴ we have, 

𝑎𝑎1 = 3𝑚𝑚+1
3(𝑚𝑚+1)

𝑎𝑎0  ;  𝑎𝑎2 = (3𝑚𝑚+4)(3𝑚𝑚+1)
32(𝑚𝑚+2)(𝑚𝑚+1)

 

When  𝑚𝑚 = 0 , 

 𝑎𝑎1 = 1
3
𝑎𝑎0 ; 𝑎𝑎2 = 1×4

9×2×1
𝑎𝑎0 = 1

3
× 4

6
𝑎𝑎0      and so on 

∴ 𝑦𝑦1 = (𝑦𝑦)𝑚𝑚=0 = 𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + ⋯ 

       = 𝑎𝑎0 + 1
3
𝑥𝑥𝑎𝑎0 + 1

3
× 4

6
∙ 𝑎𝑎0𝑥𝑥2 + ⋯ 

       = 𝑎𝑎0[1 + 1
3

+ 1
3

× 4
6

+⋯ 

when  𝑚𝑚 = 7
3
 , 

 𝑎𝑎1 =
3∙73+1

3�73+1�
𝑎𝑎0 = 8

10
𝑎𝑎0 

 𝑎𝑎2 =
�3∙73+1��3∙

7
3+4�

32�73+1��
7
3+1�

𝑎𝑎0 = 8
10

× 11
13
𝑎𝑎0    and so on 

∴ 𝑦𝑦2 = (𝑦𝑦)
𝑚𝑚=73

= 𝑥𝑥
7
3[𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + ⋯ ] 

       = 𝑥𝑥
7
3 �𝑎𝑎0 + 8

10
𝑎𝑎0𝑥𝑥 + 8

10
× 11

13
𝑎𝑎0𝑥𝑥2 + ⋯� 

       = 𝑎𝑎0𝑥𝑥
7
3 �1 + 8

10
𝑥𝑥 + 8

10
× 11

13
𝑥𝑥2 + ⋯� 

Hence the complete solution is 

 𝑦𝑦 = 𝑐𝑐1(𝑦𝑦)𝑚𝑚1 + 𝑐𝑐2(𝑦𝑦)𝑚𝑚2 

    = 𝑐𝑐1𝑎𝑎0 �1 + 1
3
𝑥𝑥 + 1

3
× 4

6
𝑥𝑥2 + ⋯� + 𝑐𝑐2𝑎𝑎0𝑥𝑥

7
3 �1 + 8

10
𝑥𝑥 + 8

10
× 11

13
𝑥𝑥2 + ⋯� 

 

 

Example 10: 𝒙𝒙𝒚𝒚′′ + 𝒚𝒚′ + 𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎 

Solution:   𝑥𝑥 = 0 𝑖𝑖s a regular point, we assume the solution in the form, 

                                                      𝑦𝑦 = ∑  ∞
𝑛𝑛=0 𝑐𝑐𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟 

                                  And 𝑦𝑦′ = ∑ 𝑐𝑐𝑛𝑛(𝑛𝑛 + 𝑟𝑟)𝑥𝑥𝑛𝑛+𝑟𝑟−1∞
𝑛𝑛=0  

1800020 
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                                           𝑦𝑦′′ = ∑ 𝑐𝑐𝑛𝑛(𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)∞
𝑛𝑛=0 𝑥𝑥𝑛𝑛+𝑟𝑟−2  

We get,  𝑥𝑥𝑦𝑦′′ + 𝑦𝑦′ + 2𝑥𝑥𝑥𝑥 = 0 

 

→ 𝑥𝑥�  
∞

𝑛𝑛=0

𝐶𝐶𝑛𝑛(𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)𝑥𝑥𝑛𝑛+𝑟𝑟−2 + �  
∞

𝑛𝑛=0

𝐶𝐶𝑛𝑛(𝑛𝑛 + 𝑟𝑟)𝑥𝑥𝑛𝑛+𝑟𝑟−1

+2𝑥𝑥�  
∞

𝑛𝑛=0

cn𝑥𝑥𝑛𝑛+𝑟𝑟 = 0

 

→ �  
∞

𝑛𝑛=0

𝑐𝑐𝑛𝑛(𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)𝑥𝑥𝑛𝑛+𝑛𝑛−1 + �  
∞

𝑛𝑛=0

𝑐𝑐𝑛𝑛(𝑛𝑛 + 𝑟𝑟)𝑥𝑥𝑛𝑛+𝑟𝑟−1

+ �  
𝛼𝛼

𝑛𝑛=0

2𝑐𝑐𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟+1 = 0

 

Let, k=n+1, n=k+1 

If n=0, then k=1 

And k=n+1, n=k-1 

If n=0, k=1 

Now, 

�𝑐𝑐𝑘𝑘+1(𝑘𝑘 + 𝑟𝑟 + 1)(𝑘𝑘 + 𝑟𝑟)𝑥𝑥𝑘𝑘+𝑟𝑟
∞

𝑘𝑘=1

+ �𝑐𝑐𝑘𝑘+1(𝑘𝑘 + 1 + 𝑟𝑟)𝑥𝑥𝑘𝑘+𝑟𝑟 + � 2𝑐𝑐𝑘𝑘−1𝑥𝑥𝑘𝑘+𝑟𝑟 = 0
∞

𝑘𝑘=1

∞

𝑘𝑘=1

 

Evaluate at, 

For first series, k=-1, k=0 

𝑐𝑐0(𝑟𝑟)(𝑟𝑟 − 1)𝑥𝑥𝑟𝑟−1 + 𝑐𝑐1(𝑟𝑟 + 1)𝑟𝑟𝑥𝑥𝑟𝑟 + �𝑐𝑐𝑘𝑘+1(𝑘𝑘 + 1 + 𝑟𝑟)(𝑘𝑘 + 𝑟𝑟)𝑥𝑥𝑘𝑘+𝑟𝑟
∞

𝑘𝑘=1

 

For 2nd and 3rd Series, k=-1, k=0 

𝑐𝑐0(𝑟𝑟)𝑥𝑥𝑟𝑟−1 + 𝑐𝑐1(𝑟𝑟 + 1)𝑥𝑥𝑟𝑟 + �𝑐𝑐𝑘𝑘+1(𝑘𝑘 + 1 + 𝑟𝑟)𝑥𝑥𝑘𝑘+𝑟𝑟 + � 2𝑐𝑐𝑘𝑘−1𝑥𝑥𝑘𝑘+𝑟𝑟 = 0
∞

𝑘𝑘=1

∞

𝑘𝑘=1

 

→𝑐𝑐0𝑥𝑥𝑟𝑟−1(𝑟𝑟(𝑟𝑟 − 1) + 𝑟𝑟) + 𝑐𝑐1𝑥𝑥𝑟𝑟(𝑟𝑟(𝑟𝑟 + 1) + (𝑟𝑟 + 1)) +∑ [𝑐𝑐𝑘𝑘+1(𝑘𝑘 + 1 + 𝑟𝑟)(𝑘𝑘 + 𝑟𝑟) + 𝑐𝑐𝑘𝑘+1(𝑘𝑘 + 1 + 𝑟𝑟) +∞
𝑘𝑘=1

2𝑐𝑐𝑘𝑘−1]𝑥𝑥𝑘𝑘+𝑟𝑟 = 0 

Linear independence will imply, 

𝑐𝑐0(𝑟𝑟(𝑟𝑟 − 1) + 𝑟𝑟) = 0, 𝑐𝑐0𝑟𝑟2 = 0, 𝑟𝑟 = 0            [𝑐𝑐0 = 0] 

𝑐𝑐1(𝑟𝑟 + 1)(𝑟𝑟 + 1) = 0; 𝑐𝑐1(𝑟𝑟 + 1)2 = 0, 𝑐𝑐1 = 0      [𝑟𝑟 = 0] 
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𝑐𝑐𝑘𝑘+1(𝑘𝑘 + 1)𝑘𝑘 + 𝑐𝑐𝑘𝑘+1(𝑘𝑘 + 1) + 2𝑐𝑐𝑘𝑘−1 = 0,        𝑘𝑘 ≥ 1 

→𝑐𝑐𝑘𝑘+1(𝑘𝑘 + 1)𝑘𝑘 + 𝑐𝑐𝑘𝑘+1(𝑘𝑘 + 1) + 2𝑐𝑐𝑘𝑘−1 = 0      [𝑟𝑟 = 0] 

∴𝑐𝑐𝑘𝑘+1 = −2𝑐𝑐𝑘𝑘−1
(𝑘𝑘+1)2 ;𝑘𝑘 ≥ 1 

𝑘𝑘 = 1, 𝑐𝑐2 =
−2𝑐𝑐0

22
=
−2𝑐𝑐0

4
= −

𝑐𝑐0
2

 

𝑘𝑘 = 2, 𝑐𝑐3 =
−2𝑐𝑐1

32
= 0            [𝑐𝑐1 = 0] 

𝑘𝑘 = 3, 𝑐𝑐4 =
−2𝑐𝑐2

42
= −

2
16

�−
𝑐𝑐0
2
� =

𝑐𝑐0
16

 

𝑘𝑘 = 5, 𝑐𝑐6 = −
2𝑐𝑐4
62

= −
2

36
�
𝑐𝑐0
16
� = −

𝑐𝑐0
288

 

 

𝑦𝑦 = �𝑐𝑐𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟
∞

𝑛𝑛=0

 

    = 𝑐𝑐0 + 𝑐𝑐1𝑥𝑥 + 𝑐𝑐2𝑥𝑥2 + 𝑐𝑐3𝑥𝑥3 + 𝑐𝑐4𝑥𝑥4 + 𝑐𝑐5𝑥𝑥5 + 𝑐𝑐6𝑥𝑥6 + ⋯        [𝑟𝑟 = 0] 

As, 𝑐𝑐1, 𝑐𝑐2, 𝑐𝑐3 = 0 

𝑦𝑦 = 𝑐𝑐0 −
𝑐𝑐0
2
𝑥𝑥2 +

𝑐𝑐0
16

𝑥𝑥4 −
𝑐𝑐0

288
𝑥𝑥6 + ⋯ 

 

 

 

Case 2: When roots 𝒎𝒎𝟏𝟏,𝒎𝒎𝟐𝟐 are equal i.e., 𝒎𝒎𝟏𝟏 = 𝒎𝒎𝟐𝟐 

Related Math 
 

Example 01: 𝒙𝒙 𝒅𝒅𝟐𝟐𝒚𝒚
𝒅𝒅𝒙𝒙𝟐𝟐 

+ 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

+ 𝒙𝒙𝒙𝒙 = 𝟎𝟎 

Solution:  

THE GIVEN DE is: 𝑥𝑥 𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

+ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 

+ 𝑥𝑥𝑥𝑥 = 0 … . (1) 

              Put, y=xm  

                   ⇒ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑚𝑚𝑥𝑥𝑚𝑚−1 ⇒  𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
= 𝑚𝑚(𝑚𝑚− 1)𝑥𝑥𝑚𝑚−2 

1800021 
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From eqn. (1) 

𝑥𝑥.𝑚𝑚(𝑚𝑚 − 1)𝑥𝑥𝑚𝑚−2 + 𝑚𝑚𝑥𝑥𝑚𝑚−1 + x. xm = 0 
⇒ 𝑚𝑚(𝑚𝑚 − 1)𝑥𝑥𝑚𝑚−1 + 𝑚𝑚𝑥𝑥𝑚𝑚−1 + 𝑥𝑥𝑚𝑚+1 = 0 

𝑥𝑥=0 Is a regular singular point. 
Let, soln of the eqn. is 

𝑦𝑦 = �𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

𝑥𝑥𝑚𝑚+2𝑘𝑘 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= �𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

(𝑚𝑚 + 2𝑘𝑘)𝑥𝑥𝑚𝑚+2𝑘𝑘−1  

𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= �𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

(𝑚𝑚 + 2𝑘𝑘)(𝑚𝑚 + 2𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+2𝑘𝑘−2 

Substituting for 𝑦𝑦, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 

, 𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  1 

𝑥𝑥.�𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

(𝑚𝑚 + 2𝑘𝑘)(𝑚𝑚 + 2𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+2𝑘𝑘−2 + �𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

(𝑚𝑚 + 2𝑘𝑘)𝑥𝑥𝑚𝑚+2𝑘𝑘−1 + 𝑥𝑥.�𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

𝑥𝑥𝑚𝑚+2𝑘𝑘 

⇒ ���𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

(𝑚𝑚 + 2𝑘𝑘)𝑥𝑥𝑚𝑚+2𝑘𝑘−1 � (𝑚𝑚 + 2𝑘𝑘 − 1 + 1)� + 𝑥𝑥.�𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

𝑥𝑥𝑚𝑚+2𝑘𝑘 = 0 … … … … . . (2)  

THE Coefficient Of lowest degree 𝑥𝑥𝑚𝑚−1 

In equation 2 is obtained by putting k=0 in the 1st summation only of 2 and equating it to 0 

 

𝑎𝑎ₒ(𝑚𝑚 + 0)2 = 0 

𝑚𝑚 = 0,0 𝑎𝑎𝑎𝑎 𝑎𝑎ₒ ≠ 0 

The coefficient of 2nd lowest degree 𝑥𝑥𝑚𝑚  

In equation 2 is obtained by putting k=0 in 2nd summation and k=1 in 1st summation of only 2 we get,  

�𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

(𝑚𝑚 + 2𝑘𝑘)𝑥𝑥𝑚𝑚+2𝑘𝑘−1 + �𝑎𝑎𝑘𝑘−1

∞

𝑘𝑘=0

𝑥𝑥𝑚𝑚+2𝑘𝑘−1 = 0 

⇒�[𝑎𝑎𝑘𝑘(𝑚𝑚 + 2𝑘𝑘)2 + 𝑎𝑎𝑘𝑘−1]𝑥𝑥𝑚𝑚+2𝑘𝑘−1 = 0
∞

𝑘𝑘=0

 

⇒ 𝑎𝑎𝑘𝑘(𝑚𝑚 + 2𝑘𝑘)2 + 𝑎𝑎𝑘𝑘−1 

⇒ 𝑎𝑎𝑘𝑘 =
−𝑎𝑎𝑘𝑘−1

(𝑚𝑚 + 2𝑘𝑘)2
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Put, k=1 

⇒ 𝑎𝑎1 =
−𝑎𝑎0

(𝑚𝑚 + 2)2
 

K=2 

⇒ 𝑎𝑎2 =
−𝑎𝑎1

(𝑚𝑚 + 4)2
 

𝑎𝑎2 =
𝑎𝑎0

(𝑚𝑚 + 2)2(𝑚𝑚 + 4)2
 

 

 

we know 

y=𝑥𝑥𝑚𝑚[ 𝑎𝑎ₒ + 𝑎𝑎1𝑥𝑥2 + 𝑎𝑎2𝑥𝑥4 + ⋯ ] 

⇒ 𝑦𝑦 = 𝑥𝑥𝑚𝑚  �𝑎𝑎ₒ −
𝑎𝑎0

(𝑚𝑚 + 2)2 𝑥𝑥
2 +

𝑎𝑎0
(𝑚𝑚 + 2)2(𝑚𝑚 + 4)2 𝑥𝑥

4 + ⋯� 

⇒ 𝑦𝑦 = 𝑎𝑎ₒ𝑥𝑥𝑚𝑚  �1 −
𝑥𝑥2

(𝑚𝑚 + 2)2 +
𝑥𝑥4

(𝑚𝑚 + 2)2(𝑚𝑚 + 4)2 + ⋯� 

 

𝑦𝑦 = 𝐴𝐴𝑦𝑦𝑚𝑚=0 + 𝐵𝐵
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑚𝑚=0

 

yₘ₌₀ = aₒ [1 − 𝑥𝑥2

22
+ 𝑥𝑥4

2242
+ ⋯ ] … . (3) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= aₒ𝑥𝑥𝑚𝑚𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 �1 −
𝑥𝑥2

(𝑚𝑚 + 2)2 +
𝑥𝑥4

(𝑚𝑚 + 2)2(𝑚𝑚 + 4)2 + ⋯�  

+ aₒ𝑥𝑥𝑚𝑚 �0 +
2𝑥𝑥2

(𝑚𝑚 + 2)3 −
3𝑥𝑥4

(𝑚𝑚 + 2)2. (𝑚𝑚 + 4)2
… � 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑚𝑚=0

= aₒlogx �1 − 𝑥𝑥2

22
+ 𝑥𝑥4

22.42
+ ⋯� + aₒ �𝑥𝑥

2

22
− 3𝑥𝑥4

22.42
+ ⋯�…………………. (4) 

General solution=A �aₒ[1 − 𝑥𝑥2

22
+ 𝑥𝑥4

2242
+⋯ ]�+B�aₒlogx �1− 𝑥𝑥2

22
+ 𝑥𝑥4

22.42
+ ⋯� + aₒ �𝑥𝑥

2

22
− 3𝑥𝑥4

22.42
+ ⋯�� 
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Example 02: 𝒙𝒙 𝒅𝒅𝟐𝟐𝒚𝒚
𝒅𝒅𝒙𝒙𝟐𝟐

+ (𝟏𝟏 + 𝒙𝒙) 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

+ 𝟐𝟐𝟐𝟐 = 𝟎𝟎 

Solution: 

The Given DE is:   𝑥𝑥 𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

+ (1 + 𝑥𝑥) 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 2𝑦𝑦 = 0    ………………. (1) 

Here x=0 is a regular singular point of the given DE. 

Let, the solution of the given DE be, 

 y=∑ 𝑎𝑎𝑛𝑛∞
𝑛𝑛=0 𝑥𝑥𝑚𝑚+𝑛𝑛    ;     𝑎𝑎𝑜𝑜 ≠ 0 

Then,   𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= ∑ (𝑚𝑚 + 𝑛𝑛) 𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛−1∞
𝑛𝑛=0  

            𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
= ∑ (𝑚𝑚 + 𝑛𝑛)(𝑚𝑚 + 𝑛𝑛 − 1)𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛−2∞

𝑛𝑛=0  

 

Substituting these in equation (1),  

x∑ (𝑚𝑚 + 𝑛𝑛)(𝑚𝑚 + 𝑛𝑛 − 1)𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛−2 + (1 + 𝑥𝑥)∑ (𝑚𝑚 + 𝑛𝑛)𝑎𝑎𝑛𝑛∞
𝑛𝑛=0

∞
𝑛𝑛=0 𝑥𝑥𝑚𝑚+𝑛𝑛−1 + 2∑ 𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛 = 0∞

𝑛𝑛=0  

 ∑ (𝑚𝑚 + 𝑛𝑛)(𝑚𝑚 + 𝑛𝑛 − 1)𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛−1 + ∑ (𝑚𝑚 + 𝑛𝑛)𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛−1 + ∑ (𝑚𝑚 + 𝑛𝑛)𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛∞
𝑛𝑛=0

∞
𝑛𝑛=0

∞
𝑛𝑛=0 +

 2∑ 𝑎𝑎𝑛𝑛∞
𝑛𝑛=0 𝑥𝑥𝑚𝑚+𝑛𝑛 = 0 

 ∑ (𝑚𝑚 + 𝑛𝑛)(𝑚𝑚 + 𝑛𝑛 − 1 + 1)𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛−1∞
𝑛𝑛=0 + ∑ (𝑚𝑚 + 𝑛𝑛 + 2)∞

𝑛𝑛=0 𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛 = 0 ....(2) 

Equating coefficient of xm-1 to zero, 

            m2ao=0 

            m=0,0 

Now, equating coefficient of xm+n-1 to zero in eqn (2), 

(m+n)2an + (m+n-1+2) an-1 = 0 

 𝑎𝑎𝑛𝑛 = −𝑚𝑚+𝑛𝑛+1
(𝑚𝑚+𝑛𝑛)2

𝑎𝑎𝑛𝑛−1      ……………………. (3) 

 

Putting n=1,2,3,4,…………. In eqn (3) 

a1=−
𝑚𝑚+2

(𝑚𝑚+1)2
𝑎𝑎𝑜𝑜 

a2=−
𝑚𝑚+3

(𝑚𝑚+2)2 𝑎𝑎1 = (𝑚𝑚+3)(𝑚𝑚+2)
(𝑚𝑚+2)2(𝑚𝑚+1)2 𝑎𝑎𝑜𝑜 = (𝑚𝑚+3)

(𝑚𝑚+1)2(𝑚𝑚+2)
𝑎𝑎𝑜𝑜 

a3=−
𝑚𝑚+4

(𝑚𝑚+3)2 𝑎𝑎2 = − 𝑚𝑚+4
(𝑚𝑚+1)2(𝑚𝑚+2)(𝑚𝑚+3)

𝑎𝑎𝑜𝑜 

1800022 
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Thus, 

y = aoxm [1- 𝑚𝑚+2
(𝑚𝑚+1)2

x+ (𝑚𝑚+3)
(𝑚𝑚+1)2(𝑚𝑚+2)

𝑥𝑥2 − 𝑚𝑚+4
(𝑚𝑚+1)2(𝑚𝑚+2)(𝑚𝑚+3)𝑥𝑥

3 + ⋯… … … ] 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= aoxm logx [1- 𝑚𝑚+2
(𝑚𝑚+1)2

x+ (𝑚𝑚+3)
(𝑚𝑚+1)2(𝑚𝑚+2)

𝑥𝑥2 − 𝑚𝑚+4
(𝑚𝑚+1)2(𝑚𝑚+2)(𝑚𝑚+3)𝑥𝑥

3 + ⋯… … … ]  +aoxm[{− 1
(𝑚𝑚+1)2 +

2(𝑚𝑚+2)
(𝑚𝑚+1)3}𝑥𝑥 +[ 1

(𝑚𝑚+1)2(𝑚𝑚+2)
+ (𝑚𝑚+3)

(𝑚𝑚+1)2 �
−1

(𝑚𝑚+2)�+ 𝑚𝑚+3
𝑚𝑚+2

{ −2
(𝑚𝑚+1)3}]𝑥𝑥2 + ⋯… … …. 

 

Hence, the complete solution of eqn (1) is, 

 Y=C1(y)m=0+C2�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑚𝑚

 =C1ao(1-2x+3𝑥𝑥
2

2
− 4𝑥𝑥3

6
+ ⋯… … … . ) + {3𝑥𝑥 + (1

2
− 6

2
− 3

4
)𝑥𝑥2} + ⋯… … … 

 

i.e.  y= (A + Blogx)(1 − 2x + 3𝑥𝑥2

2
− 4𝑥𝑥3

6
+ ⋯… … ….) +B {3𝑥𝑥 + (1

2
− 6

2
− 3

4
)𝑥𝑥2} + ⋯… .. 

   where, A=C1ao and B=C2ao are arbitrary constant. 

(Ans) 

 

 

Example 03: 𝒙𝒙 𝒅𝒅𝟐𝟐𝒚𝒚
𝒅𝒅𝒙𝒙𝟐𝟐 

+ 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅
− 𝒚𝒚 = 𝟎𝟎 

Solution:  

THE GIVEN DE is : 𝑥𝑥 𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

+ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 

− 𝑦𝑦 = 0 … . (1) 

𝑥𝑥=0 Is a regular singular point. We assume the solution In the form that, 

𝑦𝑦 = �𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

𝑥𝑥𝑚𝑚+𝑘𝑘 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= �𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1  

𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= �𝑎𝑎𝑘𝑘

∞

𝑘𝑘=0

(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 

Substituting for 𝑦𝑦, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 

, 𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  1 

∑ 𝑥𝑥 𝑎𝑎ₖ(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 +  𝑘𝑘 −  1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 + ∑𝑎𝑎ₖ (𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 − ∑𝑎𝑎ₖ 𝑥𝑥𝑚𝑚+𝑘𝑘 = 0 

Or ∑aₖ[ 𝑥𝑥𝑚𝑚+𝑘𝑘−1{(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) + (𝑚𝑚 + 𝑘𝑘)}]− ∑𝑎𝑎ₖ 𝑥𝑥𝑚𝑚+𝑘𝑘 = 0  

1800023 
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∑ aₖ {𝑥𝑥𝑚𝑚+𝑘𝑘−1(𝑚𝑚 + 𝑘𝑘)2} −∑𝑎𝑎ₖ𝑥𝑥𝑚𝑚+𝑘𝑘 = 0 … … (2) 

THE Coefficient Of lowest degree 𝑥𝑥𝑚𝑚−1 

  in equation 2 is obtained by putting k=0 in the 1st summation only of 2 and equating it to 0 

 

𝑎𝑎ₒ𝑚𝑚2 = 0 

𝑚𝑚 = 0 𝑎𝑎𝑎𝑎 𝑎𝑎ₒ ≠ 0 

The coefficient  of 2nd  lowest degree 𝑥𝑥𝑚𝑚  

In equation 2 is obtained by putting k=0 in 2nd  summation and k=1 in 1st summation  of only 2 we get,  

a₁ (m+1)²-aₒ =0 

a₁= 𝑎𝑎ₒ
(𝑚𝑚+1)2 

equating the coefficient of 𝑥𝑥𝑚𝑚+𝑘𝑘 to zero 

aₖ₊₁(m+k+1)²- aₖ=0 

k=0 

a₁= 𝑎𝑎ₒ
(𝑚𝑚+1)2 

k =1 

a₂= 𝑎𝑎ₒ
  (𝑚𝑚+1)²(𝑚𝑚+2)2 

k =2 

a₃= 𝑎𝑎ₒ
(𝑚𝑚+1)2   (𝑚𝑚+2)2 (𝑚𝑚+3)2  

we know 

𝑦𝑦 = 𝑥𝑥𝑚𝑚[ 𝑎𝑎ₒ +  𝑎𝑎1𝑥𝑥1 + 𝑎𝑎2. 𝑥𝑥2 + ⋯ ] 

Or,𝑦𝑦 = 𝑥𝑥𝑚𝑚 [𝑎𝑎ₒ + 𝑎𝑎ₒ
  (𝑚𝑚+1)2 𝑥𝑥 + 𝑎𝑎ₒ

(𝑚𝑚+1)2(𝑚𝑚+2)2(𝑚𝑚+3)2 𝑥𝑥
2 +⋯ ] 

𝑜𝑜𝑜𝑜, 𝑦𝑦 = 𝑥𝑥𝑚𝑚 𝑎𝑎ₒ �1 +
𝑥𝑥

(𝑚𝑚 + 1)2 +
𝑥𝑥2

(𝑚𝑚 + 1)2(𝑚𝑚 + 2)2 +
𝑥𝑥3

(𝑚𝑚 + 1)2(𝑚𝑚 + 2)2(𝑚𝑚 + 3)2 + ⋯� 

 

(y)ₘ₌₀ = aₒ[ 1 + 𝑥𝑥
12

+ 𝑥𝑥2

1222
+ 𝑥𝑥3

122232
+ ⋯… ] … . (3) 
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(
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

)=𝑎𝑎ₒ𝑥𝑥𝑚𝑚 �−
2𝑥𝑥

(𝑚𝑚 + 1)3 −
2𝑥𝑥2

(𝑚𝑚 + 1)2(𝑚𝑚 + 2)3 −
2𝑥𝑥2

(𝑚𝑚 + 1)3(𝑚𝑚 + 2)2 − ⋯… � + 𝑎𝑎ₒ𝑥𝑥𝑚𝑚𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙[1 +
𝑥𝑥

(𝑚𝑚 + 1)2

+
𝑥𝑥2

(𝑚𝑚 + 1)2(𝑚𝑚 + 2)2 + ⋯ . . ] 

(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

)𝑚𝑚=0=[aₒ 𝑥𝑥0{−2𝑥𝑥
13
− 2𝑥𝑥2

1223
− 2𝑥𝑥2

1322
−. … … }] + [{1 + 𝑥𝑥

12
+ 𝑥𝑥2

1222
+ ⋯ . }𝑎𝑎ₒ𝑥𝑥0𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙]  

 

=-2𝑎𝑎ₒ �𝑥𝑥
13 + 𝑥𝑥2

1223
+ 𝑥𝑥2

1322
+ ⋯ . � + 𝑎𝑎ₒ𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 �1 + 𝑥𝑥

12
+ 𝑥𝑥2

1222
+ ⋯� 

General solution, 

Y=Aaₒ ( 1+ 𝑥𝑥
12

+ 𝑥𝑥2

1222
+⋯ ) + 𝐵𝐵[−2𝑎𝑎ₒ � 𝑥𝑥

13
+ 𝑥𝑥2

1223
+ 𝑥𝑥2

1322
+ ⋯ . . � + {1 + 𝑥𝑥

12
+  𝑥𝑥2

1222
+ ⋯ . . }]  

 

 

 

Example 04: 𝒙𝒙𝟐𝟐𝒚𝒚” − 𝟓𝟓𝟓𝟓𝒚𝒚′ + (𝟗𝟗 − 𝒙𝒙)𝒚𝒚 = 𝟎𝟎 

Solution: 

Given the differential equation 𝑥𝑥2𝑦𝑦” − 5𝑥𝑥𝑦𝑦′ + (9 − 𝑥𝑥)𝑦𝑦 = 0 

Let y = ∑ 𝑎𝑎𝑛𝑛∞
𝑛𝑛=0 𝑥𝑥𝑛𝑛+𝑟𝑟 

Y’=∑ (𝑛𝑛 + 𝑟𝑟)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟−1∞
𝑛𝑛=0  

 Y” = ∑ (𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟−2∞
𝑛𝑛=0  

Substituting y, y’ & y” in given DE:     𝑥𝑥2 ∑ (𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟−2 − 5𝑥𝑥 ∑ (𝑛𝑛 + 𝑟𝑟)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟−1∞
𝑛𝑛=0 +∞

𝑛𝑛=0
(9 − 𝑥𝑥)∑ 𝑎𝑎𝑛𝑛∞

𝑛𝑛=0 𝑥𝑥𝑛𝑛+𝑟𝑟= 0 

Expand, ∑ (𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟 − 5∑ (𝑛𝑛 + 𝑟𝑟)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟∞
𝑛𝑛=0 + 9∑ 𝑎𝑎𝑛𝑛∞

𝑛𝑛=0 𝑥𝑥𝑛𝑛+𝑟𝑟 −∞
𝑛𝑛=0 ∑ 𝑎𝑎𝑛𝑛∞

𝑛𝑛=0 𝑥𝑥𝑛𝑛+𝑟𝑟+1 = 0 

Equate to smallest power, 𝑥𝑥𝑛𝑛+𝑟𝑟 

 ∑ (𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟 − 5∑ (𝑛𝑛 + 𝑟𝑟)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟∞
𝑛𝑛=0 + 9∑ 𝑎𝑎𝑛𝑛∞

𝑛𝑛=0 𝑥𝑥𝑛𝑛+𝑟𝑟 −∞
𝑛𝑛=0 ∑ 𝑎𝑎𝑛𝑛∞

𝑛𝑛=1 𝑥𝑥𝑛𝑛+𝑟𝑟 = 0 

 

Indicial equation (n=0) 

[r(r-1)-5r+9]𝑎𝑎0=0 

𝑟𝑟2 − 𝑟𝑟 − 5𝑟𝑟 + 9 = 0  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑎𝑎0 ≠ 0 

𝑟𝑟2 − 6𝑟𝑟 + 9 = 0 
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(𝑟𝑟 − 3)2 = 0 

r = 3 ( one root => case 2) 

Recurrence relation: 

(𝑛𝑛 + 𝑟𝑟 − 3)2𝑎𝑎𝑛𝑛 − 𝑎𝑎𝑛𝑛−1 = 0    

𝑎𝑎𝑛𝑛 =
1

(𝑛𝑛 + 𝑟𝑟 − 3)2
𝑎𝑎𝑛𝑛−1    

 

When n=1, 𝑎𝑎1 = 1
(𝑟𝑟−2)2

𝑎𝑎0 

           n = 2, 𝑎𝑎2 = 1
(𝑟𝑟−1)2

𝑎𝑎1 =  1
(𝑟𝑟−1)2(𝑟𝑟−2)2

𝑎𝑎0 

y =∑ 𝑎𝑎𝑛𝑛∞
𝑛𝑛=0 𝑥𝑥𝑛𝑛+𝑟𝑟 

   = 𝑥𝑥𝑟𝑟[𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + ⋯ ] 

   =𝑥𝑥𝑟𝑟𝑎𝑎0[1 + 𝑥𝑥
(𝑟𝑟−2)2 + 𝑥𝑥2

(𝑟𝑟−1)2(𝑟𝑟−2)2 + ⋯ ] 

𝑦𝑦1 = 𝑦𝑦(𝑟𝑟=3) = 𝑥𝑥3𝑎𝑎0[1 +
1

12
𝑥𝑥 +

1
2212

𝑥𝑥2 +⋯ ] 

𝑦𝑦1 = 𝑎𝑎0[𝑥𝑥3 + 𝑥𝑥4 +
𝑥𝑥5

4
+⋯ ] 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 + 𝑎𝑎0𝑥𝑥𝑟𝑟[ 1
(𝑟𝑟−2)2 �

−2
𝑟𝑟−2

� 𝑥𝑥 + 1
(𝑟𝑟−1)2(𝑟𝑟−2)2 �

−2
𝑟𝑟−1

− 2
𝑟𝑟−2

� 𝑥𝑥2 + ⋯] 

𝑦𝑦2 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑟𝑟=3

=  𝑦𝑦1𝑙𝑙𝑙𝑙𝑙𝑙 + 𝑎𝑎0𝑥𝑥3[ 1
(1)2 �

−2
1
� 𝑥𝑥 + 1

(2)2(1)2 �
−2
2
− 2

1
�𝑥𝑥2 + ⋯] 

𝑦𝑦2 = 𝑦𝑦1𝑙𝑙𝑙𝑙𝑙𝑙 + 𝑎𝑎0 �−2𝑥𝑥4 −
3
4
𝑥𝑥5 + ⋯� 

General equation, 

𝑦𝑦 = 𝐴𝐴𝑎𝑎0 �𝑥𝑥3 + 𝑥𝑥4 +
𝑥𝑥5

4
+ ⋯� + 𝐵𝐵[𝑦𝑦1𝑙𝑙𝑙𝑙𝑙𝑙 + 𝑎𝑎0 �−2𝑥𝑥4 −

3
4
𝑥𝑥5 +⋯�] 

                                                                                                                         [answer] 
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Example 05: 𝒙𝒙 𝒅𝒅𝟐𝟐𝒚𝒚
𝒅𝒅𝒙𝒙𝟐𝟐 

+ 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

+ 𝒙𝒙𝟐𝟐𝒚𝒚 = 𝟎𝟎 

Solution:  

THE GIVEN DE is : 𝑥𝑥 𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

+ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 

− 𝑦𝑦 = 0 … . (1) 

𝑥𝑥=0 is a regular singular point. 

By Frobenius method, 

Let the trial so𝑙𝑙𝑛𝑛, y = ∑ 𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛∞
𝑛𝑛=0  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 = ∑ (𝑚𝑚 + 𝑛𝑛)𝑎𝑎𝑛𝑛𝑥𝑥(𝑚𝑚+𝑛𝑛−1)∞
𝑛𝑛=0  

𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

 = ∑ (𝑚𝑚 + 𝑛𝑛)(𝑚𝑚 + 𝑛𝑛 − 1)𝑎𝑎𝑛𝑛𝑥𝑥(𝑚𝑚+𝑛𝑛−2)∞
𝑛𝑛=0  

Now put the value of y, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 & 𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
 in given D.E. ……………… (1) 

=>𝑥𝑥[  ∑ (𝑚𝑚 + 𝑛𝑛)(𝑚𝑚 + 𝑛𝑛 − 1)𝑎𝑎𝑛𝑛𝑥𝑥(𝑚𝑚+𝑛𝑛−2) ∞
𝑛𝑛=0 ] + [  ∑ (𝑚𝑚 + 𝑛𝑛)𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛−1 ]∞

𝑛𝑛=0  + 𝑥𝑥2[∑ 𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛∞
𝑛𝑛=0  ] = 0 

=>  ∑ (𝑚𝑚 + 𝑛𝑛)(𝑚𝑚 + 𝑛𝑛 − 1)𝑎𝑎𝑛𝑛𝑥𝑥(𝑚𝑚+𝑛𝑛−1) ∞
𝑛𝑛=0  + ∑ (𝑚𝑚 + 𝑛𝑛)𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛−1∞

𝑛𝑛=0  + ∑ 𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛+2∞
𝑛𝑛=0  = 0 

=>  ∑ [(𝑚𝑚 + 𝑛𝑛)(𝑚𝑚 + 𝑛𝑛 − 1) + (𝑚𝑚 + 𝑛𝑛) ] 𝑎𝑎𝑛𝑛𝑥𝑥(𝑚𝑚+𝑛𝑛−1) ∞
𝑛𝑛=0  + ∑ 𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛+2∞

𝑛𝑛=0  = 0 

=>  ∑ [(𝑚𝑚 + 𝑛𝑛)(𝑚𝑚 + 𝑛𝑛 − 1 + 1)] 𝑎𝑎𝑛𝑛𝑥𝑥(𝑚𝑚+𝑛𝑛−1) ∞
𝑛𝑛=0 +  ∑ 𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛+2∞

𝑛𝑛=0  = 0  

=>  ∑ (𝑚𝑚 + 𝑛𝑛)2∞
𝑛𝑛=0 𝑎𝑎𝑛𝑛𝑥𝑥(𝑚𝑚+𝑛𝑛−1) + ∑ 𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛+2∞

𝑛𝑛=0  = 0 

𝑁𝑁𝑁𝑁𝑁𝑁 𝑏𝑏𝑏𝑏 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑜𝑜𝑜𝑜 𝑥𝑥 , 

𝑖𝑖. 𝑒𝑒. 𝑥𝑥𝑚𝑚−1 equal to zero : 

(𝑀𝑀)2𝑎𝑎0 = 0 

=>  𝑚𝑚2 = 0        [𝑎𝑎𝑎𝑎,𝑎𝑎0 ≠ 0] 

Which is the required Indicial equation, 

M = 0, 0 

So, 𝑚𝑚1 = 0   & 𝑚𝑚2 = 0 

So, root of indicial equation are same  

𝑚𝑚1 = 𝑚𝑚2     [Case (2)] 

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑒𝑒𝑒𝑒uation (2), 

∑ (𝑚𝑚 + 𝑛𝑛 + 1)2∞
𝑛𝑛=0 𝑎𝑎𝑛𝑛+1𝑥𝑥(𝑚𝑚+𝑛𝑛) + ∑ 𝑎𝑎𝑛𝑛−2𝑥𝑥𝑚𝑚+𝑛𝑛∞

𝑛𝑛=0  = 0 
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∑ [(𝑚𝑚 + 𝑛𝑛 + 1)2∞
𝑛𝑛=0 𝑎𝑎𝑛𝑛+1 + 𝑎𝑎𝑛𝑛−2] 𝑥𝑥(𝑚𝑚+𝑛𝑛)  = 0…………….(3) 

𝑁𝑁𝑁𝑁𝑁𝑁 𝑝𝑝𝑝𝑝𝑝𝑝 𝑡𝑡ℎ𝑒𝑒 co-efficient of 𝑥𝑥(𝑚𝑚+𝑛𝑛) equal to zero, 

 (𝑚𝑚 + 𝑛𝑛 + 1)2𝑎𝑎𝑛𝑛+1 +  𝑎𝑎𝑛𝑛−2 = 0 

(𝑚𝑚 + 𝑛𝑛 + 1)2𝑎𝑎𝑛𝑛+1 = − 𝑎𝑎𝑛𝑛−2  

𝑎𝑎𝑛𝑛+1 = −1
(𝑚𝑚+𝑛𝑛+1)2

𝑎𝑎𝑛𝑛−2……………(4) 

Which is the required recurrence relation, 

Now put, n=2      𝑎𝑎3 = −1
(𝑚𝑚+3)2

𝑎𝑎0 

Now by equating co-efficient of 𝑥𝑥𝑚𝑚 both series in equation (2), 

(𝑀𝑀 + 1)2𝑎𝑎1 = 0 

𝑎𝑎1 = 0 

𝑁𝑁𝑁𝑁𝑁𝑁 𝑏𝑏𝑏𝑏 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 co-efiicient of 𝑥𝑥𝑚𝑚+1 both sides in equation (2) 

(𝑚𝑚 + 2)2𝑎𝑎2 = 0 

𝑎𝑎2 = 0 

Now put n=3 in equation (4) 

𝑎𝑎 = −
1

(𝑚𝑚 + 4)2      𝑎𝑎1 = −
1

(𝑚𝑚 + 4)2 (0) 

𝑎𝑎4 = 0 

Put n=4 in equation (4) 

𝑎𝑎5 = −
1

(𝑚𝑚 + 5)2     𝑎𝑎2 = −
1

(𝑚𝑚 + 5)2 (0) 

𝑎𝑎5 = 0 

Put n=5 in equation (4) 

𝑎𝑎6 = −
1

(𝑚𝑚 + 6)2  𝑎𝑎3 = −
1

(𝑚𝑚 + 6) �−
1

(𝑀𝑀 + 3)2 𝑎𝑎0� 

𝑎𝑎6 =
1

(𝑚𝑚 + 6)2(𝑚𝑚 + 3)2 𝑎𝑎0 

Now put the value of a1, a2, a3, a4, a5, a6  

Trial solution 

𝑦𝑦 = �𝑎𝑎𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛
∞

𝑛𝑛=0

= 𝑎𝑎6𝑥𝑥𝑚𝑚 + 𝑎𝑎1𝑥𝑥𝑚𝑚+1 + 𝑎𝑎2𝑥𝑥𝑚𝑚+2 + 𝑎𝑎3𝑥𝑥𝑚𝑚+3 + 𝑎𝑎4𝑥𝑥𝑚𝑚+4 + 𝑎𝑎5𝑥𝑥𝑚𝑚+5 + 𝑎𝑎6𝑥𝑥𝑚𝑚+6 +⋯ 
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= 𝑥𝑥𝑚𝑚[𝑎𝑎0 + (0)𝑥𝑥2 + �−
1𝑎𝑎0

(𝑚𝑚 + 3)2� 𝑥𝑥
2 + (0)𝑥𝑥4 + (0)𝑥𝑥5 + [

1
(𝑀𝑀 + 6)2 + (𝑚𝑚 + 3)2 𝑎𝑎0𝑥𝑥

6 + ⋯ ] 

= 𝑥𝑥𝑚𝑚[𝑎𝑎0 −
1

(𝑚𝑚 + 3)2 𝑎𝑎0𝑥𝑥
3 +

1
(𝑚𝑚 + 6)2(𝑚𝑚 + 3)2 𝑎𝑎6𝑥𝑥

6 + ⋯ ] 

𝑎𝑎0𝑥𝑥𝑚𝑚[1−
1

(𝑚𝑚 + 3)2 𝑥𝑥
3 +

1
(𝑚𝑚 + 3)(𝑚𝑚 + 6)2 𝑥𝑥

6 + ⋯ ] 

Now complete solution of case II is given as 

𝑦𝑦 = 𝐶𝐶1(𝑦𝑦)𝑚𝑚1=0 + 𝐶𝐶2 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

�
𝑚𝑚1=0

𝑦𝑦𝑚𝑚=0 

Now  𝑦𝑦𝑚𝑚=0 = 𝑎𝑎0𝑥𝑥0 �1−
𝑥𝑥3

32
+ 𝑥𝑥6

(3)2(6)2 + ⋯… … …∞� 

Now partially Differentiate eq (5) w.r.t m, we get 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑎𝑎𝑜𝑜(𝑥𝑥𝑚𝑚𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙) �1− 1
(𝑚𝑚+3)2 𝑥𝑥

3 + 1
(𝑚𝑚+3)2(𝑚𝑚+6)2 𝑥𝑥

6 + ⋯… …∞� + 𝑎𝑎𝑜𝑜𝑥𝑥𝑚𝑚[0 + 2
(𝑚𝑚+3)3 𝑥𝑥

3 +

{−2(𝑚𝑚 + 3)−3(𝑚𝑚 + 6)−2 + (𝑚𝑚 + 3)−2(−2)(𝑚𝑚 + 6)−3}𝑥𝑥6 + ⋯… …[By Product Rule]  

 =𝑎𝑎𝑜𝑜(𝑥𝑥𝑚𝑚𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙) �1 − 1
(𝑚𝑚+3)2 𝑥𝑥

3 + 1
(𝑚𝑚+3)2(𝑚𝑚+6)2 𝑥𝑥

6 + ⋯… …∞� + 𝑎𝑎𝑜𝑜𝑥𝑥𝑚𝑚[ 2𝑥𝑥3

(𝑚𝑚+2)3 −
2𝑥𝑥6

(𝑚𝑚+3)3(𝑚𝑚+6)2 −
2𝑥𝑥6

(𝑚𝑚+3)2(𝑚𝑚+6)3 + ⋯… … …∞]  (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

)𝑚𝑚=0 = 𝑎𝑎𝑜𝑜(1)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 �1 − 𝑥𝑥3

32
+ 𝑥𝑥6

(3)2(6)2 + ⋯… … …∞� + 𝑎𝑎𝑜𝑜(1)[2𝑥𝑥
3

33
−

2𝑥𝑥6

(3)3(6)2 −
2𝑥𝑥6

(3)2(6)3 + ⋯… … …∞] 

 Now put (y)m+0 and (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

)𝑚𝑚=0 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒. (6) 𝑤𝑤𝑤𝑤 𝑔𝑔𝑔𝑔𝑔𝑔, 

 𝑦𝑦 = 𝐶𝐶1[𝑎𝑎𝑜𝑜 �1 −
𝑥𝑥3

32
+ 𝑥𝑥6

(3)2(6)2 + ⋯… … …∞� + 𝐶𝐶2[𝑎𝑎𝑜𝑜𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 �1 −
𝑥𝑥3

32
+ 𝑥𝑥6

(3)2(6)2 + ⋯… … …∞� + 𝑎𝑎𝑜𝑜{2𝑥𝑥
3

33
−

2𝑥𝑥6

(3)3(6)2 −
2𝑥𝑥6

(3)2(6)3 + ⋯… … …∞}] 

Y=A (1- 𝑥𝑥
3

32
 + 𝑥𝑥6

(3)2(6)2 … … …∞ ) + B �log( 1 −  𝑥𝑥
3

32
 +  𝑥𝑥6

(3)2(6)2 … … …∞) + (2𝑥𝑥
3

33
− 2𝑥𝑥6

(3)3(6)2 −
2𝑥𝑥6

(3)2(6)3)�  

Y = (A + B 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙) (1- 𝑥𝑥
3

32
 + 𝑥𝑥6

(3)2(6)2 … … …∞) + 2𝐵𝐵 �𝑥𝑥
3

33
− 1

(3)2(6)2  �1
3

+ 1
6
� 𝑥𝑥6 + ⋯… …∞� 

Which is the required complete solution of given D.E. (Answer) 

 

 

Example 06: Solve  𝐱𝐱 (𝐱𝐱 − 𝟏𝟏) 𝐲𝐲” + (𝟑𝟑𝟑𝟑 − 𝟏𝟏) 𝐲𝐲’ +  𝐲𝐲 =  𝟎𝟎 

Solution. 

 x (x − 1) y” +  (3x − 1) y’ +  y =  0  … … (1) 
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Since, x = 0 is a regular singular point, we assume the solution in the form 

𝑦𝑦 =  �𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘
∞

𝑘𝑘=0

 

Such that  
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=  �𝑎𝑎𝑘𝑘  (𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1
∞

𝑘𝑘=0

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= �𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2
∞

𝑘𝑘=0

 

Substituting the expressions for y, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

, 𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑑𝑑2
 in (1) we have 

 ∑𝑥𝑥(𝑥𝑥 − 1)𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 + 

(3𝑥𝑥 − 1)�𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 + �𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0 

or ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘 − ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−1+ 

3�𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘 −�𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 + �𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0 

or ∑𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) + 3(𝑚𝑚 + 𝑘𝑘) + 1] 𝑥𝑥𝑚𝑚+𝑘𝑘 − 

 ∑𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) + (𝑚𝑚 + 𝑘𝑘)] 𝑥𝑥𝑚𝑚+𝑘𝑘−1 = 0 

or ∑𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 + 2) + 1] 𝑥𝑥𝑚𝑚+𝑘𝑘 –∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)2 𝑥𝑥𝑚𝑚+𝑘𝑘−1 = 0 … … (2) 

The coefficient of lowest degree term 𝑥𝑥𝑚𝑚−1 in (2) is obtained by putting k = 0 in the second summation only 
of (2) and equating it to zero. Then the indicial equation is 

 𝑎𝑎0(𝑚𝑚 + 0)2 = 0     ⟹𝑚𝑚 = 0, 0 𝑎𝑎𝑎𝑎 𝑎𝑎0 ≠ 0 

The coefficient of the next lowest degree term 𝑥𝑥𝑚𝑚 in (2) is obtained by putting k = 0 in the first summation 
and k = 1 in the second summation only of (2) and equating it to zero, we get 

  𝑎𝑎1[(𝑚𝑚 + 0)(𝑚𝑚 + 2) + 1] − 𝑎𝑎0(𝑚𝑚 + 0)2 = 0 

  𝑎𝑎1 − 𝑎𝑎0 = 0   ⇒    𝑎𝑎1 = 𝑎𝑎0 (as m = 0) 

Equating the coefficient of 𝑥𝑥𝑚𝑚+𝑘𝑘 to zero, the recurrence relation is given by 

  𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 + 2) + 1] − 𝑎𝑎𝑘𝑘+1(𝑚𝑚 + 𝑘𝑘 + 1)2 = 0 

  𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘 + 1)2] − 𝑎𝑎𝑘𝑘+1(𝑚𝑚 + 𝑘𝑘 + 1)2 = 0 

Hence  𝑎𝑎𝑘𝑘+1 = 𝑎𝑎𝑘𝑘 

  𝑦𝑦 = 𝑥𝑥𝑚𝑚[𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + ⋯ ] 

  𝑦𝑦 = 𝑎𝑎0𝑥𝑥𝑚𝑚[1 + 𝑥𝑥 + 𝑥𝑥2 + 𝑥𝑥3 … ] 
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When m = 0, this gives only one solution instead of two. 

 Second solution is given by 

  �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑚𝑚=0

 and 𝑦𝑦1 = 𝑎𝑎0(1 + 𝑥𝑥 + 𝑥𝑥2 + 𝑥𝑥3) 

  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑎𝑎0𝑥𝑥𝑚𝑚 log 𝑥𝑥[1 + 𝑥𝑥 + 𝑥𝑥2 + 𝑥𝑥3 + ⋯ ] 

  𝑦𝑦2 = 𝑎𝑎0 log 𝑥𝑥[1 + 𝑥𝑥 + 𝑥𝑥2 + 𝑥𝑥3 + ⋯ ]  m = 0 

  𝑦𝑦1 = 𝑎𝑎0[1 + 𝑥𝑥 + 𝑥𝑥2 + 𝑥𝑥3 + ⋯ ]  m = 0 

  𝑦𝑦 = 𝐴𝐴𝑦𝑦1 + 𝐵𝐵𝑦𝑦2 

  𝑦𝑦 = 𝐴𝐴[1 + 𝑥𝑥 + 𝑥𝑥2 + 𝑥𝑥3 + ⋯ ] + 𝐵𝐵 log 𝑥𝑥[1 + 𝑥𝑥 + 𝑥𝑥2 + 𝑥𝑥3 + ⋯ ]  Ans. 

 

 

Example 07: Using extended power series method find one solution of the 
differential equation 𝒙𝒙𝒙𝒙" + 𝒚𝒚′ + 𝒙𝒙𝟐𝟐𝒚𝒚 = 𝟎𝟎. Indicate the form of a second solution 
which is linearly independent of the first obtained above. 

Solution.  𝑥𝑥 𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

+ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑥𝑥2𝑦𝑦 = 0 

 Let 𝑦𝑦 = ∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘  … … (1) 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 ,  𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 

Substituting the values of 𝑦𝑦, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 and 𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
 in (1), we get 

       𝑥𝑥 ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 + ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 + 𝑥𝑥2 ∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0 

or     ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−1 + ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 + ∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘+2 = 0 

or     ∑𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) + (𝑚𝑚 + 𝑘𝑘)]𝑥𝑥𝑚𝑚+𝑘𝑘−1 + ∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘+2 = 0 

or     ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)2𝑥𝑥𝑚𝑚+𝑘𝑘−1 + ∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘+2 = 0 

The coefficient of lowest degree term 𝑥𝑥𝑚𝑚−1 in (2) is obtained by putting k = 0 in first summation of (2) only 
and equating it to zero. Then the indicial equation is 

   𝑎𝑎0𝑚𝑚2 = 0  ⇒ 𝑚𝑚2 = 0  or  𝑚𝑚 = 0, 0 

The coefficient of the next lowest degree term 𝑥𝑥𝑚𝑚 in (2) is obtained by putting k = 1 in first summation only 
and equating it to zero. 

1800028 
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   𝑎𝑎1(𝑚𝑚 + 1)2 = 0     or    𝑎𝑎1 = 0 

Equating the coefficient of 𝑥𝑥𝑚𝑚+1 for 𝑘𝑘 = 2 we get 

𝑎𝑎2(𝑚𝑚 + 2)2 = 0 ⇒ 𝑎𝑎2 = 0 

Equating the coefficient of 𝑥𝑥𝑚𝑚+𝑘𝑘+2 to zero, we have 

  𝑎𝑎𝑘𝑘+3(𝑚𝑚 + 𝑘𝑘 + 3)2 + 𝑎𝑎𝑘𝑘 = 0 

  𝑎𝑎𝑘𝑘+3 = − 𝑎𝑎𝑘𝑘
(𝑚𝑚+𝑘𝑘+3)2

 

𝑘𝑘 = 0 , 𝑎𝑎3 = − 1
(𝑚𝑚+3)2

𝑎𝑎0 

𝑘𝑘 = 1 , 𝑎𝑎4 = − 1
(𝑚𝑚+4)2 𝑎𝑎1 = 0 , 𝑎𝑎7 = 0, 𝑎𝑎10 = 0 

𝑘𝑘 = 2 , 𝑎𝑎5 = − 1
(𝑚𝑚+5)2 𝑎𝑎2 = 0 , 𝑎𝑎8 = 0, 𝑎𝑎11 = 0 

𝑘𝑘 = 3 , 𝑎𝑎6 = − 1
(𝑚𝑚+6)2 𝑎𝑎3 = 1

(𝑚𝑚+3)2(𝑚𝑚+6)2
𝑎𝑎0 

  𝑎𝑎9 = − 1
(𝑚𝑚+9)2 𝑎𝑎6 = − 1

(𝑚𝑚+3)2(𝑚𝑚+6)2(𝑚𝑚+9)2
𝑎𝑎0 

 𝑦𝑦 = 𝑥𝑥𝑚𝑚𝑎𝑎0 �1 −
𝑥𝑥3

(𝑚𝑚+3)2 + 𝑥𝑥6

(𝑚𝑚+3)2(𝑚𝑚+6)2 −
𝑥𝑥9

(𝑚𝑚+3)2(𝑚𝑚+6)2(𝑚𝑚+9)2 + ⋯� … … (3) 

To get the first solution, let 𝑚𝑚 = 0 in (3), then 

 𝑦𝑦1 = 𝑎𝑎0 �1 −
𝑥𝑥3

32
+ 𝑥𝑥6

32×62
− 𝑥𝑥9

32×62×92
+ ⋯�  … … (4) 

To get the second independent solution, differentiate (3) w.r.t. m. Then 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= (𝑥𝑥𝑚𝑚 log 𝑥𝑥)𝑎𝑎0 �1 −
𝑥𝑥3

(𝑚𝑚+3)2 + 𝑥𝑥6

(𝑚𝑚+3)2(𝑚𝑚+6)2 −
𝑥𝑥9

(𝑚𝑚+3)2(𝑚𝑚+6)2(𝑚𝑚+9)2 + ⋯� + 𝑥𝑥𝑚𝑚𝑎𝑎0 �
2𝑥𝑥3

(𝑚𝑚+3)3 −
2𝑥𝑥6

(𝑚𝑚+3)3(𝑚𝑚+6)2 −
2𝑥𝑥6

(𝑚𝑚+3)2(𝑚𝑚+6)3 + 2𝑥𝑥9

(𝑚𝑚+3)3(𝑚𝑚+6)2(𝑚𝑚+9)2 + 2𝑥𝑥9

(𝑚𝑚+3)2(𝑚𝑚+6)3(𝑚𝑚+9)2 + 2𝑥𝑥9

(𝑚𝑚+3)2(𝑚𝑚+6)2(𝑚𝑚+9)3 + ⋯� 

 … … (5) 

Putting m = 0 in (5), we get 

 𝑦𝑦2 = (log 𝑥𝑥)𝑎𝑎0 �1−
𝑥𝑥3

32
+ 𝑥𝑥6

32×62
− 𝑥𝑥9

32×62×92
+ ⋯� + 𝑎𝑎0 �

2𝑥𝑥3

33
− 2𝑥𝑥6

33×62
− 2𝑥𝑥6

32×63
+ 2𝑥𝑥9

33×62×92
+ 2𝑥𝑥9

32×63×92
+

2𝑥𝑥9

32×62×93
+ ⋯�  … … (6) 

Hence the general solution is given by (4) and (6) 

  𝑦𝑦 = 𝑐𝑐1𝑦𝑦1 + 𝑐𝑐2𝑦𝑦2 

  𝑦𝑦 = 𝑐𝑐1𝑎𝑎0 �1 −
𝑥𝑥3

32
+ 𝑥𝑥6

32×62
− 𝑥𝑥9

32×62×92
+ ⋯� + 𝑐𝑐2(log 𝑥𝑥)𝑎𝑎0 �1 −

𝑥𝑥3

32
+ 𝑥𝑥6

32×62
− 𝑥𝑥9

32×62×92
+ ⋯� + 

�2𝑥𝑥
3

33
− 2𝑥𝑥6

32×66
�1
3

+ 1
6
� + 2𝑥𝑥9

32×62×92
�1
3

+ 1
6

+ 1
9
� + ⋯� 
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 = (𝑐𝑐1 + 𝑐𝑐2 log 𝑥𝑥)𝑎𝑎0 �1 −
𝑥𝑥3

32
+ 𝑥𝑥6

32×62
− 𝑥𝑥9

32×62×92
+⋯� + 2𝑐𝑐2𝑎𝑎0 �

𝑥𝑥3

33
− 𝑥𝑥6

35×22
�1 + 1

2
� +

2𝑥𝑥9

39×22
�1 + 1

2
+ 1

3
� +⋯� Ans. 

 

 

Case III: When m1 and m2 are distinct and differing by an integer 

Then, 𝒚𝒚 = 𝒄𝒄𝟏𝟏(𝒚𝒚)𝒎𝒎𝟏𝟏 + 𝒄𝒄𝟐𝟐 �
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏
�
𝒎𝒎𝟐𝟐

  �𝑰𝑰𝑰𝑰 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 =  ∞
𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝒎𝒎 = 𝒎𝒎𝟐𝟐

� 

 

#Example 01: Find the solution of 𝒙𝒙𝒚𝒚′′ + (𝒙𝒙 − 𝟏𝟏)𝒚𝒚′ − 𝒚𝒚 = 𝟎𝟎 using Frobenius 
method. 

Solution: 

𝑥𝑥𝑦𝑦′′ + (𝑥𝑥 − 1)𝑦𝑦′ − 𝑦𝑦 = 0……….(i)  

Here,   

𝑦𝑦 = �𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟
∞

𝑛𝑛=0

 

∴ 𝑦𝑦′ = �(𝑛𝑛 + 𝑟𝑟)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟−1
∞

𝑛𝑛=0

 

𝑦𝑦′′ = �(𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟−2
∞

𝑛𝑛=0

 

Putting these values in (i) we get 

�(𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟−1
∞

𝑛𝑛=0

+ �(𝑛𝑛 + 𝑟𝑟)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟
∞

𝑛𝑛=0

−�(𝑛𝑛 + 𝑟𝑟)𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟−1
∞

𝑛𝑛=0

−�𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟
∞

𝑛𝑛=0

= 0 

�[(𝑛𝑛 + 𝑟𝑟)(𝑛𝑛 + 𝑟𝑟 − 1) − (𝑛𝑛 − 𝑟𝑟)]𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟−1
∞

𝑛𝑛=0

+ �[(𝑛𝑛 + 𝑟𝑟) − 1]𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+𝑟𝑟 = 0
∞

𝑛𝑛=0

 

                                                                                                                                            𝑒𝑒𝑞𝑞𝑛𝑛(𝑖𝑖𝑖𝑖) 

Now putting 𝑛𝑛 = 0 in the first summation of equation (ii) and equating it to zero, we get the coefficient of the 
lowest degree term 𝑥𝑥𝑟𝑟−1 to be  

𝑎𝑎0{𝑟𝑟(𝑟𝑟 − 1) − 𝑟𝑟} = 0 

𝑎𝑎0{𝑟𝑟(𝑟𝑟 − 2)} = 0 
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∴ 𝑟𝑟 = 0 , 2      [∵ 𝑎𝑎0 ≠ 0] 

The coefficient of next lowest degree 𝑥𝑥𝑟𝑟 in 𝑒𝑒𝑞𝑞𝑛𝑛(𝑖𝑖𝑖𝑖) is obtained by putting 𝑛𝑛 = 1 in the first summation and 
𝑛𝑛 = 0 in the second summation and equating it to zero, 

𝑎𝑎1{(𝑟𝑟 + 1)𝑟𝑟 − (𝑟𝑟 + 1)} + 𝑎𝑎0(𝑟𝑟 − 1) = 0 
𝑎𝑎1(𝑟𝑟2 + 𝑟𝑟 − 𝑟𝑟 − 1) + 𝑎𝑎0(𝑟𝑟 − 1) = 0 
𝑎𝑎1(𝑟𝑟2 − 1) + 𝑎𝑎0(𝑟𝑟 − 1) = 0 
𝑎𝑎1(𝑟𝑟 + 1) + 𝑎𝑎0 = 0 

𝑎𝑎1 = −
1

𝑟𝑟 + 1
𝑎𝑎0 

Now equating the coefficient of 𝑥𝑥𝑛𝑛+𝑟𝑟 from 𝑒𝑒𝑞𝑞𝑛𝑛(𝑖𝑖𝑖𝑖)  

𝑎𝑎𝑛𝑛+1{(𝑛𝑛 + 𝑟𝑟 + 1)(𝑛𝑛 + 𝑟𝑟) − (𝑛𝑛 + 𝑟𝑟 + 1)} + 𝑎𝑎𝑛𝑛(𝑛𝑛 + 𝑟𝑟 − 1) = 0 
 
𝑎𝑎𝑛𝑛+1(𝑛𝑛 + 𝑟𝑟 + 1)(𝑛𝑛 + 𝑟𝑟 − 1) + 𝑎𝑎𝑛𝑛(𝑛𝑛 + 𝑟𝑟 − 1) = 0 
 
𝑎𝑎𝑛𝑛+1(𝑛𝑛 + 𝑟𝑟 + 1) + 𝑎𝑎𝑛𝑛 = 0 

∴ 𝑎𝑎𝑛𝑛+1 =
−1

𝑛𝑛 + 𝑟𝑟 + 1
𝑎𝑎𝑛𝑛 

                                                              𝑒𝑒𝑞𝑞𝑛𝑛(𝑖𝑖𝑖𝑖𝑖𝑖) 

For 𝑛𝑛 = 0, 1, 2, 3 … . 𝑖𝑖𝑖𝑖 𝑒𝑒𝑞𝑞𝑛𝑛(𝑖𝑖𝑖𝑖𝑖𝑖) 

𝑎𝑎1 =
−1
𝑟𝑟 + 1

𝑎𝑎0 

𝑎𝑎2 =
−1
𝑟𝑟 + 2

𝑎𝑎1 =
−1

(𝑟𝑟 + 1)(𝑟𝑟 + 2)𝑎𝑎0 

𝑎𝑎3 =
−1
𝑟𝑟 + 3

𝑎𝑎2 =
−1

(𝑟𝑟 + 1)(𝑟𝑟 + 2)(𝑟𝑟 + 3)
𝑎𝑎0 

                                                                                                                                                   and so on 

For 𝑟𝑟 = 0 

𝑎𝑎1 =
−1
1
𝑎𝑎0 

𝑎𝑎2 =
−1
2
𝑎𝑎0 

𝑎𝑎3 =
−1
3.2

𝑎𝑎0 

                                                                                                                                                    and so on 

For 𝑟𝑟 = 2 

𝑎𝑎1 =
−1
3
𝑎𝑎0 

𝑎𝑎2 =
−1
4.3

𝑎𝑎0 

𝑎𝑎3 =
−1

5.4.3
𝑎𝑎0 

                                                                                                                                                    and so on 
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∴ 𝐺𝐺𝐺𝐺𝐺𝐺𝑒𝑒𝑟𝑟𝑟𝑟𝑟𝑟 𝑠𝑠𝑠𝑠𝑙𝑙𝑛𝑛 𝑜𝑜𝑜𝑜 𝑒𝑒𝑞𝑞𝑛𝑛(𝑖𝑖𝑖𝑖)𝑖𝑖𝑖𝑖  

𝑦𝑦 = 𝑐𝑐1(𝑦𝑦)𝑟𝑟=0 + 𝑐𝑐2(𝑦𝑦)𝑟𝑟=2 

= 𝑐𝑐1[𝑥𝑥0 �𝑎𝑎0 + �
−1
1
�𝑎𝑎0𝑥𝑥 + �

−1
2
� 𝑎𝑎0𝑥𝑥2 + �

−1
3.2

� 𝑎𝑎0𝑥𝑥3 + ⋯�

+  𝑐𝑐2 �𝑥𝑥2 �𝑎𝑎0 + �
−1
3
� 𝑎𝑎0𝑥𝑥 + �

−1
4.3

� 𝑎𝑎0𝑥𝑥2 + �
−1

5.4.3
� 𝑎𝑎0𝑥𝑥3 +⋯�� 

 

  = 𝑐𝑐1𝑎𝑎0 �1 −
1
1!
𝑥𝑥 −

1
2!
𝑥𝑥2 −

1
3!
𝑥𝑥3 + ⋯� +  𝑐𝑐2𝑎𝑎0(𝑥𝑥2 −

2
3!
𝑥𝑥3 −

2
4!
𝑥𝑥4 −

2
5!
𝑥𝑥5 + ⋯ ) 

 

 

#Example 02: 𝐱𝐱𝐱𝐱’’ − (𝟒𝟒 + 𝐱𝐱)𝐲𝐲’ + 𝟐𝟐𝟐𝟐 = 𝟎𝟎 

Solve: 

xy’’ − (4 + x)y’ + 2y = 0……(a) 

Here, x=0 is a regular singular point. 

Y=∑ 𝑎𝑎𝑘𝑘𝑥𝑥∞
𝑘𝑘=0

𝑚𝑚+𝑘𝑘……………. (1) 

Y’=∑ (𝑚𝑚 + 𝑘𝑘)𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘−1∞
𝑘𝑘=0 ………………. (2) 

Y’’=∑ (𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘−2∞
𝑘𝑘=0 ……………. (3) 

Putting the values of eqn (1), (2) and (3) in eqn (a)we get, 

x[∑ (𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘−2∞
𝑘𝑘=0 ]-(4 + x) [ ∑ (𝑚𝑚 + 𝑘𝑘)𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘−1∞

𝑘𝑘=0 ]+2[∑ 𝑎𝑎𝑘𝑘𝑥𝑥∞
𝑘𝑘=0

𝑚𝑚+𝑘𝑘]=0 

→∑ (𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘−1∞
𝑘𝑘=0 ]- [ ∑ 4(𝑚𝑚 + 𝑘𝑘)𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘−1∞

𝑘𝑘=0 ]- [∑ (𝑚𝑚 +∞
𝑘𝑘=0

𝑘𝑘)𝑎𝑎𝑘𝑘𝑥𝑥
𝑚𝑚+𝑘𝑘]+ [∑ 2𝑎𝑎𝑘𝑘𝑥𝑥∞

𝑘𝑘=0
𝑚𝑚+𝑘𝑘]=0 

→[∑ (𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1 − 4)𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘−1]∞
𝑘𝑘=0 - [∑ (𝑚𝑚 + 𝑘𝑘 − 2)𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘]∞

𝑘𝑘=0 =0 

→[∑ (𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 5)𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘−1]∞
𝑘𝑘=0 - [∑ (𝑚𝑚 + 𝑘𝑘 − 2)𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘]∞

𝑘𝑘=0 =0 

→[(𝑚𝑚 − 5)𝑚𝑚𝑎𝑎0𝑥𝑥𝑚𝑚−1] + [∑ (𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 5)𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘−1]∞
𝑘𝑘=0 - [∑ (𝑚𝑚 + 𝑘𝑘 − 3)𝑎𝑎𝑘𝑘−1𝑥𝑥𝑚𝑚+𝑘𝑘−1]∞

𝑘𝑘=0 =0 

Equating the like power of x co-efficient  

(m-5)ma0=0; a0≠0 

→(m-5)m=0 

→m=0 or, m-5=0 

1800030 
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So, m=0 or, m=5 

Hence, m1=0, m2=5 

These two roots are district and differ by an integer 

Now, 

(m+k-5)(m+k)ak-(m+k-3)ak-1=0 

→(m+k-5)(m+k)ak = (m+k-3)ak-1 

→𝑎𝑎𝑘𝑘 = (𝑚𝑚+𝑘𝑘−3)𝑎𝑎𝑘𝑘−1
(𝑚𝑚+𝑘𝑘−5)(𝑚𝑚+𝑘𝑘)

 

For m=0 (smaller root) 

→ ak = (𝑘𝑘−3)𝑎𝑎𝑘𝑘−1
(𝑘𝑘−5)𝑘𝑘

  [for ak is an arbitrary constant] 

For   k=1, a1=
−2∗𝑎𝑎0
−4

= 𝑎𝑎0
2

 

K=2, a2=
−1∗𝑎𝑎1
−3∗2

= 𝑎𝑎1
6

 

K=3, a3=
0∗𝑎𝑎2
−2∗3

= 0 

K=4, a4=
1∗𝑎𝑎3
−1∗4

= 𝑎𝑎3
−4

= 0 

K=5, a5=
2∗𝑎𝑎4
0∗5

= 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 

K=6, a6=
3∗𝑎𝑎5
1∗6

= 𝑎𝑎5
2

 

K=7, a7=
4∗𝑎𝑎6
2∗7

= 2𝑎𝑎6
7

= 𝑎𝑎5
7

 

General solution: 

Y=∑ 𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘∞
𝑘𝑘=0  

  =∑ 𝑎𝑎𝑘𝑘𝑥𝑥𝑘𝑘∞
𝑘𝑘=0  

  =a0x0 + a1x1 + a2x2 + a3x3 + a4x4 + a5x5 + a6x6 + a7x7 + ⋯ 

  =𝑎𝑎0 + 𝑎𝑎0
2
𝑥𝑥 + 𝑎𝑎0

12
𝑥𝑥2 + 𝑎𝑎5𝑥𝑥5 + 𝑎𝑎5

2
𝑥𝑥6 + 𝑎𝑎5

7
𝑥𝑥7 + ⋯ 

  =𝑎𝑎0 �1 + 𝑥𝑥
2

+ 𝑥𝑥2

12
� + 𝑎𝑎5[𝑥𝑥5 + 𝑥𝑥6

2
+ 𝑥𝑥7

7
+ ⋯ ] 
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#Example 03:  𝐱𝐱𝟐𝟐 𝐲𝐲 ’’ +  𝟐𝟐𝟐𝟐𝟐𝟐 ’ +  (𝐱𝐱𝟐𝟐  −  𝟔𝟔) 𝐲𝐲 =  𝟎𝟎 

Solution:  

Let,  𝑦𝑦 = ∑𝑎𝑎𝑘𝑘 ⋅ 𝑥𝑥(𝑚𝑚+𝑘𝑘) 

∴
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘) ⋅ 𝑥𝑥(𝑚𝑚+𝑘𝑘−1) 

 ∴
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘) ⋅ (𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥(𝑚𝑚+𝑘𝑘−2) 

 
From given equation we can write by putting these values − 

𝑥𝑥2∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) ⋅ 𝑥𝑥(𝑚𝑚+𝑘𝑘−2) + 2𝑥𝑥∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘) ⋅ 𝑥𝑥(𝑚𝑚+𝑘𝑘−1) + (𝑥𝑥2 − 6) ⋅ ∑𝑎𝑎𝑘𝑘 ⋅ 𝑥𝑥(𝑚𝑚+𝑘𝑘) =  0 

⇒ ∑𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) + 2(𝑚𝑚 + 𝑘𝑘) − 6]𝑥𝑥(𝑚𝑚+𝑘𝑘) +∑𝑎𝑎𝑘𝑘 ⋅ 𝑥𝑥(𝑚𝑚+𝑘𝑘+2) = 0 

⇒ ∑𝑎𝑎𝑘𝑘[𝑚𝑚2 + 2𝑚𝑚𝑚𝑚 + 𝑘𝑘2 + 𝑚𝑚 + 𝑘𝑘 − 6]𝑥𝑥(𝑚𝑚+𝑘𝑘) + ∑𝑎𝑎𝑘𝑘 ⋅ 𝑥𝑥(𝑚𝑚+𝑘𝑘+2) = 0 

… … … … … … … … … … … … (1) 

The co-efficient of next lowest term xm in (1) is obtained by putting k=0 in first summation only and equating 
it to zero. Then the identical equation is- 

a0 [ m2 + m - 6] = 0    

∴m= -3, 2 

The co-efficient of next lowest term x(m+1) in (1) is obtained by putting k=1 in first summation only and 
equating it to zero. 

⇒ 𝑎𝑎1(𝑚𝑚− 1)(𝑚𝑚 + 4) = 0      ⇒ 𝑎𝑎1 = 0 

Equating the co-efficient of 𝑥𝑥(𝑚𝑚+𝑘𝑘−2) 

𝑎𝑎(𝑘𝑘+2){(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 + 5)} + 𝑎𝑎𝑘𝑘 = 0 

or,  𝑎𝑎(𝑘𝑘+2) =
−𝑎𝑎𝑘𝑘

(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 + 5) 

∴ 𝑎𝑎1 = 𝑎𝑎3 = 𝑎𝑎5 = ⋯ = 0 

∴ 𝑎𝑎2 =
−𝑎𝑎0

𝑚𝑚(𝑚𝑚 + 5)
 

∴ 𝑎𝑎4 =
−𝑎𝑎2

(𝑚𝑚 + 2)(𝑚𝑚 + 7)
=

−𝑎𝑎0
𝑚𝑚(𝑚𝑚 + 2)(𝑚𝑚 + 5)(𝑚𝑚 + 7)

 

∴ 𝑎𝑎6 =
−𝑎𝑎4

(𝑚𝑚 + 4)(𝑚𝑚 + 9)
=

−𝑎𝑎0
𝑚𝑚(𝑚𝑚 + 2)(𝑚𝑚 + 4)(𝑚𝑚 + 5)(𝑚𝑚 + 7)(𝑛𝑛 + 9)
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Hence, 

𝑦𝑦 = 𝑎𝑎0 ⋅ 𝑥𝑥𝑚𝑚 �1 −
𝑥𝑥2

𝑚𝑚(𝑚𝑚 + 5) +
𝑥𝑥4

𝑚𝑚(𝑚𝑚 + 2)(𝑚𝑚 + 5)(𝑚𝑚 + 7)
−

𝑥𝑥6

𝑚𝑚(𝑚𝑚 + 2)(𝑚𝑚 + 4)(𝑚𝑚 + 5)(𝑚𝑚 + 7)(𝑚𝑚 + 9)

+ ⋯� 

… … … … … … … … … … … … (2) 

Puting 𝑚𝑚 = 2 in equation (2) we get, 

 

𝑦𝑦1 = 𝑎𝑎0𝑥𝑥2 �1 −
𝑥𝑥2

2 × 7
+

𝑥𝑥4

2 × 4 × 7 × 9
−

𝑥𝑥6

2 × 4 × 6 × 7 × 9 × 11
+ ⋯� 

… … … … … … … … … … … … (3) 

Co-efficient of x4, x6 etc in equation (2) becomes infinite on putting m=-2. To overcome this difficulty we put 

a0 = b0 (m+2) in equation (2) and we get, 

𝑦𝑦 = 𝑏𝑏0 ⋅ 𝑥𝑥𝑚𝑚 �(𝑚𝑚 + 2) −
(𝑚𝑚 + 2)𝑥𝑥2

𝑚𝑚(𝑚𝑚 + 5)  +
𝑥𝑥4

𝑚𝑚(𝑚𝑚 + 5)(𝑚𝑚 + 7)
−

𝑥𝑥6

𝑚𝑚(𝑚𝑚 + 4)(𝑚𝑚 + 5)(𝑚𝑚 + 7)(𝑚𝑚 + 9) + ⋯� 

… … … … … … … … … … … … (4) 

By differentiating (4) w.r.t ‘m’, we get 

∂𝑦𝑦
∂𝑚𝑚

= 𝑏𝑏0(𝑥𝑥𝑚𝑚 log 𝑥𝑥) [(𝑚𝑚 + 2) −
(𝑚𝑚 + 2)𝑥𝑥2

𝑚𝑚(𝑚𝑚 + 5)
+

𝑥𝑥4

𝑚𝑚(𝑚𝑚 + 5)(𝑚𝑚 + 7)

−
𝑥𝑥6

𝑚𝑚(𝑚𝑚 + 4)(𝑚𝑚 + 5)(𝑚𝑚 + 7)(𝑚𝑚 + 9)
+ ⋯�

 

+𝑏𝑏0𝑥𝑥𝑚𝑚 �1 −
(𝑚𝑚 + 2)𝑥𝑥2

𝑚𝑚(𝑚𝑚 + 5) �
1

(𝑚𝑚 + 2)
−

1
𝑚𝑚
−

1
(𝑚𝑚 + 5)�

+
𝑥𝑥4

𝑚𝑚(𝑚𝑚 + 5)(𝑚𝑚 + 7) �
−

1
𝑚𝑚
−

1
(𝑚𝑚 + 5)

−
1

(𝑚𝑚 + 7)�
+ ⋯�

 

 

Or replacing m by -2, we get 

�
∂𝑦𝑦
∂𝑚𝑚

�
𝑚𝑚=−2

= (𝑏𝑏0 ⋅ 𝑥𝑥−2 ⋅ log 𝑥𝑥) �0 − 0 +
𝑥𝑥4

(−2) ⋅ (3) ⋅ (5)
−

𝑥𝑥6

(−2)(2)(3)(5)(7)
+ ⋯�

+𝑏𝑏0𝑥𝑥−2 �1 +
𝑥𝑥2

2 × 3
+

𝑥𝑥4

2 × 3 × 5
�

31
30
�+ ⋯
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Or,  

𝑦𝑦2 = 𝑏𝑏0𝑥𝑥2log 𝑥𝑥 �−
1

2 × 3 × 5
+

𝑥𝑥2

22 × 3 × 5 × 7
−

𝑥𝑥4

23 × 32 × 5 × 7
+ ⋯�

+𝑏𝑏0𝑥𝑥−2 �1 +
𝑥𝑥2

2 × 3
+

𝑥𝑥4

2 × 3 × 5
× �

31
30
� +⋯�

 

 

𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑖𝑖𝑖𝑖 𝑦𝑦 = 𝑐𝑐1𝑦𝑦1 + 𝑐𝑐2𝑦𝑦2 

𝑦𝑦 = 𝑐𝑐1𝑥𝑥2 �1−
𝑥𝑥2

2 × 7
+

𝑥𝑥4

2 × 4 × 7 × 9
−

6
2 × 4 × 6 × 7 × 9 × 11

+ ⋯�

+ 𝑐𝑐2 �𝑥𝑥2 log 𝑥𝑥 �−
1

2 × 3 × 5
+

𝑥𝑥2

22 × 3 × 5 × 7
−

𝑥𝑥4

23 × 32 × 5 × 7
+ ⋯� 

+𝑥𝑥−2 �1 +
𝑥𝑥2

2 × 3
+

𝑥𝑥4

2 × 3 × 5
�

31
30
�+ ⋯�� 

 

 

 

Example 04. Solve 

  𝒙𝒙𝟐𝟐 𝒅𝒅
𝟐𝟐𝒚𝒚

𝒅𝒅𝒙𝒙𝟐𝟐
+ 𝒙𝒙 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅
+ (𝒙𝒙𝟐𝟐 − 𝟒𝟒)𝒚𝒚 = 𝟎𝟎  … … (1) 

Solution.  

Let   𝑦𝑦 = ∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 

  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 ,  𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 

Substituting the values of  𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
 , 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 and 𝑦𝑦 in (1) we get 

𝑥𝑥2 ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 + 𝑥𝑥 ∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 +  

(𝑥𝑥2 − 4)∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0  

∑𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) + (𝑚𝑚 + 𝑘𝑘) − 4]𝑥𝑥𝑚𝑚+𝑘𝑘 + ∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘+2 = 0  

∑𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘 + 2)(𝑚𝑚 + 𝑘𝑘 − 2)𝑥𝑥𝑚𝑚+𝑘𝑘 +∑𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘+2 = 0   …… (2) 

The coefficient of lowest degree term 𝑥𝑥𝑚𝑚 in (2) is obtained by putting k = 0 in first summation only and 
equating it to zero. Then the indicial equation is 

   𝑎𝑎0(𝑚𝑚 + 2)(𝑚𝑚 − 2) = 0 ⇒ 𝑚𝑚 = 2,−2 

1800032 
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The coefficient of next lowest term 𝑥𝑥𝑚𝑚+1 in (2) is obtained by putting k = 1 in first summation only and 
equating it to zero. 

    𝑎𝑎1(𝑚𝑚 + 3)(𝑚𝑚 − 1) = 0 ⇒ 𝑎𝑎1 = 0 

Equating the coefficient of 𝑥𝑥𝑚𝑚+𝑘𝑘+2 

𝑎𝑎𝑘𝑘+2(𝑚𝑚 + 𝑘𝑘 + 4)(𝑚𝑚 + 𝑘𝑘) + 𝑎𝑎𝑘𝑘 = 0 or 𝑎𝑎𝑘𝑘+2 = − 𝑎𝑎𝑘𝑘
(𝑚𝑚+𝑘𝑘+4)(𝑚𝑚+𝑘𝑘) 

   𝑎𝑎1 = 𝑎𝑎3 = 𝑎𝑎5 = ⋯ = 0 

   𝑎𝑎2 = − 𝑎𝑎0
𝑚𝑚(𝑚𝑚+4)

 

   𝑎𝑎4 = − 𝑎𝑎2
(𝑚𝑚+2)(𝑚𝑚+6) = 𝑎𝑎0

𝑚𝑚(𝑚𝑚+2)(𝑚𝑚+4)(𝑚𝑚+6)
 

   𝑎𝑎6 = − 𝑎𝑎4
(𝑚𝑚+4)(𝑚𝑚+8) = − 𝑎𝑎0

𝑚𝑚(𝑚𝑚+2)(𝑚𝑚+4)2(𝑚𝑚+6)(𝑚𝑚+8)
 

Hence   𝑦𝑦 = 𝑎𝑎0𝑥𝑥𝑚𝑚 �1 −
𝑥𝑥2

𝑚𝑚(𝑚𝑚+4) + 𝑥𝑥4

𝑚𝑚(𝑚𝑚+2)(𝑚𝑚+4)(𝑚𝑚+6) −
𝑥𝑥6

𝑚𝑚(𝑚𝑚+2)(𝑚𝑚+4)2(𝑚𝑚+6)(𝑚𝑚+8) + ⋯�    

          … … (3) 

Putting m = 2 in (3), we get 

  𝑦𝑦1 = 𝑎𝑎0𝑥𝑥2 �1 −
𝑥𝑥2

2×6
+ 𝑥𝑥4

2×4×6×8
− 𝑥𝑥6

2×4×62×8×10
+ ⋯� … … (4) 

Coefficient of 𝑥𝑥4,𝑥𝑥6 etc. in (3) becomes infinite on putting 𝑚𝑚 = −2. To overcome this difficulty, we put 

  𝑎𝑎0 = 𝑏𝑏0(𝑚𝑚 + 2) in (3) and we get 

𝑦𝑦 = 𝑏𝑏0𝑥𝑥𝑚𝑚 �(𝑚𝑚 + 2) − 𝑥𝑥2

𝑚𝑚(𝑚𝑚+4) + 𝑥𝑥4

𝑚𝑚(𝑚𝑚+2)(𝑚𝑚+4)(𝑚𝑚+6) −
𝑥𝑥6

𝑚𝑚(𝑚𝑚+2)(𝑚𝑚+4)2(𝑚𝑚+6)(𝑚𝑚+8) + ⋯�  

On differentiating (5) w.r.t. ‘m’, we get 

𝜕𝜕𝑦𝑦
𝜕𝜕𝜕𝜕

= 𝑏𝑏0(𝑥𝑥𝑚𝑚 ∙ log 𝑥𝑥) �(𝑚𝑚 + 2) − (𝑚𝑚+2)𝑥𝑥2

𝑚𝑚(𝑚𝑚+4) + 𝑥𝑥4

𝑚𝑚(𝑚𝑚+4)(𝑚𝑚+6) −
𝑥𝑥6

𝑚𝑚(𝑚𝑚+4)2(𝑚𝑚+6)(𝑚𝑚+8) + ⋯� + 𝑏𝑏0𝑥𝑥𝑚𝑚 �1 −
(𝑚𝑚+2)𝑥𝑥2

𝑚𝑚(𝑚𝑚+4) �
1

𝑚𝑚+2
− 1

𝑚𝑚
− 1

𝑚𝑚+4
�+ 𝑥𝑥4

𝑚𝑚(𝑚𝑚+4)(𝑚𝑚+6) �−
1
𝑚𝑚
− 1

𝑚𝑚+4
− 1

𝑚𝑚+6
�+ ⋯� 

On replacing 𝑚𝑚 by −2 , we get 

�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑚𝑚=−2

= (𝑏𝑏0𝑥𝑥−2 ∙ log 𝑥𝑥) �0− 0 + 𝑥𝑥4

(−2)(2)(4)
− 𝑥𝑥6

(−2)(2)2(4)(6) + ⋯� +  

𝑏𝑏0𝑥𝑥−2 �1 + 𝑥𝑥2

22
+ 𝑥𝑥4

22×4
�1
4
� + ⋯�  

or 𝑦𝑦2 = 𝑏𝑏0𝑥𝑥2 log 𝑥𝑥 �−
1

22×4
+ 𝑥𝑥2

23×42×6×8
+ ⋯� + 𝑏𝑏0𝑥𝑥−2 �1 + 𝑥𝑥2

22
+ 𝑥𝑥4

22×42
+⋯� 

General solution is 𝑦𝑦 = 𝑐𝑐1𝑦𝑦1 + 𝑐𝑐2𝑦𝑦2 

𝑦𝑦 = 𝑐𝑐1𝑥𝑥2 �1 − 𝑥𝑥2

2×6
+ 𝑥𝑥4

2×4×6×8
− 𝑥𝑥6

2×4×62×8×10
+⋯� +  
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𝑐𝑐2 �𝑥𝑥2 log 𝑥𝑥 �−
1

22×4
+ 𝑥𝑥2

23×4×6
− 𝑥𝑥4

23×42×6×8
+ ⋯� + 𝑥𝑥−2 �1 + 𝑥𝑥2

22
+ 𝑥𝑥4

22×42
+ ⋯��  

Ans. 

 

 

Case IV. If the roots differ by an integer such that one or more 
coefficients are indeterminate. 

Related math 

 

Example 01: Find the extended power series solution of the differential equation 

𝒙𝒙𝟐𝟐𝒚𝒚′′ + 𝟒𝟒𝟒𝟒𝒚𝒚′ + (𝒙𝒙𝟐𝟐 + 𝟐𝟐)𝒚𝒚 = 𝟎𝟎… . (𝟏𝟏) 

Solution:  

Let, 𝑦𝑦 = Σ𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 be the required solution of the given equation 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1

𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2
 

Substituting the value of 𝑦𝑦, 𝑑𝑑𝑦𝑦
𝑑𝑑𝑑𝑑

,𝑎𝑎𝑎𝑎𝑎𝑎 𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
 in the given equation. 

𝑥𝑥2Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 + 4𝑥𝑥Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 + (𝑥𝑥2 + 2)Σ𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0
Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘 + 4Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘 + Σ𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘+2 + Σ2𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0

 

Σ𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) + 4(𝑚𝑚 + 𝑘𝑘) + 2]𝑥𝑥𝑚𝑚+𝑘𝑘 + Σ𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘+2 = 0
Σ𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)2 + 3(𝑚𝑚 + 𝑘𝑘) + 2]𝑥𝑥𝑚𝑚+𝑘𝑘 + Σ𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘+2 = 0 … . (2)

 

The coefficient of lowest degree term 𝑥𝑥𝑚𝑚 in (2) in obtained by putting k = 0 in first summation 
only and equating it to zero. Then the indicial equation is 

𝑎𝑎0(𝑚𝑚2 + 3𝑚𝑚 + 2) = 0
𝑎𝑎0 ≠ 0,𝑚𝑚2 + 3𝑚𝑚 + 2 = 0 or (𝑚𝑚 + 1)(𝑚𝑚 + 2) = 0,𝑚𝑚 = −1,−2

 

When 𝑚𝑚 = −2,𝑎𝑎1 becomes indeterminate (0
0
) But in this case we get the identity 𝑎𝑎1(0) = 0 which 

is satisfied by every value of 𝑎𝑎1. Therefore, in this case we can take 𝑎𝑎1 as arbitrary constant 
Equating the coefficient of 𝑥𝑥𝑚𝑚+𝑘𝑘+2 

𝑎𝑎𝑘𝑘+2[𝑚𝑚2 + (2𝑘𝑘 + 4 + 3)𝑚𝑚 + (𝑘𝑘 + 2)2 + 3(𝑘𝑘 + 2) + 2] + 𝑎𝑎𝑘𝑘 = 0
𝑎𝑎𝑘𝑘+2[𝑚𝑚2 + (2𝑘𝑘 + 7)𝑚𝑚 + 𝑘𝑘2 + 7𝑘𝑘 + 12] + 𝑎𝑎𝑘𝑘 = 0
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𝑎𝑎𝑘𝑘+2 = −
1

𝑚𝑚2 + (2𝑘𝑘 + 7)𝑚𝑚 + 𝑘𝑘2 + 7𝑘𝑘 + 12
𝑎𝑎𝑘𝑘

 For 

𝑎𝑎2 = −
1

𝑚𝑚2 + 7𝑚𝑚 + 12
𝑎𝑎0 = −

1
(𝑚𝑚 + 3)(𝑚𝑚 + 4)

𝑎𝑎0

 

𝑘𝑘 = 1    𝑎𝑎3 = −
1

𝑚𝑚2 + 9𝑚𝑚 + 20
𝑎𝑎1 = −

1
(𝑚𝑚 + 4)(𝑚𝑚 + 5)

𝑎𝑎1

𝑎𝑎4     = −
1

𝑚𝑚2 + 11𝑚𝑚 + 30
𝑎𝑎2 =

1
(𝑚𝑚 + 3)(𝑚𝑚 + 4)(𝑚𝑚 + 5)(𝑚𝑚 + 6)

𝑎𝑎0
 

𝑎𝑎5 = −
1

𝑚𝑚2 + 13𝑚𝑚 + 42
𝑎𝑎3 = �

1
(𝑚𝑚 + 4)(𝑚𝑚 + 5)(𝑚𝑚 + 6)(𝑚𝑚 + 7)

𝑎𝑎1�

 For 𝑚𝑚 = −1
 

𝑎𝑎2 = −
1
6
𝑎𝑎0,𝑎𝑎3 =

1
12

𝑎𝑎1,𝑎𝑎4 =
1

120
𝑎𝑎0,𝑎𝑎5 =

1
360

𝑎𝑎1 

Hence for 𝑚𝑚 = −1 

𝑦𝑦1 = 𝑥𝑥−1 �1 −
1
6
𝑥𝑥2 +

1
120

𝑥𝑥4 + ⋯�𝑎𝑎0 + �1 −
1

12
𝑥𝑥2 +

𝑥𝑥4

360
+ ⋯�𝑎𝑎1 

For 𝑚𝑚 = −2 

𝑎𝑎2 = −
1
2
𝑎𝑎0,𝑎𝑎3 = −

1
6
𝑎𝑎1,𝑎𝑎4 =

1
24

𝑎𝑎0,𝑎𝑎5 =
1

120
𝑎𝑎1 

Hence for 𝑚𝑚 = −2, second solution is 

𝑦𝑦2 = 𝑥𝑥−2 �1 −
𝑥𝑥2

2
+
𝑥𝑥4

24
+ ⋯�𝑎𝑎0 + �

1
𝑥𝑥
−
𝑥𝑥
6

+
𝑥𝑥3

120
+ ⋯�𝑎𝑎1

𝑦𝑦2 = 𝑥𝑥−2 ��1 −
𝑥𝑥2

2
+
𝑥𝑥4

4
+ ⋯�𝑎𝑎0 + �𝑥𝑥 −

𝑥𝑥3

3
+
𝑥𝑥5

5
+⋯�𝑎𝑎1�

 

𝑦𝑦2 = 𝑥𝑥−2[𝑎𝑎0cos 𝑥𝑥 + 𝑎𝑎1sin 𝑥𝑥] 

Thus the complete solution is 𝑦𝑦 = 𝐴𝐴𝑦𝑦1 + 𝐵𝐵𝑦𝑦2 (Ans) 

 

Example 02: Find the extended power series solution of the differential equation 
x2y’’+ 4xy’ + (x2 + 2) y = 0  

                                                                        … (1) 

Solution :  

Let  𝑦𝑦 = 𝛴𝛴𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘   be the required solution of the given equation 
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∴
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1

∴
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2
       

Substituting the value of y,  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 and  𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
 in the given equation, 

𝑥𝑥2Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘−2 + 4𝑥𝑥Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘−1 + (𝑥𝑥2 + 2)Σ𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0
Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1)𝑥𝑥𝑚𝑚+𝑘𝑘 + 4Σ𝑎𝑎𝑘𝑘(𝑚𝑚 + 𝑘𝑘)𝑥𝑥𝑚𝑚+𝑘𝑘 + Σ𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘+2 + Σ2𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘 = 0
Σ𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)(𝑚𝑚 + 𝑘𝑘 − 1) + 4(𝑚𝑚 + 𝑘𝑘) + 2]𝑥𝑥𝑚𝑚+𝑘𝑘 + Σ𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘+2 = 0
Σ𝑎𝑎𝑘𝑘[(𝑚𝑚 + 𝑘𝑘)2 + 3(𝑚𝑚 + 𝑘𝑘) + 2]𝑥𝑥𝑚𝑚+𝑘𝑘 + Σ𝑎𝑎𝑘𝑘𝑥𝑥𝑚𝑚+𝑘𝑘+2 = 0

 

 

… … … … … … … … … … … … (2) 

The coefficient of lowest degree term xm  in (2) in obtained by putting k=0 in first summation only and 

equating it to zero. Then the indicial equation is 

𝑎𝑎0(𝑚𝑚2 + 3𝑚𝑚 + 2) = 0
𝑎𝑎0 ≠ 0,𝑚𝑚2 + 3𝑚𝑚 + 2 = 0        or    (𝑚𝑚 + 1)(𝑚𝑚 + 2) = 0, 𝑚𝑚 = −1,−2

 

The coefficient of next lowest degree term xm+1 in (2) is obtained by putting k=1 in first summation only and 

equating it to zero. 

