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Combined Stresses



> Introduction

 Basic types of loading: axial, torsional and

flexural

e Stress formulas:

Axial loading -0, = —

P

Torsional loading - 7

Tp

Flexural loading - o

My

CEad



» Combined Axial & Flexural Loads
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Section m-n

(c) Axial and flexure stress combined.
Note shift in position of line of zero stress.




clearances for large pulleys mounted on the line shaft it supports. The reaction of
the line shaft is a load P = 25 kN. Determine the resultant normal stresses at 4 and
B at the wall.

3

i g |

:
*l

P -
W T



A

M=(0.150 P,)N-m

S

AONUNUONUNNNNNNEINNNNN

LA\\\\\\\ SUONNNNNN
l )
an
G
=]
=)
<Y E i
—
g
Ne~) .
B
OOUOUINININNNNNANNANN

B hiy(zoa
(a) 15 P, \p

{ P Mc 6M
T Ppl2=

(d)

]

e 0 20x10° +6(0.45><15><103—0.15><20><103)
A~ (0.05)(0.150) (0.05)(0.150)>

= (2.67x10°) +(20.00x10°) = 22.67 MPa

A 1 bh?

20x10°  6(0.45x15x10° —0.15x 20x10°)

_ ) )
E.
f<—450 mm
B

“®7(0.05)(0.150) (0.05)(0.150)?
= (2.67x10°) — (20.00x10°) = —17.33 MPa

Y

Figure 9-4



906. For the 2-in. by 6-in. wooden beam shown in Fig. P-906, determine the normal
stresses at A and B. Are these the points of maximum normal stress? If not, where

are they located and what are their values?
Ans. o4 = —921 psi; o5 = 599 psi; max. o, = 852 psi and —1174 psi

P =20001b

2
7

15°




. > F =0:
P _92000 1 2000sin(15°%)

Ef | 4 D, = 2000¢0s(L5°)
W ~1931.852 Ib,
2000cos(15°) o 2000cos(15°)
_%S; - a # Zl\/l b =0:
=264, Ib.
C, =2645%8 b D, =253.04 Ib,
<2 ft—>ry e 3 ft—>
P=20001b  4517.6381b 2 F, =0:
__M_A D, +C, =2000sin(15°) Ib.
151931.852 759.12 b ft
D, =253.04 Ib,
| ’ | SR Section AB:
C, =264.598 Ib. '
T eatyalicei M = (3)C. + ()1931.852= (1)517.638
~ 2T o 042

=759.121b.ft



P =2000 1b 517.6381b
}%—\Ii A 2 in,
151931.852 759.12 Ib.ft /?
5 % 6 in.
: 1931.852 .1b /
C, =264.598 Ib. %
B 517.638 Ib Z
<—9 ft S :1 ftr
P=20001b
/f A
15°
lc— 4 f
S e _—
2 ft Tht 3 1t
1012.16 Ib.ft
529.20 Ib.ft

BMD

Normal Stresses|

P Mc 6M
[G:Zi(l :bhz)}

19311852 6x759.12%12

A B 2% 6
9201 Iofin?
1031852 6x759.12x12
ot + ;
2%06 2%6
_ 5081 In/in’

1931852 6x101216x12
e 2x6 2% 6°

=-1173.15 Ib/in®

1931852 6x1012.16x12
Omax = 7 T
2%x6 2% B°
—851.17-1b/in?



907. Determine the largest load P that can be supported by the circular steel bracket
shown in Fig. P-907 if the normal stress on section A-B is limited to 80 MPa.

—
}(——250 mm
A B
I ]
NROONNNNRNN
: Section A—B
F §§§§ dia. = 100 mm
P MG A=z D?=0.00257 =0.07854 m’
A
P 0.25Px0.05 | =z D" = 7(0.1)* =1.56257 x107° m’
0.00257  1.56257
6
22072008 oo g ey p 800" X7 _ 59 95 kN

T - 8400



911. A concrete dam has the profile shown in Fig. P-911. If the density of concrete is
2400 kg/m? and that of water is 1000 kg/m?>, determine the maximum compressive
stress on section m-n if the depth of the water behind the dam is # = 15 m.

— l<-3 m
A P =2400-[5%x25%6+25x%3]
3 i N =180,000+180,000 = 360,000 kg.
25 m ’ .
3 P M =180,000x0.5 180,000 3.0
‘L X \ = o +1x(1000x15)x15%5

R — 90,000 — 540,000+ 562,500

<=9 im >

o) =112,500 kg-m.

40 15

P
[O_ 2 (I\/IC _6M )} o el _360,000 % 6><112,25OO _ _48333.33 kg/m2
1x9 1x9
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For stiff members the formula o =
appropriate

A~

‘
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Section m-n \

For long slender members or columns, the effect of
P-6 I1s significant
m Q

m
P Q r P P
- \\5\5 _ > —Né——/_ =
n
R, n R, R,

(a) Axial tension (b) Axial compression




902. Compare the maximum stress in a bent rod 3 in. square, where the load P is 3 in.
off center as shown in Fig. P-902, with the maximum stress if the rod were straight

and the load applied axially. This problem illustrates why lateral deflection in columns
1s so dangerous.

lin Ans. Ttol
i
- P A= (1)2 :1 |n2
Bt it rr e P mar e Te—h 21 4 :
I :l =& G =— | 4
) A O
max. compressive stress in Fig.(a) 5

TPk R R Ty

Tr ST AT ) G
B 6

max. compressive stress in Fig.(b)
P P

O = — = ———J—
SRR




Hw10 A punch press has the cast-steel frame shown in Fig. P-908. Determine the greatest
force P that can be exerted at the jaws of the punch without exceeding a stress of
Oallow ksi at section 4-B. The properties of the area are as shown and 1-1 is the centroidal

axis.

TN
i N/

"o

|.<_D1,>-<- j DZ’J
1 in,

in,

Fig. P-908

Section A—B
y I, 4= in*
i Z1-Zg lannavilsssiiidn asae 11l Area=  in2
462,2,2572,7:74 _
| , D,=(1+z,) in. . Dy, = Dy(1+25,) in:
mnpmy D, = Dy(1+2,) in. |, ,=1000(1+z,) in* Area=10(1+z,) in?

wielimihdaiiszansnmalumssumioenss B =10(1+zy) in. 6o =10(1+2,) ksi.




