Criteria for the maximum reaction of a simple beam subjected to series of
concentrated loads move from right to left.
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Let, P1 = the load which was over the left support and is moved off the span after
movement.
d: = the distance between P and the following wheel.
L =span length of the beam.
W = Z P = the sum of all the loads which are on the span before movement and

stay on during movement.
P/= the load which enters in the span after the movement.
e= the distance of load P’ from right support at B.
From Fig. 1(a), before the movement of wheels,
> My =RyL-Wx-PL=0

or, Ra :V%+ P, (1)

From Fig. 1(b), after the movement of wheels,
> Mg =R,,L-W(d, +x)-P'e=0
/
or R, = W(d|1_+ X) .\ PLe )
The change in reaction at support A due to the movement of the wheel can be obtained by
subtracting Eq. (1) from Eq. (2), then equation is given by
W (d, + x)+ Ple  Wx

AR:RAz_Rm: L L _T_Pl
/
or, AR :Wlt_jl +¥— P, (3)



> Pd,
or, AR = +—-FR, (4)

N.B. In the above expression, P is the first wheel as shown in Fig. 1. However, for the
subsequent action wheel 2 must be replaced by Pi. Similarly, Ps is P/ in the expression
which is outside of span before movement and enters in the span after movement. The
wheel 8 must be replaced by wheel 9. This procedure continues till the AR changes its sign
of character.
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R, :%[lx20+13>< 20+17x 20+ 21x 20 +30x 10+ 34 x10 + 42 x 36 + 48 x 36 + 54 x 36 + 60 x 36]
= 150.4 kips



Criteria for the maximum shear of a simple beam subjected to series of concentrated
loads move from right to left.
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A simply supported beam of span length L is shown in Fig. 2(a). The beam is
subjected to series moving loads. Loads move from right to left and pass through a section
at a distance ‘@’ from the left support. It is required to determine the criteria to obtain the
position of loads for maximum shear. Fig. 2(b) and Fig. 2(c) show the position wheel loads
before and after movement.

Let, P1 = the load which was over section and is moved off the section after

movement.

P/ = the load which was off the span before movement and enter in the span
after movement.

P = the load which was in negative shear zone before movement and is moved
off the span after movement.

d: = the distance between P and the following wheel.

d> = the distance of wheel load P/ from left support.

L =span length of the beam.

W = Z P = the sum of all the loads which are on the span before movement and
stay on during movement.



e = the distance of load P’ from right support at B.

From Fig. 2(b), the reaction at left support before the movement of wheels Ra1 can
be obtained as follows:

ZMB = RAlL_P”(L_dZ)_WXl_Pl(dl_'_xz)zo

or, RAl:WIi(1+|:,1(d1+X2)+P// (L_dz)
Now, shear force of the section,

V,=R,, —P”

V1:WX1 +P(d1+xz) +P// (L_dz) _P//
L L L

/i

v =W pldiex) Pd, (1)

L L L

From Fig. 2(c), the reaction at left support after the movement of wheels Ra2 can be
obtained as follows:

> My =R,,L-W(d, +x)-P(2d, +x,)-P'e=0
or, R,, =V\/(d1"'xl)+P1 (Zdl:XZ)—’_P/%

Now, shear force of the section,
V2 = RAz - F)1

V2 :W(dl+xl) +P1 (Zdl:XZ) +P/%—P1 (2)

The change in shear at this section due to the movement of the wheel can be obtained by
subtracting Eq. (1) from Eq. (2),

AV :VZ _V1 :W(dl +Xl) + P]_ (2d1 +X2) + P/ E_ P]_ _WXl _ P (dl +X2) + P//dZ

L L L L L
1 /
o, av-W +|_Pl)d1 + PLdZ + PLe P 3)
Pd 1 /
o, AV:ZL 1+PLO'2+PL‘9—Pl (4)

The maximum shear force at this section will occur when AV tends to zero. This procedure
continues till the AV changes its sign of character.
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Wheel 1 at section to wheel 2 at section