       𝑎𝑎1[𝑚𝑚2 + 5𝑚𝑚 + 6] = 0    or    𝑎𝑎1(𝑚𝑚 + 2)(𝑚𝑚 + 3) = 0 ⇒ 𝑎𝑎1 =
0

(𝑚𝑚 + 2)(𝑚𝑚 + 3)
 

when m=−2, a1 becomes indeterminate �0
0
�. But in this case we get the identity a1(0)=0 which is satisfied by 

every value of a1. Therefore in this case we can take a1 as arbitrary constant  

Equating the coefficient of xm+k+2 

𝑎𝑎𝑘𝑘+2[𝑚𝑚2 + (2𝑘𝑘 + 4 + 3)𝑚𝑚 + (𝑘𝑘 + 2)2 + 3(𝑘𝑘 + 2) + 2] + 𝑎𝑎𝑘𝑘 = 0
𝑎𝑎𝑘𝑘+2[𝑚𝑚2 + (2𝑘𝑘 + 7)𝑚𝑚 + 𝑘𝑘2 + 7𝑘𝑘 + 12] + 𝑎𝑎𝑘𝑘 = 0

 

𝑎𝑎𝑘𝑘+2 = −
1

𝑚𝑚2 + (2𝑘𝑘 + 7)𝑚𝑚 + 𝑘𝑘2 + 7𝑘𝑘 + 12
𝑎𝑎𝑘𝑘

𝐹𝐹𝐹𝐹𝐹𝐹 𝑘𝑘 = 0            𝑎𝑎2 = −
1

𝑚𝑚2 + 7𝑚𝑚 + 12
𝑎𝑎0 = −

1
(𝑚𝑚 + 3)(𝑚𝑚 + 4)

𝑎𝑎0

𝑘𝑘 = 1                    𝑎𝑎3 = −
1

𝑚𝑚2 + 9𝑚𝑚 + 20
𝑎𝑎1 = −

1
(𝑚𝑚 + 4)(𝑚𝑚 + 5)

𝑎𝑎1

𝑎𝑎4 = −
1

𝑚𝑚2 + 11𝑚𝑚 + 30
𝑎𝑎2 =

1
(𝑚𝑚 + 3)(𝑚𝑚 + 4)(𝑚𝑚 + 5)(𝑚𝑚 + 6)

𝑎𝑎0

𝑎𝑎5 = −
1

𝑚𝑚2 + 13𝑚𝑚 + 42
𝑎𝑎3 = �

1
(𝑚𝑚 + 4)(𝑚𝑚 + 5)(𝑚𝑚 + 6)(𝑚𝑚 + 7)

𝑎𝑎1�

𝐹𝐹𝐹𝐹𝐹𝐹                         𝑚𝑚 = −1
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𝑎𝑎2 = −
1
6
𝑎𝑎0, 𝑎𝑎3 =

1
12

𝑎𝑎1, 𝑎𝑎4 =
1

120
𝑎𝑎0,       𝑎𝑎5 =

1
360

𝑎𝑎1
𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 𝑓𝑓𝑓𝑓𝑓𝑓      𝑚𝑚 = −1

𝑦𝑦1 = 𝑥𝑥−1 �1 −
1
6
𝑥𝑥2 +

1
120

𝑥𝑥4 +⋯�𝑎𝑎0 + �1 −
1

12
𝑥𝑥2 +

𝑥𝑥4

360
+ ⋯�𝑎𝑎1

𝑓𝑓𝑓𝑓𝑓𝑓             𝑚𝑚 = −2

𝑎𝑎2 = −
1
2
𝑎𝑎0,𝑎𝑎3 = −

1
6
𝑎𝑎1,𝑎𝑎4 =

1
24

𝑎𝑎0,𝑎𝑎5 =
1

120
𝑎𝑎1

 

Hence for m= −2, second solution is 

𝑦𝑦2 = 𝑥𝑥−2 �1 −
𝑥𝑥2

2
+
𝑥𝑥4

24
+ ⋯�𝑎𝑎0 + �

1
𝑥𝑥
−
𝑥𝑥
6

+
𝑥𝑥3

120
+ ⋯�𝑎𝑎1

𝑦𝑦2 = 𝑥𝑥−2 ��1 −
𝑥𝑥2

2
+
𝑥𝑥4

4
+⋯�𝑎𝑎0 + �𝑥𝑥 −

𝑥𝑥3

3
+
𝑥𝑥5

5
+ ⋯�𝑎𝑎1�

𝑦𝑦2 = 𝑥𝑥−2[𝑎𝑎0cos 𝑥𝑥 + 𝑎𝑎1sin 𝑥𝑥]

 

 

Thus the complete solution is 𝒚𝒚 = 𝑨𝑨𝒚𝒚𝟏𝟏 + 𝑩𝑩𝒚𝒚𝟐𝟐 

(Ans) 
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Bessel’s Equation 

 

Introduction: 

The term Bessel’s function or equation is named for Friedrich Wilhelm (1784-

1846); however, Danial Bernoulli is generally credited with being the first to 

introduce the concept of Bessel’s function in 1732. He used the function of zero 

order as a solution to the problem of an oscillating chain suspended at one end. 

Specifically, a Bessel’s function is a solution of the differential equation--- 

𝑥2 𝑑2𝑦𝑑𝑥2 + 𝑥 𝑑𝑦𝑑𝑥 +  𝑥2 − 𝑛2 𝑦 = 0 

This is called Bessel’s Equation. Where n is an arbitrary, constant value. We 

will limit our focus to values where n≥0. 

Applications of Bessel’s Equation: 

 A. Heat Diffusion: One common application that results in Bessel’s function 

solution is steady-state temperature in a cylinder. 

 B. Wave Propagation: In this aspect we discuss a radially symmetrical 

circular drumhead with fixed edge that is directly in the center with an 

arbitrary force. 

 

Solution of Bessel’s Equation: 

It is an ordinary differential equation of second order. It is found in the solution 

to Laplace's equation in cylindrical coordinates: 𝑥2 𝑑2𝑦𝑑𝑥2 + 𝑥 𝑑𝑦𝑑𝑥 +  𝑥2 − 𝑛2 𝑦 = 0 ; 

https://www.britannica.com/science/function-mathematics
https://www.britannica.com/science/differential-equation
https://en.wikipedia.org/wiki/Laplace%27s_equation
https://en.wikipedia.org/wiki/Cylindrical_coordinates


For an arbitrary real or complex number n (the order of the Bessel’s function). 

The most common and important special case is where n is a positive integer. 

Dividing this equation by 𝑥2 gives: 

𝑑2𝑦𝑑𝑥2 + 1𝑥 𝑑𝑦𝑑𝑥 +  1 − 𝑛2𝑥2 𝑦 = 0 ;                           

In this case P1(x)= 
1𝑥  has a pole of first order at x = 0. When n≠0 Po(x)=  1 − 𝑛2𝑥2  has a pole of second order at x=0. Thus, this equation has a regular 

singularity at 0. 

So, the Bessel’s equation of order n is, 𝑥2 𝑑2𝑦𝑑𝑥2 + 𝑥 𝑑𝑦𝑑𝑥 +  𝑥2 − 𝑛2 𝑦 = 0                             ------------------(1) 

Since, x=0 is regular singular point for (1) so let its series solution be, 𝑦 =  𝑎𝑟  𝑥𝑚+𝑟∞𝑟=0 = (𝑎0𝑥𝑚 + 𝑎1𝑥𝑚+1 + 𝑎2𝑥𝑚+2 + ⋯)    ------(2) 

So that,  
𝑑𝑦𝑑𝑥 =   𝑎𝑟  (𝑚 + 𝑟)𝑥𝑚+𝑟−1   and    

  
𝑑2𝑦𝑑𝑥2 =  𝑎𝑟  (𝑚+ 𝑟)(𝑚 + 𝑟 − 1)𝑥𝑚+𝑟−2 

Substituting these values in the equation (1), we have,  𝑥2  𝑎𝑟  (𝑚 + 𝑟)(𝑚 + 𝑟 − 1)𝑥𝑚+𝑟−2 + 𝑥 𝑎𝑟  (𝑚 + 𝑟)𝑥𝑚+𝑟−1 + 𝑥2 − 𝑛2  𝑎𝑟  𝑥𝑚+𝑟 = 0   

Or,  𝑎𝑟  (𝑚 + 𝑟)(𝑚 + 𝑟 − 1)𝑥𝑚+𝑟 +  𝑎𝑟  (𝑚 + 𝑟)𝑥𝑚+𝑟 +  𝑎𝑟𝑥𝑚+𝑟+2 −𝑛2  𝑎𝑟  𝑥𝑚+𝑟 = 0   

 Or,  𝑎𝑟[(𝑚+ 𝑟)(𝑚 + 𝑟 − 1) + (𝑚 + 𝑟)−𝑛2]𝑥𝑚+𝑟 +  𝑎𝑟𝑥𝑚+𝑟+2 = 0   

 Or,  𝑎𝑟[(𝑚 + 𝑟)2 −𝑛2]𝑥𝑚+𝑟 +  𝑎𝑟𝑥𝑚+𝑟+2 = 0. 
Equating the coefficient of x

m
 to zero, we get- 

                𝑎0[(𝑚 + 0)2 − 𝑛2] = 0      where, r = 0 

https://en.wikipedia.org/wiki/Bessel_function
https://en.wikipedia.org/wiki/Integer


           Or, 𝑚2 = 𝑛2   i.e.   𝑚 = ±𝑛         where, 𝑎0 ≠ 0 

Equating the coefficient of  x
m+1 

, if r=1, then we get-  𝑎1[(𝑚 + 1)2 − 𝑛2] = 0   

i.e.    𝑎1 = 0.   Since,   (𝑚 + 1)2 − 𝑛2 ≠ 0 

Equating the coefficient of   x
m+r+2 

to zero, to find relation in successive 

coefficients, we get, 

   𝑎𝑟+2[(𝑚 + 𝑟 + 2)2 − 𝑛2] + 𝑎𝑟 = 0  or,  𝑎𝑟+2 = − 1(𝑚+𝑟+2)2−𝑛2  . 𝑎𝑟 

Therefore,  𝑎3 = 𝑎5 = 𝑎7 = ⋯ = 0   since, 𝑎1 = 0 

If r=0,               𝑎2 = − 1(𝑚+2)2−𝑛2  .𝑎0 

If r=2,               𝑎4 = − 1(𝑚+4)2−𝑛2  .𝑎2 = 1[(𝑚+2)2−𝑛2][(𝑚+4)2−𝑛2]  .𝑎0   

and so on. 

 

On substituting the values of the coefficients in (2), we have,  

  𝑦 = 𝑎0𝑥𝑚 − 𝑎0(𝑚+2)2−𝑛2  𝑥𝑚+2 + 𝑎0[(𝑚+2)2−𝑛2][(𝑚+4)2−𝑛2]  𝑥𝑚+4 + ⋯  

Or, 𝑦 = 𝑎0𝑥𝑚[1 − 1(𝑚+2)2−𝑛2  𝑥2 + 1[(𝑚+2)2−𝑛2][(𝑚+4)2−𝑛2]  𝑥4 − ⋯]                   
For m= n,                                                                   

        𝑦 = 𝑎0𝑥𝑛[1 − 14(𝑛+1)  𝑥2 + 142−2!(𝑛+1)(𝑛+2)  𝑥4 − ⋯] 
Where, a0is an arbitrary constant, 

For m=-n, 

         𝑦 = 𝑎0𝑥−𝑛[1 − 14(−𝑛+1)  𝑥2 + 𝑎042−2!(−𝑛+1)(−𝑛+2)  𝑥4 − ⋯] 
Where, a0is an arbitrary constant. 

 



 

Roll: 180047 

 

Bessel’s Function, 𝐉𝐧(𝐱): 

Bessel functions, first defined by the mathematician Denial Bernoulli and then 

generalized by Friendrich Bessel, are canonical solutions 𝑦(𝑥) of Bessel’s 

differential equation, for an arbitrary complex number ‘n’, the order of Bessel 

function. 

The Bessel’s function is 𝑥2 𝑑2𝑦𝑑𝑥2+𝑥 𝑑𝑦𝑑𝑥 + (𝑥2 − 𝑛2)𝑦 = 0  ……………… (1) 

Solution of (1) is, 

𝑦 = 𝑎0𝑥𝑛[1 − 𝑥22.2(𝑛 + 1) + 𝑥42.4. 22(𝑛 + 1)(𝑛 + 2) − ⋯+ (−1)𝑟 𝑥2𝑟(2𝑟𝑟!)2𝑟(𝑛 + 1)(𝑛 + 2)… (𝑛 + 𝑟) + ⋯ ] 
             =𝑎0𝑥𝑛  (−1)𝑟∞𝑟=1 𝑥2𝑟22𝑟𝑟!(𝑛+1)(𝑛+2)….(𝑛+𝑟) 
Where a0 is an arbitrary constant. 

If, 𝑎0=
12𝑛⎾(𝑛+1) 

The above solution is called Bessel’s function denoted by 𝐽𝑛(𝑥) 

Thus 𝐽𝑛(𝑥)= 
12𝑛⎾(𝑛+1)  (−1)𝑟 𝑥𝑛+2𝑟22𝑟𝑟!(𝑛+1)(𝑛+2)….(𝑛+𝑟) 

                                                                     (⎾n+1=n!) 



𝐽𝑛(𝑥) = (𝑥2)𝑛{ 1⎾(𝑛+ 1) − 1⎿1⎾(𝑛 + 2) (𝑥2)2 + 1⎿2⎾(𝑛+ 3) (𝑥2)4− 1⎿3⎾(𝑛 + 4) (𝑥6)6 + ⋯} 
Or,𝐽𝑛(𝑥) =   (−1)𝑟𝑟!(𝑛+𝑟)!∞𝑟=0 (𝑥2)𝑛+2𝑟 … . (2) 

If, 𝑛=0, 𝐽0(𝑥) =  (−1)𝑟(𝑟!)2 (𝑥2)2𝑟 

      Or,𝐽0(𝑥) = 1 − 𝑥222 + 𝑥422.42 − 𝑥622.42.62 + ⋯ 

If, 𝑛=1, 𝐽1(𝑥) = 𝑥2 − 𝑥322.4 + 𝑥522.42.6 − ⋯ 

Replacing 𝑛  by –𝑛 in (2), we get, 

𝐽−𝑛(𝑥) =  (−1)𝑟𝑟!  ⎾(−𝑛 + 𝑟 + 1) (𝑥2)−𝑛+2𝑟∞
𝑟=0  

General solution of Bessel’s equation is  𝑦 = 𝐴𝐽𝑛(𝑥) + 𝐵𝐽−𝑛(𝑥) 

 

Example 1: Prove that,  𝐽−𝑛(𝑥) = (−1)𝑛𝐽𝑛(𝑥), where ‘n’ is positive integer. 

Sol: We know,  

𝐽(𝑥) =  (−1)𝑟𝑟!  ⎾(−𝑛 + 𝑟 + 1) (𝑥2)−𝑛+2𝑟∞
𝑟=0  

         =  (−1)𝑟(𝑥2)−𝑛+2𝑟𝑟! ⎾(−𝑛+𝑟+1)𝑛−1𝑟=0  + (−1)𝑟(𝑥2)−𝑛+2𝑟𝑟! ⎾(−𝑛+𝑟+1)∞𝑟=𝑛  

         =0+ (−1)𝑟(𝑥2)−𝑛+2𝑟𝑟! ⎾(−𝑛+𝑟+1)∞𝑟=𝑛  ,   since [-ve integer=∞] 

 

On putting,     𝑟 = 𝑛 + 𝑘, 



𝐽−𝑛(𝑥) =   (−1)𝑛+𝑘(𝑥2)𝑛+2𝑘(𝑛 + 𝑘)!⎾(𝑘 + 1)∞
𝑘=0  

 

              =(−1)𝑛  (−1)𝑘(𝑥2)𝑛+2𝑘(𝑛+𝑘)! 𝑘!∞𝑘=0  

              =(−1)𝑛𝐽𝑛(𝑥) 

                                   [proved] 

Example 2: Prove that, 
𝑑𝑑𝑥  𝐽0(𝑥) = −𝐽1 

Sol: We have by definition 

        𝐽0(𝑥) =  (−1)𝑟(𝑟!)2 (𝑥2)2𝑟 

Differentiating it with respect to 𝑥, we get, 𝑑𝑑𝑥 𝐽0(𝑥) = 12  (−1)𝑟 1(𝑟)! (𝑟 − 1)!∞
1 (𝑥2)2𝑟−1 

             = (−1)𝑗+1 1 𝑗+1 ! 𝑗 !∞𝐽=0 (𝑥2)2𝑗+1         

                                                                where j=r-1 

             =− (−1)𝑗 1 𝑗+1 ! 𝑗 !∞𝐽=0 (𝑥2)2𝑗+1 

             = −𝐽1(𝑥) 

                              [ proved] 

 

Example 3: Prove that, 

 (a) 𝐽1 2 (𝑥) =    2𝜋𝑥  𝑠𝑖𝑛𝑥 



 (b) 𝐽1 2 (𝑥) =  2𝜋𝑥 𝑐𝑜𝑠𝑥  

Sol: We know that, 

𝐽𝑛(𝑥) = 𝑥𝑛2𝑛⎾𝑛 + 1  1 − 𝑥22.2(𝑛 + 1) + 𝑥42.4. 22(𝑛 + 1)(𝑛 + 2)… .  … . . (1) 

 (a) Substituting 𝑛=
12 in (1) we obtain 𝐽1 2 (𝑥)

= 𝑥1 2 21 2  ⎾1 + 12  1 − 𝑥22.2  12 + 1 
+ 𝑥42.4. 22  12 + 1  12 + 2 … .   

= √𝑥√2⎾32 [1 − 𝑥22.3! + 𝑥42.3.4.5-…] 

= √𝑥√2.⎾12 . 12 .1𝑥   𝑥 − 𝑥33! + 𝑥55! − ⋯  
=

1√2𝑥.  √𝜋.12 𝑠𝑖𝑛𝑥  

= 2𝜋𝑥 𝑠𝑖𝑛𝑥                      [since ⎾12 = √𝑥]                            [ proved] 

 (b) Again substituting 𝑛 = − 12 in (1), we have  𝐽−12(𝑥) = 𝑥−122−12⎾1−12 [1 −
𝑥22.2 −12+1 + 𝑥42.4.22 −12+1  −12+2 − ⋯] 

     =
√2√𝑥 .⎾12   1 − 𝑥22! + 𝑥44! − ⋯  

     = 2𝜋𝑥  𝑐𝑜𝑠𝑥                      [since ⎾12 = √𝑥]                                 [ proved] 
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RECURRENCE FORMULAE 

 

Formulae-1:  xJ′n = nJn − xJn+1 

Proof: We know that, 

                        Jn=  (−1)𝑟𝑟!(𝑛+𝑟+1)!  𝑥2 𝑥+2𝑟∞𝑟=0  

Differentiating with respect to ‘x’ we get, 

𝐽′𝑛 =  (−1)𝑟(𝑛 + 2𝑟)𝑟! (𝑛 + 𝑟 + 1)!  𝑥2 𝑛+2𝑟−1 12⬚
⬚  

𝑥𝐽′𝑛 = 𝑛 (−1)𝑟𝑟! (𝑛 + 𝑟 + 1)!  𝑥2 𝑛+2𝑟⬚
⬚ + 𝑥 (−1)𝑟2𝑟2𝑟! (𝑛 + 𝑟 + 1)!  𝑥2 𝑛+2𝑟−1⬚

⬚  

                                     = nJn + 𝑥 (−1)𝑟(𝑟−1)!(𝑛+𝑟+1)!  𝑥2 𝑛+2𝑟−1∞𝑟=1  

                                     =nJn + 𝑥 (−1)𝑠+1𝑠!(𝑛+𝑠+2)!  𝑥2 𝑛+2𝑠−1∞𝑠=0 [ 𝑝𝑢𝑡𝑖𝑛𝑔 𝑟 − 1 = 𝑠] 
                                     = nJn + 𝑥 (−1)𝑠𝑠!(𝑛+1+𝑠+1)!  𝑥2 (𝑛+1)+2𝑠∞𝑠=0  

                                     =nJn − xJn+1 

 

Example:  Prove that,  J′2(𝑥) = (1 − 4𝑥2)J1(𝑥) + 2𝑥 J0(𝑥)  



Where Jn (x) is the Bessel function of first kind. 

 

Solution: By recurrence formula 2, 

                                 xJ′n = −Jn + xJn−1________________________(1) 

On putting n=2 in (1), we have  

                                    xJ′2 = −2J′2 + 𝑥J1 

                                or,  J′2 = − 2𝑥 J2 + J1      ______________________(2) 

 

By recurrence formula 1,  

                                     xJ′n = nJn − xJn+1 ________________________(3) 
From (1) & (3) we have, 

                         −nJn + xJn−1 =  nJn − xJn+1 

On putting n=1, 

                              −J1 + xJ0 = J1 − xJ2 

                        Or, − 1𝑥 J1 + J0 = 1𝑥 J1 − J2 

                        Or,   J2 = 2𝑥 J1 − J0________________(4) 
Putting the value of J2 from (4) in (2) we get, 

                             J′2 = − 2𝑥  2𝑥 J1 − J0 + J1 

                                   = − 4𝑥2 J1 + 2𝑥 J0 + J1 

                                   = (1 − 4𝑥2)J1 + 2𝑥 J0                                                 [Proved] 
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Recurrence Formulae II:  x Jn’= -n Jn + x Jn−1 

Proof:  We have, Jn =   (−1)rr!(n+r+1)∞r=0  x2  n+2r 

Differentiating with respect to x we get, 

                        𝐽𝑛 ′=  (−1)𝑟 (𝑛+2𝑟)𝑟!(𝑛+𝑟+1)∞𝑟=0  𝑥2  𝑛+2𝑟−1 

                     𝑜𝑟,   x 𝐽𝑛 ′=  (−1)𝑟 (𝑛+2𝑟)𝑟!(𝑛+𝑟+1)∞𝑟=0  𝑥2  𝑛+2𝑟    

                   or, x 𝐽𝑛 ′=  (−1)𝑟 (2𝑛+2𝑟)−𝑛𝑟!(𝑛+𝑟+1)∞𝑟=0  𝑥2  𝑛+2𝑟 

      or, x 𝐽𝑛 ′=  (−1)𝑟 (2𝑛+2𝑟) 𝑟!(𝑛+𝑟+1)∞𝑟=0  𝑥2  𝑛+2𝑟 − 𝑛   (−1)𝑟   𝑟!(𝑛+𝑟+1)∞𝑟=0  𝑥2  𝑛+2𝑟 

                      or, x 𝐽𝑛 ′=  (−1)𝑟  2𝑟!(𝑛+𝑟)∞𝑟=0  𝑥2  𝑛+2𝑟  - n𝐽𝑛                                                 

      or, x 𝐽𝑛 ′= 𝑥   (−1)𝑟𝑟![(𝑛−1)+𝑟+1]∞𝑟=0  𝑥2  (𝑛−1+2𝑟) − 𝑛 𝐽𝑛 

                              So, x 𝐽𝑛 ′= x 𝐽𝑛−1   − n 𝐽𝑛                     (Proved) 

 



Problem: Prove that,  
𝑑𝐽𝑛𝑑𝑥 = 2𝑥 [12𝑛𝐽𝑛    −(n+2)𝐽𝑛+2 + (𝑛 + 4)𝐽𝑛+4 …………… . ] 

Solution: The recurrence formula is, 

x 𝐽𝑛 ′= − n 𝐽𝑛 + x 𝐽𝑛−1     
So that,   𝐽𝑛 ′= −  𝑛𝑥  𝐽𝑛 + x 𝐽𝑛−1    ……………… (1) 

We know,   𝐽𝑛−1 = 2𝑥 [n𝐽𝑛 − (𝑛 + 2)𝐽𝑛+2 + (𝑛 + 4)𝐽𝑛+4 −…………] 

Putting this value of 𝐽𝑛−1 in (1) we get, 

 𝐽𝑛′ = 𝑛𝑥 𝐽𝑛 − 2𝑥 [n 𝐽𝑛 − (𝑛 + 2)𝐽𝑛+2 + (𝑛 + 4)𝐽𝑛+4 −…………] 

      = 2𝑥 [12𝑛𝐽𝑛    −(n+2)𝐽𝑛+2 + (𝑛 + 4)𝐽𝑛+4 …………… . ]      (Proved) 
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Formula III. 2J
/
n = Jn-1 – Jn+1 

Proof: We know that 

  x J
/
n = n Jn – x Jn+1  . . . (1) Recurrence formula I 

x J
/
n = -n Jn – x Jn-1  . . . (2) Recurrence formula II  

Adding (1) and (2), we get, 



2 x J
/
n = n Jn – x Jn+1 - n Jn + x Jn-1 

Or, 2 x J
/
n = - x Jn+1 + x Jn-1 

Or, 2 J
/
n = Jn-1 - Jn+1       [Proved.] 

 

Example:  Prove that, 4 Jn
//
 (x) = Jn-2 (x) – 2 Jn (x) + Jn+2 (x) 

Solution:  We know that the recurrence formula, 

                                          2 J
/
n = Jn-1 - Jn+1    ………………… (1) 

On differentiating again, we have  

                                             2 J
//

n = J
/
n-1 – J

/
n+1 ……………… (2) 

Replacing n by n-1 and n by n+1 in (1) we have, 

 

                                 2 J
/
n-1 = Jn-2 - Jn    

                                Or, J
/
n-1 = 12 Jn-2 - 

12Jn    …………………… (3)  

                       And, 2J
/
n+1 =Jn - Jn+2 

                               Or, J
/
n+1 = 12 Jn - 

12Jn+2 …………….. (4) 

 

Putting the values of J
/
n-1 and J

/
n+1 from (3) and (4) in (2) we get, 

                        2 Jn
//
 = 

12[Jn-2 – Jn]- 
12 [Jn - Jn+2]  

                  Or, 4 Jn
//
 = Jn-2 – Jn - Jn + Jn+2  

                  Or, 4 Jn
//
 = Jn-2 – 2 Jn + Jn+2                                 [proved] 
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Formula-IV:   2nJn = x ( Jn-1 + Jn+1) 

Proof:  We know that, 

                    x J
/
n = n Jn – x Jn+1  . . . (1) Recurrence formula I 

x J
/
n = -n Jn – x Jn-1  . . . (2) Recurrence formula II  

subtracting (2) from (1), we get, 

0 =2 n Jn – x Jn+1- x Jn-1 

Or, 2nJn = x ( Jn-1 + Jn+1)                                       [proved] 

 

 

 

Example: prove that, 
12 x Jn = (n+1) Jn+1 – (n+3) Jn+3 + (n+5) Jn+5 - ………… 

Solution: We know from recurrence formula-IV that, 

         2nJn = x ( Jn-1 + Jn+1) 

Putting n+1 for n we get, 

2(n+1)Jn+1 = x ( Jn + Jn+2) 

Or, 
12x Jn = (n+1) Jn+1-  

12x Jn+2 ……………………… (1) 

Putting n+2 for n in (1) we get, 

 
12x Jn+2 = (n+3) Jn+3-  

12x Jn+4   ……………………. (2) 

Putting this value in (1) we get, 



 
12x Jn = (n+1) Jn+1-  (n+3) Jn+3+  

12x Jn+4 ………………. (3) 

Putting n+4 for n in (1) , we get 12x Jn+4 = (n+5) Jn+5-  

12x Jn+6 

Putting this value in (3) we get, 12x Jn = (n+1) Jn+1-  (n+3) Jn+3+(n+5) Jn+5-  

12x Jn+6 

Proceeding so on we get, 

          
12 xJn = (n+1) Jn+1 – (n+3) Jn+3 + (n+5) Jn+5 - ………… 

    Which proves the required result.
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Recurrence Formulae V. 

The Recurrence formulae V. is   
𝑑𝑑𝑥 (𝑥−𝑛Jn) = −𝑥−𝑛 𝐽n+1 

Proof: We know from Recurrence formulae I. is 𝑥Jn′ = 𝑛𝐽n−𝑥𝐽n+1 

Multiplying by  𝑥−𝑛−1  , we obtain, 

          𝑥−𝑛 𝐽n′= n𝑥−𝑛−1 𝐽n − 𝑥−𝑛 𝐽n+1 

  𝑥−𝑛 𝐽n′ − 𝑛𝑥−𝑛−1 𝐽n = − 𝑥−𝑛𝐽n+1 

 
𝑑𝑑𝑥  ( 𝑥−𝑛𝐽n ) = −𝑥−𝑛𝐽n+1                                                                       [Proved] 



Example: Prove that,  𝐽3(𝑥)𝑑𝑥 + 𝐽2(𝑥) + 2𝑥  𝐽1(𝑥) = 0 

 

Solution: We know from Recurrence formulae V.  𝑑𝑑𝑥  (𝑥−𝑛𝐽n (𝑥) ) = −𝑥−𝑛 𝐽n+1(𝑥) 

  Integrating above relation, we get  

                𝑥−𝑛𝐽n (𝑥) = − 𝑥−𝑛𝐽n+1 (𝑥)𝑑𝑥   ………….………… (1) 

 

Taking n = 2 in (1), we get 

                𝑥−2𝐽3 (𝑥)𝑑𝑥 = −𝑥−2𝐽2 (𝑥) ……………………….. (2) 

 

Again,  𝐽3 (𝑥)𝑑𝑥 =  𝑥2 𝑥−2 𝐽3 (𝑥)𝑑𝑥 

                                              = 𝑥2   𝑥−2 𝐽3 (𝑥)𝑑𝑥 −  2𝑥  (𝑥−2𝐽3(𝑥))𝑑𝑥 …… (3) 

 

Putting the value of  𝑥−2𝐽3 (𝑥)𝑑𝑥   from (2) in (3), we get   𝐽3 (𝑥)𝑑𝑥 = 𝑥2(−𝑥−2𝐽2 ) −  2𝑥(−𝑥−2𝐽2 )𝑑𝑥 

                  = −𝐽2 + 2 𝑥−1𝐽2 𝑑𝑥 

                  = −𝐽2 + 2(−𝑥−1𝐽1 ) 

 

  On using (1), again when n=1  

               Hence,  𝐽3(𝑥)𝑑𝑥 + 𝐽2 + 2𝑥 𝐽1 = 0                               [proved] 
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Recurrence formula Ⅵ:   1 n

n

n

n
JxJx

dx

d
   

  

Proof .1  from recurrence formula Ⅱ 

1

'

 nnn xJnJxJ                     We know that ,      

1

'

 nnn xJnJxJ                                               Or,  

1n
x                                   Multiplying  it by , we get 

1

1'


  n

n

n

n

n

n
JxJnxJx                                                  

                        This can be written as  

1)(  n

n

n

n
JxJx

dx

d
                                           

                    Which is the required result 

Proof .2 we have,  

                  
ddx (xnJn) = [xn  (−1)r(r)!Γ(n+r+1) (x2)n+2r]α0  

= ddx [ (−1)r(r)!Γ(n + r + 1)2n(x2)2n+2rα

0 ] 
= 2n  (−1)r(n + r)(r)!Γ(n + r + 1) (x2)2n+2r−1α

0  

= xn  (−1)r(r)!Γ(n + r)α

0 (x2)n+2r−1
 

                                = xnJn−1                     [proved] 
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Equations reducible to bessel’s equation 

 

There are some differential equations which can be reduced to bessel’s equation 

and therefore can be solved. 

We shall reduce the following differential eq. to bessel’s equation, 

X
2
 
ⅆ2𝑦ⅆ𝑥2+ x 

𝑑𝑦𝑑𝑥+(k
2
x

2
-n

2)y = 0         …………………………. (1) 

Putting t=kx, 
𝑑𝑡𝑑𝑥=k (1) becomes, 

𝑡2𝑘2*k
2
*
ⅆ2𝑦ⅆ𝑥2+

𝑡𝑘*k*
ⅆ⬚𝑦ⅆ𝑥⬚+(t

2
-n

2
)y=0 

Its solution is y=c1Jn(t)+c2J-n(t) 

Hence solution of (1) is y=c1Jn(kx)+c2J-n(kx) 

  

 Find the general solution of the differential equation  Example:

x2y′′+2xy′ +(x2−1)y =0. 

Solution.  We make the substitution: 

 

y=x1−22z=x−12z, ⇒y′=−12x−32z+x−12z′, ⇒y′′=34x−52z−12x−32z′−12x−32z′+x−12z′′=34x−52z−x−32z′+x−12z′′. 
 

Put these expressions back into the equation: 

x2y′′+2xy′+(x2−1)y=0,⇒ 

x2(34x−52z−x−32z′+x−12z′′)+2x(−12x−32z+x−12z′)+(x2−1)x−12z=0, 
 ⇒34x−12z−x−12z′+x32z′′−x−12z+2x12z′+x32z−x−12z=0, 
 



⇒x32z′′+x−12z′+(−54x−12+x32)z=0, 
 ⇒x2z′′+xz′+(x2−54)z=0. 
 

Indeed, we see that 

n2=v2+14(a−1)2=1+14(2−1)2=1+14=54. 
 

Thus, the general solution for the function z(x) can be written in the form 

 

z(x)=C1J√52(x)+C2Y√52(x). 
 

Then the solution for the original function y(x) is given by 

 

y(x)=x−12z(x)=1√x[C1J√52(x)+C2Y√52(x)], 
 

where C1 and C2 are arbitrary constants. 
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ORTHOGONALITY OF BESSEL FUNCTIONS: 

 𝒙𝑱𝒏(𝜶 𝒙)𝟏𝟎 ⋅ 𝑱𝒏(𝛃𝐱)𝐝𝐱 = 𝟎            where α and β are the roots of  𝑱𝒏(𝒙) = 𝟎 

 

Proof: We know that, 

                                      x2 d2ydx2 + x dydx +  α2x2 − n2 = 0                    ……(1) 

                                           x2 d2zdx2 + x dzdx +  β2x2 − n2 = 0                     …...(2) 

Solutions of (1) and (2) are  y = Jn(αx), z = Jn βx  respectively. 



Multiplying (1) by  
zx  and − yx and add , we get 

x  z d2yd2x − y d2zdx2 +  zdydx − y dzdx +  α2 − β2 xyz = 0 

                  
ddx [x  z dydx − y dzdx ] +  α2 − β2 xyz = 0                       ………….(3) 

Integrating (3) w.r.t  ‘x’ between the limits o and 1, we get 

[x  z dydx − ydzdx ]0 1 +  α2 − β2  xyzdx = 01
0  

   (β2 − α2)  xyzdx =10 [x  z dydx − y dzdx   

                                    =(z dydx − y dzdx)x=1                                           ……(4) 

Putting these values of 𝑦 = 𝐽𝑛(𝛼𝑥), 𝑑𝑦ⅆ𝑥 = 𝛼𝐽𝑛′(𝛼𝑥), 𝑧 = 𝐽𝑛 𝛽𝑥 , dz𝑑𝑥 =𝛽 , 𝐽𝑛′ 𝛽𝑥  in (4) we get   

 

  (β2 − α2)  −  x10 𝐽𝑛(𝛼𝑥). 𝐽𝑛 𝛽𝑥 𝑑𝑥 = [𝛼′𝐽𝑛(𝛼𝑥)𝐽𝑛 𝛽𝑥 - 𝐽𝑛′ 𝛽𝑥  𝐽𝑛(𝛼𝑥)]𝑥=1 

                                                              = 𝛼𝐽𝑛′ (𝛼)𝐽𝑛 𝛽 -β 𝐽𝑛′ (β)𝐽𝑛(𝛼)      ……(5) 

Since α,β are the roots of 𝐽𝑛(𝑥) = 0, 𝑠𝑜 𝐽𝑛(𝛼) = 𝐽𝑛 𝛽 = 0. 
 

Putting the values of 𝐽𝑛(𝛼) = 𝐽𝑛 𝛽 = 0 𝑖𝑛 (5), we get, 

               (β2 − α2)  −  x10 𝐽𝑛(𝛼𝑥). 𝐽𝑛 𝛽𝑥 𝑑𝑥 = 0 

              x10 𝐽𝑛(𝛼𝑥). 𝐽𝑛 𝛽𝑥 𝑑𝑥 = 0                                                   [ proved]. 

 

Example: Prove that 



                                     x10 [𝐽𝑛(𝛼𝑥)]2𝑑𝑥 = 12 [𝐽𝑛+1(α] ]2 

Solution. From (5) ,we know that 

               β2 − α2 −  x10 𝐽𝑛(𝛼𝑥). 𝐽𝑛 𝛽𝑥 𝑑𝑥 =  𝛼𝐽𝑛′ (𝛼)𝐽𝑛 𝛽 -β 𝐽𝑛′ (β) 𝐽𝑛(𝛼)   

                            When  β=α    

We also know that 𝐽𝑛(𝛼) = 0.let β be a neighbouring value of  α,  which tends 
to α. 

Then, 

𝑙𝑖𝑚𝛽→𝛼 x1
0 𝐽𝑛(𝛼𝑥). 𝐽𝑛 𝛽𝑥 𝑑𝑥 = 𝑙𝑖𝑚𝛽→𝛼 0 + 𝛼𝐽𝑛′ (𝛼). 𝐽𝑛′ (𝛽)β2 − α2  

As the limit is of the form   
00, we apply L’ hospital’ s rule  

        x10 𝐽𝑛2(𝛼𝑥)𝑑𝑥 = 𝑙𝑖𝑚𝛽→𝛼 0+𝛼𝐽𝑛′ (𝛼).𝐽𝑛′  𝛽 2β = 12 [𝐽𝑛′ (𝛼)]2                     ……..proved 
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A GENERATING FUNCTION FOR Jn(x) 

# Prove that Jn(x) is the coefficient of z
n
 in the expansion of  𝑒𝑥2 𝑧−𝑧1  

Proof:     We know that  𝑒𝑡= 1 + t + 
𝑡22! + 𝑡33! + … 

𝑒𝑥𝑧2   = 1 + 𝑥𝑧2 + 12! (𝑥𝑧2 )2 + 13!   𝑥𝑧2  3 + ⋯                …(1) 

𝑒− 𝑥2𝑧= 1 − 𝑥2𝑧 + 12!  𝑥2𝑧 2 − 13!   𝑥2𝑧 3 + ⋯              …(2) 



   Multiplying (1) and (2), we get 

                        𝑒𝑥2(𝑧−𝑧1)
 =  1 +  𝑥𝑧2  + 12!   𝑥𝑧2  2 + 13!   𝑥𝑧3  3 + ⋯  ×  

                                             1 − 𝑥2𝑧 + 12!  𝑥2𝑧 2 − 13!   𝑥2𝑧 3 + ⋯               …(3) 

 

The coefficient of 𝑧𝑛 in the product of (3) 

                                 = 
1𝑛!   𝑥2 𝑛 − 1(𝑛+1)!   𝑥2 𝑛+2 + 12!(𝑛+2)!  𝑥2 𝑛+4 … 

                                 = Jn (x) 

 Similarly coefficient of 𝑧−𝑛 in the product (3) = J-n (x) 

             𝑒𝑥2(𝑧−𝑧1) = J0 + zJ1 + z
2
J2 + z

3
J3 +…+ z-1

J-1 + z
-2

J-2 + z
-3

J-3 +… 

                          = 𝑧𝑛𝐽𝑛(𝑥)∞𝑛=−∞  

For this reason 𝑒𝑥2(𝑧−𝑧1) is known as the generating function of Bessel functions. 
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Trigometric expansion involving Bessel function 

 

To show that  

Cos (x sin𝜙) = [𝐽0 ⬚(x)<2 [cos 2𝜙 𝐽2(x)+cos 4𝜙 𝐽4(x)+…..], 

Sin (x cos 𝜙) = 2[sin𝜙 𝐽1(x) + sin 3𝜙 𝐽3(x)+……], 



Cos (x cos 𝜙)= 𝐽0 ⬚(𝑥) − 2[cos 2𝜙 𝐽2(x)-cos 4 𝜙 𝐽1(x)+…….], 

Sin ( x cos 𝜙)=2[ cos 𝜙 𝐽1(𝑥) − cos 3𝜙  𝐽3(x)+……] 

Proof: we have, 

𝑒12 ⬚𝑥(𝑡−1⬚𝑡⬚   = ⬚∞−∞ 𝑡𝑛 𝐽𝑛(x) 

Putting t=𝑒𝑖𝑄 , so that 
12 (t-

1⬚𝑡⬚) = i sin 𝜙, we get, 

𝑒𝑥𝑖𝑠𝑖𝑛𝜙 = ⬚∞−∞ 𝑡𝑛 𝐽𝑛(x) 

                = 𝐽0 ⬚(𝑥)+ 𝐽1(𝑥) 𝑒𝑖𝑄 + 𝐽−1(x) 𝑒−𝑖𝑄+𝐽2(x) 𝑒𝑖2𝑄+𝐽−2(x) 𝑒−2𝑖𝑄 + ……+  𝐽𝑛(x) 𝑒𝑛𝑖𝑄+ 𝐽−𝑛(x) 𝑒−𝑛𝑖𝑄+……… 

                =𝐽0 ⬚(𝑥)+ 𝐽1(𝑥) [𝑒𝑖𝑄 − 𝑒−𝑖𝑄]+ 𝐽2(x) [𝑒𝑖2𝑄+𝑒−2𝑖𝑄 ] + ……+𝐽−𝑛(𝑥) 

               =𝐽0 ⬚(𝑥)+ 𝐽1(𝑥) 2i sin 𝟇 +  𝐽2(x) 2i cos 2𝟇+…….(1)𝟇 

Equating real and imaginary parts, we get, 

           Cos (x sin𝜙) = [𝐽0 ⬚(x)+2cos2𝟇  𝐽2(x)+……(2) 

And   sin(x sin𝟇)=2 sin𝟇 𝐽1(𝑥)+2 sin3𝟇  𝐽3(x)+…….(3) 

Then putting 
12 𝜋 –𝟇 for 𝟇 (1), (2),(3) we get, 𝑐𝑜𝑠𝑖𝑥𝑐𝑜𝑠𝑄=𝐽0 ⬚(𝑥)+2i cos𝟇𝐽1(𝑥)- 2cos x2𝟇  𝐽2(x)-2i cos3𝟇   𝐽3(x)+…….(4) 

 

Cos (x cos 𝜙)= 𝐽0 ⬚(𝑥) − 2𝑐𝑜𝑠2𝜙 𝐽2(x)-2cos 4 𝜙 𝐽1(x)+…….(5) 

Sin ( x cos 𝜙)=2 cos 𝜙 𝐽1(𝑥) − 2 cos 3𝜙  𝐽3(x)+……(6) 



 

 

Example:01: Show that, 

Cos x=J0(x)-2J2(x)+2J4(x)-..... 

Sin  x=2J1(x)-2J3(x)+2J5(x)-.... 

Solution: we know, 

cos(x sin𝜙) = 𝐽𝑜(𝑥) + 2𝑐𝑜𝑠2𝜙𝐽2(𝑥) + 2𝑐𝑜𝑠4𝜙𝐽4(𝑥) + ⋯…. 
Sin(x sin𝜙) = 2𝑠𝑖𝑛𝜙𝐽1(𝑥) + 2𝑠𝑖𝑛3𝜙𝐽3(𝑥) + 2𝑠𝑖𝑛5𝜙𝐽5𝑥 + ⋯ 

Putting the value of 𝜙 = 𝜋2 ,𝑤𝑒𝑔𝑒𝑡, 
Cos x=J0(x)-2J2(x)+2J4(x)-............... 

And sin x=2J1(x)-2J3(x)+2J5(x)-.... 
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Trigometric expansion involving Bessel function 

 

Prove that [𝐽0(x)]2+2 [𝐽1(𝑥)]2+2 [[ 𝐽2(x)]2+…….=1 

Solution: We know, 

cos(xsin𝜙) = 𝐽𝑜(𝑥)+2𝐽2(x) cos2𝜙+2 𝐽4(x)cos 4𝜙 + ⋯(1) 

Sin(xsin𝜙) = 2 cos𝟇𝐽1(𝑥)+2𝑠𝑖𝑛3𝜙𝐽3(𝑥)+……(2) 



It would be noted that,   𝑐𝑜𝑠2𝜋0 n𝟇 d𝟇= ⬚𝜋0 𝑠𝑖𝑛2n𝟇= (1 + cos 2𝑛𝜙)𝜋0 d𝟇=
𝜋2 

And  cos𝑛𝜙 cos𝑚𝜙𝜋0  = sin𝑛𝜙 sin𝑚𝜙𝜋0  =0 m≠n 

Now, sqaring (1) and integrating with respect to 𝟇 between the limits 0 to 𝜋, we 

get by the use of above integrals 𝑒𝑥𝑖 𝑠𝑖𝑛𝜙=cos (x sin𝟇) + i sin (x sin𝟇) [𝐽0(x)]2+2 [[ 𝐽4(x)]2π+…..= ⬚𝜋0 𝑠𝑖𝑛2 𝑥𝑠𝑖𝑛𝜙 𝑑𝟇 

Again sqaring (2) and integrating with respect to 𝟇 between the limits 0 to 𝜋, 

we similarly get  [𝐽1(𝑥)]2π+[J3(x)]2π+…..= ⬚𝜋0 𝑠𝑖𝑛2 𝑥𝑠𝑖𝑛𝜙 𝑑𝟇 

 

 

Adding these, 

π[{𝐽𝑜(x)}2+2 {𝐽1(𝑥)}2+2 [{ 𝐽(x)}2π+………] 

 

= [𝜋0 𝑐𝑜𝑠2(x sin𝟇)+𝑠𝑖𝑛2(x sin𝟇)]=d𝟇 

= 𝑑𝜑𝜋0  = π  

 [𝐽0(x)]2+2 [𝐽1(𝑥)]2+2 [[ 𝐽2(x)]2+…….=1 (proved) 

 

 

 



Example:1:show that, d/dx(J
2

n+J
2
n+1)=2(n/x.J

2
n–(n+1)/x.J

2
n+1) 

Solution: Recurrence formula (1) and (2) is, 

X J'n=nJn-xJn+1..................(1) 

X J'n=–nJn+xJn-1................(2) 

Putting (n+1)for n in (2),we get, 

X J'n–1=–(n+1)Jn+1+xJn 

Now, d/dx(J
2

n+J
2
n+1)=2JnJ’n+2Jn+1J’n+1 

         =2Jn.1/x(n Jn–xJn+1)+2Jn+1.1/x[–(n+1)Jn+1+xJn]    [from (1) and (3)] 

         =2[n/x.J
2
n–(n+1)/x.J

2
n+1] 
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BESSEL’S INTEGRAL 

 prove that 

(a) J0 (x) = 
1𝜋   cos  (𝑥 𝑠𝑖𝑛𝜃)𝑑𝜃𝜋0  

Proof. We know that, 

    cos (𝑥 sin𝜃)=J0+2J2cos 2𝜃+2J4cos 4𝜃+ …                                 ……..…(1) 

    sin (𝑥 sin𝜃) =2J1sin𝜃+2J3sin 3𝜃+2J5sin 5𝜃 + …                                    …(2) 



(a) Integrating (1) between the limits 0 and 𝜋, we have 

       cos  (x sinθ) dθπ0  =  (J0 + 2 J2 cos2θ+ 2 J4 cos4θ+ …  π0 ) dθ 

                                     = J0  dθπ0  + 2 J2  cos2θ dθπ0  + 2 J4  cos 4𝜃 𝑑𝜃𝜋0  + … 

                                      = J0 π + 0 + 0 

     J0 (x) = 
1𝜋   cos  (𝑥 𝑠𝑖𝑛𝜃)𝑑𝜃𝜋0                                              [Proved.] 

 

Example: Prove that , J1/2(X) =  2𝜋𝑋 sinX 

Solution:  We have  

Jn(X) = 
𝑋𝑛2𝑛ɽ(𝑛+1) [1− 𝑋22.2(𝑛+1) + 

𝑋42.4.22.(𝑛+1)(𝑛+2) −....] 

       Putting n=1/2, we get  

J1/2(X) = 
𝑋12212 .ɽ 32   [1− 𝑋22.3 + 

𝑋42.3.4.5 − ……] 

           = 
𝑋12212.ɽ(12) . 1𝑋 . [X− 𝑋3(3)! + 

𝑋5(5)! + ….] 

           =  ( 2𝜋𝑋) . sinX     as ɽ (1/2) = √𝜋 

 

 

 

Roll:1800046 

prove that 

(b) Jn (x) = 
1𝜋   cos  (𝑛𝜃 − 𝑥 𝑠𝑖𝑛𝜃)𝑑𝜃𝜋0  



 

 Multiplying (1) by cos nθ integrating between the limits 0 and 𝜋, we have  cos(𝑥 sin𝜃 ) cos𝑛𝜃  𝑑𝜃𝜋0 = [ J0 cos𝑛𝜃 + 2 J2 cos2θ cos𝑛𝜃 +π02 J4 cos4θ cos𝑛𝜃 + …  ] dθ 

                                         = 2 J0  cos𝑛𝜃𝜋0  𝑑𝜃 + 2 J2  cos 2𝜃 cos𝑛𝜃 𝑑𝜃𝜋0  + … 

                                         = 0 if n is odd                   …(3) 

                                         = 𝜋 𝐽𝑛 if n is even                     ...(4) 

Again multiplying (2) by sin n𝜃 and integrating between the limits 0 and 𝜋, we 

have 

   sin(𝑥 sin𝜃) sin𝑛𝜃 𝑑𝜃𝜋0 = ( 2 𝐽1 sin𝜃 sin𝑛𝜃 + 2 𝐽3 sin 3𝜃 sin𝑛𝜃 + … ) 𝑑𝜃 𝜋0  

   = 2 J1  sin𝜃 sin𝑛𝜃 𝑑𝜃𝜃0  +2J3 sin 3𝜃 sin𝑛𝜃 𝑑𝜃 + …𝜋0  =0 if n is even         

…(5) 

   =𝜋Jn if n is odd                                        …(6) 

Adding (3) and (6) or (4) and (5), we get 

  [cos(𝑥 sin𝜃) cos𝑛𝜃 + sin(𝑥 sin𝜃) sin𝑛𝜃] 𝑑𝜃𝜋0  = 𝜋 𝐽𝑛 

or,  cos(𝑛𝜃 − 𝑥 sin𝜃) 𝑑𝜃 =  𝜋 𝐽𝑛𝜋0  

or,Jn=
1𝜋   cos(𝑛𝜃 − 𝑥 sin𝜃) 𝑑𝜃𝜋0                                                   [proved.] 

 

Example: J-1/2(X) =  2𝜋𝑋 cosX 

 

Solution:  Again, putting n= −1/2 , we get  

J-1/2(X) = 
𝑋−1/22−1/2 .ɽ 12   [1− 𝑋22  + 

𝑋42.3.4 − ……] 



                     = ( 2𝜋𝑋) .[1− 𝑋2(2)! + 
𝑋4(4)! +….] 

                     =  ( 2𝜋𝑋) . 𝑐𝑜𝑠𝑋  

    cos𝑛Ф 𝑑Ф 𝜋0 = [
sin𝑛Ф𝑛 ]0

π =
 0 when n is an integer. 
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Practice problem 

 

 

Problem-1: Solve the differential equation x
2
y

//
+xy

/
+(3x

2
-2)y=0 

 Solution:

This equation has order √2 and differs from the standard Bessel equation only by 

factor 3 before x2. Therefore, the general solution of the equation is expressed by 

the formula 

 

y(x)=C1J√2(√3x)+C2Y√2(√3x), 
 

where C1, C2 are constants, J√2(√3x) and Y√2(√3x) are Bessel functions of the 1st 

and 2nd kind, respectively. 

 

 



Problem-2: Solve the equation x2y′′+xy′ −(4x2+12)y =0.  

Solution. This equation differs from the modified Bessel equation by factor 4 in 

front of x2. The order of the equation is v=1√2. Then the general solution is written 

through the modified Bessel functions in the following way: 

 

y(x)=C1I1√2(2x)+C2K1√2(2x), 
 

where C1 and C2 are arbitrary constants. 

 

 

Problem-3: Prove that,  𝐽3(𝑥)𝑑𝑥 + 𝐽2(𝑥) + 2𝑥  𝐽1(𝑥) = 0 

 

Solution: We know from Recurrence formulae V.  𝑑𝑑𝑥  (𝑥−𝑛𝐽n (𝑥) ) = −𝑥−𝑛 𝐽n+1(𝑥) 

  Integrating above relation, we get  

                𝑥−𝑛𝐽n (𝑥) = − 𝑥−𝑛𝐽n+1 (𝑥)𝑑𝑥   ………….………… (1) 

 

Taking n = 2 in (1), we get 

                𝑥−2𝐽3 (𝑥)𝑑𝑥 = −𝑥−2𝐽2 (𝑥) ……………………….. (2) 

 

Again,  𝐽3 (𝑥)𝑑𝑥 =  𝑥2 𝑥−2 𝐽3 (𝑥)𝑑𝑥 

                                              = 𝑥2   𝑥−2 𝐽3 (𝑥)𝑑𝑥 −  2𝑥  (𝑥−2𝐽3(𝑥))𝑑𝑥 …… (3) 

 

Putting the value of  𝑥−2𝐽3 (𝑥)𝑑𝑥   from (2) in (3), we get   𝐽3 (𝑥)𝑑𝑥 = 𝑥2(−𝑥−2𝐽2 ) −  2𝑥(−𝑥−2𝐽2 )𝑑𝑥 



                  = −𝐽2 + 2 𝑥−1𝐽2 𝑑𝑥 

                  = −𝐽2 + 2(−𝑥−1𝐽1 ) 

 

  On using (1), again when n=1  

               Hence,  𝐽3(𝑥)𝑑𝑥 + 𝐽2 + 2𝑥 𝐽1 = 0                               [proved] 

 

 



 

RAJSHAHI UNIVERSITY OF ENGINEERING & TECHNOLOGY 

                                            

 

Assignment 
 

Math 2101 

Legendres’ Polynomials 
 

Submitted To, 

Mst. Rupale Khatun 
Assistant Professor 

Department of Mathematics 

Rajshahi University of Engineering & Technology  

Submitted By, 

No. Roll Name  No. Roll Name 
01. 1800050 Sabekun Nahar Oishee  09. 1800058 Abu Rasel 

02. 1800051 Samiha Bilkis  10. 1800059 Nazmush Shakib 

03. 1800052 Md. Abrar Hasin  11. 1800060 Tausif Ahmed Arnab 

04. 1800053 Joy Deb Sarkar  12. 1600047 Nahid Hasan 

05. 1800054 Joydeb Ghosh  13. 1700014 Nur Mohammad Rakib 

06. 1800055 Anika Maisha Sharmi  14. 1600052 Md.Asif Subaid 

07. 1800056 Avishek Banik  15. 1600055 Jannatul Ferdous Lima 

08. 1800057 Md Mahedi Hasan Asif  16. 1600097 Jannatul Ferdousi Jyoti 



 

  

RAJSHAHI UNIVERSITY OF ENGINEERING AND TECHNOLOGY 

SUBMITTED BY 

Sabekun Nahar Oishee 

Roll  :1800050 

Section : A 

Session : 2018-2019 

Subject : Math 2101 

Topic : Legendre’s Polynomials Part-1  



Legendre’s Equation 

A solution which is regular at finite points is called a Legendre function of the first kind, while a 

solution which is singular at is called a Legendre function of the second kind. If. is an integer, the 

function of the first kind reduces to a polynomial known as the Legendre polynomial.  

The equation is named for Adrien-Marie Legendre who proved in 1785 that it is solvable in 

integers x, y, z, not all zero, if and only if −bc, −ca and −ab are quadratic residues modulo a, b 

and c, respectively, where a, b, c are nonzero, square-free, pairwise relatively prime integers, not 

all positive or all negative. 

 

 

The differential equation (𝟏 − 𝒙𝟐)
𝒅𝟐𝒚

𝒅𝒙𝟐
− 𝟐𝒙

𝒅𝒚

𝒅𝒙
+ 𝒏(𝒏 + 𝟏)𝒚 = 𝟎  

is known as Legendre’s equation. The above equation can also be written as 

𝒅

𝒅𝒙
{(𝟏 − 𝒙𝟐)

𝒅𝒚

𝒅𝒙
} + 𝒏 (𝒏 + 𝟏) 𝒚 = 𝟎        𝒏 𝜺 𝟏 

 

This equation can be integrated in series of ascending or descending powers of 𝒙. 𝒊. 𝒆., 

series in ascending or descending powers of 𝒙 can be found which satisfy the equation (1). 

 Let the series in descending powers of 𝒙 be 

𝒚 = 𝒙𝒎(𝒂𝟎 + 𝒂𝟏𝒙
−𝟏 + 𝒂𝟐𝒙

−𝟐 +⋯) 

or 

𝑦 =  ∑ 𝑎𝑟𝑥
𝑚−𝑟

∞

𝑟 = 0

 

so that 

𝒅𝒚

𝒅𝒙
= ∑ 𝒂𝒓(𝒎 − 𝒓)𝒎−𝒓−𝟏

∞

𝒓 = 𝟎

 

and 

…(1) 

…(2) 



𝒅𝟐𝒚

𝒅𝒙𝟐
= ∑ 𝒂𝒓(𝒎− 𝒓)(𝒎− 𝒓 − 𝟏)𝒙𝒎−𝒓−𝟐

∞

𝒓 = 𝟎

 

 

 Substituting these in (1), we have 

(𝟏 − 𝒙𝟐) ∑ 𝒂𝒓(𝒎 − 𝒓)(𝒎− 𝒓 − 𝟏)𝒙𝒎−𝒓−𝟐 − 𝟐𝒙

∞

𝒓 = 𝟎

∑ 𝒂𝒓(𝒎 − 𝒓)𝒙𝒎−𝒓−𝟏
∞

𝒓 = 𝟎

+ 𝒏(𝒏 + 𝟏)∑𝒂𝒓𝒙
𝒎−𝒓

∞

𝟎

= 𝟎 

 

 

or 

∑𝒂𝒓(𝒎 − 𝒓)(𝒎 − 𝒓 − 𝟏)𝒙𝒎−𝒓−𝟐 + {𝒏(𝒏 + 𝟏) − 𝟐(𝒎− 𝒓) − (𝒎− 𝒓)(𝒎 − 𝒓 − 𝟏)}𝒙𝒎−𝒓𝒂𝒓

∞

𝒓=𝟎

= 𝟎 

 

or 

∑[(𝑚 − 𝑟)(𝑚 − 𝑟 − 1)𝑥𝑚−𝑟−2 + {𝑛(𝑛 + 1) − (𝑚 − 𝑟)(𝑚 − 𝑟 + 1)}𝑥𝑚−𝑟]𝑎𝑟

∞

𝑟=0

≡ 0 

 The equation (3) is an identity and therefore coefficients of various powers of 𝒙 must 

vanish. Now equating to zero the coefficients of 𝒙𝒎 from the above we have (𝒓 = 𝟎) 

𝒂𝟎{𝒏(𝒏 + 𝟏) −𝒎(𝒎+ 𝟏)} = 𝟎 

 

But 𝒂𝟎 ≠ 𝟎. as it is the coefficient of the very first term in the series 

Hence, 𝒏(𝒏 + 𝟏) −𝒎(𝒎+ 𝟏) = 𝟎 

𝒊. 𝒆.,  𝒏𝟐 + 𝒏 −𝒎−𝒎𝟐 −𝒎 = 𝟎  or  (𝒏𝟐 −𝒎𝟐) + (𝒏 −𝒎) = 𝟎 

…(3) 

…(4) 



or (𝒏 −𝒎)(𝒏 +𝒎+ 𝟏) = 𝟎  

which gives    𝒎 = 𝒏   or   𝒎 = −𝒏− 𝟏 

 This is important as it determines the index. 

 Next, equating to zero the coefficient of 𝒙𝒎−𝟏 by putting 𝒓 = 𝟏   

 𝒂𝟏[𝒏(𝒏 + 𝟏) − (𝒎− 𝟏)𝒎] = 𝟎 

or     𝒂𝟏[(𝒎 + 𝒏)(𝒎− 𝒏 − 𝟏) = 𝟎 

which gives     𝒂𝟏 = 𝟎 

 Since (𝒎 + 𝒏)(𝒎− 𝒏− 𝟏) ≠ 𝟎  by (5) 

 Again, to find a relation in successive coefficients 𝒂𝒓, etc., equating the coefficient of 

𝒙𝒎−𝒓−𝟐 to zero, we get 

  (𝒎 − 𝒓)(𝒎 − 𝒓 − 𝟏)𝒂𝒓 + [𝒏(𝒏 + 𝟏) − (𝒎− 𝒓 − 𝟐)(𝒎− 𝒓 − 𝟏)]𝒂𝟐 + 𝟐 = 𝟎 

Now  𝒏(𝒏 + 𝟏) − (𝒎 − 𝒓 − 𝟐)(𝒎− 𝒓 − 𝟏) = 𝒏𝟐 + 𝒏 − (𝒎− 𝒓 − 𝟏 − 𝟏)(𝒎 − 𝒓 − 𝟏) 

      = −[(𝒎− 𝒓 − 𝟏)𝟐 − (𝒎− 𝒓 − 𝟏) − 𝒏𝟐 − 𝒏] 

      = −[(𝒎 − 𝒓 − 𝟏 + 𝒏)(𝒎 − 𝒓 − 𝟏 − 𝒏) − (𝒎− 𝒓 − 𝟏 + 𝒏)]  

      = −[(𝒎− 𝒓 − 𝟏 + 𝒏)(𝒎− 𝒓 − 𝟏 − 𝒏 − 𝟏)] 

      = (𝒎− 𝒓 + 𝒏− 𝟏)(𝒎− 𝒓 + 𝒏− 𝟐) 

or (𝒎 − 𝒓)(𝒎 − 𝒓 − 𝟏)𝒂𝒓 − (𝒎− 𝒓 + 𝒏 − 𝟏)(𝒎− 𝒓 − 𝟐)𝒂𝒓+𝟐 = 𝟎 

or 

𝒂𝒓+𝟐 =
(𝒎− 𝒓)(𝒎 − 𝒓 − 𝟏)

(𝒎 − 𝒓 + 𝒏 − 𝟏)(𝒎 − 𝒓 − 𝒏 − 𝟐)
𝒂𝒓 

Now since  𝒂𝟏 = 𝒂𝟐 = 𝒂𝟓 = 𝒂𝟕 = ⋯ = 𝟎 

 

 

…(5) 

…(6) 

…(7) 
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Legendre’s polynomials 

Two cases are given below 

Case I: When 𝒎 = 𝒏 

𝑎𝑟+2 =
(𝑛 − 𝑟)(𝑛 − 𝑟 − 1)

(2𝑛 − 𝑟 − 1)(𝑟 + 2)
𝑎𝑟 

so that,    𝑎2 = −
𝑛(𝑛−1)

(2𝑛−1)×2
𝑎0 

    𝑎4 = −
(𝑛−2)(𝑛−3)

(2𝑛−3)×4
𝑎2 =

𝑛(𝑛−1)(𝑛−2)(𝑛−3)

(2𝑛−1)(2𝑛−2)×2×4
𝑎0 

and so on and   𝑎1 = 𝑎3 = 𝑎5 = ⋯ = 0 

Hence the series (2) becomes 

𝑦 = 𝑎0 [𝑥
𝑛 −

𝑛(𝑛−1)

(2𝑛−1)×2
𝑥𝑛−2 +

𝑛(𝑛−1)(𝑛−2)(𝑛−3)

(2𝑛−1)(2𝑛−3)×2×4
𝑥𝑛−4 −⋯]  

which is the solution of (1) 

 

Case II: When 𝒎 = −(𝒏 + 𝟏), we have 

𝑎𝑟+2 =
(𝑛 + 𝑟 + 1)(𝑛 + 𝑟 + 2)

(𝑟 + 2)(2𝑛 + 𝑟 + 3)
𝑎𝑟 

so that,    𝑎2 =
(𝑛+1)(𝑛+2)

2(2𝑛+3)
𝑎0 

    𝑎4 =
(𝑛+1)(𝑛+2)(𝑛+3)(𝑛+4)

2×4(2𝑛+3)(2𝑛+5)
𝑎0 

and so on. 

Hence the series in this case becomes 



𝑦 = 𝑎0 [𝑥
−𝑛−1 +

(𝑛 + 1)(𝑛 + 2)

2(2𝑛 + 3)
𝑥−𝑛−3

+
(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)(𝑛 + 4)

2 × 4(2𝑛 + 3)(2𝑛 + 5)
𝑥−𝑛−5 +⋯] 

This gives another solution of (1) in a series descending powers of 𝑥. 

Note: If we want to integrate the Legendre’s equation in a series of 

ascending powers of 𝑥, we may proceed by taking 

𝑦 = 𝑎0𝑥
𝑘 + 𝑎1𝑥

𝑘+1 + 𝑎2𝑥
𝑘+2 +⋯ =∑𝑎𝑟𝑥

𝑘+𝑟

∞

0

 

But integration in descending powers of 𝑥 is more important than in 

ascending powers of 𝑥. 
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Legendre’s Polynomial 𝑷𝒏(𝒙) 

Definitions: 

The Legendre’s Equation is 

(1 − 𝑥2)
𝑑2𝑦

𝑑𝑥2
 - 2𝑥

𝑑𝑦

𝑑𝑥
 +𝑛(𝑛 + 1)𝑦 = 0               ...(1) 

where n is a non-negative integer. 

It is possible to obtain the solution of (1) in terms of descending 

powers of x. Due to its applications to physical problems, this form of 

solution of Legendre’s differential equation is more important. 

For such a solution, let us assume that the Legendre’s differential 

equation (1) has a series solution of the form 

𝑦 =∑ 𝐶𝑚𝑥
𝑘−𝑚, 𝐶0

∞

𝑚=0
≠ 0 

Then, by Frobenius method, we can find two linearly independent 

solutions of (1) in descending powers of x as: 

 

𝑦1 = 𝑎[𝑥
𝑛 −

𝑛(𝑛−1)

(2𝑛−1)2
𝑥𝑛−2 +

𝑛(𝑛−1)(𝑛−2)(𝑛−3)

(2𝑛−1)(2𝑛−3).2.4
𝑥𝑛−4…]                         …(2) 

𝑦2=𝑏[𝑥
−𝑛−1 +

(𝑛+1)(𝑛+2)

2(2𝑛+3)
𝑥−𝑛−3 +

(𝑛+1)(𝑛+2)(𝑛+3)(𝑛+4)

2.4(2𝑛+3)(2𝑛+5)
𝑥−𝑛−5 +⋯]            …(3) 

If we take 𝑎 =
1.3.5…(2𝑛−1)

𝑛!
, the solution (3) is denoted by 𝑃𝑛(𝑥) and is 

called Legendre’s function of the first kind or Legendre’s polynomial of degree n 

and defined by 

𝑃𝑛(𝑥) =
1.3.5…(2𝑛−1)

𝑛!
[𝑥𝑛 −

𝑛(𝑛−1)

2(2𝑛−1)
𝑥𝑛−2 −+

𝑛(𝑛−1)(𝑛−2)(𝑛−3)

2.4.(2𝑛−1)(2𝑛−3)
𝑥𝑛−4 −⋯]            

…(4) 



Note 1:This is a terminating series. 

We can also write 𝑃𝑛(𝑥) in a compact from as: 

𝑃𝑛(𝑥) =∑ (−1)𝑟
(2𝑛 − 2𝑟)!

2𝑛𝑟! (𝑛 − 2𝑟)! (𝑛 − 𝑟)

[𝑛 2]Τ

𝑟=0
𝑥𝑛−2𝑟  

When n is even ,it contains 
1

2
𝑛 + 1 terms, the last term being 

(−1)
𝑛
2

𝑛(𝑛 − 1)(𝑛 − 2)…1

(2𝑛 − 1)(2𝑛 − 3)… (𝑛 + 1)2.4.6…𝑛
 

When n is odd,it contains 
1

2
(𝑛 + 1) terms and the last term in this case is  

(−1)
𝑛−1
2

𝑛(𝑛 − 1)…3.2

(2𝑛 − 1)(2𝑛 − 3)… (𝑛 + 2). 2.4… (𝑛 − 1)
𝑥 

 

Note. 𝑷𝒏(𝒙) is that solution of Legendre’s equation (1) which is equal to unity 

when 𝑥 = 1. 

The first several Legendre’s Polynomials are listed below 

𝑃0(𝑥) = 1 

𝑃1(𝑥) = 𝑥 

𝑃2(𝑥) =
1

2
(3𝑥2 − 1) 

𝑃3(𝑥) =
1

2
(5𝑥3 − 3𝑥) 
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Legendre’s functions of the second kind (Qn) 

 

It is another solution of Legendre’s equation. 

 

(1 − 𝑥2)
𝑑2𝑦

𝑑𝑥2
− 2𝑥

𝑑𝑦

𝑑𝑥
+ 𝑛(𝑛 + 1)𝑦 = 0 

When n is a positive integer; 

 

𝑦 = 𝑎0 [𝑥
−𝑛−1 +

(𝑛 + 1)(𝑛 + 2)

2(2𝑛 + 3)
𝑥−𝑛−3 +⋯] 

If we take ,      𝑎0 =
𝑛!

1.3.5….(2𝑛+1)
 

The above solution is called 𝑄𝑛(𝑥). 𝑠𝑜 𝑡ℎ𝑎𝑡  

𝑄𝑛(𝑥) =
𝑛!

1.3.5… (2𝑛 + 1)
[𝑥−𝑛−1 +

(𝑛 + 1)(𝑛 + 2)

2(2𝑛 + 3)
𝑥−𝑛−3 +⋯] 

The series for 𝑄𝑛(𝑥) is a non-terminating series. 

This solution is necessarily singular when 𝑥 = ±1 



 

The Legendre functions of the second kind can also be defined recursively 

via Bonnet’s recursion formula 

𝑄𝑛(𝑥) =

{
  
 

  
 
1

2
log

1 + 𝑥

1 − 𝑥
                                                ; 𝑛 = 0

𝑃1(𝑥)𝑄0(𝑥) − 1                                          ; 𝑛 = 1  
      

2𝑛 − 1

𝑛
𝑥𝑄𝑛−1(𝑥) −

𝑛 − 1

𝑛
𝑄𝑛−2(𝑥)      ; 𝑛 ≥ 2

 

 

Associated Legendre functions of the second kind 

The nonpolynomial solution for the special case of integer degree 𝜆 = 𝑛 ∈

ℕ0, 𝑎𝑛𝑑 𝜇 = 𝑚 ∈ ℕ0 is given by  

𝑄𝑛
𝑚(𝑥) = (−1)𝑚(1 − 𝑥2)

𝑚
2
𝑑𝑚

𝑑𝑥𝑚
𝑄𝑛(𝑥). 

 

 



Integral representations 

The Legendre functions can be written as contour integrals. For example, 

𝑃𝜆(𝑧) = 𝑃𝜆
0(𝑧) =

1

2𝜋𝑖
∫

(𝑡2−1)𝜆

2𝜆(𝑡−𝑧)𝜆+1
𝑑𝑡

𝑧

1
  

where the contour winds around the points 1 and z in the positive direction and 

does not wind around −1. For real x, we have; 

𝑃𝑠(𝑥) =
1

2𝜋
∫ (𝑥 + √𝑥2 − 1 cos 𝜃)𝑠𝑑𝜃
𝜋

−𝜋
=
1

𝜋
∫ (𝑥 + √𝑥2 − 1(2𝑡 − 1))

𝑠 𝑑𝑡

√𝑡(1−𝑡)
,    𝑠 ∈ ℂ

1

0
 

 

Legendre function as characters 

The real integral representation of 𝑃𝑠 are very useful in the study of harmonic 

analysis on 𝐿1(𝐺//K) where G//K is the double coset space of SL(2,ℝ). Actually the 

Fourier transform on 𝐿1(𝐺//K) is given by  

𝐿1(𝐺//K) ∋ 𝑓 → ℱ 

Where 

ℱ(𝑠) = ∫ 𝑓(𝑥)𝑃𝑠(𝑥)𝑑𝑥,         − 1 ≤ 𝑅𝑠 ≤ 0
∞

1
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General Solution of Legendre’s Equation 

 

Legendre’s equation arises when solving partial differential equations involving the Laplacian in 

spherical coordinate. The ODE in the r direction of spherical coordinate usually takes the form 

  

 (1 - x2)
2

2

dx

yd
 - 2x

dx

dy
 + y = 0, - 1 < x < 1 (1) 

 

Since p(x) = 
21

2

x

x

−

−
, q(x) = 

21 x−


, and r(x) = 0 are analytic at x = 0, the equation can be 

represented by a power series solution of the form 

 

 y = 


=0m

m

m xa  (2) 

  
Differentiating the series solution (2) yields 
 

 y’ = 


=

−

1

1

m

m

m xma  , y” = 


=

−−
2

2)1(
m

m

m xamm  

 
Substituting the funsction and its derivatives into Eq. (1) yields 

 

 (1 - x2)


=

−−
2

2)1(
m

m

m xamm  - 2x 


=

−

1

1

m

m

m xma + 


=0m

m

m xa = 0 

 

 


=

−−
2

2)1(
m

m

m xamm - 


=

−
2

)1(
m

m

m xamm - 2


=1m

m

m xma + 


=0m

m

m xa = 0 (3) 

 

The terms with xm-2 can be changed to xm by replacing m with m + 2 

 

 


=

−−
2

2)1(
m

m

m xamm = 


=+

+++
22

2)1)(2(
m

m

m xamm  

 



Equation (3) becomes 

 

 


=

+++
0

2)1)(2(
m

m

m xamm - 


=

−
2

)1(
m

m

m xamm - 2x 


=

−

1

1

m

m

m xma + 


=0m

m

m xa = 0 

    


=

+ −++−++
2

2 ]2)1([)1)(2(
m

m

mm xammmamm  + 2a2 + a0 + (6a3 - 2a1 + a1)x = 0 

 

  a2 = 
2


−  a0,  a3 = 

6

2 −
 a1 

  

 

  am+2  = 
)1)(2(

)1(

++

−+

mm

mm 
 am 

 

For  = )1( +nn   am+2  = 
)1)(2(

)1( 2

++

−−+

mm

nnmm
 am = - 

)1)(2(

)1)((

++

++−

mm

mnmn
 am 

 

  a2 = 
!2

)1( +
−

nn
 a0 a3 = 

!3

)2)(1( +−
−

nn
 a1 

 

  a4 = 
43

)3)(2(



+−
−

nn
 a2 = 

!4

)3)(1()2( ++− nnnn
 a0 

 

 a5 = 
54

)4)(3(



+−
−

nn
 a3 = 

!5

)4)(2)(1)(3( ++−− nnnn
 a1 

 
The general solution is then 
 
 y )(x = a0y1 )(x + a1y2 )(x  

 
where 
 

 y1 )(x = 1 
!2

)1( +
−

nn
x2 + 

!4

)3)(1()2( ++− nnnn
 x2  − ... 

  



 y2 )(x = x 
!3

)2)(1( +−
−

nn
x3 + 

!5

)4)(2)(1)(3( ++−− nnnn
 x5 + ...  

 
 
In summary: For n = 0, 1, 2, ... the Legrendre equation of order n 
 

 (1 - x2)
2

2

dx

yd
 - 2x

dx

dy
 + n(n + 1)y = 0, - 1 < x < 1 

 
 
has two linearly independent solutions y1 )(x and y2 )(x  

 

 y1 )(x = 1 
!2

)1( +
−

nn
x2 + 

!4

)3)(1()2( ++− nnnn
 x2  − ... 

  

 y2 )(x = x 
!3

)2)(1( +−
−

nn
x3 + 

!5

)4)(2)(1)(3( ++−− nnnn
 x5 + ...  

 
When n is an even inrteger y1 is a polynomial Pn(x) of degree n and y2 has the form of an 
infinite series. Legendre’s function of the second kind is defined as 
 
 Qn(x) = y1 )(x +  y2 )(x  n even 

 
When n is an odd integer y2 is a polynocmial Pn(x) of degree n and y1 has the form of an 
infinite series. Legendre’s function of the second kind for this case is defined as 
 
 Qn(x) = - y1 )(x + y2 )(x  n odd 

 
The general solution of Legrendres’ equation is then 
 
 y )(x = C1 Pn(x) + C2 Qn(x) 

 
 

 
 
 
 
 
 
 
 



 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SUBMITTED BY 

Anika Maisha Sharmi  

Roll  :1800055 

Section : A 

Session : 2018-2019 

Subject : Math 2101 

Topic : Rodigue’s Formula Part-1 



Rodigue’s Formula 

𝑃𝑛(𝑥) =
1

2𝑛. 𝑛!

𝑑𝑛

𝑑𝑥𝑛
(𝑥𝑛 − 1)𝑛    

Proof. Let,      v=(𝑥2 − 1)𝑛  ….. (1) 

Then               
𝑑𝑣

𝑑𝑥
= 𝑛(𝑥2 − 1)𝑛−1(2x) 

Multiplying both sides by (𝑥2 − 1),𝑤𝑒 𝑔𝑒𝑡 

(𝑥2 − 1) 
𝑑𝑣

𝑑𝑥
= 2𝑛(𝑥2 − 1)𝑛𝑥 

Or   (𝑥2 − 1) 
𝑑𝑣

𝑑𝑥
= 2𝑛𝑣𝑥 … . . (2) 

Now differentiating (2), (n+1) times by Leibnitz’s theorem, we have 

(𝑥2 − 1)
𝑑𝑛+2𝑣

𝑑𝑥𝑛+2
+ (𝑛 + 1)𝐶1(2𝑥)

𝑑𝑛+1𝑣

𝑑𝑥𝑛+1
+ (𝑛 + 1)𝐶2(2)

𝑑𝑛𝑣

𝑑𝑥𝑛
= 2𝑛 [𝑥

𝑑𝑛+1𝑣

𝑑𝑥𝑛+1
+ (𝑛 + 1)𝐶1

𝑑𝑛𝑣

𝑑𝑥𝑛
] 

Or   (𝑥2 − 1)
𝑑𝑛+2𝑣

𝑑𝑥𝑛+2
+ 2𝑥[(𝑛 + 1)𝐶1 − 1]

𝑑(𝑛+1)𝑣

𝑑𝑥𝑛+1
+ 2[(𝑛 + 1)𝐶1]

𝑑𝑛𝑣

𝑑𝑥𝑛
= 0 

Or   (𝑥2 − 1)
𝑑𝑛+2𝑣

𝑑𝑥𝑛+2
+ 2𝑥

𝑑(𝑛+1)𝑣

𝑑𝑥𝑛+1
+ 𝑛(𝑛 + 1)

𝑑𝑛𝑣

𝑑𝑥𝑛
= 0 …… (3) 

If we put 
𝑑𝑛𝑣

𝑑𝑥𝑛
= 𝑦, (3)𝑏𝑒𝑐𝑜𝑚𝑒𝑠 

(𝑥2 − 1)
𝑑2𝑦

𝑑𝑥2
+ 2𝑥

𝑑𝑦

𝑑𝑥
− 𝑛(𝑛 + 1)𝑦 = 0 

Or   (𝑥2 − 1)
𝑑2𝑦

𝑑𝑥2
− 2𝑥

𝑑𝑦

𝑑𝑥
+ 𝑛(𝑛 + 1)𝑦 = 0 

 

This shows that y=
𝑑𝑛𝑣

𝑑𝑥𝑛
 𝑖𝑠 𝑎 solution of Legendre’s equation. 

∴             𝑐
𝑑𝑛𝑣

𝑑𝑥𝑛
= 𝑝𝑛(𝑥)  

Where c is a constant. 

But                𝑣 = (𝑥2 − 1)𝑛(𝑥 − 1)𝑛 

So that          
𝑑𝑛𝑣

𝑑𝑥𝑛
= (𝑥 + 1)𝑛

𝑑𝑛

𝑑𝑥𝑛
(𝑥 − 1)𝑛 + 𝑛𝐶1  . 𝑛(𝑥 + 1)

𝑛−1.
𝑑𝑛−1

𝑑𝑥𝑛
(𝑥 + 1)𝑛…… .+(𝑥 − 1)𝑛

𝑑𝑛

𝑑𝑥𝑛
(𝑥 +

1)𝑛 = 0 

When 𝑥 = 1,   
𝑑𝑛𝑣

𝑑𝑥𝑛
= 2𝑛. 𝑛! 

           All the other terms disappear as (𝑥 − 1) is a factor in every term except first. 

           Therefore when 𝑥 = 1, (4) gives 



𝐶. 2𝑛. 𝑛! = 𝑃𝑛(1) = 1                  𝑃𝑛(1) = 1 

𝐶 =
1

2𝑛. 𝑛!
 

Substituting the value of C from (1) in (5) we have  

𝑃𝑛(𝑥) =
1

2𝑛. 𝑛!

𝑑𝑛𝑣

𝑑𝑥𝑛
 

𝑃𝑛(𝑥) =
1

2𝑛. 𝑛!

𝑑𝑛

𝑑𝑥𝑛
(𝑥2 − 1)𝑛 
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Rodigue’s Formula 

 

Example 1. Let 𝑃𝑛(𝑥) be the Legendre polynomial of degree 𝑛. Show that for any function, 

𝑓(𝑥), for which the 𝑛𝑡ℎ derivative is continuous, 

     ∫
1

−1
𝑓(𝑥)𝑃𝑛(𝑥)𝑑𝑥 =  

(−1)𝑛

2𝑛𝑛!
∫
1

−1
(𝑥2 − 1)𝑛𝑓𝑛(𝑥)𝑑𝑥 

 

Solution: 

∫
1

−1

𝑓(𝑥)𝑃𝑛(𝑥)𝑑𝑥 = ∫
1

−1

𝑓(𝑥).
1

2𝑛𝑛!

𝑑𝑛

𝑑𝑥𝑛
(𝑥𝑛 − 1)𝑛𝑑𝑥 

                                                                                [𝑃𝑛(𝑥) =
1

2𝑛𝑛!

𝑑𝑛

𝑑𝑥𝑛
(𝑥2 − 1)𝑛] 

                                                 

 

                                                                       =
1

2𝑛𝑛!
∫
+1

−1
𝑓(𝑥).

𝑑𝑛

𝑑𝑥𝑛
(𝑥2 − 1)𝑛𝑑𝑥 

 

Integrating by parts, we get  

=
1

2𝑛𝑛!
[𝑓(𝑥).

𝑑𝑛−1

𝑑𝑥𝑛−1
(𝑥2 − 1)𝑛 −∫ 𝑓′(𝑥)

𝑑𝑛−1

𝑑𝑥𝑛−1
(𝑥2 − 1)𝑛𝑑𝑥]−1

1  

                  = 1

2𝑛𝑛!
[0 − ∫

+1

−1
𝑓′(𝑥)

𝑑𝑛−1

𝑑𝑥𝑛−1
(𝑥2 − 1)𝑛𝑑𝑥] 

                       =
(−1)

2𝑛𝑛!
∫
+1

−1
𝑓′(𝑥)

𝑑𝑛−1

𝑑𝑥𝑛−1
(𝑥2 − 1)𝑛𝑑𝑥 

Again integrating by parts, we have 

                           =
(−1)2

2𝑛𝑛!
[𝑓′(𝑥)

𝑑𝑛−1

𝑑𝑥𝑛−1
(𝑥2 − 1)𝑛 − ∫  

 

 
𝑓′′(𝑥)

𝑑𝑛−2

𝑑𝑥𝑛−2
(𝑥2 − 1)𝑛𝑑𝑥]−1

+1 

                        =
(−1)𝑛

2𝑛𝑛!
∫
+1

−1
𝑓′′(𝑥)

𝑑𝑛−2

𝑑𝑥𝑛−2
(𝑥2 − 1)𝑛𝑑𝑥 

Integrating (n-2) times, by parts, we get 

                              =
(−1)𝑛

2𝑛𝑛!
∫
+1

−1
𝑓𝑛(𝑥)(𝑥2 − 1)𝑛𝑑𝑥                                Proved. 



Example 2.Show that if m<n, 

∫  
1

−1

𝑥𝑚𝑃𝑛(𝑥)𝑑𝑥 = 0 

                                       and 

∫  
1

−1

𝑥𝑛𝑃𝑛(𝑥)𝑑𝑥 =
2𝑛+1(𝑛!)2

(2𝑛 + 1)!
 

 

Solution:  

               Rodrigue’s formula is 

 

𝑃𝑛(𝑥) =
1

2𝑛(𝑛)!

𝑑𝑛

𝑑𝑥𝑛
(𝑥2 − 1)𝑛 

                                               

  Now,                 ∫  
1

−1
 𝑥𝑚𝑃𝑛(𝑥)𝑑𝑥 =

1

2𝑛𝑛!
∫
1

−1
𝑥𝑚

𝑑𝑛

𝑑𝑥𝑛
(𝑥2 − 1)𝑛𝑑𝑥 

                        =
1

2𝑛𝑛!
[𝑥𝑚

𝑑𝑛−1

𝑑𝑥𝑛−1
(𝑥2 − 1)𝑛]−1

1 −
1

2𝑛𝑛!
∫
1

−1
𝑚𝑥𝑚−1

𝑑𝑛−1

𝑑𝑥𝑛−1
(𝑥2 −

1)𝑛𝑑𝑥 

                        = 0 −
𝑚

2𝑛𝑛!
∫  
1

−1
𝑥𝑚−1

𝑑𝑛−1

𝑑𝑥𝑛−1
(𝑥2 − 1)𝑛𝑑𝑥 

                        = (−1)𝑚
𝑚!

2𝑛𝑛!
∫  
1

−1

𝑑𝑛−𝑚

𝑑𝑥𝑛−𝑚
(𝑥2 − 1)𝑛𝑑𝑥  

                                                                                           𝑠𝑖𝑛𝑐𝑒 𝑚 < 𝑛      … (1) 

                                                                                       Integrating by parts m times 

                         = (−1)𝑚
𝑚!

2𝑛𝑛!
[
𝑑𝑛−𝑚−1

𝑑𝑥𝑛−𝑚−1
(𝑥2 − 1)𝑛]−1

1  

                         = 0 

 



Again in the second part, m=n; therefore proceeding as above integrating by parts n times, we 

get, 

 

 

∫  
1

−1

𝑥𝑛𝑃𝑛(𝑥)𝑑𝑥 =
(−1)𝑛𝑛!

2𝑛𝑛!
∫
1

−1

𝑑𝑛−𝑚

𝑑𝑥𝑛−𝑚
(𝑥2 − 1)2𝑑𝑥 

                          =
1

2𝑛
∫  
1

−1
(1 − 𝑥2)𝑛𝑑𝑥 

                          =
2

2𝑛
∫  
1

0
(1 − 𝑥2)𝑛𝑑𝑥 

                          =
2

2𝑛
∫  
𝜋

2
0
𝑐𝑜𝑠2𝑛𝜃𝑐𝑜𝑠𝜃 𝑑𝜃         where x = sinθ 

                              = 
2

2𝑛

Г(𝑛+1)Г(
1

2
)

2Г(
2𝑛+3

2
)

 

                         =
2𝑛+1 .𝑛!.𝑛!

2𝑛(2𝑛+1)(2𝑛−1)(2𝑛−3)…….3.1.𝑛.(𝑛−1)(𝑛−2)…..2.1
 

                                      Expanding Г(
2𝑛+3

2
) and multiplying numerator and denominator by n! 

                              =
2𝑛+1(𝑛!)2

(2𝑛+1)(2𝑛−1)(2𝑛−3)………3.1.2𝑛.(2𝑛−2)(2𝑛−4)…..4.2
 

                    =
2𝑛+1(𝑛!)2

(2𝑛+1)!
 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SUBMITTED BY 

Md Mahedi Hasan Asif  

Roll  :1800057 

Section : A 

Session : 2018-2019 

Subject : Math 2101 

Topic : LEGENDRE POLYNOMIALS 



Legendre Polynomials 

         

    𝑝𝑛(x) = 
1

2𝑛.𝑛!
 . 
𝑑𝑛

𝑑𝑥𝑛
(𝑥2 − 1)   𝑛              (Rodrigue’s formula) 

If n = 0,  𝑝0(x) = 
1

20.0!
 = 1 

If n=1,   𝑝1(x) = 
1

21.1!

𝑑

𝑑𝑥
(𝑥2 − 1) = 

1

2
(2x) = x 

If n=2,   𝑝2(x) = 
1

22.2!

𝑑2

𝑑𝑥2
(𝑥2 − 1) 2 =  

1

8
 
𝑑

𝑑𝑥
[2(𝑥2 − 1)(2𝑥)] 

                        = 
1

2
[(𝑥2 − 1).1+2x.x] =  

1

2
(3𝑥2 − 1) 

Similarly,  𝑝3(x) = 
1

2
(5𝑥3-3x) 

                   𝑝4(x) = 
1

8
(35𝑥4-30𝑥2 + 3) 

                  𝑝5(x) = 
1

8
(63𝑥5-70𝑥3+15x) 

𝑝6(x) = 
1

16
(231𝑥6 − 315𝑥4 + 105𝑥2 − 5) 

        ………………………………………………. 

𝑝𝑛(x) = ∑
(−1)𝑟(2𝑛−2𝑟)!

2𝑛.𝑟!(𝑛−𝑟)!(𝑛−2𝑟)!
𝑁
𝑟=0  𝑥𝑛−2𝑟  

Where         N = 
𝑛

2
 if n is even. 

                      N = 
1

2
(n-1) if  is odd. 



 

 

Note.  we can evaluate 𝑝𝑛(x) by expanding (𝑥2 − 1)𝑛 by 

Binomial theorem. 

(𝑥2 − 1)𝑛 = ∑ 𝒏𝑪𝒓(𝒙
𝟐)𝒏−𝒓(−𝟏)𝒓 𝑟=𝑛

𝑟=0   

                   = ∑ (−𝟏)𝒓
𝒏!

𝒓!(𝒏−𝒓)!
𝒙𝟐𝒏−𝟐𝒓𝑟=𝑛

𝑟=0  

𝑝𝑛(x) = 
1

𝟐𝒏.𝑛!

𝑑𝑛

𝑑𝑥𝑛
(𝑥2 − 1)𝑛  

          = 
1

𝟐𝒏.𝑛!
∑ (−𝟏)𝒓

𝒏!

𝒓!(𝒏−𝒓)!

𝑑𝑛

𝑑𝑥𝑛
𝒙(𝟐𝒏−𝟐𝒓)𝑟=𝑛

𝑟=0      

          =∑
(−𝟏)𝒓(2𝑛−2𝑟)!

2𝒏.𝑟!(𝑛−𝑟)!(𝑛−2𝑟)!
𝑥𝒏−𝟐𝒓𝑁

𝑟=0  

Either 𝑥0 or 𝑥1 is in the last term. 

           n-2r = 0 or r = 
𝑛

2
                (n is even) 



or       n-2r = 1 or r = 
1

2
(n-1)        (n is odd) 

 

Ex-1. Express f(x) = 4x𝟑 + 6x𝟐 + 7𝑥 + 2 in terms of Legendre  

Polynomials. 

Solution. Let  

       4x3 + 6x2 + 7𝑥 +2 ≡ a 𝑃3(x)+b𝑃2(x)+c𝑃1(x)+d𝑃0(x) …(1) 

                                   ≡ a (
5𝑥3

2
 - 
3𝑥

2
)+b(

3𝑥2

2
−
1

2
)+c(x)+d(1) 

                                   ≡ 
5𝑎𝑥3

2
 - 
3𝑎𝑥

2
+
3𝑏𝑥2

2
 - 
𝑏

2
+cx+d 

                                   ≡ 
5𝑎𝑥3

2
+
3𝑏𝑥2

2
+(
−3𝑎

−2
+c)x- 

𝑏

2
+d. 

Equating the coefficients of like powers of x, we have 

                             4 = 
5𝑎

2
, or a = 

8

5
 

                                   6 = 
3𝑏

2
 or b = 4 

                                   7 = 
−3𝑎

2
+c   or  7 = 

−3

2
(
8

5
)+c  or  c = 

47

5
 

                                   2 = 
−𝑏

2
+ 𝑑 or  2 = 

−4

2
+d or d = 4 

Putting the values of a,b,c,d in (1), we get 

                      4𝑥3+6𝑥2+7x+2 = 
8

5
𝑃3(x)+4𝑃2(x)+ 

47

5
𝑃1(x)+4𝑃0(x)                                                  

                                                                                                       Ans. 

 



 

Example-2.       Prove that P
n

(1)=1 

Solution.   We know that 

             (1-2xz+z2 )-1/2 =1+zP1 (x)+z2 P2 (x)+z3 P3 (x)+…zn Pn  (x)+… 

Substituting1 for x in the above equation,we get 

             (1-2z+z2 )-1/2 =1+zP1 (1)+z2 P2 (1)+z3 P3 (1)+…zn Pn  (1) 

          [(1-z)
2

]
-1/2 =∑∞𝑛=0 𝑧𝑛𝑝𝑛(1) or(1-z)-1 =∑𝑧𝑛𝑝𝑛(1)  

or 

          ∑𝑧𝑛𝑝𝑛(1)=(1-z)-1 =1+z2 +z3+…+zn+… 

Equating the coefficients zn on both sides we get 

p
n   (1)=1                         Proved 

Example-3.     Show that 

(i) P2n (0)=(-1)n 1.3.5…(2𝑛−1)

2.4.6…2𝑛
            (ii)  P2n +1 (0)=0. 

 

Solution.     We know that 

 

∑𝑧2𝑝2𝑛(𝑥)=(1-2xz+z2 )-1/2 

 

           ∑𝑧2𝑝2𝑛(0)
 =(1+z2  )-1/2           



 

=1+(-1/2)z2+(−1/2)

2!
  (z2 )+

(−
1

2
)(−

3

2
)(−

5

2
)

3!
(z2 )3 

+…+
(−

1

2
)(−

3

2
)(−

5

2
)…(−

1

2
−𝑛+1)

𝑛!
  ( z2)n +… 

 

Equating the coefficient of z2n  both sides we get 

p
2n (0)=

(−
1

2
)(−

3

2
)−(

5

2
)…(−

1

2
−𝑛+1)

𝑛!
 

=(-1)
n 1.3.5…(2𝑛−1)

2𝑛.𝑛!
 

 

    
=(-1)

n  1.3.5…(2𝑛−1)

2.4.6.8…2𝑛
                      Proved 

 

coefficient of         P2n +1 (0)=0.         Proved 
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A GENERATING FUNCTION OF LEGENDRE'S POLYNOMIAL 

Prove that 𝑃𝑛(x) is the coefficient of 𝑧𝑛 in the expansion of  

(1 −  2xz + 𝑧2) −1/2 in ascendig powers of z. 

 Proof. (1 −  2xz + 𝑧2) −1/2 =  [1 − z(2x − z)]−1/2 

                                              = 1+
1

2
z(2x-z)+ 

−
1

2
(−

3

2
)

2!
𝑧2(2𝑥 − 𝑧)2+…. 

                                +
−
1

2
(−

3

2
)(−

5

2
)…(−

1

2
−𝑛+1)

𝑛!
(−𝑧𝑛)(2𝑥 − 𝑧)𝑛+… …(1) 

Now coefficient of 𝑧𝑛 in 

(−
1
2
) (−

3
2) (

−
5
2)
… (−

1
2
− 𝑛 + 1)

𝑛!
(−𝑧𝑛)(2𝑥 − 𝑧)𝑛 

                     = 
(−

1

2
)(−

3

2
)(−

5

2
)…(−

1

2
−𝑛+1)

𝑛!
(−1𝑛)(2𝑥)𝑛 

                     = 
1.3.5…(2𝑛−1)

2𝑛.𝑛!
(2)𝑛. 𝑥𝑛 

                     = 
1.3.5…(2𝑛−1)

𝑛!
 𝑥𝑛 

Coefficient of 𝑧𝑛 in 

(−
1
2
) (−

3
2) (

−
5
2)
… (−

1
2
− 𝑛 + 2)

(𝑛 − 1)!
(−𝑧)𝑛−1(2𝑥 − 𝑧)𝑛−1 

           =
(−

1

2
)(−

3

2
)(−

5

2
)…(−

1

2
−𝑛+2)

(𝑛−1)!
(−1)𝑛−1[−(𝑛 − 1)(2𝑥)𝑛−2] 

           = 
1.3.5…(2𝑛−3)

2𝑛−1.(𝑛−1)!
(2)𝑛−2(𝑛 − 1)𝑥𝑛−1 

        = 
1.3.5…(2𝑛−3)

2.(𝑛−1)!
(𝑛 − 1)𝑥𝑛−2 

        = 
1.3.5…(2𝑛−3)

2.(𝑛−1)!
.
(2𝑛−1)

(2𝑛−1)
(𝑛 − 1)𝑥𝑛−2 

        = 
1.3.5…(2𝑛−3)(2𝑛−1)

𝑛!
.
𝑛(𝑛−1)

2(2𝑛−1)
𝑥𝑛−2 



Coefficient of 𝑧𝑛 in 

(−
1
2
) (−

3
2) (

−
5
2)
… (−

1
2
− 𝑛 + 3)

(𝑛 − 2)!
𝑧𝑛−2(2𝑥 − 𝑧)(𝑛−2) 

                = 
(−

1

2
)(−

3

2
)(−

5

2
)…(−

1

2
−𝑛+3)

(𝑛−2)!
. (−1)𝑛−2.