Hw11 . Compute the stresses at 4 and B on the link loaded as shown ih Fig. P-912

Din.
%
;{;;I é Nin.
VG A
e s
I__T section
4
FF 3
i Z1-Zg Idnmavilsssidatida Fisio 7 L,=.(1+z,)in. L, =(1+z,) in.
462,2,252,2:Z4 L,= (1+25) in. L,= (1+z,) in.
wnema N = b(1+2g) in. b =0.2(1+zg) in. h = b(1+zg) in:
wielitniudiaiuan lifesniianunhauawe P = (1+25) kips. F = (1+2¢) Kips.




9-3 Kern of Section: Loads Applied off Axes of Symmetry

fun
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m n i YETTYORE Y S
(c) Oa'—'f
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Figure 9-5
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y The maximum eccentricity to avoid tension
=G h
==
6
X
b Bt
That is in designhing of masonry or other

: structures weak in tension, the resultant load
should fall in the middle third of the section.

The general case:

s P (Pe)x (Pe)y

SN |

y X

The position of neutral axis (line of zero stress)

0 e, b | -=Ar’
=-]1-2x-=y

2 2 2

r; r, I, = Ar,



P (Pe)x (Pe,)y

Rectangular section: 0=—

(a)
__ P _(Pe)(=h/2) (Pe,)(-b/2)
= bh  bh*/12 hb? /12

bh bh®/12  hb?/12

(c)

Figure 9-8 Neutral axis for load P eccentrically applied and

(d)

kern of rectangular section.




918 A compressive load P= 12 kips is applied, as in Fig. 9-8a, at-a point 1 in. to the
right and 2 in. above the centroid of a rectangular section for which h=10 in. and

b=6 in. Compute the stress at each corner and the location of the neutral axis.
lllustrate the answers with a sketch similar to Fig. 9-8b.

WA e |

Yy X

12 Kips, oo P _(Pe)x (Pe,)y

A

Rectangular section:

P (Pe)x (Pe)y
bh bh3/12 hb®/12

12 (12x1)(-5) (12x2)(3)

X 4 21— _0.08 ksi
6x10 6x10°/12 10x6°/12

L (12><12( 5) (12><23( R
- 6x10 6x10%/12  10x6°/12

e 12 (12xD)(®): @2x2)(-3) 4o

6x10 6x10°/12 10x6°/12
o =—0.32 Ksi



Position of Neutral Axis:;

B (Pe gxa (Pe,)y
bh bh®/12 hb*/12

12 0 @2xD)(x) (12x2)(y)
6x10 6x10°/12 10x6°/12

3x* 2V

Ao\ b,
on X axis (y=0) = x=-25/3=-8.33

onyaxis (x=0)= y=-3/2=-15



921 Calcualte and sketch the kern of a W360 X 122 section.

TABLE B-2 PROPERTIES OF NIDI: FLAMGE SECTIONS

(W S H.-‘hPE'E:l SIUNITS -:C:Jrlrsrruu )

Axis X-X

Axis Y=Y
Fls ir‘.r,r ) o o
Theoretical — Web / ¢ md I S 1
mass Area Depth Width Thickness  thickness (10° ¢ r= YijA (108 c r=YIA
Designation (kg/m) {mm®) (mm) (rrirm) (mm) {mm) mm*} (107 mm®) {rmim) mm™*) Hﬂ‘ mm?) (mim)
W0 %262 262.7 33 500 387 198 13.3 21.1 B94 4 620 163 350 1 760 102
237 236.3 0 100 180 195 30.2 18.9 TR8 4 150 162 30 1 570 101
<216 216.3 27 600 175 194 217 17.3 71 3 790 161 283 1 430 101
<196 196.5 25 D00 172 174 26.2 16.4 636 3420 159 229 1 220 95.7
w179 179.2 22 B0 168 373 239 15.0 575 3120 159 207 1 110 95.3
<162 162.0 20 600 364 3Tl 21.8 13,3 516 2 830 158 186 1 OO 95.0
<147 147.5 18 800 360 370 19.8 12.3 463 2 570 157 167 904 04,2
<13 1340 17100 156 1649 18.0 11.2 415 2 330 156 151 817 94.0
[ <122 121.7 15500 363 257 21.7 13.0 365 2010 153 61.5 478 53.0
110 110.2 14 (00 360 256 19.9 11.4 Ex]| T 230 B! N, Y BT
101 101.2 12 900 157 255 18.3 10.5 302 1 6940 153 5006 397
g ]| 00,8 11 &00 153 254 16.4 9.5 267 1 510 152 44.8 153 6
<79 79.3 10 100 154 205 16.8 9.4 227 | 280 150 24.2 236 48.9
X

257 363
A2 55

At corner A:;

on x-axis (e,=0): e, =

on y-axis (e,=0): e, =

Position of Neutral Axis: 0=-1-

2
ry

X—1y

r’

X

e, 257

€, 363

_|_
63° 2

1532 2

2% 63°

2x153?

=30.89 mm

=129.0 mm



» Variation of Stress with Inclination of Element

(a) . N (b)
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» Stress at A-Point

\fl

Force transmitted through incremental area of cut body.
Y

Stress at a point really defines the
uniform stress distributed over a
differential area.




« The most general state of stress at a point may

be represented by 6 components,

Ox,0y,07

Txyr Tyzs Tax

O

XX

O-yx

O

ZX

normal stresses

shearing stresses

(NOte: Txy ZTyX, Tyz :sza T7x :TXZ)

O'Xy

Oyy

Gzy

O

XZ

O'yZ

GZZ

symmetry

d' da
state of stress HaNaAINIBITTUVINDDIAHA (Xy2)

’
Xz
'
O y2
’

O

O

7

! dAa
state of stress INBUAAINILTZUVIABBSAIN (XV2)



« Plane Stress - state of stress in which two faces of
the cubic element are free of stress. For the
illustrated example, the state of stress is defined by

Ox, Oy, Txy and o, =7, =7, =0.

