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PREFACE

The text material and illustrations have been prepared to serve pri-
marily a8 a workbook for assimilating the basic principles and methods in
the analysie of statically indeterminate structures, The analysia of
statically indetarminate etructures consists essentially in imposing the
conditions of the geomatry of the deformed structure upon those of
statics, The principles are generally simple, but proficicney can be
achieved only through practice on & variety of problems.

Experience in teaching has shown that students still nesd freguent
reviews in the principles and techniques of statics besides those perbaining
to indeterminaay. The examples in the text may substituts for o,
aithough not all, of the blackboard writing on the part of the tescher ao
thut he may apportion more of his time in elass to discussions on such
items as the relation of analysis to design, the history or biblicgraphy, the
compatison of the relative inerits of different methods, and the citation of
sotual structures to which the topic of the day can be applied.

An inspection of the Contents will show that deflections of statically
delerminate struetures are treated in Chaps. 1T and 111 before the applica-
tiona of finding deflections to the analysis of statically indeterminate
structares are taken up in Chops. IV and V. Some teachers may profer
to assign some articles in Chape. II and IV together and thea those in
Chaps. IIT and V. The same is true with the slope-deflestion versus tha
moment~distribution methods, The choice is between studying slops
deflection first and then moment distribution or taking up both methods
in relation to any one problem at the same time, The former order has
been adopted in the writing of Chaps. VII and YIII. The author does
not recommend the teaching of moment distribution only without
glope defleetion.

When it is not possible to cover the entire text for undergraduate
seniors, some or all of the following artisles may be peatponed : Arts, 12,
1“' 2ﬂr :Eﬂ.l 2’El 3E: ":3_1- i{j Sﬂr 54. EE] ﬁﬂ. H. E’Eﬁ Tﬂ', 1. These ﬂrﬁﬂ]ﬂ QT
then be ineluded in the curriculum for the firat-vear graduate students,

The author is indebted to Professor Warren Raeder, head of the
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CHAPTER. I
GENERAL INTRODUCTION

- 1, Statically Determinate Structures va Statically Indeterminate
Structures, Most structures full into one of the following thres elnaaifica-
tions: besms, frames, or trueses. A beam 18 & atructural member sub-
jectad to transverse loads enly, and it 18 completely analyzed when the
shear and moment disgrams are found. A frame, or rigid frame, is 8
strueture composed of members which are somnected by rigid joints
(welded joints, for instance). A frame is completely analyzed when the
variations in direct stress, shear, and moment along the lengths of all
members ars found. A truss is a strueture in which all members are

usually eonsidered to be connected by hinges, thus eliminating moment
i the members. A truss is completely analy zed when the divect atreases

in all members are determined. -
& i

el ! B A 4 f
7o L (Y W Jg%_} $i Hfg‘nl | }
?‘k'-'- A'Fl'b A ‘iw,‘ b =

fbl-Derbangingbeam ¢ (6)-Cantilever brom 2
.

Fae, 1. Btatically determinate besma,
Shear and moment disgroms of beams ean be drawn when the pxtarnal

reactions are known, In the study of the aquilibrium of a coplanar
parallel-foree system, it has been proved that not more than twoe unknown

{a) Simple beam

b

forees can be found by the prineiples of statice. In the case of beams &

these two unknown forces are usually the resctions. Thus the two rese-
tizna to simple, overhanging, or cantilever beama (Fig. 1) can be deter-
mined by the equations of staties, or these three types of bemms are
statically deferminate. H, however, a beam resls on more than two
supports or in addition one or both emd supports are fized, there are
more than two external resctions to be determined. Statica offers only
two conditione of equilibrium for a eoplanar parallel-force sysiem, snd
thus only two reactions can thereby be found; any additional reactions
aTe excessive, or redundant, These reactions cannot he determinad by
the equations of statics alone, and beama with such reactions are callnd

: : T ; :
statically indeferm beams. Thﬂi degree of indmwm by

'l

/]



2 STATICALLY INDETERMINATE BTRUCTURES

:t-lm nugni:rar n«f extra, or redundant, reactions, Thus the beam in Za
:f rntaumully indeterminate to the ond ret becanse there are f-n:nur
nknown reaetions and statics furnishes o ¥V Lwo conditi
; wetic | i0nE or tuo e
P&mghd equilibrium ; the _I:l-emn in Fig, % [ stationlly indcmrmiuamt;ut?m
tourth degree; the beam in Fig. 20 s statically indeterminate to the sixth
L !

degree,
A;rame ig statically determinats if the reac-
ta e are only throe external
tions, becanse gtatics offers only thres conditions of equilibrium for 5

A A A & g5 A B [ 48 A4 A
-ln g%ciﬂ I algiﬁlﬂ EI- :

2 v-'h!!;f‘ Hf E 4 D4 E 2
. B AL S i g g

Ty i
{""‘E ta) (hrLx6- . T
F Fra, & Btatieally indeterminate heats. R

pmr;! mplu.mla.r-f-:nmn eyetem, Thus the two rigid frames shown in
- o are sintically doterminate, If, hovwrever, & rigid frame has more
o dﬁ:::ﬁ external II‘EU.{!t-]'nI!]ﬁ, it ia atatically indeterminate, the degres
o~ il - rminasy bl.‘:.l.l'l;ﬂ 'E!tFI.IB.I bo "TRE Aumher of redundant Tegtinn..
= us the frame n:u[ Fig. da is statically indeterminate to the first degria;
1E. 4b, to the third degree; Fig. 40, to the ffth degree; Fig, 44 tu '
sixth degres.  — e

£

1 i

1 e .Iﬁ'—b

Ha A A
K W
L
et (. )
Fic. 3, Btatically determinate frames,

A truss is statically determingte if it has not more
raatﬂtq-:na {two in the case of paralielforee system) aﬁnnzhtlﬁuitihmuﬂi
(2] — 3) mcrgberﬂ, where jis the number of joints.  Whila the firat require-
ment for atat.m_ul determinacy is obvious, the second requirement mey need
:fg}mé:xplnmuﬂn. A tritse is just internally stable if it consista of BeTies

_triangles ns shown in Kig. & The firet trinngle is made up of three
joints and three members: epch sucoessive Lrisngle requires two additional
membere but only one additiooal joint, Thus, if m is the number of mam.-

FENERAL INTRODUCTION x "o SRR -

bers in the truss and jis the number of joints, {m =)= 2Ei—= 'Ejl, i
(m=2—3) - (1)

Thus the trusses shown in Fig, & are statically determinnte.  The truss

shown in Fig. Ta is statically indeterminate fo the second degree becuuse

—

'i' P

'

pe 8 ) P e
'h.lr ﬁ:‘
it £ i
e 1’ G
o sy
A%
o T % Ve - A EJ ot
1o iy H.Fﬂ isﬂruej“c
i fe) ¢ A
B Fra. 4, Statieally Indeterminate frames. %
=y
&

Fra, B,

it haa four unknown reactions and only two equations of equilibrium are
available; Fig. 7h, to the third degree becauae there are three redundant
members (m = 2p) plus three unknown reactions, whereas only three

H-&qunﬁunﬂ of equilibrium are available; Fig. 7c, to the fourth degres.
- & Conditions of Geometry. It can be seen from the preceding dis-

cussion thet in analysing staticslly indeterminate structures it is nocessary
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- THMEY extra conditions, in additicn |
N e n - L i O T4 LT it - ]
B¢ redundant reactiong. O 4:'I|r~ number |_||'I 1'-:I::?:'|| :ﬂr ."'L-'I:-IL?I i
must be the same gz (he degree of inde o e

. . s erminacy. The wwir
are gey - fUFmish Ay 18 4 b
senerally furnished by the geamelry of the -|'|-:'=‘r-'.|r1:|'r:L

- ks SOTINe sET

inEta & beam = N in Fig, ¢
e t.rt-:u*., l:hl.*. beam shown in Fig. 3a, although ordipurile ik
Antinnous benm, can be comssmdered gs a8 smpla | g

eorditionsg
L comditiong
ugtare., Faor
mght of nz u
eamy, AR on which tha

]
Py
M
PI",l ?
i o -
A "d"?' ) I T
it {ex) ke

Fro, 6. Btatieally doterming s iiena
o > ? 8
*mi-t” i, Py, By Py Po and P
Lo be satinfed by the daf . 3
7 ! *delorrmag STk b A5

at B and at O P FER Mam AL are Lhat the deflection

together witl musk both be zero. These two condilions of l." :

18T with the tvwa conditnme ; izl comatry

G fe th .” 0 conditions of statjeg fumish the oo H' S I"rr.'

or aolving ¥y, Va, ¥ . The Saga sl e

Sk T . . a5 o i i
be ecnsidered either as o R "l wwn in Fig, 2b can
{1 EVET Deain on which the foroes P, Py P
o ] - [

(RAINNANNND |
: |

= .I-!| 4 L L " . |
At aclng,  The eonditions of Brometry

o Andd I

LY
A = A
J[H i 8 Fi ¥, -t
"' lg ] b g N
L 3 L] s
3 i Ay ey
L i e 5
Ly i
T i
Y o
. N,
AW i )

GENERAL INTRODUCTION B

a8 & frame fixed ot A and Peee st B oo which the [oroes P, H e and Faand
the moment My are acting or a8 a frame hinged at A and supported on
rollers at B on which the forces P oand Hp and the moments M and 3,
are acting. Under the first consideration the conditions of geometry
wre that the horisontal and vertical deflections ot & must be seroand thet
the tangent at B must remain vertical. Under the second comsideration
the conditions of geometry are that the horizontal deflection at B ooaat be
zero and the tangents at 4 and B moast stay vertical, The tmizs shown in
Fig. Te can be considered as a simple truss Loy with the support at L,
removed and with threes |'|i.l'|.|'."'_-:'t-r'|.1.!'-i (sl Llaley and BNl ot on which
the forges Py, Fo, Vo, Xo-X,, X=X, and X-X, {(Fig. 8) are acting. The
conditions of Eoomaekry are that the deflestion at Ly must be 2ero aod that

the distance between deflacted points U and Ly, Uy and Ly, snd U and

O &8 Oy o Wk i

i.-:"'.lllr | "'\.U_." g
W L by lte lls e
| A
Fia. &

Ly must be equal to the deformed lengths of bars Ualy, Uil and Ugly
in which the strezses are X, Xi and X, ‘respectively. The specihic
manner in which the conditions of peometry are g0 wsed is explained and
llusteaded in Chaps. IV and ¥,

8. The Method of Consistent Deformation., The most hasie and most
peneral method of anelyzing statically indeterminate structures is the
method of consistent deformation, The procedure consists in frat satting
up a basie determinate structurs from the prven indetorminate struetyre
by removing the redundants and considering these redundants aa loads
bi‘i-il!!—" on the hasie determinnte steucture.  Thera wall L':]“'il}"i b as many
conditions of peometry as there are redundants i

N js the dezres indeterminaey. ¢aniE

CATTIaT] qee

A gyatem of N simo]-.

L










Ll BTATICALLY INDETERMINATE STRUCTURES

=51
dl. Fol
Bubstituting § = (My/I) dd in Eq, {7},
_ My
dl = Fi i
Substituting Eqe. (6) and (8) in By, (5),

.&-Zu!ﬂ;-z(ﬂfd )(_:!-fy ) L ordoge
704) (gt i) = [ [ M aa ae

'K
Z Mmde 4 L
= [[Hmae 400 - [* Mma
i

fad
’uﬁ-
4.3 |a
(il
Fra, §1
Solution =
T i
Portion of beam e AR
E_ri,g-jn.. E
il 2= ils e = [
f .............. =y
LS — {1}z
ﬂur-=f md’:_f“l{—P:u]{—x]dm “ Pt gy ’5'
g SR fy T g SRR Pﬂ]
-] ET -] ‘5 [EET ]
Pre
= 3EF downward

: - d -
applicd in that, direction  cownward because the unit load has been

{8)

&1 )

OEFLECTION OF BEAMS AND FRAMES 11

Erample 2. Find the defiection Ap by the unit-load method (Fig 12).