(𝑛−2)(𝑛−3)

2!
(2𝑥)𝑛−4 

               = 
1.3.5…(2𝑛−5)

2𝑛−2(𝑛−2)!
.
(𝑛−2)(𝑛−3)

2!
(2𝑥)𝑛−4 

               = 
1.3.5…(2𝑛−5)(2𝑛−3)(2𝑛−1)

4(𝑛−2)!
.

(𝑛−2)(𝑛−3)

2(2𝑛−3)(2𝑛−1)
𝑥𝑛−4 

               = 
1.3.5…(2𝑛−1)

4𝑛(𝑛−1)(𝑛−2)!
.
𝑛(𝑛−1)(𝑛−2)(𝑛−3)

2(2𝑛−3)(2𝑛−1)
𝑥𝑛−4 

               = 
1.3.5…(2𝑛−1)

𝑛!
.
𝑛(𝑛−1)(𝑛−2)(𝑛−3)

2.4(2𝑛−3)(2𝑛−1)
𝑥𝑛−4 

And so on. 

        Thus coefficient of 𝑧𝑛 in the expansion of (1) 

      = 
1.3.5…(2𝑛−1)

𝑛!
. [𝑥𝑛 −

𝑛(𝑛−1)

2(2𝑛−1)
𝑥𝑛−2+

𝑛(𝑛−1)(𝑛−2)(𝑛−3)

2.4(2𝑛−3)(2𝑛−1)
𝑥𝑛−4-…] 

      = 𝑃𝑛(x) 

Thus coefficients of z, 𝑧2, 𝑧3 … etc. in (1) are 𝑃1(𝑥), 𝑃2(𝑥), 𝑃3(x)…. 

Hence  

   (1 − 2xz + 𝑧2)−1/2 = 𝑃0(𝑥) + 𝑧𝑃1(𝑥) + 𝑧
2𝑃2(𝑥) +

                                              𝑧3𝑃3(x)+….+ 𝑧𝑛𝑃𝑛(𝑥)+… 

i.e.,  (1 − 2xz + 𝑧2)−1/2 = ∑ 𝑃𝑛(𝑥).
𝑛=∞
𝑛=0 𝑧𝑛.                   

                                                                                                Proved. 
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Orthogonality of Legendre Polynomials 

 

The Legendre polynomials Pm(x) and Pn(x) are said to be orthogonal in the interval −1 ≤ x ≤ 1 

provided 

∫ 𝑃
1

−1
 m(x) Pn(x) dx = 0                                                                                                                   m ≠ n 

First Method: 

The Legendre’s equation can be written as , 

𝑑

𝑑𝑥
{ (1 − 𝑥2) 

𝑑𝑦

𝑑𝑥
 } + n(n+1)y=0 

Since Pn is a solution of the equation ,we have 

 

                             
𝑑

𝑑𝑥
{ (1 − 𝑥2) 

𝑑𝑃𝑛

𝑑𝑥
 } + n(n+1) Pn =0                     ……………………………………….. (1) 

Similarly, 

 

                                    
𝑑

𝑑𝑥
{ (1 − 𝑥2) 

𝑑𝑃𝑚

𝑑𝑥
 } +m(m+1) Pm =0           …………………………………….. (2) 

 

Multiplying (1) b Pm (2) by Pn and then subtracting ,we get when m ≠ n, 

 

                     𝑃𝑚
𝑑

𝑑𝑥
{ (1 − 𝑥2) 

𝑑𝑃𝑛

𝑑𝑥
 }   −   𝑃𝑛

𝑑

𝑑𝑥
{ (1 − 𝑥2) 

𝑑𝑃𝑚

𝑑𝑥
 }  + Pm Pn[ n(n+1) - m(m+1) 

]=0………... (3) 

Now, 

=∫  
1

−1
𝑃𝑚

𝑑

𝑑𝑥
{ (1 − 𝑥2) 

𝑑𝑃𝑛

𝑑𝑥
 }  dx 

=[ Pm(1-x2) 
𝑑𝑃𝑛

𝑑𝑥
]−1
  1

 - ∫  
1

−1

𝑑𝑃𝑚

𝑑𝑥
(1 − 𝑥2)

𝑑𝑃𝑛

𝑑𝑥
 𝑑𝑥     

                                                                               ……………………………………………………  integrating by 

parts. 

=∫  
1

−1

𝑑𝑃𝑛

𝑑𝑥
.
𝑑𝑃𝑚

𝑑𝑥
(1 − 𝑥2) 𝑑𝑥 



and 

∫  
1

−1
𝑃𝑛

𝑑

𝑑𝑥
{ (1 − 𝑥2) 

𝑑𝑃𝑚

𝑑𝑥
 } dx = -∫  

1

−1

𝑑𝑃𝑚

𝑑𝑥
.
𝑑𝑃𝑛

𝑑𝑥
(1 − 𝑥2) 𝑑𝑥 

 

Integrating now (3) w.r.t x, we get 

 

∫𝑃𝑚
𝑑

𝑑𝑥
{ (1 − 𝑥2) 

𝑑𝑃𝑛

𝑑𝑥
 } 𝑑𝑥 - ∫𝑃𝑛

𝑑

𝑑𝑥
{ (1 − 𝑥2) 

𝑑𝑃𝑚

𝑑𝑥
 } 𝑑𝑥 + (n-m)(m+n+1) ∫ 𝑃𝑛𝑃𝑚𝑑𝑥 = 0 

 

Or, 

-∫  
1

−1

𝑑𝑃𝑚

𝑑𝑥
.
𝑑𝑃𝑛

𝑑𝑥
(1 − 𝑥2) 𝑑𝑥 + ∫  

1

−1

𝑑𝑃𝑚

𝑑𝑥
.
𝑑𝑃𝑛

𝑑𝑥
(1 − 𝑥2) 𝑑𝑥 +(n-m)( n+m+1) ∫ 𝑃𝑛𝑃𝑚𝑑𝑥 

1

−1
 = 0 

 

And this gives, 

          (n-m)(n+m+1) ∫ 𝑃𝑚𝑃𝑛𝑑𝑥 
1

−1
 = 0 

 

Or,   ∫ 𝑃𝑚𝑃𝑛𝑑𝑥 
1

−1
 = 0 

 

 

Second Method: 

From Rodrigue’s formula , we have  

Pn(x) =  
1

2𝑛!
 
𝑑𝑛

𝑑 𝑥𝑛
 (x2-1)n 

 

And, 

Pm(x) =  
1

2𝑚!
 
𝑑𝑚

𝑑 𝑥𝑚
 (x2-1)m 

 

without any loss of generality, we can suppose that m>n. 

Consider now, 



m,n =∫  
1

−1
Pm(x) Pn(x) dx      

       = 
1

2𝑚+𝑛(𝑚)!(𝑛)!
 ∫  
1

−1

𝑑𝑚

𝑑 𝑥𝑚
  (x2-1)m    

𝑑𝑛

𝑑 𝑥𝑛
 (x2-1)n dx 

      =  
1

2𝑚+𝑛(𝑚)!(𝑛)!
[ dm−1

d xm−1
  (x2-1)m    

dn

d xn
 (x2-1)n]−1 

  1  

    -  1

2𝑚+𝑛(𝑚)!(𝑛)!
 ∫  
1

−1

𝑑𝑚−1

𝑑 𝑥𝑚−1
  (x2-1)m    

𝑑𝑛+1

𝑑 𝑥𝑛+1
 (x2-1)n dx 

………………………………………Integrating by parts. 

    Now, 
dm−1

d xm−1
 in its every term contains factors (x-1) and (x+1) both.Hence in the limits -1 to 1 

, its every term vanishes. 

 

                 m,n =    -  
1

2𝑚+𝑛(𝑚)!(𝑛)!
 ∫  
1

−1

𝑑𝑚−1

𝑑 𝑥𝑚−1
  (x2-1)m    

𝑑𝑛+1

𝑑 𝑥𝑛+1
 (x2-1)n dx 

 

Integrating now (n -1) times times , we get 

              m,n =    -  
(−1)𝑛

2𝑚+𝑛(𝑚)!(𝑛)!
 ∫  
1

−1

𝑑𝑚−𝑛

𝑑 𝑥𝑚−𝑛
  (x2-1)m    

𝑑2𝑛

𝑑 𝑥2𝑛
 (x2-1)n dx 

But, 

            
𝑑2𝑛

𝑑 𝑥2𝑛
 (x2-1)n dx = (2n)! 

 

 

So,  

             m,n =
(−1)𝑛 (2𝑛)!

2𝑚+𝑛 (𝑚)!(𝑛)! 
 ∫  
1

−1
(x2-1)m dx 

           =
(−1)𝑛 (2𝑛)!

2𝑚+𝑛 (𝑚)!(𝑛)! 
   [ dm−n−1

d xm−n−1
  (x2-1)m  ]−1 

  1  

         =0 
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Orthogonality of Legendre Polynomials 

 

Example 1: Prove that,∫  
+1

1
  ∣ 𝑃𝑛(𝑥)/

2𝑑𝑥 =
2

2𝑛+1
 

Solution: We know that, 

(1 − 2𝑥𝑧 + 𝑧2)−1/2 = 𝛴2𝑛𝑃𝑛(𝑥) 

 

Squaring both sides we get, 

(1 − 2𝑥𝑧 + 𝑧2)1 = 𝛴𝑧2𝑛𝑃𝑛
2(𝑥) + 2𝛴𝑧𝑚+𝑛𝑃𝑚(𝑥) ⋅ 𝑃𝑛(𝑥) 

 

Integrating both sides between -1 and +1, we have  

 

∫
+1

−1

 𝛴𝑧2𝑛 ⋅ 𝑃𝑛
2(𝑥)𝑑𝑥 + ∫

+1

1

 2𝛴𝑧𝑚+𝑛 ⋅ 𝑃𝑚(𝑥) ⋅ 𝑃𝑛(𝑥)𝑑𝑥

= ∫
+1

−1

  (1 − 2𝑥𝑧 + 𝑧2)1𝑑𝑥 ∫
+1

1

 𝛴𝑧2𝑛𝑃𝑛
2(𝑥)𝑑𝑥 + 0 = ∫

+1

1

 
1

1 − 2𝑥 + 𝑧2
𝑑𝑥 𝑜𝑟,

∑𝑧2𝑛∫
+1

−1

 𝑃𝑛
2(𝑥)𝑑𝑥 = −

1

2𝑧
[𝑙𝑜𝑔 𝑙𝑜𝑔 (1 − 2𝑥𝑧 + 𝑧2) ]1

+1                                      

= −
1

2𝑧
𝑙𝑜𝑔 

1 − 2𝑧 + 𝑧2

1 + 2𝑧 + 𝑧2
= −

1

2𝑧
𝑙𝑜𝑔 (

1 − 𝑧

1 + 𝑧
)
2

 =
1

𝑧
𝑙𝑜𝑔 

1 + 𝑧

1 − 𝑧

=
1

𝑧
[𝑙𝑜𝑔 (1 + 𝑧) − 𝑙𝑜𝑔 (1 − 𝑧)]  

 

=
1

𝑧
[(𝑧 −

𝑧2

2
+
𝑧3

3
−
𝑧4

4
+⋯+

𝑧2𝑛+1

2𝑛 + 1
+⋯)− (−𝑧 −

𝑧2

2
−
𝑧3

3
−
𝑧4

4
−⋯−

𝑧2𝑛 + 1

2𝑛 + 1
−⋯)]  

=
2

𝑧
[𝑧 +

𝑧3

3
+
𝑧5

5
+⋯+

𝑧2𝑛+1

2𝑛 + 1
+⋯] = 2 [1 +

𝑧2

3
+
𝑧4

5
+⋯+

𝑧2𝑛

2𝑛 + 1
+⋯]  

 

Equating the coefficient of Z2n on both sides, we have 

 

∫  
+1

−1

  [𝑃𝑛(𝑥)]
2𝑑𝑥 =

2

2𝑛 + 1
  𝐻𝑒𝑛𝑐𝑒 ∫  

+1

−1

 𝑃3
2(𝑥)𝑑𝑥 =

2

2 × 3 + 1
=
2

7
  

                                                                                                   

 

Proved. 



Example 2: Assuming that a polynomial f(x) of degree n can be written as 

𝑓(𝑥) =∑ 

1

0

 𝐶𝑚𝑃𝑚(𝑥) 𝐶𝑚 =
2𝑚 + 1

2
∫  
1

1

 𝑓(𝑥)𝑃𝑚(𝑥)𝑑𝑥  

Solution:𝑓(𝑥) = ∑0  𝐶𝑚𝑃𝑚(𝑥)  = 𝐶0𝑃0(𝑥) + 𝐶1𝑃1(𝑥) + 𝐶2𝑃2(𝑥) + 𝐶3𝑃3(𝑥)  + 𝐶4𝑃4(𝑥) +

⋯+ 𝐶𝑚𝑃𝑚(𝑥) + ⋯  

Multiplying both sides with Pm(x) we get 

𝑃𝑚(𝑥)𝑓(𝑥) = 𝐶0𝑃0(𝑥)𝑃𝑚(𝑥) + 𝐶1𝑃1(𝑥)𝑃𝑚(𝑥) + 𝐶2𝑃2(𝑥)𝑃𝑛(𝑥) + ⋯+ 𝐶𝑚𝑃𝑚
2(𝑥)

+⋯  ∫  
+1

−1

 𝑓(𝑥)𝑃𝑚(𝑥)𝑑𝑥

= ∫  
+1

−1

 [𝐶0𝑃0(𝑥)𝑃𝑚(𝑥) + 𝐶1𝑃1(𝑥)𝑃𝑚(𝑥)  + 𝐶2𝑃2(𝑥)𝑃𝑚(𝑥) + ⋯+ 𝐶𝑚𝑃𝑚
2(𝑥)

+⋯ ]𝑑𝑥 = [0 + 0 +⋯+ 𝐶𝑚
2

2𝑚 + 1
+⋯ ] =

2𝐶𝑚
2𝑚 + 1

  

𝐶𝑚 =
2𝑚 + 1

2
∫  
+1

1

 𝑓(𝑥)𝑃𝑚(𝑥)𝑑𝑥 

 

         

 

 

 

 

 

 

Show that 

Proved 
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Orthogonality of Legendre Polynomials 

 

Example 3. Using Rodrigues formula for Legendre function, prove that ∫ 𝑥𝑚
+1

−1
 𝑃𝑛 (𝑥) 𝑑𝑥 = 0,  

where m, n are positive integers and m < n.  

 

Solution: 

∫ 𝑥𝑚 𝑃𝑛 (𝑥) 𝑑𝑥 =  ∫ 𝑥𝑚
1

2𝑛 𝑛!
 

+1

−1

+1

−1

𝑑𝑛

𝑑𝑥𝑛
 (𝑥2 − 1)𝑛 𝑑𝑥 

=
1

2𝑛 𝑛!
  ∫ 𝑥𝑚

𝑑𝑛

𝑑𝑥𝑛
 (𝑥2 − 1)𝑛 𝑑𝑥

+1

−1

 

 

On integrating by part we get, 

 

=
1

2𝑛 𝑛! 
[{ 𝑥𝑚

𝑑𝑛−1

𝑑𝑥𝑛−1
 (𝑥2 − 1)𝑛}

−1

+1

− ∫ 𝑚𝑥𝑚−1
𝑑𝑛−1

𝑑𝑥𝑛−1
 (𝑥2 − 1)𝑛𝑑𝑥]

+1

1

 

= 0 −
𝑚

2𝑛 𝑛!
 ∫ 𝑥𝑚−1

𝑑𝑛−1

𝑑𝑥𝑛−1
 (𝑥2 − 1)𝑛 𝑑𝑥

+1

−1

 

 

 

∫ 𝑥𝑚  𝑃𝑛 (𝑥) 𝑑𝑥 =  −
 (−1)2𝑚(𝑚 − 1)

2𝑛 𝑛!
 ∫ 𝑥𝑚−2 

𝑑𝑛−2

𝑑𝑥𝑛−2
 (𝑥2 − 1)𝑛 𝑑𝑥

+1

−1

+1

−1

 

 

Integrating m 2 times we get,  

= (−1)𝑚  
𝑚(𝑚 − 1)…1

2𝑛 𝑛!
 ∫

𝑑𝑛−𝑚

𝑑𝑥𝑛−𝑚
 (𝑥2 − 1)𝑛 𝑑𝑥

+1

−1

=
(−1)𝑚 𝑚!

2𝑛 𝑛! 
  ∫

𝑑𝑛−𝑚

𝑑𝑥𝑛−𝑚
 (𝑥2 − 1)𝑛 𝑑𝑥

+1

−1

 

                   =
(−1)𝑚 𝑚!

2𝑛 𝑛! 
 [ 

𝑑𝑛−𝑚−1

𝑑𝑥𝑛−𝑚−1
 (𝑥2 − 1)𝑛 ]

−1

+1

= 0     

                                                                                                                                                         (Proved) 
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LEGENDRE POLYNOMIALS 
 

 

Recurrence Formulae For 𝑷𝒏(𝒙) 
Case 1 : 

Formula I. 𝑛𝑃𝑛 = (2𝑛 − 1)𝑥𝑃𝑛−1 − (𝑛 − 1)𝑃𝑛−2 

Solution. We know that (1-2xz+𝑧2)−1/2 = ∑𝑧𝑛𝑃𝑛(𝑥) 
 

Differentiating w.r.t. ‘z’, we get 

 

-
1

2
(1 − 2𝑥𝑧 + 𝑧2)−

3

2(−2𝑥 + 2𝑧) = ∑𝑛𝑧𝑛−1𝑃𝑛(𝑥) 

 

Multiplying both sides by (1-2xz+𝑧2), 𝑤𝑒 𝑔𝑒𝑡 
 

(1 − 2xz + 𝑧2)−
1

2(𝑥 − 𝑧) = (1 − 2xz + 𝑧2)∑ 𝑛𝑧𝑛−1 𝑃𝑛(𝑥)  
 

(𝑥 − 𝑧)∑ 𝑧𝑛 𝑃𝑛(𝑥) = (1 − 2xz + 𝑧2)∑ 𝑛𝑧𝑛−1 𝑃𝑛(𝑥)                
          ...(1) 

Equating the coefficients of 𝑧𝑛−1 from both sides, we get 

 

𝑥𝑃𝑛−1 − 𝑃𝑛−2 = 𝑛𝑃𝑛 − 2𝑥(𝑛 − 1)𝑃𝑛−1 + (𝑛 − 2)𝑃𝑛−2  

 

or    

   n𝑃𝑛 = (2𝑛 − 1)𝑥𝑃𝑛−1 − (𝑛 − 1)𝑃𝑛−2                         Proved 

 

 

Formula II.  x𝑃𝑛́ − 𝑃́𝑛−1 = 𝑛𝑃𝑛 

 

Solution. We know that (1-2xz+𝑧2)−
1

2 = ∑𝑧𝑛𝑃𝑛(𝑥) 
                                                                                                            ...(1) 

Differentiating (1) with respect to z, we get 

-
1

2
(1 − 2𝑥𝑧 + 𝑧2)−3/2(−2𝑥 + 2𝑧) = ∑𝑛𝑧𝑛−1𝑃𝑛(𝑥) 

or  (x-z)(1-2xz+𝑧2)
3

2= ∑𝑛𝑧𝑛−1𝑃𝑛(𝑥)           
 

                                                                                                              ...(2) 

Differentiating (1) with respect to x, we get 

 

-
1

2
(1 − 2𝑥𝑧 + 𝑧2)−3/2(−2𝑧) = ∑𝑧𝑛𝑃́𝑛(𝑥) 

or   z(1-2xz+𝑧2)−
3

2 = ∑𝑧𝑛𝑃́𝑛(𝑥) 
 



Dividing (2) by (3), we get 

 
𝑥−𝑧

𝑧
=

∑𝑛𝑧𝑛−1𝑃𝑛(𝑥)

∑𝑧𝑛𝑃́𝑛(𝑥)
  

 

Or 

 

(x-z)∑𝑧𝑛 𝑃́𝑛(𝑥) = ∑𝑛𝑧
𝑛𝑃𝑛(𝑥)                                     ...(3) 

 

Equating coefficients of 𝑧𝑛 from both sides, we get 

 

x𝑃́𝑛(𝑥) − 𝑃́𝑛−1(𝑥) = 𝑛𝑃𝑛(𝑥)                                              proved 
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Recurrence Formulae 

Formula III. P’n- xP’ n-1 = nPn-1 

Solution: 
            
                 nPn-1 =(2n-1)xP n-1 -(n-1)P n-2      (Recurrence formula I) 

 

Defferentiating the above formula w.r.t ‘x’, we get 
 
               nP' n=(2n-1)P n-1 +(2n-1)P’n-1-(n-1)P’n-2 
           Or            n|P n’-xP’ n-1|-(n-1)|xP’ n-1 -P’ n-2|=(2n-1)P n-1  
           Or            n|P’ n--xP’ n-1|-(n-1)|(n-1)P’ n-1 -P’|=(2n-1)P n-1 
 
From formula II 
           n|P’ n-xP’ n-1|=(n-1)2+(2n-1)P n-1 =nP n-1 

           P’n -x P’n-1 =nPn-1          

                                (Proved) 

     

Formula IV. P’n+1-P’n-1 = (2n+1)Pn 

 Solution:     

                    nPn =(2n-1)xPn-1 -(n-1)Pn-2 

    Replacing n by (n+1) 

                      (n+1)Pn+1 =(2n+2-1)xPn-nPn-1 

                Or   (n+1)Pn+1=(2n+1)xPn-nPn-1                                                                                ….....(1) 

 Differentiating (1) w.r.t ‘x’,we get 

                     (n+1)P’n+1=(2n+1)Pn+(2n+1)xPn’-nP’n-1                                                                ….....(2) 

                       x P’n-P’n-1=nPn                     (Recurrence formula II)                                     …......(3) 

        Substituting the value of x p’ from (3) into (2) we get 

                    (n+1)P’ n+1 =(2n+1)Pn-+(2n+1)|nPn-+P’ n+1|-nP’n-1 

    Or           (n+1)P’ n+1-(n+1)P’ n-1 =(2n+1)P n 

    Or           P’ n+1-P’n-1=(2n+1)Pn 

                                                         (Proved)                            

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SUBMITTED BY 

Jannatul Ferdousi Jyoti  

Roll  : 1600097 

Section : C 

Session : 2016-2017 

Subject : Math 2101 

Topic : Recurrence Formulae 



 

 

Recurrence Formulae 
Recurrence Formulae For 𝑷𝒏(𝒙) 
Case 3 : 

Formula V. (𝑥2 − 1)𝑃́𝑛 = 𝑛[𝑥𝑃𝑛 − 𝑃𝑛 − 1] 

Solution : 𝑃́𝑛 − 𝑥𝑃́𝑛−1 = 𝑛𝑃𝑛 − 1                 ...(1) 

𝑥𝑃́𝑛 − 𝑃́𝑛−1 = n𝑃𝑛                                         ... (2) 

 

Multiplying (2) by x and subtracting from (1), We get 

(1 − 𝑥2)𝑃́𝑛  =𝑛 (𝑃𝑛−1) − 𝑥𝑃𝑛                            Proved. 

 

 

 

 

Formula VI. (𝑥2 − 1)𝑃́𝑛 = (𝑛 + 1)(𝑃𝑛−1) − 𝑥𝑃𝑛 

 

Solution : n𝑃𝑛 = (2𝑛 − 1)𝑥𝑃𝑛−1 − (𝑛 − 1) 𝑃𝑛−2 

Replacing n by (n+1), we get 

(𝑛 + 1)𝑃𝑛+1 = (2𝑛 + 2 − 1)𝑥𝑃𝑛 − 𝑛𝑃𝑛−1  

(𝑛 + 1)𝑃𝑛+1 = (2𝑛 + 1)𝑥𝑃𝑛 − 𝑛𝑃𝑛−1  

 

which can be written as 

 

(𝑛 + 1)(𝑃𝑛+1 − 𝑥𝑃𝑛) = 𝑛(𝑥𝑃𝑛 − 𝑃𝑛−1)  

But  (𝑥2 − 1)𝑃́𝑛 = 𝑛(𝑥𝑃𝑛 − 𝑃𝑛−1)                ...(2) 

From (1) and (2) we get 

or (𝑥2 − 1)𝑃́𝑛 = (𝑛 + 1)(𝑃𝑛+1 − 𝑥𝑃𝑛)                        Proved. 

 

 

 

Example. Prove that 

 

∫ 𝑥2
+1

−1
𝑃𝑛+1(𝑥) 𝑃𝑛−1(𝑥)𝑑𝑥 = 

2𝑛(𝑛+1)

(2𝑛−1)(2𝑛+1)(2𝑛+3)
  

 

Solution : The recurrence formula I is 

2𝑛 + 1)𝑥𝑃𝑛 = (𝑛 + 1)𝑃𝑛+1 + 𝑛𝑃𝑛−1  

 

Replacing  n by (n+1) and (n-1), we have 

(2n+3)x 𝑃𝑛+1 = (𝑛 + 2)𝑃𝑛+2 + (𝑛 + 1)𝑃𝑛              ...(1) 

(2𝑛 − 1)𝑥𝑃𝑛−1 = 𝑛𝑃𝑛 + (𝑛 − 1)𝑃𝑛−2                      ...(2) 



 

 

Multiplying (1) and (2) and integration in the limits -1 to +1, we have 

 

(2𝑛 + 3)(2𝑛 − 1) ∫ 𝑥2
+1

−1
𝑃𝑛+1(𝑥) 𝑃𝑛−1(𝑥)𝑑𝑥 = 𝑛(𝑛 + 1) ∫ 𝑃𝑛

2 𝑑𝑥 + 𝑛(𝑛 +
1

1−

2) ∫ 𝑃𝑛.
+1

−1
𝑃𝑛+2dx 

+(𝑛2 − 1)∫ 𝑃𝑛
+1

−1
𝑃𝑛−2dx+(n-1) (n-2) ∫ 𝑃𝑛+2.

+1

−1
𝑃𝑛−2dx 

 

=𝑛(𝑛 + 1) ∫ 𝑃𝑛
2𝑑𝑥 + 0 + 0 + 0

1

−1
        

                

= n(n+1).
2

(2𝑛+1)
                             

    

or  ∫ 𝑥2
+1

−1
𝑃𝑛+1  𝑃𝑛−1𝑑𝑥 =

2𝑛(𝑛+1)

(2𝑛−1)(2𝑛+1)(2𝑛+3)
                                                                    Proved. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

THE END 
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Linear Differential Equation: 

A differential equation of the form- dnydxn + p1 dn−1ydxn−1 + p2 dn−2ydxn−2 + ⋯ + pny = X 

Where p1, p2, … pn and X are functions of x or constants, is called a linear differential equation 

of nth order. 

Here, p1, p2, … pn are all constants (not functions of x), and X is some function of x, then the 

equation is a linear differential equation with constant coefficients. 

 

The Operator D: 

It is usual to write-               D for 
ddx , D2 for 

d2dx2 , … , Dn for 
dndxn . 

And in terms of terms of the operator D the differential equation (1) can be written as  

 [Dn + p1Dn−1 + p2Dn−2 + ⋯ + pn]y = X 

It can be proved that D can be treated as an algebraic operator of quantity in several respects. 

 

A Theorem: 

If y = y1, y = y2, … , y = yn linear independent solutions of  [Dn + a1Dn−1 + a2Dn−2 + ⋯ + an]y = 0 

                                                                                                                     .. .. .. .. .. .. .. .. .. .. .. .. .. .. (1) 

then y = C1y1 + C2y2 + ⋯ + Cnyn is the general or complete solution of the differential 

equation, where C1, C2, … , Cn are n arbitrary constants. 

Let us denote the given equations (1) by f(D)  y = 0, 
where, f(D) = Dn + a1Dn−1 + a2Dn−2 + ⋯ + an . 
Since y = y1, y = y2, … , y = yn are solutions of the equation, 

Roll:1800061 

 



so, f(D) y1 = 0 , f(D) y2 = 0, … , f(D) yn = 0.                           .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. (2) 

Now putting y = C1y1 + C2y2 + ⋯ + Cnyn in (1), we have Dn(C1y1 + ⋯ + Cnyn) + a1Dn−1(C1y1 + C2y2 + ⋯ + Cnyn) + ⋯ 

                                                                                                            +an(C1y1 + C2y2 + ⋯ + Cnyn) = 0 

 

or,     C1(Dny1 + a1Dn−1y1 + ⋯ + an) + C2(Dny2 + a1Dn−1y2 + ⋯ + an) + ⋯                                                                                                        +Cn(Dnyn + a1Dn−1yn + ⋯ + an) = 0 

 

or,     C1f(D)y1 + C2f(D)y2 + ⋯ + Cnf(D)yn = 0 

 

or,      C1. 0 + C2. 0 + ⋯ + Cn. 0 = 0             [by (2)] 

 

Since, (1) is satisfied by y = C1y1 + C2y2 + ⋯ + Cnyn , it is a solution of (1). Also, since it 

contains n arbitrary constants, it is the general or complete solution of the equation. 

 

 

 

 

 

Auxiliary equation: 

Consider the differential equation 

                     (Dn +  a1Dn−1 + a2Dn−2 + ⋯ + an)y = 0     ……….(1) 

 Where a1, a2, … , an are all constants .  

Let y = ex be a solution of this equation. Then putting  

y=emx, Dy = memx, D2y = m2emx, Dny = mnemx, the equation becomes 

            (mn + a1mn−1 + a2mn−2 + ⋯ + an)emx=0 

Hence emx will be a solution of (1) if m is a root of the algebraic equation  

            mn + a1mn−1 + a2mn−2 + ⋯ + an = 0 ……..(2) 
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This Equation in m is called the Auxiliary equation.  

NOTE: It is observed that the auxiliary equation f(m)=0 gives the same values of m as the 

equation f(D)=0 gives of D. 

 Hence f (D) =0, i.e., Dn +  a1Dn−1 + a2Dn−2 + ⋯ + an=0 

Can in general be regarded as the auxiliary equation 

 

 

SOLUTION OF EQUATION (1) OF THE ARTICLE 

 

Case 1: When all the roots of auxiliary equation are real and different.  

If m1, m2, … , mn be the n different roots of (2), then y=em1x, y=em2x …, y = emnx are all 

independent solutions of (1). Therefore the general solution of (1) is  

            y=C1em1x+C2em2x +C3em3x +…+ Cnemnx 

  

Example 1: Solve 
d2ydx2-8

dydx+15 y =0  

Solution:  Given equation can be written as  

                                        (D2 – 8D + 15) y = 0 

Here auxiliary equation is 

                                          m2 – 8 m + 15 = 0 

                                      (m – 3) (m – 5) = 0 

                                               m = 3, 5  

Hence, the required solution is y = C1e3x+ C2e5x            ANSWER 

Example 2: Solve 
d3ydx3-13

dydx-12 y =0  

Solution:  Given equation can be written as  

                                        (D3 – 13 D - 12) y = 0 

Here auxiliary equation is 

                                          m3 – 13 m - 12 = 0 

                                     (m + 1) (m + 3) (m – 4) = 0 



                                               m = -1, -3, 4 

Hence, the required solution is y = C1e−x+ C2e−3x+ C3e4x                                                                                               

ANSWER 

 

Example 3: Solve 
d3ydx3+6 d2ydx2+11

dydx+6 y =0  

Solution:  Given equation can be written as  

                                        (D3 + 6D2 + 11 D +6) y = 0 

Here auxiliary equation is 

                                          m3 +6m2 +11 m +6 = 0 

                                     (m + 1) (m + 2) (m + 3) = 0 

                                               m = -1, -2, -3 

Hence, the required solution is y = C1e−x+ C2e−2x+ C3e−3x                                                                                               

ANSWER 

Example 4: Solve 
d2ydx2-6

dydx+5 y =0  

Solution:  Given equation can be written as  

                                       (D2 -6 D +5) y = 0 

Here auxiliary equation is 

                                          m2 -6 m +5 = 0 

                                     (m - 1) (m -5)  = 0 

                                               m = 1, 5 

Hence, the required solution is y = C1ex+ C2e5x                                                                                                

ANSWER 

Example 5: Solve 
𝐝𝟐𝐲𝐝𝐱𝟐-3

𝐝𝐲𝐝𝐱-4 y =0  

Solution:  Given equation can be written as  

                                       (D2 -3 D -4) y = 0 

Here auxiliary equation is 

                                          m2 -3 m -4 = 0 



                                     (m + 1) (m -4)  = 0 

                                               m = -1, 4 

Hence, the required solution is y = C1e−x+ C2e4x       ANSWER 

 

 

 

                                                                                             

 

 

Case Ⅱ: Auxiliary equation having equal roots. 

We have shown in case [ 5.5, that when m1, m2, …, mn are all different, then general solution is 

            y = C1em1x + C2em2X + ⋯ + cnemnx. 
But if  m1= m2 (two roots equal) then this becomes 

            y = (C1 + C2)em1x + C3em3x + Cnemnx    , 

Which clearly contains only n −1 arbitrary constants (since C1 + C2 is equivalent to only one 

arbitrary constant) 

   Therefore there is no longer a general solution. 

     Consider an equation (D − m1)2 y=0,                                             … … … (1) 

A differential equation of second order having both the roots equal 

     Put (D − m1) y = v, then (1) becomes 

           (D − m1) v = 0 or 
dvdx = m1v, 

Separating the variables, 
dvv  = m1 dx. 

Integrating, log v = log C + m1x   or,  v = Cem1x 

or,  (D − m1) y = Cem1x   as  v = (D − m1) y  

or,  
dydx − m1y = Cem1x 

which is a linear equation of first order, its I.F. = e−mx 

    ⸫    ye−m1x =  ∫  Cem1xe−m1x dx + C2 

    Or, y = (Cx + C2)em1x. 

Roll:1800063 

 



 

Therefore the most general solution is  

    (Dn +  a1Dn−1+ a2Dn−2 + … an)y  = 0, 

When two roots of A.E. are equal, is  

    y = ( C1 + C2x) em1x + C3em3x + … + Cnemnx .  

Cor.  In case three roots are equal, i.e. m1= m2= m3. The general solution is  y = (C1 + C2x + C3x2)em1x + C4em4x + ⋯ +  Cnemnx .   
Ex. 1.   Solve 

𝐝𝟒𝐲𝐝𝐱𝟒  − 𝐝𝟑𝐲𝐝𝐱𝟑 − 𝟗 𝐝𝟐𝐲𝐝𝐱𝟐 − 𝟏𝟏 𝐝𝐲𝐝𝐱 − 4y = 0. 

Solution: A.E. is D4 − D3 − 9D2 − 11D − 4 = 0. 

i.e.      (D + 1)3 (D − 4) = 0, D =  −1, −1, −1, 4. 
      Hence the general solution is 

           y = (C1 + C2x + C3x2)e−x + c4e4x. 

Ex. 2.   Solve (𝐃𝟑 − 𝟐𝐃𝟐 − 𝟒𝐃 + 𝟖) y = 0 

Solution:   Auxiliary equation is 

       D3 − 2D2 − 4D + 8 = 0      or,   (D + 2) (D + 2)2 = 0, 

                        D = −2, 2, 2. 
  ⸫    y = (C1 + C2x)e2x +  C2e−2x 

 

  

 

 

 

Case III. Auxiliary equation having imaginary roots. let α±iβ be the imaginary roots of an equation of second order (since imaginary roots occur in 
pairs).  

Then its general solution is 

y=C1e(α+iβ)x + C2e(α−iβ)x 

Roll:1800064 

 



 =eαx[C1eiβx + C2e−iβx] 

 =eαx[C1(cosβx + i sinβx) + C2(cosβx − i sinβx)] 

 =eαx[(C1 + C2) cosβx + (C1 − C2) i sinβx] 

 =eαx[ A cosβx + B sinβx] 

Note: The above result after suitably  adjusting constants may also be written as  

y= eαx A cos(βx + B)        or   y = eαx Asin(βx + B) 

Imaginary roots repeated. If auxiliary equation has two equal pairs of imaginary roots, i.e., if α+iβ and α-iβ occur twice, then general solution is obtained as  
y=eαx[ (C1 + C2x)cosβx + (C3 + C4x) sinβx] 

Cor. If a pair of roots of the auxiliary equation occur in the form of quadratic surd α±√β, where β is +ive, then the corresponding term in the solution may be written as  

 eαx[C1 cosh x√β + C2 sinh x√β] 

or C1 eαx cosh( x√β + C2 )      or    C1 eαx sinh(x√β + C2 ) 

Ex. 1. Solve (𝐃𝟒 + 𝟓𝐃𝟐 + 𝟔)𝐲 = 𝟎 

Solution. Auxiliary  equation is (D4 + 5D2 + 6)=0 

i.e. ,     (D2 + 3)(D2 + 2) = 0   ∴ D = ±√3i, ±√2i 
Hence the complete solution is  

y=C1 cos √3x + C2sin√3x +C3 cos√2x + C4 sin√2x. 

 

Ex. 2. Solve (𝐃𝟒 − 𝐃𝟑 − 𝐃 + 𝟏)𝐱 = 𝟎 

Solution:  Auxiliary  equation is (D4 − D3 − D + 1) = 0 

or, (D3 − 1)(D − 1) = 0     or  (D − 1)2 (D2 + D + 1) = 0 

or         D=1,1,-
12 ± √3i2  

Hence the complete solution is  

y=(C1 + C2x)ex+e−x/2[C3cos √32 x + C4sin √32 x] 

 



 

 

 

 

Synopsis of the forms of solutions 

 To solve an equation of the from (𝐷𝑛) + 𝑎1𝐷𝑛−2 + 𝑎2𝐷𝑛−2 + ⋯ + 𝑎𝑛)y = 0 

 

Find the roots of the auxiliary equation, viz. 𝐷𝑛 + 𝑎1𝐷𝑛−1 + 𝑎2𝐷𝑛−2 + ⋯ + 𝑎𝑛 = 4 

 

 

 

2. Putting the General Solution as follows: 

 

Roots of Auxilary  Equation Complete Solution 

Case 1: 

All roots     m1, m2, m3, … mn real and different.   

 

Case 2:   

    m1 = m2  but other roots real and different 

 

Case 3:(Image Roots) 
 1.  α ± iβ,  a pair of 
 imaginary roots.   

 

 2.  (α ± iβ), (α ± iβ)
 repeated twice.   

y = C1em1x + C2em2x + ⋯ ⋅ Cnemnxr 
 y = (C1 + C2x)em1x + C3em2x + ⋯ + Cnennx 

 

Corresponding part of the general solution is 

  or           eαx(C1 cos βx + C2 sin βx)or              C1eαx cos(βx − C2)   or                   C1eαxsin (βx + C2)     
 

Corresponding part of general solution is y = eα ⋅ [(C1 + C2x)cos βx+(C3 + C1x)sin βx]  
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Ex-1: Solve 
𝐝𝟒𝐲𝐝𝐱𝟒 – a4y=0 

Solution: The auxiliary equation is (D4 – a4) =0 

Or (D2+a2) (D2 - a2)= 0; D = ±a , ±ai. ∴ solution is y= C1 eax + C2 e-ax + ( C3 cos ax + C4 sin ax) 

Ex-2: Solve 
𝐝𝟒𝐲𝐝𝐱𝟒 + m4y=0 

Solution: The auxiliary equation is (D4 + m4) =0 

Or (D2+a2)2 – 2m2D2 = 0 

Or (D2 - √2mD + m2) (D2 + √2mD + m2) = 0 

When (D2 - √2mD + m2) = 0 ; D = 
m±mi√2  

When (D2 + √2mD + m2) = 0 ; D = 
−m±mi√2  

i.e. , roots of the auxiliary equation are 
m√2 ± m√2  i ,   − m√2 ± m√2  i . 

Hence the solution is y =  e(m/√2)x C1 cos (
m√2 x + C2) + e(−m/√2)x C3 cos (

m√2 x + C4). 

5.9:  General solution of (Dn + a1 Dn-1 + … an ) y = X ………..(1) 

To show that if y = Y is a complete solution of (Dn + a1 Dn-1 + … +an ) y = X ………..(2) 

And y = u is a particular solution of (1), then y = Y+ u is a general solution of (1). 

Since y = Y is a solution of (2) , we have  

(Dn + a1 Dn-1 + … +an ) (Y) = 0     ………....(3) 

Since y = u is a solution of (1) , we have  

(Dn + a1 Dn-1 +  … + an ) (u) = X     ………....(4) 

Adding (3) and (4) , we have  
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(Dn + a1 Dn-1 + … +an ) (Y + u) = X     

This shows that y = Y + u is a solution of (1). Now Y being a general solution of (2) contains n 

arbitrary constants and as such Y + u also contains n arbitrary constants. Therefore y =  Y + u is 

a general solution of (1) 

 

Note 1:  

 In the general solution y = Y + u of the equation (1), Y is called the 

Complementary Function (C.F.) and u is called the Particular Integral ( P. I.) , thus 

The General Solution = C.F. + P.I. 

 

 

2:  

The solution Y of (2) can be determined by the methods discussed above . The 

problem is now the particular integral u of (1). We give below certain methods of 

finding u.  

 

 

 

Ex: Define the complementary function and particular integral for the linear 

differential equation with constant. 

f(D) y = X. 

Complementary Function: The solution which contains a number of arbitrary constants equal 

to the order of the differential equation is called the complementary  function (C.F.) of a 

differential equation. 

Particular Intrgular for the linear differential equation with constants 

f(D)y=X. 

Assuming  

f(D) = Dn + a1Dn-1 + a2Dn-2 + ……..+an 

in Dn y + a1Dn-1 y + a2Dn-2 y + ……..+an y = X. 

Differential equation will be 

f(D)y = X 



 y = 
1f(D)  X 

 

Above value of y will be P.L. of L.D.E. 

 

 

 

 

 

 

 

Meaning of the symbol  
𝟏𝒇(𝑫) 

Definition. The expression 
𝟏𝐟(𝐃) X is defined to be that function of x, free from arbitrary 

constants which operated upon by f(D) gives X. 

Thus,  f(D). 1f(D) X = X. 

For example,  
1D2+3D (2 + 6x) = x2  [∵ (D2 + 3D)x2 = 2 + 6x] 

Therefore f(D) and 
1f(D) are inverse operators (i.e., they cancel each other’s effect on the 

function on which they operate) 

Thus, the symbol  
1D  stands for integration.  

Determination of the particular integral (P.I) of  𝒇(𝑫) y=X 

Clearly 
𝟏𝐟(𝐃) X will be the solution of (1) if it satisfies (1). 

So, putting 
1f(D)  X for y in (1), we get  

        f(D). 1f(D) X = X i.e., X = X, which is true. 

It means that 
1f(D) y is a particular solution of (1). 

Therefore, to find the particular solution of f(D) y=X, we should find the value of 
1f(D)  X. 

Note: we know that in solving f(D) y= 0, f(D)= 0 forms the auxiliary equations, which can be 

resolve into linear factors (real or imaginary). The partial fractions will be of the form 
1D−x 

where x is real or imaginary.  
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General method of getting particular integral 

Theorem. If X is a function of x, then      
1D−α X = eαx ∫ Xe−αx dx. 

Proof. Let                     y = 1D−α X 

On operating by (D-α), we get (D-α) y = X  
Or  ( ddx − α) y = X                 or    

dydx − αy = X. 

which is a linear differential equation whose I.F. = e− ∫ αdx = e−αx and hence its solution is 

given by  ye−αx = ∫ Xe−αxdx, after omitting constant of integration, since P.I. is required.  

 ∴            y =  eαx ∫ Xe−αxdx  

Thus, 
1D−α X = eαx ∫ Xe−αx dx          ………. (1) 

Similarly, 
1D+α X = eαx ∫ Xe−αx dx    ………. (2) 

      Remark 1. Since we require only a particular integral, we shall never add a constant of 

integration after integration is performed in connection with any method of finding P.I. Hence 

P.I. will never contain any arbitrary constant. 

     Remark 2. The above method can be used to evaluate P.I. in any problem, since shorter 

methods depending upon the special form of function X are available (to be discussed later on, 

the above general method, however must be used for problems in which X is of the forms, sec αx, cosec αx, sec2αx, cosec2αx, tan αx, cot αx or any other form not covered by shorter 

methods (employed for special forms).  

 

Example. Solve 
d2ydx2 + 9y = sec 3x 

Solution. Auxiliary equation is m2 + 9 = 0   or  m = ±3i, 
                 C.F.=C1 cos 3x + C2 sin3x 

            P.I.=
1D2+9 sec 3x =

1(D+3i)(D−3i) sec 3x = 16i [ 1D−3i − 1D+3i] sec 3x 

                  =
16i . 1D−3i . sec 3x − 16i . 1D+3i . sec3x                          ……….. (1) 

    Now, 
1D−3i sec 3x = e3ix ∫ e−3ix sec 3x dx  [∵ 1D−α X = eαx ∫ Xe−αx dx] 

                     =e3ix ∫ cos 3x−isin3xcos3x dx = e3ix ∫(1 − i tan 3x)dx = e3ix(x + i3 log cos 3x) 

Changing I to -I, we have 
1D+3i sec3x = e−3ix (x − i3 logcos3x) 

Putting these values in (1), we get  



     P.I. =
16i [e3ix(x + i3 log cos 3x) − e−3ix (x − i3 log cos 3x) 

            =
x6i e3ix + e3ixlogcos 3x18 − xe−3ix6i + e−3ix18 log cos 3x 

            =
x3 e3ix−e−3ix2i + 19 . e3ix+e−3ix2 log cos 3x = x3 sin 3x + 19 cos 3x . log cos 3x 

Hence, complete solution is y = C1cos 3x + C2sin 3x + x3 sin3x + 19 cos 3x . log cos 3x  
                                                                                                                                   (Ans.) 

Example. Solve (D2 + 4)y = tan 2x 

Solution. Auxiliary equation is m2 + 4 = 0   or m = ±2i 
           C.F.=C1cos 2x + C2sin 2x 

 P.I.=
1D2+4 tan 2x = 1(D+2i)(D−2i) tan 2x = 14i[ 1D−2i − 1D+2i]tan2x 

 =
14i [e2ix ∫ e−2ixtan 2x dx − e−2ix ∫ e2ixtan 2x dx]          [∵ 1D−α X = eαx ∫ Xe−αx dx] 

=
14i [e2ix ∫(cos 2x − i sin2x)tan 2x dx −  e−2ix ∫(cos 2x + i sin 2x)tan 2x dx] 

=
14i [e2ix ∫{sin 2x − i(sec 2x − cos 2x)}dx −   e−2ix ∫{sin 2x + i(sec 2x − cos 2x)}dx] 

=
14i [− cos2x2 − i{log(sec2x+ta2x)2 − sin2x2 }](cos2x + i sin2x)-

14i [− cos2x2 + i log(sec2x+tan2x)2 −sin2x2 ] (cos2x − i sin2x) 

=
14i [− cos22x2 + sin2x2 log(sec2x + tan2x) − sin22x2 + cos22x2 − sin2x2 log(sec2x + tan2x) + sin22x2 + i −sin2xcos2x2 − cos2x2 log(sec2x + tan2x) + cos2xsin2x2 − sin2xcos2x2 − cos2x2 log(sec2x + tan2x) +sin2xcos2x2 ] 

= - 14i i cos2x log(sec2x+tan2x) = - 
14 cos2xlog(sec2x + tan2x) 

Hence, complete solution is y = C1cos2x + C2sin2x − 14 cos2xlog(sec2x + tan2x)   

                                                                                                                                (Ans.) 

 

 

 

 

 

 



 

 

𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲.  𝐈𝐟 𝐧 𝐢𝐬 𝐚 𝐩𝐨𝐬𝐢𝐭𝐢𝐯𝐞 𝐢𝐧𝐭𝐞𝐠𝐞𝐫, 𝐭𝐡𝐞𝐧 1(D − α)n eαx = xnn! eαx
 Proof  L. H. S. = 1(D − α)n eαx = 1(D − α)n−1 1(D − α) eαx = 1(D − α)n−1 eαx ∫ eαx e−αxdx 

                                                                     [Using the theorem with X=eαx] = 1(D − α)n−1 eαxx = 1(D − α)n−2 1(D − α) xeαx = 1(D − α)n−2 eαx ∫ xeαxe−αx dx 

                                                                     [Using the theorem with X=xeαx] 

 1(D − α)n−2 eαx ∫ xdx = 1(D − α)n−2 eαx. x22!                                                                                ⋯ (i) = 1(D − α)n−3 1(D − α) eαx x22! = 1(D − α)n−3 eαx ∫{eαx. ( x22! )e−αx}dx   
 

                                                                                                [Using the theorem with X=eαx( x22!)] = 1(D − α)n−3 eαx2! ∫ x2dx = 1(D − α)n−3 x33! eαx                                                                          ⋯ (ii) 

Continuing as before and noting (i) and (ii), we finally obtain                                                                                      1(D − α)n eαx = 1(D − α)n−n xnn! eαx = xnn! eαx  ⋯ (iii) 

 𝑾𝒐𝒓𝒌𝒊𝒏𝒈 𝒓𝒖𝒍𝒆 𝒐𝒇 𝒇𝒊𝒏𝒅𝒊𝒏𝒈 𝒕𝒉𝒆 𝒑𝒂𝒓𝒕𝒊𝒄𝒖𝒍𝒂𝒓 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍 (𝑷. 𝑰. )𝒊. 𝒆. 𝟏𝒇(𝑫) 𝑿. There are two following ways to obtain P. I. 𝐌𝐞𝐭𝐡𝐨𝐝 𝟏. 𝐓𝐡𝐞 𝐨𝐩𝐞𝐫𝐚𝐭𝐨𝐫 𝟏𝐟(𝐃)  𝐦𝐚𝐲𝐛𝐞 𝐟𝐚𝐜𝐭𝐨𝐫𝐞𝐝 𝐢𝐧𝐭𝐨 𝐥𝐢𝐧𝐞𝐚𝐫 𝐟𝐚𝐜𝐭𝐨𝐫𝐬; Then,         P. I. =  1D − α1 . 1D − α2 . 1D − α3 ⋯ 1D − αn X On operating with the first symbolic factor, beginning αt the right, there is obtained                    P. I. =  1D − α1 . 1D − α2 ⋯ 1D − αn−1 eαnx ∫ Xe−αnxdx; Then, on operating with them 2nd and remaining factors in succession, taking them from right to left , required P. I. can be obtained. 
 𝐌𝐞𝐭𝐡𝐨𝐝 𝟐. 𝐓𝐡𝐞 𝐨𝐩𝐞𝐫𝐚𝐭𝐨𝐫 𝟏𝐟(𝐃)  𝐦𝐚𝐲 𝐛𝐞 𝐝𝐞𝐜𝐨𝐦𝐩𝐨𝐬𝐞𝐝 𝐢𝐧𝐭𝐨 𝐢𝐭 𝐩𝐚𝐫𝐭𝐢𝐚𝐥 𝐟𝐫𝐚𝐜𝐭𝐢𝐨𝐧𝐬, 𝐭𝐡𝐞𝐧 
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P. I. = [ Α1D − α1 + Α2D − α2 + Α3D − α3 + ⋯ + ΑnD − αn] X= Α1eα1x ∫ Xe−α1xdx + ⋯ + Αneαnx ∫ Xe−αnxdx. Of this two methods, the latter is generally used in practice. 
 

Solved problems based on method 1 & 2 𝟏. 𝐒𝐨𝐥𝐯𝐞 (𝐃𝟐 + 𝛂𝟐)𝐲 = 𝐜𝐨𝐭 𝛂𝐱 . 
 Sol. Here the auxiliary equation is   D2 + α2 = 0   so thαt     D = 0 ± iα. ∴ C. F.   = eαx(c1 cos αx + c2 sin αx) = c1 cos αx + c2 sin αx , c1, c2 being arbitrary constants Now,    P. I. =  1D2 + α2 cot αx = 1(D + αi)(D − αi) cot αx                                                                                       [Αs  D2 + α2 = D2 − (αi)2 = (D + αi)(D − αi)] 12iα [ 1(D − αi) − 1(D + αi)] cot αx , on resolving into partial fractions Now, 1(D − αi) cot αx = eiαx ∫ e−iαx cot αx  dx = eiαx ∫(cos αx − i sin αx) cos αxsin αx dx                                                                                        [by Euler′s theorem, e−iαx =  (cos αx − i sin αx)] = eiαx ∫(cos2 αxsin αx − i cos αx)dx = eiαx ∫(1 − sin2 αxsin αx − i cos αx)dx = eiαx ∫(cosec αx − sin αx − i sin αx) dx = eiαx [(1α) log tαn (αx2 ) + (1α) cos(αx) − ( iα) sin αx] = eiαx[(1α) log tan (αx2 ) + (1α) {cos(αx) − i sin αx}] = eiαx [(1α) log tan (αx2 ) + (1α) e−iαx] by Euler′s theorem ∴ 1(D − αi) cot αx = 1α [ eiαx log tan (αx2 ) + 1]                                                                ⋯ (1) 

Replacing{ i by –i in (1),   1(D+αi)  cot αx = 1α [ e−iαx log tan (αx2 ) + 1]                          ⋯ (2) Using 1and 2, P. I. =  12iα [1α {eiαx log tan (αx2 ) + 1} − 1α {e−iαx log tan (αx2 ) + 1}] 

=
1α2 . eiαx−e−iαx2i log tan (αx2 ) =  1α2 . sin αx log tan (αx2 ) 

Hence the required general solution  is y= C.F.+P.I. 

y=(c1 cos αx + c2 sin αx) + 1α2 . sin αx log tan (αx2 ), where c1 and c2 are arbitray constant 
(Ans) 

 

2. Solve 
𝐝𝟐𝐲𝐝𝐱𝟐 + 𝐲 = 𝐬𝐞𝐜𝟐𝐱. 



 Let, D = ddx , Then the given equation is     (D2 + 1)y = sec2x. Its auxiliary equation is  D2 + 1 = 0      so that = ±i and   C. F. = c1 cos x + c2 sin x and      P. I. = 1D2 + 1  sec2x = 1(D + i)(D − i) sec2x = 12i [ 1(D − i) − 1(D + i)] sec2x      ⋯ (1) 

 

 

Now,    
1(D−i) sec2x = eix ∫ e−ixsec2xdx = ∫ (cos x−i sin xcos2 x ) dx = eix ∫(sec x − isec x tan x) dx = eix[log(sec x + tan x) − isec x]                                         ⋯ (2) Replacing i by − i in (2),        1(D + i) sec2x =    e−ix[log(sec x + tan x) + isec x]         ⋯ (3) 

 From 2 αnd 3, we hαve  
 P. I. =  12i [eix log(sec x + tan x) − eixisec x − e−ix log(sec x + tan x) − e−ixisec x]        = eix − e−ix2i log(sec x + tan x) − eix − e−ix2 sec x        = sin x log(sec x + tan x) − cos x sec x  = sin x log(sec x + tan x) − 1 

 Hence the required solution is     y = c1 cos x + c2 sin x + sin x log(sec x + tan x) − 1 

(Ans) 

 

 

 

 

 

Particular Integral 

When X is of the form eax, where a is any constant 

By successive differentiation, we find that eax
  = eax                                             …..(1) 

Deax= aeax                                                              ......(2) 

D2eax = a2eax                .…..(3) ………………………….               …….. 
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Dnaeax = aneax                 …..(n) 

 

If f(D) =(Dn + a1Dn−1 + a2Dn−2+. . . . +an−1D + an), then multiplying (1),(2),(3)…..(n) by an, an−1…..,1 respectively and adding, 
We obtain 

f(D) eax = f(a) eax 

 Now operating on both sides by  
𝟏𝐟(𝐃) 1f(D) f(D) eax = 

1f(D) f(a) eax 

eax = f(a) 1f(D) eax 

or 
1f(a) eax = 

1f(D) eax    [dividing by f(a)≠ 0] 

Therefore, 

    
1f(D) eax = 1f(a) eax    ,provided that f(a)≠ 0. 

 

Example 1 , Solve  
𝐝𝟐𝐲𝐝𝐱𝟐+𝟐𝐤 𝐝𝐲𝐝𝐱 + 𝐤𝟐𝐲 = 0. 

 

Solution : 

                  Auxiliary equation is D2-2kD+k2 = 0, 

                          (D-k)2 = 0  or D = k,k. ∴ C F . = (c1+c2x) ekx 

    P.I    = 
1D2−2kD+k2 ex =  

11−2k+k2 ex 
 = 

1(1−k)2 ex 

Hence the general solution is 

y   =  (c1+c2x) ekx
 + 1 (1−k)2 ex, k≠ 1. 

 

Example 2 , Solve (D2 + 3D + 5) y = e2x 

 

Solution: 



 Given equation is   ,(D2 + 3D + 5) y = e2x 

A.E. is  D2 + 3D + 5 = 0  ∴      D = −3±√9−202  = 
−32 ± √113 i  

C. F.  =  e−32x(C1 cos √112 x + C2 sin √112 x) 

P.I.      = 
1D2+3D+5 e2x 

Putting D = 2 in f(D)  

  = 
14+6+5 e2x 

  = 
115 e2x 

 

Hence the general solution is 

                                      y = CF + PI 

         y = e−32x(C1 cos √112 x + C2 sin √112 x) +
115 e2x. 

 

 

Example 3   Solve  
𝐝𝟐𝐲𝐝𝐱𝟐+𝟔 𝐝𝐲𝐝𝐱 + 𝟗𝐲 = 𝟓𝐞𝟑𝐱. 

       Solution:  

               Given equation is ,    (D2+6D+9) y = 5e3x 

                                    A.E.  = (D2+6D+9) = 0 

                 ∴ (D + 3)2= 0 

           ∴ D =  −3, −3 are the roots. 

                           ∴ C.F. = (C1+C2x) e3x 

And   P.I.  =  
1(𝐷+3)2 5𝑒−3𝑥 

         = 5𝑒3𝑥{ 1(3+3)2}  ….(1) 

         = 
5𝑒3𝑥36    

Hence the general solution is 



                                      y = CF + PI 

            y = (C1+C2x) e-3x +
5𝑒3𝑥36 . 

 

 

Example 4 , Solve (𝐃𝟐 + 𝟒𝐃 + 𝟑)𝐲 = 𝐞−𝟑𝐱. 

 Solution :  

                Given equation is  

                             (D2 + 4D + 3)y = e−3x 

            A.E. is     (D2 + 4D + 3) = 0 

  Or, (D+1)(D+3) = 0 ∴ D = −1, −3 

                  C.F. = (C1e−x + C2e−3x) 

  P.I.  = 
1(D+1)(D+3) e−3x 

 Putting D = -3 in f(D) then 

              P.I. = 
10 e−3x [method fails] 

              

             P.I. = 
e−3x(−3+1)(D−3+3) {1} = 

e−3x(−2) 1D {1} =
e−3x−2 x 

Hence the general solution is 

                                      y = CF + PI 

            y = (C1e−x + C2e−3x)- e−3x2 x. 

 

 

     

 

 

  To show that 1/f(D2)Sin ax=1/f(-a2)Sin ax  except when f(-a2)=0 

     By succesive differentiation,we get 
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               sin ax=sin ax,          -----(1) 

             Dsin ax=acos ax, 

            D2sin ax=-a2sin ax,       --------(2) 

            D3sin ax=-a3cos ax, 

            D4sin ax=a4sin ax 

        Or(D2)sin ax=(-a2)2sin ax,    ---------(3) 

                 ------------------ 

Similarly (D2)nsin ax=(-a2)nsin ax. 

Thus   f(D2)sin ax=f(-a2)sin ax. 

Operating by 1/f(D2) on both sides,we get 1/f(D2) f(D2) sin ax=1/f(D2) f(-a2)sin ax 

i.e.. sin ax=f(-a2).1/f(D2)sin ax. 

Dividing by f(-a2),we get 

      1/f(D2)sin ax=1/f(-a2)sin ax, if  f(-a2)=0. 

Similarly   1/f(D2)cos ax=1/f(-a2)cos ax. 

 

Important. It follows  from the result above that we put---a2 in place of D2. We cannot put 

anything  in place of D. 

Thus for D2. We cannot put anything in place of D. 

Thus for D2 put -a2. 

 For D3=D2.D put -a2D. 

For D4=D2. D2 put  -a2(-a2),i.e..,a4 etc. 

 

Thus ultimately f(D) becomes linear in  D  say of the form (D+x). Then we proced as follows : 

 1/(D+a) sin ax=(D-a)/(D+a)(D-a) – sin ax 

=(D-a)/D2-a2 sin ax=D-a/(-a2-a2)sinax 

                    Putting -a2 for D2 in the denominator 



=1/-a2-a2(d/dx sin ax-asin ax) as D=d/dx 

=1/-a2-a2(acos ax- asin ax). 

  

And thus the particular integral in case of sin ax and cos ax can be completely evaluated. 

 

 

 

 

Ex.1: Solve  
𝐝𝟐𝐲𝐝𝐱𝟐 + 

𝐝𝐲𝐝𝐱 + 𝐲 = 𝐬𝐢𝐧 𝟐𝐱 . 
Solution: The auxiliary equation is, 

                   D2+D+1=0  

    Now solving this equation we get, 

    D = - 
12 ± 12  √3 i 

    ∴ Complementary Function = e−(12)
 × C1 cos{12  √3x +C2} 

    Particular Integral  = 
1D2+D+1  sin 2x 

             = 1−4+D+1 sin 2x  

                                   =
1D−3  sin 2x 

                                   =
D+3D2−9  sin 2x 

                                   = - 
113 (2 cos 2x + 3 sin 3x) 

     Hence the complete solution is, 

             y = e−(12)
 × C1 cos{12  √3x +C2} - 

113 (2 cos 2x + 3 sin 3x) .(Ans) 

 

Ex.2: Solve (D2+1)2y=𝐜𝐨𝐬 𝟑𝐱 . 

Solution:  The auxiliary equation is, 

    (D2+1)2=0, 

    D= ±i, ±i 

Roll:1800071 

 



          ∴ Complementary Function = (C1+C2x) cos x + (C3+C4x) sin x 

                         Particular Integral  = 
cos 3x(D2+1)2 

                                                             = cos 3x(−9+1)2  = 
164 cos 3x 

                

       Hence the complete solution is, 

     y = (C1+C2x) cos x + (C3+C4x) sin x + 
164 cos 3x .(Ans)  

 

Ex.3: Solve (D3+D2+D+1)y = sin 2x 

Solution :  The auxiliary equation is, 

                                               (D2+1) (D+1)=0 , 

    D= -1, ±i 
   ∴  Complementary Function =C1e-x +C2 cos (x+C3) 

       Particular Integral  = 1(D2+1)(D+1)  sin 2x 

     = 1(−4+1)(D+1) sin 2x 

     = − 13 
D−1D2−1 sin 2x 

     = − 13   D−1−4−1 sin 2x 

      = 
115 [ 2 cos 2x – sin 2x ] 

  Hence the complete solution is, 

 y = C1e-x +C2 cos (x+C3) + 
115 [ 2 cos 2x – sin 2x ].(Ans) 

 

Ex.4: Prove that the solution of the differential equation 
𝐝𝟐𝐲𝐝𝐱𝟐 + 𝟒𝐲 = 𝐬𝐢𝐧 𝐚𝐱    when a≠ 𝟐,under 

the conditions  y=0 and  
𝐝𝐲𝐝𝐱 = 𝟎 when x=0 is y= 

𝟐 𝐬𝐢𝐧 𝐚𝐱−𝐚 𝐬𝐢𝐧 𝟐𝐱𝟐 (𝟒−𝐚𝟐)  . 

Solution : The auxiliary equation is, 

     D
2
+4 = 0 , 

     D = ± 2i 



 

         ∴ Complementary Function = C1 sin(2x+C2) 

        Particular Integral  = 1D2+4  sin ax = sin ax4−a2  

                              ∴The general solution is, 

        y = C1 sin (2x+C2) + 
sin ax4−a2                     ………...(1) 

     so that  
dydx = 2C1 cos (2x+C3) + 

a cos ax4−a2     …………(2) 

     But  y = 0 when x = 0, 

  ∴ (1) gives,             0 = C1 sin C2                       …………(3)              

      Again  
dydx = 0 when x = 0 

  ∴ (2) gives,              0 =2C1 cosC2 + 
a4−a2     …………(4) 

      From (3), C1=0 or  C2=0 but if C1=0,(4) does not hold. 

      Hence C2=0 and then from (4), C1= - 
a2 (4−a2) 

     Putting these values of C1 and C2 in (1),the required solution is 

      y = - 
a sin 2x2 (4−a2) + 

sin ax4−a2  = 
2 sin ax−a sin 2x2(4−a2)  

     This proves the result. 

 

 

 

 

Exceptional case of  
𝟏𝒇(𝑫) 𝒆ax when f(a)=0 

We have from, 
1f(D) eax = 

eaxf(a)   if  f(a)≠0 

But if  f(a) =0, this becomes infinite and our method fails. 

Now,  f(a) =0  means that (D-a) is a factor of  f(D). 

Therefore let      f(D) = (D-a) φ (D) Such that           φ(a)≠ 0 ………..  (1) 
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  So,   
1f(D) eax  =  

1(D−a)  φ(D) eax 

                                        = 
1D−a . 

1φ(a) eax      as  φ(a)≠ 0 

                          = 
1φ(a). 1D−a eax  

                           = 
1φ(a) . eax∫ e−axeax dx          [  

1D−a . X = eax.
1D(e−ax.x)] 

                                         =  
1φ(a) eax ∫ dx  = 

xeaxφ(a)  …………..(2) 

Now differentiating both sides of (1) with respect to D , 

     f՚(D)= (D-a) φ’ (D) + φ (D) 

       putting D=a ,   f’(a) = 0 + φ(a) 

      It means        φ(a)=  f’(a) 

   Hence  (2)  becomes     
1f(D) eax  =   

xeaxf′(a)         or    x. 
1f′(D)  eax 

Again  if   f’(a) = 0 and   f’’(a) ≠ 0     then   D-a  is a factor repeated twice  and applying the above 

Result once again    

                           we get,   

                                  
1f(D) eax  =   x2 

1f′′(D) eax    and so on.  

 

 

 

 

  

Exceptional case of 
𝟏𝒇(𝑫𝟐) sin(ax)  when f(-a2)=0. 

 

From 5.5,  
1f(D2) sin (ax) = 

1f(−a2) sin(ax) , f(−a2) ≠ 0 

But if f(-a2)=0 it becomes infinite and our method fails. 

Now f(-a2)=0 means that D2+a2 is a factor of f(D2) 

  Let f(D2)=(D2+a2)φ(D2)  such that φ(D2) ≠ 0. 
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Now 
1f(D2) (cos ax + isin ax) = 1f(D2) eax 

          = x
1f′(D2) eax 

          = x 
1f′(D2) (cos ax + i sin ax) 

Equating real and imaginary part we have, 

   
1f(D2) cos ax = x 1f′(D2) cos ax 

And 
1f(D2) sin ax = x 1f′(D2) sin ax. 

   In case f’(-a2)=0 and f”(-a2)≠ 0, D2+a2 is a twice repeated factor of f(D2). Applying the above 

result once again, we get 1f(D2) sin ax = x2 1f"(x2) sin ax 

                                                             And 
1f(D2) cos ax = a2 1f"(D2) cos ax. 

 

 

Ex 1: solve 
𝐝𝟐𝐲𝐝𝐱𝟐 − 𝟑 𝐝𝐲𝐝𝐱 + 𝟐𝐲 = 𝐞𝐱. 

Solution: Auxilliary equation is  

 D2-3D+2=0 , i.e (D-2)(D-1)=0 

 So C.F C1ex + C2e2x. 
P.I=

exD2−3D+2    (case of failure) 

     =x ex2D−3   multiplying by x and differentiating the deno. w. r. t D. 
=x

ex2.1−3  − xex. 

 

Hence the complete solution is y=C1ex + C2e2x − xex. 

 

 

 



              

 

 Examples of exceptional case of  
𝟏𝒇(𝑫𝟐)sin ax when f(−𝒂𝟐)=0 

              
1f(D2) sin ax= 

1f(−a2)sin ax , f(−a2) ≠ 0 

              But if , f(−a2)=0,It becomes infinite and this method fails .  

EXAMPLE 2: Solve (𝐃𝟐 + 𝟒𝐃 + 𝟑)𝐲 = 𝐞−𝟑𝐱 

Solution:  Auxiliary equation is (D2 + 4D + 3)=0 or,(D+3)(D+1)=0 C. F. = C1e−x + C2e−3x  P. I. = e−3xD2+4D+3             [ case of failure] 

       = x e−3x2D+4         [ multiplying by x and differentiating the denominator w.r.t D] 

       =x
e−3x2(−3)+4 

       =-
12 xe−3x 

Hence the general solution is  

Y=C2e−x + C2e−3x − 12 xe−3x                             (Ans)  

EXAMPLE 3: Solve 
𝐝𝟑𝐲𝐝𝐱𝟑 + 𝟑 𝐝𝟐𝐲𝐝𝐱𝟐 + 𝟑 𝐝𝐲𝐝𝐱 + 𝐲 = 𝟎 

Solution:    Auxiliary equation is D3 + 3D2 + 3D + y = 0   

or,(D+1)3 = 0 

0r,D=-1,-1,-1 

C.F.=(C1 + C2x + C3x2)e−x 

P.I.=
e−x(D+1)3   (case of failure) 

     =x
e−x3(D+1)2   [multiplying by x and differentiating the denominator w.r.t D 

                                                                (this is again a case of failure)] 
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=x2
e−x6(D+1)      [multiplying by x and differentiating the denominator w.r.t D  

                                                                (this is again a case of failure)] 

=x3
e−x6           [multiplying by x and differentiating the denominator w.r.t D] 

Hence the complete solution is  

Y=(C1 + C2x + C3x2)e−x+ x3
e−x6         

                                                                             (ANS) 

 

EXAMPLE 4: Solve 2 𝐝𝟑𝐲𝐝𝐱𝟑 − 𝟑 𝐝𝟐𝐲𝐝𝐱𝟐 + 𝐲 = 𝐞𝐱 + 𝟏 

Solution:    Auxiliary solution is  

 2D3-3D2+1=0 

or,(D-1)(D-1)(2D+1)=0 

or,D=1,1,-1 

C.F.=(C1+C2x)e2+C3e-x/2 

P.I.=
ex2D3−3D2+1 + 12D3−3D2+1     [first term case of failure] 

     =x
ex6D2−6D + ex0−3.0+1     [differentiating the denominator of the first and multiplying        

                                                by x (again case of failure)]           

    =x2
ex12D−6 + 1           [again differentiating the denominator and multiplying by x] 

   =
16x2ex+1 

Hence the complete solution is  

Y=(C1+C2x)e2+C3e-x/2+
16x2ex+1                     (ANS) 

 

 

 

EXAMPLE 5:  (D3-2D2-5D+6)y=e3x 

Solution:  Auxiliary equation is 



(D-3)(D2+D-2)=0 

Or,(D-3)(D+2)(D-1)=0 

Or,D=3,-2,1 

C.F.=C1ex+C2e-2x+C3e3x 

P.I.=
1(D−3)(D+2)(D−1) e3x 

     =
1(D−3)(3+2)(3−1)e3x 

       =
110(D−3) e3x 

     =  -
110 e3xx  as it a case of failure. 

The complete solution is  

Y=C.F.+P.I.= C1ex+C2e-2x+C3e3x - 110 e3xx                                                               (ANS) 

      

EXAMPLE  6: (a) Solve   𝐝𝟐𝐲𝐝𝐱𝟐 + 𝟒 𝐝𝐲𝐝𝐱 + 𝟒𝐲 =e2x+e-2x 

Solution:  Auxiliary equation is 

              (D2+4D+4)=0 

Or,(D+2)2=0 

C.F.=(C1+C2x)e-2x 

P.I.=
e2x(D+2)2 + e−2x(D+2)2    second is a case of failure 

    =
e2x(2+2)2 + e−2x2  x2     [differentiating denominator of the second twice w.r.t D and            

                                                           multiplying by x2] 

   =
e2x16 + 12 x2e-2x 

Hence the complete solution is 

Y=C.F.+P.I.= (C1+C2x)e-2x+
e2x16 + 12 x2e-2x                                 (ANS) 

 

EXAMPLE  6: (b)Solve  
𝐝𝟐𝐱𝐝𝐭𝟐 = 𝐱 + 𝐞𝐭 + 𝐞−𝐭 

Solution: Auxiliary equation is 



                D2-1=0 

             0r,D=±1 

C.F.=C1e-t+C2et 

P.I.=
et+e−t(D2−1) 

      =
et(D2−1) + e−t(D2−1) Exceptional Case 

     =t et2D - t e−t2D  

     =
12 t(et − e−t) 

The general solution is 

 X= C1e-t+C2et+
12 t(et − e−t)                                          (ANS) 

 

  

 

 

7.Solve: (𝐃𝟐 + 𝐚𝟐)𝐲 = 𝐬𝐢𝐧 𝐚𝐱 

 Solution: A.E. is D2 + a2 = 0 , D = ±ai 
                 ∴ C.F.=C1 cos(ax + C2) 

          P.I. = 
sin axD2+a2 case of failure 

                = x sin ax2D  multiplying by x and differentiating the denominator w.r.t. D 

                =− x2a cos ax 

  Hence y=C1 cos(ax + C2) − x2a cos ax is the complete solution. 

8.Solve: 
𝐝𝟔𝐲𝐝𝐱𝟔 + 𝐲 = 𝐬𝐢𝐧 𝟑𝟐 𝐱 𝐬𝐢𝐧 𝟏𝟐 𝐱 

   Solution: A.E. is  D6 + 1 = 0 

                           Or (D2 + 1) (D4 − D2 + 1) = 0 

                           Or  (D2 + 1) [(D2 + 1)2 − 3D2] = 0 

                           Or (D2 + 1) (D2 − √3D + 1)(D2 + √3D + 1) = 0 
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              When  D2 + 1 = 0    ∴ D = ±i 
              When  D2 − √3D + 1 = 0   ∴ D = √3±i2  

              When D2 + √3D + 1 = 0   ∴ D = √3±i2  

      Hence C.F.=C1 cos(x + C2) + C3e12√3x cos (12 x + C4) + C5e−12√3x cos(12 x + C6) 

       Now, sin 32 x sin 12 x = 12 (cos x − cos 2x) 

     P.I. = 
12 . cos xD6+1 − 12 . cos 2xD6+1  (first term case of failure) 

           = 
12 x cos x6D5 − 12 . cos 2x(−4)3+1 

           = 
12 x.

cos x6(−1)2D + 1126 cos 2x 

           = 
112 x sin x + 1126 cos 2x  as 

1D means integration  

            Hence the complete solution is y=C.F.+ P.I.  

9.Solve: 
𝐝𝟑𝐲𝐝𝐱𝟑 − 𝟑 𝐝𝟐𝐲𝐝𝐱𝟐 + 𝟒 𝐝𝐲𝐝𝐱 − 𝟐𝐲 = 𝐞𝐱 + 𝐜𝐨𝐬 𝐱  

Solution: A.E. is D3 − 3D2 + 4D − 2 = 0 

                      Or  (D−1) (D2 − 2D + 2) = 0 

                      Or (D − 1) [(D − 1)2 + 1] = 0 

                      Or ((D = 1)1 ± i 
         C.F. =C1ex + ex(C2 cos x + C3 sin x) 

          P.I. = 
1D3−3D2+4D−2  ex + 1D3−3D2+4D−2  cos x   first term in case of failure 

                = x 13D2−6D+4 ex +  1(−1)D−3(−1)+4D−2 cos x 

                = x ex + 13D+1 cos x = xex + 3D−19D2−1 cos x 

                = xex + 110 (3 sin x + cos x) 

   Hence the complete solution is y=C.F.+ P.I.  

10.Solve: (𝐃𝟑 − 𝟓𝐃𝟐 + 𝟕𝐃 − 𝟐)𝐲 = 𝐞𝟐𝐱 𝐜𝐨𝐬 𝐡𝐱 

  Solution: A.E. is D3 − 5D2 + 7D − 3 = 0 

                         Or (D − 1)(D2 − 4D + 3) = 0 

                         Or (D − 1)(D − 3)(D − 1) = 0 



                 ∴ C.F. = (C1 + C2x)ex + C3e3x 

    P.I. = 
e2x cos hx(D−1)2(D−3) = e2x.12(ex+e−x)(D−1)2(D−3)  

          = 
12 . e3x(D3−5D2+7D−3) + 12  . exD3−5D2+7D−3 

          =
12  x e3x3D2−10D+7 +  12  x ex3D2−10D+7 

          = 
12  x e3x3.3x−10.3+7 +  12  x2  ex6D−10 

          =
18  x ex − 18  x2ex 

 

 Hence the complete solution is y=C.F.+ P.I.  

 

 

 

11.Solve: [𝐃𝟒 + (𝐦𝟐 + 𝐧𝟐)𝐃𝟐 + 𝐦𝟐 𝐧𝟐]𝐲 = 𝐜𝐨𝐬 𝟏𝟐 (𝐦 + 𝐧)𝐱 𝐜𝐨𝐬 𝟏𝟐 (𝐦 − 𝐧)𝐱 

 Solution: A.E. is (D2 + m2)(D2 + n2) = 0  

                          ∴ D = ±mi , ±ni 
           C.F. = C1 cos(mx + C2) + C3 cos(nx + C4) 

        P.I. = 
cos12(m+n)x cos12(m−n)xD4+(m2+n2)D2+m2n2  

              = 
12  cos mx+cos nxD4+(m2+n2)D2+m2n2    cases of failure  

              = 
12 x 

cos mx +cos nx4D3+2(m2+n2)D 

              = 
12  x 

12D  [ cos mx−2m2+(m2+n2) +  cos nx+2n2+(m2−n2)] 

              = 
x4(m2−n2) [− cos mxD + cos nxD ] 

              = 
x4(m2−n2)  [− 1m sin mx + 1n sin nx] 

     Hence the complete solution is y=C.F.+ P.I. 

 

 

 



 

                   

 

   

1/f(D) Xm, where m is a positive integer. 

           Consider 1/(D-a) xm 

          = -1/a(1-D/a) xm 

            = -1/a(1-D/a)-1Xm 

                 =1/a(1+D/a+D2/a2+--------+Dm/am+---)Xm 

            =-1/a{(xm+mxm-1/a)+m(m-1)xm-2/a2+----+m!/am} 

    Therefore to evaluate 1/f(D)xm expand [f(D)]-1 in ascending powers of D, retaining terms as 

far Dm and operate each term on xm. 

We need not retain terms containing Dm+1,Dm+2 etc. as 

Dm+1x=0,Dm+2xm=0 etc.  

 

Ex. Solve (D3+2D2+D)y=e2x+x2+x. 

 

Solution. A.E is D(D+1)2=0,i.e, D=0,-1,-1. 

               C.F=C1+(C2+C3x)e-x 

  P.I=e2x/D(D+1)2 + 1/D(1+D)2 (x2+×) 

       =e2x/2(2+1)2 + 1/D(1+D)-2(x2+x) 

        =e2x/18 + 1/D[1-2D+3D2—](x2+x) 

         =e2x/18 +1/D[x2+x-4x-2-6] 

          =e2x/18 +x3/3-3x2/2+4x.  

The complete solution is y=C.F.+P.I. 
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To show that  
𝟏𝒇(𝑫)(eaxV) - eax

𝟏𝒇(𝑫+𝒂) V. 

Where V is function of x. 

 

We have on successive differentiation (by parts), 

D(eaxV) = eaxDV + aeax = eax(D+a)V , 

D2(eaxV) = eaxD2V + aeax  V + a2eax + aeaxDV  

               = eax(D2 + 2aD + a2) V  = eax(D+a)2 V 

 Similarly, D3(eaxV) = eax(D+a)3 V 

   And        Dn(eaxV) = eax(D+a)n V 

Therefore f(D)(eaxV) = eax f(D+a) V. 

Taking the inverse operators, we have 

                 
1f(D) (eax V) = eax 

1f(D+a) V. 

Thus we find that operator 
1f(D) on (eax V) is equivalent to 

1f(D+a) on V taking eax outside . 

Therefore in practice take out eax and put (D+a) in place of D and then find 
1f(D+a) V as usual . 

 

Ex. 1.   Solve   
𝒅𝟐𝒚𝒅𝒙𝟐 – 9y = 6e3x + xe3x  . 

Solution : Auxiliary equation is D2 – 9 = 0 , D = ±3 . 

                  C.F. = C1e3x + C2e-3x 

                 P.I. = 
1D2−9 e3x (6+x)  = 

1(D+3)2−9 (6+x) 

                       =e3x
1D2+6D (6+x) = e3x

16D (1 + 16 D)-1 (6+x)  

                    = e3x 1 6D (1 - 
16D -……..) (6+x) 

                   =e3x 16D (6 + x - 
16) = 

136 e3x (35x + 3x2) 
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Hence the complete solution is  

              y = C1e3x + C2e-3x + 
136 e3x (35x + 3x2). 

 

 

 

 

Ex.2:  Solve  
𝐝𝟑 𝐲𝐝𝐱𝟑  - 3 𝐝𝟐𝐲𝐝𝐱𝟐 + 3 𝐝𝐲𝐝𝐱 - y = x𝐞𝐱 + 𝐞𝐱 . 

 

Solution:    A.E. is D3-3D2+3D-1=0,                                                             

    i.e.   (D − 1)3=0    or  D = 1 ,1 ,1 .                           ∴  C.F. = (C1 + C2x + C3x2)ex. 
P.I. = 

1(D−1)3 ex (x+1) 

       =ex 1(D+1−1)3 (x+1) 

       =ex 1D3 (x+1) 

       =ex 1D2 
(x+1)22  

       =ex. 
1D 

(x+1)36  

       =ex.
(x+1)424  

Hence the general solution is y=C.F. + P.I. 

 

Ex.3: Solve  (𝐃𝟑 − 𝟕𝐃 − 𝟔)y = 𝐞𝟐𝐱. 𝐱𝟐 

 

Solution:    A.E. is  D3 − 7D − 6 =0; 

i.e.  (D+1) (D2 − D − 6) =0    or  (D+1)(D-3)(D+2) =0 ∴ C.F. =C1e−x + C2e3x + C3e−2x.     
P.I. = 

e2x.x2D3−7D−6   =  e2x     
1(D+2)3−7(D+2)−6 x2          
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=  e2x  
1D3+6D2+5D−12  x2  

= - 
e2x12   (1 − 512 D − 12 D2 − 112 D3)−1  x2       

= - 
e2x12  (1 + 512 D + 12 D2 + 25122 D2) x2 

= - 
e2x12  (x2 + 56 x + 9772) etc. 

 

Ex. 4 :  Solve  
𝐝𝟑 𝐲𝐝𝐱𝟑  -2 

𝐝𝐲𝐝𝐱 +4y = 𝐞𝐱 cos x. 

 

Solution:   Auxiliary equation is  D3 − 2D + 4 = 0, 
i.e.   (D+2)( D2 − 2D + 2) =0 

or     (D+2)[( (D − 1)2 + 1] =0 

      D=-2,1±i.   C.F.= C1e−2X + C2ex cos(x + C3).          

          

P.I. = 
1D3−2D+4 ex cos x 

       = ex 1(D+1)3−2(D+1)+4  cos x 

       = ex 1D3+3D2+D+3  cos x 

       = ex . x 13D2+6D+1  cos x 

       = xex  1−3+6D+1  cos x  

       = xex  16D−2  cos x 

       = 
12 xex  3D+19D2−1  cos x 

       = - 
120  xex (-3 sin x + cos x) 

       = 
120  xex (3 sin x – cos x) 

Hence the complete solution is  y= C.F. + P.I. 

 

 

Ex. 5 :   Solve  
𝐝𝟐 𝐲𝐝𝐱𝟐  -2 

𝐝𝐲𝐝𝐱 +4y = 𝐞𝐱 cos x. 



 

Solution:  A.E. is  D2 − 2D + 4 = 0, 
Or,    [(D − 1)2 + 3]=0    Or, D= 1±√3i 
C.F.= ex  [C1 cos √3x + C2 sin √3 x] 

P.I. = 
1D2−2D+4 ex cos x 

       =  ex 1(D+1)2−2(D+1)+4  cos x 

       = ex 1D2+3  cos x 

       = ex 1−1+3  cos x 

       = 
12 ex  cos x,etc. 

 

 

 

 

 𝑻𝒐𝒑𝒊𝒄: 𝟏𝒇(𝑫) {𝒙𝑽}, 𝒘𝒉𝒆𝒓𝒆 𝑽 𝒊𝒔 𝒂𝒏𝒚 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒙         We have , Dn(x)V = xDnV + nDn−1V   by Leibnitz’s rule 

                = xDnV + ddD (Dn)V   as ddD Dn = nDn−1
 ∴ f(D){xV} = xf(D)V + f´(D)V. Taking the inverse operator , we get 1f(D) (xV) = x 1f(D) V + [ ddD 1f(D)] V. 

                      Or, 1f(D) (xV) = x 1f(D) V − f´(D)[f(D)]2V 

𝑻𝒐𝒑𝒊𝒄: 𝟏𝒇(𝑫) (𝒙𝒎𝑽), 𝒘𝒉𝒆𝒓𝒆 𝑽 𝒊𝒔 𝒔𝒐𝒎𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒙. 
Now V can have the following different forms: 1)V has the form  of xm, then xmV becomes xm+n which can be evaluated 
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2)V has the form eax, then xmV becomes xmeax which can be evaluated . 
3)V has the form cos ax or sin ax ,then xmV  becomes xm cos ax or  xm sin ax ,i.e. it is real or 

imaginary part of xmeax,which can be easily evaluated. 

 

 

Ex.1 .Solve 
𝐝𝟒𝐲𝐝𝐱𝟒 − 𝐲 = 𝐱𝐬𝐢𝐧𝐱 

Solution: 

    Auxiliary equation is 

 D4 − 1 = 0, (D2 + 1)(D2 − 1) = 0, D = ±i, ±1. 
    Hence C.F.=C1cosx +C2sinx+C3ex + C4e−x 

     P.I.= 1D4−1 xsinx. 
          =Imaginary part of 

1D4−1 xeix 

          =I.P. of eix 1(D+i)4−1 x  

          =I.P. of eix 1D4+4iD3−6D2−4iD x 

          =I.P. of  −eix  14iD [1 − 32 iD − D2 + 14 iD3]−1x (∴ 1i = −i) 

          =I.P. of −eix 14iD [x + 32 i]  

          =I.P. of 
i4 (cosx + i sinx )[12 x2 + 32 ix] 

          =
18 x2cosx − 32 xsinx 

  Hence the complete solution is  

 y=C1cosx + C2sinx + C3ex + C4e−x + 18 x2cosx − 38 xsinx. 
 

Ex.2. Solve 
𝐝𝟐𝐲𝐝𝐱𝟐 + 𝟒𝐲 = 𝐱𝐬𝐢𝐧𝐱 

Solution: 

          A.E. is D2 + 4 = 0 , D = ±2i 
          C.F. =C1cos2x + C2sin2x 



          P.I. =
1D2+4 x sinx 

                 =I.P. of 
1D2+4 xeix 

                 =I.P. of eix 1(D+i)2+4 x 

                =I.P. of eix 1D2+2Di+3 x 

                =I.P. of 
13 eix(1 + 23 Di + 13 D2)−1x 

                =I.P. of 
13 eix(1− 23 Di)x 

                =I.P. of 
13 (cosx + i sinx)(x − 23 i) 

                =
19(3x sinx − 2cosx). 

  

     The complete solution is  y=C.F.+P.I.  

         

 

 

 

Ex:-2   Solve (d2y/dx2)+4y= xsinx 

       C.F=C1Cos2x+C2Sin2x 

       P.I= 1/(D2+4)xsinx 

            =I.P of 1/(D2+4) xeix 

           = I.P of (1/(D2+i)2+4 )x 

           =I.P.of eix  (1/(D2+2Di+3))x 

          =I.P.of 1/3 eix (1+2/3Di+3)-1x 

         =I.P.of 1/3eix (1-2/3Di)x 

         =I.P.of 1/3  (Cosx + isinx )(x- 2/3i) 

         =1/9 (3xsin x-2Cos x ) 

 The complete  solution  is y= C.F+P.I 
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EX:-3 ( a) Solve (d2y/dx2)- 4(dy/dx)+4y= 3x2e2x sin 2x  

 Solution :- A.E is D2-4D+4=0, (D-2)2=0 

          C.F= (C1+C2x) e2x 

          P.I =( 3x2e2xsin 2x)/(D-2)2=3e2x.                                                    

                  (1/(D+2-2)2) X2Sin2x 

               =3e2x(1/D2) x2 sin2x  

      =I.P.of 3e2x (1/D2) x2e2ix 

                    =I.P.of 3e2x.e2ix (1/D2)x2e2ix 

               = I.P.of 3e2X  e2ix(1/(D+2i)2) x2 

               = I.p.of 3e2xe2ix (1/D2+4iD-4)x2 

                  = I.P.of -3e2x e2ix(1/4) ( 1-iD-1/4D2)-1 x2 

      = I.P of -3e2x e2ix.¼ (1+iD+1/4D2-D2) X2 

               = I.p.of -3e2xe2ix 1/4 (X2+2ix-3/2) 

         =I.P.of – ¾ e2x (Cos2x+i sin2x) 

            (X2+2ix-3/2 ) 

          = I.P.of – ¾ e2x(Cos 2x+Sin 2x) 

           (X2+2ix-3/2 )  

         = -3/8 e2x [(2x2 -3) Sin2x+Cos2x] 

The complete solution  is y=C.F+P.I 

Ex:-4   Solve (D2+2D2+1)y= x2  Cosx 

  Solution :- The auxiliary  equation  is  

(D2+2D2+1)=0  i.e.(D2+1)2=0  

   D= +/-i ;  +/-i. 

:. C.F.= (C1+C1x) Cos x+ (C3+C4X) Sinx  

P.I.= 1/(D4+2D2+1) X2 Cos x= real part  

    Of 1/(D2+1)2 X2 eix   

But [ 1/(D2+1)2 ] x2eix  



 = eix 1/[(D+1)2+1]2 x2 

 =eix 1/(D2+2iD )2x2  

 =eix 1/-4D2(1- ½ iD ) -2 x2 

 = -1/4  eix ( 1/D2)   ( 1-1/2 iD )-2 x2 

= -1/4 eix 1/D2 (1+iD-3/4 D2 – ½ iD3 

   + 5/10 D4 +……. )X2 

= -1/4 eix 1/D2 [ x2+ 2ix -3/2] 

= -1/4 eix [ x4/12 + i( x3/3 ) -3/4 x2]  

 = -1/4 (Cos x +i sinx ) [ x4/12 -3/4 x2 +  

       i x3/3] 

P.I.= real part of the above  

       = - 1/4 [( X4/12 – ¾  X2) Cos x -1/3  X3 Sin x] 

The complete  solution  is y=C.F+P.I 

   

 

 

 

 

 

  Miscellaneous Examples 

 

1.Solve: (𝑫𝟐 − 𝟓𝑫 + 𝟔)𝒚 = 𝟒𝒆𝒙 + 𝟓 

Solution: A.E. is (D − 3) (D − 2) = 0 

            C.F.=C1e2x + C2e3x 

            P.I.= 4ex+5e0xD2−5D+6 = 4ex1−5+6 + 56 = 2ex + 56 

 Hence y = C1e2x + C2e3x + 2ex + 56. 

 

2.Solve: 
𝐝𝟑𝐲𝐝𝐱𝟑 − 𝟔 𝐝𝟐𝐲𝐝𝐱𝟐 + 𝟏𝟏 𝐝𝐲𝐝𝐱 − 𝟔𝐲 = 𝐞𝟐𝐱 

Roll:1800081 

 



Solution: A.E. is D3 − 6D2 + 11D − 6 = 0 

                       or (D − 1)(D2 − 5D + 6) = 0 

                       or (D − 1)(D − 2)(D − 3) = 0 

                       ∴ C.F.=C1ex + C2e2x + C3e3x 

                      P.I.= e2xD3−6D2+11D−6  (case of failure) 

                            = x e2x3D2−12D+11 

                            = x e2x12−24+11 

                            = −xe2x 

    Hence y = C1ex + C2e2x + C3e3x − xe2x. 

3.Solve: 𝐝𝟑𝐲𝐝𝐱𝟑 − 𝟑 𝐝𝐲𝐝𝐱 + 𝟐𝐲 = 𝐞−𝟐𝐱 

Solution: A.E. is (D − 1)(D2 + D − 2) = 0 

                        or(D − 1)(D + 2)(D − 1) = 0 

                 ∴ C.F.=(C1 + C2x)ex + C3e−2x 

        P.I.= e−2xD3−3D+2  (case of failure) 

             =x e−2x3D2−3 

             =
19 xe−2x 

 Hence y = (C1 + C2x)ex + C3e−2x 19 xe−2x. 

 

4.Solve: 
𝐝𝟐𝐲𝐝𝐱𝟐 − 𝟒 𝐝𝐲𝐝𝐱 + 𝟒𝐲 = 𝐞𝟐𝐱 + 𝐬𝐢𝐧 𝟐𝐱 

Solution: A.E. is D2 − 4D + 4 = 0 

                       or (D − 2)2 = 0 

                       or D = 2,2 

                 ∴ C.F. = (C1 + C2x)e2x 

                   P.I. = e2xD2−4D+4 + sin 2x D2−4D+4    first term, case of failure 

                         =x e2x2D−4 +  sin 2x−4−4D+4     first term, again case of failure 



                         =x2 e2x2 − 14  ∙ 1D sin 2x 

                         =
12 x2e2x + 18 cos 2x 

     Hence y = (C1 + C2x)e2x + 12 x2e2x + 18 cos 2x. 

 

 

 3.Solve: 𝐝𝟑𝐲𝐝𝐱𝟑 − 𝟑 𝐝𝐲𝐝𝐱 + 𝟐𝐲 = 𝐞−𝟐𝐱 

Solution: A.E. is (D − 1)(D2 + D − 2) = 0 

                        or(D − 1)(D + 2)(D − 1) = 0 

                 ∴ C.F.=(C1 + C2x)ex + C3e−2x 

        P.I.= e−2xD3−3D+2  (case of failure) 

             =x e−2x3D2−3 

             =
19 xe−2x 

 Hence y = (C1 + C2x)ex + C3e−2x 19 xe−2x. 