« State of plane stress occurs in a thin plate subjected
to forces acting in the midplane of the plate.

« State of plane stress also occurs on the free surface
of a structural element or machine component, i.e.,
T at any point of the surface not subjected to an
N ) N external force.

7



Plane Stress

5
y Y
Tys '
T |
e Ol
-~-=d >0
Gr /J_____ l_ X
/// r-'» 1%y
= T
¥
Oy
x
-0
2 (a)

| Figure 9-12 Stress components.

“Two methods to compute the / y
‘maximum stresses‘i.e.,.

(1) An.alytical'appr(_)ach AL
(2) Using-of Mohr’s circle

49,

T
———
xy
-
yx
Yo
¥
(b)



Txy

Ox
Acosd
Asin@

Gy gy

(b) Stresses acting on wedge




Area of wedge face
taken as A

A,=A cos 6\ Ao

Tyy A COS 9] 9
AT

0, A cos 6

/ Tyx A sin 6
Area (Ay)=A sin 6

OyA sin 6

(c) Free-body diagram of forces on wedge (d) Point diagram of forces

>F =0 oA=(o,Acos0)cosd+ (o, Asind)sind—(z, Acosd)sing

—(z,,Asin0)cosd

>.F =0 zA=(o,Acost)sind—(a Asind)cosd +(z, Acosd)cosd

—(7,,Asin@)sing



>F =0 oA=(o,Acosd)cosd + (o, Asind)sind —(z, Acosd)sing
— (7,,Asing)cosd
o =0, 005" 0+0, sin° @—2z, /cosdsin g
o,to, oO,—0 _
o= L4+ *C0s20 —17,,sin20
2 2
2 F =0 tA=(o,Ac0sd)sing— (o, Asind)cosd +(z, Acosd)cosd
— (7, Asing)sing
7 =0, C080sin0 -0, sin0cosO +17,,€0s" 0 -7, sin" 0
o,—0O, .
r=—y *sin 20 +r,, c0s 20
Nigtae 22742  1+cos26 :1—00529’ cosesinezsmze

cos® 0 FE sin 6

Xy yx 1



— O

X_

Oy

&+ Y cos26 —r. sin26
2 "

sin260 +t,, cos 20

O, —O

+ Y cos260 — .. sin 26
2 &

o,— 0O

O, — O

— Y cos20 + . sin26
2 &

sin260 +t,, cos 20

cos2(% +6) =cos(x + 26) = —cos 26
sin 2(% +0) =sin(x + 26) = -=sin 26



O, +0 O,—O ) Y
Eq.(95)| o=—"—Y+ X2 Y0520 —7,,5in 20 > <G
6

Find maximum or minimum O differentiating Eq.(9-5)
w.r.t. @ and setting the derivative equal to zero

A 27
d—G:—ZMsinze—ZrX c0s260 =0 il At T
dé 2 i &0

Find maximum or minimum_7 differentiating Eq.(9-6)
w.r.t: @ and setting the derivative equal to zero

47 5% % 052027 sin20=0 tan 20 = =t
do 2 ¢ 21,



o,to, 0,—0C T A

Eq.(9-5)| o = +—2>  Ycos20—r. sin26 Y
2 2 Xy 8
O\’
o,—0, . ' T
Eq(9:5) r:%sm 20 +1,,C0520 ACOSO
Asin@| Tyx
At zero shearing stress 7=0 0,
adag? s <P
0= —_—*sin26 +z,,cos20 tan20=——"—
2 O 250

d[ <3 = . v gl.l 1 . . . a zg d‘ —
FuluyuRernuaums Eq.(9-7) asdu a1 maximum or minimum o anedudie T = O

27 sin 20 = Ty C0S 26, = Xy
Xy 1 ’ 1
taf2t e Oyl 5 2 Sl S
GX 7 Gy ( 2 ) + z-xy 2 ( 2 + Txy
: T, o, =0,
sin26, = ! , €0S26,= 2

o,—C o, 0
J( ) ZJ( )



Maximum or minimum_o& (Principal stresses)

o, o, t+0, \/ TGO o,
ek O adh jodl (XD IR g o
02} > ey P RS
27
tan26=—— NN\ o,
SR o,

Maximum orminimum T

1
o, —O O,—O \T\>
T _+\/( X y)2+Tfy_+ Y. 1 ]

max — — T __T o esf_’ _______
O, — O 92

L o Y
tan 26, = 55 ‘Oj\

Xy 1




925. Two wooden joists 50 mm X 100 mm are glued together along the joint AB as
shown in Fig. P-925. Determine the normal stress and shearing stress in the glue if

P = 200 kN.
Ans. o= 16.5 MPa
B
£
Al / 40° s
Figure P-925 A
P 200
o = i a4 kN/mm?* =40 MPa, o= 0, Ty 0
A 50x100
o =2x ;Gy i ;Gy cos2(-40°) -z, sin 2(-40°)
= 402+ 0, 40_0003 2(-40°) —0xsin2(-40°) =16.5 MPa

r=2x ;Gy sin 20 + r,, c0s 20

20-0

sin 2(-40°) + 0x cos 2(-40°) =9.85 MPa




926. If an element is subjected to the state of stress shown in Fig. P-926, find the principal
stresses. Also, compute the stress components on a plane at 30° counterclockwise
from the x face.