"',a_l_t_lm_l_l_l_l-l-l-l-l-l-.
i _“_‘-_‘“—"'-..‘_ :Id;'
| ]
! £
i)
L]
4 -
1]
Fra, 12
Sahation
Tanrm 2-1
Portion of beam AD
1y L1 PR B
VL] L R r=0tor =L
M o 'Ht.lrn
" —{E}(x)
“ Mo de el de i wxtds | wlt downward
"“"'f.} Rl ] » 2B BEI

Example 3. Find the deflection A, by the unit-load method (Fig. 15).

¥
Solution
Tamim d=1
Fortion of beam AQ Ch
_"n........... A B
Eﬁu teltor=0/2 | t=0tas = L/2
T L e i‘# Tr
L2 (Ape)(Lz) de Bl pregr [ Pot -I-."J_I PLA
_&,uﬂj: . gl 28 R T J8E1 %0 rd
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" :
Example d. Find the deflection Ag by the unit-load method iFig. 14)

iy

Solution Fro. 14
TapLx 4.1
i o ey Af | cB
T T B,
H-u-. :. =L #-utﬂﬁ-f
L R gl — ; a2
1 e o R ﬁ:ﬁrﬂ %wﬂ#:—i’w*

—_— £

L
de =1 | L —qﬁ_;ﬂﬂvlrr de 54 (-urw we? d
e SR LA weth o
1 wr.l.t" mi I e a :E 2 ).E.I_r
Ll 8 s Er T - o) = Dl downward
Example 5. Find the deflecti in i e
. HOL Ap in inches By the unit-load method
CR o)
f —___._'lx
£ 30,000 bt ¥
=400 x®

&
&

F -

—if?
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Bolution
TarLE D1
Pertion of heam A Cix il
Wirigin..... . A A B
Wlmdts, .. ..............| z=0tca =6 g=ftox =0 r=0toz =12
M, 16z it — 34(x — B) dn
.. e i e

Biso = [ Qa)@a) dx + [ 162 ~ 24(s — Btk dx + [ o)) ds

= 576 4 936 4 072
= 2484 lap-it*
D484 X 1728 _ ..

Example 6. Find the deflection Ap by the unit-load method (Fig. 16},

1
\

Fortion

Bt AC cp DE ER
Omigin. . . A A ] B
Limits. . k¢ = Otor =Lftlr mLidtos = 4Lz = Ljdtor = §L |z = Oboz = L4
M aPe aPr 1t ¥z

" ¥ i= i=

I 1 ar ar I
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BIss = 2 [ P2 (s) e i
¢ b ot D) [ AP ) o
J{ §Pe® =z e .I'I.,-"t {'F.It g

= PL (gl 4 v ~ ribg) = 2PL2
L "' 'T'i'-ﬂ'} Eﬁ

o AR
356ET dovnward

EXERCTSES

1to8 Find the deflertion Ap by tha unit-load method.

e
[f L2 | e RS

[ A

= & g ||II€

| - _[ L/ ; 1

Comzfant £ mmgd 2,
ERCIAE |
i Exrncmg 2
4 rar A ’
Lz
| - _J
Constarn? EandJ

Exexcisg %
4 and B. Fj.ﬂd. Lh daﬂ"—""t.l.ﬂh '—'lh-.h]l" Ehe 'I-Illit-lmd_ mﬂ-u_"’d

Jda% ok
) sy A A

&
e | S . &
! o ] 7+ ;:r |
&= 30,00p K0! K ' i £
Fo Eifind i‘-]u‘ﬂm‘hfn?
EI!:H!.::“ 4 = S0 in
Exenciax §

% and T, Find the deflastion A by tbe unit-Jond Tnethad
& : =
g n— i
i
—= = ?ﬂ y I ,
_ “[f C L
i |

E=7 kfint
F mﬁ!
Exkrcms § Constart £ arul 1 ot
Exercisn ¥

B )
The Unit-load Mulihﬂd-—lppﬂuﬂm te Rotation of Beams. The

angle in radians betwean the tangent ¢

G
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the elastie curve at any point of the beam and the original tangent at the
game point before loading. It will be shown that

E At dz
= 1
b= = (10)

where M has the same meaning as in Bq. (9) and m is the bending moment
ub any section owing to the action of & unit moment at the point of the

i
__4%_1-—*" L 2 i)
31-?.___&-—*-

h ! v 43 |
~ ﬂ',r.:i,r-'r‘-‘ “r Iﬂ“d:— iﬁ:ﬂlg “"Hﬂf
S

G 2

B

icl
Fra. 17,

unloaded besrs where the rotation iz being sought. The method of
dediving Eg. (10) is similar to that of denving Eq. .(9). Let Fig. 1_1'
repluce Fig, 8. Then the work done by the unit moment on the beam is
$(1){3), which is equal to §Zw dl. When the loads Py, Py, Fs are added
gradually, additional external work done on the beam is 74 + 4Ph: +
4P + (1)(8), which is equal to the internal encrgy §Z8 dL + ZudLl.
Substituting 3P4, + 4Psds + §Psls = $ 28 di,

{1)(f) = ZudL

)
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ﬂ—EudL:. * Mm dz
R
which is Eq. (10), f; i

It ia to be notad tha in fndi
: s nding deflertions ' i
i ; aor rotationg
j:ﬁll::;gs:]ar;uuah |:-Eﬁ.mn. by the unit-lond method, th&s:.’:lil‘fc.g;a ';
o mtnhunmﬂ:.&mmaaﬂrﬂpmsﬁetuthabufthn‘
| moment depending on whether the result j ot
it 13 pesdtee or
Example 7. Find fa by the unit-load method (Fig. 18).

‘ﬂ
Hq‘i AL _'JE
o s
£ oy
for
’{?_ "J."
ihf
Fra. 14,
Solution
Tante .1
FPortion of bagm AR
'I:[rig_l.n..-.. Fid
Limfts,, . . " g =0tyz = [

=1

= | {=Pr)(-1)d= £
[ 4 o
i f B2 'ﬁfr] - g7 Slovkwive

Example 8. Find 4, by the unit-load method (Fig. 1)

i e B
--h.___.'..“”'ﬂ

-
(-
' ‘f

I

ferd

rCQ‘— 2
-1 J:
Fio, 18, F
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Solution
TieLe 81
Farlion of Dazm AH
Tamita. . o0 vvevrry T ity 2 o= L
M. — !
Pl W R =1
| T ‘I e N 'I:EL‘ :
O e oL Hﬂa:_[m'] 1. 1
"”‘_L ET o B
Example 9. Find &, or §; by the unit-load method (Fig. 20).
: L T :
HW‘ &
| IO Sk A |
L e
/ 4
¢; M
e i)
Fum, 20,
Solution
Tane B-1
Portion of beam | AC BEL o
Origint. ... ... .. A B
].ll.l:l:;lj.::::lli_..... | z=0tor=}L |z =0thz =%l
[ R S e 1P kP
.............. 1L = o zfL

[ D [(E

. Lg2
1) [P Pt _ FL* :
= [T =5+ ﬁ:], B 1 il

fig = %‘%} ooanterclookwiss

Example 10. Find 8, or dg by the unit-lond method (Tig. 21},

wblF
A
s 9
fﬂ — ﬁ '

7 forl
&

A
¢
ftﬂ- fia) ?ﬁ
Tra. 1.

17
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Find #, ot 85 by the unit-load method (Fig. 23).
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Solution

ple 12

S ik o
T\@‘ ——=.F AC an DE ER
/ ) e
: ' — A A 5 "k
sk = L L L i -
ﬁ':nﬁ:ﬁ"; }* ..m-ﬂtn#—% n_%tﬂs_i ’:'Et‘”"i z=0tox =
SAETIE R $ 090909090 =z et i ﬂﬁ‘?}s
- T 1 - /L= 1 — (1L {1ﬁ}: A
% = R I ar
Y th 'T 3 L Lz g ._l
05 Ha® Bid, -=j; (‘5 )(1 = ) ) ol
Fua, 22, L Lri A
= Tante 11-1
i L
b T cB by = gﬂﬂf
= | L
Lummjmml S G 4 B fn fgllﬁ'j countercloskwise
P R L BT T
=Tyl A T lﬁ- h— SBE
- s 8 to 10. Find 84 by tha unit-load method.
P kil ;
kit "f”&":' (‘ __)“" f {&:}( ) i : a%:cn::cm::li Holgr
480) (144} _
= =it ' Cargtanl £ sl [
{30,000) (400 00576 rad clockwise : Canshart .E‘-.-:'I 5
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e A
;g FEEEEEE sl
142
£
Consfmnd F and T
Exgacise 10

11 and 12. Find ¢4 acd 8 by the unit-lond method,

&' Jpk
Al : o
Flen i
| rr ;
r “"J 1 "
£ = 30,000 &/in® £= ke fint
F=s5ppind Ie ﬁnﬁﬂ
Exencrar 11 Exencism 12
18, Fioul 04, #, and a5 by the unit-load method,
L L
a7 P
r [
| 2 1?( 5 L
E=7,00p"/ L
FeAQQin® Cormtant £ a1
Fxercosz 13 Exerorsn 14

14 Find 04 nnd 85 by the unit-load method.

8. l'.‘-a.stl;limu’n. Theorem—Derivation. Castigliane published two
theorema in 1879 dealing with indeterminate structures. One of the
T bl?:-nmma ia stated below, and the use of this theorem to find deflec-
tions {or rotations) of beams and frames sctually involves progeases
identical with those of the unit-load methed. However, the unit-load
m&th-::d_, EI:EEE-H?U of its simple approach, is preferred. The other theorem
of Castiglianc is known as the theorem of leest work, which will be treated
in Art. 25,

ﬁh_ﬂﬁg':'iﬂlllll-_'ﬂ theorem can be stated sg follows: The deflection in a
certain direction at a sertain point of & statically determinate structure s
equn.lmzn the partial derivative of the total external work or the total
internal energy with respest to s load applied at this point in the directio
of the deflection. o o
i The problem is to find the deflection 4, at point 1 of the beam A B sub-
J'E'I'-'-"bl.‘."li Lﬂ]ﬂﬂdE:Ph P:lr and Py lFFi-ﬂ- 24-::]- If the IDH.d.EP:r.F:J EIIde aIe
gradumlyawhdm#hahﬁam,mmmrnﬂwm&ammthabmmm

W = 354 + §Padls + 4P, ' an

DEFLECTION OF BEAMS AND FEAMES 21

i the beam of Fig, 24a, the

if o small load dP; i gradusally a_.dded to ;

A l.i.:|: ﬁeﬂmﬁum will be gz shown in Fig. 24b. The work done addi
lly em the beam ig

AW = § dF; dA; + Prda, + Padds + Paddy (12

tata] work done on the beam ewing to the gradually applied loads
y Fa, Iy, end then 4P, is the surn of Eqgs. {11) and {12},

- 4= & AP, dA, - P, da, + Fadds
o A = 4Pas + 3Pss + 008 + b dFy R

the loads (Py + dPy, Py, and Iy sre graduslly applied o the beam

B
2 £ g
T ey L__ __['g_f._____.,.d—
fa)
LT :T G
g
A l'l : 7 iy
T A e
R A 7
T
Faa, 24

wltopether, the total external work done on the beam should be (Fig. 245)

1) dig) + §P(0 + dig)
i e R e B

d-
the total axternal work done on the benm must be the same regur
lmf?:-f wetwr.her the loads Py, Py, Paare first applied and then the hfml ::IP.
I added or the loads Py + dPy, P, Paare npplied simultaneously, Ee. (13}
pin be equated Lo Eq. {14},

f o 1P Pats + $P30s + kAP dA + Prda;
W 4 dIF = $Pabs + Pads + 303 ; b Py 4 Padis

a F, +d.‘!l.|:|
= §(Py + dPy) (& + d8.) + &Falds §Pa(As + daa)  (15)

Bimplifving En. (16},
4P d0;  §Paddy 4 2P dte = 32 & (16}
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Substituting Eq. (12) into the laft side of Eq. {16) and neglecting the
term 'i' d-lPl -Ii.l:I-L,
AW = }dP; A,
ar
W
4y = aP, (17a)
A pimilar derivation ean be made for rotation, for which
_ aw
& = 7T, (175)

Equation (17} iz Castiglians’s theerem.