 

4.Solve: 
𝐝𝟐𝐲𝐝𝐱𝟐 − 𝟒 𝐝𝐲𝐝𝐱 + 𝟒𝐲 = 𝐞𝟐𝐱 + 𝐬𝐢𝐧 𝟐𝐱 

Solution: A.E. is D2 − 4D + 4 = 0 

                       or (D − 2)2 = 0 

                       or D = 2,2 

                 ∴ C.F. = (C1 + C2x)e2x 

                   P.I. = e2xD2−4D+4 + sin 2x D2−4D+4    first term, case of failure 

                         =x e2x2D−4 +  sin 2x−4−4D+4     first term, again case of failure 

                         =x2 e2x2 − 14  ∙ 1D sin 2x 

                         =
12 x2e2x + 18 cos 2x 

     Hence y = (C1 + C2x)e2x + 12 x2e2x + 18 cos 2x. 



 

 

 

  

 𝟏𝐟(𝐃) . 𝐞𝐚𝐱. 𝚽(𝐱)= 𝐞𝐚𝐱. 𝟏𝐟(𝐃 + 𝐚) . 𝚽(𝐱) 

 

            D[eaxΦ(x)] = eaxDΦ(x) + aeaxΦ(x) = eax(D + a)Φ(x) D2[eaxΦ(x)] = D[eax(D + a)Φ(x)] = eax(D2 + aD)Φ(x) + aeax(D + a)Φ(x) 

                                                

                                                = eax(D2 + 2aD + a2)Φ(x) = eax(D + a)2Φ(x)  

 Similarly,          Dn[eaxΦ(x)] = eax(D + a)nΦ(x) 

                             f(D)[eaxΦ(x)] = eax(D + a)Φ(x) 

                                          eaxΦ(x) = 1f(D) [eaxf(D + a)Φ(x)]                 ……(1) 

Put   f(D + a)Φ(x) = X,  so that Φ(x)= 1f(D+a) X 

Substituting these values in (1),we get 

                eax 1f(D+a) X = 1f(D) [eax. X] 

                ⟹ 1f(D) [eax. Φ(x)] = eax 1f(D+a) Φ(x) 

 

MISCELLANEOUS EXAMPLES 

EX.5     Solve  (𝐃𝟐 + 𝟏)𝐲 = 𝐞𝟐𝐱𝐬𝐢̇𝐧𝐱 + 𝐞𝐱𝟐 𝐬𝐢𝐧(𝟏𝟐 √𝟑𝐱) 

   Solution.    A.E. is D3 + 1 = 0, (D + 1)(D2 − D + 1) = 0 

                                    D = −1, 1±√3i2  

                        C.F. =C1e−x + C2ex2 cos(12 √3x+C3) 

                 P.I. corresponding to e2x sin x 

Roll:1800083 

 



                           =
e2x sin xD3+1 = e2x 1(D+2)3+1 sin x 

                           =e2x 1D3+6D2+12D+9 sin x = e2x 1−D−6+12D+9 sin x 

                           =e2x 111D+3 sin x = e2x 11D−3112−32 sin x 

                           =
1180 e2x(11 cos x − 3 sin x) 

              P.I. corresponding to ex2 sin(12 √3x) 

                         =ex2 1(D+12)3+1 sin x √32  

                           =ex2 1D3+32D2+34D+98 sin √32 x (case of failure) 

                        =ex2x 13D2+3D+34 sin √32 x    differentiating the dominator w.r.t D and multiplying by x 

                        =ex2x 1−3×34D+34 sin √32 x 

                        =ex2 x3 1D−12 sin √32 x 

                        =ex2 x3 1−34−14̅ (√32 cos √32 x + 12 sin √32 x) 

                        =− x6 ex2(√3 cos √32 x + sin √32 x) 

Thus the P.I.=
1180 e2x(11 cos x − 3 sin x) − x6 ex2(√3 cos √32 x + sin √32 x) 

The complete solution is y=C.F.+P.I. 

 

Ex.6    Solve (𝐃𝟒 + 𝐃𝟐 + 𝟏)𝐲 = 𝐞−𝟏𝟐 𝐜𝐨𝐬(𝐱 √𝟑𝟐 )  

   Solution.  The auxiliary equation is (D4 + D2 + 1) = 0 

                                                Or,[((D2 + 1)2 − D2] = 0    or, (D2 − D + 1)(D2 + D + 1) = 0 

       When   D2 − D + 1 = 0, D = 1±√3i2  

   And when D2 + D + 1 = 0, D = 
−1+√3i2   

    Then C.F. =C1ex2 cos(12 √3x + C2) + C3e−x2 cos(12 √3x + C4) 



     P.I.  =
1(D4+D2+1) e−x2 cos(12 √3x) 

             =e−x2 1(D−12)4+ (D−12)2+1 cos(12 √3x)  

             =e−x2 1D4−2D3+52D2−32D+21.16 cos(12 √3x)  

             =e−x2x 14D3−6D2+5D−32 cos(12 √3x)  

                                                             [multiplying by x and differentiating the denominator w.r.t. D] 

             =e−x2x 14D(−34)−6(−34)+5D−32 cos(12 √3x) 

             =e−x2x 12D+3 cos(12 √3x)  

             =e−x2x 2D−34D2−9 cos(12 √3x) 

             =e−x2x 14(−34)−9 [−2 √32 sin(12 √3x) − 3cos(12 √3x)]  

             =
e−x2x−12 [− √3sin(12 √3x) − 3cos(12 √3x)]  

             =
e−x2x4 [ 1√3 sin(12 √3x) + cos(12 √3x)] 

The complete solution is y=C.F. + P.I. 

 

Ex. 7. Solve (𝐃𝟒 + 𝟐𝐃𝟑 − 𝟑𝐃𝟐)𝐲 = 𝐱𝟐 + 𝟑𝐞𝟐𝐱 + 𝟒𝐬𝐢𝐧𝐱 

Solution. 

The auxiliary equation is,   (D4 + 2D3 − 3D2) = 0 D2(D2 + 2D − 3) = 0 D2(D + 3)(D − 1) = 0 

     ∴ D = 0, 0, −3, 1  

Hence, C.F. = (C1+C2x)+C3ex + C4e−3x 

P.I. = 
1D2(D2+2D−3) (x2 + 3e2x + 4sinx) 

       = 
3e2x20 + 4sinx−2(D−2) − 13D2 (1 − 23 D − 13 D2)−1 x2 

       = 
320 e2x − 2(D−2)D2−4 sinx − 13D2 (1 + 23 D + 13 D2 + 49 D2 … ) x2 



       = 
320 e2x − 25 (cosx + 2sinx) − 13D2 (x2 + 49 x + 149 ) 

       = 
320 e2x − 25 (cosx + 2sinx) − ( 136 x4 + 227 x3 + 727 x2) 

Therefore, the complete solution is y=C.F. + P.I. 

 

Ex. 8. Solve 
𝐝𝟐𝐲𝐝𝐱𝟐 − 𝟔 𝐝𝐲𝐝𝐱 + 𝟏𝟑𝐲 = 𝟖𝐞𝟑𝐱𝐬𝐢𝐧𝟐𝐱 

Solution. Auxiliary equation is, D2 − 6D + 13 = 0 

D = 6 ± √36 − 522 = 3 ± 2i 
C.F. = e3x[C1cos2x + C2sin2x] 

P.I. = 
1D2−6D+13 8e3xsin2x 

= 8e3x 1(D+3)2−6(D+3)+13 sin2x 

= 8e3x 1D2+4 sin2x (case of failure) 

= 8e3x 12D sin2x 

= −2xe3xcos2x 

Hence, the complete solution is,                                                                                                                                                         y = −2xe3xcos2x + e3x[C1cos2x + C2sin2x] 

 

Ex 10. Solve 
𝐝𝟑𝐲𝐝𝐱𝟑 − 𝟐 𝐝𝟐𝐲𝐝𝐱𝟐 − 𝟏𝟗 𝐝𝐲𝐝𝐱 + 𝟐𝟎𝐲 = 𝐱𝐞𝐱 + 𝟐𝐞−𝟒𝐱𝐬𝐢𝐧𝐱 

Solution. Auxiliary equation is D3 − 2D2 − 19D + 20 = 0 (D − 1)(D2 − D − 20) = 0 (D − 1)(D − 5)(D + 4) = 0 

     ∴ D = 1, 5, −4  

  C.F. = C1ex+ C2e5x+ C3e−4x 

P.I. corresponding to xex 

        = 1(D−1)(D−5)(D+4)  xex 

           =ex 1[(D+1)−1][(D+1)−5][(D+1)+4]x 



           =ex 1D(D−4)(D+5) x 

           =ex 1D 1D2+D−20 x 

           =−ex 120 1D (1 − 120 D − 1 20 D2)−1 x 

           =−ex 120 1D (1 + 120 D) x 

           =−ex 120 1D (x + 120) 

           =− 120 ex(x22 + 120 x) 

P.I. corresponding to 2e−4xsinx 

           =Imaginary part of 
2e−4xeixD3−2D2−19D+20 

           = Imaginary part of 
2ex(i−4)(i−4)3−2(i−4)2−19(i−4)+20 

           = Imaginary part of 
ex(i−4)1+22i  

           = Imaginary part of 
e4x(cosx+i sinx)12+222 (1 + 22i) 

           =
e−4x485 (sinx − 22cosx) 

Hence P.I.= =− 120 ex(x22 + 120 x)= e−4x485 (sinx − 22cosx) 

Therefore, the complete solution is y=C.F. + P.I. ∴The general solution is, 

        y = C1 sin (2x+C2) + 
sin ax4−a2                     ………...(1) 

     so that  
dydx = 2C1 cos (2x+C3) + 

a cos ax4−a2     …………(2) 

     But  y = 0 when x = 0, 

  ∴ (1) gives,             0 = C1 sin C2                       …………(3)              

      Again  
dydx = 0 when x = 0 

  ∴ (2) gives,              0 =2C1 cosC2 + 
a4−a2     …………(4) 

      From (3), C1=0 or  C2=0 but if C1=0,(4) does not hold. 

      Hence C2=0 and then from (4), C1= - 
a2 (4−a2) 



     Putting these values of C1 and C2 in (1),the required solution is 

      y = - 
a sin 2x2 (4−a2) + 

sin ax4−a2  = 
2 sin ax−a sin 2x2(4−a2)  

     This proves the result. 
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Method : Cauchy -Euler Equations 

𝑥𝑛
𝑑𝑛𝑦

𝑑𝑥𝑛
+ 𝑎1𝑥𝑛−1

𝑑𝑛−1𝑦

𝑑𝑥𝑛−1
+ 𝑎2𝑥𝑛−2

𝑑𝑛−2𝑦

𝑑𝑥𝑛−2
+ ⋯ + 𝑎𝑛𝑦

= 𝑓ሺ𝑥ሻ ⋯ ⋯ ⋯ ⋯ ሺ1ሻ 

where, 𝑎1, 𝑎2 are constants; 𝑓ሺ𝑥ሻ= function of 𝑥. 

 

It can be also written as – 

𝑥𝑛𝐷𝑛 + 𝑎1𝑥𝑛−1𝐷𝑛−1 + 𝑎2𝑥𝑛−2𝐷𝑛−2 + ⋯ + 𝑎𝑛𝑦 = 𝑓ሺ𝑥ሻ 

⋯ ⋯ ⋯ ⋯ ሺ2ሻ 

where, 𝐷 ≡
𝑑

𝑑𝑥
 

These equations are known as . 

Conversion: Linear differential equation with variable co-

efficient to constant co-efficient. 



Substitution: In order to solve (2) introduce a new independent 

variable z such that- 

𝑥 = 𝑒𝑧        or, log 𝑥 = 𝑧           so that   
1

𝑥
=

𝑑𝑧

𝑑𝑥
⋯ ⋯ ⋯ ⋯ ⋯ ሺ3ሻ 

Now, 

        𝑥𝐷 = 𝑥
𝑑

𝑑𝑥
≡

𝑑

𝑑𝑧
= 𝐷1  ;    𝑥2𝐷2 = 𝐷1൫𝐷1 − 1൯𝑦  and so on. 

Proceeding likewise, we can show that 

𝑥𝑛𝐷𝑛 = 𝑥𝑛
𝑑𝑛𝑦

𝑑𝑥𝑛
= 𝐷1൫𝐷1 − 1൯൫𝐷1 − 2൯ ⋯ ⋯ ⋯ ൫𝐷1 − 𝑛 + 1൯𝑦 

⋯ ⋯ ⋯ ⋯ ሺ4ሻ 

Substituting the above values of 𝑥, 𝑥𝐷, 𝑥2𝐷2, 𝑥3𝐷3, ⋯ , 𝑥𝑛𝐷𝑛 in 

equation (1) and thus changing the independent variable from 

𝑥 to  , we have  

ൣ𝐷1൫𝐷1 − 1൯ ⋯ ൫𝐷1 − 𝑛 + 1൯ + ⋯ ⋯ + 𝑎𝑛−2𝐷1൫𝐷1 − 1൯

+ 𝑎𝑛−1𝐷1 + 𝑎𝑛൧𝑦 = 𝑍 

Or,  𝑓൫𝐷1൯𝑦 = 𝑍    ⋯ ⋯ ⋯ ⋯ ሺ5ሻ 

Where, 𝑍 is now a function of 𝑧 only. 

By solving (5) we will be able to get the auxiliary equation. And 

by solving auxiliary equation, all the roots of auxiliary equation 

can be found. 



Depending on the different cases of the roots of the auxiliary 

equation (A.E), the complementary function (C.F) and the 

particular integral (P.I) can be found. 

So, the required general solution will be – 

𝒚 =C.F + P.I 

 

 

The general (standard) form of the linear equations of the 

second order – 

𝑑2𝑦

𝑑𝑥2
+ 𝑃

𝑑𝑦

𝑑𝑥
+ 𝑄 = 𝑅 

where,𝑃, 𝑄 and 𝑅 are functions of 𝑥 or constants. 

 

(1) Solve the differential equation, 𝒙𝟐 𝒅𝟐𝒚

𝒅𝒙𝟐 + 𝟐𝒙
𝒅𝒚

𝒅𝒙
= 𝒍𝒐𝒈𝒙. 

Solution: 

Given equation, ሾ𝑥2𝐷2 + 2𝑥𝐷ሿ𝑦 = 𝑙𝑜𝑔𝑥 ⋯ ⋯ ⋯ ⋯ ሺ1ሻ 

where, 𝐷 =
𝑑

𝑑𝑥
 



Let,    𝑥 = 𝑒𝑧  or, 𝑧 = 𝑙𝑜𝑔𝑥 and 𝐷1 ≡
𝑑

𝑑𝑧
 

Then, equation (1) becomes – 

ൣ𝐷1൫𝐷1 − 1൯ + 2𝐷1൧𝑦 = 𝑧 

Or,൫𝐷1
2 + 𝐷1൯𝑦 = 𝑧 

Its auxiliary equation is,  𝐷1
2 + 𝐷1 = 0 

So that,  𝐷1 = 0, −1 

∴ 𝐶. 𝐹 = 𝑐1𝑒0×𝑧 + 𝑐2𝑒ሺ−1ሻ×𝑧 = 𝑐1 + 𝑐2ሺ𝑒𝑧ሻ−1 = 𝑐1 +

𝑐2𝑥−1;  where 𝑐1 and  𝑐2 are arbitrary constants. 

∴ 𝑃. 𝐼 =
1

𝐷1
2 + 𝐷1

=
1

𝐷1
൫1 − 𝐷1 + ⋯ ൯𝑧 =

1

𝐷1
ሺ𝑧 − 1ሻ

=
1

𝐷1ሺ1 + 𝐷1ሻ
𝑧 =

1

𝐷1
ሺ1 + 𝐷1ሻ−1𝑧 

So,𝑃. 𝐼 =
1

2
× 𝑧2 − 𝑧 =

1

2
ሺ𝑙𝑜𝑔𝑥ሻ2 − 𝑙𝑜𝑔𝑥 

As,𝑥 = 𝑒𝑧        or, 𝑧 = 𝑙𝑜𝑔𝑥 

∴ The required solution is, 

𝒚 = 𝒄𝟏 + 𝒄𝟐𝒙−𝟏 +
𝟏

𝟐
ሺ𝒍𝒐𝒈𝒙ሻ𝟐 − 𝒍𝒐𝒈𝒙. 

 

(2) Solve the differential equation, ൫𝒙𝟐𝑫𝟐 + 𝟕𝒙𝑫 + 𝟏𝟑൯𝒚 =

𝒍𝒐𝒈𝒙. 

Solution: 

             Given equation, ሺ𝑥2𝐷2 + 7𝑥𝐷 + 13ሻ𝑦 = 𝑙𝑜𝑔𝑥 ⋯ ሺ1ሻ 



where, 𝐷 =
𝑑

𝑑𝑥
 

Let,    𝑥 = 𝑒𝑧  or, 𝑧 = 𝑙𝑜𝑔𝑥 and 𝐷1 ≡
𝑑

𝑑𝑧
 

Then, equation (1) becomes – 

ൣ𝐷1൫𝐷1 − 1൯ + 7𝐷1 + 13൧𝑦 = 𝑧 

Or,൫𝐷1
2 + 6𝐷1 + 13൯𝑦 = 𝑧 

Its auxiliary equation is, 𝐷1
2 + 6𝐷1 + 13 = 0 

So that,  𝐷1 = −3 ± 2𝑖 

∴ 𝐶. 𝐹 = 𝑒−3𝑧ሺ𝑐1𝑐𝑜𝑠2𝑧 + 𝑐2𝑠𝑖𝑛2𝑧ሻ = 𝑥−3ሾ𝑐1 cos൫2𝑙𝑜𝑔𝑥൯ +

𝑐2 sin൫2𝑙𝑜𝑔𝑥൯ሿ;  where 𝑐1 and  𝑐2 are arbitrary constants. 

∴ 𝑃. 𝐼 =
1

𝐷1
2 + 6𝐷1 + 13

𝑧 

=
1

13ሾ1 + ሺ16 13ሻ𝐷1 + ሺ1 13ሻ𝐷1
2ሿΤΤ

𝑧 

=
1

13
൤1 + ൬

6

13
𝐷1 +

1

13
𝐷1

2൰൨
−1

𝑧 

=
1

13
൤1 − ൬

6

13
𝐷1 +

1

13
𝐷1

2൰ + ⋯ ൨ 𝑧 

=
1

13
൬𝑧 −

6

13
൰ 

=
1

13
൬𝑙𝑜𝑔𝑥 −

6

13
൰ 



=
1

169
൫13𝑙𝑜𝑔𝑥 − 6൯ 

∴ The required solution is, 

𝒚 = 𝒙−𝟑ൣ𝒄𝟏𝒄𝒐𝒔൫𝟐𝒍𝒐𝒈𝒙൯ + 𝒄𝟐𝒔𝒊𝒏൫𝟐𝒍𝒐𝒈𝒙൯൧

+
𝟏

𝟏𝟔𝟗
൫𝟏𝟑𝒍𝒐𝒈𝒙 − 𝟔൯. 

 

(3) Solve the differential equation, ൫𝒙𝟐𝑫𝟐 − 𝒙𝑫 + 𝟐൯𝒚 =

𝒙𝒍𝒐𝒈𝒙 

Solution: 

Given equation, ሺ𝑥2𝐷2 − 𝑥𝐷 + 2ሻ𝑦 = 𝑥𝑙𝑜𝑔𝑥 ⋯ ⋯ ሺ1ሻ 

where, 𝐷 =
𝑑

𝑑𝑥
 

Let,    𝑥 = 𝑒𝑧  or, 𝑧 = 𝑙𝑜𝑔𝑥 and 𝐷1 ≡
𝑑

𝑑𝑧
 

Then, equation (1) becomes – 

ൣ𝐷1൫𝐷1 − 1൯ − 𝐷1 + 2൧𝑦 = 𝑧𝑒𝑧 

Or,൫𝐷1
2 − 2𝐷1 + 2൯𝑦 = 𝑧𝑒𝑧 

Its auxiliary equation is, 𝐷1
2 − 2𝐷1 + 2 = 0 

So that,  𝐷1 = 1 ± 𝑖 

∴ 𝐶. 𝐹 = 𝑒𝑧ሺ𝑐1𝑐𝑜𝑠𝑧 + 𝑐2𝑠𝑖𝑛𝑧ሻ = 𝑥ሾ𝑐1 cos൫𝑙𝑜𝑔𝑥൯ +

𝑐2 sin൫𝑙𝑜𝑔𝑥൯ሿ;  where 𝑐1 and  𝑐2 are arbitrary constants. 



∴ 𝑃. 𝐼 =
1

𝐷1
2 − 2𝐷1 + 2

𝑧𝑒𝑧 

= 𝑒𝑧
1

ሺ𝐷1 + 1ሻ2 − 2൫𝐷1 + 1൯ + 2
𝑧 

= 𝑒𝑧
1

𝐷1
2 + 1

𝑧 

= 𝑒𝑧൫1 + 𝐷1
2൯

−1
𝑧 

= 𝑒𝑧ሺ1 − ⋯ ⋯ ሻ𝑧 

= 𝑒𝑧𝑧 

= 𝑥𝑙𝑜𝑔𝑥 

∴ The required solution is, 

𝒚 = 𝒙ሾ𝒄𝟏𝒄𝒐𝒔൫𝒍𝒐𝒈𝒙൯ + 𝒄𝟐𝒔𝒊𝒏൫𝒍𝒐𝒈𝒙൯ሿ + 𝒙𝒍𝒐𝒈𝒙. 

 

(4) Solve the differential equation, ൫𝒙𝟐𝑫𝟐 + 𝒙𝑫൯𝒚 =

𝟏𝟐𝒍𝒐𝒈𝒙. 

 

Solution: 

Given equation, ሺ𝑥2𝐷2 + 𝑥𝐷ሻ𝑦 = 12𝑙𝑜𝑔𝑥 ⋯ ⋯ ሺ1ሻ 

where, 𝐷 =
𝑑

𝑑𝑥
 

Let,    𝑥 = 𝑒𝑧  or, 𝑧 = 𝑙𝑜𝑔𝑥 and 𝐷1 ≡
𝑑

𝑑𝑧
 

Then, equation (1) becomes – 



ൣ𝐷1൫𝐷1 − 1൯ + 𝐷1൧𝑦 = 12𝑧 

Or,𝐷1
2𝑦 = 12𝑧 

Its auxiliary equation is, 𝐷1
2 = 0 

So that,  𝐷1 = 0,0 

∴ 𝐶. 𝐹 = 𝑐1 + 𝑐2𝑧 = 𝑐1 + 𝑐2logx;  where 𝑐1 and  𝑐2 are 

arbitrary constants. 

∴ 𝑃. 𝐼 =
1

𝐷1
2 12𝑧 

= 12
1

𝐷1
2 𝑧 

= 12
1

𝐷1

𝑧2

2
 

= 12 ×
𝑧3

6
 

= 2ሺ𝑙𝑜𝑔𝑥ሻ3 

∴ The required solution is, 

𝒚 = 𝒄𝟏 + 𝒄𝟐𝒍𝒐𝒈𝒙 + 𝟐ሺ𝒍𝒐𝒈𝒙ሻ𝟑. 

 

 

 

 

 

 



                        NAME: ARPON DAFADAR 

                        ROLL  : 1800086 

5 . solve   ሺ 𝐷2-2D+5)y=0          

6 .  solve     (𝐷2+4)y= 𝑥2                                       

7 .  solve    (𝐷2- 2kD+𝑘2)y= 𝑒𝑥                  

8 .  solve     ሺ𝐷2-6D+9)y=1+x+𝑥2 

 

Solution of problem 5 :   

ሺ 𝐷2-2D+5)y=0                                 … (1) 

Let, y= 𝑒𝑚𝑥  be the trial solution of equation (1) 

Now, from (1)  

        𝑚2-2m+5=0 

Or,  m=
2 ±√4−20

2
 

           =
2±√−16

2
 

           =
2±4𝑖

2
 

           =1±2i 

Since the general solution : y= 𝑒𝑥(A cos 2x + B sin2x ). 

 

Solution of problem 6: 



(𝐷2+4)y= 𝑥2                                      … (1) 

Let, y= 𝑒𝑚𝑥  be the trial solution of equation (1) 

Now, from (1) 

 

      𝑚2+4=0 

0r, m= ± 2i 

𝑦𝑐= A cos 2x + B sin 2x 

Now,  𝑦𝑝= 
1

𝐷2+4 
𝑥2 

               =
1

4
(1- 

𝐷2

4
) 𝑥2 

               =
1

4
(𝑥2- 

2

4
 ) 

               =
1

8
(2𝑥2- 1) 

Since, the general solution:  

y= A cos 2x + B sin 2x+ 
1

8
(2𝑥2- 1). 

 

Solution of problem 7: 

(𝐷2- 2kD+𝑘2)y= 𝑒𝑥                                    … (1) 

Let, y= 𝑒𝑚𝑥  be the trial solution of equation (1) 

Now, from (1)  

       𝑚2-2km+ 𝑘2=0 



Or, ሺ𝑚 − 𝑘ሻ2=0 

Or,  m= k,k 

𝑦𝑐= (A + Bx) 𝑒𝑘𝑥      

Now,  𝑦𝑝 = 
1

𝐷2− 2kD+𝑘2 
𝑒𝑥  

                 = 
1

ሺ𝐷−𝑘ሻ2 𝑒𝑥  

                 =
1

ሺ1−𝑘ሻ2 𝑒𝑥  

Since the general solution : 

y= 𝑦𝑐+𝑦𝑝  =(A + Bx) 𝑒𝑘𝑥     + 
1

ሺ1−𝑘ሻ2 𝑒𝑥. 

 

Solution of problem 8: 

ሺ𝐷2-6D+9)y=1+x+𝑥2                                … (1) 

Let, y= 𝑒𝑚𝑥  be the trial solution of equation (1) 

Now, from (1)  

       𝑚2-6m+9=0 

Or,  ሺ 𝑚 − 3ሻ2=0 

Or,  m=3,3  

𝑦𝑐= (A + Bx) 𝑒3𝑥     

Now, 𝑦𝑝=
1

ሺ3−𝐷ሻ2( 1+x+𝑥2 )                



              =  
1

9
 ሺ1 − 

𝐷

3
 ሻ−2( 1+x+𝑥2 )                

              =
1

9
(1+ 2

𝐷

3
 + 3

𝐷2

9
) ( 1+x+𝑥2 )     

               =  
1

9
 [ 1+x+𝑥2+ 

2

3
 (1+2X)+ 

2

3
 ] 

               =  
1

9
 (𝑥2+

7

3
X+ 

7

3
 ) 

Since the general solution : 

y= 𝑦𝑐 + 𝑦𝑝=(A + Bx) 𝑒3𝑥  + 
1

9
 (𝑥2+

7

3
X+ 

7

3
 ) 

 

 

              Md. TUHIN ISLAM 

                 Roll: 1800087 

 

      Ex. 9: Solve:
x2൫d2y൯

dx2 +
xdy

dx
+ y = sinሺlogx2ሻ  

           Ex. 10: Solve:
x2d2y

dx2 −
4xdy

dx
+ 6y =

42

x4 

Ex. 11: Solve: ሺx2D2 − 3xD + 4ሻy = 2x2 

           Ex.12:Solve: (x²D²+xD-1)y=𝑥4 

 



Solution-9:  

We have, 
x2൫d2y൯

dx2 +
xdy

dx
+ y = sinሺlogx2ሻ − −ሺ1ሻ 

Let, 𝑥 = 𝑒𝑧  =>  𝑙𝑜𝑔𝑥 = 𝑧 

And D=
𝑑

𝑑𝑧
 

From (1) we get, 

D(D-1)y+Dy+y=sin(2z) 

(D²+1)y=sin(2z) 

A.E. is m²+1=0 

Or, m=±𝑖 

Yc=C1cosz+C2sinz 

    =C1cos(logx)+C2sin(logx) 

Where C1,C2 are the arbitrary constant. 

Yp=
1

𝐷2+1
∗ sin 2𝑧 

    =
1

−4+1
𝑠𝑖𝑛2𝑧 = −

1

3
sinሺ𝑙𝑜𝑔𝑥2ሻ 

The complete solution is, 

 Y=Yc+Yp =C1cos(logx)+C2sin(logx)-
𝟏

𝟑
𝐬𝐢 𝐧൫𝒍𝒐𝒈𝒙𝟐൯ 

 

Solution-10: 



We have, 𝑥2 𝑑𝑦2

𝑑𝑥2 − 4𝑥
𝑑𝑦

𝑑𝑥
+ 6𝑦 =

42

𝑥4 − − − ሺ1ሻ 

Let, x=𝑒𝑧 => 𝑙𝑜𝑔𝑥 = 𝑧 

And 𝐷 =
𝑑

𝑑𝑧
 

From (1) we get, 

             D(D-1)y-4Dy+6y=42𝑒−4𝑧 

   Or,   ( D²-5D+6)y=42𝑒−4𝑧 

  A.E is,.  m²-5m+6=0 

            Or, m=2,3 

Yc= C1𝑒2𝑧 +  𝐶𝟐𝑒3𝑧 = 𝐶1𝑥2 +  𝐶2𝑥3 

Where C1,C2 are the arbitrary constant. 

     Yp=
1

𝐷2−5𝐷+6
 42𝑒−4𝑧 

         =42 
1

ሺ−4ሻ2−5ሺ−4ሻ+6
  =𝑒−4𝑧 =

1

𝑒4𝑧 =
1

𝑥4   

The complete solution is,Y=Yc+Yp  =C1x²+𝑪𝟐𝒙𝟑 +
𝟏

𝒙𝟒 

Solution-11: 

We have, (x²D²-3xD+4)y=2x²-----(1) 

Let, x=𝑒𝑧 => 𝑙𝑜𝑔𝑥 = 𝑧 

From (1) we get, 

        (D²-D-3D+4)y=2𝑒2𝑧 



        (D²-4D+4)y=2𝑒2𝑧 

Auxiliary equation is, 

  (m²-4m+4)=0 

    Or, m= 2,2 

Yc=C1𝑒2𝑧 +  𝐶2𝑧𝑒2𝑧 = 𝐶1𝑥2 + 𝐶2𝑥2𝑙𝑜𝑔𝑥 

Where C1, C2 are the arbitrary constant 

Yp=
1

𝐷2−4𝐷+4
2𝑒2𝑧 

 =2
1

ሺ𝐷−2ሻሺ𝐷−2ሻ
𝑒2𝑧 

=2
1

𝐷−2
[

1

𝐷−2
𝑒2𝑧] 

=2
1

𝐷−2
∗

𝑧1

1!
𝑒2𝑧  

=2
1

𝐷−2
𝑧𝑒2𝑧 

=2
𝑒2𝑧

ሺ𝐷+2ሻ−2
𝑧 

=2𝑒2𝑧 1

𝐷
𝑧  

=2𝑒2𝑧 𝑧2

2
  

=z²𝑒2𝑧 = 𝑥2ሺ𝑙𝑜𝑔𝑥ሻ2 

The complete solution is,  

Y=Yc+Yp 

  =(C1+C2logx)x²+x²(logx)² 



 

Solution-12: 

We have, (x²D²+xD-1)y=𝑥4 … … … … … . ሺ1ሻ 

Let, x=𝑒𝑧 => 𝑙𝑜𝑔𝑥 = 𝑧 

From (1) we get, 

(D²-D+D-1)y= 𝑒4𝑧 

Or, (D²-1)y= 𝑒4𝑧 

Auxiliary equation is, 

       m²-1=0 

Or,  m=±1 

Yc= C1𝑒𝑧 + 𝐶2𝑒−𝑧 = 𝐶1𝑥 + 𝐶2
1

𝑥
 

Where C1, C2 are the arbitrary constant 

Yp=
1

𝐷2−1
𝑒4𝑧 

    =
1

42−1
𝑒4𝑧 

    =
1

7
𝑥4 

The complete solution is,  

                        Y=Yc+Yp  = 𝑪𝟏𝒙 + 𝑪𝟐
𝟏

𝒙
+

𝟏

𝟕
𝒙𝟒 

 Md. Sadman Rahat 
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Example No.13: FINDTHE COMPLEMENTARY FUNCTION OF  
𝒅𝟐𝒚

𝒅𝒙𝟐 + 𝟒
𝒅𝒚

𝒅𝒙
+

𝟓𝒚 = 𝟎, 

 𝒚 = 𝟎 𝒂𝒏𝒅 
𝒅𝒚

𝒅𝒙
=

𝒅𝟐𝒚

𝒅𝒙𝟐  when 𝒙 = 𝟎 

Solution: 

Here the auxiliary equation is  

                  m2+ 4m + 5 = 0 

Its root are ሺ−2 ± 𝑖ሻ 

The complementary function is  

 y = 𝑒−2𝑥ሺ𝐴𝑐𝑜𝑠𝑥 + 𝑏𝑠𝑖𝑛𝑥ሻ …………………..(1) 

On putting y = 2 and x = 0 in (1), we get 

          2 = A 

On putting A = 2 in (1), 

 we have,  

           y = 𝑒−2𝑥  ሺ2𝑐𝑜𝑠𝑥 + 𝑏𝑠𝑖𝑛𝑥ሻ……………….(2) 

 

On differentiating (2),  

we get 



𝑑𝑦

𝑑𝑥
=𝑒−2𝑥ሺ2𝑠𝑖𝑛𝑥 + 𝑏𝑐𝑜𝑠𝑥ሻ-2𝑒−2𝑥ሺ2𝑐𝑜𝑠𝑥 + 𝑏𝑠𝑖𝑛𝑥ሻ= 

𝑒−2𝑥ሾሺ–  2B –  2ሻ sin x +  ሺB –  4ሻ cos xሿ 

   =
𝑑2𝑦

𝑑𝑥2 = 𝑒−2𝑥ሾሺ−2B − 2ሻcosx − ሺB − 4sinxሻሿ 

−2𝑒−2𝑥ሾሺ–  2B –  2ሻ sin x +  ሺB –  4ሻ cos x 

   =e−2𝑥 ሾሺ –  4B +  6ሻ cos x +  ሺ3B +  8ሻ sin xሿ 

 

But,  
𝑑𝑦

𝑑𝑥
=

𝑑2𝑦

𝑑𝑥2 

e−2𝑥ሾሺ– 2B – 2ሻ sin x + ሺB –  4ሻ cos xሿ  

=  e−2𝑥  ሾሺ–  4B +  6ሻ cos x +  ሺ3B +  8ሻ sin xሿ 

 

On putting x = 0, we get, 

 B –  4 = –  4B +  6                   B = 2 

 

(2) becomes, 

 y =  e−2𝑥ሾ2 cos x +  2 sin xሿ 

 y =  2e−2𝑥 ሾsin x +  cos xሿ 

 Ans. 

 

 

 

 



Example 14: FINDTHE COMPLEMENTARY FUNCTION OF 
𝒅𝟐𝒚

𝒅𝒙𝟐 +

𝟔
𝒅𝒚

𝒅𝒙
+ 𝟗𝒚 = 𝟓𝒆𝟑𝒙 

  

 Solution:  

 ሺ𝐷2 + 6𝐷 + 9ሻ𝑦 = 5𝑒𝑥 

 

 Auxiliary equation is, 

 m2 + 6m + 9 = 0  (m + 3)2 = 0  m = – 3, – 3 

 C. F. =  ሺC1 +  C2xሻ e−3𝑥 

 P. I. =  
1

𝐷2+6𝐷+9
. 5𝑒3𝑥 = 5

𝑒3𝑥

ሺ32ሻ+6ሺ3ሻ+9
=

5𝑒3𝑥

36
 

 

The complete solution is 

 y = ሺ𝐶1 + 𝐶2𝑥ሻ𝑒−3𝑥 =
5𝑒3𝑥

36
 

 Ans. 

 

 

Example 15: FINDTHE COMPLEMENTARY FUNCTION OF 
𝒅𝟐𝒚

𝒅𝒙𝟐 −

𝟔
𝒅𝒚

𝒅𝒙
+ 𝟗𝒚 = 𝟔𝒆𝟑𝒙 + 𝟕𝒆−𝟐𝒙 − 𝒍𝒐𝒈𝟐 

 

Solution:  



                    ሺD2 –  6D +  9ሻy =  6e3𝑥 + 7𝑒−2𝑥 − 𝑙𝑜𝑔2 

 

 Auxiliary equation is, 

                      (m2 – 6m + 9) = 0(m – 3)2 = 0,m = 

3, 3 

 

 C. F. = ሺ𝐶1 + 𝐶2𝑥ሻe3𝑥 

 

 P.I. = 
1

D2 – 6D + 9
6e3𝑥 +

1

D2 – 6D + 9
7𝑒−2𝑥 +

1

D2 – 6D + 9
ሺ−𝑙𝑜𝑔2ሻ 

 =𝑥
1

2𝐷−6
6e3𝑥 +

1

4+12+9
7𝑒−2𝑥 −

𝑙𝑜𝑔2
1

D2 – 6D + 9
e0𝑥 

 =
𝑥2

2
6e3𝑥 +

7𝑒−2𝑥

25
± 𝑙𝑜𝑔2ሺ

1

9
) = 3𝑥2e3𝑥 +

7

25
𝑒−2𝑥 −

1

9 
𝑙𝑜𝑔2 

 

 Complete solution is y = ሺ𝐶1 + 𝐶2𝑥ሻ𝑒3𝑥 +

3𝑥2e3𝑥+
7

25
𝑒−2𝑥 −

1

9 
𝑙𝑜𝑔2 

 

 

Roll: 1800089 
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Example 16: Solve 𝒙𝟐 𝒅𝟐𝒚

𝒅𝒙𝟐 − 𝟐𝒙
𝒅𝒚

𝒅𝒙
− 𝟒𝒚 = 𝒙𝟒. 

Solution : putting x=𝑒𝑧 𝑎𝑛𝑑 𝐷 ≡
𝑑

𝑑𝑧
, the equation becomes 

      [D(D-1)-2D-4]y=𝑒4𝑧  or  (𝐷2 − 3𝐷 − 4)y=𝑒4𝑧. 

Auxiliary eqn is 𝐷2 − 3𝐷 − 4 = 0 or (D-4)(D+1)=0. 

  C.F = 𝐶1𝑒4𝑧 + 𝐶2𝑒−𝑧 = 𝐶1𝑥4 + 𝐶2 𝑥Τ  𝑎𝑠 𝑒𝑧 = 𝑥. 

P.I =
𝑒4𝑧

𝐷2−3𝐷−4
= 𝑧 

𝑒4𝑧

2𝐷−3
     

ሾ 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑛𝑔 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑤. 𝑟. 𝑡 𝐷 𝑎𝑛𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 𝑧ሿ 

=z
𝑒4𝑧

2.4−3
=

𝑧𝑒4𝑧

5
=

1

5
ሺlog 𝑥ሻ 𝑥4. 𝑎𝑠 𝑥 = 𝑒𝑧 . 

Therefore, the required equation is  

                    y= 𝐶1𝑥4 + 𝐶2 𝑥Τ +
1

5
𝑥4 logሺ𝑥ሻ.   ሺ𝑎𝑛𝑠ሻ. 

 

Example 17: Solve 𝒙𝟒 𝒅𝟐𝒚

𝒅𝒙𝟐 − 𝒙
𝒅𝒚

𝒅𝒙
− 𝟑𝒚 = 𝒙𝟐𝒍𝒐𝒈 𝒙. 

 

Solution : Putting x=𝑒𝑧 , 𝐷 ≡ 𝑑 𝑑𝑧Τ , the equation becomes  

     [D(D-1)-D-3]y= z𝑒2𝑧 . 

   Auxiliary equation is (𝐷2 − 2𝐷 − 3ሻ = 0 , ሺ𝐷 − 3ሻሺ𝐷 + 1ሻ = 0. 

        C.F = 𝐶1𝑒3𝑧 + 𝐶2𝑒−𝑧 = 𝐶1𝑥3 + 𝐶2𝑥−1 

P.I =
𝑧𝑒2𝑧

𝐷2−2𝐷−3
= 𝑒2𝑧 1

ሺ𝐷+1ሻ2−2ሺ𝐷+2ሻ−3
 𝑧 



     = 𝑒2𝑧 1

𝐷2+2𝐷−3
𝑧 

     = -
𝑒2𝑧

3
ሾ1 −

2

3
𝐷 −

1

3
𝐷2ሿ−1𝑧 

     = -
1

3
𝑒2𝑧 (1 +

2

3
𝐷 + ⋯ ) 𝑧 = −

1

3
𝑒2𝑧ሺ𝑧 +

2

3
ሻ 

     = -
1

3
𝑥2ሺlog 𝑥 +

2

3
ሻ as 𝑒𝑥 = 𝑥. 

Hence the complete solution is  

   y = 𝐶1𝑥3 + 𝐶2𝑥−1 −
1

3
𝑥2ሺlog 𝑥 +

2

3
ሻ. (ans) 

 

 

Example 18: Solve 𝒙𝟐 𝒅𝟐𝒚

𝒅𝒙𝟐 + 𝟒𝒙
𝒅𝒚

𝒅𝒙
+ 𝟐𝒚 = 𝒆𝒙. 

Solution :     Putting x=𝑒𝑥 , D≡
𝑑

𝑑𝑧
 , 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑏𝑒𝑐𝑜𝑚𝑒𝑠  

               [D(D-1)+4D-2]y=𝑒𝑒 𝑧
. 

  A.E is 𝐷2 + 3𝐷 + 2 = 0 , ∴ ሺ𝐷 + 2ሻሺ𝐷 + 1ሻ = 0. 

          ∴ 𝐶. 𝐹 = 𝐶1𝑒−2𝑧 + 𝐶2𝑒−𝑧 = 𝐶1𝑥−2 + 𝐶2𝑥−1. 

P.I=
1

ሺ𝐷+2ሻሺ𝐷+1ሻ
𝑒𝑒 𝑧

. 

    =ሺ
1

𝐷+1
−

1

𝐷+2
ሻ𝑒𝑒 𝑧

. 

Now let 
1

𝐷+1
𝑒𝑒 𝑧

= 𝑢, 𝑖. 𝑒. ሺ𝐷 + 1ሻ𝑢 = 𝑒𝑒 𝑧
, 

Or, 
𝑑𝑢

𝑑𝑧
+ 𝑢 = 𝑒𝑒 𝑧

 , linear , I.F=𝑒𝑧 . 

  ∴ 𝑢𝑒𝑧 = ∫ 𝑒𝑧 . 𝑒𝑒 𝑧
𝑑𝑧 =  ∫ 𝑒𝑥𝑑𝑥  𝑎𝑠 𝑒𝑧 = 𝑥  

=𝑒𝑥  𝑜𝑟, 𝑢 =
1

𝑥
𝑒𝑥  𝑎𝑠 𝑒𝑧 = 𝑥. 



Also let 
1

𝐷+2
𝑒𝑒 𝑧

= 𝑦 , ሺ𝐷 + 2ሻ𝑦 = 𝑒𝑒 𝑧
 

Or 
𝑑𝑣

𝑑𝑧
+ 2𝑣 = 𝑒𝑒 𝑧

, 𝑙𝑖𝑛𝑒𝑎𝑟 , 𝐼. 𝐹 = 𝑒2𝑧 . 

     ∴ 𝑣𝑒2𝑧 = ∫ 𝑒2𝑧 . 𝑒𝑒 𝑧
𝑑𝑧 = ∫ 𝑒𝑒 𝑧

. 𝑒𝑧 . 𝑒2𝑑𝑧 

                  = ∫ 𝑥𝑒 𝑑𝑥 =  𝑒𝑥ሺ𝑥 − 1ሻ 

Or    y=
1

𝑒2𝑧
ሾ𝑒𝑥ሺ𝑥 − 1ሻሿ =

𝑒𝑥

𝑥2
ሺ𝑥 − 1ሻ =

𝑒𝑥

𝑥
−

𝑒𝑥

𝑥2. 

(1)  gives P.I = u-v =
1

𝑥
𝑒𝑥 − (

𝑒𝑥

𝑥
−

𝑒𝑥

𝑥2) =
𝑒𝑥

𝑥2. 

Hence the complete solution is  

            y = 𝐶1𝑥−2 + 𝐶2𝑥−1 +
𝑒𝑥

𝑥2. (ans) 

 

 

Example 19: Solve 𝒙𝟐 𝒅𝟐𝒚

𝒅𝒙𝟐 − 𝒙
𝒅𝒚

𝒅𝒙
+ 𝒚 = 𝒍𝒐𝒈 𝒙. 

Solution :     Let x=𝑒𝑧 𝑎𝑛𝑑 𝐷 ≡
𝑑

𝑑𝑦
 , So the equation becomes                   

[D(D-1)-D+1]y= 𝑙𝑜𝑔𝑒𝑧 

A.E = 𝐷2 − 2𝐷 + 1 = 0 

      Or, ሺ𝐷 − 1ሻ2 = 0 

       Or, D=1,1 . 

∴ 𝐶. 𝐹=(𝐶1 + 𝐶2𝑧ሻ𝑒𝑧 = ሺ𝐶1 + 𝐶2 log 𝑥ሻ𝑥 .    ሾ𝑒𝑧 = 𝑥ሿ 

  Now P.I=
1

𝐷2−2𝐷+1
𝑧 = ሺ1 − 𝐷ሻ−2𝑧 

             =(1+2D+3𝐷2+…)z 

             =z+2 



             =log 𝑥 + 2 . 

 Hence , the complete solution is , 

      𝑦 = ሺ𝐶1 + 𝐶2 log 𝑥 ሻ𝑥 + log 𝑥 + 2.  (ans) 
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(20) Solve x2 
𝑑2𝑦

𝑑𝑥2
 -3x 

𝑑𝑦

𝑑𝑥
 + 4y =0 

Soln: Let  
𝑑

𝑑𝑥
≡ D 

 Then the given equation reduces to (x2D2 -3xD +4)y =0 ……..(1) 

  Let, 

        x=𝑒𝑧 

   or, z=log 𝑥  and D1 = 
𝑑

𝑑𝑧
   ……..(2) 

  Then  

         xD = D1 



and  x2D2 = D1(D1-1) 

Hence (1) reduces to , 

      ሾ D1(D1-1) – 3D1 + 4] y =0 

or, (D1-2)2 y =0 

Its auxiliary equation is 

      (D1-2)2=0 

Giving  D1=2,2 

The general solution is 

      y= (c1+c2z)𝑒2𝑧 

        = (c1+c2 z) (𝑒𝑧)2 

        = (c1+c2 log 𝑥 ) x2 [Using (2)] 

 where c1 and c2 are arbitrary constant. 

 

 

 (21) Solve x2 y2 + y = 3x2 

  Soln: Given that, 

                x2 y2 + y = 3x2 

         or, (x2D2 + 1) y = 3x2 …………(1) 

        where D ≡ 
𝑑

𝑑𝑥
 

    Let,  



           x = 𝑒𝑧 

    or, z = log 𝑥 

    and D1≡ 
𝑑

𝑑𝑧
 

  so that, 

     x2D2=D1(D1-1) 

Therefore from equation (1), we get, 

      [D1(D1-1) + 1] y =3𝑒2𝑧  

or, (D1
2-D1+1) = 3𝑒2𝑧 

Its auxiliary equation is, 

        D1
2-D1+1 = 0 

so that,  

        D1= 
ሺ1+𝑖√3ሻ

2
 

Therefore, 

    C.F = 𝑒
𝑧

2 [c1 cosሺ
𝑧√3

2
) + c2 sinሺ

𝑧√3

2
)] 

           = (𝑒𝑧ሻ  
1
2  [c1 cosሺ

𝑧√3

2
ሻ + c2 sinሺ

𝑧√3

2
)] 

           = 𝑥
1

2 [c1 cosሺ
√3

2
log 𝑥ሻ + c2 sinሺ

√3

2
log 𝑥)] 

                                                                          [as x=𝑒𝑧 

                                                                          or, z= log 𝑥] 



where c1 , c2 being arbitrary constants. 

and P.I = 
1

𝐷1
2−𝐷1+1

 3𝑒2𝑧 

             = 3 
1

22−2+1
 𝑒2𝑧 

             = (𝑒𝑧)2 

             = x2 

Hence the required general solution is 

      y = C.F + P.I 

         = 𝑥
1

2 [c1 cosሺ
√3

2
log 𝑥ሻ + c2 sinሺ

√3

2
log 𝑥ሻ] + x2 

 

 

(22) Solve 𝑥2D2 – 2y = 𝑥2+
1

𝑥
 

Soln: Given that, 

           (𝑥2D2 -2) y = 𝑥2+𝑥−1………….(1) 

                                         where  D ≡ 
𝑑

𝑑𝑥
 

 Let, 

     𝑥=𝑒𝑧 

or, z=log 𝑥 

and D1 ≡ 
𝑑

𝑑𝑧
 



Then equation (1) becomes, 

   [D1(D1-1)-2] y = 𝑒2𝑧+𝑒−𝑧 

or, (D1
2-D1-2) y = 𝑒2𝑧+𝑒−𝑧 

Its auxiliary equation is 

    D1
2-D1-2=0 

 so that, D1= 2, -1 

Therefore, 

   C.F = c1𝑒2𝑧+c2𝑒−𝑧
 

               = c1(𝑒𝑧)2+c2(𝑒𝑧)-1 

          = c1𝑥2+c2𝑥−1
      [as = 𝑒𝑧] 

P.I = 
1

ሺ𝐷2−𝐷1−2ሻ
 (𝑒2𝑧+𝑒−𝑧) 

      = 
1

ሺ𝐷1−2ሻ
 

1

ሺ𝐷1+1ሻ
 𝑒2𝑧 + 

1

ሺ𝐷1+1ሻ
 

1

ሺ𝐷1−2ሻ
 𝑒−𝑧 

      = 
1

ሺ𝐷1−2ሻ
 

1

ሺ2+1ሻ
 𝑒2𝑧 + 

1

ሺ𝐷1+1ሻ
 

1

ሺ−1−2ሻ
 𝑒−𝑧 

      = 
1

3
 

𝑧

1!
 𝑒2𝑧 - 

1

3
 

𝑧

1!
 𝑒−𝑧 

      = 
1

3
 log 𝑥 (𝑥2+

1

𝑥
) 

Then the required solution is 

    y = c1𝑥2+c2𝑥−1+
1

3
 (𝑥2+

1

𝑥
) log 𝑥 

where c1 ,c2 being arbitrary constants. 



 

 

(23) Solve 𝑥2 
𝑑2𝑦

𝑑𝑥2 + 2𝑥 
𝑑𝑦

𝑑𝑥
 = log 𝑥 

 Soln: Putting 𝑥 = 𝑒𝑧, D≡ 
𝑑𝑦

𝑑𝑥
  we get, 

            [D(D-1)+2D] y = z 

     The auxiliary equation is 

            D2+D = 0 

     or, D(D+1) = 0 

   so that, D = 0, -1 

Therefore, 

C.F = c1+c2𝑒−𝑧
 

          = c1+c2𝑥−1  

P.I = 
1

ሺ𝐷2+𝐷ሻ
 z 

      = 
1

𝐷
 (1+D)-1 z 

      = 
1

𝐷
 [1-D-…….] z 

      = 
1

𝐷
 (z-1) 

      = 
𝑧2

2
 – z 

      = 
ሺlog 𝑥ሻ2

2
 - log 𝑥 



Therefore the complete solution is 

   y = c1+c2𝑥−1+
ሺlog 𝑥ሻ2

2
 - log 𝑥 
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Solution of linear equation of higher orders with variable 
coefficient 

 
Theory: 

xn dny/dxn+ 𝑥𝑛−1  𝑑𝑛−1/d𝑥𝑛−1 +……………………………………..+x
𝑑𝑦

𝑑𝑥
+y= x 

trial solution,  
x= 𝑒𝑧 
or, log x= log ez 
or, logx = zloge 
or, logx = z  
or,1/x =dz/dx[diff. w.r to x] 



∴
𝑑𝑧

𝑑𝑥
= 1/𝑥 

Now,  
dy/dx=dy/dz × 𝑑𝑧/𝑑𝑥 
          = dy/dz× 1/x 
Or,x×dy/dx=dy/dz=D1Y 
         
d2y/dx2=d/dx(dy/dx)=d/dx(1/x × 𝑑𝑦/𝑑𝑧 

                                    = -1/x2 dy/dz+1/x × 𝑑ሺ
𝑑𝑦

𝑑𝑧
ሻ/𝑑𝑧 × 𝑑𝑧/𝑑𝑥 

                                    = -1/x2 dy/dz+1/x ×d2y/dz2×1/x 
                                    =-1/x2 dy/dz+1/x2 ×d2y/dz2 
Or,x2 d2y/dx2=-dy/dz+ d2y/dz2 

 =- D1y + D1
2y 

                       = D1(D1-1)y 
This the solution . 

Example  01.  
 (x3D3+2x2D2+2)y=10(x+x-1)  Where D=dy/dx 

Solution:   (x3D3+2x2D2+2)y=10(x+x-1)…………………………………………..(1) 

Let, x=ez 
Or, z=log x  
And, 
D1=d/dz………………………………………………………………………………………(2) 
Then (1) becomes  
[D1(D1-1)(D2-2)+2D1(D1-1)+2]y=10(x+x-1)……………………………………..(3) 
For 3 is D1

3-D1
2+2=0 

            Giving D1=-1,1 
∴ 𝐶. 𝐹 =c1e-Z+ez[c2cosz+c3sinz]=c1x-1+x[c2cos logx +c3sinlogx],as x=ez 
Where c1,c2,c3 are arbitrary constants, 
P.I corresponding to 10x 
=10x/ D1

3-D1
2+2=5x 

P.I corresponding to 10x-1 
=10x-1/ D1

3-D1
2+2=10x-1/(D1+1) (D1

2-2D1+2) 



=10x-1/(D1+1)5 
=2x-1/ D1+1 
=2x-1 logx/1! 
=2x-1 logx 
Required solution is y= c1x-1+x[c2 cos logx+c3sin logx]+5x+2x-1 logx. 

 
 
 
 
 
 
 
 

 

 

 

 

Problem 2. Solve  (𝑥3𝐷3 + 3𝑥2𝐷2 − 2𝑥𝐷 + 2ሻ𝑦 = 0 

Solution:   Putting x=𝑒𝑧 𝑎𝑛𝑑 D≡
𝑑

𝑑𝑧
, 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 

[D(D-1)(D-2)+3D(D-1)-2D+2]y=0 

or,  (𝐷3 − 3𝐷2 + 2𝐷 + 3𝐷2 − 3𝐷 − 2𝐷 + 2ሻ𝑦 = 0 

or,  (𝐷3 − 3𝐷 + 2ሻ𝑦 =0 

∴      A.E.  = 𝐷3 − 3𝐷 + 2 = 0 

or,  ሺD − 1ሻ2ሺ𝐷 + 2ሻ = 0 

or,  D = 1, 1, -2 

∴      C.F.     =(C1+𝐶2𝑧ሻ 𝑒𝑧 + 𝐶2𝑒−2𝑧 

  =(C1+𝐶2 log 𝑥ሻ 𝑥 +
𝐶2

𝑥2 

Therefore the general solution is 

Muyeen Ahmad 
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           y = (C1+𝐶2 log 𝑥ሻ 𝑥 +
𝐶2

𝑥2        (Answer) 

 

 

Problem 3: Solve 𝑥3 𝑑3𝑦

𝑑𝑥3 −  𝑥2 𝑑2𝑦

𝑑𝑥2 + 2 x
𝑑𝑦

𝑑𝑥
 -2 y =𝑥2 

Solution:  Putting x=𝑒𝑧 and 𝐷 ≡
𝑑

𝑑𝑧
 the equation becomes  

      [D (D-1)(D-2) – D(D-1)+2D-2 ]y= 𝑒2𝑧 

[𝐷3 − 4𝐷2 + 5𝐷 − 2ሿ𝑦 = 𝑒2𝑧 

Auxiliary equation is 𝐷3 − 4𝐷2 + 5𝐷 − 2=0 

                                  ሺ𝐷 − 1ሻ2(D−2) =0 

   D=1, 1, 2 

C. F = (𝐶1 + 𝐶2𝑧ሻ 𝑒𝑧 + 𝐶3𝑒2𝑧 

       = (𝐶1 + 𝐶2 log 𝑥ሻ 𝑥 + 𝐶3𝑥2 as x=𝑒𝑧  i. e. z=log x 

Now, P. I. =
1

ሺ𝐷−1ሻ2ሺD−2ሻ
. 𝑒2𝑧 

                  =
1

𝐷3−4𝐷2+5𝐷−2
. 𝑒2𝑧   (Case of failure) 

                  =
𝑧

3𝐷2−8𝐷+5
. 𝑒2𝑧   (Multiplying by z and differentiating the 

denominator with respect to D) 

                 = 
𝑧𝑒2𝑧

3ሺ2ሻ2−8ሺ2ሻ+5
 

                 =
𝑧𝑒2𝑧

12−16+5
 

                 =
𝑧𝑒2𝑧

1
 

                 = 𝑧𝑒2𝑧 



                 =𝑥2 log 𝑥 

Hence the complete solution is; 

     y= (𝐶1 + 𝐶2 log 𝑥ሻ 𝑥 + 𝐶3𝑥2 + 𝑥2 log 𝑥  (Answer) 
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Example 4:  Solve  x3 
𝑑3𝑦

𝑑𝑥3 − 𝑥2  
𝑑2𝑦

𝑑𝑥2 + 2𝑥 
𝑑𝑦

𝑑𝑥
− 2𝑦 = 𝑥3 + 3𝑥 

Solution:     Putting x=𝑒𝑧 𝑎𝑛𝑑 D≡
𝑑

𝑑𝑧
, 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑏𝑒𝑐𝑜𝑚𝑒𝑠  

     [D(D-1)(D-2)-D(D-1)+2D-2]y = 𝑒3𝑧 + 3𝑒𝑧 

or,          [D3-4D2+5D-2]y = 𝑒3𝑧 + 3𝑒𝑧 

The A.E. is D3-4D2+5D-2=0 

or,      ሺD − 1ሻ2(D-2)=0 

or,      D = 1, 1, 2 

∴  C.F.   = (C1+𝐶2𝑧ሻ𝑒𝑧 + 𝐶2𝑒2𝑧 

 =(C1+𝐶2𝑙𝑜𝑔 𝑥ሻ𝑥 + 𝐶2𝑥2     𝑎𝑠, 𝑥 = 𝑒𝑧,  i.e. z=log x 



Also P.I.= 
𝑒3𝑧

 ሺD−1ሻ2ሺD−2ሻ
+ 3

𝑒𝑧

 ሺD−1ሻ2ሺD−2ሻ
 

=
𝑒3𝑧

 ሺ3−1ሻ2ሺ3−2ሻ
+ 3𝑧2 𝑒𝑧

 ሺ6D−8ሻ
    multiplying the second term 

 by 𝑧2 𝑎𝑛𝑑 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑡𝑤𝑖𝑐𝑒 𝑤. 𝑟. 𝑡. 𝐷 

 =
1

4
𝑒3𝑧 −

3

2
𝑧2𝑒𝑧  

 =
1

4
𝑥3 −

3

2
ሺlog 𝑥ሻ2 𝑥 

Therefore the general solution is 

           y = (C1+𝐶2𝑙𝑜𝑔 𝑥ሻ𝑥 + 𝐶2𝑥2 +
1

4
𝑥3 −

3

2
ሺlog 𝑥ሻ2 𝑥   (Answer) 

 

Example 5 :  Solve   (𝑥3𝐷3 + 2𝑥𝐷 − 2ሻ𝑦 = 𝑥2log  𝑥 + 3 

Solution:   Putting x=𝑒𝑧 𝑎𝑛𝑑 D≡
𝑑

𝑑𝑧
, 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 

[D(D-1)(D-2)+ 2D-2]y=𝑒2𝑧 . 𝑧 + 3 

or,  (𝐷3 − 3𝐷2 + 4𝐷 − 2)y=z. 𝑒2𝑧 + 3 

or,  (D-1)( 𝐷2 − 2𝐷 + 2)= z. 𝑒2𝑧 + 3 

 

∴        A.E.  = ሺ𝐷 − 1ሻሺ𝐷2 − 2𝐷 + 2ሻ = 0 

or,       D = 1, 1±𝑖 

∴        C.F.   =   C1𝑒𝑧 + 𝑒𝑧ሺ𝐶2 cos 𝑧 + 𝐶3𝑠𝑖𝑛𝑧ሻ 

  = C1𝑥 + 𝑥ሾ𝐶2 cosሺlog 𝑥ሻ + 𝐶3sin ሺlog 𝑥ሻ 

∴         P.I.   =  
1

ሺ𝐷−1ሻሺ𝐷2−2𝐷+2ሻ
ሺz. 𝑒2𝑧 + 3ሻ          



=𝑒2𝑧   
1

ሺ𝐷+2−1ሻሾሺ𝐷+2ሻ2−2ሺ𝐷+2ሻ+2ሿ
𝑧 + 3

1

ሺ𝐷−1ሻሺ𝐷2−2𝐷+2ሻ
 𝑒0𝑧         

= 𝑒2𝑧   
1

ሺ1+𝐷ሻሺ𝐷2+2𝐷+2ሻ
𝑧 + 3

1

ሺ−1ሻሺ2ሻ
          

=
 𝑒2𝑧

2
 [1 −

𝐷ሺ𝐷+2ሻ

2
+

𝐷2ሺ𝐷+2ሻ2

4
− ⋯ ] ሺ𝑧 − 1ሻ −

3

2
 

= 
𝑒2𝑧

2
[(z-1)-

1

2
. 2 ሿ −

3

2
 

 =
𝑒2𝑧

2
(z-2) −

3

2
 

=
𝑥2

2
(log x - 2) −

3

2
 

Therefore the general solution is 

y = C1𝑥 + 𝑥ሾ𝐶2 cosሺlog 𝑥ሻ + 𝐶3 sinሺlog 𝑥ሻ +
𝑥2

2
(log x - 2) −

3

2
 (𝑨𝒏𝒔𝒘𝒆𝒓) 

             

Example 7:  Solve   (𝑥3𝐷3 + 3𝑥2𝐷2 + 𝑥𝐷 + 1ሻ𝑦 = 𝑥 + 𝑥𝑙𝑛𝑥 

Solution:   Putting x=𝑒𝑧 𝑎𝑛𝑑 D≡
𝑑

𝑑𝑧
, 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 

[D(D-1)(D-2)+ 3D(D-1)+D+1]y = 𝑒𝑧 + 𝑧 

or,  (𝐷3 − 3𝐷2 + 2𝐷 + 3𝐷2 − 3𝐷 + 𝐷 + 1)y = 𝑒𝑧 + 𝑧 

or,  (𝐷3 + 1)y = 𝑒𝑧 + 𝑧 

∴        A.E.  =   𝐷3 + 1 =0 

or,  (D+1)(𝐷2 − 𝐷 + 1) = 0 

or,  D = -1, 
1

2
൫1 ± √3𝑖൯ 

∴      C.F.     = +𝑒𝑧/2ሾ𝐶2𝑐𝑜𝑠
√3

2
𝑧 + 𝐶3𝑠𝑖𝑛

√3

2
𝑧ሿ 

  = 
𝐶1

𝑥
+x1/2[𝐶2cos ሺ

√3

2
ln 𝑥ሻ + 𝐶3sin ሺ

√3

2
ln 𝑥ሻ] 



∴         P.I.   =  
1

ሺ𝐷3+1ሻ
ሺ𝑒𝑧 + 𝑧ሻ   

  = 
𝑒𝑧

1+1
+ ሺ1 − 𝐷3 + ⋯ ሻ𝑧 

  =
1

2
𝑒𝑧 + 𝑧 

  =
1

2
𝑥 + ln 𝑥 

Therefore the general solution is 

y = 
𝐶1

𝑥
+x1/2[𝐶2cos ሺ

√3

2
ln 𝑥ሻ + 𝐶3sin ሺ

√3

2
ln 𝑥ሻ]+ 

1

2
𝑥 + ln 𝑥    (𝑨𝒏𝒔𝒘𝒆𝒓) 
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❖ Example 6: Solve 𝑥4 𝑑3𝑦

𝑑𝑥3 + 2𝑥3 𝑑2𝑦

𝑑𝑥2 - 𝑥2 𝑑𝑦

𝑑𝑥
 + x y =1 

Solution:  Dividing by x, the equation can be written as  

                     𝑥3 𝑑3𝑦

𝑑𝑥3 + 2𝑥2 𝑑2𝑦

𝑑𝑥2 - 𝑥
𝑑𝑦

𝑑𝑥
 + y = 

1

𝑥
 

Putting x=𝑒𝑧 and 𝐷 ≡
𝑑

𝑑𝑧
  the equation becomes  

                     [D (D-1) (D-2) + 2 D (D-1) - D +1] y= 𝑒−𝑧 

The auxiliary equation is 𝐷3 − 𝐷2 − 𝐷 + 1=0 

                                  ሺ𝐷 − 1ሻ2(D+1) =0 

   D=1, 1, -1 

C. F. = (𝐶1 + 𝐶2𝑧ሻ 𝑒𝑧 + 𝐶3𝑒−𝑧 



       = (𝐶1 + 𝐶2 log 𝑥ሻ 𝑥 + 𝐶3𝑥−1 as x=𝑒𝑧  i. e. z=log x 

Now, P. I. =
𝑒−𝑧

ሺ𝐷−1ሻ2ሺD+1ሻ
 (Case of failure) 

                  =
𝑧𝑒−𝑧

3𝐷2−2𝐷−1
 (Multiplying by z and differentiating the                                                                                                                            

denominator with respect to D) 

                  =
𝑧𝑒−𝑧

3ሺ−1ሻ2−2ሺ−1ሻ−1
       

                 =
𝑧𝑒−𝑧

4
 

                 =
1

4
 𝑧𝑒−𝑧 

                 =
1

4𝑥
log 𝑥 

Hence the complete solution is  

     Y= (𝐶1 + 𝐶2 log 𝑥ሻ 𝑥 + 𝐶3𝑥−1 +
1

4𝑥
log 𝑥       (Answer) 

 

❖ Example 7: Solve 𝑥3 𝑑3𝑦

𝑑𝑥3 + 3 𝑥2 𝑑2𝑦

𝑑𝑥2 + x
𝑑𝑦

𝑑𝑥
 + y =x log 𝑥 

Solution:  Putting x=𝑒𝑧 and 𝐷 ≡
𝑑

𝑑𝑧
 the equation becomes 

      [D (D-1) (D-2) +3 D (D-1) + D + 1] y= 𝑒𝑧 . 𝑧 

(𝐷3 + 1ሻ𝑦 = 𝑒𝑧 . 𝑧 

A. E. is (𝐷3 + 1ሻ = 0 

 (D +1)( 𝐷2 − 𝐷 + 1ሻ=0 

So, D=-1,
1±√3𝑖

2
 

C.F   = 𝐶1𝑒−𝑧 + 𝐶2𝑒
(

1

2
)𝑧

cos (
1

2
√3𝑧 + 𝐶3) 

        =𝐶1𝑥−1 + 𝐶2√𝑥 cos (
1

2
√3 log 𝑥 + 𝐶3) 



P. I. =
𝑧𝑒𝑧

ሺ𝐷3+1ሻ
 

       =𝑒𝑧 1

ሺ𝐷+1ሻ3+1
. 𝑧 

       =𝑒𝑧 2

𝐷3+3𝐷2+3𝐷+2
. 𝑧 

       =
𝑒𝑧

2
(

1

2
𝐷3 +

3

2
𝐷2 +

3

2
𝐷 + 1)

−1
⋅ 𝑧 

      =
𝑒𝑧

2
(1 −

2

3
𝐷 … . . ) . 𝑧 

      =
𝑒𝑧

2
(𝑧 −

3

2
) 

      =
𝑥

2
ሺlog 𝑥 −

3

2
ሻ 

Hence the complete solution is  

y=𝐶1𝑥−1 + 𝐶2√𝑥 cos (
1

2
√3 log 𝑥 + 𝐶3) +

𝑥

2
ሺlog 𝑥 −

3

2
ሻ       (Answer) 

 

❖ Example 8: Solve 𝑥4 𝑑4𝑦

𝑑𝑥4 +  2𝑥3 𝑑3𝑦

𝑑𝑥3 + 𝑥2 𝑑2𝑦

𝑑𝑥2 - x
𝑑𝑦

𝑑𝑥
 + 1 =x+log 𝑥 

Solution:  Putting x=𝑒𝑧 and 𝐷 ≡
𝑑

𝑑𝑧
 the equation becomes 

[D (D-1) (D-2) (D-3) +2 D (D-1)(D-2)+ D(D-1)-D +1]y= 𝑒𝑧+z 

Or, ሺ𝐷 − 1ሻ4y=𝑒𝑧+z 

A. E. is ሺ𝐷 − 1ሻ4 = 0 

      Or, D=1, 1, 1, 1 

C.F. = (𝐶1 + 𝐶2𝑧 + 𝐶3𝑧2 + 𝐶4𝑧3ሻ 𝑒𝑧 

P. I. = 
𝑒𝑧

ሺ𝐷−1ሻ4 +
1

ሺ𝐷−1ሻ4 . 𝑧   (First term case of failure) 

      =𝑧4 1

4.3.2.1
𝑒𝑧 + ሺ1 − 𝐷ሻ−4. 𝑧  [Multiplying by 𝑧4and differentiating 

denominator of first term four times] 



      =
𝑧4

4!
. 𝑒𝑧+ (1+4D+….). 𝑧 

      =
𝑧4

4!
⋅ 𝑒𝑧 + 𝑧 + 4 

      =
ሺlog 𝑥ሻ4𝑥

4!
+ log 𝑥 + 4 

Hence the complete solution is  

[𝐶1 + 𝐶2 log 𝑥 + 𝐶3ሺlog 𝑥ሻ2 + 𝐶4ሺlog 𝑥ሻ3ሿ 𝑥+
ሺlog 𝑥ሻ4𝑥

4!
+ log 𝑥 + 4    

(Answer) 
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Solution. 

Putting x=ez  and D≡ d/dz, 

The equation is 

[D (D-1) (D-2) + 6D (D-1) +8D +2] y = e2z +3ez -4 

The A.E. is (D3+3D2+4D+2) = 0 

Or,             (D+1) (D2+2D+2)=0 

Or,              D= -1, 
−2±√ሺ4−8ሻ

2
, 



i e.              D= -1, -1± 𝑖 

so, C.F.       = C1 e-z + C2 e-z  cos (z+C3 ) 

      P.I.        = 
𝑒2𝑧+3𝑒𝑧−4

𝐷3+3𝐷2+4𝐷+2
 

                    = 
𝑒2𝑧

23+3.22+4.2+2
 + 

3𝑒𝑧

13+3.12+4.1 +2
 - 

4

0+0+0+2
 

                    = 
𝑒2𝑧

30
 + 

3𝑒𝑧

10
 – 2 

                    = 
𝑥2

30
 + 

3𝑥

10
 - 2 

So, the complete solution is, 

y=C1x-1+ C2x-1cos(logx+C3) +
𝑥2

30
 + 

3𝑥

10
 – 2 

 

 

 Solution. 

Putting x=ez  and D≡ d/dz, 

The equation is, 

[ D (D-1) (D-2) + 2D (D-1) +2] y = 10 ( ez + e-z ) 

The A.E. is, D3-D2+2=0 

i.e.               (D2-2D+2) =0 

Or                 D=-1, 
−2±√ሺ4−8ሻ

2
 

i.e.                D= -1, 1± 𝑖 



so,       C.F.    = C1 e-z + C2 ez  cos (z+C3 ) 

              = C1 x-1 + C2 x  cos (logx +C3 ) 

P.I.       = 
10𝑒𝑧

ሺ𝐷+1ሻሺ𝐷2−2D+2ሻ 
 + 

10𝑒−𝑧

ሺ𝐷−1ሻሺ𝐷2−2D+2ሻ
  

                                                    [second term case of failure] 

              = 
10𝑒𝑧

ሺ1+1ሻ+ሺ12−2.1+2ሻ
+ 𝑧

10𝑒−𝑧

ሺ3𝐷2−2Dሻ
   

                                                    [multiplying second term by    

                   z and differentiating its denominator w. r. t. D] 

              = 5ez + z .
10𝑒−𝑧

3.  ሺ−1ሻ2ሺ−1ሻ
 

              = 5ez + z2e-z 

              = (5x + 2 logx
1

𝑥
) as x=ez , z = logx 

 

Hence  the complete solution is , 

Y = C1 x-1 + C2 x  cos (logx +C3 ) + 5x + 2 logx
1

𝑥
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NAME : IRFAN HASAN 

ROLL : 1800096 

 

EQUATIONS THAT DO NOT CONTAIN “y” DIRECTLY : 

The equations that do not contain x directly are of the form ,  

            f(
𝑑𝑛𝑦𝑑𝑥𝑛 , 𝑑𝑛−1𝑦𝑑𝑥𝑛−1 , … … 𝑑𝑦𝑑𝑥 , 𝑥) = 0 …………………(1) 

On substituting  
𝑑𝑦𝑑𝑥 = 𝑃 𝑖. 𝑒, 𝑑2𝑦𝑑𝑥2 =, 𝑑𝑃𝑑𝑥 , 𝑑3𝑦𝑑𝑥3 = 𝑑2𝑃𝑑𝑥2  𝑒𝑡𝑐. in the equation (1), we get  

            [
𝑑𝑃𝑛−1𝑑𝑦𝑛−1 , … … 𝑃, 𝑥] = 0  

Example: 83. Solve 
𝑑2𝑦𝑑𝑥2 + 𝑑𝑦𝑑𝑥 + (𝑑𝑦𝑑𝑥)3 =  0 

Solution. On putting 
𝑑𝑦𝑑𝑥 = 𝑃, 𝑑2𝑦𝑑𝑥2 = 𝑑𝑃𝑑𝑥 in equation (1) becomes  𝑑𝑃𝑑𝑥 +  𝑃 + 𝑃3 = 0 𝑜𝑟 𝑑𝑃𝑑𝑥 + 𝑃(1 + 𝑃2) = 0 𝑑𝑃𝑑𝑥 = −𝑃(1 + 𝑃2) 𝑜𝑟 𝑑𝑝𝑃(1 + 𝑃2) = −𝑑𝑥 ⇒ (1𝑃 − 𝑃1 + 𝑃2) 𝑑𝑃 = −𝑑𝑥 

On integrating, we have  

                               logP − 12 log(1 + 𝑃2) = −𝑥 + 𝑐1 𝑜𝑟 𝑙𝑜𝑔 𝑃√1+𝑃2 = −𝑥 + 𝑐1 𝑃√1+𝑃2 = 𝑒−𝑥+𝑐1or 
𝑃21+𝑃2 = 𝑎2𝑒−2𝑥 ⇒ 𝑃2 = (1 + 𝑃2)𝑎2𝑒−2𝑥 ⇒ 𝑃2(1 − 𝑎2𝑒−2𝑥) = 𝑎2𝑒−2𝑥 ⇒ 𝑃 = 𝑎𝑒−𝑥√1 − 𝑎2𝑒−2𝑥 ⇒ 𝑑𝑦𝑑𝑥 = 𝑎𝑒−𝑥√1 − 𝑎2𝑒−2𝑥 

                               dy = 
𝑎𝑒−𝑥√1−𝑎2𝑒−2𝑥 𝑑𝑥 

On integration, we get       y = − sin−1(𝑎𝑒−𝑥) + 𝑏                                     (Ans.) 

NAME: SUMAIYA HASAN 

ROLL: 1800097 

Example 84: Solve,  
𝑑2𝑦𝑑𝑥2  = [ 1 − (𝑑𝑦𝑑𝑥)2]1/2 

Solution: We have,
𝑑2𝑦𝑑𝑥2  =  [ 1 − (𝑑𝑦𝑑𝑥)2]1/2  … … . (1) 

Since, DE (1) does not contain y directly and the lowest differential co-efficient is 
𝑑𝑦𝑑𝑥 

Let, 
𝑑𝑦𝑑𝑥 =  𝑝  or, 

𝑑2𝑦𝑑𝑥2  =  𝑑𝑝𝑑𝑥 

Putting these values in (1) we get, 𝑑𝑝𝑑𝑥 = [1 - 𝑝2]1/2 

Or, 
𝑑𝑝𝑑𝑥  =  √1 − 𝑝2 



 

 

dx 

Or, 
𝑑𝑝√1 − 𝑝2  =  𝑑𝑥 

On integrating we have,  sin−1 𝑝 =  𝑥 + 𝑐 

Or, 𝑝 =  sin(𝑥 + 𝑐) 

Or, 
𝑑𝑦𝑑𝑥  =  sin(𝑥 + 𝑐) 

On integrating we have, 

 y = - cos(𝑥 + 𝑐) + 𝑐1 

(Ans.) 

 

Roll:1800098 

NAME: MD. RAKIB HOSSAIN

Example85. Solve: 
d

2
y

x
dx

2
 

dy2
 

x 
 



–dy
0 

dx 
 
 

 
 

dy d
2
y dP 

Solution.Onputting 
 

 

Pand 
dx dx

2
 

 

 inthegivenequation,weget 
dx 

 

x
dP

xP
2–P=0

1
 

dx P
2
 

 

dP–11–1
 

dx P x  
 

...(1) 

Againputting
1
zsothat–1

 
P P

2
 

 

dPdzd

x dx 
 

Equation(1)becomes
–dz–   

z
–1

dz


z
1 

dx x dx  x 


1

dx 

I.F.=ex
 elogxx 

x2 
 

1 x
2
 

Hence,solutionis zx=xdxc1 

 
 

orzx
2
c1   or 

P
x 

2
c1 

 

 
x


   p 

x
22c 

P= 
2 

 

2x 
x

22c 
dydx 

2x 
x

22c dy
2x 

dx
 

x
22c 

1 1 1 
 
 

Onintegrating, we have y=log(x
2
+2c1)+c2 Ans 

NAME: DHRUVA 

1



 

 

ROLL: 1800099 

(1+x)
𝑑2𝑦𝑑𝑥2+x

𝑑𝑦𝑑𝑥+ax=0 

Solution: Putting, 
dydx = 𝑝 𝑎𝑛𝑑 𝑑2𝑦𝑑𝑥2 = 𝑑𝑝𝑑𝑥 

In the given solution we get, 

(1+x)
𝑑𝑝𝑑𝑥+xp+ax=0 

=>(1+x)
𝑑𝑝𝑑𝑥=-x(p+a) 

=>
𝑑𝑝𝑑𝑥= - 

𝑥(𝑝+𝑎)(1+𝑥2) 

=>
𝑑𝑝(𝑝+𝑎) = − 𝑥𝑑𝑥1+𝑥2 

=>∫ 𝑑𝑝(𝑝+𝑎) = −∫ 𝑥𝑑𝑥1+𝑥2 

Here,  

z=1+x
2 

i.e. 
𝑑𝑧𝑑𝑥 = 2𝑥 

i.e.,
𝑑𝑧2 = 𝑥𝑑𝑥 

 

=>log (p+a) =-∫𝑑𝑧2𝑧 

=>log (p+a) = -
12 𝑙𝑜𝑔𝑧 

=>log c1 = log (p+a) +log√(1+x2
) 

=>C1= (p+a) √ (1+x2) 



 

 

=>𝐶1 = 𝑝√(1 + 𝑥2) + 𝑎√(1 + 𝑥2) 

=>𝑝√(1 + 𝑥2) = 𝐶1 − 𝑎√(1 + 𝑥2) 

=> p= 
𝑐1√(1+𝑥2) − 𝑎 

=>
dydx = 𝑐1√(1+𝑥2) − 𝑎 

=>∫ 𝑑𝑦 = 𝐶1∫ 𝑑𝑥√(1+𝑥2) − ∫ 𝑎𝑑𝑥 

=>𝑦 = 𝑐1 ∗ 𝑙𝑜𝑔│√(1 + 𝑥2) + 𝑥│ + 𝑐2 − 𝑎𝑥 

=>𝑦 = 𝐶2 − 𝑎𝑥 + 𝑐1 ∗ 𝑙𝑜𝑔│√(1 + 𝑥2) + 𝑥│ 

This is the required ans. 

 

 

 

NAME: NAHIAN BIN OBAIED 

ROLL: 1800100 

Ex. 3: Solve:   .0
dx

dy
1

dx

yd
x1

2

2

2
2 






  

Solution: The equation does not contain y directly. 

Putting
22

2

dx

dp

dx

yd
,p

dx

dy
 , the equation becomes 

  22 p1
dx

dp
x1  (Variables separable)  

i.e. 1

111

22
ctanxtanptan;o

x1

dx

p1

dp  





 



 

 

Or, 11

11 c
px1

xp
.orctan

px1

xp
tan 






 

 

i.e.     
















 1
xc1

c1

c

1

xc1

xc

dx

dy
porpx1cxp

1

2

1

21

1
1  

Integrating,   2

1

12

1

2

1 cx
c

1
xc1log

c

c1
y 


 this is the general solution.  

 



 

 

Name: Sazzatul Amin Rafi 

Roll     :1800101 

 

Exercise: 03 

Solve 
𝑑4𝑦𝑑𝑥4 -cot x 

𝑑3𝑦𝑑𝑥3 =0 

Solution: Equation is free from y and lowest differential coefficient is
𝑑3𝑦𝑑𝑥3; hence putting  

𝑑3𝑦𝑑𝑥3 =q 

,
𝑑4𝑦𝑑𝑥4 = 

𝑑𝑞𝑑𝑥, the equation becomes  
𝑑𝑞𝑑𝑥 – cot x.q =0 

Or 
𝑑𝑞𝑞  – cot x dx = 0 

Integrating    log q – log sin x = log 𝑐1 

Or q =  𝑐1 sin x 

i.e. .
𝑑3𝑦𝑑𝑥3 = 𝑐1 sin x 

Integrating,
𝑑2𝑦𝑑𝑥2=  -𝑐1 cos x + 𝑐2 

Integrating again,
𝑑𝑦𝑑𝑥 = - 𝑐1 sin x + 𝑐2x + 𝑐3 

And then, 

y= 𝑐1 cos x +  
12 𝑐2𝑥2 +𝑐3 + 𝑐4 . 

 

 

NAME: SANJIDA AKTER 

ROLL: 1800102 

PROBLEM = 2𝒙 𝒅𝟑𝒚𝒅𝒙𝟑 x 
𝒅𝟐𝒚 𝒅𝒙𝟐  =(𝒅𝟐𝒚 𝒅𝒙𝟐 )𝟐

-𝒂𝟐 

SOLUTION: Given that, 

2𝑥 𝑑3𝑦𝑑𝑥3 x 
𝑑2𝑦 𝑑𝑥2  =(𝑑2𝑦 𝑑𝑥2 )2

-𝑎2   ----------------- (i) 

The equation does not contain y directly 



 

 

Also, lowest differential is 
𝑑2𝑦 𝑑𝑥2  

So put,  𝑑2𝑦 𝑑𝑥2 = 𝑝; 𝑑3𝑦𝑑𝑥3 =  𝑑𝑝𝑑𝑥 

 

Then equation (i) becomes; 2𝑥 𝑑𝑝𝑑𝑥  × 𝑝 =  𝑝2 − 𝑎2 

 2𝑝 𝑑𝑝𝑑𝑥 = 𝑝2𝑥 − 𝑎2𝑥  --------------- (ii) 

 

Now, 𝑝2 = 𝑧 

 2𝑝 𝑑𝑝𝑑𝑥 = 𝑑𝑧𝑑𝑥 

From equation (ii) 𝑑𝑧𝑑𝑥 = 𝑧𝑥 − 𝑎2𝑥  𝑑𝑧𝑑𝑥 − 𝑧𝑥 = − 𝑎2𝑥  

Linear equation, 

IF = 𝑒∫ −1𝑥𝑑𝑥
 

     =
1𝑥 


𝑧𝑥 = 𝑐1 − ∫ 𝑎2𝑥2 𝑑𝑥 

𝑧𝑥 = 𝑐1 + 𝑎2𝑥2 

 𝑧 = 𝑐1𝑥 + 𝑎2 

 𝑝2 = (𝑐1𝑥 + 𝑎2)[ ∵ 𝑃2 = 𝑧] 



 

 

 𝑝 = (𝑐1𝑥 + 𝑎2)12 

𝑑2𝑦  𝑑𝑥2 = (𝑐1𝑥 + 𝑎2)12 [ ∵ 𝑝 = 𝑑2𝑦 𝑑𝑥2 ] 

𝑑𝑦𝑑𝑥 = (𝑐1𝑥+𝑎2)12+1(12+1 )×𝑐1 + 𝑐2[𝑏𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔] 


𝑑𝑦𝑑𝑥 = (𝑐1𝑥 + 𝑎2)3232 × 𝑐1 + 𝑐2 

 𝑦 = (𝑐1𝑥 + 𝑎2)32+132 (32 + 1 ) × 𝑐1 × 𝑐1 + 𝑐2𝑥 + 𝑐3   [𝑎𝑔𝑎𝑖𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔] 
 𝑦 = (𝑐1𝑥+𝑎2)5232×52×𝑐12 + 𝑐2𝑥 + 𝑐3    

 15𝑐12𝑦 = 4(𝑐1𝑥 + 𝑎2)52 + 𝑐2𝑥 + 𝑐3   [𝑎𝑠 𝑐2, 𝑐3   𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ] 
 

The required general solution is 15𝑐12𝑦 = 4(𝑐1𝑥 + 𝑎2)52 + 𝑐2𝑥 + 𝑐3    
 

 

NAME: MAHMUD KAISER TUSHAR 

ROLL: 1800103 

 

PROBLEM: 5 Solve. 𝒆𝒙𝟐𝟐 [𝒙 𝒅𝟐𝒚𝒅𝒙𝟐 − 𝒅𝒚𝒅𝒙] = 𝒙𝟑 

SOLUTION: On putting 
𝑑𝑦𝑑𝑥 = 𝑃 and 

𝑑2𝑦𝑑𝑥2 = 𝑑𝑃𝑑𝑥 in the given equation we get, 𝒆𝒙𝟐𝟐 [𝒙 𝒅𝑷𝒅𝒙 − 𝑷] = 𝒙𝟑 ⇒ 𝒙 𝒅𝑷𝒅𝒙 − 𝑷 = 𝒙𝟑𝒆𝒙𝟐𝟐  

⇒ 𝒅𝑷𝒅𝒙 − 𝑷𝒙 = 𝒙𝟐𝒆𝒙𝟐𝟐  

Now,  

                             I.F. =𝑒∫ 𝑃(𝑥)𝑑𝑥 



 

 

                                    = 𝑒∫ −𝑑𝑥𝑥  

            = 
1𝑥 

                        Now, 

                              P× (𝐼. 𝐹. ) = ∫ 𝑄 × (𝐼. 𝐹. )𝑑𝑥 + 𝑐1 ⇒ 𝑃 × 1𝑋 = ∫ 𝒙𝟐𝒆𝒙𝟐𝟐 × 1𝑋 𝑑𝑥 + 𝑐1 ⇒  𝑃 × 1𝑋 =  ∫ 𝑑𝑧𝑒𝑧 + 𝑐1Let, ⇒  𝑃 × 1𝑋 =  − 1𝑒𝑧 +  𝑐1                                                 z = 
𝒙𝟐𝟐  ⇒ 𝑃 = 𝑐1x − 𝑥𝑒𝑧 ⇒ 𝑑𝑧𝑑𝑥 = 𝑥 ⇒  𝑑𝑦𝑑𝑥 =  𝑐1x − 𝑥𝑒𝑧 ⇒ dz = xdx ⇒  ∫ 𝑑𝑦 = ∫(𝑐1x −  𝑥𝑒𝑧)dx ⇒ 𝑦 =  𝑐1 𝑥22 −  𝑥22𝑒𝑥22 +  𝑐2(Ans.) 

 

NAME : MOHAMMAD LABIB SARWAR                                                                                                        

ROLL : 1800104 

 

EQUATIONS THAT DO NOT CONTAIN “x” DIRECTLY : 

The equations that do not contain x directly are of the form ,  

            f(
𝑑𝑛𝑦𝑑𝑥𝑛 , 𝑑𝑛−1𝑦𝑑𝑥𝑛−1 , … … 𝑑𝑦𝑑𝑥 , 𝑦) = 0 …………………(1) 

On substituting  
𝑑𝑦𝑑𝑥 = 𝑃, 𝑑2𝑦𝑑𝑥2 = 𝑑𝑃𝑑𝑥 = 𝑑𝑃𝑑𝑥 . 𝑑𝑦𝑑𝑥 = 𝑑𝑃𝑑𝑦 . 𝑃 in the equation (1), we get  

            [
𝑑𝑃𝑛−1𝑑𝑦𝑛−1 , … … 𝑃, 𝑦] = 0 ………………………..(2) 

Equation (2) is solved for P. Let 

             P = 𝑓1(𝑦) ⇒ 𝑑𝑦𝑑𝑥 = 𝑓1(𝑦) 𝑜𝑟, 𝑑𝑦𝑓1(𝑦) = 𝑑𝑥 ⇒ ∫ 𝑑𝑦𝑓1(𝑦) = x + c 

Example: 86. Solve y
𝑑2𝑦𝑑𝑥2 + (𝑑𝑦𝑑𝑥)2 =  𝑑𝑦𝑑𝑥 

Solution. Put 
𝑑𝑦𝑑𝑥 = 𝑃, 𝑑2𝑦𝑑𝑥2 = 𝑑𝑃𝑑𝑥 =  𝑑𝑃𝑑𝑦 . 𝑑𝑦𝑑𝑥 = 𝑃 𝑑𝑃𝑑𝑥 in equation (1) 

                               yP
𝑑𝑃𝑑𝑥 + 𝑃2 = 𝑃 ⇒ 𝑦 𝑑𝑃𝑑𝑥 = 1−𝑃 ⇒ 𝑑𝑃1 − 𝑃 = 𝑑𝑦𝑦 ⇒  − log(1 − 𝑃) = 𝑙𝑜𝑔𝑦 + 𝑙𝑜𝑔𝑐1 ⇒ 11 − 𝑃 =  𝑐1𝑦 ⇒ 𝑃 = 1 − 1𝑐1𝑦  𝑜𝑟 𝑑𝑦𝑑𝑥 = 𝑐1𝑦 − 1𝑐1𝑦  



 

 

⇒ 𝑐1𝑦𝑐1𝑦 − 1 𝑑𝑦 = 𝑑𝑥 ⇒ (1 + 1𝑐1𝑦 − 1) 𝑑𝑦 = 𝑑𝑥 

                y + 
1𝑐1log (𝑐1𝑦 − 1) = 𝑥 + 𝑐1                                                      (Ans.) 

NAME: NUR AZAM SWAPAN 

Roll: 1800105 

Solve: y
𝑑2𝑦𝑑𝑥2 + (

𝑑𝑦𝑑𝑥)2 = 𝑦2… (1) 

Put  
𝑑𝑦𝑑𝑥 = P,

𝑑2𝑦𝑑𝑥2 = 
𝑑𝑃𝑑𝑥 = 

𝑑𝑃𝑑𝑦 𝑑𝑦𝑑𝑥 = P
𝑑𝑃𝑑𝑦 in (1) 

yP
𝑑𝑃𝑑𝑦 + 𝑃2 = 𝑦2 or P

𝑑𝑃𝑑𝑦 + 
𝑝2𝑦  = y                                                                      … (2) 

Put 𝑃2 = z or 2P
𝑑𝑃𝑑𝑦 = 

𝑑𝑧𝑑𝑦 in (2),
12 𝑑𝑧𝑑𝑦 + 

𝑧𝑦 = y or 
𝑑𝑧𝑑𝑦  + 

2𝑧𝑦  = 2y 

                  I.F. = 𝑒∫2𝑦𝑑𝑦
 = 𝑒2 log 𝑦 = 𝑒log 𝑦2

 = 𝑦2 

Here, the solution is      z 𝑦2 =∫ 2𝑦. ( 𝑦2) dy + c 

»𝑃2𝑦2 = 
𝑦42  + c 

»                     2 𝑃2𝑦2 = 𝑦4 + k or √2yP = √𝑦4 + 𝑘… [Put 2c=k] 

»√2 y
dydx = √𝑦4 + 𝑘 or √2 𝑦𝑑𝑦√𝑦4+𝑘 = dx 

»
1√2 𝑑𝑡√𝑡2+𝑘 =dx [Put 𝑦2= t, 2y dy = dt]  

»
1√2sinℎ−1 1√𝑘     = x + c 

»                   sin ℎ−1 𝑦2√𝑘 = √2𝑥 + c or 𝑦2 = √𝑘sinh(√2x + c)                             Ans. 

NAME : SHAHADAT ISLAM                                                                                                       

ROLL  : 1800106 

 

Example: 4 Solve 
𝑑2𝑦𝑑𝑥2 + 𝑑𝑦𝑑𝑥 + (𝑑𝑦𝑑𝑥)3 = 0 

Solution  :      On putting 
𝑑𝑦𝑑𝑥 = 𝑃, 𝑑2𝑦𝑑𝑥2 = 𝑑𝑃𝑑𝑥 , equation (1) becomes  𝑑𝑃𝑑𝑥 +  𝑃 + 𝑃3 = 0 𝑜𝑟 𝑑𝑃𝑑𝑥 + 𝑃(1 + 𝑃2) = 0 𝑑𝑃𝑑𝑥 = −𝑃(1 + 𝑃2) 𝑜𝑟 𝑑𝑝𝑃(1 + 𝑃2) = −𝑑𝑥 ⇒ (1𝑃 − 𝑃1 + 𝑃2) 𝑑𝑃 = −𝑑𝑥 

On integrating, we have  

logP− 12 log(1 + 𝑃2) = −𝑥 + 𝑐1 



 

 

𝑜𝑟 𝑙𝑜𝑔 𝑃√1 + 𝑃2 = −𝑥 + 𝑐1 𝑃√1+𝑃2 = 𝑒−𝑥+𝑐1or
𝑃21+𝑃2 = 𝑎2𝑒−2𝑥 ⇒ 𝑃2 = (1 + 𝑃2)𝑎2𝑒−2𝑥 ⇒ 𝑃2(1 − 𝑎2𝑒−2𝑥) = 𝑎2𝑒−2𝑥 ⇒ 𝑃 = 𝑎𝑒−𝑥√1 − 𝑎2𝑒−2𝑥 ⇒ 𝑑𝑦𝑑𝑥 = 𝑎𝑒−𝑥√1 − 𝑎2𝑒−2𝑥 

                               dy = 
𝑎𝑒−𝑥√1−𝑎2𝑒−2𝑥 𝑑𝑥 

On integration, we get       

 y = − sin−1(𝑎𝑒−𝑥) + 𝑏(Ans.) 