Ans. o, = 6480 psi; o, = —10 480 psi; ¢ = 6200 psi; 7 = 2190 psi

y y
) ) [ n )
8000 psi e 0= —9,@00 psl
_L> 6000 psi <—t—/'
| : 7
I._-_ ___'};. ~ 0 19 & *
4000 psi o, o,= 4,000 psi
. Ty =—6,000 psi
o, = 4,000 psi l ‘l(J Tyx
o, = —8,000 psi .
7, = —6,000 psi

0'1}:GX+Gyi \/ =y _ 4000+ (~8000) \/(4000—(—8000))2+ (_6000)?

o, 2 2 2 2 2

=—-2000+ \/ (6000)° + (~6000)* = <10485.3, 6485.3 psi



o,+0, O

o= Sl X ;Gy €0s2(30°) —17,,sin 2(30°)

2

_ 4000+(~8000) 4000~ (~8000)
2

2

(il T
0o *sin20 +,,c0s 26

4000 (~8000)
2

|

I

8000 psi

6000 psi

-

—_—

T

I 4000 psi

c0s2(30°) — (~6000) x sin 2(30°) = 6,196.15 psi

sin 2(30°) + (=6000) x cos 2(30°) = 2196.15 psi

xy 0 =6,196.15 psi
30°

Ox 7=2.196.15 psi

4,000 psi = 4iY0- 9

. Tyx
—8,000 psi la ~6,000 psi

)l




O-7 Variation of Stress at A Point: Mohr’s Circle

Otto Mohr (1882)

o,to, O0,-0, :
Eq.(9-5)| o= + > C0s 20 —z,, SIn 20

Eq.(96) | - ;Jy sin 20 + 7, €03 20

oy + Oy Ox— 0

; 5 Y cos 26 — r# sin 26 (a)

a—-——

Ox — Oy

sin 20 + 7, cos 20 (b)

T =

Ox — Oy

2

)2 F (rn)?

2
Eq.(2)2+ Eq.(b)? (a—“x; "y) +Tz=(

(O"'"C)2+7'2=R2



Figure 9-14 Mohr’s circle for general state of plane stress.



Rule for Applying Mohr Circle to Combined Stresses

1. On rectangular -7 axes, plot points having the coordinates (o, 7x)
and (g,, 7,x). These points represent the normal and shearing stresses
acting on the x and y faces of an ¢element for which the stresses are
known. In plotting these points, assume tension as plus, compression

as minus, and|shearing stress as plus when its moment about the center

of the element is clockwise.*

&
S
yi *";; :
/
¥
Tyx Oy (GX : TXY
(0,0) o
(0, =
/58
S



2. Join the points just plotted by a straight line. This line is the diameter
of a circle whose center is on the ¢ axis.

3. As different planes are passed through the selected point in a stressed
body, the normal and shearing stress components on these planes are
represented by the coordinates of points whose position shifts around
the circumference of Mohr’s circle.

&
y >
|
/
]
Ty A%y (GX Dy
(0,0) o
(0, =
/58
S



4. The radius of the circle to any point on its circumference represents
the axis directed normal to the plane whose stress components are given
by the coordinates of that point.

5. The angle between the radii to selected points on Mohr’s circle 18 twice
the angle between the normals to the actual planes represented by these
points, or to twice the space angularity between the planes so represented.

2
(0.,7.) 72
(GX 1 Txy



The rotational sense of this angle corresponds to the rotational sense
of the actual angle between the normals to the planes; that is, if the »
axis is actually at a counterclockwise angle # from the x axis, then on
Mohr’s circle the » radius is laid off at a counterclockwise angle 26 from
the x radius.

£
=
? ’
2 4/
(0.,7.) %
(GX ! TXy

«f{XVG“ o ) (0,0) , o
Tn

—l—»



o, =C+R
g, =0—R
s, 1R

sin 26 _ 'y or
'R

21,
tan26, = !

o, —0,

20, =180° =20,




2
(¢ = CF + 7" =R c=51% R=\/(way) + (ro)?

Figure 9-14 Mohr’s circle for general state of plane stress.



926. If an element is subjected to the state of stress shown in Fig. P-926, find the principal
stresses. Also, compute the stress components on a plane at 30° counterclockwise

from the x face.

Ans. o, = 6480 psi; o, = —10 480 psi; ¢ = 6200 psi; 7 = 2190 psi

Y

18000 psi
6000 psi

. x

(0-11 O) o

4000 psi

o, +O0
S=te b A2

,0)

_ (28000 2+ 4000 o 2000,0)

R= \/(GX ;Gy )eqr? = \/(400028000)2 160002 = 6000~/2 psi

Xy

o,,0, =C+ R =-2000+ 6000~/2 = 4485.3,-10485.3 psi

(4000, —6000)

&
Ny
%
sin 26, = L _ 6000
R 60002

6,=225° <)




| A | _, : (—SQOO, 6000) o2, :
v—,> L_-___ P, . ' : :
4000 psi { B [ Vi (B
A (0-2 , 0) A i:: %
e -
A -,

~(-2000,0)

(0-1200 4 2'1200

o, =C+Rcos(15%)
= —2000+6000~/2 cos(15°) = 6196.15 psi
7., = Rsin(15°) = 6000~/2 sin(15°) = 2196.15 psi

10196.15

N9

2196.15

X6196.15
M 5106.15

|

|

= —2000 — 6000~/2 cos(15°) = ~10196.15 psi .
— _Rsin(15°) = —6000/2 sin(15°) = —2196.15 psi |



923, At a certain point in a stressed body, the principal stresses are ¢, = 80 MPa and
g, = ~40 MPa. Determine ¢ and 7 on the planes whose normals are at +30° and
+120° with the x axis. Show your results on a sketch of a differential element.

7(MPa)

<~ 0 =50 —- /

(b) |
Figure 9-15



924. A state of stress is specified in Fig. 9-17a. Determine the normal and shearing stresses
on (a) the principal planes, (b) the planes of maximum in-plane shearing stress, and
(c) the planes whose normals are at +36.8° and +126.8° with the x axis. Show the
results of parts (a) and (b) on complete sketches of differential elements.

7 (MPa)

Figure 9-17



» Absolute Maximum-Shearing Stress

Mohr's circle: Rotation around z-axis



Mohr’s circle: Rotation around y-axis



{b) Rotations
around
Z axis

(c) Rotations
around
y axis

Yy

{d) Rotations
around
x axis



Absolute maximum shearing stress for plane
stress is equal to the largest of the following three
values

O, — O O. O
-l -t
T | d4 =
0O 4]
F— 0 o ——

Mohr’s circles for plane stress



Absolute maximum shearing stress for general
state of stress is equal to the largest of the
following three values

|01_02| |G1_03| |O-2_O'3|
P St R - St M ] -
2 2 2
0
O
-1-03-- ]
o Mohr’s circles for general
“ 2 - state of stress

(b)



941. For a state of plane stress, 0, = ¢, = 50 ksi and ¢, = ¢, = 20 ksi. Determine the
maximum in-plane shearing stress and the absolute maximum shearing stress.