10, Use of Castiglianc’s Theorem to Find Beam Deflections or Rota-
tons, Castigliano’s theorem, as represented by Eq. (17), ean be used to
find beam deflections or rotations, and since

i il
Ay = ar, or i =m~;

the method iz sometimes called the particl derivative method, The
external work W done on the beam can be cquated to the internal energy
# %8 dL stored in the beam, or

W = §z8dL (18)
Bubstituting 8 = 2V 44 and a1, = ﬁigl, ds into (18],
o BNl My 1 o S e 1,
¥ EE(T'M)(TFd“)nﬁj;fu"d‘iE_Pd‘
1 % arege
=3, E— ¥
Bubstituting Eq. (19) into Eq. (17),
1 LM’d.:) T M
m_dﬁ"ud(i.l; B8 _f Mﬁ’ﬁ (20)
dP, Py (v ET

dM/dF, in Eq. (20} can be considered as the ratio of the increment 44 in
the bending moment at any section of the beam owing to an increment
dF, in the lond at the point 1, where the deflection s to be found: this
ratio is sbviously the bending moment at any section OWing 0 4 unit
load at the point 1; or this ratio dM /dP; is equal to m as previously
defined in the unit-losd metheod, Equation (20) therefore redubes to
Eq. (9). Thus the partial derivative method, though derived from &
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¥ different conception, proves to be actually the same as the
|l method.  This fact will be further demonstrated by the follow-

mples.

Mk
I &' - 2 §
| & L5
"'-\___\__\_‘. [ .Efp- __.--"'_-F.
e T e g W
2 _H:'.-_'u"
oy . = 30000 k/in® ok
Fodid ind
f}
Fak Bk

e »‘Ff’

fie £ 1 o s g1k

Fra, 25,
ition,  Although there s actually no load acting at paint I g load
b It must be added and later be made equal to sero alter the partial
Merentistion. If there were actuslly a numerieal load at 0, it would
iRonkicared as P in deriving the expreasions for M and this numerieal
e would be subetituted for P after the partial differentistion is
srfarmed,

TrELE 13-1
Pertian of beam AC oD DE
. A A iy
of = ltor =] 2= Btsr = E o= Qto 2 =
{18+ 4 ltm + % — Mz — 6} 84 4Px

e E:é‘: f (16 + $P)alt de + 5o f [(16 + 4P)s — 24(x — 6)* ds
+ap7 [ 18+ 4t

M= = o7 [[ 108 4 4)elae) as
i 1}1 j: (16 + §Plx — 24(z — €)]i}=) dx + EE ]: [(8 + #P)z](§2) dz




24 STATICALLY INDETERMINATE STEUCTURES
Latting I = 0 in the above expression,

i )
Ao =g = EI.L (182)(}=) dx 4 %fﬁ [Lox — 24(z — 6))ifz) dx

F j: (82) (d2) dz

This expression for 4, i exaotly the ssme as that obtained by the uni
lead method (see Example 8). So W R

dp = D358 in. downward
Example 14. Find 6, in redians by the partial derivative method

(Fig. 26).
b
| g’ iz b
A
=S i i L _..r._—._._.
ik £ 30,000 kit &
ot £ =dlli g
2ak
M
- t 5
My & t
fig- =1 [ e Fl
3 15 b
Frz. 25,
Solution
Tanewm 14-1
Portion of beam A L
D, 1ot A B
Lirnida. . .., T=ltoz=6 |s=0toxs =12
R nh+[:1ﬂ %}: (:+%£;1=

sl [ e (- ) [0+ 4) T
T I M
& [0+ [2)

Letting M, = 0 in the above BXpreasion,

E‘“%l};::_%j: (16z) 1—ﬁ)dm+%j:ﬂ{m}(%)fdz
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pxpression for §; 15 exactly the same sz thet obained by the unitdoad
1ol {mee Example 11), Thus

8y = 000576 rad clockwise

EXERCISES

A Find the deflestion 4 by the partial dadivative method,
A, PFind #; wnd #y by the partin] dertvative method.,

I &
.EJ
S ;
2*
e
£= 30,000 hnd
F= 50

Expnoirs 15 and 16
11, The Unit-lpad Method —Application fo Deflections and Rotations

Frames. The component in a eertain direction of the tolal defleetion
the rotalion of the tangent sl any point of a statically determinate
# with rigid joints can be found by the unit-load method. By one
plication of the unit load, only the deflection component in the diree-
an of the unit load at its point of application can be determined. By
determining the horizonial and vertical deflections of a point, the magni=
tude and direction of the total deflection can then be found. By one
festion of the unit moment, the retation of the tangent at its point of
wpplication can be found. It is to

b noted again that the direction of 2k
the deflection compoment or the -k [

tolation iz the sewe as or the oppe- 4 7 = =

e 1o that of the unit load or the

{unit moment depending on whether 5
¢ angwer obhtained is positive or

tiwe. Attention needs also to #*
called to the assumption that,
mlnee the axial deformation of e I
o bers in a rigid frame owing to
phe direot axial stresses in them is
wlways small, it can be neglected.
E':.-Emplﬂ 15.. F]Il.'li ﬂ..h Bp, I?.;l ﬂ;pr
Aw of B, Ay of O, and Ay of D in A
terme of £F by the unit-load method

(Fig, 27).

Solution. Fefer to Fig. 28a to k, and see Table 15-1.

i
b

fg-

Fio, 27,
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oS et . %
St a 5 & - o Z 4 - e :
&
i Bl f g i
e Jir s 2
e D,r-ra
Al i -
3+ f AR f ol
Jh ) & M
fal-Free bady dingromns from which vakes of M are obfoined Fi - Frna bt s N0 SeFRRIS o i o e e
T
“"'~.,-’ i i'; -1?_\"5 & £ ki
& a L
N ot
3 £
A LA i 1B i 4 o At Lo
I o 7t S ]
Bz B o
(b }-Free boely dingrame from which valhugs of m for 8, are sbinjned W= Fri ok o Sty Al a2 R
F ¢ v = = 5
£ & & ; -
&F ,I'{" 5 A g . C—-ﬁrf'ﬁ' g r:::j ! ‘Ef-_;-_t_.ﬂr &
'y . Iﬁ. “
(3 £ 5
. Fiy
4 A
‘L i 1 g Feaed4 %0 .-411-—-.1' 2
li 5 ¥r E H.E
s 5
fek-Free body diagrams from which values of o1 for 8y are obhaingd {g)-Free body diagrams from which values of mm foe dy of € ore chlalred
iz b i
g £ ¥ 5 |
P & * x ci.:"l ¢ aﬁ L—_aigm :if
L ) 'Eg
o v 5
o 5
%‘ -ﬁ‘l‘ & "' 13,'?1 _I,.Iir,_l.r ﬂﬂ;!
{d}-Fras body diogromsa from which values of m for 2 ore obfained {h}-Free body dingrams frem which valuses of s for dy af Dare chfained
i Fra, 28 (Confinued),
o
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28 STATICALLY INDETERMINATE STRUCTURES
Tasba 151 i
Fortion | Bidgof B = F {(122)(x) dz +f {10816 = z)dz
of beam 45 EB &F Fe | b 3 [ 3 1
- 3% = =

TR - - — 4 [ 108 + 8915 — g1 e + 5 [ @10} (4e1 de
?ﬂ'ﬂ“....‘: —ﬂ-lﬁr—["g -Ut}:l#-ﬂ': "‘]'Tﬂﬂ-ﬁt-ﬂl-n#a-ﬁ;;-nm;- 0 = Eﬁﬂﬁn"' T,ﬁﬁ"‘ﬂ,ﬁl-ﬁ + g45 = I.:Ill-ﬁﬁﬂ

= Py ar 2,: e
bl % 108 108 + s 31 u" Awof B = 15,552 :“EL to the right

- 1 — 12 12
;;:r:: 1] 0 [ :::13 g fifag of ¢ = same integrals as those for Elfde of B
r ¥

m for fp o - :;ﬂ; Spaad ] Mo of € = 15 552 KPR bhie might
m for Ay —1 + £/13 = : T

of B, .. F o 15 = f — - .
aifos sy Yl bl e o Blay of D = f (12£)(x) dz + f (108) (15 — ) de
” ::;fl,,." z 15— ¥ 16 — x4 bzfd 0 : L g

of In = [T, 16 — 5212 | 10 4 Se/10 | | . EL (08 + 3z)01h — fpx)

Mape: Thao alpohralc

the frume.

v i
Z78, “L (12.&){1}-,&1-1; {108){1) dx

1 L]
-I—E-L flﬂﬂ-l—ﬂ:n]-(]‘—%)dg+

= 486 + 648 + 261 + 63 ~ 1,458

8, = 1,455 Hp-ft*

= clockwise

Elfq

= 361 -} 63 = 324

kip-ft®
By =
=324 =T

Elffg = %f; (108 + :axj(

- —90 — 126 = —218
B = 216 !‘ig'f‘t
Elfp = same integrale as thoss for EI8,

Kip-Fg?
65 = 216 2B o ointerclockwise

clockwise

aountereloekwime

&1

axn ol M o o i e jrsitive (6 or morouses G presison an tha catalds of

_E)d M i
17 5+§ 5 fﬂl&]("'l‘l‘ﬁ)dﬂ!

1o () e

éfnm n 3:;(1 —%)d: +Et,j:.:z1x}(ﬁ)d;

fi
] ;,f (2110 + fyz) de
1]
= 2016 + 7,776 + 4,815 + 2208 = 17,712
Kip-ft?

7l b the right

by of D = 17,712

Example 18. Find g, 8¢, 85, Ay of B, Ap and &y of €, and A and 4y
ol 13 by the unit-load method (Fig. 29).

Mk

&

3 b

&f

0T

-

Fie, 29,
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Solution. Refer to Fig, 30a to %, and see Table 16-1
Pad .

fopl=em for A b &

P
(i

£
¥l
e A
gl |0
bl for g
Y £
-
"L):&-t- .
i A
.-Il'!ﬂ-n‘.l}\‘..l'?
(@)1t for Ay, o
g i
F
F
i
L P ""
;M-..-a»\‘ lo
ihf-m for Ay at 0

o
o .-'l
;.ﬁu\n [.:;l
fel-rm For &,
i
i
'3
o
-"'ﬁ"'—nu‘.'r
Eﬂ*:rjl._lﬂ
elm for Ay at ¢
=] &
£
L o
-2 f
.l?"""i""u

l':

b far d, ot

Fra. 30, Free-body dingramn from whish valuen of M and 1 are :rbt-nmml

Flgy =fu [—202 lﬂr}f-]]tf.z-l—f (~144){—1) dz
= 1,782 + B4 = 2 64F U

k' i
Ba = 2,646 -lf__,“T“- sleickwine
5
E.I o= —— :
g ';: (—262 + 122)(— 1) de +f (= 144}~ 1) d

+ , (—24z)(—1) dx
-ITEETEPE*i-I-EiEnglﬂm

e of C = 22032

Ay of ¢ = 33,912

i p-f't*
Er

A of B = 22,082 25 (o the right

to the right
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TagLe 161
I
AE ER EF FC a4
o A | B F Q I
&, & =0bkoz = Ox =Otar =kilg =0loz =6 =0loz -f_i-IJ:.—'I.‘.lt-n.'l.'--lﬂ
r I ) z2f 2F I
— 5% =k 12 -] 44 s L] 0 0
= e | (i} L1} 1 0o
-1 —1 —1 —1 u}
= =1 =] - =1
e 30
| : —15 + = — 0 0 ]
| T
E =15 4+ = —x 1] 1] 1]
II:I' By
-12 - 12 — (= &+ 6} r 0
au
T —6 4 = 1 — = 160 10 F
Ay
i -1z | -12 —{z + 6 —z (1]
kip-ft?
o = 2,862 2 clockwise
B, = wmme mhegmls: as those for KIf, = 2,862
- T
Py = E,Eﬂzk—lg;# chockwise

L, 1]
BlAqzof B =L [—252 4 122)({—15 + =) dz +j; [ =14d)(—z} d=
= 19,440 + 2,562 = 22,082