Pd " /
AV:ZL 1+P|_d2+P|_e_Pl

D P=184k,di =5 ,P'=0.0, d2 = 0.0, P'’= 20k, e = 3, P1=10k

184x5 0x0 20x3
= -+ +
60 60

AV —-10=6.33=anincrease

Wheel 2 at section to wheel 3 at section
> P =194k, d1 =8, P'= 10k, d2 = 5, P'= 20k+20k=40k, e = (3+7)/2 =5/, P1=10k

AV = 194x8 + 105 + 405 —10=20.03 = an increase
60 60 60

Wheel 3 at section to wheel 4 at section

> P =224k, di=6',P"= 10k, d2 =2, P'= 0, e = 0, P1=36k

224x6 10x2 O0xO0
= + +
60 60 60

AV —36 =-13.27 = a decrease

Therefore, wheel 3 will produce maximum shear at the section.
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Criteria for the maximum moment at section of a simple beam subjected to series of
concentrated loads move from right to left.

Fig. 3
Let, Wi = load to the left of the section
W2 = load to the right of the section

W = total load in the span

i = ordinate of influence line for bending moment at the section

i1, Iz = are the ordinates of influence line for bending moment under load W1 and
W before movement.

i/, i = are the ordinates of influence line for bending moment under load W; and
W, after movement.

Considering the right side of the section as shown in Fig. 3
_ X (x+dx)

i2_b’ 2 b

Corresponding moment, M, = i%WZ, M) =i

i
(x+dx)W2
b
Increase of moment in the right hand side, AM,=M}-M, = i\%dx

Considering the left side of the section

. (L—x—d). ., (L-x-d—dv.
|1 = | , |1 = I,
a a
Corresponding moment, Mlziuwl, M/ =i (L—x—d—dx)Wl
a a

Decrease of moment in the left hand side, AM, =M, —M, =i de
a

Net increase in moment, dM =AM, +AM,, :—ide+i%dx
a

Therefore, ™M _ —i—L+i We
dx a
For maximum derivative of moment with respect x must be zero
dm W, W, W, W, W+W, W
r, —=—-1—+1—%==0, o, +=—f=—_2=——

dx a b a b a+b L
The maximum moment at a given section occurs when the intensity of loading on the left
side of the section is equal to the intensity of loading on the span.



3. Determine maximum moment at a-a due to a series of moving loads pass over a
simple beam of 80 ft span.
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@)@ Satisfy the criteria, so Wheel 6 must be on the section.
40° 80
Mmﬂﬁaa==2801*30+15*30+19*30+28*20+32*20+4o*4o)

28 (9*10+14*10 + 22* 40 + 28* 40 + 34 * 40) = 3870 kft



Criteria for the absolute maximum moment of a simple beam subjected to series of
concentrated moving loads.

€ \Re
Fig. 4
Fig. 4 represent a simply supported beam subjected to move loads, where

P = represent one of the loads under which the maximum moment will occur.
W1 = represent the sum of all the loads to the left of P.
W = the sum of all the loads on the span.
a = distance between the center of gravity of all the loads and P.
b = distance between the center of gravity of the loads W1 and P.
L = span length of beam.
Ra = reaction at A due to applied loading.
Rs = reaction at B due to applied loading.
X = distance of the center of gravity all the loads to the support B.

The expression of bending moment at the load P
M=Ra(L—-a-Xx)—Wsb
in which
Wx
R,=—
AL
Then

M = V%(Lx —ax—x")-W,b
Differentiating with respect to x and equating to zero, then the equation takes the form,

d—M:V—V(L—a—zx)zo
dx L

L a
or, X=———

2 2
Therefore, the maximum moment under any load will occur when that load and the center
of gravity of all the loads on the beam are equidistant from the center of the beam.



simply supported beam.