20
Maximum in-plane shearing stress =

o Qe oW 0 = QU on WP
2 2

I
}
I
A
C

Absolute maximum shearing stress is the largest of @

|(71 _0-2| o |50_20| ~15 ke reke———o0; 50—
A = S
e 108 RO B
2 o3 =0 .
) g(ksi)
92 204 i




EX.

For a state of plane stress, ¢, =0, =—90ksi and ¢, = ¢, = 20 ksi. Determine the

maximum in-plane shearing stress and the absolute maximum shearing stress.

Maximum in-plane shearing stress =

-50—-20

L 010,

2

=F+35 ksI =

Absolute maximum shearing stress is the largest of

y

20

I
}
I
A
C

(a)

7 (ksi)
i 1 ;GZ| o St e Ksi.
‘Gl‘ Al ‘_50‘ — 25ksi
2 o;=-50
joy| - |20

=10 Ksit,




“If an element is subjected to the state of stress shown in Fig. P-933, find the principal
stresses and the maximum in-plane shearing stresses. Also, determine the stress
components on planes whose normals are at 45° and 135° ¥ (¢ figyre 2xis. Show
all results on complete sketches of the appropriate elements.

’

;
A 60 MPa
10(z, +1) MPa

I 60 MPa
10(z, +1) MPa=——%X

10(z, +1) MPa
L]



» Application of Mohr’s Circle to Combined Loadings

Combined Loadings Combined stresses ° i | >0

(axial, torsional, flexural) - —

Design Criteria, O giow Callow

Principal stresses and,
Maximum shearing stress




Stress Trajectories

/
Torsional shearing Equivalent
stress (8) principal stresses

Figure 9-23 Cylinder subjected to torsion.

)




Torsional Failure Modes

T «Ductile materials generally fail-in
shear. Brittle materials are weaker .in

x . / % W x
tension.than shear.
")) TR )

« A ductile specimen breaks along a
plane of maximum shear

A brittle specimen breaks.along
planes perpéndicular to‘o;




Stress Trajectories
for Torsion

Stress Trajectories: lines of
principal stress direction but
of variable stress intensity

~ Figure 9-24 Stress trajectories for torsion.



Stress Trajectories for Beam p
Y Yy

Cr CF ,
T <_."’(rm Ty 4—.—-’0}”
”—x lllll ()'“mx i
3 0; "-+' % [
| ——
A 1 7,
Tinax \ y i (
0 = B
. e

min m

I . Im I ->.<— I

cr ck
Stress trajectories
My VQ
A P2
| Ib :

O R R R RRRRRRRR AN

O

(O, Z') max




950. A shaft 100 mm in diameter that rotates at 30 Hz is subjected to bending loads that
produce a maximum bending moment of 2500x N - m. Determine the torque that
can also act simultaneously on the shaft without exceeding a shearing stress 7 = 80
MPa or a normal stress ¢ = 100 MPa. What is the maximum power that can be

transmitted by the shaft? ~
4 4
=D 2D eeos 10 me
64
M1
4 4
327D 2O 315551007 m
1 32
D =100 mm
7 <80 MPa .
o <100 MPa
*M =25007 N.m

: ——
~ Mc_ (25007)(0.05)

) =810 Nim? =80 MPa o<—£ %» 0
X T

T
Tc T(0.05) 1.6%10° 16T
J .3.125x10°x G,y P ) {8 Top view
of element



—_— 7
; I f 80 IXIPa Mohr’s Circle
RETS
=2 MP
T
C =40 MPa o
1.6T .,
\/402 (—) <80 MPa
(801_£)
N B .
=C+R=40+,/40"+(——)° <100 MPa
oo 4 B
~—
6T P=2zf-T
\/402 #(--)? <60 MPa
P < 272(30)(87.81)

N

T <87.81 N.m P <16,551.8 watt




951. A solid shaft is subjected to simultaneous twisting and bending due to a torque T
and a maximum bending moment M. Express the maximum shearing stress 7 and
the maximum normal stress o in terms of 7, M, and the radius r of the shaft. By
means of these relations, determine the proper diameter of a solid shaft to carry
simultaneously 7T =900 tb-ft and M = 600 1b-ft if r < 10 ksi and ¢ < 16 ksi.

_>7'

o<—& -T—N;

T 4

M-~

Top view
of element

4 4
paZbocepi 7T \

4 2

Mc 4M (M
o= B

| Tl )

Tc. 2T
T=rr =7y



=T
O I f - Mohr’s Circle
<
2L
e

AM. 2T )
72'r3 : 7zr3

C=2M [(xr?)

o =R Oy £ Ly 2 2 e T
r r r

01:C+R=i3{|v| +\/M2+T2}

r



900x12

if T =900 Ib-ft = ~10.8 Kips-in r,. <10ksi
2 .
M =600 lb-ft = LTS 7.2 Kips-in B = 0o
1000
g :% M?+T?
2 8.263
¥ on £ \7.224+10.8° = 5 I <10 ksi —}‘r>0938|n‘
7Z'

: {M +\/m}

7zr

g {7 2.+:/7.22 +10. 82}

7zr

Oy =

12.847
r’

ksi <16 ksi - == 1 >0.929 in.



952. Design a solid shaft to carry the loads shown in Fig. 9-29, if max. r < 70 MPa and
max. ¢ < 120 MPa. The belt pulls on pulleys B and C are vertical, and those on
pulley E are horizontal. Neglect the masses of the pulleys and shaft.