 

 

NAME: MD. SHAMIUL ISLAM 

ROLL: 1800107 

PROBLEM: 2𝒙 𝒅𝟑𝒚𝒅𝒙𝟑 x 
𝒅𝟐𝒚 𝒅𝒙𝟐  =(𝒅𝟐𝒚 𝒅𝒙𝟐 )𝟐

-𝒂𝟐 

SOLUTION: Given that, 

2𝑥 𝑑3𝑦𝑑𝑥3 x 
𝑑2𝑦 𝑑𝑥2  =(𝑑2𝑦 𝑑𝑥2 )2

-𝑎2----------------- (i) 

The equation does not contain y directly 

Also, lowest differential is 
𝑑2𝑦 𝑑𝑥2  

So put,  𝑑2𝑦 𝑑𝑥2 = 𝑝; 𝑑3𝑦𝑑𝑥3 =  𝑑𝑝𝑑𝑥 

 

Then equation (i) becomes; 2𝑥 𝑑𝑝𝑑𝑥  × 𝑝 =  𝑝2 − 𝑎2 

 2𝑝 𝑑𝑝𝑑𝑥 = 𝑝2𝑥 − 𝑎2𝑥 --------------- (ii) 

 

Now, 



 

 

𝑝2 = 𝑧 

 2𝑝 𝑑𝑝𝑑𝑥 = 𝑑𝑧𝑑𝑥 

From equation (ii) 𝑑𝑧𝑑𝑥 = 𝑧𝑥 − 𝑎2𝑥  𝑑𝑧𝑑𝑥 − 𝑧𝑥 = − 𝑎2𝑥  

Linear equation, 

I.F. = 𝑒∫ −1𝑥𝑑𝑥
 

     =
1𝑥 


𝑧𝑥 = 𝑐1 − ∫ 𝑎2𝑥2 𝑑𝑥 

𝑧𝑥 = 𝑐1 + 𝑎2𝑥2 

 𝑧 = 𝑐1𝑥 + 𝑎2 

 𝑝2 = (𝑐1𝑥 + 𝑎2)[ ∵ 𝑃2 = 𝑧] 
 𝑝 = (𝑐1𝑥 + 𝑎2)12 

𝑑2𝑦  𝑑𝑥2 = (𝑐1𝑥 + 𝑎2)12 [ ∵ 𝑝 = 𝑑2𝑦 𝑑𝑥2 ] 
𝑑𝑦𝑑𝑥 = (𝑐1𝑥+𝑎2)12+1(12+1 )×𝑐1 + 𝑐2[𝑏𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔] 


𝑑𝑦𝑑𝑥 = (𝑐1𝑥 + 𝑎2)3232 × 𝑐1 + 𝑐2 

 𝑦 = (𝑐1𝑥 + 𝑎2)32+132 (32 + 1 ) × 𝑐1 × 𝑐1 + 𝑐2𝑥 + 𝑐3   [ 𝑎𝑔𝑎𝑖𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔] 
 𝑦 = (𝑐1𝑥+𝑎2)5232×52×𝑐12 + 𝑐2𝑥 + 𝑐3    

 15𝑐12𝑦 = 4(𝑐1𝑥 + 𝑎2)52 + 𝑐2𝑥 + 𝑐3   [ 𝑎𝑠 𝑐2, 𝑐3   𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ] 



 

 

The required general solution is 15𝑐12𝑦 = 4(𝑐1𝑥 + 𝑎2)52 + 𝑐2𝑥 + 𝑐3    
                                                                                       (Ans.) 

 

 

Roll: 1800108 

Name: Tanvir Ahmed 

 

Question 3: solve 

2𝑦 𝑑2𝑦𝑑𝑥2 − 3 (𝑑𝑦𝑑𝑥)2 − 4𝑦2 = 0 … … … . (𝑖) 

Solution: 

Put 
𝑑𝑦𝑑𝑥 = 𝑃 𝑑2𝑦𝑑𝑥2 = 𝑑𝑃𝑑𝑥 = 𝑑𝑃𝑑𝑦 ⋅ 𝑑𝑦𝑑𝑥 = 𝑝 𝑑𝑃𝑑𝑦 

Now from (𝑖) 𝑤𝑒 𝑔𝑒𝑡 

2𝑦𝑃 𝑑𝑃𝑑𝑦 − 3𝑃2 = 4𝑦2.........................(𝑖̇𝑖) 

Put 𝑝2 = 𝑧 ⇒2𝑃 𝑑𝑃𝑑𝑦 = 𝑑𝑧𝑑𝑦 [𝐷𝑖𝑓𝑓 𝑤. 𝑟. 𝑡. 𝑦] 
⇒ 𝑃 𝑑𝑃𝑑𝑦 = 12 𝑑𝑧𝑑𝑦 

From (𝑖̈𝑖) 𝑤𝑒 𝑔𝑒𝑡 𝑦 𝑑𝑧𝑑𝑦 − 3𝑧 = 4𝑦2 

⇒ 𝑑𝑧𝑑𝑦 − 3 𝑧𝑦 = 4𝑦 

I.F. = 𝑒∫ −3𝑦𝑑𝑦  = 𝑒−3𝑙𝑜𝑔𝑦  = 𝑒𝑙𝑜𝑔𝑦−3 = 𝑦−3 = 1𝑦3 

 Hence the solution is, 



 

 

⇒ 𝑧𝑦3 = ∫ 4𝑦𝑦3 𝑑𝑦 

⇒ 𝑧𝑦3 = 4∫ 𝑑𝑦𝑦2  

⇒ 𝑝2𝑦3 = − 4𝑦 + 𝐶 ⇒ 𝑝2 = −4𝑦2 + 𝐶𝑦3 ⇒ 𝑃 = √𝑐𝑦3 − 4𝑦2 ⇒ 𝑑𝑦𝑑𝑥 = √𝐶𝑦3 − 4𝑦2 

⇒ ∫ 𝑑𝑥 = ∫ 𝑑𝑦√𝐶𝑦3 − 4𝑦2 

⇒ 𝑥 + 𝑏 = ∫ 𝑑𝑦𝑦√𝐶𝑦 − 4 

Let, 𝑐𝑦 − 4 = 𝑡2 ⇒ 𝑐 = 2 + 𝑑𝑡𝑑𝑦 

⇒ 𝑑𝑦 = 2 + 𝑑𝑡𝑐  

⇒ 𝑥 + 𝑏1 = ∫ 2 + 𝑑𝑡(𝑡2+4) .𝑡.𝑐𝐶  

⇒ 𝑥 + 𝑏1 = 2∫ 𝑑𝑡𝑡2 + 4 

⇒ 𝑥 + 𝑏1 = 12 . 2(𝑡𝑎𝑛)−1 (𝑡2) + 𝑏2 

⇒ 𝑥 + 𝑏 = (𝑡𝑎𝑛)−1 𝑡2 [𝑏1 + 𝑏2 = 𝑏] 
⇒ 𝑡𝑎𝑛(𝑥 + 𝑏) = 𝑡2 ⇒2𝑡𝑎𝑛(𝑥 + 𝑏) = √𝐶𝑦 − 4 ⇒4𝑡𝑎𝑛2(𝑥 + 𝑏) = 𝑐𝑦 − 4 ⇒4{𝑠𝑒𝑐2(𝑥 + 𝑏) − 1} = 𝐶𝑦 − 4 



 

 

⇒4𝑠𝑒𝑐2(𝑥 + 𝑏) − 4 = 𝑐𝑦 − 4 ⇒ 𝑦 = 4𝐶 𝑠𝑒𝑐2(𝑥 + 𝑏) 

𝑦 = 𝑎𝑠𝑒𝑐2(𝑥 + 𝑏)            [4𝑐 = 𝑎] 
 

                                                         (Ans.) 

 

Name: Nazmul Huda 

Roll: 1800109 

Exercise 6: Solve, 𝑦 𝑑2𝑦𝑑𝑥2  −  (𝑑𝑦𝑑𝑥)2  =  𝑦2 log 𝑦 

Solution: The equation does not contain x directly; 

Hence putting 
𝑑𝑦𝑑𝑥  =  𝑝,   𝑜𝑟, 𝑑2𝑦𝑑𝑥2  =  𝑑𝑝𝑑𝑦 . 𝑑𝑦𝑑𝑥 =  𝑝 𝑑𝑝𝑑𝑦 

The equation becomes,  𝑦𝑝 𝑑𝑝𝑑𝑦  −  𝑝2  =  𝑦2 log 𝑦 ,     𝑜𝑟, 𝑝 𝑑𝑝𝑑𝑦  −  1𝑦 𝑝2  =  𝑦 log 𝑦 

Putting 𝑝2  =  𝑣 , 2𝑝 𝑑𝑝𝑑𝑦  =  𝑑𝑣𝑑𝑦 ; 

The above equation becomes;  
𝑑𝑣𝑑𝑦  −  2𝑦 𝑣 =  2𝑦 log 𝑦 

Linear equation, I.F. = 𝑒− ∫2𝑦𝑑𝑦  =  1𝑦2 

∴  𝑣 1𝑦2  =  𝑐1 + ∫ 2𝑦 log 𝑦 . 1𝑦2 𝑑𝑦 = 𝑐1 + ∫ 2𝑦 log 𝑦 𝑑𝑦  
Or, 𝑝2. 1𝑦2  =  𝑐1 + (log 𝑦)2 

Or, p = 
𝑑𝑦𝑑𝑥  =  ± 𝑦 [ 𝑐1 + (log 𝑦)2]12 

Or, 
𝑑𝑦𝑦√[𝑐1+(log 𝑦)2]  =  𝑑𝑥            ;    [ 𝑝𝑢𝑡 log 𝑦 = u,  

1𝑦 𝑑𝑦 =  𝑑𝑢 ] ∴  𝑑𝑢√(𝑐1+𝑢2)  =  𝑑𝑥      or,  log[ 𝑢 + √(𝑐1 + 𝑢2)]  =  log 𝑐2 + 𝑥 

Or, 𝑢 + √(𝑐1 + 𝑢2)  =  𝑐2𝑒𝑥         𝑜𝑟, log 𝑦 + √[𝑐1 + (log 𝑦)2]  =  𝑐2𝑒𝑥 



 

 

Or, 𝑐1 + (log 𝑦)2  =  (𝑐2𝑒𝑥  −  log 𝑦)2 

Or, 𝑐1  =  𝑐22𝑒2𝑥  −  2𝑐2𝑒𝑥 𝑙𝑜𝑔 𝑦 

Or, log y = 𝑘1𝑒𝑥 + 𝑘2𝑒−𝑥 

                                                     (Ans.) 

Roll: 1800110 

Name: Md. Arifuzzaman 

 

Problem: solve 𝑑2𝑦𝑑𝑥2 + 𝑑𝑦𝑑𝑥 + (𝑑𝑦𝑑𝑥)3 = 0 … … … … … . . (𝑖) 

Since (𝑖) 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥 𝑑𝑖𝑟𝑒𝑐𝑡𝑙𝑦 𝑎𝑛𝑑 𝑡ℎ𝑒𝑛  
put 

𝑑𝑦𝑑𝑥 = 𝑝 

⇒ 𝑑2𝑦𝑑𝑥2 = 𝑑𝑃𝑑𝑥 = 𝑑𝑃𝑑𝑦  . 𝑑𝑦𝑑𝑥 = 𝑝 𝑑𝑃𝑑𝑦 

 Then (𝑖) 𝑏𝑒𝑐𝑜𝑚𝑒𝑠, 𝑃 𝑑𝑃𝑑𝑦 + 𝑝 + 𝑃3 = 0 

⇒ 𝑑𝑃𝑑𝑦 + 1 + 𝑃2 = 0 

⇒ 𝑑𝑃1 + 𝑃2 + 𝑑𝑦 = 0 ⇒ 𝑡𝑎𝑛−1𝑃 + 𝑦 = 𝐶1 ⇒ 𝑡𝑎𝑛−1𝑃 = 𝑐1 − 𝑦 ⇒ 𝑃 = tan(𝐶1 − 𝑦) ⇒ 𝑑𝑦𝑑𝑥 = tan(𝐶1 − 𝑦) 

⇒ 𝑑𝑦𝑡𝑎𝑛(𝐶1 − 𝑦) = 𝑑𝑥 ⇒ cot(𝐶1 − 𝑦) 𝑑𝑦 = 𝑑𝑥 ⇒ −𝑙𝑜𝑔𝑠𝑖𝑛(𝑐1 − 𝑦) = 𝑥 + 𝑙𝑜𝑔𝑐2 



 

 

⇒ 𝑙𝑜𝑔𝑠𝑖𝑛(𝑐1 − 𝑦) = −𝑥 − 𝑙𝑜𝑔𝐶2 ⇒ 𝑙𝑜𝑔𝑠𝑖𝑛(𝑐1 − 𝑦) = 𝑙𝑜𝑔𝑒−𝑥 − 𝑙𝑜𝑔𝐶2 ⇒ 𝐶2sin (𝐶1 − 𝑦) = 𝑒−𝑥 ⇒sin (𝐶1 − 𝑦) = 1𝐶2 𝑒−𝑥 

⇒ 𝐶1 − 𝑦 = 𝑠𝑖𝑛−1(𝑏𝑒−𝑥) [ 1𝐶2 = 𝑏] 𝑦 = 𝑎 −  𝑠𝑖𝑛−1(𝑏𝑒−𝑥)[𝑐1 = 𝑎] 
 

 

(Ans.) 
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Roll: 1800111                                                                                                                    .                               

Solution of Differential Equation of First Order and Higher Degree 

Definition 

The differential equation of first order do not contain differential co-efficient 

higher than 
dy

dx
. In this chapter we shall consider differential equations which 

involve powers of 
dy

dx
. It is usual to denote 

dy

dx
 by p. Thus an equation 

pn + p1pn−1 + p2pn−2 + ⋯ … … . +pn = 0 

Where, p1, p2, pn are functions of x and y, is the equation of first order and nth 

degree. 

Types of Equations 

It may be possible to solve such equations by one or more of the four methods 

given below. In each case the problem is reduced to that of solving one or more 

equations of first order and first degree. 

Equations Solvable for 𝐩. 

Suppose the equation 

pn + p1pn−1 + p2pn−2 + ⋯ … … . +pn = 0 

can be put in the form 

[p − F1(x, y)[p − F2(x, y p − Fn(x, y)] = 0. 

Then equation to zero each factor of the above form, we got n equations of first 

order and first degree, namely 

dy

dx
= F1(x, y), 

dy

dx
= F2(x, y) … . . ,

dy

dx
= Fn(x, y) 

If solutions of the above n component equations are given by 

f1(x, y, c1) = 0, f2(x, y, c2) = 0,…… fn(x, y, cn) = 0. 

then the relation 

f1(x, y, c1) f2(x, y, c2) ….fn(x, y, cn) = 0. 

is the most general solution of the equation (1). 

There is no loss of generality f we take 
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c1 = c2 =…. = cn = c (say) 

Therefore the general solution of the equation s put as 

f1(x, y, c) f2(x, y, c) ….fn(x, y, c) = 0. 

 

Roll: 1800112                                                                                                                    .                               

Ex.1. Solve p4-(x+2y+1)p3+(x+2y+2xy)p2-2xyp=0 

Solution: 

On factorization the given equation becomes,  

P(p-1)(p-x)(p-2y)=0 

The component equations of first order and first degree are, 

p=0, p=1, p=x, p=2y 

Or, 
dy

dx
=0, 

dy

dx
=1, 

dy

dx
=x, 

dy

dx
=2y 

Solutions of these component equations are respectively,  

y-c=0, y-x-c=0, 2y-x2-c=0, y-cex=0 

and therefore the most general solution of the given equation is,  

(y-c)(y-x-c)(2y-x2-c)(y-cex)=0 

 

Ex. 2.  Solve p3 + 2xp2 ─ y2p2 ─2xy2p = 0  

Solution: 

The equation can be written as,   

p( p2 +2xp─y2p─2xyp ) = 0  

or p(p+2x)(p─y2) =0  

The component equations are  

dy

dx
= 0,   

dy

dx
+ 2x = 0,   

dy

dx
─y² = 0 

Solution of these component equations are  
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y ─c=3, y+x2 ─c=0, xy+yc+1=0 

Therefore the general solution is  

(y ─c)(y+x2 ─c) ( x y + yc+1)=0. 

 

Ex .3. Solve xy(p2+1) =(x2+y2) p 

Solution: 

The equation can be written as 

xyp2─(x2+y2) p+ x y =0 

i.e. (yp ─x) (xp ─y) =0 

Thus the component equations are  

y 
dy

dx
 ─x=0,   x

dy

dx
 ─y = 0,  

i.e.  ydy ─xdx = 0   ,
dy

y
─

dx

x
= 0  ,  

whose solutions are  y2─x2=c ,  
y

x
= c   

Hence the general solution is  

(y2─x2─c)=0,   (y ─cx) =0.     

 

Roll: 1800113                                                                                                                    .                               

Ex. 4. Solve x2 (
dy

dx
)² + xy

dy

dx
 ─6y² = 0  

Solution: 

Writing p for 
dy

dx
 , the equation becomes  

x²p²+pxy─6y²=0, 

i.e. (px+3y) (px─2y) =0 

The component equations are 

x
dy

dx
 +3y=0   and   x

dy

dx
 ─2y=0 
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or  
dy

y
 +3

dx

y
 =0    and 

dy

y
 ─ 2

dx

x
 =0 

Integrating these    yx²=c   and   
y

x²
⁄ =c     

Hence the solution is   (yx² ─ c) (
y

x²
⁄  ─c) = 0. 

 

Ex. 5.   Solve  x2(
dy

dx
)2 – 2xy 

dy

dx
 + 2y2 – x2 =0 

Solution: 

Writing p for  
dy

dx
, the equation becomes 

x2p2 – 2xyp +2y2 –x2 = 0 

Solving for p, 

p=
2xy±√[4x2y2−4x2(2y2−x2)]

2x²
 

  =
y±√(x2−y2)

x
. 

the component equations are  
dy

dx
 = 

y±√(x2−y2)

x
. 

These are homogeneous; 

∴ put  p= vx,   so that 

v + x 
dv

dx
 = 

v±√1−v2

1
,  i.e., x

dv

dx
 = ±√1 − v2 

or    
dv

√(1−v2)
 = 

dx

x
   and    

dv

√(1−v2)
 =- 

dx

x
. 

Integrating,   sin−1 y = log cx   and  sin−1 y = -log cx,  

i.e.,     sin−1 (
y

x
) =± log cx   as   y = 

y

x
 , 

which form the required solution. 

 

Ex. 6.    Solve   x2 (
dy

dx
)2 + 3xy  

dy

dx
 + 2y2 = 0 

Solution: 
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The equation can be written as 

x2p2 + 3xyp +2y2 = 0,         i.e.  (xp + y) (xp + 2y) = 0. 

The component equations are 

       x  
dy

dx
 + y = 0 and   x 

dy

dx
 +2y = 0, 

or   
dy

y
 +  

dx

x
 = 0     and      

dy

y
 + 2 

dx

x
 = 0, 

Integrating,   xy=c     and      yx2=c , 

Hence the solution is (xy-c) (yx2-c) = 0. 

 

Roll: 1800114                                                                                                                    .                               

Ex. 7.   (a)    Solve   yp2 + (x-y)p – x = 0. 

Solution: 

We have (p-1) (yp+x) = 0. 

i.e. 
dy

dx
 = 1   and   y 

dy

dx
 + x = 0     or    y dy + x dx = 0 

    Integrating,   y = x + c    and   x2 + y2 = c. 

The solution is   (y - x- c) (x2 + y2 – c) = 0. 

 

Ex. 7.    (b)    Solve    xp2 + (y-x)p – y = 0. 

Solution: 

We have   (p-1) (xp+y) = 0   

i.e.     
dy

dx
 = 1     and    x 

dy

dx
 + y = 0       or    x dy + y dx = 0 

        Integrating,    y = x-c      and     xy = -c. 

    The solution is  (y – x + c) (xy + c) = 0. 

 

 

Roll: 1800115                                                                                                                    .                               
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Ex. 8.   Solve  p2 – p (x2+xy+y2) + xy (x+y) =0 

Solution: 

After factorizing, the equation can be written as,  

       (p-x) [p2+px-y(x+y)] = 0 

or               (p-x) (p-y) [p+(x+y)] = 0 

   The component equations are 

dy

dx
= x,   

dy

dx
= y,

dy

dx
+ x + y = 0.  

Solution of  
dy

dx
 = x is y = 

x²

2
 + const., i.e.2y-x²=c, 

Solution of  
dy

dx
 = y is log y = x+ const., i.e.y=cex, 

and  solution of 
dy

dx
 + y = -x (linear equation) is 

         yex = c+ ∫ −xexdx, 

i.e.  yex= c-(x-1) ex 

  or  y+x-1-ce−x= 0. 

Therefore the complete solution is  

  (2y-x2-c) (y-cex) (y+x-1-ce−x) = 0. 

 

Ex. 9. (a)    Solve p3(x+2y) + 3p2 (x+y) + (y+2x) p = 0. 

Solution: 

On factorizing, the equation is     

p (p+1) (px + 2py + 2x + y) = 0.  

The component equations are 

dy

dx
= 0,  

dy

dx
+ 1 = 0,   

dy

dx
(x + 2y) + 2x + y = 0 

Solution of  
dy

dx
= 0 is y=c 

Solution of  
dy

dx
 + 1 = 0, is y+x = c. 
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Solution of  
dy

dx
(x+2y) + 2x + y = 0, 

i.e. (x dy +y dx) + 2y dy + 2x dx = 0  is xy + y2 + x2 = c 

Therefore the complete solution of the given equation is 

(y-c) (y+x-c) (xy+y2+x2-c) = 0. 

 

Ex. 9.  (b)   Solve   p2+px+py+xy = 0 

Solution: 

The given equation is equivalent to 

(p+x) (p+y) = 0 

That is, either 

p+x = 0   or,  p+y = 0  

In other words, 

dy

dx
+ x = 0, or   

dy

dx
  + y = 0 

The solutions of the above factors are 

2y = -x2+c and 

x = -ln |y|+c, for c being an arbitrary constant. 

Therefore, the general solution of the given equation is 

(2y+x2-c) . (x+ ln|y|-c) = 0 

 

Ex. 10.  P3-(x2+xy+y2) p2+(x3y+x2y2+xy3) p-x3y3 = 0. 

Solution: 

The equation on factorization is 

      (p-x2) (p-y2) (y-yx) = 0. 

The component equations are 

dy

dx
 = x2,   

dy

dx
 = y2,  

dy

dx
 = xy ( ≡ 

dy

y
= x dx ). 
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Solutions of these equations are respectively 

3y-x3 = c,  xy+cy+1 =0,  y=ce
1

2
x². 

Therefore the complete solution is 

(3y-x3-c) (xy+cy+1) (y- ce
1

2
x²) = 0. 
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Equations solvable for y 

 If the equation is solvable for y, we can express y explicitly in terms of x and p. 

Thus the equations of this type can be put as 

y = f (x, p)               …(1) 

  Now differentiating with respect to x, we get 

 
dy

dx
= p = F (x, p,

dp

dx
)             …(2) 

which is now an equation in two variables x and p. 

  Suppose the solution of (2) is, 

 ∅ (x, p, c) = 0.              …(3) 

  Then eliminating p from (1) and (3), we get the required solution. 

  If p cannot be easily eliminated, then express values of x and y in terms of the 

parameter p in the form 

 x = ∅1 (p, c), y =  ∅2 (p, c). 

  These two relations together give the complete solution of the given 

equation. 

Lagrange’s Equations 

  To solve the equation 

 y = x∅ (p) + f (p), 
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  Differentiating with regard to x, we get 

 p =  ∅ (p) + {x∅′(p) + f ′(p)}
dp

dx
 

or, p − ∅ (p) = [x∅′(p) + f ′(p)]
dp

dx
 

or, 
dx

dp
− x

∅′ (p)

p−∅ (p)
=  

f′(p)

p−∅ (p)
. 

  This is linear equation in x and p and can be solved in the usual way. 

  Note. In case ∅ (p) = p, the above method fails since  p − ∅ (p) = 0 and we 

do not get a linear equation in x and p. In this case the equation is of Clairaut’s 

form. 
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Ex.1: Solve  y = 2px + p4x2 

Solution:  

Given there,               y = 2px + p4x2                           …(1) 

Differentiating with respect to x, 

p = 2p +2x
dp

dx
+ 2p4x+ 4p3x2 dp

dx
 

or,  (p+ 2x
dp

dx
)(1+ 2p3x)=0 

We discard the factor, 1+ 2p3x = 0 

The factor      p + 2x
dp

dx
= 0    gives   2

dp

p
+

dx

x
= 0   

Integrating,     p2x = c … …      (2) 

From (2),   p2 =
c

x
      Putting this value in (1), 

y = 2px + c2            or       y − c2 = 2px 

Squaring, (y − c2)2 = 4p2x2 = 4
c

x
x2 

or   (y − c2)2 = 4cx    is the complete solution. 
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Note. From (2),    x =
c

p2
 

∴      (1) gives   y = 2p
c

p2
+ p4 c2

p4
=

2c

p
+ c2 

Thus     x =
c

p2
,     y =

2c

p
+ c2     also together constitute the complete solution 

of (1). 

 

Ex.2: Solve y = 2px − p2 

Solution:  

The equation is solved for y. Differentiating with respect to x, 

p = 2p + 2x
dp

dx
− 2p

dp

dx
     or    p

dp

dx
+ 2x − 2y = 0 

or     
dp

dx
+

2

p
x = 2,       linear, I. F = e

∫
2
p

dp
= p2. 

∴  xp2 = c + ∫ 2p2dp = c +
2

3
p3 

or     x = cp−2 +
2

3
p.                                                  …(1) 

Also putting this value of x in given equation, 

y = 2p (cp−2 +
2

3
p) − p2 

    = 2cp−1 +
1

3
p2.                                                       …(2) 

(1)  & (2) together constitute general solution of the given equation. 
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Ex. 3: Solve y = -px + x4p2.     

Solution.    

Given that, 

                            y = -px + x4p2                                                                                                      

…(1) 
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Differentiating with respect to x, 

              p = -p -x
dp

dx
+4x3p2+2x4p

dp

dx
 

i.e.        2p+x
dp

dx
-2px3 (2p+x

dp

dx
 ) = 0 

or,        (2p+x
dp

dx
) (1 – 2px3) = 0 

    Rejecting the factor 1-2px3, we get 

         x
dp

dx
+2p = 0  

or      
dp

p
+

2dx

x
 = 0 

Integrating,    p = 
c

x2
 

Putting this value of p in (1), we get 

          y = - (c/x2) x+ x4 (c2/x4)  

or,     y = - c/x + c2,  

which is the required solution of the equation. 

 

Ex. 4: Solve x – yp = ap2. 

Solution.   

Solving for y, y = x/p – ap. 

Differentiating,  p = 
1

p
 - 

x

p2
 
dp

dx
 – a 

dp

dx
,  

i.e.   
dp

dx
 (ap2+x) = p (1-p2). 

This can be put as  
dx

dp
 – x. 

1

p(1−p2)
 = 

ap

1+p2
                                                                                               

…(1) 

which is a linear equation in x and p. 

Integrating factor = e
∫

dp

p(1−p2) ,  

Now   ʃ
dp

p(1−p2)
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      = ʃ
dp

p(1−p)(1+p)
  

    = ʃ{
1

p
+ 

1

2(1−p)
−

1

2(1+p)
 }dp 

    = log p - 
1

2
log(1 − p) − 

1

2
log(1 + p) = log

p

√1−p2
 

∴ Integrating factor = e

−log
p

√(1−p2)
 = 

√(1−p2)

p
. 

Solution of (1) is    

x√(1−p2)

p
 = c + ʃ

ap

1−p2
. 

√1−p2

p
 dp 

or,  x = 
p

√(1−p2)
 (c + a sin-1 p)                                                                                                                  

…(2) 

Putting this value of x in the given equation, we get 

y = 
1

√(1−p2)
 (c + a sin-1 p) – ap                                                                                                                

…(3) 

(2) and (3) together constitute solution of the given equation 
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Ex. 5.    Solve   p2 − py + x = 0. 

Solution: 

Solving for y, y = p + x p.⁄  

Differentiating, p =
dp

dx
+

1

p
−

x

p2

dp

dx
 

or  (p −
1

p
)

dx

dp
+

x

p2
= 1   or  

dx

dp
+

1

p(p2 − 1)
x =

p

p2 − 1
 , 

which is a linear equation in x and p. 

Now proced as in the above expamle or put a = −1 in the 

above example. 
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Ex. 6.  Solve  y = 3x + log p . 

Solution: 

The equqtion is solved for y.  Differentiating w. r. t. 

x , we get  p = 3 +
1

p

dp

dx
  or  p(p − 3) =

dp

dx
 

or  dx =
dp

p(p − 3)
=

1

3
[

1

(p − 3)
−

1

p
] dp. 

Integrating, x =
1

3
 log

p−3
p + log C1 

or  
p − 3

p
= ce3x  or   p =

3

(1 − ce3x)
 

Putting this value of p in the given equation, the solution is 

y = 3x + log
3

(1 − ce3x)
 

 

Ex. 7.    Solve   y − 2px = f(xp2) 

Solution: 

Solving for y, y = 2px + f (xp2) 

Differentiating  w. r. t.  x, we get 

p = 2p + 2x
dp

dx
+ f (xp2) [p2 + x. 2p

dp

dx
] 

or  (p + 2x
dp

dx
) [1 + pf ′(xp2)] = 0, 

so that   p + 2x
dp

dx
= 0.  i. e.   

2dp

p
+

dx

x
= 0. 

Integrating, 2 log p + log x = log c, i. e. p2x = c. 

Putting  p = √c
√x

⁄   in the given equation, 

y = 2√(cx) + f(c), 
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which is the required solution. 
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Ex. 8 Solve (
dy

dx
)3  +  m(

dy

dx
)2 = a(y + mx) 

Solution:  

Solving for y, the equntion is 

ay =  −amx + mp2 + p3        … … . . (1) 

Diferentiating w. r. t.  ′x′  we get 

ap = −am + 2mp
dp

dx
 + 3p2

dp

dx
 

or,
dp

dx
=

a(p + m)

2mp + 3p2
 

or, adx =
2mp +  3p2

p + m
dp = (3p − m +

m2

p + m
) dp 

Integrating, ax = c +
3

2
p2 −  mp + m2 ∗  log (p + m) … … … … (2) 

so that from (1), 

ay = −m [c +
3

2
p2 +  mp + m2 ∗  log (p + m)] + mp2 + p3 … … … (3) 

(2) and (3) together constitute solution of the equatios. 

 

Ex. 9. Solve y = x + a tan−1 p . 

Solution:  

The equation is solved for y, 

Differentiating, p = 1 +
a

1 + p2

dp

dx
 

or, a
dp

dx
= (p − 1)(1 + p2) 
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or,
adp

(p − 1)(1 + p2)
= dx 

i. e.
a

2
[

1

p − 1
−

p + 1

p2 + 1
] dp = dx 

Integrating,
a

2
[log(p − 1) −

1

2
log (p2 + 1 − tan−1 p)] = x + c 

This relation together with the given equation constitutes the 

solution of the equation. 

 

Ex. 10. Solve xp2 − 2yp + ar = 0 

Solution: 

Solving for y, y =
1

2

ax

p
+

1

2
xp 

Diferentiating, p =
1

2
(

a

p
−

ax

p2

dp

dx
) +

1

2
(p + x

dp

dx
) 

or, x
dp

dx
(1 −

a

p2
) = (p −

a

p
) 

or,
(p2 − a)

p2
[p + x

dp

dx
] = 0 

or, x
dp

dx
= p 

or,
dp

p
=

dx

x
 

Integrating, p = cx 

Putting this value of p in the given equation, we have 

c2x3 − 2ycx + ax = 0 

i. e.  2y = cx2 + a
c⁄  

which is the required solution. 
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Equations solvable for ‘x’: 

If x can be expressed explicitly in terms of for ‘x’. Such as equation can be out 

in the form     x=f(y,p)………(1) 

Differentiate it with respect to y to obtain 

dx

dy
=

1

p
= F(y, p,

dp

dy
)…………(2) 

Which can be solved as an equation in y and p suppose the solution is β 

(y,p,c)=0 

Then eliminating ‘p’ form ‘1’ and ‘2’ we get the primitive of the equation. 

If elimination is not possible then values of x and y are expressed in terms of 

parameter p together constitute the solution of equation. 

 

Ex. 1. solve y=3px+6p2y2 

Solution: 

solving for x, 3x=
y

p
 -6py2 

Differentiating with respect to y,     
3

y
 =

1

p
 - 

y

p2

dp

dy
 - 6y2dp

dy
 – 12py 

                                           i.e.             (1+6p2y)(2p+y
dp

dy
)=0 

Neglecting the first factor, we get 2p+y
dp

dy
=0 

Integrating it, py2=c,                      i. e ,p=
c

p2
 

Putting the value of p in the given equation, 

y=3x
c

y2
 +6y2c2

y4
, that is y2= 3cx+6c2 

which is the required solution. 

 

Ex. 2. solve y=2px+p2y 

Solution: 
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solving for x,we get 2x= -py+
y

p
 

Differentiating with respect to y, we get 

2

p
= -p-y

dp

dy
+p-1-yp-2dp

dy
 

That is, 
1

p
= - 

y

2
(

1

p2
)
dp

dy
+

1

2p
+

p

2
+ 

y

2
 
dp

dy
 

y
dp

dy
 

1

p2
 +y

dp

dy
+(

1

p
+p)=0 

(y
dy

dx
+p)(1+

1

p2
)=0 

y
dy

dx
= -p, or 

dp

p
+

dy

dx
=0 

or, log p +log y =log c (integrating) 

putting the value of in the given equation ,the solution is, 

y= 2
c

y
x +

c2

y2
y, 

or, y2 =2cx+c2 

which is the required solution. 

 

Ex. 3. solve for x=y+alogp 

Solution: 

x=y+alogp 

Differentiating w.r.to y, 

1

p
= 1 + a

1

p

dp

dy
 

1

p
− 1 =

a

p

dp

dy
 

1-p=a
dp

dy
 

dy=a
dp

1−p 
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y=a
log (1−p)

−1
+c 

y=-alog(1-p) +c 

putting the value in the given equation, 

x=-alog(1-p)+c+alog p 

which is the required solution. 

 

Ex. 4. solve xp3=p2+1 

Solution: 

solve for x= 
1

p
+

1

p3
……………..(1) 

Differentiating with respect to y, 

1

p
= (−

1

p2
−

3

p4
)

dp

dy
 

Or, p3= -(p2 +3)
dp

dy 

-dy= 
(p2+3)

p3

dp

dy
 

dp(p2+3)

p3
= -dy ,                                                                           

dp

p
+

3dp

p3
= −dy 

By integrating, lnp- 
3

2p2
= −y + c 

y =
3

2p2
− lnp + c … … … . (2) 

Equations 1 and 2 together constitute the solution. 
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Ex. 5. Solve the differential equation (solvable for X), p3 − 2xyp + 4y2 = 0 

Solution: 

     We have, 



P a g e  20 | 35 

 

            p3 − 2xyp + 4y2 = 0 

    Solving for x, we get,  

            x = 
p2

2y
+

2y

p
 

   Differentiating w.r.to y, we obtain, 

     
dx

dy
= −

p2

2y2
+

p

y

dp

dy
+

2

p
−

2y

p2

dp

dy
      

⇒
1

p
= −

p2

2y2
+

p

y

dp

dy
+

2

p
−

2y

p2

dp

dy
            

⇒ −
1

p
+

2y

p2

dp

dy
= −

p2

2y2
+

p

y

dp

dy
  

⇒ (
2y

p2

dp

dy
−

1

p
) =

p3

2y2 (
2y

p2

dp

dy
−

1

p
)  

⇒ (
2y

p2

dp

dy
−

1

p
) −

p3

2y2 (
2y

p2

dp

dy
−

1

p
) = 0  

⇒ (
2y

p2

dp

dy
−

1

p
) (1 −

p3

2y2) = 0  

Omitting the second factor, we have 

         
2y

p2

dp

dy
−

1

p
= 0 

⇒
2y

p

dp

dy
= 1  

⇒
2dp

p
=

dy

y
  

Integrating, 

⇒ 2logp = logy + logc  

⇒ logp2 = log (yc)   

⇒ p2 = yc  

Putting this value of p2 in the given equation, we get 

      p(cy − 2xy) = −4y2  

 ⇒ p(c − 2x)      =  −4y  

 ⇒ p2(c − 2x)2  = 16y2  
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 ⇒ yc(c − 2x)2 = 16y2  

          

 Hence, 16y = c(c − 2x)2 is the required solution .         (Ans.)  

 

Ex. 6. Solve the equation (solvable for x) p3y2 − 2px + y = 0  

Solution: 

We have, 

    p3y2 − 2px + y = 0  

Solving for x, we get 

 2x =
y

p
+ p2y2 

Differentiating w.r.to y, we obtain 

     2
dx

dy
=

1

p
−

y

p2

dp

dy
+ 2p2y + 2y2p

dp

dy
  

⇒
2

p
=

1

p
−

y

p2

dp

dy
+ 2p2y + 2y2p

dp

dy
  

⇒
1

p
− 2p2y = −

y

p

dp

dy
(

1

p
− 2yp2)  

⇒ 1 +
y

p

dp

dy
= 0  

⇒
y

dy

dp

p
= −1  

⇒
dp

p
= −

dy

y
  

⇒
dp

p
+

dy

y
= 0  

Integrating, 

      logp + logy = logc  

⇒ log(py) = logc  

⇒ yp = c  

Substituting the value of p =
c

y
 in the given equation, we get 
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c3

y3
y2 − 2

c

y
x + y = 0 

             ⇒
c3

y
−

2cx

y
+ y = 0  

           ⇒ c3 − 2cx + y2 = 0  

 

  Hence, c3 − 2cx + y2 = 0 is the required solution .    (Ans.) 

 

Ex. 7. Solve the equation (solvable for x) (2x − b)p = y − ayp2 

Solution: 

We have, 

  (2x − b)p = y − ayp2 

Solving for x, we get 

 2x = b +
y

p
− ayp 

Differentiating w.r.to y, 

         
2dx

dy
= 0 +

1

p
−

y

p2

dp

dy
− a(p + y

dp

dy
) 

⇒         
2

p
=

1

p
−

y

p2

dp

dy
− ap − ay

dp

dy
  

⇒         
1

p
= −

y

p2

dp

dy
− ap − ay

dp

dy
  

⇒         p = −y
dp

dy
− ap3 − a𝑝2y

dp

dy
  

⇒ p+ap3=−y
dp

dy
(1 + a𝑝2) 

⇒ p(1 + a𝑝2) = −y
dp

dy
(1 + a𝑝2) 

⇒ p + y
dp

dy
= 0 

⇒
dp

p
= −

dy

y
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By integrating, 

⇒ logp + logy = logc 

⇒ log(yp) = logc 

   ∴ yp = c 

Putting the value of  p =
c

y
 in the given equation, 

(2x − b)
c

y
= y −

ac2

y
 

Hence,(2x − b)c = y2 − ac2 is the required solution .   (Ans.) 

 

Ex. 8.  Solve the equation (  solvable  for x) xp3 = a + bp 

Solution: 

Solving for x, we get 

⇒ x =
a

p3
+

b

p2
 

Differentiating w.r.to y, we get 

      
dx

dy
= −

3a

p4

dp

dy
−

2b

p3

dp

dy
 

⇒
1

p
= −

3a

p4

dp

dy
−

2b

p3

dp

dy
 

⇒ p3 = −3a
dp

dy
− 2bp

dp

dy
 

⇒ p3 = −(3a + 2bp)
dp

dy
 

⇒ dy = −
(3a + 2bp)

p3
dp 

⇒ dy = −
3a

p3
dp −

2b

p2
dp 

By integrating, 
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   y =
3a

2p2
+

2b

p
+ c         --------- (1) 

From the given equation, 

  x =
a

p3
+

b

p2
                  ----------- (2) 

Hence, equations (1) and (2) constitute the required solution.  (Ans.)                                                                                                         
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Ex. 9. Solve the differential equation (solvable for x), p = tan (x −
p

1+p²
) 

Solution:  

when solved for x, the equation becomes 

x = tan−1 p +
p

1+p²
 ……………………………….....(1) 

Differentiating with respect to y,  

1

p
=

1

(1 + p2)

dp

dy
+

(1 + p2) − 2p²

(1 + p²)

dp

dy
 

Or, 

dy =
2pdp

(1 + p²)²
 

Integrating,      

 y = c −
1

(1+p²)
   ……………………………………….. (2) 

Equations 1 and 2 together constitute the solution. 

 

Ex. 10. Solve the differential equation(solvable for x), x = a − p(1 + p²)
−1

2  

Solution: 

Given, x = a − p(1 + p²)………………………….(1) 

Differentiating (1) with respect to y and writing 1/p for dx/dy, we get 
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1

p
= 0 − [(1 + p2)

−1
2 + p (

−1

2
) (1 + p2)

−3
2 . 2p]

dp

dy
 

Or, 

1

p
=

dp

dy
[

p2

(1 + p2)
3
2

−
1

(1 + p2)
3
2

] =
dp

dy

p2 − (1 + p2)

(1 + p2)
3
2

 

Or, 

dy = −(1 + p²)
−3
2 pdp 

Integrating, y = c −
1

2
∫(1 = p2)

−3

2 (2pdp) = c −
1

2
∫ v

−3

2 dv   

 

Putting 1 + p2 = v , 2pdp = dv 

Or, y = c + v
−1

2  

Or, y = c + (1 + p²)
−1

2  ………………………………(2) 

 

We now try to eliminate (1) and (2) as follows, 

Here, (1) and (2)  

x − a = p/(1 + p²)
1

2    and    y − c = 1/(1 + p²)
1

2 

 

Squaring and adding these, 

(x − a)2 + (y − c)2 = 1 

 

Which is the required solution, c being an arbitrary constant. 
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Ex. 11. Solve the differential equation (solvable for X),  y=px+p3. 

Solution: 
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We have, 

 y=px+p3 --------------(1) 

Or, px=y-p3 

Or, x=
y

p
− p2 

Differentiating equation (1) with respect to y, we get, 

   
dx

dy
=

1

p
−

y

p2

dp

dy
− 2p

dp

dy
 

Or,  
1

p
=

1

p
−

y

p2

dp

dy
− 2p

dp

dy
 

Or,  
y

p2

dp

dy
+ 2p

dp

dy
= 0 

Or, 
dp

dy
(

y

p2
+ 2p) = 0 

Omitting the second factor, we have 

dp

dy
= 0 

Or, dp=0 

By integrating, 

  p=c 

Putting p=c in equation (1), 

    y=cx+c3 

 

Hence, y=cx+c3 is the required solution.  (Ans.) 

 

Ex. 12. Solve the differential equation (solvable for X),  P3-4xyp+8y2=0. 

Solution: 

We have, P3-4xyp+8y2=0 --------------(1) 

X=
2y

p
+

p2

4y
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Differentiating with respect to y, we get, 

dx

dy
=

1

p
=

2

p
−

2y

p2

dp

dy
+

p

2y

dp

dy
−

p2

4y2
 

Or, (
2y

p2

dp

dy
−

1

p
)(1 −

p3

4y2
) = 0 

Omitting the second factor, we have 

i.e.,  
2y

p2

dp

dy
−

1

p
= 0   

or,   
2y

p2

𝑑𝑝

𝑑𝑦
=

1

𝑝
 

or,  
2𝑑𝑝

𝑝
=

𝑑𝑦

𝑦
 

By integrating, 

or, 2 log p=log c+ log y 

or, log p2=log cy 

p2=cy 

Putting these value of p2 in equation (1), 

(cy-4xy) p=-8y2 

Or, -8y=(c-4x) p 

Or, 64y2=(c-4x)2p2 

Or, 64y2=(c-4x)2cy 

 

Hence, 64y=c(c-4x)2 is the required solution.  (Ans.) 

 

Ex. 13. Solve the differential equation (solvable for X),  x=y+p2. 

Solution: 

We have, 

   x=y+p2------------(1) 

Differentiating equation (1) with respect to y, we get 
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1

𝑝
= 1 + 2𝑝

𝑑𝑝

𝑑𝑦
 

Or,  
𝑑𝑝

𝑑𝑦
=

1−𝑝

2𝑝2
 

Or, 
2𝑝2𝑑𝑝

1−𝑝
= 𝑑𝑦 

Or,  -2(p+1+ 
1

𝑝−1
) dp = dy 

By integrating, 

   y=c- [p2+2p+2log (p-1)] --------------(2) 

From the given equation, 

   X=c- [2p+2log (p-1)] --------------(3) 

Hence, equations (2) and (3) constitute the required solution.  (Ans.) 

 

Ex. 14. Solve the differential equation (solvable for X),  y2 log y=xpy+p2. 

Solution: 

We have, y2 log y=xpy+p2 -------------(1) 

or, xpy = y2 log y- p2 

or, 𝑥 =
𝑦𝑙𝑜𝑔 𝑦

𝑝
−

𝑝

𝑦
 

Differentiating equation (1) with respect to y, we get, 

1

𝑝
= (𝑙𝑜𝑔 𝑦 + 𝑦

1

𝑦
)

1

𝑝
− 𝑦𝑙𝑜𝑔 𝑦

1

𝑝3

𝑑𝑝

𝑑𝑦
− (−

1

𝑦2
𝑝 +

1

𝑦

𝑑𝑝

𝑑𝑦
) 

Or,  
1

𝑝
=

𝑙𝑜𝑔 𝑦

𝑝
+

1

𝑝
+

𝑝

𝑦2
−

𝑑𝑝

𝑑𝑦
(

𝑦𝑙𝑜𝑔 𝑦

𝑝2
+

1

𝑦
) 

Or,  
𝑝

𝑦
(

𝑦𝑙𝑜𝑔 𝑦

𝑝2
+

1

𝑦
) −

𝑑𝑝

𝑑𝑦
(

𝑦𝑙𝑜𝑔 𝑦

𝑝2
+

1

𝑦
) = 0 

Or,  (
𝑦𝑙𝑜𝑔 𝑦

𝑝2
+

1

𝑦
) (

𝑝

𝑦
−

𝑑𝑝

𝑑𝑦
) = 0 

Omitting the first factor, we have 

𝑝

𝑦
=

𝑑𝑝

𝑑𝑦
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Or, 
𝑑𝑝

𝑝
=

𝑑𝑦

𝑦
 

By integrating, 

Log p=log c+ log y 

Or, p=cy 

Putting these values in equation (1), we get, 

X=
𝑙𝑜𝑔 𝑦

𝑐
− 𝑐 

Or, log y=cx+c2 

 

Hence, log y=cx+c2 is the required solution.  (Ans.) 

Roll: 1800125                                                                                           .                               

Clairaut’s Equation  

y=px+f(p)  ……….(1) 

The differential equation of the form (1) is known as Clairaut’s equation. 

To solve y=px+f(p)  

Differentiating it with respect to x, we get 

       p=p+[x+f’(p)] 
𝑑𝑝

𝑑𝑥
,  i.e. [x+f’(p)]

𝑑𝑝

𝑑𝑥
=0. 

Neglecting x+f’(p)=0, we get 
𝑑𝑝

𝑑𝑥
=0. 

Integrating it, we get p=c. 

Putting p=c in (1), the required solution is y=cx+f(c) 

Thus, to find the solutions of Clairaut’s equation put c for in the equation. 

Note: If we eliminate p between x+f’(p)=0 and the given equation, we get an 

equation involving no constant; this is called the singular solution of equation. 

Equation Reducible to Clairaut’s Form 

It is sometimes possible to reduce a given equation in Clairaut’s form with the 

help of suitable substitutions. The following two substitutions may be noted in 

this connection: 
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1. Equation y2=pxy+f(p) 

Putting y2=Y, and x2=X, i.e.   
𝑦

𝑥
 
𝑑𝑦

𝑑𝑥
 = 

𝑑𝑌

𝑑𝑋
 , the equation becomes  

y2 = p 
𝑦

𝑥
 .x2+f (p 

𝑦

𝑥
) or Y= 

𝑑𝑌

𝑑𝑋
 𝑌+ f(

𝑑𝑌

𝑑𝑋
) which is Clairaut’s form. 

2. Equation emy  (c-mp) =f( pemy-ex). 

This can be reduced to Clairaut’s form by the substitutions 

     emy = Y and ecx =X. 
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Ex. 1.  Solve px-y+𝑝3=
𝑚3

𝑝3
 

Solution:    

The equation is y=px+𝑝3-
𝑚3

𝑝3
 

This is of clairaut’s form. Hence putting c for p, the solution is, 

y=cx+𝑐3-
𝑚3

𝑐3
 

 

Ex. 2.  Solve y=px+p-𝑝2 

Solution:    

The equation is of clairaut’s form. Hence putting c for p, the solution is, 

y=cx+c-𝑐2 

 

Ex. 3.  Solve (y-px)(p-1)=p 

Solution:    

The equation can be written as,  

y-px=
𝑝

𝑝−1
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or y=px+
𝑝

𝑝−1
 

which is of clairaut’s form. Hence putting c for p, the solution is, 

y=cx+
𝑐

𝑐−1
 

 

Ex. 4.  Solve sinpxcosy=coxpxsiny+p 

Solution:    

The equation can be written as,  

sin(px-y)=p 

or y=px-𝑠𝑖𝑛−1p  

which is of clairaut’s form. Hence putting c for p, the solution is, 

y=cx-𝑠𝑖𝑛−1c 

 

Ex. 5. Solve 
(𝑦−𝑝𝑥)2

1+𝑝2
=𝑎2 

Solution:    

The equation can be written as, 

y-px=±a(1 + 𝑝2)
1

2 

or, y=px±a(1 + 𝑝2)
1

2 

which is of clairaut’s form. Hence putting c for p, the solution is, 

y=cx±a(1 + 𝑐2)
1

2 

or, y-cx=±a(1 + 𝑐2)
1

2 

or, (𝑦 − 𝑐𝑥)2=𝑎2(1 + 𝑐2) 

 

Ex. 6.  Solve 𝑝2(𝑥2−𝑎2) − 2𝑝𝑥𝑦 + 𝑦2 − 𝑏2=0 

Solution:    
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The equation can be written as, 

𝑝2𝑥2 − 2𝑝𝑥𝑦 + 𝑦2 = 𝑝2𝑎2 + 𝑏2 

Or, (𝑦 − 𝑝𝑥)2 = 𝑝2𝑎2 + 𝑏2 

Or, 𝑦 = 𝑝𝑥 ± (𝑝2𝑎2 + 𝑏2)
1

2 

which is of clairaut’s form. Hence putting c for p, the solution is, 

𝑦 = 𝑐𝑥 ± (𝑐2𝑎2 + 𝑏2)
1
2 

Or, 𝑦 − 𝑐𝑥 = ±(𝑐2𝑎2 + 𝑏2)
1

2  

Or, (𝑦 − 𝑐𝑥)2 = (𝑐2𝑎2 + 𝑏2) 

Or, 𝑐2(𝑥2−𝑎2) − 2𝑐𝑥𝑦 + 𝑦2 − 𝑏2=0 
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Ex. 7. Solve p=tan(px-y) 

Solution:    

The equation can be written as, 

𝑡𝑎𝑛−1𝑝=px-y 

Or, y=px-𝑡𝑎𝑛−1𝑝 

The equation is of clairaut’s form. Hence putting c for p, the solution is, 

y=cx-𝑡𝑎𝑛−1𝑐 

 

Ex. 8. Solve (𝑦 − 𝑝𝑥)2=1+𝑝2 

Solution:    

Here we have y=px±√1 + 𝑝2 

Both the factors are of the Clairaut’s form ; their solution are 

y=cx±√1 + 𝑐2 

Therefore, the primitive is,  
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[y-cx-√1 + 𝑐2][ y-cx+√1 + 𝑐2]=0 

Or, (𝑦 − 𝑐𝑥)2=1+c2 
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Ex. 9. Solve 𝑝2x(x-2)+p(2y-2xy-x-2)+ 𝑦2+y=0 

Solution:    

The equation may be written as (𝑦 − 𝑝𝑥 + 2𝑝)(𝑦 − 𝑝𝑥 + 1) = 0. 

Each factor is of Clairaut’s form. 

Hence, putting 𝑐 for 𝑝 in each factor, the solution is 

(𝑦 − 𝑐𝑥 + 2𝑐)(𝑦 − 𝑐𝑥 + 1〉 = 0. 

 

𝐸𝑥. 10. 𝑆𝑜𝑙𝑣𝑒 (
𝑑𝑦

𝑑𝑥
)

2

(𝑥2 − 𝑎2) − 2(
𝑑𝑦

𝑑𝑥
)𝑥𝑦 + 𝑦2 − 𝑏2 = 0. 

Solution: 

We have 𝑝2x2 − 2pxy + y2 = a2p2 + b2 

or (y − px)2 = a2p2 + b2 

i.e. y=px±√p2a2 + b2 

Both these are in Clairaut’s form. Hence, the solution is 

y=cx±√c2a2 + b2 

 

Ex. 11. Solve y = px + p2. 

Solution: 

The given equation is of Clairaut’s form. 

Hence putting c for p, the solution is 

y = cx + c2  
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Ex. 12. Solve xp2 − yp + 2 = 0. 

Solution: 

The equation may be written as 

 yp =  xp2 + 2 

Or, y =  x +
2

p
 

which is of Clairaut’s form. 

Hence, putting c for p, the solution is 

y = cx − ec 

 

Ex. 13. Solve p = log( px − y). 

Solution: 

The equation may be written as  

ep = px − y 

⇒y=px−epWhich is of Clairaut’s form. 

Hence putting c for p, the solution is 

y = cx − ec 

 

Ex. 14. Solve y2 + x2 (
dy

dx
)

2
− 2xy (

dy

dx
) = 4 (

dx

dy
)

2
. 

Solution: 

The equation may be written as 

 y2 + x2 (
dy

dx
)

2
− 2xy (

dy

dx
) =

4

(
dy

dx
)

2 

⇒ y2 + x2p2 − 2xyp =
4

p2
 

⇒ (y − px)2 =
4

p2
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⇒ y − px = ±
2

p
 

⇒ y = px ±
2

p
  

Both these are in Clairaut’s form. 

Hence putting c for p, the solution is 

y = cx ±
2

c
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  Ordinary  Differential  Equation:  



    An equation involving ordinary derivatives of single      independent 

variable is called ordinary differential equation.  

     Example: 

 𝑑𝑦𝑑𝑥 = (4𝑥 + 𝑦 + 1)2 

 𝑑2𝑦𝑑𝑥2 + 𝑑𝑦𝑑𝑥 + 𝑦 = 𝑥  etc. 

 

  1st  Order  Ordinary  Differential  Equation: 

   When the number of the highest derivative in an ordinary differential 

equation    is one, then it is called 1
st

 order ordinary differential 

equation. 

     Example: 

 𝑑𝑦𝑑𝑥 = 𝑓(𝑎𝑥 + 𝑏𝑦 + 𝑐) 

 𝑑𝑦𝑑𝑥 = 𝑓(𝑦 𝑥⁄ ) 

 𝑑𝑦𝑑𝑥 + 𝑝(𝑥)𝑦 = 𝑄(𝑥) 

 𝑑𝑦𝑑𝑥 + 𝑝(𝑥)𝑦 = 𝑄(𝑥)𝑦𝑛 

 𝑑𝑀𝑑𝑦 = 𝑑𝑁𝑑𝑥    etc. 

    Thus, we can identify 1
st

 order ordinary differential equation. 

   Methods  of  Solving  1st  Order  Ordinary   

Differential  Equation: 

    There are commonly 5 methods of solving 1
st

 order ordinary   

differential equation, 



1. Separation of variables, 

2. Homogeneous differential equations, 

3. Linear differential equations, 

4. Bernoulli’s equation, 

5. Exact differential equations. 

 

  Separation of variables method: 

    If in an equation, it is possible to get all the functions of 𝑥 and 𝑑𝑥 to one side 

and all the functions of 𝑦 and 𝑑𝑦 to the other, the variables are said to be 

separable. 

 

   Working rule to solve an equation in which 

variables   are separable: 

     Step 1: Let   
𝑑𝑦𝑑𝑥 = 𝑓1(𝑥)𝑓2(𝑦)  be the given function. 

             [  𝑓1(𝑥) is a function of 𝑥 alone and 𝑓2(y) is a function of 𝑦 alone.] 

     Step 2: Separate the variables,   [ 1𝑓2(𝑦)] 𝑑𝑦 = 𝑓1(𝑥)𝑑𝑥 . 

     Step 3: Integrating both sides of the equation,  

                  ∫ [ 1𝑓2(𝑦)] 𝑑𝑦 =∫𝑓1(𝑥)𝑑𝑥 + c . 

              [ here, c is an arbitrary constant that must be added in any one side of the  

                equation according to its suitable form.] 

    Solving various problems applying separation of 

variables method: 



  1. 
𝒅𝒚𝒅𝒙 = 𝟏+𝒚𝟐𝟏+𝒙𝟐 

     Solution: 

      The 1
st

 order ordinary differential equation is given that:    𝑑𝑦𝑑𝑥 = 1 + 𝑦21 + 𝑥2 

      Applying separation of variables method, 

     Or, 
𝑑𝑦1+𝑦2 = 𝑑𝑥1+𝑥2 

      Integrating both side of the equation, 

      or, 𝑡𝑎𝑛−1 𝑦 = 𝑡𝑎𝑛−1 𝑥 + 𝑡𝑎𝑛−1 𝑐     [ c being an arbitrary constant] 

      or, 𝑡𝑎𝑛−1 𝑦−𝑥1+𝑥𝑦 = 𝑡𝑎𝑛−1 𝑐 

      or, 
𝑦−𝑥1+𝑥𝑦 = 𝑐 

       or, y-x=c(1+xy) 

                                  (answer) 

  2.  
𝒅𝒚𝒅𝒙 = 𝒆𝒙−𝒚 + 𝒙𝟐𝒆−𝒚 

     Solution: 

       The 1
st

 order ordinary differential equation is given that: 



𝑑𝑦𝑑𝑥 = 𝑒𝑥−𝑦 + 𝑥2𝑒−𝑦 

                                  or, 
𝑑𝑦𝑑𝑥 = 𝑒𝑥𝑒−𝑦 + 𝑥2𝑒−𝑦 

     Applying separation of variables method, 

                                            or, 𝑒𝑦𝑑𝑦 = (𝑒𝑥 + 𝑥2)𝑑𝑥 

    Integrating both side of the equation, 

                  or, 𝒆𝒚 = 𝒆𝒙 + 𝒙𝟑𝟑 + 𝒄         [ c being an arbitrary constant]    

                                                         (answer)  
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  3. 𝒔𝒆𝒄𝟐𝒙 𝒕𝒂𝒏𝒚 𝒅𝒙 + 𝒔𝒆𝒄𝟐𝒚 𝒕𝒂𝒏𝒙 𝒅𝒚 = 𝟎 

     Solution: 

        The 1
st

 order Ordinary Differential Equation is given that: 𝑠𝑒𝑐2𝑥 𝑡𝑎𝑛𝑦 𝑑𝑥 + 𝑠𝑒𝑐2𝑦 𝑡𝑎𝑛𝑥 𝑑𝑦 = 0 

        Applying separation of variables method, 



𝑠𝑒𝑐2𝑥𝑡𝑎𝑛𝑥 𝑑𝑥 + 𝑠𝑒𝑐2𝑥𝑡𝑎𝑛𝑦 𝑑𝑦 = 0 

       Integrating the equation, 

           log tan x + log tan y = A 

                     or, tan x tan y =𝑒𝐴 = C     [C being an arbitrary constant ] 

                      tan x tan y = C .  

                                                  (answer) 

  4. 𝒚 − 𝒙 𝒅𝒚𝒅𝒙 = 𝒂(𝒚𝟐 + 𝒅𝒚𝒅𝒙) 

     Solution:  

        The 1
st

 order Ordinary Differential Equation is given that: 𝑦 − 𝑥 𝑑𝑦𝑑𝑥 = 𝑎 (𝑦2 + 𝑑𝑦𝑑𝑥) 

        Applying separation of variables method, 

                                                                        
𝑑𝑥𝑥+𝑎 = 𝑑𝑦𝑦(1−𝑎𝑦) 

                                                                 or,  
𝑑𝑥𝑥+𝑎 = (1𝑦 + 𝑎1−𝑎𝑦) 𝑑𝑦 

       Integrating the equation, 

                              x + a = C 
𝑦1−𝑎𝑦     [C being an arbitrary constant ]     



 or,  (𝑥 + 𝑎)(1 − 𝑎𝑦) = 𝐶𝑦 

                         (𝒙 + 𝒂)(𝟏 − 𝒂𝒚) = 𝑪𝒚 

                                                                    (answer) 

  5.  
𝒅𝒚𝒅𝒙 = 𝒔𝒊𝒏 𝒙+𝒙𝒄𝒐𝒔𝒙𝒚(𝟐𝒍𝒐𝒈𝒚+𝟏)  

     Solution:  

            The 1
st

 order Ordinary Differential Equation is given that: 𝑑𝑦𝑑𝑥 = 𝑠𝑖𝑛 𝑥 + 𝑥𝑐𝑜𝑠𝑥𝑦(2𝑙𝑜𝑔𝑦 + 1) 

            Applying separation of variables method,  

                            (sin x + x cos x) dx = (2y log y + y) dy 

             Integrating the equation,      −𝑐𝑜𝑠𝑥 + ∫𝑥𝑐𝑜𝑠𝑥𝑑𝑥 = 2∫𝑦𝑙𝑜𝑔𝑦𝑑𝑦 + 𝑦22 + 𝑐 ………………..(1) 

          Now,          ∫ 𝑥𝑐𝑜𝑠𝑥𝑑𝑥 = 𝑥𝑠𝑖𝑛𝑥 − ∫ 𝑠𝑖𝑛𝑥𝑑𝑥     [ integrating by parts] 

 or,  ∫𝑥𝑐𝑜𝑠𝑥𝑑𝑥 = 𝑥𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥………………………(2) 

         also,        ∫ 𝑦 𝑙𝑜𝑔 𝑦 𝑑𝑦 = 𝑦22 𝑙𝑜𝑔 𝑦 − ∫{1𝑦 . 𝑦22 }𝑑𝑦    [ integrating by parts] 



  or,  ∫ y log y dy = y22 logy − y24  ……………………..(3) 

 

        Using equation (2) and (3), equation (1) reduces to, 

  −𝑐𝑜𝑠𝑥 + 𝑥 𝑠𝑖𝑛 𝑥 + 𝑐𝑜𝑠𝑥 = 2 {𝑦22 𝑙𝑜𝑔𝑦 − 𝑦24 } + 𝑦22 + 𝑐 

                   or,  𝑥 𝑠𝑖𝑛 𝑥 = 𝑦2 𝑙𝑜𝑔 𝑦 + 𝑐    [c being an arbitrary constant] 

                                        𝒙 𝐬𝐢𝐧 𝒙 = 𝒚𝟐 𝐥𝐨𝐠 𝒚 + 𝒄  

                                                                                 (answer) 

  6. Find the curves passing through (0,1)       

and satisfying sin (
𝒅𝒚𝒅𝒙) = 𝒄 

     Solution: 

       From the given equation, we get, 

           
𝑑𝑦𝑑𝑥 = 𝑠𝑖𝑛−1 𝑐 

       Applying separation of variable method, 

            𝑑𝑦 = (𝑠𝑖𝑛−1 𝑐)𝑑𝑥 

      Integrating the equation, 

      𝑦 = 𝑥 𝑠𝑖𝑛−1 𝑐 + 𝑐′ ……………….(1)   [ c’ being arbitrary constant] 



      Since, equation (1) must go through (0,1); we put x=0 and  

y=1 in equation (1) and get, 

                               c’=1 

      Hence, equation (1) reduces to, 

                   𝑦 = 𝑥 𝑠𝑖𝑛−1 𝑐 + 1 

         or,  
𝑦−1𝑥 = 𝑠𝑖𝑛−1 𝑐 

         or,  𝑠𝑖𝑛{ 𝑦−1𝑥 } = 𝑐 ,  which gives the desired curves. 

           The equation of desired curves is  𝐬𝐢𝐧 {𝒚−𝟏𝒙 } = 𝒄 

                                                                                                  (answer) 

 

 

  7. Solve  𝒑 = 𝒆𝒙+𝒚 + 𝒙𝟐𝒆𝒙𝟑+𝒚 

     Solution: 

      From the given equation, we get,       𝑑𝑦𝑑𝑥 = 𝑒𝑦(𝑒𝑥 + 𝑥2𝑒𝑥3)      [ we know, 𝑝 = 𝑑𝑦𝑑𝑥 ] 

      Applying separation of variables method, 𝑒−𝑦𝑑𝑦 = (𝑒𝑥 + 𝑥2𝑒𝑥3)𝑑𝑥 



       Integrating the equation, ∫𝑒−𝑦𝑑𝑦 = ∫𝑒𝑥 𝑑𝑥 + ∫𝑥2 𝑒𝑥3𝑑𝑥 

                     or,  −𝑒−𝑦 = 𝑒𝑥 + 13 ∫ 𝑒𝑡 𝑑𝑡 + 𝑐     [putting 𝑥3 = 𝑡] 
                     or,  −𝑒−𝑦 = 𝑒𝑥 + 13 𝑒𝑡 + 𝑐 

                     or,  −𝑒−𝑦 = 𝑒𝑥 + 13 𝑒𝑥3 + 𝑐 

                            −𝒆−𝒚 = 𝒆𝒙 + 𝟏𝟑 𝒆𝒙𝟑 + 𝒄 

                                                                      (answer) 
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This method is used when separation of variables is difficult and so     

we have to transform the equation in a form in which variables are 

easy   to separate.  

Method 2 



    Example:           

 
𝑑𝑦𝑑𝑥 = 𝑓(𝑎𝑥 + 𝑏𝑦 + 𝑐) 

Here it is difficult to separate variables so this equation can be  

reduced in an equation in which variables can be separated. For this 

purpose, we can follow these steps: 

    Step 1: Use of suitable substitution.      

       𝐿𝑒𝑡, 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 𝑣 ………………(1) 

    Step 2: Differentiate equation (1) with respect to 𝑥.   

 
𝑑𝑑𝑥 (𝑎𝑥 + 𝑏𝑦 + 𝑐) = 𝑑𝑑𝑥 𝑣      

 𝑜𝑟, 𝑎 + 𝑏 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥        

 𝑜𝑟, 𝑑𝑦𝑑𝑥 = 1𝑏 (𝑑𝑣𝑑𝑥 − 𝑎)………………(2) 

    Step 3: Now using equation(2),the given equation can be reduced in 

such a form where separation of variables is easy.      

        

     
1𝑏 (𝑑𝑣𝑑𝑥 − 𝑎) = 𝑓(𝑣)       

 𝑜𝑟, 𝑑𝑣𝑏𝑓(𝑣)+𝑎 = 𝑑𝑥     [→ 𝑆𝑒𝑝𝑎𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠]………(3) 

    Step 4: Integrating both side of equation (3), we have   

 ∫ 𝑑𝑣𝑏𝑓(𝑣)+𝑎 = ∫𝑑𝑥       

 𝑜𝑟, ∫ 𝑑𝑣𝑏𝑓(𝑣)+𝑎 = 𝑥 + 𝐶 



    This is the required solution where 𝐶 is an integrating constant. 

1. Solve  
𝒅𝒚𝒅𝒙 = (𝟒𝒙 + 𝒚 + 𝟏)𝟐 

     Solution:         

 Let, 4𝑥 + 𝑦 + 1 = 𝑣 

  𝑜𝑟, 4 + 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 

      So the equation becomes, 

     
𝑑𝑣𝑑𝑥 − 4 = 𝑣2 

      𝑜𝑟, 𝑑𝑣𝑑𝑥 = 𝑣2 + 4 

    Now the variables are separatable and we can write, 

 
𝑑𝑣𝑣2+4 = 𝑑𝑥 …………………(𝟏) 

    Integrating equation no. (1) we get, 

 
12 tan−1 𝑣2 = 𝑥 + 𝐶 

 ∴  𝟏𝟐 𝒕𝒂𝒏−𝟏 𝟒𝒙+𝒚+𝟏𝟐 = 𝒙 + 𝑪     [→ 𝑥 + 𝑦 = 𝑣] 
                                                       (𝑎𝑛𝑠𝑤𝑒𝑟) 

 

2. Solve(𝒙 + 𝒚)𝟐 𝒅𝒚𝒅𝒙 = 𝒂𝟐 



     Solution:          

 𝐿𝑒𝑡, 𝑥 + 𝑦 = 𝑣 

 𝑜𝑟, 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 − 1 

      So the equation becomes, 

      𝑣2 (𝑑𝑣𝑑𝑥 − 1) = 𝑎2𝑜𝑟, 𝑑𝑣𝑑𝑥 = 𝑣2+𝑎2𝑣2  

                𝑜𝑟, 𝑑𝑥 = 𝑣2𝑎2+𝑣2 𝑑𝑣 

        𝑜𝑟, 𝑑𝑥 = (1 − 𝑎2𝑎2+𝑣2) 𝑑𝑣 ………………(𝟏) 

     Integrating equation no. (1) we get, 

 𝑜𝑟, 𝑥 + 𝐶 = 𝑣 − 𝑎 𝑡𝑎𝑛−1 𝑣𝑎 

 𝑜𝑟, 𝑥 + 𝐶 = (𝑥 + 𝑦) − 𝑎 𝑡𝑎𝑛−1 𝑥+𝑦𝑎 [→ 𝑥 + 𝑦 = 𝑣] 
 ∴ 𝒚 = 𝒂 𝒕𝒂𝒏−𝟏 𝒙+𝒚𝒂 + 𝑪 (𝑎𝑛𝑠𝑤𝑒𝑟) 

3. Solve  
𝒅𝒚𝒅𝒙 + 𝟏 = 𝒆𝒙+𝒚

 

     Solution:          

 𝐿𝑒𝑡, 𝑥 + 𝑦 = 𝑣        

 𝑜𝑟, 𝑑𝑦𝑑𝑥 + 1 = 𝑑𝑣𝑑𝑥 



      So that, 

           
𝑑𝑣𝑑𝑥 = 𝑒𝑣        

     𝑜𝑟, 𝑑𝑥𝑑𝑣 = 𝑒−𝑣                            𝑜𝑟, 𝑑𝑥 = 𝑒−𝑣𝑑𝑣 ………………(𝟏) 

      Integrating equation no. (1) we get, 

 𝑥 = −𝑒−𝑣 + 𝐶        

 ∴ 𝒙 = −𝒆(𝒙+𝒚) + 𝑪 

                                           (𝑎𝑛𝑠𝑤𝑒𝑟) 

   

 

  4.Solve 
𝒅𝒚𝒅𝒙 = 𝟒𝒙+𝟔𝒚+𝟓𝟑𝒚+𝟐𝒙+𝟒 

     Solution: 

       The above equation can be written as     

  
𝑑𝑦𝑑𝑥 = 2(2𝑥+3𝑦)+53𝑦+2𝑥+4 ………………(𝟏)                               𝐿𝑒𝑡, 2𝑥 + 3𝑦 = 𝑣      

      Differentiating with respect to 𝑥, 



 2 + 3 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥        

 𝑜𝑟, 𝑑𝑦𝑑𝑥 = 13 (𝑑𝑣𝑑𝑥 − 2)………………(𝟐) 

      From (1)&(2) we get, 

 
13 (𝑑𝑣𝑑𝑥 − 2) = 2(2𝑥+3𝑦)+53𝑦+2𝑥+4  

 𝑜𝑟, 13 (𝑑𝑣𝑑𝑥 − 2) = 2𝑣+5𝑣+4  

 𝑜𝑟, 𝑑𝑣𝑑𝑥 = 3(2𝑣+5)𝑣+4 + 2 

 𝑜𝑟, 𝑑𝑥𝑑𝑣 = 𝑣+48𝑣+23 

 𝑜𝑟, 𝑑𝑥𝑑𝑣 = 18(8𝑣+23)+4−2388𝑣+23  

 𝑜𝑟, 𝑑𝑥𝑑𝑣 = 18 + 98(8𝑣+23) 
      Separating  variables, 

  𝑑𝑥 = {18 + 98(8𝑣+23)} 𝑑𝑣 ………………(𝟑) 

     Integrating equation no. (3) we get, 

       𝑥 + 𝐶 = 𝑣8 + 964 log(8𝑣 + 23) 

 𝑜𝑟, 8𝑥 + 8𝐶 = 2𝑥 + 3𝑦 + 98 log(16𝑥 + 24𝑦 + 23) 

                               [→ 2𝑥 + 4𝑦 = 𝑣 𝑎𝑛𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 8] 



 𝑜𝑟, 3𝑦 − 6𝑥 + 98 log(16𝑥 + 24𝑦 + 23) = 8𝐶 

 ∴ 𝒚 − 𝟐𝒙 + 𝟑𝟖 𝒍𝒐𝒈(𝟏𝟔𝒙 + 𝟐𝟒𝒚 + 𝟐𝟑) = 𝑪′ 
[→ 𝑤ℎ𝑒𝑟𝑒 𝐶′ = 83𝐶  𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡] 

                                                                                  (𝑎𝑛𝑠𝑤𝑒𝑟) 
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  5.
𝒙𝒅𝒙+𝒚𝒅𝒚𝒙𝒅𝒚−𝒚𝒅𝒙 = √𝒂𝟐−𝒙𝟐−𝒚𝟐𝒙𝟐+𝒚𝟐  

     Solution: 

       Here, we change this to polar co-ordinate by putting, 

 

  𝑥 = 𝑟𝑐𝑜𝑠𝜃, 𝑦 = 𝑟𝑠𝑖𝑛𝜃, 𝑥2 + 𝑦2 = 𝑟2,  𝑥𝑑𝑥 + 𝑦𝑑𝑦 = 𝑟𝑑𝑟 

  
𝑦𝑥 = 𝑡𝑎𝑛𝜃, ∴ 𝑥𝑑𝑦−𝑦𝑑𝑥𝑥2 = 𝑠𝑒𝑐2𝜃𝑑𝜃 𝑜𝑟 𝑥𝑑𝑦 − 𝑦𝑑𝑥 = 𝑟2𝑑𝜃  

    ∴The Equation becomes,   
1𝑟 𝑑𝑟𝑑𝜃 = √𝑎2−𝑟2𝑟2  

     Separating the variables,  
𝑑𝑟√𝑎2−𝑟2 = 𝑑𝜃 

   Integrating , 𝑠𝑖𝑛−1 (𝑟𝑎) = 𝜃 + 𝑐   or, 𝑟 = 𝑎 sin (𝜃 + 𝑐) 



  i.e. √𝒙𝟐 + 𝒚𝟐 = 𝒂 𝒔𝒊𝒏 [𝒕𝒂𝒏−𝟏 (𝒚𝒙) + 𝒄] 
                 (answer) 

  6.(𝒙+𝒚−𝒂𝒙+𝒚−𝒃) 𝒅𝒚𝒅𝒙 = 𝒙+𝒚+𝒂𝒙+𝒚+𝒃 

     Solution: 

     Put  𝑥 + 𝑦 = 𝑣         

 𝑠𝑜 𝑡ℎ𝑎𝑡 1 + 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥        

 𝑜𝑟, 𝑑𝑣𝑑𝑥 = 1 + (𝑣−𝑎𝑣−𝑏) (𝑣−𝑏𝑣−𝑎) = 2(𝑣2−𝑎𝑏)𝑣2+(𝑏−𝑎)𝑣−𝑎𝑏    

 𝑜𝑟, 2𝑑𝑥 = (1 + 𝑏−𝑎2 2𝑣𝑣2−𝑎𝑏) 𝑑𝑣      

 𝑜𝑟, 2𝑥 + 𝑐 = 𝑣 + 𝑏−𝑎2 log (𝑣2 − 𝑎𝑏)      [By Integrating]      

 𝑜𝑟, 𝟐𝒙 + 𝒄 = 𝒙 + 𝒚 + 𝟏𝟐 (𝐛 − 𝐚) 𝐥𝐨𝐠 {(𝒙 + 𝒚)𝟐 − 𝒂𝒃} 

                                                                                                (answer) 

7.(𝟐𝒙 + 𝒚 + 𝟏)𝒅𝒙 + (𝟒𝒙 + 𝟐𝒚 − 𝟏)𝒅𝒚 = 𝟎 

     Solution: 

Rewriting the given equation, 

                      
𝑑𝑦𝑑𝑥 = −(2𝑥 + 𝑦 + 1)/(4𝑥 + 2𝑦 − 1)   

       𝑜𝑟, 2𝑥 + 𝑦 = 𝑣         



        𝑜𝑟, 2 + 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥         

        𝑜𝑟, 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 − 2       

 𝑜𝑟, 𝑑𝑣𝑑𝑥 − 2 = −(2𝑣+1)2𝑣−1               

         𝑜𝑟, 𝑑𝑣𝑑𝑥 = 2 − 2𝑣+12𝑣−1        

         𝑜𝑟, 𝑑𝑣𝑑𝑥 = 2𝑣−12𝑣−1         

         𝑜𝑟, 𝑑𝑣𝑑𝑥 = 1                 

        𝑜𝑟, 𝑑𝑣 = 𝑑𝑥         

           𝑜𝑟, 𝑣 = 𝑥 + 𝑐          [By Integrating]    

 𝑜𝑟, 2𝑥 + 𝑦 = 𝑥 + 𝑐        

  𝑜𝑟, 2𝑥 + 𝑦 − 𝑥 = 𝑐            

      ∴ 𝒙 + 𝒚 = 𝒄         

     (answer) 

   8. 
𝒅𝒚𝒅𝒙 = 𝒙−𝒚+𝟑𝟐𝒙−𝟐𝒚+𝟓 

     Solution:          

 𝐿𝑒𝑡, 𝑥 − 𝑦 = 𝑣          

 𝑜𝑟, 1 − 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥         

 𝑜𝑟, 1 − 𝑑𝑣𝑑𝑥 = 𝑑𝑦𝑑𝑥 

      we can write,           

         1 − 𝑑𝑣𝑑𝑥 = 𝑣−12𝑣+5 



𝑜𝑟, 𝑑𝑣𝑑𝑥 = 1 − 𝑣−12𝑣+5        

 𝑜𝑟, 𝑑𝑣𝑑𝑥 = 𝑣+62𝑣+5        

 𝑜𝑟, 𝑑𝑥 = 2𝑣+5𝑣+6 𝑑𝑣        

 𝑜𝑟, 𝑑𝑥 = 2×(𝑣+6)−7𝑣+6 𝑑        

 𝑜𝑟, 𝑑𝑥 = (2 − 7𝑣+6) 𝑑𝑣       

 𝑜𝑟, 𝑥 + 𝑐 = 2𝑣 − 7 log(𝑣 + 6)              [By Integrating]  

 ∴ 𝒙 + 𝒄 = 𝟐(𝒙 − 𝒚) − 𝟕 𝒍𝒐𝒈(𝒙 − 𝒚 + 𝟔)    

                  (𝑎𝑛𝑠𝑤𝑒𝑟) 

  9. (𝒙 + 𝟐𝒚 − 𝟏)𝒅𝒙 = (𝒙 + 𝟐𝒚 + 𝟏)𝒅𝒚 

     Solution: 

       Rewriting the given equation, 

       
𝑑𝑦𝑑𝑥 = (𝑥 + 2𝑦 − 1)/(𝑥 + 2𝑦 + 1) 

    Let, 

     𝑥 + 2𝑦 = 𝑣 𝑠𝑜 𝑡ℎ𝑎𝑡, 1 + 2 (𝑑𝑦𝑑𝑥) = 𝑑𝑣𝑑𝑥………………………..(1) 

     Or,  
𝑑𝑦𝑑𝑥 = (𝑑𝑣𝑑𝑥 − 1)/2 ∴ (1)Reduces to- 



12 (𝑑𝑣𝑑𝑥 − 1) = 𝑣−1𝑣+1          

     𝑜𝑟, 𝑑𝑣𝑑𝑥 = 2(𝑣−1𝑣+1) + 1       

     𝑜𝑟, 𝑑𝑣𝑑𝑥 = 3𝑣−1𝑣+1          

    𝑜𝑟, 𝑑𝑥 = 13 (3𝑣−1)+43𝑣−1 𝑑𝑣      

  𝑜𝑟, 3𝑑𝑥 = (1 + 43𝑣−1) 𝑑𝑣 

Integrating 

   3𝑥 = 𝑣 + (4/3) × log(3𝑣 − 1) − (43) × 𝑙𝑜𝑔𝑐  

                                                                        c being an arbitrary constant.  

 𝑜𝑟, 43 𝑙𝑜𝑔 3𝑣−1𝑐 = 3𝑥 − 𝑣     

 𝑜𝑟, 43 𝑙𝑜𝑔 3(𝑥+2𝑦)−1𝑐 = 3𝑥 − (𝑥 + 2𝑦)   

 𝑜𝑟, 𝑙𝑜𝑔 3𝑥+6𝑦−1𝑐 = 34 × (2𝑥 − 2𝑦)      

 𝑜𝑟, 𝟑𝒙 + 𝟔𝒚 − 𝟏 = 𝒄𝒆𝟑(𝒙−𝒚)𝟐  

      (𝑎𝑛𝑠𝑤𝑒𝑟) 
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  10. 𝒙 𝒅𝒚𝒅𝒙 − 𝒚 = 𝒙√𝒙𝟐 + 𝒚𝟐 

     Solution : 



      The equation can be put as  

          𝑥𝑑𝑦 − 𝑦𝑑𝑥 =  𝑥√𝑥2 + 𝑦2𝑑𝑥 

        𝑜𝑟 , 𝑥𝑑𝑦−𝑦𝑑𝑥𝑥2 = 𝑠𝑒𝑐2 𝜃 

      Changing to polar as above the equation becomes: 

                 𝑥2 𝑠𝑒𝑐2 𝜃 𝑑𝜃 = 𝑥𝑟𝑑𝑥 

                   𝑜𝑟, 𝑥 𝑠𝑒𝑐2 𝜃 = 𝑟𝑑𝑥 

    𝑜𝑟, 𝑟𝑐𝑜𝑠 𝜃 𝑠𝑒𝑐2 𝜃 𝑑𝜃 = 𝑟𝑑𝑥 

                  𝑜𝑟, 𝑠𝑒𝑐 𝜃  𝑑𝜃 = 𝑑𝑥 

 𝑜𝑟, 𝑙𝑜𝑔(𝑠𝑒𝑐 𝜃 + 𝑡𝑎𝑛 𝜃) = 𝑥 + 𝑙𝑜𝑔 𝑐 

           𝑜𝑟, 𝑠𝑒𝑐 𝜃 + 𝑡𝑎𝑛 𝜃 = 𝑐𝑒𝑥  

                   √𝟏 + 𝒚𝟐𝒙𝟐 + 𝒚𝒙 = 𝒄𝒆𝒙 

                                                   (answer) 

 

  11. 𝒙𝟒 𝒅𝒚𝒅𝒙 + 𝒙𝟑𝒚 = −𝐬𝐞𝐜(𝒙𝒚) 

     Solution : 

      Given that, 



              𝑥4 𝑑𝑦𝑑𝑥 + 𝑥3𝑦 = −𝑠𝑒𝑐(𝑥𝑦) 

     𝑜𝑟, 𝑥3 (𝑥 𝑑𝑦𝑑𝑥 + 𝑦) = −𝑠𝑒𝑐(𝑥𝑦) 

      𝑝𝑢𝑡 𝑣 = 𝑥𝑦 

       Differentiating,  
𝑑𝑣𝑑𝑥 =  𝑥 𝑑𝑦𝑑𝑥 + 𝑦 

     Now, 

               𝑥3 𝑑𝑣𝑑𝑥 = −𝑠𝑒𝑐𝑣 

          𝑜𝑟, 𝑑𝑣𝑠𝑒𝑐 𝜈 = 𝑑𝑥𝑥3  

𝑜𝑟, ∫ 𝑐𝑜𝑠 𝑣 𝑑𝑣 = −∫ 𝑑𝑥𝑥3 + 𝐶 

            𝑜𝑟, 𝑠𝑖𝑛 𝑣 = 12𝑥2 +  𝐶 

          𝒐𝒓, 𝒔𝒊𝒏 𝒙𝒚 = 𝟏𝟐𝒙𝟐 +  𝑪 

                                                            (answer) 

  12. 𝐜𝐨𝐬(𝒙 + 𝒚)𝒅𝒚 = 𝒅𝒙 

     Solution : 

      Given, 

       cos(𝑥 + 𝑦) 𝑑𝑦 = 𝑑𝑥 



                       𝑜𝑟, 𝑑𝑦𝑑𝑥 = sec(𝑥 + 𝑦) 

      𝑝𝑢𝑡 𝑥 + 𝑦 = 𝑧 

           𝑡ℎ𝑒𝑛, 1 + 𝑑𝑦𝑑𝑥 = 𝑑𝑧𝑑𝑥 

                             
𝑑𝑦𝑑𝑥 = 𝑑𝑧𝑑𝑥 − 1 

               𝑜𝑟, 𝑑𝑧𝑑𝑥 − 1 = sec 𝑧 

                      𝑜𝑟, 𝑑𝑧𝑑𝑥 = sec 𝑧 + 1 

               𝑜𝑟, 𝑑𝑧1+sec 𝑧 = 𝑑𝑥 

     𝑜𝑟, ∫ cos 𝑧1+cos 𝑧 𝑑𝑧 = ∫ 𝑑𝑥 

    𝑜𝑟, ∫[1 − 11+cos 𝑧]𝑑𝑧 = 𝑥 + 𝑐 

    𝑜𝑟, ∫[1 − 12 𝑐𝑜𝑠2𝑧2−1+1] dz = x + c 

    𝑜𝑟, ∫[1 − 12 sec2 𝑧2]𝑑𝑧 = 𝑥 + 𝑐 

      𝑜𝑟, 𝑧 − 𝑡𝑎𝑛 𝑧2 = 𝑥 + 𝑐 

     𝑜𝑟, 𝑥 + 𝑦 − 𝑡𝑎𝑛 𝑥+𝑦2 = 𝑥 + 𝑐 

      𝒚 − 𝒕𝒂𝒏 𝒙+𝒚𝟐 = 𝒄 

                                    (answer) 



  13. (𝒅𝒙 − 𝒅𝒚) = 𝒅𝒙 + 𝒅𝒚 

     Solution: 

      Given, 

      (𝑥 + 𝑦)(𝑑𝑥 − 𝑑𝑦) = 𝑑𝑥 + 𝑑𝑦 

     Rewriting given equation 

     (𝑥 + 𝑦 − 1)𝑑𝑥 = (𝑥 + 𝑦 + 1)𝑑𝑦 

     
𝑑𝑦𝑑𝑥 = 𝑥+𝑦−1𝑥+𝑦+1 ………(𝟏) 

    Let 𝑥 + 𝑦 = 𝑣 

    1 + 𝑑𝑦𝑑𝑥 = 𝑑𝑉𝑑𝑥 ………… . (𝟐) 

     Or, 𝑑𝑦𝑑𝑥 = 𝑑𝑉𝑑𝑥 − 1 …………….(3) 

     From eqn (2) and (3) 

     
𝑑𝑉𝑑𝑥 − 1 = 𝑉−1𝑣+1 

      Or,
𝑑𝑉𝑑𝑥 = 2𝑣𝑣+1 

  Integrating,  2x+c=v+ log v 

           𝒙 + 𝒚 + 𝒄 = 𝒍𝒐𝒈(𝒙 + 𝒚) 

                                                       (answer) 



1800134 

  Homogeneous Differential Equations:  

An equation in the form 
𝑑𝑦𝑑𝑥=f1(x,y)/f2(x,y) in which f1(x,y) and f2(x,y) 

are homogeneous functions of x and y of same degree can be reduced 

to an equation in which variables are separable by putting , 

           𝑦 = 𝑣𝑥 

      Or,
𝑑𝑦𝑑𝑥 = 𝑣 + 𝑥 𝑑𝑣 𝑑𝑥  

      Or, 𝑣 + 𝑥 𝑑𝑣𝑑𝑥 = 𝑓(𝑣) 

      Or, 𝑥 𝑑𝑣𝑑𝑥 = 𝑓(𝑣) − 𝑣 

      Or,
𝑑𝑣𝑓(𝑣)−𝑣 = 𝑑𝑥𝑥  

     Or,∫ 𝑑𝑣𝑓(𝑣)−𝑣 = 𝑙𝑛𝑥 + 𝑐 

 

  Working rules: 

 Step-1: put 𝑦 = 𝑣𝑥,so that 
𝑑𝑦𝑑𝑥 = 𝑣 + 𝑥 𝑑𝑣𝑑𝑥 

  Step-2: separate the variables 

  Step-3: Integrate both the sides. 



  Step-4: Put 𝑣 = 𝑦𝑥 and simplify. 

   The following few examples will illustrate the method, 

 

  1.solve x
2
ydx-(x

3
+y

3
)=0. 

     Solution: 

       we have, 
𝑑𝑦𝑑𝑥 = 𝑥2𝑦𝑥3+𝑦3  (Homogeneous) 

    Putting, 𝑦 = 𝑣𝑥,
𝑑𝑦𝑑𝑥= 𝑣 + 𝑥.

𝑑𝑣 𝑑𝑥  the equation becomes 

    Or,𝑣 + 𝑥 𝑑𝑣𝑑𝑥 =
𝑣1+𝑣3 

     Or,𝑥 𝑑𝑣𝑑𝑥=
𝑣1+𝑣3 

    Or, 𝑥 𝑑𝑣𝑑𝑥 = − 𝑣41+𝑣3 

    Or,
𝑑𝑥𝑥 = −[ 1𝑣4 + 1𝑣] 𝑑𝑣 

     

     Integrating,   𝑙𝑜𝑔 𝑥=
13𝑣4 − 𝑙𝑜𝑔 𝑣 + 𝑐 

     𝒍𝒐𝒈𝒚 = 𝒙𝟑𝟑𝒚𝟑 + 𝒄, as 𝒚 = 𝒗𝒙 

                                                    (answer) 



 

  2.solve y
2
+x

2𝒅𝒚𝒅𝒙 = 𝒙𝒚 𝒅𝒚𝒅𝒙. 
     Solution: 

     The equation is 
𝑑𝑦𝑑𝑥 = 𝑦2𝑥𝑦−𝑥2 . (𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 ) 

       Putting,𝑦 = 𝑣𝑥,
𝑑𝑦𝑑𝑥 = 𝑣 + 𝑥,𝑤𝑒 𝑔𝑒𝑡 

       Or,𝑣 + 𝑥 𝑑𝑣𝑑𝑥 = 𝑣2𝑣−1 

       Or, x.
𝑑𝑣𝑑𝑥 = 𝑣2𝑣−1 − 𝑣 

       Or, x.
𝑑𝑣𝑑𝑥 = 𝑣𝑣−1 

      Or,
𝑑𝑥𝑥 = (1 − 1𝑣) 𝑑𝑣 

   Integrating, 𝑙𝑜𝑔 𝑥 = 𝑣 − 𝑙𝑜𝑔𝑣 + 𝑙𝑜𝑔𝑐 

               Or, 𝑙𝑜𝑔 𝑥𝑣 = 𝑣 + 𝑙𝑜𝑔 𝑐 

                     Or, 𝑥𝑣 = 𝑐𝑒𝑣 

                        Or, 𝒚 = 𝒄𝒆𝒚𝒙 as 𝒚 = 𝒗𝒙 

                                                               (answer) 

  3.Solve,(𝒙𝟐 + 𝒚𝟐)𝒅𝒙 + 𝟐𝒙𝒚𝒅𝒚 = 𝟎 



     Solution:  

     Given that,  
𝑑𝑦𝑑𝑥 = − 𝑥2+𝑦22𝑥𝑦  

                                =− 𝑥2(1+𝑦2𝑥2)2𝑥𝑦  

     So, 
𝑑𝑦𝑑𝑥 = − 𝑥2𝑦 (1 + 𝑦2𝑥2)………………………………… .① 

               Let, 
𝑦𝑥 = 𝑣 

                Or, 𝑦 = 𝑣𝑥 

               Or, 
𝑑𝑦𝑑𝑥 = 𝑣 + 𝑥 𝑑𝑣𝑑𝑥 

     Or,𝑣 + 𝑥 𝑑𝑣𝑑𝑥 = − 12 1𝑣 (1 + 𝑣2). 
             Or,𝑥 𝑑𝑣𝑑𝑥 = − 12 1𝑣 (1 + 𝑣2) − 𝑣 

             Or,𝑥 𝑑𝑣𝑑𝑥 = −1−𝑣2−2𝑣22𝑣  

             Or,𝑥 𝑑𝑣𝑑𝑥 = −1−3𝑣22𝑣  

        Or,
𝑑𝑣𝑑𝑥 = − 1+3𝑣22𝑣  

        Or,
𝑑𝑣−(1+3𝑣2) 2𝑣 = 𝑑𝑥𝑥  

        Or,− 13 ∫ 𝑑𝑣(1+3𝑣2) 2𝑣 = ∫ 𝑑𝑥𝑥  



        Or,− 13 𝑙𝑛(1 + 3𝑣2) = 𝑙𝑛 𝑥 + 𝑙𝑛 𝑐 

        Or,𝑙𝑛 𝑥 + 13 𝑙𝑛(1 + 3𝑣2) = 𝑙𝑛 𝑐 

        Or,𝑙𝑛(𝑥. (1 + 3𝑣2)1 3⁄ ) = 𝑙𝑛 𝑐 

        Or,𝑥(1 + 3𝑣2)1 3⁄ = 𝑐 

        Or,𝑥(1 + 3 𝑦2𝑥2)1 3⁄ = 𝑐 

       So, 𝒙𝟐 + 𝟑𝒚𝟐 = 𝒄𝟑𝒙  

                                     (answer) 

 

4. solve the following equation, (𝟐𝒙𝒚 + 𝒙𝟐)𝒚 = 𝟐𝒙𝒚𝟐 + 𝟑𝒚𝟐 

     Solution:  

       we have (2𝑥𝑦 + 𝑥2)𝑦 = 3𝑦2 + 2𝑥𝑦 

      Or,  
𝑑𝑦𝑑𝑥 = 3𝑦2+2𝑥𝑦22𝑥𝑦+𝑥2  

     Putting,   𝑦 = 𝑣𝑥,
𝑑𝑦𝑑𝑥= 𝑣 + 𝑥.