Blay of C = same mtl;-ngE a8 those for Elay of B = 22,082

Ela, of C = f{-aw + 122)(—12) dz + f (—144){ —12) d=

i3
+§_L 242)(z -+ 6) dz

@ downward

= 21,384 + 10,368 + 2160 — 33,912
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Blay of D = s
a of D ﬁi 252"‘lzﬂ?}f—ﬁ-'f'-ﬂd!-l-ﬁd[—lﬂjfiﬂ-—ﬁlﬂm
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1 ]
t3 fu (—242)(10) ds

= 'i-I!HH ol E,DQE - Ellm " _'6-533
L]

kip=t*
Agof D = 6,588 —‘E’L to the left
EIa,

a = kip-fi?
vol D = 33912 E}._ e

E d g PII l:l.ﬂ L] and
i F
WIII].B'E-EE-I']}! tl:lEllI!lit-JDﬂ.{t mﬁhl:d

of I = same integrals as those for Eray of C = 33,912

Fo 1
T 3| 2’
* |
s o B
1"\:
rle
B Lo :
Exurcraz 17 I ﬁEx gl
b EncTae 15
. 4 U8, Am ond Ar of A, and Ap of I in b i
: rms of I by the undtload
18
: Finvd 8y, %, Annnd ap of A, wnd A of 0 s
in terma of EI by the unit-load methad, .-11 - |
' 2k . : _{;_.r
= & L
37 s
a
P :
2r : o 1
- Il
A
&
g;l'l«_l_ & EIL’_
Exznome 19 E“"Ehﬂff—"ﬂ‘"f C
ERCIEE 21
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), Find 84, A, A and by of A, nod &g nnd 8y of Din berma of Ef by the unit-load

ik,

8. Deflections and Retations of Statically Determinate Frames Due
Moverments of Supports. It can be shown thet no internal atresses
il be set up in statically determinate frames due to movements of sup-
s, If the hinge A of rigid frame ABCD yields 1 in. to the left (Fig.
). the joints B, ¢, and £ will all move 1in, to the left sod sll mernbers
Wnin straight as previcusly.
I the hinge yields 1 in, vertically downward (Fig, 31b), the unstressed
me ABCD will take the position AR, Sinee all movements are
| in comparison with the dimensions of the frame, it is assumed that

¢z

s Tl & N ol & s gt
& % T | e &
| \ ! !
|
I li !l ]' |
i L] i [
1 y i | 2
o {2
i |
1 1
o P
ke
fu) {a) (al
Fra. &1,

lengih of & member does not change when its ends move in the per-
Mdiculnr direction. Thus in Fig. 31p, 44" = B"B' =1 in, and
" = OC",  Also, hecause angles A'B'C’ and B'C"D" must remain right
Miles. ihe change in the directions of all three members must be the
ta: in other words, angle B'A'B"™ = sngle R’ B = angle D''C°DY.

HI re £ -
Angle B'C'B = ey = agi = e
BE = (rhy rad) (A'B7) = (yaz)(180 in.} = 1% in. = CC°

" BD = DD’ — DY = 1}in, — (320 in)0rke) = T — & = fin.

= I the roller support at I yields 1 in. vertically downward {Fig. 3le],
00" must also be 1 in., or the angle C"B'C' =1 in, /144 in. = yhg rad.
BR' = ghy X 18010, = 1} in. = 0, and

DO = DDV — DYDY = 1gin — vhr X 12000, = 1} — & = @ -
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It is seen that gy
1 OWLIE to each
tqth':::l J']nJ]-E.I:‘ dupport must moya a nt. 1 i
I u;zfd:rh o i i ::h&!-he horizgontal dipe
; - BUpport ak D ;
of f-llj! _t'rmua will have to he bant e e mum;r

VATE STRUCTURES
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Certain ATri0g]
Lrs

ally indetor-
B Up i Chap, 1V,
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hinge A ;
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Htﬂ"ﬂ:d -" “I ||'ur|||=- [+ r WaOr -E ﬂ“ Bax I'Ti

basauge th
4 8¢ these foropg
€ mévement of D be A, in. to the right. TJ;:T:‘::::|"El

|II

otal e.tteru:l szﬁ - [ﬁh}f] .y + (11b)fA, of D) =
; i = =74 OF oy in, to th

Ihs result checks with ot

. that :
Bsed in the preed; of the purely geometrical consideration as

e h
Ik,

£
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Determine Ag and &y of each julnt if the roller suppeort at L yields 3 in. dewn-

@ angle in radinns or the change
plope between the tangents to
b wlastic curve at two peinks on &
jght member under bending is

5:“'—"‘:

3!
| [ﬂ 2 s
-
B
i
- ‘“H
N o
iy
o E
8 K| B |
Exenoies 21 Exknoias 22
). The Moment-area Method—Derivation of Theorems, Theorem L.

ul to the area of the M /EI dia-
n between those two points.

Pheoram 11, The deflection of a

nt on a straight member under

hding in the direction perpendic-
lar to the original straight axas
i the member, measured from the
gent at another point on the
iber, ie equal to the momaent of
m M/EI diagram between thoss
Wi points about the point where
e deflection occura,

pation, Bince ihe deflection
il & momhber due to hending is us-
plly pinall cormpared with the length
I the original straight axis, it is
wenerally assumed that the length
0l the elastic corve is equal to that
I the original straight axia. Thua
o length of curve AB (Fig. 33b) is
~pqual to that of straight line AB, Theorem I siates that
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mple 17. Find Ay and 8 by the moment-aren method (Fig. 340,

AR}
STATICALLY 1N DETERIMIN 4 pi SIRUCTURES
b
Big o f
i BT dy 1) e
u
£ty = ETe, plus the area of the M dingram between 4 and B

-0 PONL) fé;_‘

ArB =
27 @)

FPL? 3
g = i rlockwise
Bty = deflection of B from tangent at A

FL? P
- (..2 ) L) = -

8 & circular arc with centa
point 2 gnd Purallal Sl e i .
el toline 0o, ¢ tan be seen, rmmr;:i: aﬂi’::rjeﬂi':mgh
| E
S r R % downward
Cx
ko (28)
ul:-amu'r[n,g il = (Mee/ET) iz inta [y, (23) P | s
- | & .-al'r{-HIIiII'IHIHIJfIJfH-I@ir
In - £ ¥ (24) p Constont £ and | N e Eom
- :
tegrating Fq_ (24) bedween the limits 4 angd ¢ “ g j i
a2 Ir#

til-Shaar dimpram

r&)- Shear disgram
i "!'{lﬂll- I
1a

L ;
a g A |
2

By ] Moment diagrom fed-Morment dingram

g fﬂ " ar
g = af = o
4 f:f:f‘ﬁ'

whli:h hl; %&.’ {211 ar momant-grag thesrem [
. prolong ¢ :
Sl S & the tangents &t 1 and 2 untj they cut dA on A8

dﬁb-ﬁdﬂ'l— i‘f
4 Efdr (25)

1 :
niegrating Fq, (26) between the limits A and g

F-
-l'irﬂl-:f o' fﬂﬂﬂf
oSl e

o T R e —[
-h‘.""‘l-..‘_' ﬂd '—\.l-|_'|-|.'|-|_,‘_‘_
o
‘-\'l‘- %

I‘.-\—
=16 &
el I-Elaghic corea fel)-Eloske curve
Fuc. 84, Fia, 36,
Example 18. Find A, and #; by the moment-ares method (Fig. 35).

nﬂl’lﬂ. o uppl
¥ing the
Yons and rotag; moment-area maghgd £
[or the M/ mﬂ:i:;:f;;irfMFﬁa!‘F 0 plot ar ghateh tl]L:a fzjmlrﬂ?ﬁfﬂ%
ol '8 variable) fir Erim oluti
paoure of the elastio curye The fwo E:h“d then to draw » qunlitative 1 1.1 -
eorems can be appliegd in e Bl0y = EI8, plus the area of the M diagram between A and B
1 fwl? wl!
0+3 (T) =5
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By = % clockvrisa
Eids = deflection of B from tangent et 4
WLI Fl
. (T) (L) = %
|_L4
Ap = ;—;’E} dowriward
Example 18, Find 4,

(Fig. 36). or 8y, and A; by the moment-aresd method
[...._"-"'?._f
A e F
i 2 ,.% | ol
Canatart £ and 7 Al
fad
A= (o -Mament clingram
bt S :
E A Fa )
& de &,
W,j x‘“&--— A -F
(&)-5hear dlrpqrnrn

i -Elostic curve
Fia, 28

Solution
Efg, = EIf: plus the arss of the W diapram hetween 4 and
2] P_L) L\ PL:
2\Ni /2 1§
Pra
ﬂ.- ] m {‘-]EIGIIG.'I-'I"].EE

Fof
Oy = 1857 tounterclockwise

EId: = deflection of 4 from tangeat at ¢

~PL'L _ P
16 3 48
PL®

b = TEET downward

EI!J:rL];lh M. Fi
I:Fi[;. S'TJI nd 31. or ﬂ'.a-g H-'Ild. s ]:Ij" 't.h{: muoent-gren lhl.‘.tl:lr.ld
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AT il

F
4 i
wift Gt Ewdl i el

fo)-Mamprd dingram

fard

i
""'-—-.___‘____ A [
-—ﬂum-i""“--h_l_w \'iﬁ'ﬁ__%:if__,ﬂgﬂ}_’;

(&) Skear dingram ol ) -Elastic curya
Fui, 37,

Bolution
El8, = EIfo plus the area of the M disgram between 4 and C

0 -2

wl! :
bs = ﬁﬂmkm

1wl ;
ftn = E] counterclockwise
Eif. = deflection of A from tangent at C©

wl®y (6LY _ Swld
=“\zt /\18 354
Sl

Ag = ﬂi.ﬁi dowmward
EXERCISES

§8 to 36 Find #p aod Ap by the moment-ares method.
88, Find 84, &n, 0n, Ag, and A by the moment-sren method.

Ay

H
r_.jﬂ? 1 4 g_u_u_u_n_u_ir__ﬂ
]
£s2 |
L L
4 Corstarst Eand I Consfant Eand I
Exrnoee ¥4 Bxerciss 24
Ik gE :
Sy " i
!I—‘Fu.u-l-l-l-l-ua ] % ; F_:%
— | b
L - Fa 1M|ﬂ*
Cohers! Eand T I= 4hgin®
Exerciee 26 Exewmcosn B0
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15, Special Case of Moment-area Method—ithe Conjugate-heam
Method. In each of Examples 17 to 20, the elastio eurve hag o horizontal
A A 4 Enngent at s certain point of the heam.

] Therefore the slope and deflection at
,&& 'F_J..--ﬂ any other point van be found by refer-

: gi_._.-—--' ring to this horizontal tangent us a

bpsis when the two moment-aren
theorems are spplied.  In many cases,
however, there may be no such hori-
sontal tangent existing Take, for
example, the case of the beam shown
1) " in Fig. 38a. Tt is desired to find the

slope fe nnd the deflection Ay at any
peint ' on the beam. By the mo-

ment-aren method, the procedure is ag
Follows:

b ST [lf&n of % dingram

between A and CJ

e AEH 1 [ .'1-{ .
L~ " 7 |moment of Br diagram between 4 and B aboul .E]
Ap = 00—

o
|

whers 0" = 8400 and ("0 = deflection of © from fangent at 4 =
moment of M/E] diagram between A and C shout € Thus

. [mﬂment. of Af/EI d.ing;-amLhet.-.-rmn A snd B sbout _5]

F i
- [ﬂ.ﬂm ME{ dingram between A and I:T] (2R
and

il [n_a-.-:nrnmt of M/EI diagrum between A and B about E]
T ; oLl rch

;" EENeS
= [m-nme.nt. of T diagram between A and 7 about r:'] (27)

Now suppose that an imaginary, or an anxili “ponj !

i A Bry, or a “conjugate’

beam is rleilined as the original simple beam AB loaded by the M/ES
diagram I{F:gf. 388), JL.n:t I, and K} be the reactions to this conjugate
banml and ¥; and Af, !:-e the shear and bending moment st € on this
conjugate beam. The right side of Eq. (26) is obviously equal to 7%,
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| dh right side of Edq. (27) is obviouely equal to M. Thus
0 = Vo (28)
A = MG (297

{iy be noted that the above bwo squationg ean be applied between

wo poinis A and B on the elastic surve, except that if the chord A B

horizontal, f¢ is the angle between \he tangent at C and the chord

and Ac is the deflection of C ’ agk

yred from the chord AR ,qt'_j "
lens (28) and {20) can he % i

in words, thus: 8

H_i
| i ~haam
. mrg?ﬁjgnﬁ?ﬁiﬁ; e J; £ i‘a’é."?"‘f""f P
E Iz 11

Sent Lo the elagtic curve st any e

i (! batween two points A and

b e elastic curve and the chord Lk

i ergual to the shear at p-:rint: C r_'\
pimple heam AEB loaded with
| M/ El diagram between A and |I _J
-{3“
Weorem: 11, Conjugate-baam S, L
i, The defloction of any
| {7 hetween two points A and okt

T

Me Lhe claatic curve, measured yokifh

W the chord AB, is equal to the

ling moment at peint C in & g

e beam AR loaded with Lhe 11 . 1

M disgram between A and 5. 1__ e ] L 1

Phe conjugate-besm mathod 138 - H R R

Mially = special case of the mo-

pes method, or it can be con- ol

J ss sriother way of describing 4

sroedure in applying the mo- \{f;_ J_,,,:.J E{_a-y
rea theorems. = v 2 |

mple 21.  Find (1) & and 5 o

llans, (2) Ap in inches, anj Loy

he position snd amount ;

s deflection, by the oonjugate-benm method (Fig. 39).