‘Lp&/ 2000 N
ar'/ '
‘ ngb E

_ 0!

g 0% D
e Wt ' oN\ASTD a0 N 500 N
LAD , ;.519 | 1
| t 0 2= 2875 N
O
Al B e_.frﬁf";9 500 N 2000 N
A, =1250 N5
h:

: (a) Loading on line shaft
3500 N 500 N -

A,=3625 N



:in vertigml plane
1B c D

1250 N-m

f—

| P 1l
3750 N-m "I‘-r—sooo N'm

. |
(c) Bending moments;in horizontal plane

1500 N-m

' 750 N'm

(d) Torque distnbution in shaft



750 N.m

2500 N

3750'N

2875 N

¥250 It 1500'N.m

3625:N

2500 N
750 N.m

E » - E 1 750 N.m
1500'N.m
ilZSO N 4.m 3750 N} ’m |

BM,D
—1250 N.m

—3750 N.m
—5000 N.m

4000 N 2500-N

l D N-ml 750 N.m

8 1500 N.m x

3625 N 2875 N
Im, | 2m p lm 2m \
\ | \ \ \

3625 N.m

2875 N.m

BM,D

1500 N.m
750 N.m

TMD



750 N.m

E
2500_1\1> /

20N D~ 3750\

4000 N C

2875 N

1500'N.m

3625:N

M +M;

Cross section of solid shaft

and the resultant moment

3625 N.m

2875 N.m
BM.D
L BM,D
—1250 N.m
~3750 N.m
—5000 N.m
4725.2 N.m 5000 N.m
3834.5 N.m
M|
A B C D E
1500 N.m
750 N:m

TMD



—— From Prob. 951 and this problem. ———

2
o = —+IM[+T? <70 MPa
wr

o, =7Z2r3{|v| +yMP +T2}£120 MPa

At section C

r =2 4725 2% +15007 1000 mm <70 MPa

S b

r>35.6 mm

o, = 23{4725.2+\/4725.22 +15002}><10003120 MPa

r
r>37.2 mm

At section’ D

r :ia\/Sooo2 1+ 750% %1000 mm <70 MPa

max

r

r>35.8 mm

Gar= iS{SOOOJr \/50002 + 7502}><1000 <120 MPa
/A

r>37.7 mm

Mohr’s Circle

O
4725.2 N.m 5000 N.m
3834.5 N.m

M|

A B z E

1500 N.m

750 N:m

TMD

==l 1 =37.7Mm



933. A thin-walled cylindrical pressure vessel with closed ends is 900 mm in diameter
and has a wall thickness of 10 mm. If the internal pressure is p = 2.0 MPa, what is
the largest torque that can also be applied if the shearing stress is limited to 50 MPa?
Assume that the wall of the vessel is suitably braced against buckling.

6
o= pD _ (2.0 X 10°)(0.900) — 45.0 MPa
4¢ 4(0.010)
¢ Xz ¢, = 90 MPa
i i
\ ’ o, = 45 MPa
P=(nDt)o, Figure 1-16 Bursting force on a trans- - | * »
verse section.
=T state of stress on
Fop DL R Y  theelementon the
- surface of vessel

4 ~ = 26, = 90.0 MPa
Figure 1-15 Direct evaluation of bursting force F.




r(MPa)| 90
o, = 90 MPa
A e
o, =67.5+R
0, = 45 MPa Gg " 29 % 04 62 — 675 = R
l ’T o(MPa) Ll )
"'""’z'- 45 BY Rzz( : ; yj AT
———(7. 5 ——
R? =225 + 7% <325
Absolute maximum shearing stress <50 MPa szy <32.5° ~22.5° =550
|61—62|:RS50 MPa ) T, < 23.45 MPa
1611 6754R 1€ _ 9345 MPa
O ; e p
21 T\ L >Rs32.5 MPa J
o, 675-R TS MM) 53 45 Mpa
= <50 MPa T i %
5 ) 920" 900" |
32
T <301.8 kN.m




972. Compute the principal stresses and maximum shearing stress at point 4 in Fig..
P-972 at the section x = 250 mm. The beam is rectangular, 20 mm wide by 120
mm deep, and point 4 is 20 mm above the centerline of the beam. Assume the 50-
kN load acts at the centroid of the cross section. Show your answers on complete
sketches of appropriate differential elements. (Hint: Be sure to include the shearing

stress caused by the applied load.)

% e W D)

7/

// B B 30° JN\

Z /A | 3

%z 50 kN

v =130 kN 290 mm-»l

I

,4‘130"

P=40 kN ¢ X ‘D
ﬁ\ £
4

M =7500 - kN:mm

20x120°

A

v

120 mm

Q= (20x40)x 40
=3.2x10* mm®

=2.88x10° mm*

P My 40 3 7500x% 20
20x120 2.88x10°
—68 75 MPa
30%3.2%x10"

I b 2.88%10° x 20

=16.67 MPa



P =40 kN ’

M =7500 kN.mm

+ 0

o
C=(C,0)=(——2x,0)

o (&25+O 0) = (34.375,0)

JU i
R=./( 2L W

\/(68 Ly +16.67° =38.20 MPa

=C+R=34.375+38.20
= (2.578,-3.825 MPa

0,,0,

sin 26 = 2. - 1067
38.20

0 =12.94° 7Y

e o P+Mc 40 7500><20
A I 20x120 288><1o6
—=68.75 MPa
—
4
VQ _ 30><3.2:10 R O
Ib 2.88%x10°x20
A’Z' , ; .
.24 Mohr’s Circle at point A
)
T ~
max (68.75,16.67)




973. For the 20 mm by 120 mm beam described in Prob. 972, determine the stress
components on the 30° plane at point B. Assume that x = 300 mm and that B is
20 mm below the centerline of the beam. Show your answers on a complete sketch
of a differential element.

o X 20 mm 20 mm

Ad ! i 1T20 :r_i
- o mm: . LU NA
B ﬁ\ | | B[40 mm

SOMN - 20x120° Q = (20x40) x 40
=3.2x10" mm®

ANRRNNRFARRNNN

=2.88x10° mm?*

50 e e300 MMy

P My 40 9000x (~20)