𝑑𝑣 𝑑𝑥  

     On substituting, the equation become 



    𝑣 + 𝑥 𝑑𝑣𝑑𝑥 = 3𝑣2𝑥2+2𝑣𝑥22𝑣𝑥2+𝑥2 = 3𝑣2+2𝑣2𝑣+1  

      Or,𝑥 𝑑𝑣𝑑𝑥 = 3𝑣2+2𝑣−2𝑣2−𝑣2𝑣+1  

      Or,𝑥 𝑑𝑣𝑑𝑥 = 𝑣2+𝑣2𝑣+1 

      Or,(2𝑣+1𝑣2+𝑣) 𝑑𝑣 = 𝑑𝑥𝑥  

     Or,∫ (2𝑣+1𝑣2+𝑣) 𝑑𝑣 = ∫ 𝑑𝑥𝑥  

     Or,𝑣2 + 𝑣 = 𝑐𝑥 

     Or,
𝑦2𝑥2 + 𝑦𝑥 = 𝑐𝑥 

     Or,𝒚𝟐 + 𝒚𝒙 = 𝒄𝒙𝟑 

                                    (answer) 

1800136 
  5.(𝒙𝟐 + 𝟐𝒙𝒚 − 𝒚𝟐) 𝒅𝒙 + (𝒚𝟐 + 𝟐𝒙𝒚 −𝒙𝟐)𝒅𝒚 = 𝟎 

     Solution: 

    (𝑥2 + 2𝑥𝑦 − 𝑦2) 𝑑𝑥 + (𝑦2 + 2𝑥𝑦 − 𝑥2)𝑑𝑦 = 0 

      ⇒ 𝑑𝑦𝑑𝑥 = − 𝑥2+2𝑥𝑦−𝑦2𝑦2+2𝑥𝑦−𝑥2              [ 𝑦 = 𝑣𝑥     



      ⇒ 𝑣 + 𝑥 𝑑𝑣𝑑𝑥 = − 1+2𝑣−𝑣2𝑣2+2𝑣−1      𝑜𝑟, 𝑑𝑦 = 𝑣 𝑑𝑥 + 𝑥 𝑑𝑣] 
      ⇒   𝑥 𝑑𝑣𝑑𝑥 = − 1+2𝑣−𝑣2𝑣2+2𝑣−1 − 𝑣 = − 𝑣3+𝑣2+𝑣+1𝑣3+2𝑣−1  

      ⇒ 𝑑𝑥𝑥 = − 𝑣2+2𝑣−1𝑣3+𝑣2+𝑣+1 𝑑𝑣 = − 𝑣2+2𝑣−1(𝑣+1)(𝑣2+1)  𝑑𝑣 

      ⇒ 𝑑𝑥𝑥     = ( 1𝑣+1 − 2𝑣𝑣2+1) 𝑑𝑣 

      Integrating,  𝑙𝑜𝑔 𝑥 = 𝑙𝑜𝑔(𝑣 + 1) − 𝑙𝑜𝑔(𝑣2 + 1) + 𝑙𝑜𝑔 𝐶 ⇒ 𝑥𝑣2 + 1 = 𝐶(𝑣 + 1)                    ⇒ 𝒙𝒚𝟐 𝒙𝟐⁄ +𝟏 = 𝑪(𝒚𝒙 + 𝟏)            [put 𝑣 = 𝑦 𝑥⁄ ] 

                                                            (answer) 

  6.
𝟏𝟐𝒙 𝒅𝒚𝒅𝒙 + 𝒙+𝒚𝒙𝟐+𝒚𝟐 = 𝟎 

     Solution : 

                        
12𝑥 𝑑𝑦𝑑𝑥 + 𝑥+𝑦𝑥2+𝑦2 = 0        ⇒ 12𝑥 (𝑣 𝑑𝑥+𝑥 𝑑𝑣)𝑑𝑥 + 𝑥+𝑣𝑥𝑥2+𝑣2𝑥2 = 0            [ 𝑦 = 𝑣𝑥 

       ⇒  𝑣2𝑥 + 𝑑𝑣2𝑑𝑥 + (1+𝑣)𝑥(1+𝑣2) = 0                 𝑜𝑟, 𝑑𝑦 = 𝑣 𝑑𝑥 + 𝑥 𝑑𝑣] 
       ⇒ 𝑑𝑣2𝑑𝑥 = −{ 1+𝑣𝑥(1+𝑣2) + 𝑣2𝑥}   



       ⇒ 𝑑𝑣2𝑑𝑥 = − 2+2𝑣+𝑣+𝑣32𝑥(𝜋𝑣)  

       ⇒ (1+𝑣2)𝑑𝑣𝑣3+3𝑣+2 = − 𝑑𝑥𝑥  

   Integrating,  

      
13 𝑙𝑜𝑔(𝑣3 + 3𝑣 + 2) + 𝑙𝑜𝑔 𝑥 = 𝑙𝑜𝑔 𝑐 

                   ⇒ (𝑣3 + 3𝑣 + 2)𝑥3 = 𝑐3 

                  ⇒ 𝒚𝟑 + 𝟑𝒙𝟐𝒚 + 𝟐𝒙𝟑 = 𝒄𝟑           [put 𝑣 = 𝑦 𝑥⁄ ] 

                                                               (answer) 

 7.𝒙 𝒄𝒐𝒔 𝒚𝒙 (𝒚𝒅𝒙 + 𝒙𝒅𝒚) = 𝒚𝒔𝒊𝒏 𝒚𝒙 (𝒙𝒅𝒚 −𝒚𝒅𝒙) = 𝟎 

     Solution: 

    𝑥 cos 𝑦𝑥 (𝑦 𝑑𝑥 + 𝑥 𝑑𝑦) = 𝑦 sin 𝑦𝑥 (𝑥 𝑑𝑦 − 𝑦 𝑑𝑥) = 0 

   ⇒ 𝑑𝑦𝑑𝑥 = 𝑦(𝑥 sin𝑦𝑥+𝑥 cos𝑥𝑥)𝑥(𝑦 sin𝑥𝑥−𝑥 cos𝑦𝑥) 

  ⇒ 𝑣 + 𝑥 𝑑𝑣𝑑𝑥 = 2𝑣 cos 𝑣𝑣 sin 𝑣−cos 𝑣         [put, 𝑦 = 𝑣𝑥;
𝑑𝑥𝑑𝑥 = 𝑣 + 𝑥 𝑑𝑣𝑑𝑥 ] 

  ⇒ (tan 𝑣 − 1𝑣) 𝑑𝑣 = 2 𝑑𝑥𝑥  

      Integrating, 



      𝑙𝑜𝑔 𝑠𝑒𝑐 𝑣𝑣 = 𝑙𝑜𝑔 𝐶 + 2 𝑙𝑜𝑔 𝑥       ⇒ 𝒔𝒆𝒄 (𝒚𝒙) = 𝑪𝒙𝒚                   [put 𝑣 = 𝑦 𝑥⁄ ] 

                                     (answer) 

  8. 𝟐𝒚𝟑 𝒅𝒙 + (𝒙𝟐 − 𝟑𝒚𝟐)𝒙𝒅𝒚 = 𝟎 

     Solution: 

       2𝑦3 𝑑𝑥 + (𝑥2 − 3𝑦2)𝑥 𝑑𝑦 = 0 

       ⇒ 𝑑𝑦𝑑𝑥 = − 2𝑦3(𝑥2−3𝑦2)𝑥        ⇒ 𝑥 𝑑𝑣+𝑣 𝑑𝑥𝑑𝑥 = − 2𝑣3𝑥3𝑥(𝑥2−3𝑣2𝑥2)      [put, 𝑦 = 𝑣𝑥;
𝑑𝑥𝑑𝑥 = 𝑣 + 𝑥 𝑑𝑣𝑑𝑥 ] 

       ⇒ 𝑣 + 𝑥 𝑑𝑣𝑑𝑥 = − 2𝑣31−3𝑣2 

       ⇒ 𝑥 𝑑𝑣𝑑𝑥 = − 𝑣−𝑣31−3𝑣2 

       ⇒ 1−3𝜈2𝑣−𝑣3 𝑑𝑣 = − 𝑑𝑥𝑥  

       Integrating, 

       𝑙𝑜𝑔(𝑣 − 𝑣3) = − 𝑙𝑜𝑔 𝑥 + 𝑙𝑜𝑔 𝐶 

        ⇒ (𝑣 − 𝑣3)𝑥 = 𝐶 

        ⇒ {𝑦𝑥 − (𝑦𝑥)3} 𝑥 = 𝐶           [put 𝑣 = 𝑦 𝑥⁄ ] 



        ⇒ 𝒙𝟐𝒚 − 𝒚𝟑 = 𝒄𝒙𝟐 

                                          (answer) 

  9. 𝒙 𝒅𝒚𝒅𝒙 − 𝒚 = √𝒙𝟐 − 𝒚𝟐 

     Solution: 

       𝑥 𝑑𝑦𝑑𝑥 − 𝑦 = √𝑥2 − 𝑦2 

   ⇒ 𝑥 (𝑣 + 𝑥 𝑑𝑣𝑑𝑥) − 𝑣𝑥 = √𝑥2 − 𝑣2𝑥2       [𝑝𝑢𝑡, 𝑦 = 𝑣𝑥; 𝑑𝑥𝑑𝑥 = 𝑣 + 𝑥 𝑑𝑣𝑑𝑥 ] 

   ⇒ 𝑥𝑣 + 𝑥2 𝑑𝑣𝑑𝑥 − 𝑣𝑥 = 𝑥√1 − 𝑣2 

   ⇒ 𝑑𝑣√1−𝑣2 = 𝑑𝑥𝑥  

   Integrating, 𝑠𝑖𝑛−1 𝑣 = 𝑙𝑜𝑔 𝑥 + 𝑐 

                    ⇒ 𝑠𝑖𝑛−1 𝑦𝑥 = 𝑙𝑜𝑔 𝑥 + 𝑐             [put , 𝑣 = 𝑦 𝑥⁄ ] 

                                                         (answer) 

  10. 
𝒅𝒚𝒅𝒙 + 𝒚(𝒙+𝒚)𝒙𝟐 = 𝟎 

     Solution: 

  
𝑑𝑦𝑑𝑥 + 𝑦(𝑥+𝑦)𝑥2 = 0 



   ⇒ 𝑑𝑦𝑑𝑥 = − 𝑦(𝑥+𝑦)𝑥2  

   ⇒ 𝑣 + 𝑥 𝑑𝑣𝑑𝑥 = − 𝑣𝑥(𝑥+𝑣𝑥)𝑥2              [put, 𝑦 = 𝑣𝑥;
𝑑𝑥𝑑𝑥 = 𝑣 + 𝑥 𝑑𝑣𝑑𝑥 ] 

   ⇒ 𝑥 𝑑𝑣𝑑𝑥 = −(𝑣+𝑣2𝑥2 + 𝑣) 

   ⇒ 𝑥 𝑑𝑣𝑑𝑥 = −(2𝑣 + 𝑣2) 

   ⇒ 𝑑𝑣2𝑣+𝑣2 = − 𝑑𝑥𝑥  

   Integrating,   
12 log 𝜈𝑣+2 = − log 𝑥 + log𝐶 

                     ⇒ ( 𝑣𝑣+2) 𝑥2 = 𝐶2 

                     ⇒ ( 𝑦𝑥𝑦𝑥+2) 𝑥2 = 𝐶2                         [put , 𝑣 = 𝑦 𝑥⁄ ] 

                     ⇒ 𝒙𝟐𝒚 = 𝑪(𝒚 + 𝟐𝒙) 

                                                           (answer) 

                         1800134 
  Equations  reducible to homogeneous  

form : 
Equations of the form  

𝑑𝑦𝑑𝑥 = 𝑎𝑥+𝑏𝑦+𝑐𝑎′𝑥+𝑏′𝑦+𝑐  where  
𝑎𝑎′ ≠ 𝑏𝑏′ . . . (1)  

can be reduced to homogeneous form as explained below. 

Taking x = X+h and y = y + k... (2) where X and Y are new 



variables and h and k are constants to be so chosen that the 
resulting equation in terms of X and Y may become 
homogeneous. 
From (2) dx = dXand d y = dy, so thatdy/dx = dY/dx.... (3) 
Using (2) and (3). (1)becomes 𝑑𝑦𝑑𝑥 = 𝑎[𝑋+ℎ]+𝑏[𝑌+𝑘]+𝑐𝑎′[𝑋+ℎ]+𝑏′[𝑌+𝑘]+𝑐′ = 𝑎𝑋+𝑏𝑌+[𝑎ℎ+𝑏𝑘+𝑐]𝑎′𝑋+𝑏′𝑌+[𝑎′ℎ+𝑏′𝑘+𝑐]…… (4)   
In order to make (4) homogeneous, choose h and k so as to 
satisfy the following two equations ah + bk +c=0 and 

a'h + b'k + c = 0. 

Solving (5), h= 𝑏𝑐′−𝑏′𝑐𝑎𝑏′−𝑎′𝑏and  k=
𝑐𝑎′−𝑐′𝑎𝑎𝑏′−𝑎′𝑏 

Given that a/a’≠b/b'. Therefore, (ab' - db) ≠0. Hence, h and k 
given by (6) are meaningful, i.e., h and k will exist. Now, h and 
k are known. So from (2), we get X = x-h 
and  

Y = y - k…….(7) 

In view of (5),(4) reduces to   
𝑑𝑦𝑑𝑥 = 𝑎𝑋+𝑏𝑌𝑎′𝑋+𝑏′𝑌 = 𝑎+𝑏(𝑌𝑋)𝑎′+𝑏′(𝑌𝑋) 

which is surely homogeneous equation in X and Y and can be 

solved by putting Y/X = v as usual. After getting solution in 

terms of X and Y, we remove X and Y by using (7) and obtain 
solution in terms of the original variables x and y. 

    special case.1:  

   When 
𝑎𝑎′ = 𝑏𝑏′ = 1𝑚      ,    𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠 

            
𝑑𝑦𝑑𝑥 = 𝑎𝑥+𝑏𝑦+𝑐𝑚(𝑎𝑥+𝑏𝑦)+𝑐 

    Put  ax+by = r, so that a+b 
𝑑𝑦𝑑𝑥 = 𝑑𝑦𝑑𝑥 

(1) Then becomes 1/b(
𝑑𝑦𝑑𝑥 − 𝑎) = 𝑏+𝑐𝑚𝑏+𝑐 

   



  1.
𝒅𝒚𝒅𝒙 = 𝒙+𝟐𝒚−𝟑𝟐𝒙+𝒚−𝟑 

     Solution:  

       Put x=X+h,y=Y+k , where h,k are some constants: then   𝑑𝑦𝑑𝑥 = 𝑑𝑌𝑑𝑋 then given equation becomes 𝑑𝑌𝑑𝑋 = 𝑋 + 2𝑌 + (ℎ + 2𝑘 − 3)2𝑋 + 𝑌 + (2ℎ + 𝑘 − 3) 

     Now choose h,k such that h+2k-3=0 and 2h+k-3=0 solving  

these we get h=1,k=1    

                 
𝑑𝑌𝑑𝑋 = 𝑋+2𝑌2𝑋+𝑌 homogenous in X and Y 

     Put Y=vX   

     So that  
𝑑𝑌𝑑𝑋 = 𝑣 + 𝑋 𝑑𝑣𝑑𝑋 

     v+X
𝑑𝑣𝑑𝑋 = 𝑋+2𝑣𝑋2𝑋+𝑣𝑋 = 1+2𝑣2+𝑣   i.e,  X

𝑑𝑣𝑑𝑋 = 1+2𝑣2+𝑣 − 𝑣 

      or  
𝑑𝑋𝑋 = 2+𝑣1−𝑣2 𝑑𝑣=(

11−𝑣2 + 𝑣1−𝑣2)𝑑𝑥1 

     integrating , 

        logX=2 .
12 𝑙𝑜𝑔 1+𝑣1−𝑣 − 12 𝑙𝑜𝑔(1 − 𝑣2) + 𝑙𝑜𝑔 𝑐 

or      X=C
1+𝑐1−𝑐 1√1−𝑣2 = 𝑐√1+𝑣(1−𝑣)32 

or   𝑋2(1 − 𝑣)3 = 𝐶2(1 + 𝑣) 

or       𝑋2(1 − 𝑌𝑋)^3=𝐶2(1 + 𝑌𝑋) as v=Y/X  

or            (X-Y)^3=𝐶2(𝑋 + 𝑌) 𝑏𝑢𝑡 𝑥 = 𝑋 + 1 , 𝑦 = 𝑌 + 1     
     so (x-y)^3=𝑪𝟐(𝒙 + 𝒚 − 𝟐)  is the required solution 



                                                   (answer) 

 

  2. (3x-7y-3)dy/dx =(3y-7x+7) 

     Solution: 

      
𝑑𝑦𝑑𝑥 = 3𝑦−7𝑥+73𝑥−7𝑦−3 

     Put x=X+h, y=Y+k where h,k are some constants then 𝑑𝑦𝑑𝑥 = 𝑑𝑌𝑑𝑋 

    And then given equation becomes 𝑑𝑌𝑑𝑋 = 3𝑌 − 7𝑋 + (3𝑘 − 7ℎ + 7)3𝑋 − 7𝑌 + (2ℎ − 7𝑘 − 3) 

Choose h,k such that 3h-7k-3=0 and 3k-7h+7=0,which  give 

h=1 ,k=0  

   
𝑑𝑌𝑑𝑋 = 3𝑌−7𝑋3𝑋−7𝑌    [homogenous] 

   Put Y=   vX ,dy/dx=v+Xdv/dx 

   V+Xdv/dx=
3𝑣𝑋−7𝑋3𝑋−7𝑣𝑋 = 3𝑣−73−7𝑣 

 Or  Xdv/dx=
3𝑣−73−7𝑣 − 𝑣 = 7(𝑣1−1)3−7𝑣  

 Or 7 
𝑑𝑋𝑋 = 3−7𝑣(𝑣2−1) 𝑑𝑣 = −( 2𝑣−1 + 5𝑣+1) 𝑑𝑣 

  Integrating , 7logX=-2log(v-1)-5log(v+1)+logC 

 Or 𝑥7(  𝑣 − 1)2(𝑣+1)5 = 𝐶 

 Or 𝑋7 (𝑌𝑋 − 1)2 (𝑌𝑋 − 1)5 = 𝐶 𝑎𝑠 𝑌 = 𝑣𝑋 

 Or (𝑌 − 𝑋)2(𝑌 + 𝑋)6 = 𝐶 



 Or (𝒚 − 𝒙 + 𝟏)𝟐(𝒚 + 𝒙 − 𝟏)𝟓 = 𝑪 𝒂𝒔 𝒙 − 𝑿 + 𝟏, 𝒚 = 𝒀 + 𝟎 

                                                   (answer) 

 

  3. Solve dyldx = (x + 2y - 3)/(2x + y - 3). 

     Solution : 

   Take x = X+h, y = y + k. so that dy/dx = dY/dx.... (1) 

. Given equation becomes  
𝑑𝑦𝑑𝑥 = 𝑋+2𝑌+(ℎ+2𝐾−3)2𝑋+𝑌+(2ℎ+𝑘−3)……(2) 

.. Choose h, k so that h+2k - 3 = 0    and   2h+k - 3 = 0.... (3) 

 Solving (3), we get h=1, k = 1 so that from (1), we have 

           X = x-1, and Y = y-1……………(4) 

 Using (3) in (2), we get   
𝑑𝑦𝑑𝑥 = 𝑋+2𝑌2𝑋+𝑌 = 1+(2𝑌𝑋 )2+(𝑌𝑋)  

 Take Y/X = v.  i.e. . Y = vX. Therefore. dY/dX = v + X (dv/dx). ... 

(6) From (5) and (6), we have  

          V+X
𝑑𝑦𝑑𝑥 = 1+2𝑣2+𝑣                   

        or       X
𝑑𝑣𝑑𝑥 = 1+2𝑣2+𝑣 − 𝑣 = 1−𝑣22+𝑣  

       
𝑑𝑋𝑋 = (2+𝑣)𝑑𝑣(1−𝑣)(1+𝑣) = [12 ( 11+𝑣 + 32 ( 1(1−𝑣))] 𝑑𝑣,  

     resolving into partial fractions  

    Integrating, 

    log x + log c = (1/2) [log (1 + v) - 3 log (1 - v)]  

    2 log (cX) = log 1+v/(1 − v)3   or  𝑋2𝑐2 = 1+𝑣(1−𝑣)2 



    Or        𝑋2𝑐2(1 − 𝑌𝑋)^3=1+Y/X,as v=Y/X      

    Or  𝑐2(𝑋 − 𝑌)3 = 𝑋 + 𝑌  or   𝑐2{𝑥 − 1 − (𝑦 − 1)}2 = 𝑥 −1 + 𝑦 − 1, 𝑏𝑦 (4) 

 Or  c’𝑐 ′(𝑥−𝑦)2 = 𝑥 + 𝑦 − 2,  
  𝒕𝒂𝒌𝒊𝒏𝒈 𝒄′ = 𝒄𝟐, 𝒄′𝒃𝒆𝒊𝒏𝒈 𝒂𝒏 𝒂𝒓𝒃𝒊𝒕𝒓𝒂𝒓𝒚 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 

 

EX.4.   SOLVE dy/dx = -(x-y-2)/(x - 2y-3) 

SOL. Given equation. Take x = X+h,  y = Y + k  so that dy/dx = 
dy/dx.... (1) 

The given equation becomes 
𝑑𝑌𝑑𝑋 = 𝑋−𝑌+ℎ−𝑘−2𝑋−2𝑌+ℎ−2𝑘−3..        ….(2) 

Choose h-k-2=0                           and  h-2k-3=0       …………(3) 
 Solving (3), we get h=k, k = -1 so that from (1), we have 

X=x-1   and                Y=y-1 …………………………………………….(4) 
 

And (2) becomes   
𝑑𝑦𝑑𝑥 = − 𝑋−𝑌𝑋−2𝑌 = − 1−(𝑌𝑋)1−2(𝑌𝑋)   ……………………………..(5)

 take Y/X=v,i.e    Y=vX           so that     Dy/DX=v+X=dv/dx ………(6) 

From (5) and (6)     v+X dv/dx =- (1-v)/(1-2v)              or   X
𝑑𝑋𝑋 = − 1−2𝑣2)2𝑣−1 dv 

Or 
𝑑𝑋𝑋 = 2𝑣−11−2𝑣2 𝑑𝑣       or          

𝑑𝑋𝑋 = [− 1(−4𝑣)2(1−2𝑣2) − 11−(𝑣√2)2 𝑑𝑣 

Integrating        log X= -
12 𝑙𝑜𝑔(1 − 2𝑣2)- 12√2 𝑙𝑜𝑔 1+𝑣√21−𝑣√2 − 12 log 𝑐  

Or 2logX+log(1-2𝑣2) + 𝑙𝑜𝑔𝑐 =-
12log((1+v√2)/(1-v√2))  0𝑟 log {𝑐𝑋2(1 − 2𝑣2)=loglog (1+𝑣√21−𝑣√2)1/√2

 

Or,c(𝑥2(1 − 2 𝑌2𝑋2)={
1−(𝑌𝑋)√21+(𝑌𝑋)√2})^1/√2    or c(𝑋2 − 𝑌2) = 𝑐(𝑋−𝑌√2𝑋+𝑌 √2) 1√2 



Or  c{(x-1)^2-2(y+1)^2}={
𝑥−1−(𝑦+1)√2𝑥−1+(𝑦+1)√2} 1√2 

Or c(𝑥2 − 2𝑦2 − 2𝑥 − 4𝑦 − 1) = (𝑥−𝑦√2−√2−1𝑥+𝑦√2−1+√2) 1√2  c being an 

arbitrary constant 
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5.Solve (𝟐𝒙 − 𝟐𝒚 + 𝟓) 𝒅𝒚𝒅𝒙 = 𝒙 − 𝒚 + 𝟑 

Sol:Theeqn is 
𝑑𝑦𝑑𝑥 = 𝑥−𝑦+32(𝑥−𝑦)+5……………..(1) 

Let 𝑥 − 𝑦 = 𝑣, 𝑠𝑜 𝑡ℎ𝑎𝑡 1 − 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥  𝑜𝑟 𝑑𝑦𝑑𝑥 = 1 − 𝑑𝑣𝑑𝑥. 
Putting the value in eqn 1,we get 

𝑣+32v+5 = 1 − 𝑑𝑣𝑑𝑥. 
Or,

𝑑𝑣𝑑𝑥 = 1 − 𝑣+32v+5 

Or,
𝑑𝑣𝑑𝑥 =

𝑣+22𝑣+5 

Or, 𝑑𝑥 = 2𝑣+5𝑣+2 𝑑𝑣 = (2 + 1𝑣+2) 𝑑𝑣 

Or,𝑥 = 2𝑣 + log(𝑣 + 2) + 𝐶, 
Or,𝑥 = 2(𝑥 − 𝑦) + log(𝑥 − 𝑦 + 2) + 𝐶as 𝜈 = 𝑥 − 𝑦 

Or , 2𝑦 − 𝑥 = 𝑙𝑜𝑔(𝑥 − 𝑦 + 2) + 𝐶 

Which is the solution. 

6.Solve (𝟐𝒙 + 𝒚 + 𝟑) 𝒅𝒚𝒅𝒙 = 𝒙 + 𝟐𝒚 + 𝟑 

Sol: 
𝑑𝑦𝑑𝑥 = 𝑥+2𝑦+32𝑥+𝑦+3 

Let 𝑥 = 𝑋 + ℎ, 𝑦 = 𝑌 + 𝑘,where h ,k are constants. 



∴ 𝑑𝑦𝑑𝑥 = 𝑑𝑌𝑑𝑋 ∴ 𝑑𝑌𝑑𝑋 = 𝑋 + 2𝑌 + (ℎ + 2𝑘 + 3)2𝑋 + 𝑌 + (2ℎ + 𝑘 + 3) 

Choosing h,k such that (ℎ + 2𝑘 + 3) = 0, (2ℎ + 𝑘 + 3) = 0 

Solving these,we get ℎ = −1, 𝑘 = −1 ∴ 𝑑𝑌𝑑𝑋 = 𝑋 + 2𝑌2𝑋 + 𝑌 

Let 𝑌 = 𝑣𝑥 𝑑𝑌𝑑𝑋 = 𝑣 + 𝑋 𝑑𝑣𝑑𝑥 ∴ 𝑣 + 𝑋 𝑑𝑣𝑑𝑥=
𝑋+2𝑣𝑋2𝑋+𝑣𝑋 

Or, 𝑋 𝑑𝑣𝑑𝑥 = 1+2𝑣2+𝑣 − 𝑣 

Or,
𝑑𝑋𝑋 = 2+𝑣1−𝑣2 𝑑𝑣=(

321−𝑣 + 121+𝑣)𝑑𝑣 

Integrating,2 log 𝑋 = −3 log(1 − 𝑣) + log(1 + 𝑣) + 𝑙𝑜𝑔𝐶 

Or,(𝑋 − 𝑌)3 = 𝐶(𝑋 + 𝑌);𝑤ℎ𝑒𝑟𝑒 𝑥 = 𝑋 − 1, 𝑦 = 𝑌 − 1 

Or,(𝑋 − 𝑌)3 =  𝐶(𝑥 + 𝑦 − 2)is the solution. 

7. Solve 
𝒅𝒚𝒅𝒙 = 𝟔𝒙−𝟒𝒚+𝟑𝟑𝒙−𝟐𝒚+𝟏 

Sol:  

The equation is 
𝑑𝑦𝑑𝑥 = 6𝑥−4𝑦+33𝑥−2𝑦+1……………(1) 

Let 3x-2y=v 

 ∴ 3 − 2 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 



Or,2 𝑑𝑦𝑑𝑥 = (3 − 𝑑𝑣𝑑𝑥) 

Or,
𝑑𝑦𝑑𝑥 = (32 − 12 𝑑𝑣𝑑𝑥) 

From (1) we get, 

 (32 − 12 𝑑𝑣𝑑𝑥) = 2𝑣+3𝑣+1  

Or,
32 − 2𝑣+3𝑣+1 =

12 𝑑𝑣𝑑𝑥 

Or,
12 𝑑𝑣𝑑𝑥  = 3𝑣+3−4𝑣−62𝑣+2  

Or,
12 𝑑𝑣𝑑𝑥  = −𝑣−32𝑣+2 

Or,
𝑑𝑣𝑑𝑥  = −(𝑣+3)𝑣+1  

Or,
𝑑𝑣𝑑𝑥  = −(𝑣+1+2)𝑣+1  

Or,
𝑑𝑣𝑑𝑥  = −1 − 2𝑣+1 

Or,
𝑑𝑣𝑑𝑥  = −1 − 2𝑣+1 

Or,𝑑𝑥 = 2𝑣+5𝑣+2 𝑑𝑣 = (2 + 1𝑣+2) 

Or,∫𝑑𝑥 =∫(2 + 1𝑣+2)𝑑𝑣 

Or,𝑥 = 2𝑣 + log(𝑣 + 2) + 𝐶 

Or,𝑥 = 2(𝑥 − 𝑦) + log(𝑥 − 𝑦 + 2) + 𝐶 

Or, 2𝑦 − 𝑥 = log(𝑥 − 𝑦 + 2) + 𝐶 

Is the required solution. 

8. Solve 
𝒅𝒚𝒅𝒙 = 𝟑𝒙−𝟐𝒚+𝟏𝟔𝒙−𝟒𝒚+𝟏 

Sol:  



The equation is 
𝑑𝑦𝑑𝑥 = 𝑥−𝑦+32𝑥−2𝑦+5……………(1) 

Let x-y=v ∴ 1 − 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 

Or,
𝑑𝑦𝑑𝑥 = 1 − 𝑑𝑣𝑑𝑥 

From (1) we get, 1 − 𝑑𝑣𝑑𝑥=
𝑣+32𝑣+5 

Or,− 𝑣+32𝑣+5 + 1=
𝑑𝑣𝑑𝑥 

Or,
𝑑𝑣𝑑𝑥 = 1 − 𝑣+32𝑣+5 = 𝑣+22𝑣+5 

Or,𝑑𝑥 = 2𝑣+5𝑣+2 𝑑𝑣 = (2 + 1𝑣+2) 

Or,∫𝑑𝑥 =∫(2 + 1𝑣+2)𝑑𝑣 

Or,𝑥 = 2𝑣 + log(𝑣 + 2) + 𝐶 

Or,𝑥 = 2(𝑥 − 𝑦) + log(𝑥 − 𝑦 + 2) + 𝐶 

Or, 2𝑦 − 𝑥 = log(𝑥 − 𝑦 + 2) + 𝐶 

Is the required solution. 

 

9. Solve 
𝒅𝒚𝒅𝒙 = 𝟔𝒙−𝟐𝒚−𝟕𝟑𝒙−𝒚+𝟒  

Sol:  

The equation is 
𝑑𝑦𝑑𝑥 = 6𝑥−2𝑦−73𝑥−𝑦+1 ……………(1) 

Let 3x-y=v 



  ∴ 3 − 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 

Or,
𝑑𝑦𝑑𝑥 = (3 − 𝑑𝑣𝑑𝑥) 

From (1) we get, 

  (3 − 𝑑𝑣𝑑𝑥) = 2𝑣−7𝑣+1  

Or,3 − 2𝑣−7𝑣+1 =
𝑑𝑣𝑑𝑥 

Or,
𝑑𝑣𝑑𝑥  = 3𝑣+3−2𝑣+7𝑣+1  

Or,
𝑑𝑣𝑑𝑥  = 𝑣+10𝑣+1  

Or,
𝑑𝑥𝑑𝑣  = (𝑣+1)𝑣+10  

Or,
𝑑𝑥𝑑𝑣  = (𝑣+10−9)𝑣+10  

Or,
𝑑𝑥𝑑𝑣  = 1 − 9𝑣+10 

Or,∫𝑑𝑥 =∫(1 − 9𝑣+10)𝑑𝑣 

Or,𝑥 = 𝑣 − 9 log(𝑣 + 10) + 𝐶 

Or,𝑥 = 2(3x − y) + log(3x − y + 1) + 𝐶 

Or,2(3x − y) + log(3x − y + 1) + 𝐶 − 𝑥 = 0 

Or,5𝑥 − 2𝑦 + log(3x − y + 1) + 𝐶 = 0 

Is the required solution.               (ans) 
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10. Solve 
𝒅𝒚𝒅𝒙 = 𝟑𝒙−𝟒𝒚−𝟐𝟑𝒙−𝒚+𝟒  

Sol:  

The equation is 
𝑑𝑦𝑑𝑥 = 3𝑥−4𝑦−23𝑥−4𝑦+4……………(1) 

Let 3x-4y=v ∴ 3 − 4𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 

Or,
𝑑𝑦𝑑𝑥 = 14 (3 − 𝑑𝑣𝑑𝑥) 

From (1) we get, 14 (3 − 𝑑𝑣𝑑𝑥) = 𝑣 − 2𝑣 + 4 

Or,
34 − 𝑣−2𝑣+4=

14 𝑑𝑣𝑑𝑥 

Or,
14 𝑑𝑣𝑑𝑥  = 3𝑣+12−4𝑣+84(𝑣+4)  

Or,
𝑑𝑣𝑑𝑥  = −𝑣+20𝑣+4  

Or,
𝑑𝑥𝑑𝑣  = (𝑣+4)−(𝑣−20) 

Or,
𝑑𝑥𝑑𝑣  = −(𝑣−20+24)𝑣−20  

Or,
𝑑𝑥𝑑𝑣  = −1 − 24𝑣−20 

Or,∫𝑑𝑥 =∫(−1 − 24𝑣−20)𝑑𝑣 

Or,𝑥 = −𝑣 − 24 log(𝑣 − 20) + 𝐶 

Or,𝑥 = −(3x − 4y) + log(3x − 4y + 1) + 𝐶 

Or,4𝑥 − 4𝑦 − log(3x − y + 1) + 𝐶 = 0 



Is the required solution.               (ans) 

 

11.Solve(𝟐𝒙 + 𝒚 + 𝟏)𝒅𝒙 = (𝟒𝒙 + 𝟐𝒚 − 𝟏)𝒅𝒚 

Sol:Theeqn is 
𝑑𝑦𝑑𝑥 = − 2𝑥+𝑦+14𝑥+2𝑦−1……………..(1) 

Let 2𝑥 + 𝑦 = 𝑣, 𝑠𝑜 𝑡ℎ𝑎𝑡 2 + 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥  𝑜𝑟 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 − 2. 
Putting the value in eqn 1,we get − 𝑣+12v−1 = 𝑑𝑣𝑑𝑥 − 2. 
Or,

𝑑𝑣𝑑𝑥 = 2 − 𝑣+12v−1 

Or,
𝑑𝑣𝑑𝑥 =

4𝑣−2−𝑣−12𝑣−1  

Or,
𝑑𝑣𝑑𝑥 =

3𝑣−32𝑣−1 

Or, 𝑑𝑥 = 2𝑣−13𝑣−3 𝑑𝑣 

Or, 𝑑𝑥 = 2𝑣−13(𝑣−1) 𝑑𝑣 

Or, ∫𝑑𝑥 = ∫ 2𝑣−13(𝑣−1) 𝑑𝑣 

Or, ∫𝑑𝑥 = 13 ∫ 2𝑣−1(𝑣−1) 𝑑𝑣 

Or,3𝑥 = 2𝑣 + log(𝑣 − 1) + 𝐶, 
Or,𝑥 = 2(2𝑥 + 𝑦) + log(2𝑥 + 𝑦 − 1) + 𝐶as 𝜈 = 2𝑥 + 𝑦 

Or,3𝑥 + 2𝑦 + log(2𝑥 + 𝑦 − 1) + 𝐶 = 0 

Which is the solution. 

12.Solve 
𝒅𝒚𝒅𝒙 = 𝒚−𝒙+𝟏𝒚−𝒙−𝟓 



Sol:  

The equation is
𝑑𝑦𝑑𝑥 = 𝑦−𝑥+1𝑦−𝑥−5……………(1) 

Let y-x=v ∴ 𝑑𝑦𝑑𝑥 − 1 = 𝑑𝑣𝑑𝑥 

Or,
𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 + 1 

From (1) we get, 𝑑𝑣𝑑𝑥 + 1 = 𝑣 + 1𝑣 − 5 

Or,
𝑑𝑣𝑑𝑥  = 𝑣+1−𝑣+5(𝑣−5)  

Or,
𝑑𝑣𝑑𝑥  = 6(𝑣−5) 

Or,
𝑑𝑥𝑑𝑣  = (𝑣−5)6  

Or,∫𝑑𝑥 = 16 ∫(𝑣 − 5)𝑑𝑣 

Or,𝑥 = 112 𝑣2 − 56 v + 𝐶 

Or,𝑥 = 112 (𝑦 − 𝑥)2 − 56 (y − x) + 𝐶 

Is the required solution.               (ans) 

 

13. Solve 
𝑑𝑦𝑑𝑥 = 2𝑥+𝑦+34𝑥+2𝑦+1 

Sol:  

The equation is 
𝑑𝑦𝑑𝑥 = 2𝑥+𝑦+34𝑥+2𝑦+1……………(1) 



Let 2x+y=v ∴ 2 + 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 

Or,
𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 − 2 

From (1) we get, (𝑑𝑣𝑑𝑥) − 2 = 𝑣 + 32𝑣 + 1 

Or,
𝑣+32𝑣+1 + 2=

𝑑𝑣𝑑𝑥 

Or,
𝑑𝑣𝑑𝑥  = 𝑣+3+4𝑣+22𝑣+1  

Or,
𝑑𝑣𝑑𝑥  = 5(𝑣+1)𝑣+4  

Or,
𝑑𝑥𝑑𝑣  = (𝑣+4)5(𝑣+1) 

Or,
𝑑𝑥𝑑𝑣  = 15 (𝑣+1+3)𝑣+1  

Or,5 𝑑𝑥𝑑𝑣  = 1 + 3𝑣+1 

Or,5∫𝑑𝑥 =∫(1 + 3𝑣+1)𝑑𝑣 

Or,5𝑥 = 𝑣 + 3 log(𝑣 + 1) + 𝐶 

Or,5𝑥 = (2x + y) + 3 log(2x + y + 1) + 𝐶 

Or,3𝑥 − 𝑦 − 3log(2x + y + 1) + 𝐶 = 0 

Is the required solution.               (ans) 

 

1800137 



   A particular case: 
    A differential equation of the form 𝑑𝑦𝑑𝑥 = 𝑎𝑥 + 𝑏𝑦 + 𝑐−𝑏𝑥 + ℎ𝑦 + 𝑘′

 

In which co efficient of y in the numerator is equal to the coefficient 

of x in the denominator with sign changed, can be integrated as 

follows: 

    The equation(1) can be written as  

   - b(xdy+ydx)+(hy+k)dy-(ax+c)dx=0. 

Integrating we get -bxy+(1/2 ℎ𝑦2 + 𝑘𝑦) − (12 𝑎𝑥2 + 𝑐𝑥) = 𝐴. 

  1.solve 
𝒅𝒚𝒅𝒙 + 𝒂𝒙+𝒉𝒚+𝒈𝒉𝒙+𝒃𝒚+𝒇 = 𝟎 

Sol. The equation can be written as   

(hx+by+f)dy+(ax+hy+g)dx=0 

Or, h(xdy+ydx)+(by+f)dy+(ax+g)dx=0 

 Integrating, hxy+
12 𝑏𝑦2 + 𝑓𝑦 + 12 𝑎 𝑥2 + 𝑔𝑥 = 𝐴  

Or, a𝑥2 + 2ℎ𝑥𝑦 +b𝑦2 + 2𝑓𝑦 + 2𝑔𝑥 + 𝑐 = 0 ,  𝑤𝑟𝑖𝑡𝑖𝑛𝑔  𝑐 = −2𝐴          

  



2. solve 
𝒅𝒚𝒅𝒙 = 𝟐𝒙−𝒚+𝟏𝒙+𝟐𝒚−𝟑   

Here coefficient of y in numerator is equal to co efficient of x in the 

denominator with sign changed, hence written it as  

(x+2y-3)dy-(2x-y+1)dx=0          

integrating xy+𝑦2 − 3𝑦 − 𝑥2 − 𝑥 = 𝑐      

3. Solve (2x-y+1)dx+(2y-x-1)dx=0 

Sol. The equation is of above type. Hence after regrouping we 

have  

(2x+1)dx+(2y-1)dy-(ydx+xdy)=0  

Integrating, (𝑥2 + 𝑥) + (𝑦2 − 𝑦) − 𝑥𝑦 = 𝑐  
Which is the solution  

4. Solve 
𝒅𝒚𝒅𝒙 + 𝟐𝒙+𝟑𝒚+𝟏𝟑𝒙+𝟒𝒚−𝟏 = 𝟎     

Sol. The equation is of above type and can be written as  

(3x+4y-1)dy+(2x+3y+1)dx=0 

i.e., 3(xdy+ydx) + (4y-1)dy+(2x+1)dx=0 

Integrating, 3xy+2𝑦2 − 𝑦+𝑥2 + 𝑥 = 𝑐  is the solution   

             

             



             

      

 

                  1800140 

  LINEAR  DIFFERENTIAL  EQUATION : 

                                 A differential equation of the form    𝒅𝒚𝒅𝒙 + 𝑷𝒚 = 𝑸 ……………………..(i) 

 Is called a linear differential equation, where P & Q are 

functions of x (but not of y) or constants. 

                                 In such case, we multiply both sides of (i) 

by𝒆∫𝑷 𝒅𝒙as an integrating factor (I.F) to make the equation 

readily integrable. So (i) becomes, 𝑒∫𝑃 𝑑𝑥 (𝑑𝑦𝑑𝑥 + 𝑃𝑦) = 𝑄 𝑒∫𝑃 𝑑𝑥 ……………….. (ii) 

The left hand side of (ii) is   
𝑑𝑑𝑥 [ 𝑦 𝑒∫𝑃 𝑑𝑥] 

Or, 
𝑑𝑑𝑥 [ 𝑦 𝑒∫𝑃 𝑑𝑥] = 𝑄 𝑒∫𝑃 𝑑𝑥  

Now, integrating both sides we get, 𝑦 𝑒∫𝑃 𝑑𝑥 = ∫  𝑄 𝑒∫𝑃 𝑑𝑥𝑑𝑥 + 𝐶  which is the solution. 

Hence, the required solution is,  𝒚(𝑰. 𝑭) = ∫  𝑸(𝑰. 𝑭)𝒅𝒙 + 𝑪 



 

   

 

  1. (𝟏 − 𝒙𝟐) 𝒅𝒚𝒅𝒙 − 𝒙𝒚 = 𝟏 

     Solution:     

        The equation can be written as,   
𝑑𝑦𝑑𝑥 − ( 𝑥1−𝑥2)𝑦 = 11−𝑥2 

        Here, P = −( 𝑥1−𝑥2) , Q = 
11−𝑥2 

        Integrating factor = 𝑒∫−( 𝑥1−𝑥2) 𝑑𝑥
   

                                        = 𝑒12 𝑙𝑜𝑔(1−𝑥2)
   

                                        = √1 − 𝑥2 

        Hence, the solution is , 

        y √1 − 𝑥2 = ∫ 11−𝑥2 √1 − 𝑥2 dx + C  

                                                                      (answer) 

  2. 𝒙 𝒅𝒚𝒅𝒙 + 𝟐𝒚 =  𝒙𝟐𝒍𝒐𝒈 𝒙 

     Solution:     



      The equation becomes    
𝑑𝑦𝑑𝑥 + 2𝑥 𝑦 = 𝑥 𝑙𝑜𝑔 𝑥 

       Here, P =  
2 𝑥 , Q = 𝑥 𝑙𝑜𝑔 𝑥 

       

        Integrating factor = 𝑒∫𝑃 𝑑𝑥 

                                         = 𝑒∫2𝑥 𝑑𝑥
  

                                         = 𝑒2 𝑙𝑜𝑔 𝑥     
                                         = 𝑥2 

   Hence , the solution is 

               y.𝑥2 = ∫ 𝑥 𝑙𝑜𝑔 𝑥 . 𝑥2 𝑑𝑥 + 𝐶                                   

   Or,      y =  
1𝑥2 ∫𝑥3 𝑙𝑜𝑔 𝑥 𝑑𝑥 + 𝐶 

   Or,      y = 
1𝑥2  [{𝑙𝑜𝑔 𝑥 . ∫ 𝑥3 𝑑𝑥 − ∫ 1𝑥 (∫ 𝑥3 𝑑𝑥)𝑑𝑥 } + 𝐶] 

   Or,      y = 
1𝑥2  (𝑥44 𝑙𝑜𝑔 𝑥 − 𝑥416) + 𝐶 

   Or,      y = 
𝑥24 (𝑙𝑜𝑔 𝑥 − 14) + 𝐶 𝑥−2 

                                                              (answer) 

3. (𝒙𝟑 − 𝒙) 𝒅𝒚𝒅𝒙 − (𝟑𝒙𝟐 − 𝟏)𝒚 = 𝒙𝟓 − 𝟐𝒙𝟑 + 𝒙 



     Solution:     

        

 

       The equation is      
𝑑𝑦𝑑𝑥 − (3𝑥2−1𝑥3−𝑥 ) 𝑦 =  𝑥5−2𝑥3+𝑥𝑥3−𝑥  

                                Or,   
𝑑𝑦𝑑𝑥 − (3𝑥2−1𝑥3−𝑥 ) 𝑦 = 

𝑥(𝑥4−2𝑥2+1)𝑥(𝑥2−1)  

                               Or,    
𝑑𝑦𝑑𝑥 − (3𝑥2−1𝑥3−𝑥 ) 𝑦 = (𝑥2 − 1) 

       Here, P = −(3𝑥2−1𝑥3−𝑥 ),  Q = 𝑥2 − 1 

       Integrating factor = 𝑒∫𝑃 𝑑𝑥 

                                        = 𝑒∫−(3𝑥2−1𝑥3−𝑥 ) 𝑑𝑥
 

                                        = 𝑒−𝑙𝑜𝑔(𝑥3−𝑥) 
                                        = 

1𝑥3−𝑥 

       The solution is , y . 
1𝑥3−𝑥 = ∫(𝑥2 − 1) 1𝑥3−𝑥 dx + C 

                                  Or,  
𝑦𝑥3−𝑥 = ∫ 1𝑥 dx + C 

                                 Or,  
𝑦𝑥3−𝑥 = 𝑙𝑜𝑔 𝑥 + 𝐶 

                                                                       (answer) 



   

  4. 𝒙 𝒅𝒚𝒅𝒙 + 𝒚 = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 

     Solution:     

       The equation can be written as    
𝑑𝑦𝑑𝑥 + 𝑦𝑥 = 𝑎𝑥 + 𝑏 + 𝑐𝑥 

       Here, P = 
1𝑥,  Q =  𝑎𝑥 + 𝑏 + 𝑐𝑥 

        

       Integrating factor = 𝑒∫𝑃 𝑑𝑥 

                                       = 𝑒∫1𝑥 𝑑𝑥
    

                                       = 𝑒𝑙𝑜𝑔 𝑥  
                                        =  x 

  Hence, The solution is ,y.x = ∫ (ax + b + cx) . 𝑥 𝑑𝑥 + 𝐶 

                                      Or, xy = ∫(𝑎𝑥2 + 𝑏𝑥 + 𝑐) 𝑑𝑥 + C 

                                      Or, xy = (13 𝑎𝑥3 + 12 𝑏𝑥2 + 𝑐) + C   

                                                                                             (answer) 
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  5. x (x - 1) 
𝒅𝒚𝒅𝒙 – y = x

2
 (x - 1)

2
 

      Solution:     

      The equation is   𝑑𝑦𝑑𝑥 - 
1𝑥(𝑥−1) y = x(x-1)      

        Integral Factor = 𝑒−∫ 1𝑥(𝑥−1)𝑑𝑥
 

                                    = 𝑒∫(1𝑥− 1𝑥−1)𝑑𝑥
  

                                    = 
𝑥𝑥−1 

         Hence,  y 
𝑥𝑥−1 = C + ∫𝑥(𝑥 − 1). 𝑥𝑥−1  𝑑𝑥 

         or,         y 
𝑥𝑥−1 = C + ∫𝑥2 dx 

         or,         y 
𝒙𝒙−𝟏 = C  + 

𝟏𝟑x
3
    where C is an arbitrary constant 

                                                           (answer) 

   

 



  6. (1 + x) 
𝒅𝒚𝒅𝒙 + 3y = 

𝟏 + 𝒙 + 𝒙𝟐(𝟏 + 𝒙)𝟒  

     Solution : 

      The equation is  
𝑑𝑦𝑑𝑥 + 

31+𝑥 y = 
1 + 𝑥 + 𝑥2(1 + 𝑥)4  

         Integral Factor = 𝑒∫ 31+𝑥𝑑𝑥
  

                                    = 𝑒3 log(1+𝑥)  
                                    = (1 + x)

3
 

         y (1 + x)
3
 = C + ∫ (1+𝑥+𝑥2)(1 + 𝑥)4  (1 + x)

3
 dx 

                         = C + ∫ (1+𝑥+𝑥2)(1+𝑥)  dx 

                         = C  + ∫( 11+𝑥 +  𝑥) dx 

                                        = C + log (1 + x) + 
𝟏𝟐 x2

   where C is an arbitrary constant 

                                                                 (answer) 

   

 

 



  7. x 
𝒅𝒚𝒅𝒙 + 2y =  

𝒅𝒚𝒅𝒙 + 4  

     Solution:     

     The equation can be written as    (x – 1)
𝑑𝑦𝑑𝑥 + 2y =  4  

                                                           or,    
𝑑𝑦𝑑𝑥 + 

2𝑥−1  𝑦 = 
4𝑥−1 

       Linear Integral Factor = 𝑒∫ 2𝑥−1𝑑𝑥
 

                                               = 𝑒∫2 𝑙𝑜𝑔(𝑥−1)  
                                               = (x – 1)

2 

         Hence,  y (x – 1)
2
 = C + ∫ 4𝑥−1 (x – 1)

3
 dx 

         or,         y (x – 1)
2
 = C + 2(x – 1)

2 
  where C is an arbitrary constant 

                                                              (answer) 

  8. x 
𝒅𝒚𝒅𝒙 - 2y = x

2
 + sin 

𝟏𝒙𝟐 

     Solution:     

     The equation is  𝑑𝑦𝑑𝑥 - 
2𝑥 𝑦 = x + 

1𝑥 sin 
1𝑥2    

       

 



       Integral Factor = 𝑒−∫2𝑥𝑑𝑥  

                                   = 𝑒−2 log𝑥   

                                   = 
1𝑥2 

       Hence,  y. 
1𝑥3 = C + ∫𝑥. 1𝑥2 dx + ∫ 1𝑥3 sin 

1𝑥2 dx 

       or,         y. 
1𝑥3 = C +log x - 

12 ∫ sin 𝑡 dt       [where, 
1𝑥2 = t , 

−2𝑥3  dx = dt] 

       or,         y. 
𝟏𝒙𝟑 = C +log x +  

𝟏𝟐 cos 
𝟏𝒙𝟐    where C is an arbitrary constant 

                                                                  (answer) 

  9. 
𝒅𝒚𝒅𝒙 - 2y cosx = -2 sin2x 

     Solution:    

     Integral Factor = 𝑒−∫cos 𝑥 𝑑𝑥 

                                  = 𝑒−3 sin 𝑥  

     Hence,  y.𝑒−3sin 𝑥  = C – 2 ∫ 𝑠𝑖𝑛 2x. 𝑒−2sin 𝑥 dx 

      or,        y. 𝑒−3sin 𝑥  = C – 4 ∫ sin 𝑥 cos 𝑥. 𝑒−2 sin 𝑥dx [put, -2 sin x = t]   

      or,        y. 𝑒−3sin 𝑥 = C - ∫ 𝑡 𝑒𝑡dt 

      or,        y. 𝑒−3sin 𝑥 = C - 𝑒𝑡 (t – 1) 

      So,      y = C. 𝒆𝟑 𝒔𝒊𝒏𝒙 + (2 sin x + 1)  where C is an arbitrary constant 



                                                                      (answer) 
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  10. (x+1)
𝒅𝒚𝒅𝒙 − 𝒚=𝒆𝒙(𝒙 + 𝟏)𝟐)________(1) 

     Solution : 

     Step 1:Identifying equation 

   This is a linear partial differential equation and can be     

expressed as   
𝑑𝑦𝑑𝑥 + 𝑃𝑦 = 𝑄, 

    where P and Q are the functions of x 

    We get from (1),      𝑑𝑦𝑑𝑥 − 𝑦𝑥+1 = 𝑒𝑥(𝑥 + 1)___________(2) 

 

  Step 2:Evaluating integrating factor 

  Integrating factor = 𝑒−∫ 𝑑𝑥𝑥+1 

                                  = 𝑒−𝑙𝑜𝑔 (𝑥+1) 
                                  = 𝑒𝑙𝑜𝑔 (𝑥+1)−1

  = 
1𝑥+1 



 

    Step 3:Solution 

     y 
1𝑥+1 = ∫𝑒𝑥(𝑥 + 1) 1𝑥+1 𝑑𝑥 

               = ∫ 𝑒𝑥𝑑𝑥       ∴ 𝒚𝒙+𝟏 = 𝒆𝒙 + 𝑪                                                                 

                                   (answer) 

 

  11.  sinx 
𝒅𝒚𝒅𝒙 + 𝟐𝒚 = 𝒕𝒂𝒏𝟑(𝒙𝟐)____________(1) 

     Solution:    

               From (1) we get, 

         
𝑑𝑦𝑑𝑥 + 2𝑦𝑠𝑖𝑛𝑥 = 𝑡𝑎𝑛3(𝑥2)𝑠𝑖𝑛𝑥  __________(2) 

        Here,  P=
2𝑠𝑖𝑛𝑥 and Q=

𝑡𝑎𝑛3(𝑥2)𝑠𝑖𝑛𝑥  

        Integrating factor = 𝑒∫ 2𝑠𝑖𝑛𝑥𝑑𝑥
 

                                         = 𝑒2∫ 𝑐𝑜𝑠𝑒𝑐𝑥 𝑑𝑥 

                                         = 𝑒2𝑙𝑜𝑔𝑡𝑎𝑛𝑥2 

                                         = 𝑡𝑎𝑛2 𝑥2 



           

Now we get,   𝑦𝑡𝑎𝑛2𝑥2 =∫ 𝑡𝑎𝑛2 𝑥2 𝑡𝑎𝑛3𝑥22𝑠𝑖𝑛𝑥2𝑐𝑜𝑠𝑥2 𝑑𝑥 + 𝐶 

                                       = 
12 ∫ 𝑡𝑎𝑛4𝑥2𝑐𝑜𝑠2𝑥2 𝑑𝑥 + 𝐶 

                                       = 
12 ∫ 𝑡𝑎𝑛4 𝑥2 𝑠𝑒𝑐2 𝑥2 𝑑𝑥 + 𝐶  

Putting tan 
𝑥2 = 𝑡 𝑠𝑜 𝑡ℎ𝑎𝑡 12 𝑠𝑒𝑐2 𝑥2 𝑑𝑥 = 𝑑𝑡 𝑜𝑛 𝑅𝐻𝑆 𝑤𝑒 𝑔𝑒𝑡, 

𝑦𝑡𝑎𝑛2 𝑥2 = 12∫ 𝑡4 (2𝑑𝑡) + 𝐶 

                                 𝑦𝑡𝑎𝑛2 𝑥2 = 
𝑡55 + 𝐶 = 𝑡𝑎𝑛5𝑥25 + 𝐶                                 

                                                                                   (answer) 

  12. 𝒄𝒐𝒔𝟐𝒙 𝒅𝒚𝒅𝒙+y=tanx_________(1) 

     Solution:    

       Dividing (1) by 𝑐𝑜𝑠2𝑥 we get,         𝑑𝑦𝑑𝑥 + 𝑦𝑠𝑒𝑐2𝑥 = 𝑡𝑎𝑛𝑥 𝑠𝑒𝑐2𝑥_________(2) 

       Integral Factor = 𝑒∫ 𝑠𝑒𝑐2𝑥𝑑𝑥  

                                  = 𝑒𝑡𝑎𝑛𝑥  



        Now multiplying (2) by the IF and integrating we get,         𝑦𝑒𝑡𝑎𝑛𝑥  =∫ 𝑡𝑎𝑛𝑥 𝑠𝑒𝑐2 𝑥𝑒𝑡𝑎𝑛𝑥𝑑𝑥__________(3) 

         Let, I =∫ 𝑡𝑎𝑛𝑥 𝑠𝑒𝑐2 𝑥𝑒𝑡𝑎𝑛𝑥𝑑𝑥  and tanx = z 

         ∴ 𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑑𝑧 

         ∴ 𝐼 = ∫ 𝑧𝑒𝑧𝑑𝑧 

                = 𝑒𝑧(𝑧 − 1) 

                = 𝑒𝑡𝑎𝑛𝑥(𝑡𝑎𝑛𝑥 − 1) 

         (𝟑) ⇒ 𝑦𝑒𝑡𝑎𝑛𝑥 = 𝑒𝑡𝑎𝑛𝑥(𝑡𝑎𝑛𝑥 − 1) + 𝐶 

          ∴ 𝒚 = 𝒕𝒂𝒏𝒙 − 𝟏 + 𝑪𝒆−𝒕𝒂𝒏𝒙 

                                                            (answer) 

  13.  
𝒅𝒚𝒅𝒙 − 𝟑𝒙𝟐−𝟏𝒙𝟑−𝒙 𝒚 = 𝒙𝟐 − 𝟏_______(1) 

     Solution:    

   Integral Factor = 𝑒−∫3𝑥2−1𝑥3−𝑥  𝑑𝑥 

                                     = 𝑒−log (𝑥3−𝑥)  = 
1𝑥3−𝑥 

        From (1)       𝑦 1𝑥3−𝑥 = ∫ 𝑥3−1𝑥3−𝑥 𝑑𝑥 + 𝐶  =∫ 1𝑥 𝑑𝑥 + 𝐶 

                          𝒚 𝟏𝒙𝟑−𝒙 = lnx+C      



                                                       (answer)                                     

14.  
𝒅𝒚𝒅𝒙 + 𝟐𝒚 𝒕𝒂𝒏𝒙 = 𝒔𝒊𝒏𝒙____________(𝟏) 

     Solution:    

    Integral Factor = 𝑒2∫ 𝑡𝑎𝑛𝑥𝑑𝑥  

                                 = 𝑒−2𝑙𝑜𝑔𝑐𝑜𝑠𝑥  

                                 = 𝑒𝑐𝑜𝑠−2𝑥 

                                 = 𝑐𝑜𝑠−2𝑥 

                                 = 𝑠𝑒𝑐2𝑥 

      Hence the general solution is, 𝑦𝑠𝑒𝑐2𝑥 = ∫𝑠𝑖𝑛𝑥𝑠𝑒𝑐2𝑥𝑑𝑥 + 𝐶 

                              𝒚𝒔𝒆𝒄𝟐𝒙 = 𝒔𝒆𝒄𝒙 + 𝑪 

                                                                   (answer) 
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  15. 
𝒅𝒚𝒅𝒙 + 𝟔𝒚𝒙 = −𝟑 

     Solution:  

      We take the equation in form   
𝒅𝒚𝒅𝒙 + 𝑷𝒚 = 𝑸 

      Here, P and Q are the function of x 

      So, the above equation becomes,        → 𝒅𝒚𝒅𝒙 + 𝟔𝒙 𝒚 = −𝟑     ……….(1) 

     This is now expressed in linear form 

     Integrating factor = 𝒆∫𝟔𝒙𝒅𝒙
 

                                     = 𝒆𝟔𝒍𝒏𝒙 

                                     = 𝒙𝟔 

     Multiplying equation (1) by I.F we get, 

                                       𝒙𝟔 
𝒅𝒚𝒅𝒙 + 𝒙𝟓 ∙ 𝟔𝒚 = −𝟑       

                                  ⇒ 𝒅𝒅𝒙 (𝒚𝒙𝟔) = −𝟑𝒙𝟔 

                                  ⇒ 𝒚𝒙𝟔 = −∫𝟑𝒙𝟔 𝒅𝒙 



                                   ⇒ 𝒚 = − 𝟑𝒙𝟕 − 𝒄𝒙𝟔   [where c is an arbitrary constant] 

                                                                    (answer) 

  16. 𝒙𝒄𝒐𝒔𝒙 𝒅𝒚𝒅𝒙 + 𝒚(𝒙𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒙) = 𝟏 

     Solution:  

     We take the equation in form     
𝒅𝒚𝒅𝒙 + 𝑷𝒚 = 𝑸 

       Here, P and Q are the function of x 

       So, the above equation becomes,                   → 𝒅𝒚𝒅𝒙 + (𝒕𝒂𝒏𝒙 + 𝟏𝒙) 𝒚 = 𝒔𝒆𝒄𝒙𝒙      ……….(1) 

       This is now expressed in linear form 

      Integrating factor = 𝒆∫(𝒕𝒂𝒏𝒙+𝟏𝒙)𝒅𝒙
 

                                       = 𝒆𝒍𝒐𝒈 𝒔𝒆𝒄𝒙+𝒍𝒐𝒈𝒙 

                                       = 𝒆𝒍𝒐𝒈𝒙𝒔𝒆𝒄𝒙 

                                       = 𝒙𝒔𝒆𝒄𝒙 

       Multiplying equation (1) by I.F we get, 

             𝒙𝒔𝒆𝒄𝒙 𝒅𝒚𝒅𝒙 + 𝒙𝒔𝒆𝒄𝒙(𝒕𝒂𝒏𝒙 + 𝟏𝒙)𝒚 = 𝒔𝒆𝒄𝟐𝒙  

         ⇒ 𝒅𝒅𝒙 (𝒚𝒙𝒔𝒆𝒄𝒙) = 𝒔𝒆𝒄𝟐𝒙 



         ⇒ 𝒚𝒙𝒔𝒆𝒄𝒙 = ∫𝒔𝒆𝒄𝟐𝒙𝒅𝒙 

         ⇒ 𝒚𝒙𝒔𝒆𝒄𝒙 = 𝒕𝒂𝒏𝒙 + 𝒄          ⇒ 𝒚 = 𝒔𝒊𝒏𝒙𝒙 − 𝒄 𝒄𝒐𝒔𝒙𝒙                    [where c is an arbitrary constant] 

                                            (answer)                                                                             

  17.(𝟏 − 𝒙𝟐) 𝒅𝒚𝒅𝒙 + 𝟐𝒙𝒚 = 𝒙√𝟏 − 𝒙𝟐 

     Solution:  

        We take the equation in form     
𝒅𝒚𝒅𝒙 + 𝑷𝒚 = 𝑸 

            Here, P and Q are the function of x 

            So, the above equation becomes,           → 𝒅𝒚𝒅𝒙 + 𝟐𝒙𝟏−𝒙𝟐 𝒚 = 𝒙√𝟏−𝒙𝟐     ……….(1) 

        This is now expressed in linear form 

        Integrating factor = 𝒆∫ 𝟐𝒙𝟏−𝒙𝟐𝒅𝒙
 

                                         = 𝒆− 𝒍𝒐𝒈(𝟏−𝒙𝟐) 

                                         =  
𝟏𝟏−𝒙𝟐 

          Multiplying equation (1) by I.F we get, 



                        
𝒅𝒚𝒅𝒙 + 𝟐𝒙𝟏−𝒙𝟐 𝒚 = 𝒙(𝟏−𝒙𝟐)𝟑/𝟐 

                 ⇒  𝒅𝒅𝒙 ( 𝒚𝟏−𝒙𝟐) = 𝒙(𝟏−𝒙𝟐)𝟑/𝟐 

                 ⇒ 𝒚𝟏−𝒙𝟐 = ∫ 𝒙(𝟏−𝒙𝟐)𝟑/𝟐 𝒅𝒙                  ⇒ 𝒚 = √𝟏 − 𝒙𝟐 + (𝟏 − 𝒙𝟐)  [where c is an arbitrary 

constant] 

                                                                    (answer)                                                     

  18. (𝟏 + 𝒙𝟐) 𝒅𝒚𝒅𝒙 + 𝟐𝒙𝒚 − 𝟒𝒙𝟐 = 𝟎 

     Solution:  

         We take the equation in form   
𝒅𝒚𝒅𝒙 + 𝑷𝒚 = 𝑸 

         Here, P and Q are the function of x 

         So, the above equation becomes, 

       → 𝒅𝒚𝒅𝒙 + 𝟐𝒙𝟏+𝒙𝟐 𝒚 = 𝟒𝒙𝟐𝟏+𝒙𝟐     ……….(1) 

        This is now expressed in linear form 

        Integrating factor = 𝒆∫ 𝟐𝒙𝟏+𝒙𝟐𝒅𝒙
 

                                          = 𝒆𝒍𝒐𝒈(𝟏+𝒙𝟐) 

                                          = 𝟏 + 𝒙𝟐 



        Multiplying equation (1) by I.F we get,     (𝟏 +  𝒙𝟐) 𝒅𝒚𝒅𝒙 + 𝟐𝒙𝒚 = 𝟒𝒙𝟐 ⇒ 𝒅𝒅𝒙 {𝒚(𝟏 + 𝒙𝟐)} = 𝟒𝒙𝟐 ⇒ 𝒚(𝟏 + 𝒙𝟐) = ∫𝟒𝒙𝟐 𝒅𝒙 

  ⇒ 𝒚 = 𝟒𝒙𝟑𝟑(𝟏+𝒙𝟐) − 𝒄𝟏+𝒙𝟐                       [where c is an arbitrary constant] 

                                         (answer)                                                                                

  19. S𝒊𝒏𝒙 𝒅𝒚𝒅𝒙 + 𝟑𝒚 = 𝒄𝒐𝒔𝒙 

     Solution:  

         We take the equation in form    
𝒅𝒚𝒅𝒙 + 𝑷𝒚 = 𝑸 

         Here, P and Q are the function of  x 

         So, the above equation becomes,                → 𝒅𝒚𝒅𝒙 + (𝟑𝒄𝒐𝒔𝒆𝒄𝒙)𝒚 = 𝒄𝒐𝒕𝒙     ……….(1) 

         This is now expressed in linear form 

         Integrating factor = 𝒆∫𝟑𝒄𝒐𝒔𝒆𝒄𝒙𝒅𝒙 

                                           = 𝒆𝟑 𝒍𝒐𝒈 𝒕𝒂𝒏 (𝒙/𝟐) 



                                           = 𝒕𝒂𝒏𝟑 𝒙𝟐 

         Multiplying equation (1) by I.F we get,  𝒕𝒂𝒏𝟑 𝒙𝟐 ∙ 𝒅𝒚𝒅𝒙 + (𝟑𝒄𝒐𝒔𝒆𝒄𝒙) ∙ 𝒕𝒂𝒏𝟑 𝒙𝟐 ∙ 𝒚 = 𝒄𝒐𝒕𝒙 ∙ 𝒕𝒂𝒏𝟑 𝒙𝟐 

⇒ 𝒅𝒅𝒙(𝒚𝒕𝒂𝒏𝟑 𝒙𝟐) = 𝟏 − 𝒕𝒂𝒏𝟐 𝒙𝟐𝟐𝒕𝒂𝒏 𝒙𝟐 𝒕𝒂𝒏𝟑 𝒙𝟐 

⇒ 𝒚𝒕𝒂𝒏𝟑 𝒙𝟐 = 𝟏𝟐∫{(𝟏 − 𝒕𝒂𝒏𝟐 𝒙𝟐)𝒕𝒂𝒏𝟐 𝒙𝟐}𝒅𝒙 

⇒ 𝒚𝒕𝒂𝒏𝟑 𝒙𝟐 = ∫(𝟏 − 𝒕𝟐)𝒕𝟐 ∙ 𝟐𝒅𝒕𝟏 + 𝒕𝟐 

[Let,𝒕𝒂𝒏 𝒙𝟐 = 𝒕  𝒔𝒐 𝒕𝒉𝒂𝒕  𝟏𝟐 𝒔𝒆𝒄𝟐 𝒙𝟐 𝒅𝒙 = 𝒅𝒕 ⇒ 𝒅𝒙 = 𝟐𝒅𝒕𝒔𝒆𝒄𝟐𝒙𝟐  
 = 𝟐𝒅𝒕𝟏+𝒕𝒂𝒏𝟐𝒙𝟐 = 𝟐𝒅𝒕𝟏+𝒕𝟐] 
 ⇒ 𝒚𝒕𝒂𝒏𝟑 𝒙𝟐 = ∫ 𝒕𝟐−𝒕𝟒𝟏+𝒕𝟐 𝒅𝒕 

 ⇒ 𝒚𝒕𝒂𝒏𝟑 𝒙𝟐 = ∫(−𝒕𝟐 + 𝟐 − 𝟐𝟏+𝒕𝟐)𝒅𝒕 

 ⇒ 𝒚𝒕𝒂𝒏𝟑 𝒙𝟐 = −(𝟏𝟑) 𝒕𝟑 + 𝟐𝒕 − 𝟐 𝒕𝒂𝒏−𝟏 𝒕 + 𝒄 

 ⇒ 𝒚 = − 𝟏𝟑 + 𝟐𝒄𝒐𝒕𝟐 𝒙𝟐 − 𝒙𝒄𝒐𝒕𝟑 𝒙𝟐 + 𝒄 𝒄𝒐𝒕𝟑 𝒙𝟐      

                                                                    [where c is an arbitrary constant] 



                                                                              (answer) 
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  20. (𝒙 + 𝟐𝒚𝟑) 𝒅𝒚 𝒅𝒙⁄ = 𝒚 

     Solution : 

       We take the equation in form   
𝑑𝑥𝑑𝑦+P𝑥 =Q 

        Here , P and Q are the function of y 

        So the above equation becomes ,         → 𝑑𝑥𝑑𝑦=
𝑥+2𝑦3𝑦         → 𝑑𝑥𝑑𝑦 − 𝑥𝑦=2𝑦2

          ………………… (1) 

        This is now expressed in linear form , 

        For 1 ,∫𝑃𝑑𝑦 = −∫ 1𝑦 𝑑𝑦 = −𝑙𝑜𝑔 𝑦 

        So  I.F for (1)          → 𝑒− 𝑙𝑜𝑔 𝑦=
1𝑦 



        Multiply equ
n
 1 by I.F we get , → 1𝑦 𝑑𝑥𝑑𝑦 − 𝑥𝑦2 = 2𝑦2 1𝑦 

→ 𝑑𝑑𝑦 (𝑥𝑦) = 2𝑦                                              → 𝑥𝑦 = ∫2𝑦𝑑𝑦   [By integration]                                             → 𝑥𝑦 = 𝑦2 + 𝐶, where C is an arbitrary constant. 

                                                        (answer) 

  21. 𝒚 𝒍𝒐𝒈𝒚𝒅𝒙 + (𝒙 − 𝒍𝒐𝒈𝒚)𝒅𝒚 = 𝟎  
     Solution: 

       We take the equation in form   
𝑑𝑥𝑑𝑦+P𝑥 =Q 

       Here , P and Q are the function of y 

       So the above equation becomes , → 𝑑𝑥𝑑𝑦 = −(𝑥 − 𝑙𝑜𝑔 𝑦)𝑦 𝑙𝑜𝑔 𝑦  

                                      → 𝑑𝑥𝑑𝑦 + 1𝑦 𝑙𝑜𝑔 𝑦 𝑥 = 1𝑦              ……………….(1) 

       This is now expressed in linear form ,  



       For (1)    ∫ 1𝑦 𝑙𝑜𝑔 𝑦 𝑑𝑦 = 𝑙𝑜𝑔( 𝑙𝑜𝑔 𝑦) 

       So ,I.F equal → 𝑒𝑙𝑜𝑔( 𝑙𝑜𝑔 𝑦) = 𝑙𝑜𝑔 𝑦 

       Multiply equ
n
 (1) by I.F we get , → log𝑦 𝑑𝑥𝑑𝑦 + 1𝑦 𝑥 = 1𝑦 log 𝑦 

→ 𝑑𝑑𝑦 (𝑥 log 𝑦) =1𝑦 log 𝑦 

                                           → (𝑥 log 𝑦) = ∫ 1𝑦 log 𝑦 𝑑𝑦[By 

integration] 

       ∴ 𝒙 𝒍𝒐𝒈𝒙 = 𝟏𝟐(𝒍𝒐𝒈𝒚)2
+C , where c is an arbitrary constant . 

                                         (answer) 

  22. 𝒅𝒙 + 𝒙𝒅𝒚 = 𝒆−𝒚 𝒍𝒐𝒈𝒚𝒅𝒚  
     Solution : 

       We take the equation in form   
𝑑𝑥𝑑𝑦+P𝑥 =Q 

       Here , P and Q are the function of y 

       So the above equation becomes , 



       → 𝑑𝑥𝑑𝑦 + 𝑥 = 𝑒−𝑦 𝑙𝑜𝑔 𝑦……………….(1) 

      This is now expressed in linear form , 

      For 1 ∫𝑑𝑦 = 𝑦       ∴I.F=𝒆𝒚 

       Multiply equ
n
 1 by I.F we get ,                                       → 𝑒𝑦 𝑑𝑥𝑑𝑦 + 𝑒𝑦𝑥 = 𝑒−𝑦 𝑙𝑜𝑔 𝑦 𝑒𝑦 

                                    → 𝑑𝑑𝑦 (𝑥𝑒𝑦) = 𝑒−𝑦 𝑙𝑜𝑔 𝑦 𝑒𝑦 

                                                      → 𝑥𝑒𝑦 = ∫𝑒−𝑦 𝑙𝑜𝑔 𝑦 𝑒𝑦 𝑑𝑦                                                       = 𝑙𝑜𝑔 𝑦 𝑦 − ∫𝑦 1𝑦 𝑑𝑦    [By integration]             ∴  𝒙𝒆𝒚 = 𝒚 𝒍𝒐𝒈𝒚 − 𝒚 + 𝑪, where c is an arbitrary constant . 

                                                           (answer) 

  23. Solve (1+𝒚𝟐)𝒅𝒙 + (𝒙 − 𝒕𝒂𝒏−𝟏 𝒚)𝒅𝒚 = 𝟎 

     Solution : 

       We take the equation in form   
𝑑𝑥𝑑𝑦 +P𝑥 =Q 

       Here , P and Q are the function of y 



       So the above equation becomes , → 𝑑𝑥𝑑𝑦 = − 𝑥1 + 𝑦2 + 𝑡𝑎𝑛−1 𝑦1 + 𝑦2  

                                        ∴ 𝑑𝑥𝑑𝑦 + 𝑥1+𝑦2 = 𝑡𝑎𝑛−1 𝑦1+𝑦2 ……………….(1) 

       This is now expressed in linear form , 

       For 1 ∫ 11+𝑦2 𝑑𝑦 = tan−1 𝑦 

       ∴I.F=𝑒𝑡𝑎𝑛−1 𝑦 

         Multiply equ
n
 1 by I.F we get ,  →   𝑒𝑡𝑎𝑛−1 𝑦 𝑑𝑥𝑑𝑦 + 𝑒𝑡𝑎𝑛−1 𝑦 𝑥1 + 𝑦2 = 𝑒𝑡𝑎𝑛−1 𝑦 𝑡𝑎𝑛−1 𝑦1 + 𝑦2  

          → 𝑑𝑑𝑦 (𝑥𝑒𝑡𝑎𝑛−1 𝑦)= 𝑒𝑡𝑎𝑛−1 𝑦 𝑡𝑎𝑛−1 𝑦1+𝑦2  

          → 𝑥𝑒𝑡𝑎𝑛−1 𝑦 = ∫𝑒𝑡𝑎𝑛−1 𝑦 𝑡𝑎𝑛−1 𝑦1+𝑦2 𝑑𝑦      ……………….(2) 

                 Let, t= 𝑡𝑎𝑛−1 𝑦 

                 ∴ 𝑑𝑡 = 11+𝑦2 𝑑𝑦 

         Now put the value in equ
n
 2 we get  

         𝑥𝑒𝑡 = ∫ 𝑡𝑒𝑡𝑑𝑡         [By integration]                  = 𝑒𝑡(𝑡 − 1) + 𝐶 



         Substitution the value of t we get 

          → 𝑥𝑒𝑡𝑎𝑛−1 𝑦 = 𝑒𝑡𝑎𝑛−1 𝑦(𝑡𝑎𝑛−1 𝑦 − 1)+C 

    ∴ 𝒙 = (𝒕𝒂𝒏−𝟏 𝒚 − 𝟏) + 𝑪𝒆𝒕𝒂𝒏−𝟏 𝒚       Here C is an arbitrary constant. 

                                                                (answer) 

  24. 𝒙 𝒍𝒐𝒈𝒙(𝒅𝒚𝒅𝒙) + 𝒚 = 𝟐 𝒍𝒐𝒈𝒙 

     Solution : 

       We take the equation in form   
𝑑𝑦𝑑𝑥+P𝑦 =Q 

       Here , P and Q are the function of x 

       So the above equation becomes ,        → 𝑑𝑦𝑑𝑥 + 𝑦𝑥𝑙𝑜𝑔𝑥 = 2𝑥   ……………….(1) 

      This is now expressed in linear form , 

                        For (1)       → ∫ 1𝑥𝑙𝑜𝑔𝑥 𝑑𝑥  = ∫ 𝑑𝑡𝑡  [𝐵𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛]     [𝐿𝑒𝑡    𝑙𝑜𝑔𝑥 = 𝑡∴ 1𝑥 𝑑𝑥 = 𝑑𝑡  , 𝑏𝑦 𝑑𝑖𝑓𝑓𝑒𝑟𝑐𝑖𝑎𝑡𝑖𝑜𝑛] = 𝑙𝑜𝑔𝑡 

                                           = 𝑙𝑜𝑔 (𝑙𝑜𝑔𝑥)     ∴I.F = 𝑒𝑙𝑜𝑔 (𝑙𝑜𝑔𝑥) = 𝑙𝑜𝑔𝑥 

     Multiply equ
n
 1 by I.F we get , 



      → 𝑙𝑜𝑔𝑥 𝑑𝑦𝑑𝑥 + 𝑦𝑥 = 2𝑥 𝑙𝑜𝑔𝑥 

      → 𝑑𝑑𝑥 (𝑦𝑙𝑜𝑔𝑥) = 2𝑥 𝑙𝑜𝑔𝑥 

      → 𝑦𝑙𝑜𝑔𝑥 = ∫ 2𝑥 𝑙𝑜𝑔𝑥𝑑𝑥 [𝐴𝑔𝑎𝑖𝑛 𝑝𝑢𝑡, 𝑙𝑜𝑔𝑥 = 𝑧∴ 1𝑥 𝑑𝑥 = 𝑑𝑧 ] 

        So,       𝑦𝑧 = 2∫ 𝑧𝑑𝑧        [By integration] 

             → 𝑦𝑧 = 2 𝑧22 + 𝐶 

              ∴ 𝑦𝑧 = 𝑧2 + 𝐶 

      Substitution the value of z in equ
n
 2, we get; 

     ∴ 𝒚𝒍𝒐𝒈𝒙 = (𝒍𝒐𝒈𝒙)𝟐 + 𝑪     Here C is an arbitrary constant. 

                                                   (answer) 
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  25. 
𝒅𝒚𝒅𝒙 + 𝒚𝒙 = 𝒙𝟑 − 𝟑 

     Solution:  

       we take the equation in form 
𝑑𝑦𝑑𝑥 + 𝑃𝑥 = 𝑄 

       Here, P and Q is the function of x. 



       And given is, 

           
𝑑𝑦𝑑𝑥 + 𝑦𝑥 = 𝑥3 − 3 ……………………..(1) 

      So we get, 

      P = 
1𝑥, then integrating factor (I.F.) = 𝑒∫1𝑥𝑑𝑥

 

                                                                  = 𝑒𝑙𝑛𝑥  

                                                                   = x 

      So, I.F.= x 

      Multiplying the equation(1) by I.F., we get, 

x 
𝑑𝑦𝑑𝑥 + 𝑥 𝑦𝑥 = 𝑥(𝑥3 − 3) 

                                         or, x 
𝑑𝑦𝑑𝑥 + 𝑦 = 𝑥4 − 3𝑥 

                                         or, 
𝑑𝑑𝑥 (𝑥𝑦) = 𝑥4 − 3𝑥 

                                              or, d(xy) = (𝑥4 − 3𝑥)𝑑𝑥 

      integrating both side, we get, 

or, xy=∫(𝑥4 − 3𝑥)𝑑𝑥 

                                              or, y = 
𝑥45 − 3𝑥2 + 𝑐𝑥 

      y = 
𝒙𝟒𝟓 − 𝟑𝒙𝟐 + 𝒄𝒙    where c is an arbitrary constant 



                                  (answer) 

  26. 
𝒅𝒚𝒅𝒙 + ycotx = cosx 

     Solution: 

        we take the equation in form  
𝑑𝑦𝑑𝑥 + 𝑃𝑥 = 𝑄 

        Here, P and Q is the function of x. 

       And given is,  
𝑑𝑦𝑑𝑥 + ycotx = cosx ……………………..(1) 

       So we get, P = 𝑐𝑜𝑡𝑥,  then integrating factor (I.F.) = 𝑒∫ 𝑐𝑜𝑡𝑥𝑑𝑥 

                                                                                               = 𝑒𝑙𝑛|𝑠𝑖𝑛𝑥| 
                                                                                               = 𝑠𝑖𝑛𝑥 

       So, I.F.= 𝒔𝒊𝒏𝒙 

       Multiplying the equation(1) by I.F., we get, 

sinx 
𝑑𝑦𝑑𝑥 + y.cotx.sinx = cosx sinx 

                                 or, sinx 
𝑑𝑦𝑑𝑥 + y.

𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑥.sinx = cosx sinx 

     or,sinx 
𝑑𝑦𝑑𝑥 + ycosx = cosx sinx 

                or,
𝑑𝑑𝑥 (𝑦𝑠𝑖𝑛𝑥) = 𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑥 

   Integrating both side, we get, 



         ysinx =∫ 𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 

   or, ysinx = 
12 ∫2𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 

    or, ysinx = 
12 ∫  𝑠𝑖𝑛2𝑥 𝑑𝑥 

    or, ysinx = − 12 (12 𝑐𝑜𝑠2𝑥) + 𝑐 

           or, y = − 14 𝑐𝑜𝑠2𝑥𝑠𝑖𝑛𝑥  + c 

                 y = − 𝟏𝟒 𝒄𝒐𝒔𝟐𝒙𝒔𝒊𝒏𝒙  + c     where c is an arbitrary constant 

                                              (answer) 

 

  27. 𝒙 𝒅𝒚𝒅𝒙 + 𝟐𝒚 = 𝒙𝟐𝒍𝒐𝒈𝒙 

     Solution:  

     we take the equation in form 
𝑑𝑦𝑑𝑥 + 𝑃𝑥 = 𝑄 

       Here, P and Q is the function of x. 

      And given is,  𝑥 𝑑𝑦𝑑𝑥 + 2𝑦 = 𝑥2𝑙𝑜𝑔𝑥 

           or, 𝑑𝑦𝑑𝑥 + 2𝑥 𝑦 = 𝑥𝑙𝑜𝑔𝑥 ………………………(1) 

      P = 
2𝑥 ,  then integrating factor (I.F.) = 𝑒∫2𝑥𝑑𝑥

 



                                                                     = 𝑒2𝑙𝑛𝑥  = 𝑥2 

      So, I.F.=𝒙𝟐 

      Multiplying the equation (1) by I.F., we get, 𝑥2 𝑑𝑦𝑑𝑥 + 𝑥2 2𝑥 𝑦 = 𝑥3𝑙𝑜𝑔𝑥 

or,𝑥2 𝑑𝑦𝑑𝑥 + 2𝑥𝑦 = 𝑥3𝑙𝑜𝑔𝑥 

     or, 
𝑑𝑑𝑥 (𝑥2𝑦)  = 𝑥3𝑙𝑜𝑔𝑥 

      Integrating both side, we get, 

           𝑥2𝑦 = ∫𝑥3𝑙𝑜𝑔𝑥 𝑑𝑥 

     Or, 𝑥2𝑦 = logx∫𝑥3𝑑𝑥−∫( 𝑑𝑑𝑥 𝑙𝑜𝑔𝑥 ∫𝑥3 𝑑𝑥)𝑑𝑥 

    Or, 𝑥2𝑦 = logx 
𝑥44 − ∫ 1𝑥 𝑥44 𝑑𝑥 

    Or, 𝑥2𝑦 =  𝑥44 𝑙𝑜𝑔𝑥 − 14 𝑥44  +c 

    Or, 𝑥2𝑦 =  𝑥44 𝑙𝑜𝑔𝑥 − 𝑥416 + 𝑐 

           𝒙𝟐𝒚 =  𝒙𝟒𝟒 𝒍𝒐𝒈𝒙 − 𝒙𝟒𝟏𝟔 + 𝒄   where c is an arbitrary constant 

                                                        (answer) 

  28. 
𝒅𝒚𝒅𝒙 + 𝒚𝒔𝒆𝒄𝒙 = 𝒕𝒂𝒏𝒙 



     Solution: 

        we take the equation in form 
𝑑𝑦𝑑𝑥 + 𝑃𝑥 = 𝑄 

        Here, P and Q is the function of x. 

        And given is, 
𝑑𝑦𝑑𝑥 + 𝑦𝑠𝑒𝑐𝑥 = 𝑡𝑎𝑛𝑥……………………..(1) 

       So we get, P = 𝑠𝑒𝑐𝑥, then integrating factor (I.F.) = 𝑒∫ 𝑠𝑒𝑐𝑥𝑑𝑥 

                                                                                              = 𝑒𝑙𝑛|𝑠𝑒𝑐𝑥+𝑡𝑎𝑛𝑥| 
                                                                                              = 𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥 

        So, I.F.= 𝒔𝒆𝒄𝒙 + 𝒕𝒂𝒏𝒙 

      Multiplying the equation(1) by I.F., we get, 

  (𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥)
𝑑𝑦𝑑𝑥 + 𝑦𝑠𝑒𝑐𝑥(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) = 𝑡𝑎𝑛𝑥(𝑠𝑒𝑐𝑥 +𝑡𝑎𝑛𝑥) 

                      Or, 
𝑑𝑑𝑥 (𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥)𝑦 = 𝑡𝑎𝑛𝑥(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) 

      Integrating both side, we get, 

        (𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥)𝑦 = ∫ 𝑡𝑎𝑛𝑥(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) 𝑑𝑥 

  Or, (𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥)𝑦 = ∫ 𝑡𝑎𝑛𝑥𝑠𝑒𝑐𝑥 𝑑𝑥 + ∫ 𝑡𝑎𝑛2𝑥 𝑑𝑥 

   Or, (𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥)𝑦 =  ∫ 𝑡𝑎𝑛𝑥𝑠𝑒𝑐𝑥 𝑑𝑥 + ∫(𝑠𝑒𝑐2𝑥 − 1) 𝑑𝑥 



    Or,(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥)𝑦 = secx + tanx – x + c  (𝒔𝒆𝒄𝒙 + 𝒕𝒂𝒏𝒙)𝒚 = secx + tanx – x + c   where c is an arbitrary constant      

                                                                    (answer) 

  29.(𝒙 + 𝒂) 𝒅𝒚𝒅𝒙 − 𝟑𝒚 = (𝒙 + 𝒂)𝟓 

     Solution: 

       we take the equation in form 
𝑑𝑦𝑑𝑥 + 𝑃𝑥 = 𝑄 

        Here, P and Q is the function of x. 

       And given is, 

           (𝑥 + 𝑎) 𝑑𝑦𝑑𝑥 − 3𝑦 = (𝑥 + 𝑎)5 

Or,
𝑑𝑦𝑑𝑥 − 3(𝑥+𝑎) 𝑦 = (𝑥 + 𝑎)4……………………..(1) 

    So we get, 

    P =− 3(𝑥+𝑎), then integrating factor (I.F.) = 𝑒−∫ 3(𝑥+𝑎)𝑑𝑥
 

                                                                  = 𝑒−3𝑙𝑛 (𝑥+𝑎)   = (𝑥 + 𝑎)−3 

     So, I.F.= (𝒙 + 𝒂)−𝟑 

    Multiplying  the  equation (1) by I.F., we get, 

     (𝑥 + 𝑎)−3 𝑑𝑦𝑑𝑥 − 3(𝑥+𝑎)−4 𝑦 = 𝑥 + a 



                     Or,  
𝑑𝑑𝑥 { 𝑦(𝑥+𝑎)−3} = x + a 

     Integrating both side, we get, 

         𝑦(𝑥+𝑎)−3 = ∫𝑥 + 𝑎  𝑑𝑥 

  Or, 
𝑦(𝑥+𝑎)−3 = 𝑥22  + ax + c  

             Or,  y = 
𝑥2+2𝑎𝑥2(𝑥+𝑎)3 + c 

y = 
𝒙𝟐+𝟐𝒂𝒙𝟐(𝒙+𝒂)𝟑 + c               where c is an arbitrary constant    

                                         (answer) 
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  First order first degree non – linear differential equation  

Or, equation reducible to the linear form [Bernoulli’s equation] 

An equation in the form 

 
𝑑𝑦𝑑𝑥 + 𝑃(𝑥)𝑦 = 𝑄(𝑥)𝑦𝑛       ; 𝑤ℎ𝑒𝑟𝑒 𝑛 ≠ 0, 1 

Or, 𝑦−𝑛 𝑑𝑦𝑑𝑥 + 𝑃(𝑥)𝑦1−𝑛 = 𝑄(𝑥)…………………………………………………………. (1) 

Now, let, 

 𝑦1−𝑛 = 𝑉 



Or, (1 − 𝑛)𝑦−𝑛 𝑑𝑦𝑑𝑥 = 𝑑𝑉𝑑𝑥  [differentiating with respect to x] 

Or, 𝑦−𝑛 𝑑𝑦𝑑𝑥 = ( 11−𝑛) 𝑑𝑉𝑑𝑥 

 

From equation (1), we get, 

 ( 1𝑛−1) 𝑑𝑉𝑑𝑥 + 𝑃(𝑥)𝑉 = 𝑄(𝑥) 
Or, 

𝑑𝑉𝑑𝑥 + (1 − 𝑛) 𝑃(𝑥)𝑉 = (1 − 𝑛)𝑄(𝑥) 
Which is linear in V and x 

It’s if = 𝑒∫𝑃(𝑥)(1−𝑛)𝑑𝑥 

          = 𝑒(1−𝑛) ∫𝑃(𝑥) 𝑑𝑥 

Hence, required solution is, 

 𝑉 ∙ 𝑒(1−𝑛) ∫𝑃(𝑥) 𝑑𝑥 = ∫𝑄(𝑥) ∙ 𝑒(1−𝑛)∫𝑃(𝑥) 𝑑𝑥  𝑑𝑥 + 𝑐  [where c is an 

arbitrary constant] 

Or, 𝑦1−𝑛 ∙ 𝑒(1−𝑛) ∫𝑃(𝑥) 𝑑𝑥 = ∫𝑄(𝑥) ∙ 𝑒(1−𝑛) ∫𝑃(𝑥) 𝑑𝑥  𝑑𝑥 + 𝑐 

 

N:B: 
𝑑𝑋𝑑𝑦 + 𝑃(𝑦)𝑥 = 𝑄(𝑦)𝑥𝑛 is also in the Bernoulli’s form. It can be 

solved by above method. 

  1. Solve   𝒙 𝒅𝒚𝒅𝒙 − 𝟐𝒚 = 𝒙𝒚𝟒 

   Solution: 

     Dividing by 𝑥𝑦4, we get 



 𝑦−4 𝑑𝑦𝑑𝑥 − 2𝑥 𝑦−3 = 1 

Put  −𝑦−3 = 𝑣,  
 3𝑦−4 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 

 ∴    𝑑𝑣𝑑𝑥 + 6𝑥 𝑣 = 3 

Linear,    I.F. = 𝑒∫6𝑥𝑑𝑥 = 𝑥6 

Hence, 𝑣𝑥6 = 𝑐 + ∫3𝑥6𝑑𝑥 = 𝑐 + 3𝑥77  

Or, −𝑦−3𝑥6 = 𝑐 + 37 𝑥7 is the solution. 

 

  2. Solve   
𝒅𝒚𝒅𝒙 = 𝒙𝟑𝒚𝟐 + 𝒙𝒚 

     Solution: 

 
𝑑𝑦𝑑𝑥 = 𝑥3𝑦2 + 𝑥𝑦 

Or, 𝑦−2 𝑑𝑦𝑑𝑥 − 𝑥𝑦−1 = 𝑥3……………………………………. (1) 

Putting 𝑦−1 = 𝑣 

So that, −𝑦−2 (𝑑𝑦𝑑𝑥) = 𝑑𝑣𝑑𝑥 

Hence equation (1) reduces to −(𝑑𝑣𝑑𝑥) − 𝑥𝑣 = 𝑥3 



Or, (𝑑𝑣𝑑𝑥) + 𝑥𝑣 = −𝑥3  ; which is linear whose I.F. = 𝑒∫𝑥 𝑑𝑥 =𝑒𝑥22  

And hence, its solution is 𝑣𝑒𝑥22 = −∫𝑥3𝑒𝑥22 𝑑𝑥 + 𝑐 = −∫𝑥2 ∙ 𝑒𝑥22 𝑥 𝑑𝑥 +𝑐…………………. (2) 

Where c is an arbitrary constant. 

Putting 
𝑥22 = 𝑡, so that 𝑥 𝑑𝑥 = 𝑑𝑡, equation (2) gives that 

 𝑣𝑒𝑥22 = −2∫ 𝑡𝑒𝑡 𝑑𝑥 = −2[𝑡𝑒𝑡 − ∫𝑒𝑡𝑑𝑡] + 𝑐 

          = −2(𝑡𝑒𝑡 − 𝑒𝑡) + 𝑐 = 2𝑒𝑡(𝑡 − 1) + 𝑐 

 Or, 𝑦−1𝑒𝑥22 = 2𝑒𝑥22 (𝑥22 − 1) + 𝑐 

Or, 𝑦−1 = (2 − 𝑥2) + 𝑐𝑒𝑥22   is the solution. 

 

  3. Solve   𝒙 𝒅𝒚𝒅𝒙 + 𝒚 = 𝒚𝟐 𝐥𝐨𝐠 𝒙 

     Solution: 



 Rewritting the given equation 𝑦2 𝑑𝑦𝑑𝑥 + 1𝑥 𝑦−1 =1𝑥 log 𝑥…………………… (1) 

Putting 𝑦−1 = 𝑣 so that −𝑦−2 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥, then equation (1) gives, 

 − 𝑑𝑣𝑑𝑥 + 1𝑥 𝑦 = 1𝑥 log 𝑥 

Or, 
𝑑𝑣𝑑𝑥 − 1𝑥 𝑣 = − 1𝑥 log 𝑥…………………………………………………… (2) 

I.F. of equation (2) = 𝑒−∫1𝑥𝑑𝑥 = 𝑒− log 𝑥 = 𝑥−1 = 1𝑥 

And hence solution of equation (2) is  

 𝑣𝑥−1 = −∫𝑥−2 log 𝑥 𝑑𝑥 + 𝑐, Where c is an arbitrary constant. 

Or, 𝑦−1𝑥−1 = −[log 𝑥 × 𝑥−1−1 − ∫ 1𝑥 × 𝑥−1−1  𝑑𝑥] + 𝑐 

Or, 
1𝑦 = log 𝑥 + 1 + 𝑐𝑥 is the solution. 

  4. Solve   
𝒅𝒚𝒅𝒙 − 𝟐𝒚 𝐭𝐚𝐧𝒙 = 𝒚𝟐 𝐭𝐚𝐧𝟐 𝒙 

     Solution: 

 Dividing by 𝑦2, the equation becomes, 

 𝑦−2 𝑑𝑦𝑑𝑥 − 2𝑦−1 tan 𝑥 = tan2 𝑥 

Put −𝑦−1 = 𝑣, 𝑦−2 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 



 ∴   equation is 
𝑑𝑣𝑑𝑥 + 2 tan 𝑥 ∙ 𝑣 = tan2 𝑥, I.F. = sec2 𝑥 

 ∴    𝑣 sec2 𝑥 = 𝑐 + ∫ tan2 𝑥 ∙ sec2 𝑥  𝑑𝑥 = 𝑐 + 13 tan3 𝑥 

Or, − 1𝑦 sec2 𝑥 = 𝑐 + 13 tan3 𝑥 is the solution. 
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  5. Solve   
𝒅𝒚𝒅𝒙 + 𝒚 = 𝟑𝒆𝒙𝒚𝟑 

Solution: 

The given equation is, 
𝑑𝑦𝑑𝑥 + 𝑦 = 3𝑒𝑥𝑦3 

                   Or, 𝑦−3 𝑑𝑦𝑑𝑥 + 𝑦−2 = 3𝑒𝑥---------------------- (1) 

Let, 𝑦−2 = 𝑣 

Or, −2𝑦−3 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 

Or,  𝑦−3 𝑑𝑦𝑑𝑥 = − 12 𝑑𝑣𝑑𝑥 

Now, putting the value in equation (1), we get, 

    − 12 𝑑𝑣𝑑𝑥 + 𝑣 = 3𝑒𝑥 

Or, 
𝑑𝑣𝑑𝑥 − 2𝑣 = −6𝑒𝑥 ----------------------------------------------- (2) 

Now, Integrating Factor (I.F) =𝑒∫−2𝑑𝑥 



                                                    =𝑒−2∫𝑑𝑥  

                                                    =𝑒−2𝑥 

Now, from equation (2),  

      𝑒−2𝑥 𝑑𝑣𝑑𝑥 − 𝑒−2𝑥2𝑣 = 𝑒−2𝑥(−6𝑒𝑥) 

Or, 
𝑑𝑑𝑥 (𝑣𝑒−2𝑥) = −6𝑒−𝑥 

Or, 𝑣𝑒−2𝑥 = −6∫ 𝑒−𝑥 𝑑𝑥 

Or, 𝑦−2𝑒−2𝑥 = 6𝑒−𝑥 + 𝑐 

Or, 
1𝑦2 = 6𝑒𝑥 +  𝑐𝑒2𝑥         [Where c is an arbitrary constant] 

 

The required solution is    
1𝑦2 = 6𝑒𝑥 +  𝑐𝑒2𝑥. 