' i il be used bocauss the
ution. The conjugate-beam method will :
u.-l B ia the original straight axis of the beam. The conjugate beam

&

0 In londed with the M/EI disgram, but since EJ is constant, it can be
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%2, Find #, or 85 and A, in terms of & by the conjugate-
od (Fig. 41).

% & 1.:1 E 3
M""—arl'?‘_#:
L |
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omitted from the caloulations untl the end.  From Fig. 30
Total aren of AF dingram = $(98)(18) = 864 kip-ft?

The distances m i '
g and # are, according to the simple formulas shown in

0 O O | |
L
Az Canstant £ AP
fax )
- &
L2 P i
g-ﬁ.-".“-n-.l' o ;
=t 2} =PT
qﬂ' {£ ril-Shaar dimgrom
Fra. 40,
il
184+ 6
m"'—a—-raﬂ'. i = IE-;_E::]_Gf
By = 884 % 1§ = 480 kip-fer — EF3,

g, = 380Kpfe: 480 x 144
del-Mamant diagram

SH0L000 > 200
Ry = BB 3 & = 384 kip-ft* = Efg,

384 kip-ft*  3R4 w 144
E I mmu Al ’I!'Jl'l' = (LOD46] rad’ cotnterclockwises

= (LMISTE rad clockwise

AE -Pm

ﬂ. =

M - R s
R, % 0 FX 2% W3 = 3456 — 07 — 2 484 kip-lt‘ fef PModified W disgram

= ElAn
a

A =)
-ﬂnr""'ﬂt!i%_._____ 55_. _...—-E-[:l,dﬂ
.I!-“
fz)- Elastic curva
Fra. 41.

A, = D483 1798
30,000 5 400 = 0.358 in. downward

Let the maximnrm deflection
. mocur &t F, which
Then, since MY} is maximum, 72, = 0, el

Fo = R, — }igs - -
Ol mhZa) =0 388 - 422 =g

My = Bir. — §i8z,)(z.) (:") = (334)(4 +/8) — §(4 /G0

i V8 = 2,508 kip-it* m ElAn,

. - mm = 0.361 in. downward

The moment diagram shown in Fig. 41lc is modified to
Tig. 41d because the moment of inertia of the central portion is

eonjugate beam is aa shown in Fig. 414,

wren of one-half of the modified & disgram
area I 4+ arves I1 -+ area II1

2590+ 6) ()0 - 5 -
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*_._ = - 5
12857 Slookwise
6, = SPL?

M = (1) @') ~ (ares I) @ +ELE) 5

{area T1) (52) (;E)

— (area m}(!)
3

GO0 - ) 6)-(2) (%)

1

i
258 = &ia,
APL
ﬂn = ET-SE.EF dﬂwﬂﬂ'md

== _i¢"
£= 00005t
fe5acint

Ei'-'-ﬁiﬁlm:ua: oy

16. The 1
Qment-areg M
2 et —.
0u% of Frames, [y tpplving the
‘am:l defleetione at poj 5
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Wple 23. Find 0, Ay, and Ay of joinks A, 8, €, and D by the
pres method (Fig. 42a).

2k g T ek 2k 2k
I
-LF 5,1 llﬂ o e # [ '1'[:
2 #“_T F
- e 2k
e f—slr ‘o)
4 T.ﬂ-
Al ok 2tk
ok h fal
I
fal 5}

tlon, The free-body disgrame of the whole frame and of each
are shown in Fig. 42, The moment diagram (plotted on the
wimion side) shown in Fig. 43a s modified to become that of Fig.
y dividing ol values along BC by 2 since the moment, of inertis of
8 8/, while that of AR and €D ia f. The clastic eurve ie plotted as
In studying this curve, note that B' and € stay at their original

et

rapd

i = Elastic curve

i Bi-Modified M disgram piotied
& ComprEssion s
Fia, 43.
and both move the same Ay to the right, The conjugnte-beam
hiod, therefore, can be applied to member B, The tangents at
Julnt are drawn as shown; the angle between the tangents at jointa
" must remain 90°.  Note alse that member CD remains straight.
Mlving the conjugate-beam method to member BC,

WLy = B~ (378} () + (162)(38) = 324 Lip-fit? clockwise
Bl = B, = (162) () + (378)(y%) — 216 kip-fi* counterclockwise
" BI0, = EIfs + ares ITT 4 area TV = 324 4+ (108 X 6) 4 ()(108)(0)

= 1,458 kip-ft® clockwisa
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BI00 = Eroe = 216 &
== 1p-f12 i
B0y b B = BB = g . meg o
== ﬁigé&él — [deflention B trom tangent st Al
= LWLIU18) — [mement of aregs 111
z . and IV
= 21870 - (d48)(3) — (486) (9) ; e
B . == ]5..‘.’:52 kip-fi? to the rFight
dgof f = m.: = 0D + 'DY - |5 582 + ac(1t)
= 15,552 + (216)(10) = 17,712 kipqes

& e a ]{] ‘EE!
wol ) = 17,712 "iT to the right

T} '
e deflection GO Paren iy
3 i 'H d gy
FLE. P ': s Sy and Al of eanh Joand gre Ehnwn in
N i
L 2qE &
& ¢ s il
: 3 6120 A E—_L__f o
©
phlE FA S Wﬁ*’f
r a1 el
b e}
ik A 4
& A
S Niw 7 fel)
eh jt:;;#-‘i 252 K Tk Mede: No farces or
mﬂr'-'n-.n’rl:-:r.‘ll'r'q
oy c6) e OO
5 Fra, 44,
fnple 24, Find ¢ .
; » A and Ay of jof
MOMENt area mathod (Fig. 44a). | peindul Sl e
Eﬂm;.‘i_?'_’ ?amﬁ‘.ﬂ"
i al s e
W o B LT
i

ﬁmﬂ?.’

0= Maddifi ! -

FmPJTa:.d:p;-mm fe)-Elaghic gurvs
Eﬂhﬂtm_ [

sepncate The free-body disgrams of the whele frame and of each

member in Fi
are shown in Fig, 44, Tp Fig. 45 are shown the moment

diagram, ;
the modified moment disgram, and the elastic curve, The
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g 0" gnd C'1 remain siraight as they are not acted upon by any
or moments, Tt can be seen that Ay of B is equal to Ax of €,
i iz zero, and 4, of C is equal to Ay of D
s = EIo; + areas I and 11 _
= 0+ (144)(15) + (3)(108)(8) = 2,646 kip-ft®
lip s .
- .ﬂ.[}&ﬁ ‘E‘F— cloelwise

' 2 (6 :
By = Elgy + nrea IT1 = 2,046 ﬂ% = 2 BA2 kip-ft®

CRRiy 1
- 2 862 E‘.E_Iii clockwias

kip-ft®
- fe = 2,862 0

yof B = BR' = moment of areas T and IT about B .
= (144)(15)(7.5) + (@)(10B}(BI(12) = 22 032 kip-fi*
. a
ol B = dgof € = 22,082 22 o the right
b of = OV0" = 0 Q0
= (Bg){12) + moment of ares ITT about £ !
= (2,646)(12) + F)(T2HE(10) = 33,912 kip-fE*

ip-f£?
of (7 = Ay of D = 33,912 E—E}— downwsrd

e of D = DD w DD — DD = (2,862)(10) — 22,082
= f,588 kip-it?
TV U

clockwise

deflection components (8, Au, and Av) of each joint are shown in

EXERCISES
Plud 0, Ay, and Ay st joints 4, B, C, nod Iin bermni of BI by the %

2‘1*
g 2 :
i £
Fr
i)
ak
I -
£ i IS
i
.-E;ﬂ
o
Exercies 2%
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0. ,
F1.ucu.m.-,mdﬂanJmhA.B,E.ﬂ,dehmmﬂﬂhrm p

area mathod.
ey
s
AT s
T
ES
i &
r L
E.l'
Conzhernt £ aod [
’ Exrrcmae 30
L Find &, &4, sod ]
= . Ar ab joanta 4, B, C and D in terms of BT by the moment-pres
,.3#
Ji
A &
ek o
5.- [
g % ~1c
ar i o
o L
ak #
&r = 8
% qE
A
Sl
o et
Exencigg 41 : Cﬂ}";‘:‘”‘ s
et RLISE B2

dg, amd & i
ST v 8t |oints A, B, D and Ein tarms of EF by the moment.

CHAPTER TI1
DEFLECTION OF STATICALLY DETERMINATE TRUSBES

, Narmes of Methods, The usunsl steel truss is 4 structure composed
dividua]l members so joined together as to form a series of triangles,
i joints are riveted or fastened together with pins but in either case
wastmed to et as smooth hinges, It follows that the members are
jeetad to direct stress of tension or compression only and not subjected
lending since the ends are hinged and no loads are applied except at
b juinis themselves. They therefore remain straight. In saddition to
irmation due to direct stress cavsed by applied loadings, deformation
be: due to other enuses such as changes in temperature and errors of
doation, When the lengths of members change, the joints or hinges
move accordingly to some new position so as to aceommodate
bl ves to the new lengths, The amount and direction of this move-
ab each joint from its original position are called the deflection of
Joint. With the changes in lengths of all members in a truss known,
Mows methods a3 named below can be used to determine the deflection
Wy joint. The methods to be treated in order are (1) the unit-loasd
hod, (2} the angle-weights method, (3) the joint-displacements
fhiod, and (4) the graphical {(Williot-Mohr) method. By the unit-
mothod, only one deflection component, i.e., either the horizontal
nonent or the vertical component of the total deflection, of one joint
s be found in one application of the unit load. By the angle-weights
sil, the vertieal deflection of all joints in one chord, 1.6, either the
shiord or the bottom chord, ean be found in one operation. By the
lisplacements method or the graphical method, the horizontal or
anl deflections of all jﬂintﬂ can be determined af the sama timea,
The Unit-load Method. The basic formula of the unit-lond

ihod os derived in Art. @ is
(1)(a} = ZudL (&)

ange of 8 truss there are a finite number of members; therefore
| (B can be used as it stands if dL is replaced by AL of each momber.
@ Unit load and the u stresses are always expressed in terms of the same
| weight. Therefore A and dl are expressed in terms of the same
length. The formula for computing trusa deflestion by the unit-
49

=
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load method ia then
4 = Ty AL (30)

:1;]:}:: ﬂIL i;l ltha;hange in length of the member, which may be eanged hy
pAed foading or other eanses such ae chinges in te
errors of {abrication, and « is the siress in the Sann?; mﬁrg::'nﬁ:fuﬂi

- JE

=

fa b Values of 41

FI]
Féed=-Nalugs of ¢

ferfl )

& ! &
feXYalies of prar)
Fra, 46,

sections are uesd freely, and the h

action of a unit load applisd in the
ﬂu_wt.iun of the deflection af the
point  where deflection s beeing
found.  These values Tor all mem.
bers may be entered in one tahle
and the valee of Sy AL complted,
but a dingrammstic representation
88 shown in Fig. 46 ie considered
sdvisable for the beginner,

Example 25, Detorming the
bovizontal and vertical defloctions
of all lower chord joints die o the
applied loading by the unit-load
method (Fig, 47a).