P—40 kN ’ ! X AT— - 20x120  2.88x1(f
- —45 83 MPa
ZZo

4 30><3 2x10°

M =9000  kN:mm =16.67 MPa
50 kN Ib T2.88%10° % 20




e 300 MM -~

V =30 kN
P—40 kN *E I =45.83 MPa
I,_f 530° &
A= 16 67 MPa
M =9000 kN.mm

50 kN

e Mohr’s Circle at point B
C=(C,0)=(——-—,0)

O
R v T
% (@,0) ~ (-22.915,0)

O, —O0O
R:\/( X2 L)+,

\/(@) +16.67% = 28.34 MPa

sin2g= 2y 2 1007 55 _ 36030 (N (H88L-115D) ‘i’%
R 28.34
O 0 C —Rcos (600 —36.030) 48.81 MPa
=-22.915-28.34¢0s(23.97°) 45.83 MPa ¢ \&11 51 MPa
=-48.81 MPa

Qe
7,0 =—28.34sin(23.97°)=-11.51 MPa 7 =16.67-MPa




Hw18 Design a solid shaft to carry the loads shown in Fig. P-970 if the maxtmum normal
stress and maximum shearing stress are limited t0 12 ksi and 8 ksi, respectively.
The belts on pulleys 4 and C are horizontal, and those on pulley E are vertical.

755 1b D in. dia

M Z,-Zs I8nnavilssidaiian ddeliil 46XZ,Z,75Z,Z:

L,= 4(1+z,) in. L, =4(1+z,) in.
L= 4(1+zy) in. L, =4(1+z,) in: 40 1b 400 1b
D= 4(1+z.).in. Figure P-970




Hw19 For the cantilever beam shown in Fig. P-975, determine the principal stresses at
point A that is just below the flange. Show your results on a complete sketch of a
differential element. Assume the vertical load passes through the centroid of the

cross section.. Also find.the maximum shearing stress at point A. Show. your results on a
complete sketch of a differential element.

P kN

- Lm - 20 mm
N
§ AT CZZZZ??ZEZZZJ_“_
N 7
% 20mm—-é-— H mm
N Z R I3
N 2777777773

&k
=
1
;c%»l

M Z,-2, 8nnailsssidaiian ddellil 46XXZ,Z,Z452,

L=0.4(1+z,) m. P=4(1+z,) kN
H=40(1+z;) mm. W =40(1+z,) mm




9-12 RELATION BETWEEN MODULUS OF RIGIDITY
AND MODULUS OF ELASTICITY |

Ca(l 4+ ) (1 + )
EX E 2 Ey E

(a)
Figure 9-38 Pure shear and shearing strain.



yY  ob 1 —1(t +/E
ta o 45° —_— - = = =
noa’b’ = tan ( 2) oa' ~1+7(l+v/E

tandlS"—-t::mI 1-‘I
sy 2 2

tan { 45 SR = 5
1+tan45°tan% 1+%

1 —9/2 _1-7(1+»)/E
14+ ~/2 1+7(1+0)/E

e
——

~27(1 +v) Bisan E
'E v 2(1 +7)




How to Use
- for Stress Measurement

Static Strain
‘Measurement

Dynamic Strain
Measurement

. -

Applications
for Measurement

of Physu:al Variables

Information

http:/maw. kyowa-ei.co.jp/english/products.htm
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A, Adhesive bonded metallic
foil element

Semiconductor o

B. Semiconductor wafer made of ‘Wafer Element of
resistance alement diffused inta o~
substrate and bonded to surface
by thin adhesive Layer

EpoEy
a.-:lh?.il.re

Si07 insulation
Gage

. Thin-film element molecularly
bonded (no adhesivas) into a
ceramic layer which is deposited
directly onto the force detector

. Diffused semiconductor H
element




How to form strain gage bridges

Gage method |

o N Bridge boxes
Connection systemf Application Circuit Output Remarks DB-120P, 350P
eo=E Ks-&o
4 [ Rg
No temp.

1-active-gage
1 ' 2-wire

Nr. of gage: 1

(uniform tension or compression)

Monoaxial stress

Ks . Gage factor
€a :© Strain

E : Bridge voltage
€ Output voltage
Rg  Gage resistor
R Fixed resistor

compensation;

| x1 output;

non-linearity
carrection
neaded for large
strain

1-activg-gage
2 3-wire

Nr. of gage: 1

Monoaxial stress _
(uniform tension or compression) |

ea:falcs-eu

| Mo femp.

compensation;

| thermal effect on

leadwires
cancellad; x1
output; non-
lingarity cor-
rection needed
for large strain

1-active-gage
(2 in series)
3 2-wire
(Cancelling
| bending strain)
{ Nr. of gages: 2

Monoaxial stress
(uniform tension or compression)

&:f Ks-Ea

Rgi ------ Strain &:
Rgz ----- Strain : £2
— Eit+&a

2

R Fixed resistor
Rer+Rg:=R

Ee

Mo temperature
compensation;
bending strain
cancelled; x1
output




8-10 TRANSFORMATION OF STRAIN COMPONENTS
Y

e

A
8

¢, dx

Al !

Figure 9-31 (d)



Strain and deformation of line element

A A A(I) N ety .g dy A('“)

o Yy
9 Q- [ ) 9
.
0‘ “‘ - *
04 FES K
o
» “ - 4

SN : 4 : 4
“ - * = °
o = ° . A
“ . ’. - 0’
* . & F ’..
O O ........ O O 1

AT T

& 70,6, 20,7, #0




x + € €x — € 1 s
= . : Y 4 = ’cos29—57,,,sm ?0 9-17)
— 1
_;_ 'Yab ~a (éx E}’) Sin 20 + E ny COSVZG (9‘18)
o
Tyx v E
Txy A 0 = -
o i 9 < R. = R, 1% (9-19)
* Acosd d E
g Ty =y
0C), = (0C), — -
o Asind| Tyx A o 1-—v» 920
Oy
o,to, O0,-0, :
o = > + c0s 20 —z,,SIn 20 Eq.(9-5)
o,—O0, .
T= sin 26 +z,, c0s 260 Eq.(9-6)




E
1 +v

R, = R,

E
(0C), = (0C). 7

(9-19)
(9-20)
711 - g
37 Strain circle
i
AR
O g C o
1
Stress circle

Figure 9-32 Transformation of Mohr’s circle of strains to Mohr’s circle of stress.