Determine the absolute maximum moment for following moving loads on a

(a/2)=0.3
W 134
30 30¢ 60k |40k 40k
60 66
FFrrFrFxxz A 2 FrFTTTTTX:
RaA 40/ R TRB
Fig. 4
Fig. 4 represent a simply supported beam subjected to move loads, where
C.G. from wheel 5 i=10.9989K  (L2)-(a2)=403
(L/2)-(a/2)=39.7' a/2)i30§>’
| .
5 40%7+60*14+30%23+30%29 ., o 30 " o
2*30+60+2*40 !
a=14-134=06ft
a‘ _ 0'6 _ L A ————
5—7—03“ g o 7 4 'A‘
R 40 L= 80/ Ars
o = 22989 (54 7530+ 30.7% 30+ 39.7%60) + S0 (26,3* 40 + 33.3% 40) = 322029kt

Maximum moment at mid-span

Wheel 1 at section
Right Left

0 ,200 30,200 A

E<¥ E<E ;A\’ w FNPLEPLNPN %‘,
Wheel 2 at section H L= 80/ Re
Right Left

30,200 60, 200

40 80 40 80
Wheel 3 at section
Right Left 4;A PRERENEN

60,200 120, 200 = e 7%
- A = qn/ B
40 " 80 40° 80 L= 80 _
Satisfy the criteria

M prax =@[25*30+31*30+40*60]+%[26*40+33*40]= 3220 kft
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5. A system of moving loads traverses on a simply beam of span length of 30m.
Determine the absolute maximum moment and the maximum moment at mid-

span.
Distance CG from P4 QA
i 40*3+40%6+10%8 _, o0 %% o A}\RB
10+40+40+40
— 10kN40kN 40kN 40kN
a_ (3.38 3) _0492m
2 oloMoN©
&3limylgms|
al2 a2
¥
kNgkNLA KN 20KN
S M, = 7499 (10,192 %10 +12.192% 40 + 15.192* 40) TTW Y
15.192 y
+ 1499 411 808*40=830.19 KN —m A Bl emlems AN
14.808 Y 15m 1
L=30m R
al2 a2
W7 4ggem
lokN40kN%%kN
Wheel 3 OGO O O
nght Left ﬁ:A 15m \%\ ,3m &/‘
50 <@ %> 130 Ru 15.192m 14.808m Rr
15 " 30 15 30 22
Satisfy the criteria L=30m

DM e = %(10*10+ 40*12 +40*15+ 40*12) = 830kN —m

Find the absolute maximum w.r.t. wheel 2

11



6. Find the absolute maximum moment and maximum moment at mid-span.

OkN/m
10N 40KN 40N 40KN . 4QKN

06 060 uw 111170
AN oy 21y 2] 2

RO\ X T RRr
L=30m .
(L-x-2Y
10* "1 4 40*(L—x)+40*(L—x+2)+40*(L—x+4)+40*(L—x+6)+10*(L—x+9)
R =
- 30
(L-x-2)
10*3= =21 1 10* (4L —4x + 4L —4X+8+ 4L —4x+16+4L —4x+ 24+ L —x+9)
R =
: 30
2
1O*M+lo*(l7L—l7x+57)
R, =
30
Moment about the wheel 5
2
1O*M+lo*(l7L—17x+57)
M, = 2 n X +80 +160 + 240 + 90
2 * _
v, = B0=X=2) | (@7*30-17x+51)x o
6 3
M, = (8= - Xy BOT1T0X o7 :é[784x 562 + x3]+%[567x —17x?]+570
dMm

s 11784 112x + 3x2]+ L[567 - 34x]= 0
dx 6 3

784 -112x+3x* +1134—-68x =0
x* —60x +639.33=0

(x—30)* =900+ 639.33=0
(x—30)? = 260.67

(x—30) =+16.15, X =13.855m

Wheel 5

Right Left
130 <300 170> 300
15 30 15" 30

12



OkN/m
10kN 40kN 40kN 40kN 40kN

o é@é2§2§2§2m¢¢¢g¢ VY yly

RL A X R Re
L=30m
7.46 Lok
6.53
10kN40kN 40kN kN /
4855 3| 2| 29| 2glom) 14.145m N
| 13.855m
7.46 * - . N 1, s .
s = T3 g ——_[10*4.855+40*7.855+ 40*9.855+ 40*11.855 + 40 *13. 855]+E 6.53*14.145%10
M, =1423.13kN —m
7.5 10kN/m
6.5

10kN40kN 40kN 4 kN

D G éé 9 vV I VI
PRI P E

| 15m

S

M o mid :%[6*10+9*40+1l*40+13*40+15*40]+%*6.5*13*1021412.5 kKN —m

Wheel 2

Right

(10/15) less than (240/30)
Left

(50/15) less than (240/30)
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Criteria for the maximum shear of a floor beam subjected to series of concentrated
loads move from right to left.