 

  6. Solve  𝟐𝒙𝟐 𝒅𝒚𝒅𝒙 = 𝒙𝒚 + 𝒚𝟐  

Solution: 

The given equation is, 2𝑥2 𝑑𝑦𝑑𝑥 = 𝑥𝑦 + 𝑦2 

                                    Or, 2𝑥2 𝑑𝑦𝑑𝑥 − 𝑥𝑦 = 𝑦2 

                                    Or, 
𝑑𝑦𝑑𝑥 − 𝑦2𝑥 = 𝑦22𝑥2 

                                    Or, 𝑦−2 𝑑𝑦𝑑𝑥 − 𝑦−12𝑥 = 12𝑥2-------------------------- (1) 



Let, 𝑦−1 = 𝑣 

Or, −𝑦−2 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 

Or, 𝑦−2 𝑑𝑦𝑑𝑥 = − 𝑑𝑣𝑑𝑥 

Now, putting the value in equation (1), we get, 

 − 𝑑𝑣𝑑𝑥 − 𝑣2𝑥 = 12𝑥2 

Or, 
𝑑𝑣𝑑𝑥 + 𝑣2𝑥 = − 12𝑥2 ------------------------------------------------- (2) 

Now, Integrating Factor (I.F)= 𝑒∫ 12𝑥𝑑𝑥
 

                                                  = 𝑒12 ∫𝑑𝑥𝑥  

                                                  = 𝑒(𝑙𝑜𝑔𝑥)12 

                                                  = 𝑥12  
                                                  = √𝑥 

Now, from equation (2),  

     √𝑥 𝑑𝑣𝑑𝑥 + √𝑥 𝑣2𝑥 = − √𝑥2𝑥2 

Or, 
𝑑𝑑𝑥 (𝑣√𝑥) =  − 12 𝑥−32 

Or, 𝑣√𝑥 =  − 12 ∫𝑥−32 𝑑𝑥 

Or, 𝑦−1√𝑥 =  − 12 (  𝑥−12−12   ) + 𝑐 



Or, 
√𝑥𝑦 = 1√𝑥 +  𝑐 

Or, 
𝑥𝑦 = 1 + 𝑐√𝑥            [Where c is an arbitrary constant] 

 

The required solution is   
𝑥𝑦 = 1 + 𝑐√𝑥 . 

7. Solve  (𝒙𝟐 + 𝒚𝟐 + 𝟐𝒙) 𝒅𝒙 + 𝟐𝒚 𝒅𝒚 = 𝟎 

Solution: 

The given equation is, (𝑥2 + 𝑦2 + 2𝑥) 𝑑𝑥 + 2𝑦 𝑑𝑦 = 0 

                                     Or, (𝑥2 + 𝑦2 + 2𝑥) 𝑑𝑥 = −2𝑦 𝑑𝑦 

                                     Or, 
𝑑𝑦𝑑𝑥 = − ( 𝑥2+2𝑥2𝑦  ) − 

𝑦2 

                                    Or, 
𝑑𝑦𝑑𝑥 + 𝑦2 = −(𝑥2+2𝑥2𝑦 ) 

                                    Or, 𝑦 𝑑𝑦𝑑𝑥 + 𝑦22 = −(𝑥2+2𝑥2 )------------------------ (1) 

Let,  𝑦2 = 𝑣 

Or, 2𝑦 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 

Or, 𝑦 𝑑𝑦𝑑𝑥 = 12  𝑑𝑣𝑑𝑥 

Now, putting the value in equation (1), we get, 

      
12 𝑑𝑣𝑑𝑥 + 𝑣2 = − (𝑥2+2𝑥2 ) 



Or, 
𝑑𝑣𝑑𝑥 +  𝑣 =  −(𝑥2 + 2𝑥)------------------------------------------------ (2) 

Now, Integrating Factor (I.F) = 𝑒∫1 𝑑𝑥  
                                                    = 𝑒𝑥 

Now, from equation (2), 

      𝑒𝑥  𝑑𝑣𝑑𝑥 + 𝑒𝑥𝑣 =  −𝑒𝑥(𝑥2 + 2𝑥) 

Or, 
𝑑𝑑𝑥 (𝑣𝑒𝑥) =  −𝑒𝑥(𝑥2 + 2𝑥) 

Or, 𝑣𝑒𝑥 = −∫ 𝑒𝑥(𝑥2 + 2𝑥)𝑑𝑥 

Or, 𝑣𝑒𝑥 = −(𝑥2 + 2𝑥) ∫ 𝑒𝑥𝑑𝑥 + ∫(2𝑥 + 2)𝑒𝑥𝑑𝑥 

Or, 𝑣𝑒𝑥 = −(𝑥2 + 2𝑥)𝑒𝑥 + ∫2𝑥𝑒𝑥𝑑𝑥 + ∫ 2 𝑒𝑥𝑑𝑥 

Or, 𝑣𝑒𝑥 = −(𝑥2 + 2𝑥)𝑒𝑥 + 2𝑥𝑒𝑥 − ∫2 𝑒𝑥𝑑𝑥 + ∫2 𝑒𝑥𝑑𝑥 

Or, 𝑦2𝑒𝑥 = −𝑥2𝑒𝑥 + 𝑐  
Or, ( 𝑥2 + 𝑦2)𝑒𝑥 =  𝑐                        [Where c is an arbitrary constant] 

 

The required solution is. ( 𝑥2 + 𝑦2)𝑒𝑥 =  𝑐. 

8.Solve
𝒅𝒚𝒅𝒙 − ( 𝟏𝟏+𝒙) 𝐭𝐚𝐧𝒚 = (𝟏 + 𝒙)𝒆𝒙 𝐬𝐞𝐜 𝒚 

Solution: 

The given equation is, 
𝑑𝑦𝑑𝑥 − ( 11+𝑥) tan 𝑦 = (1 + 𝑥)𝑒𝑥 sec 𝑦 

                                   Or, cos 𝑦 𝑑𝑦𝑑𝑥 −( 11+𝑥) sin 𝑦 =  (1 + 𝑥)𝑒𝑥---------- (1) 



Let,  sin 𝑦 = 𝑣 

Or, cos 𝑦 𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 

Now, putting the value in equation (1), we get, 

        
𝑑𝑣𝑑𝑥 − 𝑣1+𝑥 = (1 + 𝑥)𝑒𝑥 --------------------------------------------- (2) 

Now, Integrating Factor (I.F)= 𝑒∫− 11+𝑥𝑑𝑥
 = 𝑒−∫ 11+𝑥𝑑𝑥  = 𝑒−log (1+𝑥) = (1 + 𝑥)−1 

Now, from equation (2), (1 + 𝑥)−1 𝑑𝑣𝑑𝑥 − (1 + 𝑥)−1 𝑣(1+𝑥) = (1 + 𝑥)−1{(1 + 𝑥)𝑒𝑥}  

Or, 
𝑑𝑑𝑥 {𝑣(1 + 𝑥)−1} =  𝑒𝑥 

Or, 𝑣(1 + 𝑥)−1 = ∫ 𝑒𝑥  𝑑𝑥 

Or, sin 𝑦 (1 + 𝑥)−1 = 𝑒𝑥 + 𝑐 

Or, 
sin𝑦1+𝑥 = 𝑒𝑥 + 𝑐                          [Where c is an arbitrary constant] 

 

The required solution is  
sin𝑦1+𝑥 = 𝑒𝑥 + 𝑐 .  

  9. Solve  
𝒅𝒚𝒅𝒙 + 𝒙𝒚𝟏−𝒙𝟐 = 𝒙√𝒚 



Solution: 

The given equation is,    𝑑𝑦𝑑𝑥 + 𝑥𝑦1−𝑥2 = 𝑥√𝑦 

                                  Or, 
1√𝑦  𝑑𝑦𝑑𝑥 + 𝑥√𝑦1−𝑥2 = 𝑥------------------------------- (1) 

Let, √𝑦 = 𝑣 

Or, 
12√𝑦  𝑑𝑦𝑑𝑥 = 𝑑𝑣𝑑𝑥 

Or, 
1√𝑦  𝑑𝑦𝑑𝑥 =  2 𝑑𝑣𝑑𝑥 

Now, putting the value in equation (1), we get, 

    2 𝑑𝑣𝑑𝑥 + 𝑥𝑣1−𝑥2 = 𝑥 

Or, 
𝑑𝑣𝑑𝑥 + 𝑥𝑣2(1−𝑥2) = 𝑥2--------------------------------------------------- (2) 

Now, Integrating Factor (I.F)= 𝑒∫ 𝑥2(1−𝑥2)𝑑𝑥
 

                                                = 𝑒12 ∫−𝑑𝑧2𝑧                    [  
 𝐿𝑒𝑡, 1 − 𝑥2 = 𝑧𝑂𝑟,−2𝑥𝑑𝑥 = 𝑑𝑧𝑂𝑟, 𝑥𝑑𝑥 = − 𝑑𝑧2 ]  

 
 

                                               = 𝑒− 14𝑙𝑜𝑔𝑧
 

                                               = 𝑧− 14 

                                              = (1 − 𝑥2)− 14 

Now, from equation (2), 

     [(1 − 𝑥2)− 14] 𝑑𝑣𝑑𝑥 + [(1 − 𝑥2)− 14] 𝑥𝑣2(1−𝑥2) = [(1 − 𝑥2)− 14] 𝑥2 



Or, 
𝑑𝑑𝑥 {𝑣 (1 − 𝑥2)− 14} = 𝑥2 √1−𝑥2  4    

Or, {𝑣 (1 − 𝑥2)− 14} = 12 ∫ 𝑥√1−𝑥24 𝑑𝑥 

Or, √𝑦 (1 − 𝑥2)− 14 = 12 ∫− 𝑧− 142 𝑑𝑧                      [   𝐿𝑒𝑡, 1 − 𝑥2 = 𝑧𝑂𝑟,−2𝑥𝑑𝑥 = 𝑑𝑧𝑂𝑟, 𝑥𝑑𝑥 = − 𝑑𝑧2 ]  
 
 

Or, 
√𝑦(1−𝑥2) 14 = − 14 ∫ 𝑧− 14 𝑑𝑧 

Or,  
√𝑦(1−𝑥2) 14 = − 14 [𝑧3434 ] + 𝑐  

Or,   
√𝑦(1−𝑥2) 14 = − 13 (1 − 𝑥2) 34 + 𝑐 

Or, √𝑦 = − 13 (1 − 𝑥2) + 𝑐(1 − 𝑥2) 14             [Where c is an arbitrary constant] 

 

The required solution is,  √𝑦 = − 13 (1 − 𝑥2) + 𝑐(1 − 𝑥2) 14  
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  10. Solve     
𝒅𝒚𝒅𝒙 + 𝒙𝒚 = 𝒙𝟑𝒚𝟑 

Solution: 𝑑𝑦𝑑𝑥 + 𝑥𝑦 = 𝑥3𝑦3                                              Let,     𝑦−2= z 



Or,  𝑦−3 𝑑𝑦𝑑𝑥 + 𝑥𝑦−2 = 𝑥3 −2 𝑦−3 𝑑𝑦𝑑𝑥 = 
𝑑𝑧𝑑𝑥 

Or,  − 12 𝑑𝑧𝑑𝑥 + 𝑥𝑧 = 𝑥3 

Or,  
𝑑𝑧𝑑𝑥 + (−2𝑥)𝑧 = −2𝑥3 ∴  𝐼. 𝐹. =  𝑒−∫2𝑥𝑑𝑥 = 𝑒−𝑥2

 

  

Hence the solution is: 𝑧𝑒−𝑥2 = ∫(−2𝑥3) 𝑒−𝑥2𝑑𝑥 + 𝑐 

= ∫𝑥2(−2𝑥) 𝑒−𝑥2𝑑𝑥 + 𝑐                      Let,    −𝑥2 = 𝑡 = ∫−𝑡. 𝑒𝑡𝑑𝑡 + 𝑐 − 2𝑥𝑑𝑥 = 𝑑𝑡 = −𝑡𝑒𝑡 + 𝑒𝑡 + 𝑐 = 𝑥2𝑒−𝑥2 + 𝑒−𝑥2 + 𝑐 ∴ 𝑦−2.𝑒−𝑥2 = (1 + 𝑥2)𝑒−𝑥2 + 𝑐 (𝐴𝑛𝑠. ) 

11.Solve     𝒙 𝒅𝒚𝒅𝒙 + 𝒚 𝐥𝐨𝐠𝒚 = 𝒙𝒚𝒆𝒙 

Solution:  𝑥 𝑑𝑦𝑑𝑥 + 𝑦 log𝑦 = 𝑥𝑦𝑒𝑥 

   Or, 
1𝑦 𝑑𝑦𝑑𝑥 + 1𝑥 log 𝑦 = 𝑒𝑥 

Putting       log 𝑦 = 𝑧,      ∴ 1𝑦 𝑑𝑦𝑑𝑥 = 𝑑𝑧𝑑𝑥 



 ∴  𝑑𝑧𝑑𝑥 + 𝑧𝑥 = 𝑒𝑥 

∴  𝐼. 𝐹. =  𝑒∫1𝑥𝑑𝑥 = 𝑒log 𝑥 = 𝑥 

 

Hence the solution is: 𝑧𝑥 = ∫𝑥 𝑒𝑥𝑑𝑥 + 𝑐 = 𝑥𝑒𝑥 − 𝑒𝑥 + 𝑐 ∴ 𝑥 log 𝑦 = 𝑥𝑒𝑥 − 𝑒𝑥 + 𝑐 

                                                                  (Ans.) 

  12. Solve 
𝒅𝒚𝒅𝒙 + 𝐬𝐢𝐧 𝟐𝒚𝒙 = 𝒙𝟐𝒄𝒐𝒔𝟐𝒚 

Solution:  𝑑𝑦𝑑𝑥 + sin 2𝑦𝑥 = 𝑥2𝑐𝑜𝑠2𝑦 

Or, 𝑠𝑒𝑐2𝑦 𝑑𝑦𝑑𝑥 + 𝑠𝑒𝑐2𝑦 2sin 𝑦 cos𝑦𝑥 = 𝑥2 

Or,     𝑠𝑒𝑐2𝑦 𝑑𝑦𝑑𝑥 + 2𝑥 tan 𝑦 = 𝑥2                                 Let,            tan 𝑦 = 𝑧 

Or,      
𝑑𝑧𝑑𝑥 + 2𝑥 𝑧 = 𝑥2      𝑠𝑒𝑐2𝑦 𝑑𝑦𝑑𝑥 = 𝑑𝑧𝑑𝑥 

 ∴  𝐼. 𝐹. =  𝑒∫2𝑥𝑑𝑥 = 𝑒2 log 𝑥 = 𝑥2 

 



Hence the solution is: 𝑧. 𝑥2 = ∫𝑥2 𝑥2𝑑𝑥 + 𝑐 

          = 𝑥55 + 𝑐 

∴     𝑥2tan 𝑦 = 𝑥55 + 𝑐 

(Ans.) 

 



  13. Solve       
𝒅𝒚𝒅𝒙 + 𝐬𝐢𝐧 𝟐𝒚𝒙 = 𝒙𝟐𝒄𝒐𝒔𝟐𝒚 

 

 Solution:      𝑒𝑥 𝑑𝑦𝑑𝑥 = 2𝑥𝑦2 + 𝑦𝑒𝑥 

 Or,         𝑒𝑥 𝑑𝑦𝑑𝑥 − 𝑦𝑒𝑥 = 2𝑥𝑦2 

Or,
1𝑦2 𝑑𝑦𝑑𝑥 + (− 1𝑦) = 2𝑥𝑒𝑥                                   Let,        − 1𝑦 = 𝑧 

 Or,         
𝑑𝑧𝑑𝑥 + 𝑧 = 2𝑥𝑒𝑥 1𝑦2 𝑑𝑦𝑑𝑥 = 𝑑𝑧𝑑𝑥 

 ∴  𝐼. 𝐹. =  𝑒∫𝑑𝑥 = 𝑒𝑥 

 

Hence the solution is:  𝑧𝑒𝑥 = ∫2𝑥𝑒𝑥 𝑒𝑥𝑑𝑥 + 𝑐 = 𝑥2 + 𝑐 ∴       − 1𝑦 𝑒𝑥 = 𝑥2 + 𝑐 

        (Ans.) 

  14.Solve 
𝟏𝒚𝟐 𝒅𝒚𝒅𝒙 − 𝟏𝒚 = 𝟐𝒙𝒆−𝒙

 

     Solution:  



1𝑦2 𝑑𝑦𝑑𝑥 + (− 1𝑦) = 2𝑥𝑒−𝑥                       Let,       − 1𝑦 = 𝑧 

Or,      
𝑑𝑧𝑑𝑥 + 𝑧 = 2𝑥𝑒−𝑥 1𝑦2 𝑑𝑦𝑑𝑥 = 𝑑𝑧𝑑𝑥 

 ∴  𝐼. 𝐹. =  𝑒∫𝑑𝑥 = 𝑒𝑥 

 

Hence the solution is: 𝑧. 𝑒𝑥 = ∫2𝑥𝑒−𝑥 𝑒𝑥𝑑𝑥 + 𝑐 = 𝑥2 + 𝑐 

          Or,− 1𝑦 𝑒𝑥 = 𝑥2 + 𝑐 ∴         𝑒𝑥 + 𝑐𝑦 + 𝑥2𝑦 = 0 

(Ans.) 
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Example 01: x
𝒅𝒚𝒅𝒙 + 𝒚𝟐𝒙 = 𝒚 

Solution : x dydx + y2x = y  
 

dydx − yx = −y2 

 y−2 dydx − y−1x = −1 

Let, y−1 = v 

 −y−2 dydx = dvdx 



 y−2 dydx = − dvdx 

 − dvdx − vx = −1 

 
dvdx + vx = 1 

I.F=elnx = x 

The solution becomes, 

 x dvdx + x vx = x 

 
ddx (vx) = x 

 vx=∫ xdx 

 
xy = x22 + c, is the solution.  
 

Example 02:
𝐝𝐲𝐝𝐱 + 𝟐𝐱𝐲 = −𝐱𝐲𝟒 

Solution:
dydx + 2xy = −xy4 

 y−4 dydx + 2xy−3 = −x 

Let,y−3 = v 

 −3y−4 dydx = dvdx 

 y−4 dydx = − 13 dvdx 

 − 13 dvdx + 2xv = −x 

 
dvdx − 6xv = 3x 

I.F=e∫ −6x = e−3x2
 

The solution becomes, 

 e−3x2 dvdx − e−3x26xv = e−3x2 3x 

 
ddx (v. e−3x2) = ∫ 3x e−3x2 dx 

 here, 
3x2 = z 

 6xdx =dz 

 3xdx = dz3  



 

Then,  

 v e−3x2 = ∫ e−z2 dz 

 y3𝑒−3x2 = − e3𝑥22 + C 

 
1y2 = − 12 + ce−3x2, is the solution  
 

 

3. Solve 
𝒅𝒚𝒅𝒙=(x

2
y

3
+xy) = 1 

Solution: The equation can be written as, 𝑑𝑥𝑑𝑦 - xy = x
2
y

3 

Dividing by x
2
,  x

-2𝑑𝑥𝑑𝑦 - 
𝑦𝑥 = y

3 

Put, - 
1𝑥=v, so, x

-2𝑑𝑥𝑑𝑦 = 
𝑑𝑐𝑑𝑦 

So, the equation becomes, 
𝑑𝑥𝑑𝑦+vy=y

3 

Linear in v and y, I.F.=𝑒∫ 𝑦𝑑𝑦=𝑒12𝑦2
 𝑣𝑒12𝑦2

 = ∫  y
3𝑒12𝑦2

dy+C,     
12 𝑦2=t, ydy=dt 

 = ∫ te
t
dt +C = 2e

t
(t-1)+C 

Or, - 
1𝑥 𝑒12𝑦2

 = 2𝑒12𝑦2
(
12 𝑦2-1)+C 

Or, 
1𝑥 = (2-y

2
)-C𝑒12𝑦2

 is the solution.  

 



4. Solve tany
𝒅𝒚𝒅𝒙 + tanx = cosycos

2
x 

Solution. tany
𝑑𝑦𝑑𝑥 + tanx = cosycos

2
x 

secytany
𝑑𝑦𝑑𝑥 +secy tanx = cos

2
xWriting, z=secy, so that 

𝑑𝑧𝑑𝑥 secy tany 𝑑𝑦𝑑𝑥 

The equations becomes 
𝑑𝑧𝑑𝑥 + ztanx = cos

2
x 

    I.F. = 𝑒∫ 𝑡𝑎𝑛𝑥𝑑𝑥  = 𝑒𝑙𝑜𝑔𝑠𝑒𝑐𝑥=secx 

The solution of the equation is 

zsecx = ∫ cos
2
xsecxdx – C 

secysecx = ∫ cosxdx – C = sinx-C 

secy = (sinx-C)cosx,is the solution  
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Example 1: Solve  

 

 

Solation : We have,  

 

   

  Or  

 

 

2
x

e
3

y
dx

dy
xy



2
x3

ey
dx

dy
xy



).....(.................... i
2xe2xy

dx

dy3y 

v
2

y 
dx

dv

dx

dy3
2y 



Put                            Or   

 

    

 

 

    

   Or  

 

 

Now,    I.F  

 

         

Now, From  equation  (ii)  ,  We get, 

 

  Or 

 

 

  Or    

 

 

  Or      

 

 

  Or        

 

 

2x
exv

dx

dv

2

1 

)...(.................... ii
2x

2e2xv
dx

dv 


2xdx

e

2
x

e

2x
e

2x
2e

2x
e2xv

2x
e

dx

dv


2
2x

ve
dx

d









c2x
2x

ve 

c2x
2

y

2x
e

 :Ans









gIntegratinBy



 

Example 2: Solve The Partial differntial 

 

equation         

 

Solation:    We have, 

 

 

 

  Or   

 

  Or  

 

   

  Or 

 

 

Now,    If  

 

  

 

 

 

 

    Required    Solation   is      

 

  0 dyyxdxy loglog

  0 dyyxydxy loglog

 
yy

yx

dy

dx

log

log


yy

yx

dx

dx

log

log


y

1

ylogy

x

dy

dx





.dy
ylog

1

e











logylog

e

ylog

   bylog
y

1
xlogy



   

  Or  

 

Example 3: Solve  2xydy- (x
2
+ y

2
+ 1) dx =0 

 

 Solution: Given that,  

     2xydy- (x
2
+ y

2
+ 1) dx=0 

   or, 2xy 
dx

dy
 = x

2
+ y

2
+ 1  

   or, 2xy 
dx

dy
 -y

2
= x

2+1 

   
or, 2y 

dx

dy
- 

x

y2

- x
x

1
 ...........(i)  

Now, Puting y
2
=V 

   or, 2y
dx

dy
 =

dx

dv
.......................(ii) 

From   (i) and (ii) we get,  

   x
x

1

x

v

dx

dv
 .........................(iii) 

Now, I.F =e  dx
x

1
 

  
= e

-logx 

= e
-logx

1
 

  
= x

-1 

   

From (iii) We get,  

  

dx

dv
×x

-1
-

x

v
× x

-1 
= 

x

1
× x

-1 
+x× x

-1 

 
c

2

logy
xlogy

2





 

or,
ddx(v 1x)=

1x2+1 

 

By integration,we get, 

v 1x=-
1x+x+c 

 

or,  
y2x =x-

1x+c 

 

y2x-1=x-x-1+c 

 

Example4:    solve     

 

solution: Given that, 

                                  

 

or,   

 

let,         

or,     

 

from(1) we get, 

                            

now,I.F = e  tanxdx  

vy sin

yxxy
dx

dy
seccostantan 

yxxy
dx

dy
seccostantan 

).(....................cossin.tancos ixyx
dx

dy
y 

dx

dv

dx

dy
y cos

)..(..............................costan iixxv
dx

dv




  =e  dx
xcos

xsin
 

Let,            cosx = z 

Or, -sinxdx =  

Now,  I.F  = e 


z

dz
 

    = e 
–logz 

    =  e 
logz-1  

    = z
-1 

   = 
1cosx 

   = secx 

 

From (ii) we get , 

   
dvdx  secx+tanx secx-v=cosx .secx 

Or, 1)xsecV(
dx

d
  

By integration,  

   vsecx= x+c  

Or, siny secx= x+c        

Example 5:  solve siny )ycosx1(ycos
dx

dy
  

Solution:  Given,     Siny )ycosx1(ycos
dx

dy
  

or,  secy tany xysec
dx

dy
  

or,  secy tany 
dx

dy
- secy = - x………….(i) 

let,   secy =v 

dz



or,  secy tany 
dx

dy
= 

dx

dv
 

   

from (i)  

 
dx

dv
-v= x ………………(ii) 

 

Now, I.F = e  dx-  

 = e
-x

 

from (ii),   

 
dx

dv
 e

-x
-ve

-x
 = -xe 

-x 

 

         Or,        
dx

d
(ve

-x
) = -xe

-x 

 

By integratiag, 

  ve
-x

 = xe
-x

 -e
-x

 +c 

 

 or,  secy e
-x 

=xe
-x

-e
-x

+c 

 or,  secy = x-1+ce
x
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Solve the following Bernoulli differential equations: 



 

Exercise 1.2 
𝒅𝒚𝒅𝒙 - 

𝒚𝒙  = 
𝒚²𝒙² 

 

2 
𝑑𝑦𝑑𝑥 - 

𝑦𝑥  = 
𝑦²𝑥² 

or, 2 y
-2𝑑𝑦𝑑𝑥 – y

-2𝑦𝑥  = 
𝑦²𝑥² y-2 

or, 2 y
-2𝑑𝑦𝑑𝑥 – y

-11𝑥 = 
1𝑥²…….. (i) 

 

let,  

y
-1

 = V  

or, -y-2 
𝑑𝑦𝑑𝑥 = 𝑑𝑉𝑑𝑥 

or, y-2 
𝑑𝑦𝑑𝑥 = − 𝑑𝑉𝑑𝑥 

 

Substituting the value of  y-2 
𝑑𝑦𝑑𝑥  𝑎𝑛𝑑 y-1

in equation (i), 

 

2 y
-2𝑑𝑦𝑑𝑥 – y

-11𝑥 = 
1𝑥² 



or,-2 
𝑑𝑉𝑑𝑥-  

𝑉𝑥 = 
1𝑥2 

or,  
𝑑𝑉𝑑𝑥+ 

𝑉2𝑥 = - 
2𝑥2 …………(ii) 

 

This is of the form 
𝑑𝑦𝑑𝑥+ P(x)y= Q(x)where,  

P(x) = 
𝑉2𝑥 

           Q(x) = − 2𝑥2 

 

Integrating Factor, I.F = 𝑒∫𝑝 𝑑𝑥 

= 𝑒∫ 𝑉2𝑥𝑑𝑥
 

= 𝑒12 ∫1𝑥 𝑑𝑥
 

       = 𝑒𝑙𝑛𝑥12
 

= √𝑥 

 

multiplying equation (ii) with this integrating factor we 

get,  



 √𝑥 𝑑𝑉𝑑𝑥 + 𝑉2𝑥 √𝑥= − 2𝑥2 √𝑥 

or, √𝑥 𝑑𝑉𝑑𝑥 + 𝑉2√𝑥 = −2 𝑥−32 

or, 
𝑑𝑑𝑥 ( V . √𝑥) = -2 𝑥−32 

or, V √𝑥= -2 
𝑥−12−12  + C (By integrating)  

or, 
1𝑦 = C𝑥−12 + 𝑥−1 , Which is the complete solution of 

this Bernoulli differential equation. 

 

Exercise 2.
𝑑𝑦𝑑𝑥 +  

1𝑥  = 
𝑒𝑦𝑥²  

 𝑑𝑦𝑑𝑥 +  
1𝑥  = 

𝑒𝑦𝑥²  

or,𝑒−𝑦 𝑑𝑦𝑑𝑥 +  
𝑒−𝑦𝑥  = 

1𝑥²…….. (i) 

 

let,  



𝑒−𝑦 = V   

or, 𝑒−𝑦 𝑑𝑦𝑑𝑥 = 𝑑𝑉𝑑𝑥 

or, 𝑒−𝑦 𝑑𝑦𝑑𝑥 = − 𝑑𝑉𝑑𝑥 

 

Substituting the value of  𝑒−𝑦 𝑑𝑦𝑑𝑥  𝑎𝑛𝑑𝑒−𝑦in equation (i), 

 𝑒−𝑦 𝑑𝑦𝑑𝑥 +  
𝑒−𝑦𝑥  = 

1𝑥² 
or,- 

𝑑𝑉𝑑𝑥+ 
𝑉𝑥 = 

1𝑥2 

or, 
𝑑𝑉𝑑𝑥- 

𝑉𝑥 = − 1𝑥2…………(ii) 

 

This is of the form 
𝑑𝑦𝑑𝑥+ P(x)y= Q(x)where, 

 

P(x) = − 1𝑥 

           Q(x) = − 1𝑥2 

 



Integrating Factor, I.F. = 𝑒∫𝑝(𝑥) 𝑑𝑥 

                                        = 𝑒−∫1𝑥 𝑑𝑥
 

 = 𝑒𝑙𝑛𝑥−1
 

 = 
1𝑥 

multiplying equation (ii) with this integrating factor we 

get,  

 1𝑥 𝑑𝑉𝑑𝑥- 
𝑉𝑥 .

1𝑥 = − 1𝑥2 . 1𝑥 

or, 
1𝑥 𝑑𝑉𝑑𝑥+ 

𝑉𝑥2 = − 𝑥−3 

or, 
𝑑𝑑𝑥 ( V . 

1𝑥) = − 𝑥−3 

or,  
𝑉𝑥= − 𝑥−2−2 + 𝐶(By integrating) 

or, 𝑒−𝑦 = 12𝑥 + C𝑥 ,Which is the complete solution of this 

Bernoulli differential equation. 

 

 



 

Exercise 3.2 
𝑑𝑦𝑑𝑥 + 𝑦 = 𝑦3(𝑥 − 1) 

 

2 
𝑑𝑦𝑑𝑥 + 𝑦 = 𝑦3(𝑥 − 1) 

or, 2 y
-3𝑑𝑦𝑑𝑥 + 𝑦𝑦−3= (𝑥 − 1) 

or, 2 y
-3𝑑𝑦𝑑𝑥 + 𝑦−2= (𝑥 − 1)…….. (i) 

 

let,  𝑦−2 = V  

or, 2 y
-3𝑑𝑦𝑑𝑥 = 𝑑𝑉𝑑𝑥 

 

Substituting the value of 2 y
-3𝑑𝑦𝑑𝑥  𝑎𝑛𝑑 y-2

in equation (i), 

 

or, 2 y
-3𝑑𝑦𝑑𝑥 + 𝑦−2= (𝑥 − 1) 

or, 
𝑑𝑉𝑑𝑥  + V = (𝑥 − 1)…………(ii) 



 

This is of the form 
𝑑𝑦𝑑𝑥+ P(x)y= Q(x)where,  

 P(x) = 1 

           Q(x) = (𝑥 − 1) 

 

Integrating Factor, I.F.= 𝑒∫𝑝 𝑑𝑥 

                                        = 𝑒∫𝑑𝑥 

                                        = 𝑒12 ∫1𝑥 𝑑𝑥
  = 𝑒𝑥 

multiplying equation (ii) with this integrating factor we 

get,  

 𝑒𝑥, 
𝑑𝑉𝑑𝑥  +V .𝑒𝑥= (𝑥 − 1)𝑒𝑥 

or, 
𝑑𝑑𝑥 (V. 𝑒𝑥) = 𝑥𝑒𝑥 − 𝑒𝑥 

or, V. 𝑒𝑥 = ∫ 𝑥𝑒𝑥 𝑑𝑥 − ∫ 𝑒𝑥 𝑑𝑥(By integrating) 

 

Now, 𝑒𝑥 = ∫ 𝑥𝑒𝑥 𝑑𝑥 



     = 𝑥 ∫ 𝑒𝑥 𝑑𝑥 - ∫(𝑑𝑥𝑑𝑥 ∫ 𝑒𝑥 𝑑𝑥) 𝑑𝑥 = 𝑥 𝑒𝑥 − ∫𝑒𝑥 𝑑𝑥 

 

V. 𝑒𝑥 = ∫ 𝑥𝑒𝑥 𝑑𝑥 − ∫ 𝑒𝑥 𝑑𝑥 

or, V. 𝑒𝑥 = 𝑥 𝑒𝑥 − ∫ 𝑒𝑥 𝑑𝑥 − ∫𝑒𝑥 𝑑𝑥 

or, V. 𝑒𝑥 = 𝑥 𝑒𝑥 − 𝑒𝑥 − 𝑒𝑥 + 𝐶 

or, 𝑦−2 = 𝑥 − 2 + 𝐶𝑒−𝑥,Which is the complete solution 

of this Bernoulli differential equation. 

 

Exercise 4.cos 𝑥 𝑑𝑦𝑑𝑥 + 𝑦 sin 𝑥 + 2𝑦3 = 0  
 cos 𝑥 𝑑𝑦𝑑𝑥 + 𝑦 sin 𝑥 + 2𝑦3 = 0  
or,

𝑑𝑦𝑑𝑥 + 𝑦 sin𝑥cos𝑥= − 2𝑦3 1cos 𝑥 

or, 𝑦−3 𝑑𝑦𝑑𝑥 + 𝑦. 𝑦−3 tan 𝑥 = − 2 sec 𝑥 

or, 𝑦−3 𝑑𝑦𝑑𝑥 + 𝑦−2 tan 𝑥 = − 2 sec 𝑥…….. (i) 



let,  𝑦−2 = V  

or, 2 y
-3𝑑𝑦𝑑𝑥 = 𝑑𝑉𝑑𝑥 

or,  y
-3𝑑𝑦𝑑𝑥 = − 12 𝑑𝑉𝑑𝑥 

 

Substituting the value of y
-3𝑑𝑦𝑑𝑥 𝑎𝑛𝑑 𝑦−2in equation (i), 

𝑦−3 𝑑𝑦𝑑𝑥 + 𝑦−2 tan 𝑥 = − 2 sec 𝑥 

or, − 12 𝑑𝑉𝑑𝑥  + V. tan 𝑥 = − 2 sec 𝑥 

or,
𝑑𝑉𝑑𝑥 − 2V. tan 𝑥 = 4 sec 𝑥…………(ii) 

 

This is of the form 
𝑑𝑦𝑑𝑥+ P(x)y= Q(x)where,  

P(x) = − tan𝑥  
           Q(x) = −4 sec 𝑥 

 

Integrating Factor, I.F.=𝑒∫𝑝 𝑑𝑥 



                                        = 𝑒−∫ tan𝑥 𝑑𝑥 

                                        = 𝑒−2 ln(sec𝑥) 
                                        = (sec 𝑥)−2 

                                        = 
1𝑠𝑒𝑐2𝑥 

                                        = 𝑐𝑜𝑠2𝑥 

 

multiplying equation (ii) with this integrating factor we 

get,  

 𝑑𝑉𝑑𝑥 − 2V. tan 𝑥 = 4 sec 𝑥 

or, 
𝑑𝑉𝑑𝑥 𝑐𝑜𝑠2𝑥 − 2V. tan 𝑥  𝑐𝑜𝑠2𝑥 = 4 sec 𝑥 𝑐𝑜𝑠2𝑥 

or, 𝑐𝑜𝑠2𝑥 𝑑𝑉𝑑𝑥 − V. 𝑐𝑜𝑠2𝑥  2  sin𝑥cos𝑥 =  4𝑐𝑜𝑠2𝑥 . 
1cos𝑥 

or, 𝑐𝑜𝑠2𝑥 𝑑𝑉𝑑𝑥 – V. 2 cos 𝑥 (−sin 𝑥) =  4 cos 𝑥 

or, 
𝑑𝑑𝑥 (V . 𝑐𝑜𝑠2𝑥 ) =  4 cos 𝑥 

or, V . 𝑐𝑜𝑠2𝑥 = 4 sin 𝑥 + C (By integrating) 



or, 𝑦−2𝑐𝑜𝑠2𝑥  = 4 sin 𝑥 + C ,Which is the complete 

solution of this Bernoulli differential equation. 

 

Exercise 5.
𝑑𝑦𝑑𝑥 + 

𝑦3 = 𝑒𝑥𝑦4 

 𝑑𝑦𝑑𝑥 + 
𝑦3 = 𝑒𝑥𝑦4 

or, 𝑦−4 𝑑𝑦𝑑𝑥 + 
𝑦.𝑦−43  = 𝑒𝑥 

or, 𝑦−4 𝑑𝑦𝑑𝑥 + 
𝑦−33  = 𝑒𝑥…….. (i) 

 

let,  𝑦−3 = V  

or, -3 𝑦−4 𝑑𝑦𝑑𝑥 = 𝑑𝑉𝑑𝑥 

or, 𝑦−4 𝑑𝑦𝑑𝑥 = − 13 𝑑𝑉𝑑𝑥 

 

Substituting the value of  𝑦−4 𝑑𝑦𝑑𝑥  𝑎𝑛𝑑 𝑦−3in equation (i), 



 

or, 𝑦−4 𝑑𝑦𝑑𝑥 + 
𝑦−33  = 𝑒𝑥 

or,− 13 𝑑𝑉𝑑𝑥 + 𝑉3 = 𝑒𝑥 

or, 
𝑑𝑉𝑑𝑥 − V = −3𝑒𝑥…………(ii) 

 

This is of the form 
𝑑𝑦𝑑𝑥+ P(x)y= Q(x)where,  

P(x) =− 1 

           Q(x) = −𝑒𝑥 

 

Integrating Factor, I.F.=𝑒∫𝑝 (𝑥) 𝑑𝑥 

                                        = 𝑒∫−𝑑𝑥 

                                        = 𝑒−𝑥 

 

multiplying equation (ii) with this integrating factor we 

get,  

 



𝑑𝑉𝑑𝑥 − V = −3𝑒𝑥 

 

or,𝑒−𝑥 𝑑𝑉𝑑𝑥 − V. 𝑒−𝑥 = −3𝑒𝑥. 𝑒−𝑥 

or, 𝑒−𝑥 𝑑𝑉𝑑𝑥 + V. (−𝑒−𝑥) = −3 

or, 
𝑑𝑑𝑥 (V . 𝑒−𝑥 ) =  −3  

or, V 𝑒−𝑥 = −3𝑥 + 𝐶 (By integrating) 

or, 𝑦−3𝑒−𝑥= −3𝑥 + 𝐶  
or, 

1𝑦3 𝑒−𝑥= 𝑒𝑥(𝐶 − 3𝑥),Which is the complete solution 

of this Bernoulli differential equation. 

(152 – 157 ) 

Exact Differential Equation: 𝐴 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0  
or, 𝑀 + 𝑁 𝑑𝑦𝑑𝑥 = 0 is called an exact D.E if it satisfies the following condition 𝜕𝑀𝜕𝑦 = 𝜕𝑁𝜕𝑥  

Working Rules: 

i) Integreting M, with respect to x treating y as a constant. 

ii) Find out those terms in ‘N’ which is free from x, then integrate them with respect 

to y. 

iii) Adding i and ii i,e (i) + (ii)) = C 

 

Example:  𝑥𝑑𝑦 + 𝑦𝑑𝑥 = 0 



𝜕𝑀𝜕𝑦 = 𝜕𝑦𝜕𝑦 = 1 𝜕𝑁𝜕𝑋 = 𝜕𝑥𝜕𝑥 = 1 

as 𝜕𝑀𝜕𝑦 = 𝜕𝑁𝜕𝑥 = 1; So the equation is an exact equation ∫𝑀𝑑𝑥 = ∫𝑦𝑑𝑥 = 𝑦𝑥 

N terms free from x is o whose integreting𝐶1 

Therefore, the general solution of the given equation is  𝑥𝑦 + 𝐶1 = 𝐶2 𝑥𝑦 = 𝐶 

 

1. (𝒚𝟒 + 𝟒𝒙𝟑 + 𝟑𝒙)𝒅𝒙 + (𝒙𝟏 + 𝟒𝒙𝒚𝟑 + 𝒚 + 𝑰)𝒅𝒚 = 𝟎 
Solution: Here 𝑀 = 𝑦4 + 4𝑥3 + 3𝑥 𝑎𝑛𝑑 𝑁 = 𝑥1 + 4𝑥𝑦3 + 𝑦 + 𝐼 𝜕𝑀𝜕𝑦 = 4𝑦3 + 4𝑥3 𝑎𝑛𝑑 𝜕𝑁𝜕𝑥 = 4𝑥3 + 4𝑦3 

Since there are equal, the equation is exact.  

To find solution if the differential equation, integrating 𝑀 𝑖, 𝑒. 𝑦34𝑥3𝑦 +3𝑥 𝑤. 𝑟. 𝑡. 𝑥, keeping 𝑦 as constant, we get  𝑦3𝑥  𝑥3𝑦 + 12𝑥2 

In 𝑥4 +  4𝑥𝑦3 + 𝑦 + 1, terms free from 𝑥 are 𝑦 + 1 whose integral with respect to 𝑦 is 12 𝑦2 + 𝑦. 
Therefore the general solution is 𝑦4𝑥 + 𝑥4𝑦 + 23𝑥2 + 12 𝑦2 + 𝑦 = 𝐶. 

2. Solve x(𝒙𝟐 + 𝒚𝟐 − 𝒂𝟐) dx+y (𝒙𝟐 − 𝒚𝟐 − 𝒃𝟐)dy=0 

Solution. Here 𝑀 = 𝑥3 + 𝑥𝑦2 − 𝑎2𝑥. 𝑁 = 𝑦𝑥2 − 𝑦3 − 𝑏2𝑦 𝜕𝑀𝜕𝑦 =2xy and 
𝜕𝑁𝜕𝑥 =2xy. 

Since these are equal, the equation is exact,  

Integrating Mw.r.t. x keeping y as constant, we get 14 𝑥4 + 12𝑥2𝑦2 − 12𝑎2𝑥2 

In N, terms free from x are −y3 − b2y whose integral is 



−12𝑦4 − 12𝑏2𝑦2 

Hence the general solution is 12 𝑥4 + 12 𝑥2𝑦2 − 12 𝑎2𝑥2 − 12 𝑦4 − 12 𝑏2𝑦2 =const.  

or,𝑥4 − 𝑦4 + 2𝑥2𝑦2 − 2𝑏2𝑦2 = 𝐶 

3. Solve (x2–2xy + 3y2) dx + (4y3–6xy–x2) dy=0. 

Solution. Here 
𝜕𝑀𝜕𝑦 = −2+6y,  

𝜕𝑁𝜕𝑥 = 6𝑦 −2x.  

Since these are equal the equation is exact. 

Integrating 𝑀, 𝑖. 𝑒. 𝑥2 −  2𝑥𝑦 + 3𝑦2 𝑤. 𝑟. 𝑡. 𝑥keeping yas constant,  

we get 13 𝑥3 − 𝑥2𝑦 + 3𝑦2𝑥 

In N, term free from x is +4y3 whose integral is y4.  

Hence the solution is  
13 𝑥3 − 𝑥2𝑦 + 3𝑦2𝑥 + 𝑦4 = 𝐶 

Ex. 4. Solve (y−2ev) dy +(y+xsin x) dx=0). 

Solution. Here M = y + x sin x .  N = x − 2ev 𝜕𝑀𝜕𝑦 = 1, 𝜕𝑁𝜕𝑥 =1; therefore equation is exact. 

Integrating 𝑦 + 𝑥 sin 𝑥with respect to 𝑥 keeping as constant,  

we get 𝑥𝑦 + ∫ 𝑥𝑠𝑖𝑛 𝑥 𝑑𝑥 = 𝑥𝑦 − 𝑥 𝑐𝑜𝑠 𝑥 + −𝑠𝑖𝑛 𝑥. 
In N, term free from 𝑥 𝑖𝑠 − 2𝑒𝑣whose integral with respect to 𝑦 𝑖𝑠 − 2𝑒𝑣 

Hence the complete solution is 𝑥𝑦 − 𝑥 𝑐𝑜𝑠 𝑥 + 𝑠𝑖𝑛 𝑥 − 2𝑒𝑣 = 𝐶.  

5. Solve 𝒙 𝒅𝒙 + 𝒚 𝒅𝒚 = 𝒂𝟐 (𝒙 𝒅𝒚−𝒚 𝒅𝒙).𝒙𝟐+𝒚𝟐  

Solution. The equation can be put as (𝑥 + 𝑎2𝑦𝑥2 + 𝑦2)𝑑𝑥 + (𝑦 − 𝑎2𝑥𝑥2 + 𝑦2)𝑑𝑦 = 0 

Here 𝑀 = 𝑥 + 𝑎2𝑦𝑥2+𝑦2  𝑎𝑛𝑑 𝑁 = 𝑥 + 𝑎2𝑦𝑥2+𝑦2 ∴ 
𝜕𝑀𝜕𝑦 = (𝑥2+𝑦2)𝑎2−𝑎2𝑦.2𝑦(𝑥2+𝑦2)2 = 𝑎2(𝑥2−𝑦2)(𝑥2+𝑦2)2  

and
𝜕𝑁𝜕𝑥 = −𝑎2(𝑥2+𝑦2)+2𝑎2𝑥2(𝑥2+𝑦2)2 = 𝑎2(𝑥2−𝑦2)(𝑥2+𝑦2)2  



Since 
𝜕𝑀𝜕𝑦 = 𝜕𝑁𝜕𝑥 , the equation is exact.  

Integrating 𝑀 𝑤. 𝑟. 𝑡. 𝑥 regarding y as constant, we get 12 𝑥2 + 𝑎2𝑦 12 𝑡𝑎𝑛−1 𝑥𝑦    𝑜𝑟 12 𝑥2 + 𝑎2𝑡𝑎𝑛−1 𝑥𝑦 

N, term free from x is y whose integral is 
12 𝑦2 

Hence the solution is 
12 𝑥2 + 𝑎2𝑡𝑎𝑛−1 𝑥𝑦 + 12 𝑦2=const.  

or𝑥2 + 𝑦2 + 2𝑎2𝑡𝑎𝑛−1 𝑥𝑦 = 𝐶. 
Ex. 6. Solve (𝟏 + 𝒆𝒙 𝒚⁄ )𝒅𝒙 + 𝒆𝒙 𝒚⁄  (𝟏 − 𝒙/𝒚) 𝒅𝒚 = 𝟎. 
Solution. Here 𝑀 = 1 + −𝑒𝑥 𝑦⁄  𝑎𝑛𝑑 𝑁 = 𝑒𝑥 𝑦⁄  (1 − 𝑥 𝑦⁄ ). ∴ 

𝜕𝑀𝜕𝑦 = 𝑒𝑥 𝑦⁄ (− 𝑥𝑦2) 

and
𝜕𝑁𝜕𝑥 = 𝑒𝑥 𝑦⁄ 1𝑦 (1 − 𝑥𝑦) + 𝑒𝑥 𝑦⁄ (− 1𝑦) = 𝑒𝑥 𝑦⁄ (− 𝑥𝑦2) 

Since 
𝜕𝑀𝜕𝑦 = 𝜕𝑁𝜕𝑥 , the equation is exact.  

Now integrating 1 + 𝑒𝑥 𝑦⁄ with respect to x keeping 𝑦 as constant,  

we get 𝑥 + 𝑒𝑥 𝑦⁄1 𝑦⁄ 𝑖. 𝑒. , 𝑥 + 𝑦𝑒𝑥 𝑦⁄  

In 𝑁𝑖𝑒., in 𝑒𝑥 𝑦⁄ (𝐼 − 𝑥/𝑦) there is no term free from 𝑥.  

Hence the required solution is 𝑥 +  𝑦𝑒𝑥 𝑦⁄ = 𝐶. 
 

Ex.7.[𝒄𝒐𝒔 𝒙 𝒕𝒂𝒏 𝒚 + 𝒄𝒐𝒔 (𝒙 +  𝒚)] 𝒅𝒙 

    +[𝒔𝒊𝒏 𝒙 𝒔𝒆𝒄𝒚 + 𝒄𝒐𝒔 (𝒙 + 𝒚)] 𝒅𝒚 = 𝟎. 
Solution. Here 𝑀 = 𝑐𝑜𝑠 𝑥 𝑡𝑎𝑛 𝑦 + 𝑐𝑜𝑠 (𝑥 +  𝑦), 

and𝑁 = 𝑠𝑖𝑛 𝑥 𝑠𝑒𝑐2 𝑦 + 𝑐𝑜𝑠 (𝑥 + 𝑦).  
Now

𝜕𝑀𝜕𝑦 = 𝑐𝑜𝑠 𝑟 𝑠𝑒𝑐2 𝑦 − 𝑠𝑖𝑛 (𝑥 +  𝑦), 𝜕𝑁𝜕𝑥= 𝑐𝑜𝑠 𝑥 𝑠𝑒𝑐2 𝑦 − 𝑠𝑖𝑛 (𝑥 − 𝑦) 

Since these are equal, the equation is exact. 

Now integrating𝑀, 𝑖𝑒. cos 𝑥 tan 𝑦 − cos (𝑥 + 𝑦) with respect to 𝑥 keeping 𝑦as constant, 

we get 𝑠𝑖𝑛 𝑥 𝑡𝑎𝑛 𝑟 + 𝑠𝑖𝑛 (𝑥 + 1) 

In N, there is no term free from 𝑥 

Hence the general solution is 



𝑠𝑖𝑛 𝑥 𝑡𝑎𝑛 𝑦 + 𝑠𝑖𝑛 (𝑥 + 1) = 𝐶.  

Ex. 8.(𝐜𝐨𝐬 𝒙 𝐭𝐚𝐧𝒚 − 𝐬𝐢𝐧 𝒙 𝐬𝐞𝐜 𝒚)𝒅𝒙 +(𝒔𝒊𝒏 𝒙 𝒔𝒆𝒄𝟐𝒚 + 𝒄𝒐𝒔 𝒙 𝒕𝒂𝒏𝟐 𝒚 𝒄𝒐𝒔𝒆𝒄 𝒚)𝒅𝒚 = 𝟎 

Soln. We have 𝑀 = cos 𝑥 tan 𝑦 − sin 𝑥 sec 𝑦 ;  𝑎𝑛𝑑 𝑁 = sin 𝑥 𝑠𝑒𝑐2 𝑦 + 𝑐𝑜𝑠 𝑥 𝑡𝑎𝑛2 𝑦 𝑐𝑜𝑠𝑒𝑐 𝑦. 𝜕𝑀𝜕𝑦 = 𝑐𝑜𝑠 𝑥 𝑠𝑒𝑐2 𝑦 − 𝑠𝑖𝑛 𝑥 𝑠𝑒𝑐 𝑦 𝑡𝑎𝑛 𝑦, 𝜕𝑁𝜕𝑥= 𝑐𝑜𝑠 𝑥 𝑠𝑒𝑐2 𝑦 − 𝑠𝑖𝑛 𝑥 𝑡𝑎𝑛 𝑦 𝑠𝑒𝑐 𝑦 

Since 
𝜕𝑀𝜕𝑦 = 𝜕𝑁𝜕𝑥 , the equation is exact.  

Integrating 𝑀 𝑖𝑒. 𝑐𝑜𝑠 𝑥 𝑡𝑎𝑛 𝑦 − 𝑠𝑖𝑛 𝑥 𝑠𝑒𝑐 𝑦 with regard to keeping y as constant we get 𝑠𝑖𝑛 𝑥 𝑡𝑎𝑛 𝑦 + 𝑐𝑜𝑠 𝑥 𝑠𝑒𝑐 𝑦. 
In N there is no term free from 𝑥. 
Hence the general solution is 𝑠𝑖𝑛 𝑥 𝑡𝑎𝑛 𝑦 + 𝑐𝑜𝑠 𝑥 𝑠𝑒𝑐 𝑦 = 𝐶. 

Ex. 9. Solve (𝒔𝒊𝒏 𝒙 𝒄𝒐𝒔 𝒚 + 𝒆𝟐𝒙) 𝒅𝒙 

     +(𝒄𝒐𝒔 𝒙 𝒔𝒊𝒏 𝒚 + 𝒕𝒂𝒏 𝒚)𝒅𝒚 = 𝟎 

Soln.Here
𝜕𝑀𝜕𝑦 = −𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦, 𝜕𝑁𝜕𝑥 = −𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦 

Since these are equal, the equation is exact. 

Integrating 𝑀𝑖. 𝑒. , 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑦 + 𝑒2𝑥 𝑤. 𝑟. 𝑙. 𝑥, keeping 𝑦as constant, we 

get− 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 + 12 𝑒2𝑥 

Also in N the term free from 𝑥 is 𝑡𝑎𝑛 𝑦 whose integral 𝑤. 𝑟. 𝑡 𝑦 is log 𝑠𝑒𝑐 𝑦. 
Hence the solution is −𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 + 12 𝑒2𝑥  + 𝑙𝑜𝑔 𝑠𝑒𝑐 𝑦 = 𝐶 

Ex. 10.Solve  ( r+ sin𝜽 − 𝒄𝒐𝒔𝜽)𝒅𝒓 + 𝒓(𝒔𝒊𝒏𝜽+cos𝜽)𝒅𝜽 = 𝟎 

Sol
n
.Here we have r and 𝜃 𝑖𝑛 𝑝𝑙𝑎𝑐𝑒 𝑜𝑓 𝑢𝑠𝑢𝑎𝑙 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 𝑥 𝑎𝑛𝑑 𝑦. 

Comparing the given equation withM dr +N d𝜃 = 0,𝑀 =r +sin𝜃 − 𝑐𝑜𝑠𝜃,𝑁 = 𝑟(𝑠𝑖𝑛𝜃 + 𝑐𝑜𝑠𝜃). 
So, 𝜕𝑀/𝜕𝜃 =cos 𝜃 + 𝑠𝑖𝑛𝜃 = 𝜕𝑁/𝜕𝑟 .so equation is exact with solution  

∫𝑀 𝑑𝑥 +∫( 𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑟) = 𝑐 

Or,                  ∫(𝑟 + 𝑠𝑖𝑛𝜃 − 𝑐𝑜𝑠𝜃)𝑑𝑟 = 𝑐 



Or,               r
2
/2 +r(sin𝜃 − 𝜃) = 𝑐 

 

Ex. 11. Show (𝟒𝒙 + 𝟑𝒚 + 𝟏)𝒅𝒙 + (𝟑𝒙 + 𝟐𝒚 + 𝟏)𝒅𝒚 =0 is a family of hyperbolas with a 

common axis and tangent at the vertex. 

Sol
n.Given  (4𝑥 + 3𝑦 + 1)𝑑𝑥 + (3𝑥 + 2𝑦 + 1)𝑑𝑦 = 0     ……..(1) 

      Comparing (1) with M dx +N dy =0  here,      M=4x +3y +1,       N= 3x +2y +1. 

 Here 𝜕𝑀/𝜕𝑦 =3=𝜕𝑁/𝜕𝑥 and so (1) is exact .Its solution is  

∫(4𝑥 + 3𝑦 + 1)𝑑𝑥 + ∫(3𝑥 + 2𝑦 + 1)𝑑𝑦 = 0 

 Or,        2𝑥2 + 3𝑥𝑦 + 𝑥 + 𝑦2 + 𝑦 + 𝑘 = 0, where 𝑘 is an arbitrary constant.   …(2) 

  Comparing (2) with standard form of conic section  𝑎𝑥2 +  2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0,   

here,  𝑎 = 2,     𝑏 = 1 ,      ℎ = 3/2,    𝑔 = 1/2,     𝑓 = 1/2,      𝑐 = 𝑘       ….(3) 

Then                 ℎ2 − 𝑎𝑏 = (94) − 2 = positive quantity, 

Showing that (2) represents 𝑎 family of hyperbolas ,𝑘 being the parameter ,with common axis 

and tangent at vertex.  

 

Ex. 13. Find the values of constant 𝝀 such that (𝟐𝒙𝒆𝒚 + 𝟑𝒚𝟐) (𝒅𝒚𝒅𝒙) + (𝟑𝒙𝟐 + 𝝀𝒆𝒚) = 𝟎 is exact. 

Further,for this value of 𝝀,solve the equation 

Sol
n. Re-writing the given equation ,(3𝑥2 + 𝜆𝑒𝑦)𝑑𝑥 + (2𝑥𝑒𝑦 + 3𝑦2)𝑑𝑦 = 0  …(1) 

Comparing (1) with 𝑀 𝑑𝑥 + 𝑁𝑑𝑦 = 0 ,here𝑀 = 3𝑥2 + 𝜆𝑒𝑦     and   N=2x𝑒𝑦 +3𝑦2 

     Now,for (1) to be exact we must have  𝜕𝑀𝜕𝑦 = 𝜕𝑁𝜕𝑥so that,       𝜆𝑒𝑦 = 2𝑒𝑦    giving       𝜆 = 2. 
So, (1) becomes           (3𝑥2 + 2𝑒𝑦)𝑑𝑥 + (2𝑥𝑒𝑦 + 3𝑦2)𝑑𝑦 = 0      ….(3) 

 Equation (3) in exact and hence its solution is its solution is  ∫𝑀 𝑑𝑥 + ∫(𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑥)𝑑𝑦 = 𝑐 



Or,    ∫(3𝑥2 + 2𝑒𝑥)𝑑𝑥 + (3𝑦2)𝑑𝑦 = 𝑐 

Or,  𝑥3 + 2𝑒𝑥 + 𝑦3 = 𝑐. 

 

 

Reduce to Non exact D.E into exact D.E: 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0 

When 
𝜕𝑀𝜕𝑦 ≠ 𝜕𝑁𝜕𝑥  then two case occur to convert the Non exact D.E into exact D.E. 

(i) 

𝜕𝑀𝜕𝑦−𝜕𝑁𝜕𝑥𝑁 = 𝑓(𝑥)a function of ‘x’ only, then 𝑒∫𝑓(𝑥)𝑑𝑥 is an integrating factor. 

(ii) 

𝜕𝑀𝜕𝑦−𝜕𝑁𝜕𝑥𝑀 = 𝑔(𝑥),a function of y alone, then 𝑒∫−𝑔(𝑥)𝑑𝑥 is an integrating factor. 

Ex. 14.Solve (𝒙𝟐 + 𝒚𝟐 + 𝒙) dx+xydy=0 

Sol. Here 𝑀 = 𝑥2 + 𝑦2 + 𝑥,𝑁 = 𝑥𝑦 𝜕𝑀𝜕𝑦 =2y,
𝜕𝑁𝜕𝑥 =y. equation is not exact,  

However, 

𝜕𝑀𝜕𝑦−𝜕𝑁𝜕𝑥𝑁 = 2𝑥−𝑦𝑥𝑦 = 1𝑥, a function of 𝑥 alone. 

Hence 𝐼𝐹 = 𝑒− ∫ 1𝑥 𝑑𝑥 = 𝑒       𝑥 = 𝑥 

Multiplying by I F., the equation becomes 

(𝑥2 + 𝑦2 + 𝑥2)𝑑𝑥 + 𝑥2𝑦 𝑑𝑦 = 0, exact now (check up) 

Integrating 𝑥3 + 𝑥𝑦2 + 𝑥2 with regard to 𝑥keeping y as constant, we get
14 𝑥4 + 12 𝑥2𝑦2 +13 𝑥3 

and in 𝑥2𝑦2 there is no term free from x. Therefore the solution is 
14 𝑥4 + 12 𝑥2𝑦2 + 13 𝑥3 =𝐶 or 3𝑥4 + 4𝑥3 + 6𝑥2𝑦2 = 𝐶 

 

Ex.15. (𝟐𝒙𝒍𝒐𝒈𝒙 − 𝒙𝒚)𝒅𝒚 + 𝟐𝒚𝒅𝒙 = 𝟎 

Sol
n.   𝜕𝑀𝜕𝑦 = 𝜕2𝑦𝜕𝑦 = 2   𝑎𝑛𝑑    𝜕𝑁𝜕𝑥 = 𝜕(2𝑥𝑙𝑜𝑔𝑥−𝑥𝑦)𝜕𝑥 = 2 + 2𝑙𝑜𝑔𝑥 − 𝑦 

As,
𝜕𝑀𝜕𝑦 ≠ 𝜕𝑁𝜕𝑥  

Hence,we need

𝜕𝑀𝜕𝑦−𝜕𝑁𝜕𝑋𝑁 = −(2𝑙𝑜𝑔𝑥−𝑦)𝑥(2𝑙𝑜𝑔𝑥−𝑦) = − 1𝑥         which is the function of x alone  



So,the I.F is𝑒∫−(1𝑥)𝑑𝑥 = 1𝑥 

Now by multiplying the equation we can get 
2𝑦𝑥 𝑑𝑥 + (2𝑙𝑜𝑔𝑥 − 𝑦)𝑑𝑦 = 0 

So now ,by integrating M’with respect to x keeping y constant and adding the integral of the 

part free from x in N’ we can get the solution which is 2𝑦𝑙𝑜𝑔𝑥 − 12 𝑦2 = 𝑐(ans.) 

 

 

Ex. 16.Solve (𝒙𝟐 + 𝒚𝟐 + 𝑰) 𝒅𝒙 − 𝟐𝒙𝒚 𝒅𝒚 = 𝟎 

Sol. 
𝜕𝑀𝜕𝑦 = 2𝑦, 

𝜕𝑁𝜕𝑥 = −2𝑦.not exact,  

However, 

𝜕𝑀𝜕𝑦−𝜕𝑁𝜕𝑥𝑁 = 2𝑥−𝑦−2𝑥𝑦 = − 2𝑥,  function of 𝑥 alone. 

𝐼. 𝐹 = 𝑒− ∫2𝑥 𝑑𝑥 = 𝑒−2 𝑙𝑜𝑔 𝑥 = 2𝑥2 

Multiplying by 
1𝑥2 the equation becomes 

(1 + 𝑦2𝑥2 + 1𝑥2)𝑑𝑥 − 2𝑦𝑥  𝑑𝑦 = 0, exact now  

Integrating 1 + 𝑦2𝑥2 + 1𝑥2 with regard to 𝑥 keeping y as constant,  

we get𝑥 − 𝑦2𝑥 + 1𝑥 

and in 
2𝑦𝑥  there is no term free from x.  

Hence the solution is𝑥 − 𝑦2𝑥 − 1𝑥 = 𝐶 or 𝑥2 − 𝑦2 = 𝐶𝑥 + 1 

Ex. 17. Solve (𝒙𝟐 + 𝒚𝟐) 𝒅𝒙–𝟐𝒙𝒚 𝒅𝒚 = 𝟎. 
Sol. Just as in the above example, 𝐼.F=1/x^2 

Hence Multiplying by 
1𝑥2the equation becomes (1 + 𝑦2/𝑥2 )𝑑𝑥 − 2𝑦/𝑥 𝑑𝑦 = 0not exact ∴ Solution is 𝑥 − 𝑦2𝑥 = 𝐶 or 𝑥2 − 𝑦2 = 𝐶𝑥 

Ex. 18. Solve (𝒙𝟐 + 𝒚𝟐 + 𝟐𝒙) 𝒅𝒙 +  𝟐𝒚  𝒅𝒚 = 𝟎. 
Sol. 

𝜕𝑀𝜕𝑦 = 2𝑦,  
𝜕𝑁𝜕𝑥 = 0not exact 



However, 

𝜕𝑀𝜕𝑦−𝜕𝑁𝜕𝑥𝑁 = 2𝑦2𝑦 = 1 

  ∴ I.F=𝑒𝑥 

Multiplying by 𝑒𝑥 the equation becomes 𝑒𝑥(𝑥2 + 𝑦2 + 2𝑥)𝑑𝑥 2𝑦 𝑒𝑥 𝑑𝑦 = 0not exact 

This can be written as  

 (𝑥2 + 2𝑥) 𝑒𝑥𝑑𝑥 + (𝑦2𝑒𝑥𝑑𝑥 + 𝑒𝑥. 2𝑦 𝑑𝑦) = 0 

Or, 𝑑(𝑥2𝑒𝑥) + 𝑑(𝑦2𝑒𝑥) = 0 ∴Integrating, 𝑥2𝑒𝑥 + 𝑦2𝑒𝑥 = 𝐶 or (𝑥2 + 𝑦2)𝑒𝑥 = 𝐶 

After, The equation can also be written as  2𝑦 𝑑𝑦𝑑𝑥 + 𝑥2 = −𝑥2 + 2𝑥 

Putting 𝑦2 − 𝑟, 𝑑𝑦𝑑𝑥 + 𝑟 = −𝑥2 + 2𝑥 Linear, I.F=𝑒𝑥 etc 

 

Ex. 19. Solve (𝟏𝟑 𝒚 + 𝒚𝟑 𝟏𝟐 𝒙𝟐)𝒅𝒙 + 𝟏𝟒 (𝒙 + 𝒙𝒚𝟐)𝒅𝒚 = 𝟎 

Sol.  
𝜕𝑀𝜕𝑦 = 1 + 𝑦2,  

𝜕𝑁𝜕𝑥 = 14 (1 + 𝑦2) not exact 

However , 𝜕𝑀𝜕𝑦−𝜕𝑁𝜕𝑥𝑁 = (1+𝑦2)−14(1+𝑦2)14𝑥 (1+𝑦2) = 3𝑥2  is a function of 𝑥along. 

∴I.F=𝑒∫3𝑥𝑑𝑥 = 𝑒3 log𝑥 = 𝑥3 

Multiplying by 𝑥3 the equation becomes 

(𝑥3𝑦 + 13 𝑥3𝑦3 + 12 𝑥5)𝑑𝑥 + 14 (𝑥4 + 𝑥4𝑦2) 𝑑𝑦 = 0exact now 

Integrating, 𝑥3𝑦 + 13 𝑥3𝑦3 + 12 𝑥5with respect to 𝑥 keeping 𝑦 as constant, we 

get
14 𝑥4𝑦 + 112 𝑥4𝑦3 + 112 𝑥6 

In 
14 (𝑥4 + 𝑥4𝑦2) there is no term free from 𝑥 ∴the solution is 

14 𝑥4𝑦 + 112 𝑥4𝑦3 + 112 𝑥6 = constant  

 or,  3𝑥4𝑦 + 𝑦3𝑥4 + 𝑥6 = 𝐶 

Ex. 20. Solve (𝒚𝟒 + 𝟐𝒚) 𝒅𝒙 + (𝒙𝒚𝟑 + 𝟐𝒚𝟒 − 𝟒𝒙)𝒅𝒚 = 𝟎 

Sol. 
𝜕𝑀𝜕𝑦 = 4𝑦3 + 2,  

𝜕𝑁𝜕𝑥 = 𝑦3 − 4, not exact 

However, 

𝜕𝑀𝜕𝑦=𝜕𝑁𝜕𝑥𝑀 = 4𝑦3+2−(𝑦3−4)𝑦4+2𝑦 = 3𝑦 𝑎 function of 𝑦 alone.  



  ∴ I.F=𝑒−∫3𝑦𝑑𝑦 = 𝑒−3 log𝑦 = 1𝑦3 

Multiplying by 1/𝑦3, the equation becomes  (𝑦 + 2𝑦2)𝑑𝑥 + (𝑥 + 2𝑦 − 4𝑥𝑦3)  𝑑𝑦 =  0,exact now.  

Integrating𝑦 + 2𝑦2  𝑤. 𝑟. 𝑡 𝑥 keeping𝑦 as constant, we have 𝑦𝑥 + 2𝑦2 𝑥 

In  𝑥 + 2𝑦 − 4𝑥𝑦3,the term free from 𝑥is 2𝑦; So inteerating 2𝑦𝑤. 𝑟. 𝑡. 𝑦; we get 𝑦2 

Therefore the solution is 𝑦𝑥 + 2𝑦2 𝑥 + 𝑦2 = 𝐶. 
Ex. 21. Solve (𝟑𝒙𝟐𝒚𝟒 + 𝟐𝒙𝒚) 𝒅𝒙 + (𝟐𝒙𝟑𝒚𝟑 − 𝒙𝟐)𝒅𝒚 = 𝟎 

Solution.Here 
𝜕𝑀𝜕𝑦 = 12𝑥2𝑦3 + 2𝑥,  

𝜕𝑁𝜕𝑥 = 6𝑥2𝑦3 − 2𝑥, 
Now, 

𝜕𝑀𝜕𝑦=𝜕𝑁𝜕𝑥𝑀 = 6𝑥2𝑦3+4𝑥𝑦(3𝑥2𝑦3+2𝑥) = 2𝑦 function of 𝑦 alone.  

  ∴ I.F=𝑒−∫2/    𝑑𝑦 = 𝑒−2 log𝑦 = 1𝑦2 

Multiplying by 
1𝑦2 the equation becomes  (3𝑥2𝑦2 + 2𝑥𝑦 ) 𝑑𝑥 + (2𝑥3𝑦 − 𝑥2𝑦2)  𝑑𝑦 = 0,exact now.  

Integrating 3𝑥2𝑦2 + 2𝑥𝑦  𝑤. 𝑟. 𝑡 𝑥 keeping 𝑦 as constant, we get 𝑥3𝑦3 + 𝑥2𝑦2 

In  2𝑥3𝑦 − 𝑥2𝑦2,there is no term free from 𝑥 

Hence the solution is 𝑥3𝑦2 + 𝑥2𝑦 = 𝐶. 
or𝑥3𝑦2 + 𝑥2 = 𝐶𝑦. 

Ex. 22. Solve (𝟐𝒙𝒚𝟒𝒆𝟒 + 𝟐𝒙𝒚𝟑 + 𝒚) 𝒅𝒙 + (𝒙𝟐𝒚𝟒𝒆𝟒 − 𝒙𝟐𝒚𝟐 − 𝟑𝒙)𝒅𝒚 = 𝟎 

Sol.We have
1𝑀 (𝜕𝑀𝜕𝑦 − 𝜕𝑁𝜕𝑥) 4𝑦  ∴ 𝐼. 𝐹 = 1𝑦4 

Solution is 𝑥2𝑒4 = 𝑥2𝑦 + 𝑥𝑦3 = 𝐶 

 

Ex 23.𝒚(𝒙𝟐 + 𝒆𝒙)𝒅𝒙 − 𝒆𝒙𝒅𝒚 = 𝟎 

Sol. 



(𝑥2𝑦2 + 𝑒𝑥𝑦)𝑑𝑥 + (−𝑒𝑥)𝑑𝑦 = 0 

Or,
𝜕𝑀𝜕𝑦 = 𝜕(𝑥2𝑦2+𝑒𝑥𝑦)𝜕𝑦 = 2𝑦𝑥2 + 𝑒𝑥                  𝑏𝑢𝑡, 𝜕𝑁𝜕𝑥 = 𝜕(−𝑒𝑥)𝜕𝑥 = −𝑒𝑥 

As,
𝜕𝑀𝜕𝑦 ≠ 𝜕𝑁𝜕𝑥  

Now we need to find,

𝜕𝑀𝜕𝑦−𝜕𝑁𝜕𝑥𝑀 = 2(𝑥2𝑦+𝑒𝑥)𝑦(𝑥2+𝑒𝑥) = 2𝑦       which is the function of y alone 

so,the I.F =𝑒−∫2𝑦𝑑𝑦 = 𝑒−2𝑙𝑛𝑦 = 1𝑦2 

Multiplying 
1𝑦2the equation becomes, 

1𝑦 (𝑥2𝑦 + 𝑒𝑥)𝑑𝑥 − 𝑒𝑥𝑦2 𝑑𝑦 = 0,which is exact. 

Now,as there is no term free from x in N’  so, only by integrating 
1𝑦(𝑥2𝑦 + 𝑒𝑥)with respect to x keeping y 

as constant we can have the solution which is 

𝑥33 + 𝑒𝑥𝑦 = 𝑐 (ans.) 

23.(2x𝑦2 − 2𝑦)dx+(3𝑥2𝑦 − 4𝑥)𝑑𝑦 = 0 

Now, 

𝜕𝑀𝜕𝑦 = 𝜕(2𝑥𝑦2−2𝑦)𝜕𝑦 = 4𝑥𝑦 − 2and
𝜕𝑁𝜕𝑥 = 𝜕(3𝑥2𝑦−4𝑥)𝜕𝑥 = 6𝑥𝑦 − 4 

Here,
𝜕𝑀𝜕𝑦 ≠ 𝜕𝑁𝜕𝑥  

So we need to find,

𝜕𝑀𝜕𝑦−𝜕𝑁𝜕𝑥𝑀 = −(2𝑥𝑦−2)𝑦(2𝑥𝑦−2) = − 1𝑦     which is the function of y alone     

So the I.F is 𝑒−∫(−1𝑦)𝑑𝑦 = 𝑦 

Now ,multiplying y the equation becomes, (2𝑥𝑦3 − 2𝑦2)𝑑𝑥 + (3𝑥2𝑦2 − 4𝑥𝑦)𝑑𝑦 = 0 

Now, as there is no term free from x in N’, we can find the solution only by integrating M’ with respect 

to x keeping y fixed.So the solution will be , 𝑥2𝑦3 − 2𝑥𝑦2 = 𝑐(ans.) 

24.(𝒙𝒚𝟑 + 𝒚)𝒅𝒙 + 𝟐(𝒙𝟐𝒚𝟐 + 𝒙 + 𝒚𝟒)𝒅𝒚 = 𝟎 



Now,
𝜕𝑀𝜕𝑦 = 𝜕(𝑥𝑦3+𝑦)𝜕𝑦 = 3𝑥𝑦2 + 1  and     

𝜕𝑁𝜕𝑥 = 𝜕{2(𝑥2𝑦2+𝑥+𝑦4)}𝜕𝑥 = 4𝑥𝑦2 + 2 

As,
𝜕𝑀𝜕𝑦 ≠ 𝜕𝑁𝜕𝑥  we need to find, 

𝜕𝑀𝜕𝑦−𝜕𝑁𝜕𝑥𝑀 = −(𝑥𝑦2+1)𝑦(𝑥𝑦2+1) = − 1𝑦which is the function of y alone 

so, the integrating factor is I.F=𝑒−∫(−1𝑦)𝑑𝑦 = 𝑒𝑙𝑛𝑦 = 𝑦 

Now,by multiplying the equation with y we can get, (𝑥𝑦4 + 𝑦2)𝑑𝑥 + 2(𝑥2𝑦3 + 𝑥𝑦 + 𝑦5)𝑑𝑦 = 0 

Now, integrating M’ with respect to x we can get 
𝑥2𝑦42 + 𝑦2𝑥 

And,inN’,term free from x is 2𝑦5,whose integral is
𝑦63  

So now the solution is   
𝑥2𝑦42 + 𝑦2𝑥 + 𝑦63 = 𝑐 (ans.) 
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Elementary Discussion of Differential Equation & Formation of 

Differential Equation 

 

Differential Equations 

In Mathematics, a differential equation is an equation that contains one or more functions with its 

derivatives. The derivatives of the function define the rate of change of a function at a point. It is 

mainly used in fields such as physics, engineering, biology and so on. The primary purpose of 

the differential equation is the study of solutions that satisfy the equations and the properties of 

the solutions. 

Differential Equation Definition 

A differential equation is an equation which contains one or more terms and the derivatives of 

one variable (i.e., dependent variable) with respect to the other variable (i.e., independent 

variable) 

dy/dx = f(x) 

Here “x” is an independent variable and “y” is a dependent variable 

For example,  1.
𝑑𝑦𝑑𝑥 = 1+𝑥21−𝑦2,  2.

𝑑2𝑦𝑑𝑥2 = 2 𝑑𝑦𝑑𝑥 − 8𝑦 = 0,  3.[1 + (𝑑𝑦𝑑𝑥)2]32 = k
𝑑2𝑦𝑑𝑥2 

A differential equation contains derivatives which are either partial derivatives or ordinary 

derivatives. The derivative represents a rate of change, and the differential equation describes a 

relationship between the quantity that is continuously varying with respect to the change in 

another quantity. 

 

Types of Differential Equations 

Differential equations can be divided into several types namely 

 Ordinary Differential Equations 

 Partial Differential Equations 

 Linear Differential Equations 

 Non-linear differential equations 

 Homogeneous Differential Equations 

 Non-homogenous Differential Equations 



Differential Equations Solutions 

There exist two methods to find the solution of the differential equation. 

1. Separation of variables 

2. Integrating factor 

 

Separation of the variable is done when the differential equation can be written in the form of 

dy/dx = f(y)g(x) where f is the function of y only and g is the function of x only. Taking an initial 

condition, rewrite this problem as 1/f(y)dy= g(x)dx and then integrate on both sides. 

Integrating factor technique is used when the differential equation is of the form dy/dx + p(x)y 

= q(x) where p and q are both the functions of x only. 

 

 

Order of Differential Equation 

The order of the differential equation is the order of the highest order derivative present in the 

equation. Here some examples for different orders of the differential equation are given. 

 dy/dx = 3x + 2, The order of the equation is 1 

 (d
2
y/dx

2
) + 2 (dy/dx) +y = 0. The order is 2 

 (dy/dt) +y = kt. The order is 1 

First Order Differential Equation 

A first order differential equation is an equation of the form F(t,y,y˙)=0. A solution of a first 
order differential equation is a function f(t) that makes F(t,f(t),f′(t))=0 for every value of t. 

Here, F is a function of three variables which we label t, y, and y˙. It is understood that y˙ will 
explicitly appear in the equation although t and y need not. The term "first order'' means that the 

first derivative of y appears, but no higher order derivatives do. 

Example:  

y˙=t2+1 is a first order differential equation; F(t,y,y˙)=y˙−t2−1. All solutions to this equation are of 

the form t3/3+t+C. 

The equation from Newton's law of cooling, y˙=k(M−y) is a first order differential equation; 

F(t,y,y˙)=k(M−y)−y˙.Higher Order Differential Equation. 



Second-Order Differential Equation 

The equation which includes second-order derivative is the second-order differential equation.  It 

is represented as; 

d/dx(dy/dx) = d
2
y/dx

2
 = f” (x) = y” 

Higher order differential equations: 

There are two types of higher order differential equation 

1.Higher order linear homogenous differential equation. 

2.Higher order linear non homogenous differential equation. 

Higher order linear homogenous differential equation: Higher order homogenous  

Differential equations with constant coefficients is called the characteristic equation 

Of the differential equation. 

Example: 

1.y’’+2y’’-y’-2y=0 

2.y’’’-7y’’+11y’-5y=0 

3.y’’’’-y’’’+2y’=0 

4.y’’’’’+18y’’’+81y’=0 

5.y’’’’-4y’’’+5y’’-4y’+4y=0 

Higher order linear non homogenous differential equation: The general solution y(x) 

Of the non-homogeneous equation is the sum of the general solution y0(x) of the  

Corresponding homogeneous equation and a particular solution y1(x) of the non 

Homogeneous equation. 

Y(x)=y0(x)+y1(x) 

Example: 

1.y’’’+3y’’-10y’=x-3 

2.y’’’-y’=sin3x 

3.y’’’’-y=2cosx 



Degree of Differential Equation 

The degree of the differential equation is the power of the highest order derivative, where the 

original equation is represented in the form of a polynomial equation in derivatives such as y’,y”, 

y”’, and so on. 

Suppose (d
2
y/dx

2
) + 2 (dy/dx) +y = 0 is a differential equation, so the degree of this equation 

here is 1. Some more examples here: 

 dy/dx + 1 = 0, degree is 1 

 (y”’)3
 + 3y” + 6y’ – 12 = 0, degree is 3 

 

Ordinary Differential Equation 

An ordinary differential equation involves function and its derivatives. It contains only one 

independent variable and one or more of its derivatives with respect to the variable. 

The order of ordinary differential equations is defined as the order of the highest derivative that 

occurs in the equation. The general form of n-th order ODE is given as 

F (x, y, y’, …., yn
) = 0 

1. (1-x) y''-4xy'+5y = cos x 

2. x
𝑑3𝑦𝑑𝑥3 - (𝑑𝑦𝑑𝑥)4 + 𝑦 = 0 

3. t
5
y

4
 – t

3
y'' +6y=0 

4. 
𝑑2𝑢𝑑𝑟2 + 𝑑𝑢𝑑𝑟 + 𝑢 = cos(𝑟 + 𝑢) 

5. 
𝑑2𝑦𝑑𝑥2 = √1 + (𝑑𝑦𝑑𝑥)2 

6. 
𝑑2𝑅𝑑𝑡2 =  − 𝑘𝑅2 

 

Partial Differential Equations 

A differential equation involving derivatives of one or more dependent variables with respect to 

more than one independent variable is called partial differential equation. A Partial Differential 

Equation commonly denoted as PDE is a differential equation containing partial derivatives of 

the dependent variable (one or more) with more than one independent variable. A PDE for a 

function u (x1, ……xn) is an equation of the form 

f (x1, ......, xn; u, 
𝜕𝑢𝜕𝑥1, ......, 

𝜕𝑢𝜕𝑥𝑛 ;  𝜕2𝑢𝜕𝑥1𝜕𝑥1 , … . . , 𝜕2𝑢𝜕𝑥1𝜕𝑥𝑛 ; … . . ) = 0 



Example: 

1. 
𝜕2𝑢𝜕𝑥2 + 𝜕2𝑢𝜕𝑦2 = 0 

2. uxx + uyy = 0 

3. 
𝜕2𝑢𝜕𝑥2 + ( 𝜕2𝑢𝜕𝑥𝜕𝑦)2 +  𝜕2𝑢𝜕𝑦2 = 𝑥2 + 𝑦2 

 

Linear Differential Equations 

A linear differential equation is a differential equation that is defined by a linear polynomial in 

the unknown function and its derivatives, that is an equation of the form. This is an ordinary 

differential equation (ODE). A linear differential equation may also be a linear partial differential 

equation (PDE), if the unknown function depends on several variables, and the derivatives that 

appear in the equation are partial derivatives. 

Example: 

dy/dx + 2y = sin x 

dy/dx + y = ex 

 

Non-linear differential equations  

A non-linear differential equation is a differential equation that is not a linear equation in the 

unknown function and its derivatives (the linearity or non-linearity in the arguments of the 

function are not considered here. 

 

Example: 3+yy′=x−y 

 

An equation will be non- linear if –  

1) Derivatives will be in the form of product.  

2) Dependent variables and derivatives will be in the form of product. 

3)dependent variables will be in the form of product. 

4) Transcendental function of the dependent variables 

 

Homogeneous Differential Equations 

A differential equation of the form 
𝑑𝑦𝑑𝑥𝑓(𝑥,𝑦)∅(𝑥,𝑦)is called a homogeneous equation if each term of f 

(x, y) and  (x, y) is of the same degree i.e.,
 𝑑𝑦𝑑𝑥 =  3𝑥𝑦 + 𝑦23𝑥2 + 𝑥𝑦 



In such case we put y = vx and   
𝑑𝑦 𝑑𝑥 = 𝑣 + 𝑥 𝑑𝑦𝑑𝑥 

The reduced equation involves v and x only. This new differential equation can be solved by 

variables separable method. 

 

Working Rule 

Step 1: Put y = vx and  
𝑑𝑦𝑑𝑥 = 𝑣 + 𝑥 𝑑𝑦𝑑𝑥                    Step 2 :  Separate the variables. 

Step 3: Integrate both the sides.                              Step 4: Put v = 
𝑦𝑥 and simplify. 

 

Example: 

1. sin(x) 
𝑑2𝑦𝑑𝑥2 + 4 

𝑑𝑦𝑑𝑥 + y = 0 

2. dy/dx = y(x−y)/x2
 

3.f(zx,zy) = (zx)
2
 + (zy)

2
 = z

2
(x

2
 + y

2
) 

 

Non-homogenous Differential Equations 

A second order, linear nonhomogeneous differential equation is 

y′′+p(t)y′+q(t)y=g(t)(1)(1)y″+p(t)y′+q(t)y=g(t) 

where g(t)g(t) is a non-zero function. Note that we didn’t go with constant coefficients here 

because everything that we’re going to do in this section doesn’t require it. Also, we’re using a 

coefficient of 1 on the second derivative just to make some of the work a little easier to write 

down. It is not required to be a 1. 

Before talking about how to solve one of these we need to get some basics out of the way, which 

is the point of this section. 

First, we will call 

y′′+p(t)y′+q(t)y=0(2)(2)y″+p(t)y′+q(t)y=0 

the associated homogeneous differential equation to (1). 



Now, let’s take a look at the following theorem. 

 

Theorem: 

Suppose that Y1(t)Y1(t) and Y2(t)Y2(t) are two solutions to (1) and 

that y1(t)y1(t) and y2(t)y2(t) are a fundamental set of solutions to the associated homogeneous 

differential equation (2) then, 

Y1(t)−Y2(t)Y1(t)−Y2(t) 

is a solution to (2) and it can be written as: 

Y1(t)−Y2(t)=c1y1(t)+c2y2(t) 

 

Note the notation used here. Capital letters referred to solutions to (1) while lower case letters 

referred to solutions to (2). This is a fairly common convention when dealing with 

nonhomogeneous differential equations. 

This theorem is easy enough to prove so let’s do that. To prove that Y1(t)−Y2(t)Y1(t)−Y2(t) is a 

solution to (2) all we need to do is plug this into the differential equation and check it. 

(Y1−Y2)′′+p(t)(Y1−Y2)′+q(t)(Y1−Y2)=0Y1′′+p(t)Y1′+q(t)Y1−(Y2′′+p(t)Y2′+q(t)Y2)=0g(t)−g(t
)=00=0(Y1−Y2)′′+p(t)(Y1−Y2)′+q(t)(Y1−Y2)=0Y1′′+p(t)Y1′+q(t)Y1−(Y2′′+p(t)Y2′+q(t)Y2)=0
g(t)−g(t)=00=0 

We used the fact that Y1(t)Y1(t) and Y2(t)Y2(t) are two solutions to (1) in the third step. 

Because they are solutions to (1) we know that 

Y1′′+p(t)Y1′+q(t)Y1=g(t)Y2′′+p(t)Y2′+q(t)Y2=g(t)Y1′′+p(t)Y1′+q(t)Y1=g(t)Y2′′+p(t)Y2′+q(t)Y
2=g(t) 

So, we were able to prove that the difference of the two solutions is a solution to (2). 

Proving that 

Y1(t)−Y2(t)=c1y1(t)+c2y2(t)Y1(t)−Y2(t)=c1y1(t)+c2y2(t) 

is even easier. Since y1(t)y1(t) and y2(t)y2(t) are a fundamental set of solutions to (2) we know 

that they form a general solution and so any solution to (2) can be written in the form 

y(t)=c1y1(t)+c2y2(t)y(t)=c1y1(t)+c2y2(t) 



Well, Y1(t)−Y2(t)Y1(t)−Y2(t) is a solution to (2), as we’ve shown above, therefore it can be 

written as 

Y1(t)−Y2(t)=c1y1(t)+c2y2(t)Y1(t)−Y2(t)=c1y1(t)+c2y2(t) 

So, what does this theorem do for us? We can use this theorem to write down the form of the 

general solution to (1). Let’s suppose that y(t)y(t) is the general solution to (1) and 

that YP(t)YP(t) is any solution to (1) that we can get our hands on. Then using the second part of 

our theorem we know that 

y(t)−YP(t)=c1y1(t)+c2y2(t)y(t)−YP(t)=c1y1(t)+c2y2(t) 

where y1(t)y1(t) and y2(t)y2(t) are a fundamental set of solutions for (2). Solving 

for y(t)y(t) gives, 

y(t)=c1y1(t)+c2y2(t)+YP(t)y(t)=c1y1(t)+c2y2(t)+YP(t) 

We will call 

yc(t)=c1y1(t)+c2y2(t)yc(t)=c1y1(t)+c2y2(t) 

the complementary solution and YP(t)YP(t) a particular solution. The general solution to a 

differential equation can then be written as. 

y(t)=yc(t)+YP(t)y(t)=yc(t)+YP(t) 

So, to solve a nonhomogeneous differential equation, we will need to solve the homogeneous 

differential equation, (2), which for constant coefficient differential equations is pretty easy to 

do, and we’ll need a solution to (1). 

This seems to be a circular argument. In order to write down a solution to (1) we need a solution. 

However, this isn’t the problem that it seems to be. There are ways to find a solution to (1). They 

just won’t, in general, be the general solution. In fact, the next two sections are devoted to 

exactly that, finding a particular solution to a nonhomogeneous differential equation. 

Example:     y″ − 2y′ − 3y = e
2t

     

The corresponding homogeneous equation y″ − 2y′ − 3y = 0 has characteristic equation 

r
2
 − 2r − 3 = (r + 1) (r − 3) = 0.  So the complementary solution is yc = C1 e

-t
 + C2 e

3t
.    

  

The nonhomogeneous equation has g(t) = e
2t

.  It is an exponential function, which does 

not change form after differentiation: an exponential function’s derivative will remain an 

exponential function with the same exponent (although its coefficient might change due 

to the effect of the Chain Rule).  Therefore, we can very reasonably expect that Y(t) is in 



the form A e
2t

 for some unknown coefficient A.  Our job is to find this as yet 

undetermined coefficient.   

  

Let Y= Ae
2t

, then Y
 ′ = 2A e

2t
, and Y

 ″ = 4A e
2t

.  Substitute them back into the original 

differential equation:  

  

      (4A e
2t) − 2(2A e

2t) − 3(A e
2t

) = e
2t

     

      

        − 3A e
2t

 = e
2t

     

  

        A = −1 / 3    

Hence   Y(t) =
−13 𝑒2𝑡 

Therefore, y = yc +Y= C1e
-t 

+ C2e
3t

 - 
13 𝑒2𝑡 

Example: y″ - 2y′ - 3y = 3t
2
 + 4t - 5     

  

The corresponding homogeneous equation is still y″ − 2y′ − 3y = 0.  
Therefore, the complementary solution remains yc = C1 e

−t
 + C2 e

3t
.  

  

Now g(t) = 3t
2
 + 4t − 5.  It is a degree 2 (i.e., quadratic) polynomial.  Since polynomials, 

like exponential functions, do not change form after differentiation: the derivative of a 

polynomial is just another polynomial of one degree less (until it eventually reaches 

zero).  We expect that Y(t) will, therefore, be a polynomial of the same degree as that of 

g(t).  (Why will their degrees be the same?)  

  

So, we will let Y be a generic quadratic polynomial: Y=At
2
 + Bt + C. It follows 

Y
 ′ = 2A 

t + B, and Y
 ″ = 2A. 

Substitute them into the equation:  

      (2A) − 2(2A t + B) − 3(A 
t
2
 + B t + C) = 3t

2
 + 4t − 5    

  

      − 3A 
t
2
 + (− 4A − 3B) t + (2A − 2B − 3C) = 3t2

 + 4t − 5    

    

The corresponding terms on both sides should have the same coefficients, therefore, 

equating the coefficients of like terms.   



  

  t
 2

 :   3 = − 3A                A = −1  
  t  :   4 = −4A − 3B      →     B = 0  

  1 :   −5 = 2A − 2B − 3C           C = 1  

  

  

Therefore, Y = − t2
 + 1, and y = yc + Y = C1 e

−t
 + C2 e

3t
 − t2

 + 1.  

 

Normal Equation to Differential Equation 

 

Ex. 1.  Find the differential equation of all circles which pass through the origin and whose 

centers are on the x-axis. 

Sol.  

We know that the equation of any circle passing through the origin and whose center 

is on the x-axis is given by, 

                         x2 + y2 + 2gx = 0, g being an arbitrary constant. ... (1) 

Differentiating (1) w.r.t ‘x’, we get, 

                         2x + 2y(dy/dx) + 2g = 0... (2) 

From (1),  

                 2gx = −(x2 + y2)  

 so that,  

                2g = −(x2 + y2)/x... (3) 

Substituting for 2g from (3) in (2), we have, 

                          2xy dydx + x2 − y2 = 0 

 

 

Ex. 2. Find the differential equation which has y = a cos (mx + b) for its integral, a and b 

being arbitrary constants and m being a fixed constant. 

Sol. 

Given that,    



                   y = a cos (mx + b). ... (1) 

Differentiating (1) w.r.t ‘x’, we get,   

                                                           dy/dx = – am sin (mx + b). ... (2) 

Differentiating (2) w.r.t ‘x’, we get, 

                                                          d2y/dx2 = −am2cos (mx + b) ... (3) 

Or                                                      d2y/dx2 = −m2y, using (1) 

Thus, the required differential equation is,   

                                                                   d2y/dx2 + m2y = 0 

 

 

Ex. 3. Find the differential equation from the relation y = a sin x + b cos x + x sin x, where 

a and b are arbitrary constants. 

Sol. 

 Given, 

            y = a sin x + b cos x + x sin x. ... (1) 

Differentiating (1) w.r.t ‘x’, 

                                            dy/dx = a cos x – b sin x + sin x + x cos x. ... (2) 

Differentiating (2) w.r.t. ‘x’, 

                                            d2y/dx2 = −asin x − bcos x + 2cos x − xsin x 

Or                                       d2y/dx2 = 2cos x − (asin x + bcos x + xsin x) = 2cos x − y, by (1). 

                                           (d2y/dx2) + y = 2cos x, which is the required differential equation. 

 

 

Ex. 4. Find the differential equation of the family of curves y ! ex (A cos x " B sin x), 

where A and B are arbitrary constants. 

Sol. Given that, 

                          y = ex(Acos x + Bsin x) ... (1) 



Differentiating (1),  

                             y′ = ex(−Asin x + Bcos x) + ex(Acos x + Bsin x)  

             or             y′ = ex(−Asin x + Bcos x) + y using (1).                  . ... (2) 

Differentiating (2) again with respect to x, we get, 

                                      y′′ = −ex(Acos x + Bsin x) + ex(−Asin x + Bcos x) + y′... (3) 

Now from (2), 

                we get, 

                             ex(−Asin x + Bsin x) = y′ − y... (4) 

Hence, eliminating A and B from (1), (3) and (4), we get, 

                                  y′′ = −y + y′ − y + y′  or    y′′ − 2y′ + 2y = 0 

 

Ex. 5. By eliminating the constants, a and b obtain the differential equation for which xy = aex +be−x + x2 is a solution. 

Sol. 

 Given that, 

                   xy = aex + be−x + x2... (1) 

Diff. (1) w.r.t ‘x’, we get, 

                                          xy′ + y = aex − be−x + 2x... (2) 

Diff. (2) w.r.t ‘x’, we get, 

                                          xy′′ + y′ + y′ = aex + be−x + 2 

Or                                     xy′′ + 2y′ = (xy − x2) + 2, using (1) 

Or                                     xy′′ + 2y′ − xy + x2 − 2 = 0 

 

 



Ex. 6. Find the differential equation corresponding to the family of curves y = c(x − c)2 where c 

is an arbitrary constant. 

Sol. Given that, 

                          y = c(x − c)2... (1) 

Diff. (1) w.r.t. ‘x’, we get, 

                                          y′ = 2c(x − c) ... (2) 

From (1) and (2), 

                          y′/y = 2/(x − c)  so that c = x − (2y/y′)... (3) 

Putting this value of c in (2), 

The required equation is  y′ = 2{x − (2y/y′)} × (2y/y′)  or  (y′)3 = 4y(xy′ − 2y) 

 

 

Ex. 7. Find the differential equation of all circles of radius a.  

Sol. The equation of all circles of radius a is given by, 

                                                                                        (x − h)2 + (y − k)2 = a2... (1) 

where h and k, are to be taken as arbitrary constants. 