Selution.  Figure 472 shows the
complete data with regard to the
trusa: dimensions, areas of mem-
bers, loading, Figure 47b shows
the reactions and stresses dua to
the applied loads; in solving for
t-IEIEﬂ'EI the methode of jeinta or of
orizontal and vertical aompanents

of the stressea are shown so that the equilibrium of each joint ran

be easily checked by inEpection,

Figure 47¢ shows the changes in

length of all members; & plus & i

: s gn means lengihening, and i
BLETI IMeans Shur'hl!nmg. Vigure 474 shows the » ﬂ-tmmi.-a ?ﬂr .e!i I;mf.m
The product of Fig. 47¢ and Fig. 47d is shown in Fig. 47e. Z{w) AL, nlr.

Tamie 25-1
Jadnt Ay Ay
i., n 0
L; ........... 0.072 in. {I?g'ht] 0.239 in, (down)
L!.. ...... R R S .j:I'L. I::r}shh;l 0,300 in. (down)
oo | D.3840n. (right) | 0.380 in. (down)
S e 0324 in, (right) Li]

BEFLECTION OF TRUSAES 5l
the algebraic sum of the values of (u) AL for each member in Fig. 47,
gives the Ar of L; and is written below Fig. 47e. Figure 47f and g shows
the data with which &y of L is computed, Then Ay of Ls, &y ol Ly,

frpd Tor g el by

fer - Wombersin { 1ore areas in sq.@n,
E=30000 kfin?

)X e of fy of £, 1AL 48]

{8)-E fos For Ao £, WAL= T
Ay aFL, =0T 4 g pight Ay af { =030 dowrward

it Valies of 5 i hips

i =P
I L
R T R T

e FVales of AL« §& in 10V inch
Fra. 47,

Ax of Ly, Ay of Ly, and Ay of Ly ave similarly computed. The required

answers are summansed in Table 256-1.
Example 26. Iletermine the horizontal and vertical deflections of

joint Ly due to a temperature drop of 50°T in the lower chord only (Fig.
48m), Coeflicient of expansion or contraction = 6.0 ¥ 0-* per degree
Fahrenheit.

T

ficlw ford, of iy k¢ R dint le

g P e
m\ Z \
rEs M 5 ;
. T -z:g-::m:i G

(Bd=ALin I inck folb-Edufardy of LNALI=-ITT 6 E durfir S of £ KL b SLTE
ArpoF =010 be Hhe left B o1 Ly =(LOBTTS | upward

Fig, 48,
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Solution

Total decregse in length in L, EoLy, Lol or Ly
4o = (180in.)(6.5 X 10-4)(50) = 55 X 107 in
B balanee of the solytion i& sh i I
Example 497, Determines skl dl B L i

joint L, if s bty the hn!‘i:ﬂﬂﬂ.[‘.iﬂ and vartien]

ed ¥ in. too short (Fig. 48q). o

FEbdE T dnches

rﬁj-xn';-#h;fai.u_rf;uﬁi-rn I'fJ'-I&.rH».!d-,.nFﬂ,.lde--ﬁ'-ﬁﬁ‘li
b 4{:-0 A of L= 075615 upnard

i ;
E:ﬁ?::‘ EE:T]LEF'.?I:;hlhmi of the problem is shown in Fig, 40} to
: El I L Frminﬂ L].n miuti > ::Ilp-.
kod Ve in the tirection L7, (Fig, m:;mmt‘mmﬂ- between the joints I,

fat-Numbers ing vare aress insq.in,

£=1000p ki’ fel-Values of ¢ for refathive
ﬂ'i!'mﬂfum i.l“ﬁ'ﬂ'l:i
-4 ~F# 4
Rt
1‘:'?‘ 4 5 : -p.m,- AT N E'
fhf- Valugs afAL in m_‘r. a -4XP
{Smme a3 Fig.47e) i fdl-Eiulrdi Jn-330
Refafte movemant
Ly ord =0T e e
2 Hhe diraction of the
Fro. 50, applied nit loadsg
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Solution., To find how much the two jonts Ly and 7y move relatively
in the direction joining L, and Uy, it is possible to find the absolute move-
mentz of U5 and of Fy in the direction [ l7; and add the two u'l:u;qhte
movements to get the relative movement. However, this combined
result can he more easily obtained by applying a pair of unit loads ot
L, and Us as shown in Fig. 50c.  The u stresses are the eombined stross,
and the value of Su AL will be the same as the comhined mnvemﬁnt: of
the two absolute movements noted above. The balance of the sclution
- 3 2 [

i gﬂﬂp;:ﬂl?ﬂk.g- ﬂtﬁrminﬂ the horizontal deflaction of the roller support
B due to the load of 12 kipa at C (Fig. 5la).

g T

{al=Muribers ind | are Arens in sa. in.
E= 30,000 kT

£ )= for iy of &
i5)- Valuez of § in kips

A

(el=E (u for dy of AL I=HE]
Ay of £=0196" fo the right

Fis 5.




a4 BTATICALLY INDETERMINATE ETRUCTURES

Solution, The solution of this problem is self-explanatory as ouilined
in the sketohea of Fig. 51, It may be helpful, however, to derive tha
Btrese in AD.  For this aperation, the joinl 4 is taken ss the Tree hody
(sae Fig. 527, Taking moinents about &

12X 16 —8X 12 = (4D)" X 6.4
(AD)¥ = 15 kips
(ADyr — 15 X 4 = 12 kips

(4D) = 15 % %2 = 192 Lips
F

&

#
N

r
-r
ff" o rADI™
& ¥
£k *

P
Fra, B2,

EXERCISES
33, Delerming fhe horizontal and vortienl de

: fections of kil lower aherd joints die
to the applied londing by the unit-lond msethod.

L 3

| ‘E
. bx
k-, 3-!"'* I_.r I 4

Momberz in [ Yare areas in &1 .
E=30p00k ind

Exerosxs 33 mnd 13

3. Determins the horizontal and vertion deflactions of joint I,
ture drop of 60°F in the lower chord only. Cosfficient of expons
= 6.6 X 10* per degres Fahronhalt.

. 6 o W

due to & tempers-
il o gemtrsetion

i
i
£

e DEFLECTION OF TRUSSES L

6. Determing the horizonke] and yertionl deflections of joint Ly if U0 weee
ipnted % in, 100 long. _ N
h::!mﬁutnrm* :?n-: the n:lmh‘ ive movement between the foints Ifs and L in the direetion
L,
HIHT:- Determine the horizontal deflection of the roller support B dus to the lond of
I8 Lpu al [F

g ut

o

i M #4.0 n L Yore oreas in so.in.
Murbersin [ 1 are areds in gq.0n, Mumbirs n v
E+30,000/int E= 30,000k
Exercise 37 Exxmcisn 88

38, Determing the horizsontal and vertienl deflections of joint I due to the applied
londing by the unit-lond method,

19. The Angle-weights Method. Before taking up tllve [mg]e-weig'_hta
method of solving truss deflections, it is necessary to derive the following
ool Lo, :
wf’fﬂp&eﬂfﬂm If the three sides L, &, [, opposite ta a.u_gllu A, B, C of
brisngle ABC have their lengths changed by unit elongations of e, &, &,

Fi, B3, Fia. 54,

the changes in the angles Ad, AB, AT, in terms of Ehe angles 4, R, €
and the unit elongations a,, &, ¢ are as follows (Fig. 53):
Ad = {ga — &) oot O + (2. — &) cot B
AE = (g — ) oot A 4+ (& — &) 00t (81)
AC = (e, — e,) col B + (2, — &) oot 4




i STATICALLY INDETERMINATE STEUCTRES
The formula for 44 will be derived firet,

only on Ad (Fig. 54). Prolong Consider the effect of o,

) : AC to D, making 0D = r
::;Hi‘h parpendicular to 45 and co ]:rtlrplrndft:u[&r i %C. Tﬁ::f;:]-& fl};;:‘l‘ﬂ’
B new shape of the deforemed triangle due to ¢ only. Sfnee (] s-:[r.ie.a

of angle DC'C ave mutuall ;
e erpendic ; :
original trinngle A B¢, an.gii ]j:nf;?.:r]dwm” {0 the sides of angle ¢ in the

= angle 7.
e P R T T A
ADor AQ Al DT = Aot (32)
The minus sign is used in (32
e in (32) because A4 represents g decrease in the

Next consider the effect of
i of e. omly on Ad i Fig. 55), Prolong 48 to D,

Draw DR perpendicular to AL, and BR PET =

Fra. &5,

Fra. 56,

dleular 1o By, Triangle AR'C is the shape of the deformed trianple

dI.IE toy LmI}" Ejﬂ:L‘J-E the ﬂil.'ll.'.l!: ﬂf
4 ' angle BE'D ape , ;
to the sides of angle B in the Original Lrinnﬁtujieﬂts!umﬂjh i ula

e angle BE'[ = angle B
A= — BB BDcot BR'D
ADor AB ™ Al - %ff' i
= —g et B (33

ml-ﬂﬂ*km B;ﬂgidr:r the effect of ¢, only on A4 (Fig. 58), Prolong BC' to D
diculﬂrgtn ..mi::'- e . Draw DC' perpendicular to BD and OC" nerpn:n:
i uflamnglaglfé}c{mr is the shape of the deformed triangle

. ) are ki tuall T 1 :
angle C' in the original triangle 4 B, Mlglf:? Epfﬂ?f‘:nfu:ﬁtg ke e of

Ad = = — = 4 at )
..-lE_. i!‘i'l'l_ ii_.“ﬂjﬂi_' I I'v-‘—c}—n = -’-1:- {34}
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In triangle ABC,
la = OF + BE = kg cot @ + o okt B (35)
Substituting Eq. (35) into Eqg. (34),

ad =+i';—_'f'= +‘*‘{’"‘‘“”“‘HJ,:_'L""'*":""ﬂ;1 =~ eoloot B + cot €) (36}
When e, &, and &, cccur jointly in the lengths L, I, and [, the change
Ad in the angle A will be the sum of Eq. (32), (33), and (36), or
Ad = —goot 0 — e.cob B + egfcot B + oot O) = (& — &) 0ot O
+ (£s — &) cot B

which ig the frst formula in Eqs, (31}, The other two formulas in Eqa.
{81) can be similarly derived.

Fquations (31) ean be stated in
words na follows: The change in the
aaple iz equal to the sum of two
products, each obtained from multi-
plying the difference of the e of the
oppodite side minua the ¢ of the
adjacent side by the cotangent of
the included angle.

MNow if it is required to find Ay of

B, A of €, and Ay of D (Fig, 57a)
st joints B, €, D of the truss owing
to various values of wnit elongations
in all the members, the procedure
as deseribed Dbelow can be used,
For joint B, determine changes in
the sipes of angles ABF, FBY, and
GFEC, the total change AR in angle
ABC being the sum of these three
parta. Similarly AC and AD, the
changes in angles C and D, are de-
termined. Now, if AR, AT, and AD
are all negative, the shape of the ¥l
lower ohord iz the broken line Toh . B3,
A'B'C LY E as shown in Fig. 5Tb.  Actually the closing line A’E* should
stay horizontal; therefore Ay of B, Ay of €, and Ar of I are the vertical
intercepis between this closing ling A°E* and the broken line 4'B'C°I¥E’,
From Fig. 576,

o =:ﬁ “E1+f+%“ {ﬂE}¢D+[¢E£.ﬁE+{EE}AH a7)
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Nole that since AB, A, AD are small, D'E* = DF-1 can be considerad
equal to DF, C'-1 = C'-2 to CF, and B'-2 = B-} {0 BE.