Fig. 5(a)
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Fig. 5(c)

A simply supported floor beam subjected to moving concentrated loads is shown in Fig. 5.
It is required to obtain the criteria for allocating the position of loads to find the maximum
shear in a panel. Following notations are used:

W  =the sum of all loads on the span.

W, = the sum of all the loads to the left of the panel.

W = the sum of all the loads in the panel.

x  =the distance of the center of gravity all the loads (W) to right support B.

X1 = the distance of the center of gravity all the loads within panel to right panel point.

L  =span length of beam.
Before movement,

> Mg =Wx—RyL=0; | Wl|$|

Wx
or, Ru :T szﬂw Rp3
Also, reaction at panel point 2, v v
W, x
R, = —E L
Now, shear force within panel (2-3)
V, =Ry -W,—R,, = %—WO _W|10X1 1)
After movement, Wi
1+
] oma
M, =W(x+dx)-R,,L=0;
Z ° ( )~ Ra sz/l\%/h?p?/

14



~ W(x+dx)

or, RAZ - L
Also, reaction at panel point 2,
R - W, (X, + dx)
p2 p
Now, shear force within panel(2-3)
V, =R, ~W, - R; _ W(x: dx) W, _Wl(x1p+ dx) )

The change in shear force within panel(2-3) can be obtained by using Eqg. (1) and (2)

W(x: dx) W, _Wl(x1p+ dx) _V%Jr i +W1xl

or, dv =V, -V, :V%—Wldx -
p

dv =V, -V, =

0

or, V._W _W

dx. L p
For the maximum value of shear force, the derivative of shear force with respect to x must
be equal to zero. Therefore,

W_W_,

L
w
L

p
W
P

Therefore, the maximum shear force will occur within panel when the average load in the
panel is equal to average load in the span of the beam.

or,

15



7. Determine the maximum shear within panel 2-3 due to following moving wheel
loads.
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Wheel 1
To right of p.p. 3 120’15
264 10 . I
To left of p.p. 3 015 Wheel 1 does not satisfy criterion.
Wheel 2
To right of 3 &>E
o right of p.p. 120’ 15
To left of p.p. 3 304>20Wh 12d t satisfy criteri
o left of p.p. ———) —— Wheel 2 does not satisfy criterion.
P2 120715 Y
Wheel 3
. 304, 20
To right of p.p. 3 E>E
304 ,56 . o
To left of p.p. 3 E<E Wheel 3 does satisfy criterion.
Alternately
Wheel 1 Wheel 2
To I‘Ight of P-p. 30 ﬁ:33 Does not satisfy. To “ght of p'p'3 10 &:35.5 Does not satisfy.
Toleftof p.p.3 10 8 Toleftof p.p.3 20J) 8
Wheel 3
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Torightofp.p.3 20 1304 .0 .o
Toleftof p.p.3 56 8

8. Determine the maximum moment at pp 4 and maximum shear in the panel 5-6
for the following beam due to the moving loads as shown below.

;]o 1 2 3 4 5 6 7 9 10 11 12 13 14C
e ; — ; ———— : 1 : —
B —é,
| 14@15 = 210 ‘
I -

10% 10%  50% 50 50% 50k 50% 20k 20% 30k 30% 30k 30% 30k 10% 10¥
IIIIIIIIIIIII

(1) (2) (3) (1) (5) (8) (7) (8) (9) () (1) (12) (13) <14) (15) (19)
ﬁﬁm
| I | | I | I

|
15 i g i 6" 6’! 6 i 6’! g i 5 i 8 6’i 6’| 6’| 61 10 i § |
DS ES €D IEC> S ECE DI ECEDECDECECDECE—DE>