Diff. (1) w.r.t. ‘x’, we get, 

                                          (x − h) + (y − k)y′ = 0... (2) 

Diff. (2), 

              1 + (y′)2 + (y − k)y′′ = 0 or y − k = −{1 + (y′)2}/y′′... (3) 

Putting this value of y – k in (2), we get, 

                                                                x − h = −(y − k)y′ = {1 + (y′)2} × (y′/y′′)... (4) 

Using (3) and (4), (1) gives the required equation as 

                                                                                   
{1+(y′)2}2(y′)2(y′′)2 + {1+(y′)2}2(y′′)2 = a2  

                                                                               or {1 + (y′)2}3 = a2(y′′)2 



Exact Differential Equation 

A differential equation of type 𝑃(𝑥, 𝑦)𝑑𝑥 + 𝑄(𝑥, 𝑦)𝑑𝑦 = 0 is called an exact differential 

equation if there exists a function of two variables 𝑢(𝑥, 𝑦) with continuous partial derivatives 

such that 𝑑𝑢(𝑥, 𝑦) =  𝑃(𝑥, 𝑦)𝑑𝑥 + 𝑄(𝑥, 𝑦)𝑑𝑦. The general solution of an exact equation is 

given by 𝑢(𝑥, 𝑦) = 𝐶, (where C is an arbitrary constant.) 

This is a type of differential equation that can be solved directly without the use of any of the 

special techniques in the subject. A first-order differential equation is called exact, or an exact 

differential, if it is the result of a simple differentiation.  

Examples:  (6𝑥2 − 𝑦 + 3)𝑑𝑥 + (3𝑦2 − 𝑥 − 2)𝑑𝑦 = 0. 
We check this equation for exactness: 𝜕𝑄𝜕𝑥 = 𝜕𝜕𝑥 (3𝑦2 − 𝑥 − 2) = −1, 𝜕𝑃𝜕𝑦 = 𝜕𝜕𝑦 (6𝑥2 − 𝑦 + 3) = −1. 
Hence, the given differential equation is exact. 

 

  



Applications 

 

Let us see some differential equation applications in real-time. 

1) Differential equations describe various exponential growths and decays. 

 

2) They are also used to describe the change in return on investment over time. 

 

  



3) They are used in the field of medical science for modelling cancer growth or the spread of 

disease in the body. 

 

4) Movement of electricity can also be described with the help of it. 

 



5) They help economists in finding optimum investment strategies. 

 

6) The motion of waves or a pendulum can also be described using these equations. 

 

The various other applications in engineering are:  heat conduction analysis, in physics it can be 

used to understand the motion of waves. The ordinary differential equation can be utilized as an 

application in the engineering field for finding the relationship between various parts of the 

bridge. 

 

 

  



(2,3) 

Formation of Differential Equations 

For any given differential equation, the solution is of the form f(x,y,c1,c2, …….,cn) = 0 where x 

and y are the variables and c1 , c2 ……. cn are the arbitrary constants. To learn the formation of 

differential equations in a detailed way, suitable differential equations examples below with few 

important steps. Differential equation formulas are important and help in solving the problems 

easily. 

To obtain the differential equation from this equation we follow the following steps: - 

Step 1: Differentiate the given function w.r.t to the independent variable present in the equation. 

Step 2: Keep differentiating times in such a way that (n+1) equations are obtained. 

Step 3: Using the (n+1) equations obtained, eliminate the constants (c1 , c2 … …. cn). 

 

Formation of Differential Equation Example 

Formation of differential equation (Straight line) 

The general equation of a straight line is y = mx + c, where m is the gradient, and y = c is the 

value where the line cuts the y-axis.  

 The differential equation of the family of straight lines 

 𝑦 = 𝑚𝑥 + 𝑐 ; when 

(i) m is the arbitrary constant  

(ii) c is the arbitrary constant   

(iii) m and c both are arbitrary constants. 

 

(i) When m is an arbitrary constant 

                                   𝑦 = 𝑚𝑥 + 𝑐    …………….(1) 



Differentiating w.r. to  𝑥, we get  
𝑑𝑦𝑑𝑥 = 𝑚      ……..(2) 

Substituting (2) in (1) we get, 

                       𝑦 = 𝑥 𝑑𝑦𝑑𝑥 + 𝑐 

So,  𝑥 𝑑𝑦𝑑𝑥 − 𝑦 + 𝑐 = 0  is the required differential equation of first  order. 

 

(ii) When c is an arbitrary constant 

Differentiating equation (1) w.r. to 𝑥, we get, 

                         
𝑑𝑦𝑑𝑥 = 𝑚 

           Here c is eliminated from the given equation. 

            So, 𝑑𝑦𝑑𝑥 = 𝑚 is the required differential equation. 

 

(iii) When both m and c are arbitrary constants 

Since m and c are two arbitrary constants differentiating equation (1) twice, we get, 

                 
𝑑𝑦𝑑𝑥 = 𝑚 

                           
𝑑2𝑦𝑑2𝑥 = 0 

         Hence m and c are eliminated from the equation 

         So,  
𝑑2𝑦𝑑2𝑥 = 0  is the required differential equation. 

 

Formation of differential equation (Curve) ∎The order of the differential equation to be formed is equal to the number of arbitrary constants 

present in the equation of the family of curves. ∎Example: Find the differential equation of the family of curves  𝑦 = 𝑒𝑥(𝑎 𝑐𝑜𝑠 𝑥 + 𝑏 𝑠𝑖𝑛 𝑥) 

where a and b are arbitrary constants. 

Solution: 

      Here, 

             𝑦 = 𝑒𝑥(𝑎 𝑐𝑜𝑠 𝑥 + 𝑏 𝑠𝑖𝑛 𝑥)                                                                                  (1) 



 Differentiating (1) w.r.t x, we get, 

                  
𝑑𝑦 𝑑𝑥 = 𝑒𝑥(𝑎 cos 𝑥 + 𝑏 sin 𝑥) + 𝑒𝑥(−𝑎 sin 𝑥 + 𝑏 cos 𝑥) 

                        =𝑦 + 𝑒𝑥(−𝑎 sin 𝑥 + 𝑏 cos 𝑥)                                  (from   (1)   ) 

Or,  
𝑑𝑦𝑑𝑥 − 𝑦 = 𝑒𝑥(−𝑎 sin 𝑥 + 𝑏 cos 𝑥)                                                                 (2) 

Again differentiating, we get, 

𝑑2𝑦𝑑𝑥2 - 𝑑𝑦𝑑𝑥 = 𝑒𝑥(−𝑎 sin 𝑥 + 𝑏 cos𝑥) + 𝑒𝑥(−𝑎 cos 𝑥 − 𝑏 sin 𝑥) 

𝑑2𝑦𝑑𝑥2 - 𝑑𝑦𝑑𝑥 = 𝑒𝑥(−𝑎 sin 𝑥 + 𝑏 cos 𝑥) − 𝑒𝑥(𝑎 cos 𝑥 + 𝑏 sin 𝑥) 

𝑑2𝑦𝑑𝑥2 - 𝑑𝑦 𝑑𝑥   = (𝑑𝑦𝑑𝑥 − 𝑦) − 𝑦                                                     (from (1) and (2)  ) 

Or,
𝑑2𝑦𝑑𝑥2 − 2 𝑑𝑦𝑑𝑥 + 2𝑦 = 0, which is the required differential equation. 

 

 

 

 

 

 

 

 

End of Assignment 
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Population Growth and Rate of Growth Problems: 

In this age, we are aware of how infection by microorganism such as Escherichia coli (E. coli) 

causes diseases. Many organisms (such as E. coli) produce a toxin that can cause sickness or even 

death. Some bacteria can reproduce in our bodies at a surprising fast rate, overwhelming our 

bodies’ natural defenses with the sheer volume of toxin they are producing.  

The rate at which the bacterial cultures grow is directly proportional to the current population (until 

such time as resources become scarce or overcrowding becomes a limiting factor). If we let 𝑃(𝑡) 

to be the population at time t of any compartment say counting bacteria, etc. Where 𝑃(𝑡) is not 

continuous we need to determine the growth (input) rate and death (output) rate for the population. 

Let us consider a population of bacteria that produce by simple cell division we assume that the 

growth rate is proportional to the population present this assumption is consistent with observation 

of bacteria growth provided there is food and space. We assume death rate is zero.  

Therefore. 

𝑑𝑝

𝑑𝑡
= 𝑘𝑝 

𝑃(0) = 𝑝0 

𝑘 > 0 

(Growth rate 𝑝0 is at time 𝑡 = 0) 

The solution of the equation  
𝑑𝑝

𝑑𝑡
= 𝑘𝑝 using variable separable we have   

𝑑𝑝

𝑑𝑡
= 𝑘𝑝  

𝑑𝑝 = 𝑘𝑝𝑑𝑡  

𝑑𝑝

𝑝
= 𝑘𝑑𝑡  

Integrate both sides of the equation  

∫
𝑑𝑝

𝑑𝑡
= ∫ 𝑘 𝑑𝑡  



𝐼𝑛 𝑃 = 𝑘𝑡 + 𝑐 

𝑃(𝑡) = 𝑒𝑘+𝑐 

𝑃(𝑡) = 𝑒𝑘𝑡𝑒𝑐 

𝑃(𝑡) = 𝑝0𝑒𝑘𝑡 

Where, 

𝑝0 = 𝑒𝑐 

𝑃(𝑡) = 𝑝0𝑒𝑘𝑡 … … … … … … … … … (1) 

Where 𝑃(𝑡) is the population at any given time 𝑡, 𝑝0 is the initial population, 𝑡 is the time and k is 

a constant. Equation (1) is the Malthusian or exponential law of population growth.  

Thomas Malthus (1766-1834) published a book on the principle of population as it affects the 

future improvements of the society in his book; Malthus put forth an exponential growth model 

for human population and concluded that eventually the population would exceed the capacity to 

grow an adequate food supply. We refer equation (1) as the general solution of the differential 

equation  

For 𝑘 > 0 , equation (1) is called an exponential growth law, and for 𝑘 < 0 , it is an exponential 

decay law.  

A problem involving either decay or growth of a particular population requires the use of 

Malthusian population model (exponential growth or exponential decay rate).  

 

 

 

 

 

 



Problem 1:  

A freshly incubated bacterial culture of streptococcus (a bacterium found in the throat and 

on the skin) contains 100 cells. When the culture is checked 60 minutes later, it is determined 

that there are 450 cells present. Assuming exponential growth:  

(a)Determine the number of cells presents at any time t (measured in minutes)  

(b) Find the doubling time.  

Solution:  

This type of problem requires the use of Malthusian population model (exponential growth rate) 

as stated from the problem.  

(a)  

Using equation (1) for exponential growth rate we have, 

𝑃(𝑡) = 𝑝0𝑒𝑘𝑡 

Where 𝑃(𝑡) is the population at any given time 𝑡, 𝑝0 is the initial population, t is the time and k is 

a constant. 

From the given data we have, 𝑃(0)  =  100, (initial condition)  

Setting 𝑃(𝑡)  =  100, and 𝑡 =  0, we have  

100 = 𝑃0 

 𝑃0 = 100 

Now the above equation becomes  

𝑃(𝑡) = 100ℓ𝑘𝑡; where (k = constant)  

We use the second observation In order to determine the value of the growth constant k;  

𝑃(60)  =  450 

 𝑡 =  60 minutes 



Therefore, we have, 

𝑃(𝑡) = 𝑃0ℓ𝑘𝑡 

 450 = 100ℓ𝑘(60)  

 
450

100
= 160𝑘 

 
9

2
= 160𝑘 

Take ln of both sides,  

ln (
9

2
) = 60𝑘 

 𝑘 =
1

60
ln (

9

2
) 

⸫ 𝑘 = 0.0251 

We now have a formula representing the number of cells present at any time t as  

𝑃(𝑡) = 100ℓ(0.0251)𝑡 

(b) 

The doubling time is  

2𝑃(𝑡) = 2(100) 

2𝑃(𝑡) = 20 

So we have 

𝑃(𝑡) = 𝑃𝑜ℓ𝑘𝑡 

But, 

𝑃0 = 100, 

And 

𝑘 =  0.0251 



From the (a) above  

𝑃(𝑡) = 100ℓ(0.0251)𝑡 

Put 

𝑃(𝑡) = 200 

 200 = 100ℓ(0.0251)𝑡 

 2 = ℓ(0.0251)𝑡 

Take ln of both sides:  

𝑡 =
ln(2)

0.0251
 

 t = 27.6 

 t = 28 minutes 

The population will be double when the time reaches 28 minutes.  

From  

𝑃(𝑡) = 100ℓ(0.0251)𝑡 

𝑃(28) = 100ℓ(0.0251)(28) 

𝑃(28) = 201 

The bacterial culture will be double when the time is 28 minutes. 

(Ans.) 

 

 

 

 



Problem 2:  

A bacteria culture is known to grow at a rate proportional to the amount present. After one 

hour, 1000 strands of the bacteria are observed in the culture and after four hours 3000 

strands.  

(a) Find an expression for the approximate number of strands of the bacteria presents in the 

culture at any time t. and  

(b) Find the approximate number of strands of the bacteria originally in the culture.  

Solution:  

(a) 

Let 𝑃(𝑡) denote the number of bacteria strands in the culture at time 𝑡.  

Then using exponential growth rate that is  

𝑑𝑝

𝑑𝑡
= 𝑘𝑝 

Which is both linear and separable, then we can use the method of separation of variables to find 

the solution  

𝑃(𝑡) = 𝑃0ℓ𝑘𝑡 

At  

𝑡 =  1 hour 

𝑃 =  1000 

1000 = 𝑃0ℓ𝑘(1) 

1000 = 𝑃0ℓ𝑘 … … … … … … … … (1) 

At  

t = 4 hours, 

𝑃 = 1000 



1000 = 𝑃0ℓ𝑘(4) 

1000 = 𝑃0ℓ4𝑘 … … … … … … … … … … … (2) 

We solve equation (1) and (2) simultaneously to get  

𝐾 =
1

3
ln(3) 

𝐾 = 0.3662 

Then we use equation (1) to find 𝑃0  

1000 = 𝑃0ℓ𝑘𝑡 

But 𝐾 = 0.3662 

1000 = 𝑃0ℓ0.3662 

(1000)ℓ−0.3662 = 𝑃0 

𝑃0 = 693 

Therefore the equation 𝑃(𝑡) = 𝑃0ℓ𝑘𝑡 now becomes:  

𝑃(𝑡) = 693ℓ(0.3662)𝑡 … … … … … … … … … … (3) 

The above equation is the expression for the approximate number of strands of the bacteria presents 

at any time t.  

(Ans.) 

(b) 

To find the approximate number of strands of the bacteria originally in the culture.  

We require 𝑃(𝑡)  at  𝑡 =  0.  

We substitute 𝑃(0) into the equation (3) we have:  

𝑃(𝑡) = 𝑃0ℓ𝑘𝑡 

𝑃(𝑡) = 693ℓ(0.3662)(0) 



𝑃(0) = 693𝑃(𝑡) = 693ℓ0 

𝑃(0) = 693 

Therefore, the approximate number of strands of the bacteria originally in the culture is 693. 

(Ans.) 

Problem 3:  

If it is assumed that the earth cannot support a population greater than twenty billion 

persons and that the rate of population growth is proportional to the difference between how 

closed the world population is to the limiting value, what is the mathematical expression 

describing the world population as a function of time?  

Solution:  

If  𝑃(𝑡) is the world population according to the described model  

𝑑𝑝(𝑡) 

𝑑𝑡
= −𝑘(𝑝(𝑡) − 20)  

where k is negative to make 
𝑑𝑝(𝑡)

𝑑𝑡
 positive since P we must be less than 20 billion. Then solving 

the equation using variable separable we have  

𝑑𝑝(𝑡)

𝑝(𝑡)−20
= 𝑘𝑑𝑡  

Integrate both sides of the equation  

∫
𝑑𝑝(𝑡)

𝑝(𝑡)−20
= ∫ 𝑘𝑑𝑡   

ln(𝑝(𝑡) − 20) = 𝑘𝑡 + 𝐶  

|𝑝(𝑡) − 20| = 𝑃0𝑒𝑘𝑡  

|𝑃(𝑡) − 20| = 𝑃0ℓ𝑘𝑡  

Where 𝑃0 = ℓ𝑐  

Since P(t) is assumed less than 20 billion, thus  



−(𝑃(𝑡) − 20) = 𝑃0ℓ𝑘𝑡 

By rearranging in order to make P(t) the subject we have:  

𝑃(𝑡) = 20 − 𝑃0ℓ𝑘𝑡 

The above expression describes a world population as a function of time. 

(Ans.) 
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Problem 4: 

The current population of California is 36 million with a 33% Hispanic population.  The 

rate of people entering the state, by being born or immigrating, is approximately 1 million 

people per year with 70% of the newcomers Hispanic.  The rate of departure of the 

population, by dying or emigrating, is approximately 0.2 million people per year.  Assume 

that the departing population has the same ethnic mix as California's population at the 

time of departure.  In 20 years, what percent of California will be Hispanic? 

Solution: 

We use a useful fact applicable to any question where there is input and output through a system: 

𝑇𝑜𝑡𝑎𝑙 𝑅𝑎𝑡𝑒 =  𝑅𝑎𝑡𝑒 𝐼𝑛 −  𝑅𝑎𝑡𝑒 𝑂𝑢𝑡 

In this case, if we let x represent the number of Hispanics in the state and t represent the time in 

years from now, then we have 

Total Rate  =
dx

dt
 

The rate in will be 70% of 1 million or 

𝑅𝑎𝑡𝑒 𝐼𝑛 =  0.7(1) = 0.7 

The rate out is more difficult. At time t, there are x Hispanics in California. To find the 

population of California, we take the initial population plus the added population per year times 

the number of years.  Since there are 1 million people entering and 0.2 million leaving the 

population at time t is 

𝑃(𝑡)  =   36 +  (1 −  0.2)𝑡  =   36 +  0.8𝑡 

Hence the rate of Hispanics leaving can be found by multiplying the proportion of Hispanics in 

the state and the rate of people leaving the state.   



Rate Out  =
𝑥

36+0.8𝑡
× .02   

We use the Rate In and Rate Out information to get, 

𝑑𝑥

𝑑𝑡
= 0.7 −

0.2𝑥

36+.8𝑡
  

We can rewrite this as, 

𝑑𝑥

𝑑𝑡
+

0.2

36+.8𝑡
𝑥 = 0.7  

This is a first order linear differential equation with  

𝜇 = 𝑒∫,
2

36+.8𝑡
𝑑𝑡

 

= 𝑒
.2
.8

ln(36+.8𝑡)
 

= 𝑒ln(36+.8𝑡).25
 

= (36 + .8𝑡).25 

The solution is 

𝑥 = (36 + .8𝑡)−.25 ∫(36 + .8𝑡).25(. 7)𝑑𝑡  

 𝑥 = .7(36 + .8𝑡)−.25 1

.81

1

.25
[(36 + .8𝑡)1.25 + 𝐶]  

 𝑥 = .7[(36 + .8𝑡).25 + 𝐶(36 + .8𝑡)−.25] 

Now we have that at time zero, there are 33% of 36 million Hispanics or 11.88 million 

Hispanics, hence 

11.88 = .7[(36 + 𝐶(36)−.25] 

Solving for C gives 



𝐶 = −46.61 

Now plug in 20 for t to get 

𝑥 = .7 [(36 + .8(20)) − 46.6(36 + .8(20))
−.25

] = 24.25  

This is the number of Hispanics that will be living in California.  To arrive at the percent we 

divide it by California's population in twenty years. 

P(20)  =   36 +  (0.8)(20)  =   52 

Finally, we have  

24.25

52
= .47 = 47% 

Our model predicts that California will be 47% Hispanic in 20 years. 

Rate Out =
   Number of Hispanics

 Number of Californians
×  Rate of all leaving California 

(Ans.) 

Problem 5: 

The population of a community is known to increase at a rate proportional to the number 

of people present at a time t. If the population has doubled in 6 years, how long it will take 

to triple? 

Solution: 

Let 𝑁(𝑡) denote the population at time t. Let 𝑁(0) denote the initial population (population at 

𝑡 = 0). 

𝑑𝑁

𝑑𝑡
= 𝑘𝑁 (𝑡)  

Solution is 



𝑁(𝑡) = 𝐴𝑒𝑘𝑡  

Where,  

 𝐴 = 𝑁(0) 

𝐴𝑒𝑘   =  𝑁(6)  = 2𝑁(0)  =  2𝐴  

 𝑒6k = 2 

k =
1

6
 ln 2 

Find t when  

𝑁(𝑡) = 3𝐴 = 3𝑁(0) 

 𝑁(0) 𝑒𝑘𝑡 = 3𝑁(0) 

 𝑁(0)𝑒𝑘𝑡 = 3𝑒
𝑡

6
𝑙𝑛 2 

 

 ln 3 =  
(ln 2)𝑡

6
 

⸫ t= (9.6 years (approximately 9 years 6 months) 

(Ans.) 

Problem 6: 

Let population of country be decreasing at the rate proportional to its population. If the 

population has decreased to 25% in 10 years, how long will it take to be half? 

Solution:   

This phenomenon can be modeled by 

𝑑𝑁

𝑑𝑡
= 𝑘𝑁 (𝑡) 

Its solution is  

𝑁(𝑡) = 𝑁(0)𝑒𝑘𝑡 



Where, 

𝑁(0) in the initial population  

For, 

t = 10,    N(10) =
1

4
N(0) 

𝑁(0)   =   𝑁(0)𝑒10𝑘 

 𝑒10𝑘 =
1

4
 

 𝑘 =
1

10
ln

1

4
 

Set, 

   N(t) =
1

4
N(0) 

 𝑁(0)𝑒
1

10
ln

1

4 =
1

2
𝑁(0) 

 𝑡 =
𝑙𝑛

1

2
1

10
𝑙𝑛

1

4

= 8.3, years approximately. 

(Ans.) 

Problem 7: 

A certain culture of bacteria grows at rate proportional to its size. If the size doubles in 4 

days, find the time required for the culture to increase to 10 times to its original size. 

Solution: 

Let 𝑝(𝑡) be the size of the culture after t days. 

𝑑𝑝

𝑑𝑡
= 𝑘𝑝 

we will use the initial condition 𝑝(0) = 𝑝0 



to find the arbitrary constant c, and we will find the additional constant k by using additional 

condition  

𝑝(4) = 2𝑝0 

we have, 

𝑝 = 𝐶𝑒𝑘𝑡 

from the initial condition 𝑝(0) = 𝑝₀ , 𝑡 = 4  

2𝑝₀ =  𝑝₀𝑒4𝑘 

𝑒4𝑘 = 2 

𝐼𝑛 𝑒4𝑘 = 𝑙𝑛2 

𝑘 = 0.173 

Thus the time is required for the culture to increase 10 times to its original size can be found 

from 

10𝑝₀ =  𝑝₀𝑒0.173𝑡 

𝑒0.173𝑡 = 10 

𝑡 = 13.31 𝑑𝑎𝑦𝑠. 

(Ans.) 

 

  



Problem 8: 

Suppose a population of e-coli bacteria grows at a rate proportional to the current 

population. If an initial population of 200 bacteria has grown to 1600 three hours later, find 

a function for the size of the population at time t, and use it to predict when the population 

size will reach 10,000. 

Solution: 

We already know that the population at time t is given by 𝑝 = 𝐶𝑒𝑘𝑡 for some C and k. The 

information about the initial size of the population means that 𝑝(0) = 200. Thus 𝐶 = 200. Our 

knowledge of the population size after three hours allows us to solve fork via the equation 

1600 = 200𝑒3𝑘  

Solving this exponential equation yields 

𝑘 =
ln 8

3
≈ .6931   

The population at time t is given by 

𝑝 = 200𝑒
ln 8

3
𝑡
  

Solving 

1000 = 200𝑒
ln 8

3
𝑡
  

Yields 

𝑡 =
3𝑙𝑛 50

𝑙𝑛 8
≈ 5.644  

The population is predicted to reach 10,000 bacteria in slightly more than five and a half hours. 

(Ans.) 
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Problem 9: 

The population x of a certain city satisfies the logistic law, 

𝒅𝒙

𝒅𝒕
=

𝒙

𝟏𝟎𝟎
−

𝒙𝟐

𝟏𝟎𝟖 … … … … … … … (𝟏)  

when time t is measured in years. Given, that the population of this city is 𝟏𝟎𝟎𝟎𝟎𝟎 in 

𝟏𝟗𝟖𝟎.determine the population as a function of time for t>1980. In particular, answer the 

following questions: 

(a)What will be the population in 𝟐𝟎𝟎𝟎? 

(b)In what year does the 𝟏𝟗𝟖𝟎 population double? 

(c)Assuming the differential equation applies for all 𝒕 > 𝟏𝟗𝟖𝟎, how large will the 

population ultimately be? 

 

Solution:  

We must solve the separable differential equation (1) subject to the initial solution,  

 𝑥 (980) =  100000 … … … … … … (2) 

Separating variable in (1) we obtain 

                                     

𝑑𝑥

(10)−2𝑥−(10−8)𝑥2 = 𝑑𝑡  

And hence  

  

𝑑𝑦

(10)−2𝑥[1−(10)−6𝑥]
= 𝑑𝑡  

Using partial fraction, this becomes 

                                

100 [
1

𝑥
+

10−6

1−(10)−6𝑥
] 𝑑𝑥 = 𝑑𝑡   

 

Integrating, assuming 0 < 𝑥 < 106 ,we obtain 

 

100 { 𝐼𝑛 𝑥 − 𝐼𝑛 [1 −  10−6𝑥]} = 𝑡 + 𝐶1  

 

Hence  



𝐼𝑛 [
𝑥

1−10−6𝑥
] =

1

100
+  𝐶2  

 

Thus, we find       

𝑥

1 − 10−6𝑥
= 𝑐𝑒

𝑡
100 

Solving this for x, we finally obtain, 

  

𝑥 =
𝑐𝑒𝑡/100

1+10−6𝑐𝑒𝑡/100 … … … … … (3)  

                      

now applying the initial condition to equation (ii) we get 

 

105 =
𝐶𝑒19.8

1+(10)−6𝐶𝑒19.8  

 

From which we obtain 

   

𝐶 =
105

𝑒19.8[1−105(10)−6]
=

106

9𝑒19.8  

 

Substituting this value for c back into (3) and simplifying we get 

                                  

𝑥 =
106

1+9𝑒
[19.8−

𝑡
100

]
 

… … … … … (4)  

 

This gives the population x as a function of time for 𝑡 > 1980. 

  

Now, 

 

(a)  

Asks for population in the year 2000.Thus we let 𝑡 = 2000 in (4) and get 

                 



𝑥 =
106

1+9𝑒−.02
≈ 119495   

(Ans.) 

(b)  

Asks for the year in which the population doubles. Thus we let, 𝑥 = 200000 = 2. 105 in 

equation (iv) and solving t we get, 

                   

2. 105 =
106

1+9𝑒19.8−𝑡/100
  

From which  

𝑒
19.8−𝑡

100 =
4

9
  

and hence 

𝑡 ≈ 2061 

(Ans.) 

(c)  

Asks how large the population will ultimately be assuming the differential equation (i) applies 

for all t>1980.To answer this, we evaluate 𝑙𝑖𝑚 𝑥 𝑡 → ∞ using the solution (iv) of (i) we find 

lim
𝑡→∞

𝑥 =  lim
𝑡→∞

 
106

1+9𝑒19.8−𝑡/100
= (10)6 = 1,000,000  

(Ans.) 

Problem 10: 

A population grows at the rate of 𝟓% per year. How long does it take for the population to 

double? Use differential equation. 

Solution: 

Here, 
𝑑𝑥

𝑑𝑡
 ∝  𝑥 [since increase in population speeds up with increase in population] and let x be 

the population at any time t 



 

Then 

𝑑𝑥

𝑑𝑡
 =  𝑟𝑥  

where r is proportionality constant. 

Rewriting, 

dx

𝑥
 =  𝑟 𝑑𝑡  

Integrating,  

          

𝑙𝑛𝑥 =  𝑟𝑡 +  𝐶 

where C is the integration constant 

 

Exponentiating on both sides with e, 

⇒ 𝑥 = 𝑒rt+c 

⇒ 𝑥 = 𝑘𝑒rt where 𝑘 = 𝑒c 

 

Here r is the rate of increase, and k is the initial population let x0 

Given to find the time t taken to attain double population,  

So, 

𝑥 = 2𝑥0 

       

So,  

𝑥 = 𝑘𝑒rt 

⇒ 2𝑥0 = 𝑥0𝑒0.05𝑡  

 

Then divided by 𝑥0,  

we have 

 2 = 𝑒0.05𝑡  

Taking log on both sides, 

𝑙𝑛2 = 𝑙𝑛(𝑒0.05𝑡) 

⇒ 0.69314 = 0.05𝑡  



⇒ 𝑡 =
0.69317

0.05
  

⇒ 𝑡 = 13.86294 𝑦𝑒𝑎𝑟𝑠 

So, it takes 13.86294 years to attain double population. 

(Ans.) 

Problem 11: 

Assume a population of fish grows exponentially. A pond is stocked initially with 500 fish. 

After 6 months, there are 1000 fish in the pond. The owner will allow his friends and 

neighbors to fish on his pond after the fish population reaches 10,000. When will the 

owner’s friends be allowed to fish? 

 

Solution: 

We know it takes the population of fish 6 months to double in size. So, if t represents time in 

months, by the doubling-time formula, we have 6=(ln2)/k. Then, 𝑘 =
𝐼𝑛 2

6
. Thus, the population 

is given by 𝑦 = 500𝑒
𝐼𝑛 2

6
𝑡
 .To figure out when the population reaches 10,000 fish, we must solve 

the following equation: 

                   

10,000 =  500𝑒
𝐼𝑛 2

6
𝑡
  

20 = 𝑒
𝐼𝑛 2

6
𝑡
  

𝑙𝑛(20)  =  
𝐼𝑛 2

6
𝑡  

𝑡 =
6(𝑙𝑛20)

𝑙𝑛2
 ≈ 25.93  

The owner’s friends have to wait 25.93 months (a little more than 2 years) to fish in the pond. 

(Ans.) 

 

 

Problem 12: 

A herd of llamas has 1000 llamas in it, and the population is growing exponentially. At 

time t=4 it has 2000 llamas. Write a formula for the number of llamas at arbitrary time t. 

 



Solution: 

Here there is no direct mention of differential equations, but use of the buzz-phrase ‘growing 

exponentially’ must be taken as indicator that we are talking about the situation 

𝑓(𝑡) = 𝐶𝑒𝑘𝑡 

where here f(t) is the number of llamas at time t and c, k are constants to be determined from the 

information given in the problem. And the use of language should probably be taken to mean 

that at time t=0 there are 1000 llamas, and at time t=4 there are 2000. Then, either repeating the 

method above or plugging into the formula derived by the method, we find 

C= value of 𝑓 at 𝑡 = 0 = 1000 

𝑘 =
𝑙𝑛𝑓(𝑡1)−𝑙𝑛𝑓(𝑡2)

t1−t2
  

=
𝑙𝑛1000−𝑙𝑛2000

0−4
  

= ln
1000

2000
− 4 

=
𝑙𝑛

1
2

−4
 

=
𝑙𝑛2

4
 

⸫ 𝑓(𝑡) = 1000𝑒
𝑙𝑛2

4
𝑡
 

⸫ 𝑓(𝑡) = 1000 × 2
𝑡

4. 

This is the desired formula for the number of llamas at arbitrary time t. 

(Ans.) 

Problem 13: 

Use the fact that the world population was 2560 million in 1950 and 3040 million in 1960 to 

model the population of the world in the second half of the 20th century. (Assume that the 



growth rate is proportional to the population size.) What is the relative growth rate k? Use 

the model to estimate the world population in 1993 and to predict the population in the 

year 2020. 

Solution:  

We measure the population p(t) in millions of people. We have 

𝑑𝑝

𝑑𝑡
= 𝑘𝑝  

𝑝 = 𝐶𝑒𝑘𝑡  

we have the initial condition  

𝑝(𝑡₀) = 𝑝₀ 

𝑝(0) = 𝑐𝑒0 

𝐶 = 2560 

Now,    

𝑝(10) = 3040  

𝑝 = 𝑐𝑒𝑘𝑡 

 3040 = 2560𝑒10𝑘  

k =
ln1.1875

10
= 0.01785  

The relative growth rate is about 1.7% per year and the model is  

𝑝(𝑡) = 2560𝑒0.01785𝑡   

𝑝(43) =  2560𝑒0.01785(43) = 5360 𝑚𝑖𝑙𝑙𝑖𝑜𝑛.  

𝑝(70) =  2560𝑒0.01785(70) = 8524 𝑚𝑖𝑙𝑙𝑖𝑜𝑛. 

(Ans.) 
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Mixing Problems: 

In these problems we will start with a substance that is dissolved in a liquid. Liquid will be 

entering and leaving a holding tank. The liquid entering the tank may or may not contain more of 

the substance dissolved in it. Liquid leaving the tank will of course contain the substance 

dissolved in it. If Q(t) gives the amount of the substance dissolved in the liquid in the tank at any 

time t we want to develop a differential equation that, when solved, will give us an expression 

for Q(t). Note as well that in many situations we can think of air as a liquid for the purposes of 

these kinds of discussions and so we don’t actually need to have an actual liquid but could 

instead use air as the “Liquid”. 

The main assumption that we’ll be using here is that the concentration of the substance in the 

liquid is uniform throughout the tank. Clearly this will not be the case, but if we allow the 

concentration to vary depending on the location in the tank the problem becomes very difficult 

and will involve partial differential equations, which is not the focus of this course. 

The main equation that we’ll be using to model this situation is, 

𝑅𝑎𝑡𝑒 𝑜𝑓 𝑐ℎ𝑎𝑛𝑔𝑒 𝑜𝑓 𝑄(𝑡)

=  𝑟𝑎𝑡𝑒 𝑎𝑡 𝑤ℎ𝑖𝑐ℎ 𝑄(𝑡) 𝑒𝑛𝑡𝑒𝑟𝑠 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 –  𝑅𝑎𝑡𝑒 𝑤ℎ𝑖𝑐ℎ 𝑄(𝑡) 𝑒𝑥𝑖𝑡𝑠 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 

Rate of change of 𝑸(𝒕):   

𝑄(𝑡) =  
𝑑𝑄

𝑑𝑡
= 𝑄′(𝑡) 

Rate at which Q(t) enters the tank:  

(𝑓𝑙𝑜𝑤 𝑟𝑎𝑡𝑒 𝑜𝑓 𝑙𝑖𝑞𝑢𝑖𝑑 𝑒𝑛𝑡𝑒𝑟𝑖𝑛𝑔)𝑥(𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑢𝑏𝑠𝑡𝑎𝑛𝑐𝑒 𝑖𝑛 𝑙𝑖𝑞𝑢𝑖𝑑 𝑒𝑛𝑡𝑒𝑟𝑖𝑛𝑔) 

 

 



Rate at which Q(t) exits the tank:  

(𝑓𝑙𝑜𝑤 𝑟𝑎𝑡𝑒 𝑜𝑓 𝑙𝑖𝑞𝑢𝑖𝑑 𝑒𝑥𝑖𝑡𝑖𝑛𝑔)𝑥(𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑢𝑏𝑠𝑡𝑎𝑛𝑐𝑒 𝑖𝑛 𝑙𝑖𝑞𝑢𝑖𝑑 𝑒𝑥𝑖𝑡𝑖𝑛𝑔) 

Problem 1: 

A 1500-gallon tank initially contains 600 gallons of water with 5 lbs of salt dissolved in it. 

Water enters the tank at a rate of 9 gal/hr and the water entering the tank has a salt 

concentration of 
𝟏

𝟓
(𝟏 + 𝒄𝒐𝒔(𝒕)) lbs/gal. If a well-mixed solution leaves the tank at a rate of 6 

gal/hr, how much salt is in the tank when it overflows? 

Solution: 

Now, to set up the IVP that we’ll need to solve to get Q(t) we’ll need the flow rate of the water entering 

(we’ve got that), the concentration of the salt in the water entering (we’ve got that), the flow rate of the 

water leaving (we’ve got that) and the concentration of the salt in the water exiting (we don’t have this 

yet). 

So, we first need to determine the concentration of the salt in the water exiting the tank. Since we 

are assuming a uniform concentration of salt in the tank the concentration at any point in the tank 

and hence in the water exiting is given by,  

𝐶𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 =  
𝐴𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑎𝑙𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑎𝑡 𝑎𝑛𝑦 𝑡𝑖𝑚𝑒,𝑡

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑤𝑎𝑡𝑒𝑟 𝑖𝑛 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑎𝑡 𝑎𝑛𝑦 𝑡𝑖𝑚𝑒,𝑡 
  

The amount at any time t is easy it’s just Q(t). The volume is also pretty easy. We start with 600 

gallons and every hour 9 gallons enters and 6 gallons leave. So, if we use t in hours, every 

hour3gallons enters the tank, or at any time t there is 600 + 3t gallons of water in the tank. 

So, the IVP for this situation is, 

𝑄′(𝑡) =  9 (
1

5
{1 + 𝑐𝑜𝑠(𝑡))} −  6 ( 

𝑄(𝑡)

600+3𝑡
)          [𝑄(0) = 5]  



𝑄′(𝑡) =  9 (
1

5
{1 + 𝑐𝑜𝑠(𝑡))}  −  

2𝑄(𝑡) 

200+𝑡 
                   [𝑄(0) = 5]  

This is a linear differential equation. Solving it we get, 

𝑄′(𝑡) + 
2𝑄(𝑡) 

200+𝑡 
=

9 

5
(1 + 𝑐𝑜𝑠(𝑡))  

𝜇(𝑡) = 𝑒  ∫
2

200+𝑡
𝑑𝑡  = 𝑒 2𝑙𝑛(200+𝑡) = (200 + 𝑡)2  

∫ ((200 + 𝑡)2𝑄(𝑡))
′
 𝑑𝑡 = ∫

9 

5
(200 + 𝑡)2(1 + 𝑐𝑜𝑠(𝑡))𝑑𝑡  

(200 + 𝑡)2𝑄(𝑡) =  
9 

5
 (

1

3
 (200 + 𝑡)3 + (200 + 𝑡)2𝑠𝑖𝑛(𝑡) + 2(200 + 𝑡)𝑐𝑜𝑠(𝑡) − 2𝑠𝑖𝑛(𝑡)) + 𝐶   

𝑄(𝑡) =  
9 

5
 (

1

3
 (200 + 𝑡) + 𝑠𝑖𝑛(𝑡) + 

2𝑐𝑜𝑠 (𝑡) 

200+𝑡 
 −

2𝑠𝑖𝑛 (𝑡)

(200+𝑡)2) +
𝐶

(200+𝑡)2  

So, here’s the general solution. Now, apply the initial condition to get the value of the 

constant, c. 

5 = 𝑄(0) =  
9 

5
 (

1

3
 (200) + 2/200)  +  

𝐶

(200+𝑡)2  

𝐶 = −4600720 

So, the amount of salt in the tank at any time t is. 

𝑄(𝑡) =  
9 

5
 (

1

3
 (200 + 𝑡) + 𝑠𝑖𝑛(𝑡) +

2𝑐𝑜𝑠(𝑡)

(200+𝑡)
 − 2𝑠𝑖𝑛(𝑡)

1

(200+𝑡)2 ) −  
4600720

(200+𝑡)2  

Now, the tank will overflow at t = 300 hrs. The amount of salt in the tank at that time is. 

𝑄(300) = 279.797 𝑙𝑏𝑠. 

(Ans.) 

 



Problem 2:  

A 1000 gallon holding tank that catches runoff from some chemical process initially has 800 

gallons of water with 2 ounces of pollution dissolved in it. Polluted water flows into the tank 

at a rate of 3 gal/hr and contains 5 ounces/gal of pollution in it. A well-mixed solution 

leaves the tank at 3 gal/hr as well. When the amount of pollution in the holding tank 

reaches 500 ounces the inflow of polluted water is cut off and fresh water will enter the 

tank at a decreased rate of 2 gal/hr while the outflow is increased to 4 gal/hr. Determine the 

amount of pollution in the tank at any time t. 

Solution: 

Here are the two IVP’s for this problem.  

𝑄1′(𝑡) = (3)(5) − (3)(𝑄1(𝑡)/800)      𝑄1(0) = 2     0 ≤ 𝑡 ≤ 𝑡𝑚  

 

 𝑄2′(𝑡) = (2)(0) − (4) (
𝑄2(𝑡)

[800−2(𝑡−𝑡𝑚)]
)       𝑄2(𝑡𝑚) = 500        𝑡𝑚 ≤ 𝑡 ≤ 𝑡𝑒  

The first one is fairly straight forward and will be valid until the maximum amount of pollution 

is reached. We’ll call that time tm. Also, the volume in the tank remains constant the simplified 

version of the IVP’s that we’ll be solving. 

𝑄1′(𝑡) = 15 −
3𝑄1(𝑡)

800
     𝑄1(0) = 2       0 ≤ 𝑡 ≤ 𝑡𝑚  

𝑄2′(𝑡) = −
2𝑄2(𝑡)

400−(𝑡−𝑡𝑚)
        𝑄2(𝑡𝑚) = 500          𝑡𝑚 ≤ 𝑡 ≤ 𝑡𝑒  

The first IVP is a fairly simple linear differential equation so we’ll leave the details of the 

solution to you to check. Upon solving you get. 

𝑄1(𝑡) = 4000 − 3998𝑒
−3𝑡
800 

Now, we need to find tm. This isn’t too bad all we need to do is determine when the amount of 

pollution reaches 500. So, we need to solve. 



𝑄1(𝑡) = 4000 − 3998𝑒
−3𝑡
800 = 500 ⇒ 𝑡𝑚 = 35.4750 

So, the second process will pick up at 35.475 hours. For completeness sake here is the IVP with 

this information inserted. 

𝑄2′(𝑡) = −
2𝑄2(𝑡)

435.475−𝑡
      𝑄2(35.475) = 500           35.475 ≤ 𝑡 ≤ 435.475  

This differential equation is both linear and separable and again isn’t terribly difficult to solve so 

I’ll leave the details to you again to check that we should get. 

𝑄2(𝑡) =
(435.476−𝑡)2

320
  

So, a solution that encompasses the complete running time of the process is 

𝑄(𝑡) = {
4000 −  3998𝑒

−3𝑡

800,                   0 ≤ 𝑡 ≤ 35.475
(435.476−𝑡)2

320
, 35.475 ≤ 𝑡 ≤ 435.4758

  

(Ans.) 

Problem 3:  

Uranium disintegrates at a rate proportional to the amount present at any instant. If 𝒎𝟏 

and 𝒎𝟐 grams of uranium are present at time 𝒕𝟏 and 𝒕𝟐 respectively, show that half-life of 

uranium is 

(𝒕𝟏− 𝒕𝟐) 𝐥𝐨𝐠 𝟐

𝐥𝐨𝐠
𝒎𝟏
𝒎𝟐

  

Solution: 

Let m be the amount of uranium at any time t. 

𝑑𝑚

𝑑𝑡
=  −𝑘𝑚 



⸫ ∫
𝑑𝑚

𝑚

𝑚2

𝑚1
=  −𝑘 ∫ 𝑑𝑡

𝑡2

𝑡1
= log

𝑚1

𝑚2
= 𝑘 (𝑡2 − 𝑡1) … … … … … … … … … … (1)  

Let the mass m reduce to 
𝑚

2
 in time t.  

Also, 

∫
𝑑𝑚

𝑚
=  −𝑘 ∫ 𝑑𝑡

𝑡2

0

𝑚
2

𝑚

 

⸫ log
𝑚

2
− log 𝑚 =  −𝑘𝑡 

 𝑘𝑡 = log 2 

 𝑘 =  
log 2

𝑡
 

Substituting the value of k in (1), we get,  

log
𝑚1

𝑚2
 
log 2

𝑡
(𝑡2 − 𝑡1)  

 𝑡 =  
(𝑡2−𝑡1) log 2

log
𝑚1
𝑚2

. 

(Proved) 
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Problem 4:  

A 1000 gallon holding tank that catches runoff from some chemical process initially has 800 

gallons of water with 2 ounces of pollution dissolved in it. Polluted water flows into the tank 

at a rate of 3 gal/hr and contains 5 ounces/gal of pollution in it. A well-mixed solution 

leaves the tank at 3 gal/hr as well. When the amount of pollution in the holding tank 

reaches 500 ounces the inflow of polluted water is cut off and fresh water will enter the 

tank at a decreased rate of 2 gal/hr while the outflow is increased to 4 gal/hr. Determine the 

amount of pollution in the tank at any time t. 

Solution: 

Here are the two IVP’s for this problem. 

𝑄1′(𝑡) = (3)(5) − (3)(𝑄1(𝑡)/800)      𝑄1(0) = 2     0 ≤ 𝑡 ≤ 𝑡𝑚  
 

𝑄2′(𝑡) = (2)(0) − (4) (
𝑄2(𝑡)

[800−2(𝑡−𝑡𝑚)]
)       𝑄2(𝑡𝑚) = 500        𝑡𝑚 ≤ 𝑡 ≤ 𝑡𝑒  

The first one is fairly straight forward and will be valid until the maximum amount of pollution 

is reached. We’ll call that time tm. Also, the volume in the tank remains constant the simplified 

version of the IVP’s that we’ll be solving. 

𝑄1′(𝑡) = 15 −
3𝑄1(𝑡)

800
     𝑄1(0) = 2       0 ≤ 𝑡 ≤ 𝑡𝑚  

𝑄2′(𝑡) = −
2𝑄2(𝑡)

400−(𝑡−𝑡𝑚)
        𝑄2(𝑡𝑚) = 500          𝑡𝑚 ≤ 𝑡 ≤ 𝑡𝑒  

The first IVP is a fairly simple linear differential equation so we’ll leave the details of the 

solution to you to check. Upon solving you get. 

𝑄1(𝑡) = 4000 − 3998𝑒
−3𝑡

800  

Now, we need to find tm. This isn’t too bad all we need to do is determine when the amount of 

pollution reaches 500. So, we need to solve. 

𝑄1(𝑡) = 4000 − 3998𝑒
−3𝑡

800 = 500 ⇒ 𝑡𝑚 = 35.4750  

So, the second process will pick up at 35.475 hours. For completeness sake here is the IVP with 

this information inserted. 

𝑄2′(𝑡) = −
2𝑄2(𝑡)

435.475−𝑡
      𝑄2(35.475) = 500           35.475 ≤ 𝑡 ≤ 435.475  

This differential equation is both linear and separable and again isn’t terribly difficult to solve so 

I’ll leave the details to you again to check that we should get. 



𝑄2(𝑡) =
(435.476−𝑡)2

320
   

So, a solution that encompasses the complete running time of the process is 

Q(t)={
4000 − 3998𝑒

−3𝑡

800 ,                         0 ≤ 𝑡 ≤ 35.475
(435.476−𝑡)2

320
,                     35.475 ≤ 𝑡 ≤ 435.4758

  

(Ans.) 

Problem 5: 

A tank has pure water flowing into it at 10 litre/min. The contents of the tank are kept 

thoroughly mixed, and the contents flow out at 10 l/min. Initially, the tank contains 10 kg of 

salt in 100 litre of water. How much salt will there be in the tank after 30 minutes? 

Solution:  

we consider the rate of change of the amount of salt in the tank. Let S be the amount of salt in the 

tank at any time t. If we can create an equation relating dS dt to S and t, then we will have a 

differential equation which we can, ideally, solve to determine the relationship between S and t. 

To describe 
𝑑𝑆

𝑑𝑡
, we use the concept of concentration, the amount of salt per unit of volume of 

liquid in the tank. In this example, the inflow and outflow rates are the same, so the volume of 

liquid in the tank stays constant at 100 litre. Hence, we can describe the concentration of salt in 

the tank by 

𝐶𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑎𝑙𝑡 =  
𝑆

100
 𝑘𝑔/𝑙𝑖𝑡𝑟𝑒  

Then, since mixture leaves the tank at the rate of 10 𝑙𝑖𝑡𝑟𝑒/𝑚𝑖𝑛, salt is leaving the tank at the rate 

of 

𝑆 

100
 (10 𝑙𝑖𝑡𝑟𝑒/𝑚𝑖𝑛)  =  

𝑆 

10
  

This is the rate at which salt leaves the tank, so   

𝑑𝑆  

𝑑𝑡
=  − 

𝑆 

10
  

This is the differential equation we can solve for S as a function of t. Notice that since the 

derivative is expressed in terms of a single variable, it is the simplest form of separable 

differential equations, and can be solved as follows, 

∫
𝑑𝑠

𝑆
  =  − ∫

1

10
 𝑑𝑡  



𝑙𝑛 |𝑆|  =  − 
1

10
 𝑡 +  𝐶  

𝑆 =  𝐶𝑒−
1

10
𝑡
  

where C is a positive constant. Note that we have used the fact that S ≥ 0 to eliminate the 

absolute value symbol. 

Since 𝑆 =  10 when 𝑡 =  0, we find 𝐶 =  10 and finally we have 

 𝑆 =  10𝑒 −
1

10
𝑡
 

We can see from this that as t goes to infinity, the amount of salt in the tank goes to zero.  

Also, after 30 minutes, there will be  

𝑆 =  10𝑒−3  

=  0.49787068 𝑘𝑔 of salt in the tank. 

(Ans.) 

Problem 6: 

A tank has pure water flowing into it at 10 litre /min. The contents of the tank are kept 

thoroughly mixed, and the contents flow out at 10 litre/min. Salt is added to the tank at the 

rate of 0.1 kg/min. Initially, the tank contains 10 kg of salt in 100 litre of water. How much 

salt is in the tank after 30 minutes? 

Solution: 

Here the setup is very similar the previous example. The only difference from the previous 

example is the addition of 0.1 kg/min of salt to the tank.  

As a result, we can modify our differential equation to take this into account, 

  
𝑑𝑆

𝑑𝑡
  =  −

 𝑆

10
 +  0.1 =  −0.1𝑆 +  0.1 

Here we see the effect of the outflow as a negative term and the addition of salt as a positive term 

which we sum to get the net rate of change of salt. 

 Yet again, this equation is clearly separable, since there is no t variable on the right hand side. 

We thus solve in the standard way: 



∫
𝑑𝑆 

−0.1𝑆 + 0.1 
=  ∫ 𝑑𝑡  

−10 𝑙𝑛 |  −  0.1𝑆 +  0.1|  =  𝑡 +  𝐶  

−0.1𝑆 +  0.1 =  𝐶𝑒−0.1𝑡   

𝑆 =  1 +  𝐶𝑒−0.1𝑡  

Here C may be positive or negative, depending on the initial conditions. We see that as t 

approaches infinity, S approaches 1 kg regardless of the initial conditions. For this example, 

there were initially 10 kg of salt in the tank, so we can solve for C and find C=9. Thus,  

𝑆 =  1 +  9𝑒−0.1𝑡  

After 30 minutes, there will be 1.448 kg of salt in the tank.  

Unlike the previous example, the amount of salt in the tank does not go to zero as t goes to 

infinity: S goes to 1. Notice that if there was 1 kg of salt in the tank, then the outflow rate of salt 

will be (0.01 𝑘𝑔/𝑙𝑖𝑡𝑟𝑒)(10 𝑙𝑖𝑡𝑟𝑒/𝑚𝑖𝑛)  =  0.1 𝑘𝑔/𝑚𝑖𝑛, which will exactly balance the inflow 

rate of salt. 

(Ans.) 

Problem 7: 

A tank has pure water flowing into it at 12 litre/min. The contents of the tank are kept 

thoroughly mixed, and the contents flow out at 10 litre/min. Initially, the tank contains 10 

kg of salt in 100 litre of water. 

Solution: 

In this case, the inflow rate is greater than the outflow rate. As a result, the volume is not 

constant. Using the initial conditions and the flow rates, we can say that the volume V of liquid 

in the tank is  

𝑉 =  100 +  2𝑡 

after t minutes. The concentration of salt after t minutes is then 

 𝑆 

𝑉
 =  

𝑆

100 + 2𝑡
  

and the rate of change of S is 

  𝑑𝑆

𝑑𝑡
  =  − 

𝑆

 100+2𝑡
  (10

𝑙𝑖𝑡𝑟𝑒

𝑚𝑖𝑛
)  



=
10𝑆

100 + 2𝑡
  

Once again, this is a separable differential equation, and we can solve it: 

∫  
𝑑𝑆

𝑆
  =   − ∫

10

100+2𝑡
𝑑𝑡   

𝑙𝑛 𝑆 =  −5 𝑙𝑛(100 +  2𝑡)  +  𝐶  

𝑆 =  𝐶(100 +  2𝑡) −5 

 Note we have used the fact that S ≥ 0 and V = 100+2t ≥ 0 to eliminate absolute value symbols 

from the equation. With the initial conditions, we can solve for C, 

10 =  𝐶(100 +  0)−5  

𝐶 =  1011 

and thus 

𝑆 =  
1011

(100 +  2𝑡)5
 

After 30 minutes, there will be 0.953674 kg of salt in the tank. Notice this is more than in 

example 1 due to the fact that the increased inflow rate dilutes the salt, and reduces the outflow 

rate of salt, so the amount of salt in the tank will be greater than in Problem 7. 

(Ans.) 

Problem 8:  

Under certain conditions, cane sugar is converted into dextrose at a rate, which is 

proportional to the amount unconverted at any time. If out of 75 grams of sugar at t = 0, 8 

grams are converted during the first 3 minutes, find the amount converted in 𝟏𝟐
𝟏 hours. 

Solution: 

Let M be the amount of cane sugar initially, m be the amount of cane sugar converted into 

dextrose. Then according to problem, 

𝑑𝑚

𝑑𝑡
= 𝐾(𝑀 − 𝑚) 

 
𝑑𝑚

𝑑𝑡
+ 𝐾𝑚 = 𝐾𝑀 



which is the linear differential equation.  

I.F. = 𝑒∫ 𝐾𝑑𝑡 

=  𝑒𝑘𝑡 

Solution is  

𝑚. 𝑒𝑘𝑡 =  ∫ 𝐾 𝑀𝑒𝑘𝑡𝑑𝑡 = 𝑀𝑒𝑘𝑡 + 𝐶  

𝑚 = 𝑀 + 𝐶𝑒−𝑘𝑡 … … … … … … … … (1)  

(a) At 𝑡 =  0, 𝑚 =  0, 𝑀 =  75  

(1) becomes, 

𝑚 = 75 − 75𝑒−𝑘𝑡 … … … … … … … … (2) 

 0 = 75 + 𝐶 

⸫ 𝐶 =  −75 

(b) At 𝑡 =  30, 𝑚 =  8 

8 = 75 − 75𝑒−30𝑘 

 67 = 75𝑒−30𝑘 

 𝑒−30𝑘 =  
67

75
… … … … … … … … … … (3) 

(c) At 𝑡 =  90, (2) becomes 

𝑚 = 75 − 75𝑒−90𝑘 

 𝑚 = 75 − 75 (
67

75
)3 from (3)  

 𝑚 = 75 −  
673

752 

 𝑚 = 75 −  
300763

5625
 

 𝑚 = 75 − 53.45 

⸫ 𝑚 =  21.55 

(Ans.) 
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Radioactive-Decay Problems: 

In many circumstances, for a limited period of time, the rate of reaction of a chemical process can 

be considered to be proportional only to the amount Q of the chemical that is present at a given 

time t. The differential equation governing such a process then has the form 

                      
 𝑑𝑄

𝑑𝑡
= 𝑘𝑄 … … … … … … … … (1) 

where, 𝑘 ≥  0 is a constant of proportionality. This is a homogeneous linear first order 

differential equation. An analogous situation applies to the radioactive decay of an isotope for 

which the decay takes place at a rate proportional to the amount of radioactive isotope that is 

present at any given instant of time. The equation governing the amount Q of the isotope as a 

function of time t is also of the form shown in (1), but instead of the amount growing as in the 

previous case, it is decreasing, so as in this case the constant of proportionality is usually denoted 

by a positive number λ, the equation for radioactive decay takes the form 

                               
 𝑑𝑄

𝑑𝑡
= −𝜆𝑄 … … … … … … … … … (2) 

It is not difficult to see by inspection that the general solution of (2) is 

𝑄 = 𝑄0𝑒−𝜆𝑡 

half-life where 𝑄0 the amount of the isotope present at the start when 𝑡 =  0. The so-called half-

life Th of an isotope is the time taken for half of it to decay away, so setting 𝑄 =
1

2
𝑄0 in the 

above result shows the half-life to be given by  𝑇ℎ =
1

𝜆
 𝑙𝑛2. 

Problem 1: 

Radium is known to decay at a rate proportional to the amount present. If the half-life of 

radium is 1600 years. What percentage of radium will remain in a given sample after 800 

years? 

Solution:  

We have 𝑥 = 𝑥0𝑒𝑘𝑡 ,  

where x0
 is the amount of radium at 𝑡 = 0.  

Since the half-life of radium is 1600 years. 

Therefore, half of the original amount of radium exists after 1600 years, 

𝑥0

2 
=  𝑥0 𝑒

1600𝑡  

𝑘 = −
log 2

1600 
  

the amount of radium present in a given sample after 800 years is given by  



𝑥 = 𝑥0𝑒800𝑘 

= 𝑥0  𝑒
− 𝑙𝑜𝑔2

2  

=  𝑥0 2−0.5 

=
𝑥0

√2
 

So,  

𝑥 = 0.707 𝑥0 (𝑎𝑝𝑝𝑟𝑜𝑥. ) 

Hence 
𝑥

𝑥0
. 100 = 70.7% of the original amount of radium would remain after 800 years. 

(Ans.) 

Problem 2: 

A certain radioactive material is known to decay at a rate proportional to the amount 

present. If initially 0.5 gm of the material is present and 0.1 percent of the original mass has 

decayed after one week, find the half-life of the material. 

Solution: 

Let x(t) denote the amount of material present at time t. 

Then 

𝑑𝑥

𝑑𝑥
= 𝑘𝑡, where 𝑘 < 0 

 𝑥 = 𝑥0𝑒𝑘𝑡 , 

since 𝑥 = 0.5 𝑎𝑡 𝑡 = 0,      

So,  

𝑥0 = 0.5 

Thus,  

 𝑥 = 0.5 𝑒𝑘𝑡 , at any time t. 

If we take the time unit to be 1 week, then 0.1% of 𝑥0 has decayed. 

If 𝑡 = 1, then 99.9% of 𝑥0 remains. 

So,  

𝑥 = .999𝑥0 

 𝑥 =
.999

2
 



⸫ 𝑥 = .4995 𝑔𝑚𝑠 

Now, 

0.4995 = 0.5 

 𝑒𝑘 = 0.99  

 𝑘 = log(0.999) 

⸫ 𝑘 = −0.001 

Thus,      

𝑥 = 0.5𝑒−0.001𝑡, in t weeks. 

Now half-life is the time t associated with the decay of one half the original mass. Here the 

original mass is 0.5 gm.  

So when 𝑥 = 0.5𝑥0 =
1

4
 

the time t is given by 
1

4
= 0.5𝑒−0.001 𝑡 

−0.001𝑡 = log
1

2
  

 𝑡 =
𝑙𝑜𝑔2

0.001
 

 𝑡 = 103𝑙𝑜𝑔2 

 𝑡 = 301 𝑤𝑒𝑒𝑘𝑠 

hence, 𝑡 = 301 𝑤𝑒𝑒𝑘𝑠 = 5.78 𝑦𝑒𝑎𝑟𝑠       

(Ans.) 

Problem 3:  

Assume that the rate at which radioactive nuclei decay is proportional to the number of 

such nuclei that are present in a given sample. In a certain sample 10% of the original 

number of radioactive nuclei have undergone disintegration in a period of 200 years. 

(a) What percentage of the original radioactive nuclei will remain after 1000 years? 

(b) In how many years will only one fourth of the original number remain? 

Solution: 

Here, 

𝑥 = 𝑥0𝑒𝑘𝑡 , where 𝑥(0) =  𝑥0 

We are given that    



𝑥 = 𝑥0 −
𝑥0

10
  

 𝑥 =
9𝑥0

10
, 𝑤ℎ𝑒𝑛 𝑡 = 200  

So, 

9

10
 𝑥0 = 𝑥0 𝑒

200𝑘  

 𝑒𝑘 = (
9

10
)

1

200 

Thus,  

𝑥 = 𝑥0 (
9

10
)

𝑡

200 , at any time, t.  

(a)    

When t=1000,    

𝑥 = 𝑥0  (
9

10
)5  

So, 

𝑥 

𝑥0
. 100 =

95.100

105 .  100   

= 59.05% (𝑎𝑝𝑝𝑟𝑜𝑥. )  

Hence, 59.05% of the original radioactive nuclei will remain after 1000 years. 

(Ans.) 

(b) 

Now, 

0.25 𝑥0 = 𝑥0 (
9

10
)

𝑡

200  

 log(0.25) =
𝑡

200
log (

9

10
)  

Hence, 𝑡 =
200 𝑙𝑜𝑔4

log (
10

9
)

 = 2631 years. (approx.). 

(Ans.) 

 

 

 



Problem 4:  

Uradium is known to decay at a rate proportional to the amount present. If the half-life of 

radium is 1800 years. What percentage of radium will remain in a given sample after 800 

years? 

Solution:  

We have, 

𝑥 = 𝑥0𝑒𝑘𝑡   

where x0
 is the amount of radium at t=0. since the half-life of radium is 1600 years, therefore , 

half of the original amount of radium exists after 1600 years, 

𝑥0

2 
= 𝑥0 𝑒

1800𝑡  

 𝑘 = −
log 2

1800 
 

the amount of radium present in a given sample after 800 years is given by  

𝑥 = 𝑥0𝑒800𝑘  

 = 𝑥0  𝑒
− 𝑙𝑜𝑔2

2    

= 𝑥0 2−0.5  

=
𝑥0

√2
  

So,  

x=0.707 𝑥0 (approx.)  

Hence 
𝑥

𝑥0
. 100 = 70.7% of the original amount of radium would remain after 800 years. 

(Ans.) 

Problem 5: 

A fragment of bone is discovered to contain 20% of the usual the 𝟏𝟒𝑪 concentration. The 

relative amount of 𝟏𝟒𝑪 in the bone has decreased to 20% of its original value. 

Solution: 

𝑥(𝑡) = 0.20𝑥₀ 

𝑘 =
𝑙𝑛2

5730
 



0.20𝑥₀ = 𝑥₀𝑒−[
𝑙𝑛2

5730
]𝑡

 

𝑡 = 5730 
−𝑙𝑛 (0.20)

𝑙𝑛2
 

𝑡 = 13300 𝑦𝑒𝑎𝑟. 

(Ans.) 
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Problem 6: 

The rate at which radioactive nuclei decay is proportional to the number of such nuclei 

that are present in a given sample. Half of the original number of radio-active nuclei have 

undergone disintegration in a period of 1500 years. 

1.what percentage of the original radioactive nuclei will remain after 4500 years? 

2.In how many years will only one-tenth of the original number remain? 

Solution: 

Let, x be the amount of radioactive nuclei present after t years . 

Then 
𝑑𝑥

𝑑𝑡
 represents the rate at which the nuclei decay.  

So, 

𝑑𝑥

𝑑𝑡
= −𝑘𝑥 

By integrating, 

𝑥 = 𝑐𝑒−𝑘𝑡 

applying the initial condition 

𝑥 = 𝑥₀𝑒−𝑘𝑡 

when t=1500 

1

2
𝑥₀ = 𝑥₀𝑒−1500𝑘 

 𝑒−𝑘 = (
1

2
)1/1500 

 𝑘 =
𝑙𝑛2

1500
 

⸫ 𝑘 = 0.00046. 

now,  



𝑥 = 𝑥₀𝑒−0.00046𝑡 

 𝑥 = 𝑥₀(
1

2
)

𝑡

1500 

Each of the two equivalent expressions gives the number x of radioactive nuclei that are present 

at time t.  

Here 𝑡 = 4500 

𝑥 = 𝑥₀(
1

2
)3 = 𝑥₀(

1

8
) 

Thus one-eighth or 12.5% of the original number remain after 4500 years. 

1

10
= (

1

2
)

𝑡
1500 

 ln
1

10
= ln (

1

2
)

𝑡

1500 

  ln
1

10
=

𝑡

1500
ln (

1

2
) 

 𝑡 =
1500𝑙𝑛10

𝑙𝑛2
 

⸫ 𝑡 = 4985 𝑦𝑒𝑎𝑟𝑠 

(Ans.) 

Problem 7: 

A radioactive material has an initial mass 100mg. After two years it is left to 75mg. Find 

the amount of the material at any time. What is the period of its half-life? 

Solution: 

We measure the amount of the material present at any time t.  

We have    

𝑑𝑦

𝑑𝑡
= 𝑘𝑦 



and we have the initial condition 

𝑦(𝑡₀)  = 𝑦₀  

𝑦(0) = 100 

thus, we can find the arbitrary constant c  

𝑦 =  𝐶𝑒𝑘𝑡 

 𝑦(0) =  𝑐𝑒0 

 100 =  𝑐. 

⸫ 𝑦 =  100𝑒𝑘𝑡 

Now we will find the additional constant k by using the additional condition  

𝑦(2)  =  75 

75 =  100𝑒2𝑘 

𝑘 =
𝑙𝑛0.75

2
= −0.1438  

Thus we have,  

𝑦(𝑡) =  100𝑒−0.1438𝑡 

from the latest equation we will find the Half-life of the material which is the time when  

𝑦 =  50𝑚𝑔. 

50 =  100𝑒−0.1438𝑡  

 𝑒−0.1438𝑡 = 0.5 

 𝑡 =
𝑙𝑛0.5

−0.1438
 

⸫ 𝑡 = 4.82 𝑦𝑒𝑎𝑟𝑠  

(Ans.) 

 



Problem 8: 

A zircon sample contains 4000 atoms of the radioactive element 235U. Given that 235U has 

a half -life of 700 million years, how long would it take to decay to 125 atoms? 

Solution: 

y = 4000(
1

2
)

𝑡

700 

 125=4000(
1

2
)

𝑡

700 

 𝑙𝑛
125

4000
= ln (

1

2
)

𝑡

700 

⸫ t= 3500 million years 

before zircon sample degrades to 125 atoms. 

(Ans.) 

Problem 9: 

Radium decomposes at a rate proportional to the amount present. If half of the original 

amount disappears in 1600 years, find the percentage lost in 100 years. 

Solution: 

𝑥 = 𝑥₀𝑒𝑘𝑡, where 𝑥(0) = 𝑥₀ 

when t =1600,  𝑥 =
1

2
𝑥₀ 

1

2
𝑥₀ =   𝑥₀𝑒1600𝑘, 

𝑒𝑘 = (
1

2
)1/1600 

Thus  

𝑥 = 𝑥₀(
1

2
)𝑡/1600 in t years. 



The amount present after 100 years will be  

𝑥 =  𝑥₀ = (
1

2
)

1
16 =  0.958𝑥₀ 

The percentage decrease from the initial amount x₀ is 
𝑥₀−0.958𝑥₀

𝑥₀
× 100 = 4.2% 

(Ans.) 

Problem 10: 
A radioactive substance has a half-life of 1620 years. 

(a) If its mass is now 4 g (grams), how much will be left 810 years from now? 

(b) Find the time t₁ when 1.5 g of the substance remain. 

Solution: 

(a) 

𝑡₀ = 0, 𝑥₀ = 4 

𝑥 = 4𝑒−𝑘𝑡 

𝑘 =
𝑙𝑛2

𝑡
=

𝑙𝑛2

1620
  

𝑄 = 4𝑒−
𝑡 𝐼𝑛 2
1620  

Hence the mass left after 810 years will be 

Q(810)= 4𝑒−
810 𝐼𝑛 2

1620   

= 2.83 

(b) 

Setting 𝑡 = 𝑡₁  

𝑄(𝑡₁) = 1.5 yields 

3

2
= 4𝑒−

𝑡₁𝐼𝑛 2
1620  

Dividing by 4 and taking logarithms yield 

𝑙𝑛
3

8
= −

𝑡₁𝑙𝑛2

1620
  

𝑡₁ = 2292.4 𝑦𝑒𝑎𝑟𝑠.  



(Ans.) 
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Frictional Forces: 

If a body moves on a rough surface, it will encounter not only air resistance but also another resistance 

force due to the roughness of the surface. This additional force is called friction. It is shown in physics 

that the friction is given by N, where  

1. p is a constant of proportionality called the coefficient of friction, which depends upon the roughness of 

the given surface; and  

2. N is the normal (that is, perpendicular) force which the surface exerts on the body.  

We now apply Newton's second law to a problem in which friction is involved. 

Problem 1: 

An object weighing 48 lb is released from rest at the top of a plane metal slide that is 

inclined 30° to the horizontal. Air resistance (in pounds) is numerically equal to one-half 

the velocity (in feet per second), and the coefficient of friction is one-quarter.  

A. What is the velocity of the object 2 sec after it is released?  

B. If the slide is 24 ft long, what is the velocity when the object reaches the bottom? 

Formulation:  

The line of motion is along the slide we choose the origin at the top and the positive 𝑥 direction down the 

slide. If we temporarily neglect the friction and air resistance, the forces acting upon the A are: 

1. Its weight,48 𝑙𝑏, which acts vertically downward; and 

2. The normal force, 𝑁, exerted by the slide which acts in an upward direction perpendicular to the 

slide. (See figure 1) 

The components of weight parallel and perpendicular to the slide have magnitude  

48 sin 30° = 24 

 



 

Figure: 1 

 

And  

48 cos 30° = 24√3  

Respectively, the components perpendicular to the slide are in equilibrium and hence the normal force 𝑁 

has magnitude, 24√3. 

Now, taking into consideration the friction and air resistance, we see that the forces are acting in 

the object as it moves along the slide are the following, 

1. 𝐹1, the component of the weight parallel to the plane, having numerical value 24.Since this 

force acts in the positive (downward) direction along the slide, we have 

𝐹1 = 24 

2. 𝐹2, the frictional force, having numerical value 𝜇𝑁 =
1

4
(24√3).Since this act in the negative 

(upward) direction along the side, we have 

𝐹2 = −6√3  

3. 𝐹3, the air resistance, having numerical value 
1

2
𝑣.Since 𝑣 > 0 and this also acts in the negative 

direction, we have 

𝐹3 =  −
1

2
𝑣  

We apply Newton’s second law 𝐹 = 𝑚𝑎.  



Here 

𝐹 = 𝐹1 + 𝐹2 + 𝐹3 = 24 − 6√3 −
1

2
𝑣  

And  

𝑚 =
𝑤

𝑔
=

48

32
=

3

2
   

Thus, we have the differential equation 

3

2

𝑑𝑦

𝑑𝑥
= 24 − 6√3 −

1

2
𝑣 … … … … … … … … … (1)  

Since the object is released from the rest, the initial condition is, 

𝑣(0) = 0 … … … … … … … … … (2)  

Solution: 

Equation (1) is separable; separating variables we have 

𝑑𝑣

48−12√3−𝑣
 =

𝑑𝑡

3
  

Integrating and simplifying, we find 

𝑣 =  48 −  12√3 – 𝐶1𝑒−
𝑡

3   

The condition (2) gives 

𝐶1  =  48 −  12√3 

Thus, we obtain  

𝑣 =  (48 −  12√3) (1 – 𝑒−
𝑡

3) … … … … … … … … … (3)  

Question A is thus answered by letting 𝑡 =  2 in Equation (3).  

We find 

𝑣(2)  =  (48 –  12√3)(1 – 𝑒−
2
3)  ≈  13.2(𝑓𝑡/𝑠𝑒𝑐) 

 In order to answer question B, we integrate (3.39) to obtain 



 𝑥 =  (48 −  12√3) (𝑡 +  3 𝑒−
𝑡
3)  +  𝐶2.  

Since, 𝑥(0) =  0, 

 𝐶2 =  −(48 –  12√3)(3) 

Thus, the distance covered at time t is given by, 

                             𝑥 =  (48 −  12√3) (𝑡 +  3𝑒−
𝑇
3 − 3).  

Since the slide is 24 ft long, the object reaches the bottom at the time T determined from the 

transcendental equation 

24 =   (48 −  12√3) (𝑇 +  3 𝑒−
𝑇
3 − 3) 

which may be written as  

 3 𝑒−
𝑇
3 =

47 + 2√3

13
 –  𝑇 

 

The value of T that satisfies this equation is approximately 2.6. Thus from Equation (3.39) the 

velocity of the object when it reaches the bottom is given approximately by 

  (48 −  12√3)(1 − 𝑒−0.9) ≈ 16.2 (𝑓𝑡/𝑠𝑒𝑐). 

(Ans.) 

Problem 2: 

Suppose that the object of mass 1 slug is thrown downward with an initial velocity of 2 ft/s 

and that the object is attached to a parachute, increasing this resistance so that it is given 

by u. Find the velocity at any time t and determine the limiting velocity of the object.  

Solution: 

This situation is modeled by the initial value problem  

𝑑𝑢

𝑑𝑡
= 32 − 𝑢2𝑤ℎ𝑒𝑟𝑒 𝑢(0) = 2  



we solve the differential equation by separating the variables and using partial fractions. 

1

32−𝑢2
𝑑𝑢 = 𝑑𝑡  

1

(4√2+𝑢)(4√2−𝑢)
𝑑𝑢 = 𝑑𝑡  

1

8√2
(

1

𝑢+4√2
−

1

𝑢−4√2
) 𝑑𝑢 = 𝑑𝑡  

ln[𝑢 + 4√2] − ln[𝑢 − 4√2] = √2𝑡8 + 𝐶1   

ln [
𝑢+4√2

𝑢−4√2
] = 8√2𝑡 + 𝐶1  

[
𝑢+4√2

𝑢−4√2
] = 𝐶2𝑒8√2𝑡  

Solving for, 

𝑢 + 4√2 = 𝐶3𝑒8𝑡√2  

(1 − 𝐶3𝑒𝑡8√2)𝑢 = −4√2 𝐶3𝑒8𝑡√2 + 1  

So, 

𝑢 = −4√2 ∗
𝐶3𝑒8𝑡√2+1

1−𝐶3𝑒8𝑡√2
  

u is an application of the initial condition yield. 

𝐶3 =
1+2√2

1−2√2
  

The limiting velocity of the object is found with L’ Hospitals’ rule to be, Limit tends to infinity  

𝑢(𝑡) = −
4√2𝐶3

−𝐶3
=

4√2𝑓𝑡

𝑠
.  

(Ans.) 

 

 



Falling Body Problem: 

We shall now consider some examples of a body falling through air toward the earth. In such a 

circumstance the body encounters air resistance as it falls. The amount of air resistance depends 

upon the velocity of the body, but no general law exactly expressing this dependence is known. 

In some instances, the law 𝑅 = 𝑘𝑣 appears to be quite satisfactory, while in others 𝑅 = 𝑘𝑣2 

appears to be more exact. In any case, the constant of proportionality k on turn depends on 

several circumstances. In the examples that follow we shall assume certain reasonable resistance 

laws in each case. Thus we shall actually be dealing with idealized problems in which the true 

resistance law is approximated and in which certain comparatively negligible factors are 

disregarded. 

Example 3:  

A body weighting 8 lb falls from rest toward the earth from a great height. As it falls, air 

resistance acts upon it, and we shall assume that this resistance (in feet per second). Find 

the velocity and resistance fallen at time t seconds. 

Formulation: 

We choose the positive x axis vertically downward along the path of the body B the origin at the 

point from which the body fell. The forces acting on the body are: 

1. 𝐹1   it’s weight, 8 lb, which acts downward and hence is positive. 

2. 𝐹2 , the air resistance numerically equal to 2v, which acts upward and hence is the negatively 

quantity -2v 

Newton’s second law, 𝐹 =  𝑚𝑎, becomes 

𝑚
𝑑𝑣

𝑑𝑡
= 𝐹1 + 𝐹2 

 



 

Figure: 1 

or,  

taking 𝑔 = 32 and using  

𝑚 =  
𝑤

𝑔
=

8

32
=

1

4
 

 1

4

𝑑𝑣

𝑑𝑡
= 8 − 2𝑣 … … … … … … … (1) 

Since the body was initially at rest, we have the initial condition  

𝑣(0) = 0 … … … … … … … … … (2) 

Solution:  

Equation (1) is separable: separating variables, 

 we have  

𝑑𝑣

8 − 2𝑣
= 4 𝑑𝑡 

Integrating we find 

−0.5 ln(8 − 2𝑣) = 4𝑡 + 𝐶0 



Which reduces to  

8 − 2𝑣 = 𝐶1𝑒−8𝑡 

Applying the condition (2) we find  𝐶1 = 8.  

Thus, the velocity at time t is given by  

𝑣 = 4(1 − 𝑒−8𝑡) … … … … … … … … … (3) 

Now to determine the distance fallen at time t, we write (3) in the form 

𝑑𝑥

𝑑𝑡
= 4( 1 − 𝑒−8𝑡) 

And note that 𝑥(0) = 0. 

Integrating the above equation, we obtain  

𝑥 = 4 (𝑡 +
1

8
𝑒−8𝑡) +  𝐶2 

Since 𝑥 = 0 when 𝑡 = 0 , we find 𝑐2 =
−1

2
 and hence the distance fallen is given by  

𝑥 = 4(𝑡 +
1

8
𝑒−8𝑡 −

1

8
). 

(Ans.) 

Problem 4: 

A skydiver equipped with parachute and other essential equipment falls from rest toward 

the earth. The total weight of the man plus the equipment is 𝟏𝟔𝟎𝒍𝒃.Before parachutes 

opens, the air resistance (in pounds) is numerically equal to 
𝟏

𝟐
𝒗, where 𝒗 is the velocity (in 

feet per second). The parachute opens 5 sec after the fall begins; after it opens, the air 

resistance (in pound) is numerically equal to 
𝟓

𝟖
𝒗𝟐, where v is the velocity (in feet per 

second). Find the velocity of the skydiver (A) before the parachute opens, and (B) after the 

parachute opens. 

 



Solution: 

Let 𝐹1, the weight, the 160𝑙𝑏, which acts downward, hence is positive. 

𝐹2, the air resistance, numerically equal to 
1

2
𝑣, which acts upward and hence is the negative 

quantity −
1

2
𝑣. 

From Newton’s second law 𝐹 = 𝑚𝑎, where F=F₁+F₂, let 𝑚 =
𝑤

𝑔
 and 𝑔 = 32 

5
𝑑𝑣

𝑑𝑡
= 160 −

1

2
𝑣. 

Since the skydiver was initially at rest, 𝑣 = 0 when 𝑡 = 0 

we shall first consider the problem (A), We find a one-parameter family of solution of  

5
𝑑𝑣

𝑑𝑡
= 160 −

1

2
𝑣 

Separating variables, we obtain  

𝑑𝑣

𝑣 − 320
= −

1

10
𝑑𝑡 

by integrating this, 

 

ln(𝑣 − 320) = −
1

10
𝑡 + 𝑐₀ 

                                              𝑣 = 320 + 𝐶𝑒−𝑡/10. 

when 𝑣 = 0, 𝑡 = 0, we get 𝐶 =  −320  

𝑣 = 320 (1 − 𝑒−
𝑡

10). 

which is valid for 0 ≤ 𝑡 ≤ 5. In particular, where 𝑡 = 5  

𝑣₁ = 320(1 − 𝑒−
1
2) = 126 

which is the velocity when parachute opens. 



 For problem (B), 

5
𝑑𝑣

𝑑𝑡
= 160 −

5

8
𝑣²  

 
𝑑𝑣

𝑣²−256
= −

1

8
𝑑𝑡  

By integrating this, 

𝑙𝑛
𝑣−16

𝑣+16
= −4𝑡 + 𝑐₁  

 
𝑣−16

𝑣+16
= 𝑐𝑒−4𝑡  

⸫ 𝑣 =
16(𝑐𝑒−4𝑡+1)

1−𝑐𝑒−4𝑡   

Here 𝑣₁ = 𝑣 = 126 

⸫ 𝑣 =
16(

110

142
𝑒20−4𝑡+1)

1−(
110

142
𝑒20−4𝑡)

  

which is valid 𝑡 ≥ 5. 

(Ans.) 
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Newton’s Law of Cooling Problems: 

It states that the rate at which the temperature 𝑇 =  𝑇(𝑡) changes in a cooling body is 

proportional to the difference between the temperature T of the body and the constant 

temperature 𝑡0 of the surrounding medium. 

i.e.,  

𝑑𝑇

𝑑𝑡
=  −𝑘 (𝑇 −  𝑇0), where k > 0. 

Negative sign is taken due to the reduction in the temperature of the hot body, when it cools. 

Note that 𝑇 >  𝑇0. 

 

Problem 1:  

A body whose temperature is initially 𝟏𝟎𝟎𝟎 𝑪 is allowed to cool in air, whose temperature 

remains at a constant 𝟐𝟎𝟎 𝑪. It is given that after 10 minutes, the body has cooled to 𝟒𝟎𝟎 𝑪. 

Find the temperature of the body after half an hour. 

Solution: 

If T denoted the instantaneous temperature of the body in degree Celsius and t denotes the time 

in minutes when the body begins to cool, the rate of cooling is,  

𝑑𝑇

𝑑𝑡
=  −𝑘 (𝑇 −  20), where k > 0 

⸫ 
𝑑𝑇

𝑇−20
=  −𝑘𝑑𝑡 

 𝑙𝑜𝑔 (𝑡 −  20)  =  −𝑘𝑡 +  𝑙𝑜𝑔 𝐶 

 𝑇 − 20 = 𝐶𝑒−𝑘𝑡 

 𝑇 = 20 + 𝐶𝑒−𝑘𝑡 

At 𝑡 =  0, 𝑇 =  100 and so 𝐶 =  80 

Thus, 



𝑇 = 20 + 80𝑒−𝑘𝑡 

is the temperature of the body at time t. It is given that when  

𝑡 =  10, 𝑇 =  40. 

(Ans.) 

Problem 2:  

A metal bar at a temperature of 𝟏𝟎𝟎𝟎 𝑭 is placed in a room at a constant temperature of 

𝟎𝟎 𝑭. If after 20 minutes the temperature of the bar is half. Find an expression for the 

temperature of the bar at any time.  

Solution:  

Here, 𝑇0 = 0, therefore 

𝑑𝑇

𝑑𝑡
=  −𝑘𝑇 implies 𝑇 = 𝐶𝑒−𝑘𝑡. 

At 𝑡 =  0, we are given 𝑇 =  100, and so 𝐶 =  100 

⸫ 𝑇 = 100𝑒−𝑘𝑡 

When 𝑡 =  20, we are given 𝑇 =  50 

⸫ 50 =  100𝑒−20𝑘 

 −20𝑘 = log(
1

2
) 

 −20𝑘 =  −0.693 

 𝑘 =  0.035 

Hence, 𝑇 =  100 𝑒𝑥𝑝 (−0.035 𝑡). 

(Ans.) 

 

 



Problem 3:  

According to Newton’s Law of cooling, the rate at which a substance cools in moving air is 

proportional to the difference between the temperature of the substance and that of the air. 

If the temperature of the air is 𝟐𝟗𝟎 𝑲 and the substance cools from 𝟑𝟕𝟎 𝑲 to 𝟑𝟑𝟎 𝑲 in 10 

minutes. Find when the temperature will be 𝟐𝟗𝟓 𝑲. 

Solution: 

Let T be the temperature of the substance at time t minutes. Then  

𝑑𝑇

𝑑𝑡
=  −𝑘 (𝑇 − 290) 

 
𝑑𝑇

(𝑇−290)
=  −𝑘 𝑑𝑡 … … … … … … … … (1) 

Integrating (1) between the limits 𝑡 =  0 (𝑇 =  370) and 𝑡 =  10 (𝑇 =  330), we obtain 

∫
𝑑𝑇

(𝑇−290)

330

370
=  −𝑘 ∫ 𝑑𝑡

10

0
  

 𝑙𝑜𝑔 40 –  𝑙𝑜𝑔 80 =  − 10 𝑘 

 10 𝑘 =  𝑙𝑜𝑔 2 … … … … … … … … … (2) 

Integrating (1) between the limits 𝑡 =  0 (𝑇 =  370) and 𝑡 =  𝑡 (𝑇 =  295), 

∫
𝑑𝑇

(𝑇−290)

295

370
=  −𝑘 ∫ 𝑑𝑡

𝑡

0
  

 log 5 − log 80 =  −𝑘𝑡 

 𝑘𝑡 = log 16 

 log 16 = log 24 

 𝑘𝑡 = 4 log 2 = 4 (10 𝑘), using (2). 

⸫ t = 40 minutes. Hence the temperature will be 295 K in 40 minutes. 

(Ans.) 



Problem 4:  

According to Newton’s Law of cooling, the rate at which a substance cools in air is 

proportional to the difference between the temperature of the substance and that of the air. 

If the temperature of the air is 𝟑𝟎𝟎 𝑪 and the substance cools from 𝟏𝟎𝟎𝟎 𝑪 to 𝟕𝟎𝟎 𝑪 in 15 

minutes. Find when the temperature will be 𝟒𝟎𝟎 𝑪. 

Solution: 

Let T be the temperature of the substance at time t minutes.  

Then  

𝑑𝑇

𝑑𝑡
=  −𝑘 (𝑇 − 30) 

 
𝑑𝑇

(𝑇−30)
=  −𝑘 𝑑𝑡 … … … … … … … … (1) 

Integrating (1) between the limits 𝑡 =  0 (𝑇 =  100) and 𝑡 =  15 (𝑇 =  70), we obtain 

∫
𝑑𝑇

(𝑇−30)

70

100
=  −𝑘 ∫ 𝑑𝑡

15

0
  

 𝑙𝑜𝑔 40 –  𝑙𝑜𝑔 70 =  − 15 𝑘 

 − 15 𝑘 = log
7

4
 

 − 15 𝑘 = 0.56 

Integrating (1) between the limits 𝑡 =  0 (𝑇 =  100) and 𝑡 =  𝑡 (𝑇 =  40), 

∫
𝑑𝑇

(𝑇−30)

40

100
=  −𝑘 ∫ 𝑑𝑡

𝑡

0
  

 log 10 − log 70 =  −𝑘𝑡 

 15 𝑘𝑡 = 15 log 7 𝑡 =  
15 log 7

0.56
= 32 minutes. 

(Ans.) 
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Problem 5:  

The rate at which a body cools is proportional to the difference between the temperature of 

the body and that of the surrounding air. If a body in air at 25°C will cool from 100° to 75° 

in one minute, find its temperature at the end of three minutes.  

Solution: 

Let temperature of the body be T°C. 

𝑑𝑇

𝑑𝑡
= 𝑘 (𝑇 − 25)  

 
𝑑𝑇

𝑇−25
= 𝑘 𝑑𝑡 

 𝑙𝑜𝑔 (𝑇 −  25)  =  𝑘𝑡 +  𝑙𝑜𝑔 𝐴  

 log
𝑇−25

𝐴
= 𝑘𝑡 

 𝑇 − 25 = 𝐴𝑒𝑘𝑡 

When, 𝑡 =  0, then 𝑇 =  100, from (1) 𝐴 =  75 

When 𝑡 =  1, then 𝑇 =  75 and 𝐴 =  75, From (1) 
2

3
=  𝑒𝑘 

⸫ (1) becomes 

𝑇 =  25 +  75𝑒𝑘𝑡 

When 𝑡 =  3, then 𝑇 =  25 +  75𝑒3𝑘 = 25 + 75 ∗
8

27
= 47.22  

(Ans.) 

 

 

 

 



Problem 6:  

The rate at which the ice melts is proportional to the amount of ice at the instant. Find the 

amount of ice left after 2 hours if half the quantity melts in 30 minutes.  

Solution:  

Let m be the amount of ice at any time t. 

𝑑𝑚

𝑑𝑡
= 𝑘𝑚 

 
𝑑𝑚

𝑚
= 𝑘 𝑑𝑡 

 ∫
𝑑𝑚

𝑚
= 𝑘 ∫ 𝑑𝑡 + 𝐶 

 log 𝑚 = 𝑘𝑡 + 𝐶 … … … … … … … (1) 

At, 𝑡 =  0, 𝑚 =  𝑀   

𝐿𝑜𝑔 𝑀 =  0 +  𝐶 

𝐶 =  𝑙𝑜𝑔 𝑀 

On putting the value of C, (1) becomes 

𝐿𝑜𝑔 𝑚 =  𝑘𝑡 +  𝑙𝑜𝑔 𝑀 … … … … … … … … (2) 

 𝑚 =
𝑀

2
 when 𝑡 =  

1

2
 hour 

log
𝑀

2
=  

𝑘

2
+ log 𝑀  

 log
𝑀

2𝑀
=  

𝑘

2
 

 log
1

2
= 

𝑘

2
 

⸫ 𝑘 = 2 log
1

2
 

On putting the value of k in (2), we have  



log 𝑚 = (2 log
1

2
) 𝑡 + log 𝑀 … … … … … (3)  

On putting t = 2 hours in (3), we have 

log 𝑚 = (4 log
1

2
) + log 𝑀  

 log
𝑚

𝑀
= log (

1

2
)

4

  

 
𝑚

𝑀
=  

1

16
 

 𝑚 =  
𝑀

16
 

After 2 hours, amount of ice left =  
1

16
 of the amount of ice at the beginning. 

(Ans.) 

Problem 7:  

If the temperature of the air is 𝟑𝟎𝟎 𝑲 and the substance cools from 𝟑𝟕𝟎 𝑲 to 𝟑𝟒𝟎 𝑲 in 15 

minutes. Find when the temperature will be 𝟑𝟏𝟎 𝑲. 

Solution: 

Let T be the temperature of the substance at time t minutes. Then  

𝑑𝑇

𝑑𝑡
=  −𝑘 (𝑇 − 300)  

 
𝑑𝑇

(𝑇−300)
=  −𝑘 𝑑𝑡 … … … … … … … … (1) 

Integrating (1) between the limits 𝑡 =  0 (𝑇 =  370) and 𝑡 =  15 (𝑇 =  340), we obtain 

∫
𝑑𝑇

(𝑇 − 3000)

340

370

=  −𝑘 ∫ 𝑑𝑡

15

0

 

 𝑙𝑜𝑔 40 –  𝑙𝑜𝑔 70 =  − 15 𝑘 

 15𝑘 =  𝑙𝑜𝑔 
7

4
… … … … … … … … … (2) 



Integrating (1) between the limits 𝑡 =  0 (𝑇 =  370) and 𝑡 =  𝑡 (𝑇 =  310), 

∫
𝑑𝑇

(𝑇−300)

310

370
=  −𝑘 ∫ 𝑑𝑡

𝑡

0
  

 log 10 − log 70 =  −𝑘𝑡 

 𝑘𝑡 = log 7 

 t = 52.158 minutes, using (2). 

⸫ t = 52.158 minutes. Hence the temperature will be 295 K in 52.158 minutes. 

(Ans.) 

Problem 8: 

A body at temperature 𝟕𝟐𝟎𝑭 is taken outdoors, where the temperature is 𝟐𝟎𝟎𝑭. After 5 

minutes the temperature of the body is 𝟓𝟓𝟎𝑭. How long will it take the body to reach a 

temperature of 𝟑𝟐𝟎𝑭. 

Solution:  

Let T be the temperature of the substance at time t minutes.  

Then  

𝑑𝑇

𝑑𝑡
=  −𝑘 (𝑇 − 20) 

 
𝑑𝑇

(𝑇−20)
=  −𝑘 𝑑𝑡 … … … … … … … … (1) 

Integrating (1) between the limits 𝑡 =  0 (𝑇 =  72) and 𝑡 =  5 (𝑇 =  55), we obtain 

∫
𝑑𝑇

(𝑇−20)

55

72
=  −𝑘 ∫ 𝑑𝑡

5

0
  

 𝑙𝑜𝑔 35 –  𝑙𝑜𝑔 52 =  − 5 𝑘 

 − 5 𝑘 = log
35

52
 

 5 𝑘 = log
52

35
… … … … … … … … (2) 



Integrating (1) between the limits 𝑡 =  0 (𝑇 =  72) and 𝑡 =  𝑡 (𝑇 =  32), 

∫
𝑑𝑇

(𝑇−20)

32

72
=  −𝑘 ∫ 𝑑𝑡

𝑡

0
  

 log 12 − log 52 =  −𝑘𝑡 

 log
13

3
= 18.519 minutes. 

(Ans.) 

 

Problem 9: 

A body of temperature 𝟖𝟎𝟎𝑭 is placed at time t = 0 in a medium, the temperature of which 

is maintained at 𝟓𝟎𝟎𝑭. At the end of 5 minutes, the body has cooled to a temperature of 

𝟕𝟎𝟎𝑭. Determine the temperature of the body as a function of time for t>0. In particular 

answer the following questions. 

(a) What is the temperature of the body at the end of 10 minutes? 

(b) When will the temperature of the body be 𝟔𝟎𝟎𝑭? 

(c) After how many minutes will the temperature of the body be within 𝟏𝟎𝑭 of the 

constant 𝟓𝟎𝟎𝑭 temperature of the room. 

Solution: 

(a) 

Let T be the temperature of the substance at time t minutes.  

Then  

𝑑𝑇

𝑑𝑡
=  −𝑘 (𝑇 − 50) 

 
𝑑𝑇

(𝑇−50)
=  −𝑘 𝑑𝑡 … … … … … … … … (1) 

Integrating (1) between the limits 𝑡 =  0 (𝑇 =  80) and 𝑡 =  5 (𝑇 =  70), we obtain 



∫
𝑑𝑇

(𝑇−50)

70

80
=  −𝑘 ∫ 𝑑𝑡

5

0
  

 𝑙𝑜𝑔 20 –  𝑙𝑜𝑔 30 =  − 5 𝑘 

 − 5 𝑘 = log
2

3
 

 5 𝑘 = log
3

2
… … … … … … … … (2) 

Integrating (1) between the limits 𝑡 =  0 (𝑇 =  72) and 𝑡 =  𝑡 (𝑇 =  𝑇1), 

∫
𝑑𝑇

(𝑇−50)

𝑇1

72
=  −𝑘 ∫ 𝑑𝑡

𝑡

0
  

 log(𝑇1 − 50) − log 30 =  −10𝑘 

 log(𝑇1 − 50) = log 30 − 10.
log

3

2

5
  

 𝑇1 − 50 = 13.33 

 𝑇1 = 63.330𝐹. 

(Ans.) 

(b) 

Let T be the temperature of the substance at time t minutes.  

Then  

𝑑𝑇

𝑑𝑡
=  −𝑘 (𝑇 − 50)  

 
𝑑𝑇

(𝑇−50)
=  −𝑘 𝑑𝑡 … … … … … … … … (1) 

Integrating (1) between the limits 𝑡 =  0 (𝑇 =  80) and 𝑡 =  5 (𝑇 =  70), we obtain 

∫
𝑑𝑇

(𝑇−50)

70

80
=  −𝑘 ∫ 𝑑𝑡

5

0
  

 𝑙𝑜𝑔 20 –  𝑙𝑜𝑔 30 =  − 5 𝑘 

 − 5 𝑘 = log
2

3
 



 5 𝑘 = log
3

2
… … … … … … … … (2)  

Integrating (1) between the limits 𝑡 =  0 (𝑇 =  80) and 𝑡 =  𝑡 (𝑇 =  60), 

∫
𝑑𝑇

(𝑇−50)

60

80
=  −𝑘 ∫ 𝑑𝑡

𝑡

0
  

 log 10 − log 30 =  −𝑘𝑡  

 log 3 = 𝑘𝑡 

⸫ 𝑡 =  13.55 minutes 

(Ans.) 

 

 

(c) 

Thus we seek the time when the temperature x is 51. Thus lettering x = 51 in  

𝑥 = 50 +  30(
2

3
)

𝑡
5 

We quickly find, 

(
2

3
)

𝑡

5 =  
1

30
  

From which 

𝑡 = 5
𝑙𝑜𝑔 

1

30

𝑙𝑜𝑔 
2

3

  

⸫ 𝑡 ≈ 41.94 minutes.  

(Ans.) 
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