Beferring
to Fig. 5Th ngain,
Ay of B = (AB)6.
A of O = (AC)H, — AB(BC) {38}

Aol D = (ADVW, — AR{RD) — AC{CI)

If a simple beam AFE (Fig, 57c) is loaded by angle weights AB, AC, and
Al at points B, (), and D,

. — (BDIDE) + (AC)(CE) + (AB)(BE)
2

which is f. by eomparing with Eq. (37). The bending moment at B,
M3, on this simple beam AE is {AB) = (4B)8,, which is Ay of B by
comparing with Eg. (38). Alao, the bending moments M% and M’ at
C" and I are, respectively, Ay of @ and Ay of D. Thus

ﬂ-:l”. = .l':'l.rl.'lE.E
ME, = Ay of [/ {393
M! = 4, of D

Equation (39) is the working formula for finding the vertioal deflections
at all joints on a straight chord of a truss by the angle-weights method.
If the original shape of the truss chord is not straight, Bq. (39) must he
miedified but this modification will not be treated herg, !

Example 30, Determine Lhe vertical deflections of a1l lewer chord
jointa due to the applied loading by the angle-weights method (Fig. 584).

Solutfon. The stresses in the members are computed and shown
in Fig, 588 The unit strains are shown in Fig. 58e.

By the use of
TazrLe -1
| Eummontion of
i ol i
Joln mapes in wnrles fin torrea of 10°H P el
By bk = (= 0.287 — paom i + (- 20T - ooy = — 1o
| LadoLa = (D0BET — IETHE + {H0S0F — Qdo)id = 40088 — L4 = 108
Li | Balalis = (00067 = {40000 4 (+O067 — O]} = —0.183 =
ULyl = [—ILEOG — QO40) + £ — 00300 = n.mmi;. m ={AEE
Yalolly = (=050 — 030} + [ —0.300 — LIZSIH = —0,338
Uilaly = [40E3E — IJ'.'lEEf-ﬂ!l + {40333 — BRI} = 40267 —ALE W 10—
Lo |LaLals = (40.188 — 02000CH + (#0188 — 0E34}) = —0.5e =W
Balaly = (=038 — 3300 + (—0388 = D]y = — 1o = 3050 B M

==

! Butherland, Hale, and Harry L. Bowmean, “Structural Theory,” 4th od,, p. 203,
John Wikey & Sone, Ine., New York, 1950,
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i nd joints Ly, L, and L, are
34, (317 the angle changes in the angles aron ]
'"-:L;:-ngfﬂid in Tahle 30-1 (refer to Fig. 58d for the cotangent function of
anglea), The answors are entered in Fig. 58¢. The tc-tar] angla change
at each joint Is applied to the conjugata truss as angle weights, as shown

& ror U dwd U

- ) ]
3 | g3 > %
o B , .

[ £ri fiq) Lt L3

P ‘|I e

] L
i3 ] d
da* sk
] F 6
Murmbard in € ] nre ®rEaE i Eg.I0

E= 10000 ek
rad

il

& i th

) e ?ﬂ_f
fa L1 -I'.l i Li
fiei-Hngle charges in 0™

Argle wesghis
F - I
JodndY QEEeRT PEaR

'F:.rﬂ it I et Ll T

Firig

{Fl- Conjumate frass

IR0 RO +OS00 500
fa)-Vakues of ¢ in 078 aa

fggl- Peflectons

1dl
¥, BB,

in Fig. 58f. The moment diagram of this conjugate truas is the deflected
shape of the lower chord (Fig..58).
EXERCISE

49, Determine the vertical defiections of all lower chnnlxl;tq due to the applied
i ighis method. (See drawing oo p
mﬂ;?.;hjthlmda—m
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A 5 sEn’
Members i [ 1are uqers insq.0n,
£=30,000%n
Exencisx 30
20, The Joint-displacements Method, The
method = an algebroic method by which the hor
deflections of all joints of & truss due 1o the changes
members can be computed.  The method i= base
termed the joird-displocements equaiion, which iz derived below,
Let AB be the member of an originally undeformed truss (Fig. 59)
Owing to the changes in lengths of all members of the truss, the joint rl

A4f o B
I P A5

AT

@ g=gr, |
Fia. 59,

ix f:T.{sp]auel:l L‘.-]:I' a; units to the right and b, units up and the joint B by a:
units to the rght and b units up.  Let L be the original length of AR

and AL be the inerense in its length, Let ¢ and ¥ ba the coordinates of B
referred to A s origin.  From Fig. 58, it is seen that

AN It gl ¥
AR = (L + ALY = (x4 &y — ay)® + 4+ by — B2
Subtracting Fe. (40) from Eq. (41},
2L AL {aL) = 2z{as — ;) + (a; — ay)® + 2yplhy — by
+ (b — by)* (42)

(40)
(£1)

joint-displacements
zontal and vertical
in the lengthe of ity
d on one equation,

DEFLECTION OF TRUSSES gl

Neglecting the terma (L)% lox — @) and by — 5% in Bq. (42) and
Rimplifying, i
AL = E [I{ﬂl; T ﬂn::' -+ ‘y[bi = E"|.:|] 'H:B}

tquation (43) expresses the change in the length of & mem]::-er in terms
| f-l'qthe digplacements of its ends; hence it is called the jﬂjﬂL:-dIB:}IHHI]'IE'I'I‘tE
equation. [f, besides the quantities =, ¥, I., and AL, which are usually
known, three of the four displacement components, 4, tl_-;., iz, u.nd_ by, are
known, the fourth can be determined.  The use of this ]nmt.l-dmplu.m—
menta equation to determine the horizontal and vertieal defleetiona of all
joints in & truss will be illustrated by the following example.
Evample 31. Determine the horizontal and vertical deflections of all
joints due to the applied loading by the joint-tisplacements method (Fig.

A5 ‘H'ﬂ.i
ﬁﬂiﬁ{l gl 54 &)
4 47 = _||
4 ing in sq.im,
rdumb:rtéhlli ﬂnkl}:-!.fsmﬂl ;
fal
(=g k) 32 bed Q) Jep fgd (A0 ]
F.H;? F T T s -
'l

Chi=Volueg of Sin kips

O -pd Lh =58

#E ‘b.’h

F
-+

£ Ly 2 Ly Li
- s *J0 L

¢ 3-Nalugs of OLs 55 in 107 inch

Fra. .

: e : i
Solution. The location of joint L, does not change owing to &
deformation of the truss, while the direction of every member does change.




3

In the first step of applying the joint-displacements methad, howeyver,
any jeint may be assumed to be fxed in loeation and any member
through this joint fo be fixed in direetion. When the joint displace-
ments of all joints ame determined relative to this fixed joint and fixed
direction, the whole deformed truss may be translated or rotated 50 na to
fulfill certain phyeical requirements; for instance, the translation will
bring the joint Li back w0 the hinge, and the rotation will bring the joint
L to the horigontal line through the hinge.

Assume joint Le to be the fixed point, or the Feference potnd.  Ansigme
member Ly 07; fixed in direction, or call member LqlF; the reference member
(Fig, G0d). The horizontal and vertical deflections of the fixed poing La
ara (0,00,  Because L.T'; is fized in direction and its AL is zero, the deflec-
tions of joint {7 are also (0,0). Sinee the horizontal deflection of Ls is
goro and the member Lyl is lengthened by 90 units, it is obvions that
joint Ly moves 00 units to the right and its herigontad deflection ia this
+40,  Joint Ly shonld move s distance equal io the sum of the length-
enings in members L.Ly and Lilg; its horizontal deflection, then, is
00+ 90 = +180. By the same reasoning, the horizontal deflections
of joints Ly, Ly, Uz, and I, are as shown in Fig. 604.  The vertical defloc-
tions of joints I73, Ly nnd Ly are unknowns snd sre noted g b, by, and by
g0 are the vertical deflections of juints 7, L), and Ls, which are notad as
by, be, and bs.  Thesze unknown vertical deflections can be epsily deter-
mined by the use of the joint-displacements squution {43). Applying
Eq. (43} to the following members in suceession,

Hmlflﬁ'f .ir..'! f_,.'ll:

+40 = {#sl[(+18)(~54 — 0) + (+200(hy — 0)]
By = 4005

6 STATICALLY INDETERMINATE STRUCTURES

Member LUy 1If Uy moves up 90.5 and UL, elongates by 80 Ly must
move only 90.5 — 80 = 10.5 up.

by = 4105
Member UL

=100 = (de[(H15)(+1R0 + 54} + (—20)(bs — 90.5)]

by = 4301
Member Lally:
T = ([~ 15)(54 — ) 4 (+20)(8; — 0]
by = 41405
Member [.rL.L'lf

OEFLECTION OF TRUSSES

L]

tions of the lower chord jl:u'nt{- T

mber Ul
R —]Eﬂ = (g — 181 —144 — 543 4 (—20) (b — 140.5])
by, = <389 e
i d if enly the vertical (e
With these values of by to be dem‘;:z::g: :“di;,gfm e

¢ 54 4405 i e ’3;?“
SME —IER 4144 =387 #MAS
A T *ﬂqz-}%

; : e
FI00 o SR LT

—

& M5 HE 3%

- T1 S 0F [ - B o At B

::ﬁ t:ﬂi cigd —J60  PMA, TS R :r.s:j N;; -ﬂz

_"Ei 6 L=z — +z.]-|1¢-3§.|::l 2340

o0 Tm i I W 134
Fra, 6.

= ’
1 @&e ie all that is necessery. Draw a_hnrimnta.l lmE thmr;rzgh Tﬁ:
2 Fig" t be = 380 units above the base line, L{ at bs = 1 “Ellm
sk Lu; *: By = L0.5 units above, and L at by = 301 umtﬂ g -
above, I 1) 3 L] line LLLL, The vertical intercepts hgtw.?cn this & : il
l]mw tlhﬂtfnu.lﬁ-mua puints Ly, LL, and Lj are t.].'LE wmcnlxd:ﬂachml
]:e!:u:l:lei x:lii:h are 0,280 in., §.300 in., and 0.380 in., respectively.

Fia. &8,

; ints are desired, they
] vertieal deflections of all join :
Ifﬂ}ﬂdﬂjﬂg ::ddﬁﬂnrihﬁd helow. The numbers which appear at
VLT : :
Lt:e first line (Fig. 61) are the horigontal and verticd

e . : i d member Lalls
:Iﬂil'lt-'ﬁ whian ]mnt. Ly 18 ﬁll!-d 1n 1mt;nr: (af]4_4,+339]|- Sa tha whole

i i iapl ente of Da . )
‘i?m tl:ur:sﬁ:nflt?rg:::mna]at&d 144 wnita to the right audl?lﬂg :;mﬁ
dm:jlward& These two displacements appear at l:.he second ﬁrﬁw
joints, Now Lisd units higher than L. S0 it 18 necessary

)




_&‘i -S ' !! lil'-r::I Fia -

the whale deformed truss through a «

:J :Ll=t l:'."l-:fl'ltg te this rotation, the hori
eh ot can be determined by (he

example, joint U7y (Fig. 63),

L : are (z.y).
arizontal displacement of 17y = ([Tl (dn o)
: aliy

F = E =L ﬂ! i e
Vertical displacement of [y ':U:l:L-]’I'};_!.::lznﬂ = yddg (d4)
T
Equationa (44 = (r) i (oo @) = rda
o ! .,”t“ used to determine the horizontal and .
60 Tt in the 5y Juints due to the clockwise rtatini of da i -,-I!:1'El|~ul
chord joints Hm‘*‘;;:L pl:ﬂhhm' The hovizontal :JlU\'!.‘.I'I'IL‘.I]L";-ﬂf .“r’i“* N
to s as arigin aﬁ'a-zu_,n] &f-l:l_-[l:[IEﬂ the g covrdinates of theso p.u]'"';‘:_ E]:]'Ll.'rlli'
- - L& .'ir‘l"rtil'.'ﬂ.l 1 o I TiRe
Are. . a5 HA WAL
respoctively, oy % 1§ = 0.5 S Etlm:nltﬁ :%-f;, é-:. f:] Iilrui L
! = A, -i].-l:ld

v X 60 =2 Th i
. & virtical ; ) ’
et T movements of Uy, Uy, and T are the sune

The horis
are iy X 20 = : orizontal movements of [T
to Ly 82 origin ::, Igglhhwflll;w the y conrdinates of ih:?i ;:tn-}n?: u}m (g
determined by i“ﬁr;:l-lj: he sigis of those displacements :-aur_{j Iur;-f;,.ci
at the third line of T Sy .”:"3 displacements due to rotuti gt
ig. 11, The siims of all the three sets D{& ion appear
movements,

: ; Ine Lo '
rotation i : y traeeslvk o .
- give the horizontal and vertieal d*'ﬂl.:-:ti:JIlL:Jrl;,rf ;ﬁﬂ' f-_iIJl'd S
; Joanita,

40, Dederining Ll Wi
. g He linrxantal aiwl werki
W it A s
londing by the mmt-di:-q:l;u-enm.im mn;l.rhlndml sietiantisers of ull joiatu due to the nppkied

Mumbars in | Yare ardas 5q.in
£ 3000 kim? ;

Frenciae 40

81l. The Grapkic
phical Method, The angle-weights method and the joint-

Thus it i i
81t 18 easy Lo infer that the horizonte] and vertical defl 3]
ertions

loekwise angle dé = 2 units per

rﬁ_unlull aied vertical deflections
| o Rtithe !:-ll:u-nng IJIjI:r'C-‘:.‘HJ.II:Ti.‘.! Take, for
e dinades of which referred to the

DEFLECTION OF TRUSSES B3

uf gl joints can be found by & graphical solution.  Theoretically it ia
possible to draw the shape of the deformed truss by using the new lengthe
of members as the sides of the component triangles. But tha ¢
lengths sre only s little longer of shorter than the original lengths, p faet
which makes the deformed truss slmost coineide with the original fruss,
Thiz difficuliy can be avaided by using two different seales in plotting
the original lengths L and the changes in length, AL.