977. In a body subjected to plane strain, there act at a certain point ¢, = 800 X 107°
m/m, ¢, = 200 X 107® m/m, and 7., = 600 X 10~° rad. Compute (a) the principal
strains and the principal strain axes; also (b) the strain ¢, in a direction of 60° with
the x axis, the strain ¢, perpendicular to ¢, and the shearing strain v.s. Further, if
E = 200 GPa and » = 0.30, determine the principal stresses and the normal and

shearing stresses on t
-\%
800 \>1 ’

L4(800,300)

C =500%x10°° rad

R =300/2 x10°° rad B
| ﬁy

Figure 9-33 Strain circle.




200 X 10°

[R, a2

] R, = ({424 X' 1079)

1+ 11030  0>2MPa
2 o
[(OC), = (0C), T%f] (OC), = (500 X 1075) ;00_:3 ;g — 143 MPa

at D oy =143 + 65.2 = 208 MPa

at E: o6, = 143 — 65.2 = 77.8 MPa
7 (MPa)

Figure 9-35 Stress circle.




at F- o = 143 — 65.2 cos 15° = 80.0 MPa
r =652 sin 15° = 16.9 MPa
at G- o = 143 + 65.2 cos 15° = 206 MPa

If we use the stress-strain relation directly the same answer can be obtained

_ Elex + vey) _ E(ey t+ vex) _ _E
GETIE b T T I b T 0Te T e
(200 X 10°)(924 + 0.30 X 76X107%) _
o = 0307 208 MPa
(200 X 10%)(76 + 0.30 X 924)(107°)
- = 77.6 MP
%2 I — (0.30) :
9 —6
_ (200 X 10%(90 + 030 X 9101078 _ o

Ta 1 — (0.30)

(200 X 10°)(220 X 107%)

21 + 0.3 = 16.9 MPa

Tab =




9-11 THE STRAIN ROSETTE

cos 20, = L2 sin 29,

€, 5 s A

o € + £ el & a0s 20 —MSin it

b ) 3 b > b
S s - :

fc = Ex ¥y Ex ycos 29c . ’Y—xySln 29€

2 2 2

(a) General strain rosette (b) 45° strain rosette

Figure 9-36 Strain rosettes.

-

A 4

(c) 60° strain rosette



The 45° or Rectangular Strain Rosette

By substituting 8, = 0°, 6, = 45°, and 6. = 90° in Eq. (g} and solving, we obtain

1 €, T €
€x = €4y €, = €gy 'i 7.\37 T 2 < - €p (9'21)
+ e
AE = L : — €p (b)
2
€, — £
and CE = -2 G : (c)

Therefore the radius R = CA is determined from
R = VCE)* + (4E)? (d)




S

Figure 9-37 Mohr’s circle for
45° strain rosette.




The 60° or Equiangular Rosette

In the 60° rosette, the reference angles are 8, = 0°, ; = 60°, and 8, = 120°. On
substituting these values in Eq. (a) and solving, we obtain

L

€ = &,

& = 3(2¢5 + 2e. — ¢,) 9-22)
1

- (e~ )
2?.:3’ ‘[3-54': €5




987. A 60° strain rosette attached to the aluminum skin of an airplane fuselage measures
the following strains in micro-inches per inch: ¢, = 100, ¢, = —200, and ¢, = 400.
If E = 10 X 10® psi and » = i, compute the principal stresses and the maximum

shearing stress.
Ans. Max. 7 = 2600 psi; o, = 4100 psi at § = —45°; ¢, = —1100 psi.

& =€,

& = 3(26 + 2e. — €,) (9-22)
10 e r *
zvﬂ_vg(fc_ﬁb) J




Hw20a asiigel aums (9-19) (9-20) deawrvesdaes

Hw20b A 60° strain rosette attached to the aluminum skin of an airplane fuselage measures
the following strains in micro-inches per inch: ¢, , €p and ¢,
If E= 10 X 10® psi and » = 1, compute the principal stresses and the maximum
shearing stress.

Hw21 The three readings on a 45° strain rosette are ¢, X 1078, & X 1078,
and ¢, X 1075, If E = 200 GPa and » = 0.30, determine the principal stresses
and their directions.

M Z,-Z5 I8nnauilsssidaiian duellil  46XXXZ,Z,Z5
&= 100(1+2z,)




13nama Physics ansaunuas Tensor

Order 0 = zero order Tensor (Scalar) = Magnitude . @aa, s
Order 1 = first order Tensor (Vector) — Magnitude, Direction ausa. usq)
Order 2 = second order Tensor — Magnitudes, Directions stress, strain)

... Higher order ....

Pnama Physics hinfasunlashlmussuulneesanumililumsia

temperature mass = 2 kg.= ?? lb.

mass :
length =5 In. =12.7 cm.

Bl temperature =50°C = 122°F




P3nama Physics hinfasumladlimuszvulaeesamanlflumsia

— = a V' ..Aa Ty Jd v da A
(BN Pﬂ\‘iﬂﬁN%'ﬂ]ﬂ!!agﬂﬂ‘n1Q!cﬂ1!ﬂN U1N31§]$!!ﬁﬂ\1 component 6“'(")\1!’3ﬂ!ﬂ@iﬂ]ﬂﬁgﬂﬂiﬂﬂﬂﬁﬂ!uﬂ@u

o y N
5 0.6
<1 /X {08\
0] 2 1
manitude = V1* +1°* =/2 manitude =~/0.6% +0.8% +12 =/2

(Y] A = a da d'
ﬁ'ﬂ“l‘l!%sllf’)\‘]‘}"i‘l:!?ﬂ!ﬁ\‘i (State-of stress) ﬂﬁﬂﬁﬁﬂmﬁuﬂﬂ!‘ﬁﬁl@u!ﬂﬁ 1ﬁj1%$!!ﬁﬂﬁﬁjﬂi$ﬂﬂiﬂﬂﬂ591!1!?]@1!

1 05 02]
=05 3 -1
122 a4 vl
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