. 2 3 4 5 6 7z 09 w0 W 12 1B M
fIA B |
14@15 = 210’ >
|
IL for Mps ‘ I’\I |
\AB
1 1
+
IL for Vs
Wheel 1
To right of p.p. 6 0 _0<@ 60
To leftof p.p. 6 10 10 _10 <@ 60 does not satisfy.
Wheel 2
To right of p.p. 6 % =0 <4%0 —60
Toleftof p.p.6 29_ 5 <@ 60 does not satisfy. '
1

Wheel 3
To right of p.p. 6 29 20<@ 60
1

To left of p.p. 6 E_70>@ 60 Satisfy.
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1

\
10 10 50 50 50"‘30 50 20 2 30 3 30 30 30 10 10
bbb EEE ek

3) @) B6E O B 1) (1) (12 (13 (4 _)-116}-\

. 6‘ H H 7' ! I I | / / /
%IqllRllﬁllﬁ/|ﬁ/|ﬁ/|R’|R’|R’|ﬁ’| 6’|R’|6/|10|6/ 105’ -85 =20
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5

IL for Vs

v&e=-3(2*10+7*10+15*5o)+50+50+-—
15 +60*30+68*20+73*20 +81*50 +87*50

1 [20*10+ 26*10+36*30+42*30+48*30+54*30]
90

=56 + 50 + 50 +188.44 = 344.44 kips

Wheel 3 at pp. 7 ds-16 =85 ft  So all wheel on the span

Torightof p.p. 7 230 667<4io_5333

Toleftof pp.7 79 _9333 <@ _5333 Does not satisfy.
3

Wheel 4 at pp. 7

Toright of p.p. 7 70 480

?—23 33(7—53 33
Toleftofpp.7 120_4 <@ _5333 Does not satisfy.
3

Wheel 5 at pp. 7
Toright of p.p. 7 % =40 <@ =53.33

To left of p.p. 7 %—56 67>@_53 33 Satisfy.

D514 =73 ft; dis=25ft dpp4-wl =20 ft; Owia-pp1a = 17 ft
M, = 42@0*10+25*10+33*50+39*50+45*50)

45(17*10+23*10+33*30+39*30+45*30+51*30+57*30+
90\ 65*20++70*20+78*50+84*50

= 6300 + 8975 = 15275 Kk-ft
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Criteria for the maximum moment at any section of a compound beam subjected to
series of concentrated loads move from right to left.

A L B c D E F
AT B Y N
Wi RV Ws Wa
/%/ \'(?V’r\)\ oYo oYoO
a b cud d
L1 Lo
Fig. 6

A line diagram of balance cantilever bridge is shown in the above figure. It is required to
obtain the criteria to determine the position moving concentrated loads and hence to find
the maximum moment at a section 1-1. As the loads move from the right to left, the
moment at section 1-1 will change. The change in moment may be calculated as:
The change in moment due to movement of loads in between A and B,
AM, = — L WAx + LW Ax
a b
The change in moment due to movement of loads in between B and D,
i i
AM, = —EWAAX + EW3AX

The net change in moment,

- - ./ ./
AM =AM, + AM, = — WA + észx - IEW4AX + L w,ax 1)
a C
From influence line diagram,
- ./
R ., C.
—=—; i"==i
b ¢ b
Substitute this value in Eq. (1), we have
AM = i(—Z - %)Ax L& i(% - Vﬁij @)
b a blc d
Finally the Eq. (2) can be expressed in differential form as:
M Wy _WhY W W, (3)
dx b a blc d

To obtain the maximum value of moment, Eg. (3) must be equal to zero. Therefore

i(%_m}gi(vﬁ_mj:o
b a blc d

or, (Vﬁ_vijJrg(%_vﬁj:o 4)
b a blc d
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If there is no load in right side i.e. in between B and C then Eq. (4) takes the form as:
WZ Wl
210
b a
g@_@ﬁ_m4+wz_@5
b a a+b L
If there is no load in left side i.e. in between A and B then Eqg. (4) takes the form as:

or,

We W, _p
c d
or,  We W, _W,+w, W’

S
c d c+d L,

A ! B ¢ D E F
A U o~_ — & AN
W1 i W, W3 Wa
BB 4 Q. QYo
a b cud d
7
L1 L2
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