Take, for example, the Warren truss ABCDE of Fig. 63a. Let <=7
inits be the lengthening in member AB; <6, -+, and +9 units the
langthenings in members B¢ BD, and BE; —8, —5, and —4 units
the shortenings in members A€, €D, and DE, The shage of the deformed
trusa can be found by drawing the new trinngles A'BCY, BCIY, amel
B'I[YE' in suceession.

To gtart with trianghs A'EC" et joint A% of the deformed truse coincide
with jeint A4 of the original tross (Fig. fi3a), and let the direction of A°B'
soineide with that of AB. B, then, must fall ab 7 wnila to the right of
B in the direction AB. Jeint i the only anknown point on {riangle
A'B'C, ean ba detarmined by the intersection of two ares, uging A' and
B’ as canters and the lengtha of A'CY and B¢ as radii. This is per-
formed by the following procedunes: From ¢ measure 00 = g unitg
toward 4 or A’ because the member AC shortens by 8 units Al is
then the new length of member AC, Now, inatead of drawing the arc
with A* as center and A'CH as vadiug, which can be done only if €C; i3
plotted on the same soale ns that for AC, the perpendicular o Al 18
drawn at (7, an approximation which is permissible as long as the defor-
mations are very small when pompared with the originml dimensions
This permita €, to be plotted equal to 3 units and to a large scale,
Diraw B0 parallel and equal to Bi' Measure 6 units out from {15 to
Cs B'Cs:is the new length of member B beeause B'Cy reprosents the
original length and 0 = 6 units 18 the amount of lengthening. The
perpendicular to OB drawn at C: and the othar one previously drawn
st O, will intersect at €. Triangle 4 B'C' 1s now compheted.

The displacement of joint ¢ can be scaled from C to (¥ in Fig. Gda.
But the displacement, polygon (00,070, can be isolated or drawn sepi-
rataly 88 shown in Fig. #3d, the seale of which is that of AL only and there-
fore can be made as large &3 desirable.

The next thing is to draw the triangle B'CDY, for which B’ and ("
have already been located. Diraw ([}, parallel and equal ta L),  From
[, mepsure DDy = 5 units. Dy is the new length of member CODL
Draw B'D; parallel and equal to BD. From D measure Dalh = 3 units.
B'D, is the new length of member BD. The two perpendicnlars io
lines "D, and B'Ix greeted, respectively, al points L and [ intersech at

|
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which gompletes the trisngle B"DY. Mote that the displacement
gon DD Dl can be drawn peparately, ae shown in Fig. Gde.
v (lisplarement of joint [ ia from [ to 0¥,

tly, it is necessary Bo lacate the joint £ for the triangle BDE.
R [V E, parallel and equal to LB, From B, measure &8s = 4 unils,
B, i5 the new length of member DE. Prolong B'E to [, making
i = BE ot EBy =1 units. From B measure E.E. = 1 unita,
¥, is the new length of member BE. The twe perpendioulars o

. I'Fs and B'E, erocted, respectively, ot points B, and E, infersect
i &, which is the new loeation of joint E. The displacement polygon
W B EgE, can b drawn separately, as shown in Fig. 63,

Mow if the displacernant polygons, as shown separately in Fig. Gk to
ire superimposed apon on8 another, by keeping points A, B, C, D, and
pnincident, the sombined disgram of Fig 659 is obtained, Then the
fections of joints A, B, €, D, and E ean be sealed off from Fig. 63g
ar the commeon point 4 (B, ¢, b, or B} eutward to points 4’ (447 = 07,
(¥, I¥, andl B respectively. This common point A4 8 called the refers
e point,  The combined diggram, shown as Fig. B3y, is called the defor-
ation disgram or the Williot, disgram.

Although the Willioh diagram hae been presented in a lengihy MANNE,
It can he obtained dirsctly as desoribwd below. After choosing jeint A
wi the reference point and member AH as the reference member, loeate
point A’ {Fig. 6dg) and then point B ab 7 units 1o the right of A beeause
{he lengthening in A B i 7 units and joint B should move T units to the
pight relative to joint 4. From A’ measirt A'Cy = Bunils downwatil to
the left in the direction of member AC becalse juint € should maove
8 ynits downward bo the left relative to joint . From B' meajure
B¢y = B units upward o the left in the direetion of member BU beeanss
joint C ghould move upward &0 the left relative to joint B. The two
parpendiculars o the directions of members AC and BC, erected respec-
tively at points Oy and ' intersect at . From ¢ draw C'Dy = Hunits
hnrizontally to the lelt; and from B measure B'hH, =3 unis upward to
the right in the direction of member BD. The tweo parpendiculars
drawn st D. and I}y intersect st [, From [} measura ['Ey = 4 unita
ypward to the left in the direction of member pE, and from B draw
B'E, = Bunits horizontally to the right. The two perpendiculars drawn
at By and E, intersect a %' The reader is advised bto resketch the
Williot dingram, as shown in Fig. 63y, while atudying this paragraph.

The deformed truss now sssumes the form A'B'C'D'E' of Fig. 634,
and the movement of pach joint can be measured in Fig. 63y from the
reference point to the gingle prime point in question, Dbviously it 8
necessary to rotate the deformed truss A D' E of Fig, 63a through
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a elockwise angle of (E"E./span) rad so as to bring the point &' ty the
same level aa the hinge or to coineide with point &, The additional
displacerenta of all Jminta aa onused by this rotat on only, ean be found
a3 follows; In Fig. iy, & vertical line through the hinge 4 (alsn called 4
or A”) is made to interseet & horizontal line through E' gy g e
Fig. 637); then the vertipal distance F“4" iy the movement of joint £
due to the rotation shave mentioned.  With A" 8" g5 buse (Fig, 6an),
AYBUCUDUEY iy drawn similar o the original truss ABCDE.  As Lo
which side of the hase A7 g" the rotation dingram A" B o pege shauld
be drawn on, the criterion 18 that A"B "V DE" san be rotated by 0ge
in the plane to a position parallel and similar to the original {russ,
ABCHE.

It can be shown that the movements of joints B, €, D, and F dus only
bo this rotation can be sealed in Fig 63k from the donthle-prime point
to the hinge A (4” or A"y For instance, it is redjtiired to prove that
DYA™ in Fig. 63k equals line DA in Fig. 63a times the angle of rofation
and that 4" in Fig 03h is perpendicular to lina D4 in Fig, i3q.

Proof. Triangle D"A"E" (Fig. 63k) is similas to trisnge DAR
(Fig. 63a). Since E74" iy perpendicular to 4 and

wngle DU AR = angle DAE,
D" A" is perpendicular to DA Alao,
5 e

AT TRE
buet, -

:‘I.{;%r = angle of rolation
Thus .

ﬂ;% = angle of rotulion
ar,

I LA (DA Limes the angie of rotstion

It Fig 634 is superimposed on Fig iy, Fig 637 is obtained. ‘The Lidal
movement of each joint is the vecpqr sum of the movement from (he
double-prima point o the hinge A4 (4’ or A"] owing to rotation and

or the total movement can be measured directly from the double-prima
paint to the single-prime point in Fig. 63, The vector-sum diagram [or
joint £ only is shoven ay Fig. 63, Thus in the graphical solution for the
magnitude and direetion of the deflection of each joint in a truas, a
dingram like Fig, 637 is all that 18 necessary, and the deflection is mensured
from the double-prime point to the single-prime point.  Figure 83g is

R ; g
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i i end Fig, 63]
known as the Williot dingram, Fig. 63k as the Mohr diagram,

Williot-Mohr diggram, : . o
Hltf!mmm:b joint other then the hinge had been chosen as renee

o ¥ i W l'.'I
- t then ':""'"j“E t.0 dgfﬂrmmjuﬂ ol t.h-P, ].'lll'lEE: Ul!].d hﬂ.'ﬂj muoyo
r

n i i int for the hinge. It is
om the reference point Lo the single-prime pﬂ-}ﬂt !

i t,}tl'ﬁmfgm E—: addition to the deformation and rotation effects,
DE0ESSATY

oy fowntt

Referemee point (fingle prime}
Fro. B4,

psplac the single-

B e e e iy Dl o
1 i i hack Lo the refere . - !

pl:]m PEiTlt;u:;;nﬂ;? Bllll“ﬁm vectars, and this diseussion will be further
L oIrm
iluatrated in the latber part of E!:af'llp]{: 32, ke, fhae N
3 Example 32. Determine the horizontal and vertin g
jointa due to the applied londing by the graphical maot
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Selution. The stresses in all

Fig, 6i5.

. members of the truss due to the B
loading and the chunges in the lengtha of the members are Hh?;.gwi

Two graphical aolutions are shown |
fui ; n in Figs. 66 and 67, It
noted that the solution shown in Fig. 67 takes much less apaea t.}::nmthx
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of Fig, 66 when the snme seals i

: ele 18 used, O in & certain available
lﬂrgc; a-:-.nltlu can be used if & good choice of referenoe point or M?E::H.:fc:
member 12 made. Note also that the retation disgram is on the left of

LeLY in Fig, ﬁﬂmdmtherightquﬁ.ﬂE"

in Fig, 67, the criterion being

S

DEFLECTION OF TRUBSES i |

st the rotation disgram ean be rotated in the plane to s pasifion parallel
and similar to that of the original truss.
EXERCIZEEE

41, Drotermine the horizontal and vertical deflactions of &l jeints due La Lhe applied
londing by the graphizal method.  Cheok the svlution by cheesing o differont referenas

point and referense member.

T8 '
o o

=

Murehers i Yare orees in sg.in.
£.10000% nt

Exznoims 43

hhimbers i § ) ore orems m g,

FxincisE 41
49. Determine the horfzontal nnd vertieal deflections of all joints dus to the applied
leading by the grophical method,



CHAPTER IV

ANALYSIS OF STATICALLY INDETERMINATE BEAMS AND
FRAMES BY THE METHOD OF CONSISTENT DEFORMATION

22. The Method of Consistent Deformation. The method of C-
sistent deformation is the most general method of analyzing statieally
indeterminate structures, Consider a structure which is statically
indeterminate becanss it has more than adequate external supportz for
statical stability, Thes number of extertal reaction components [0
for each roller support, twe for each hinge support, and three for each
fixed support) which are necesenry and sufficient for statical stahil-
ity is equal to the number of cotdditions for statical equilibrium,  As
explained earlier, the number of excess reaction eomponents over those
required for statical equilibrium s villed the dopree of mdeterminacy
of the atructure. If the cxeess supparts are removed and replaced by
unlknown force (or moment) renctions, a basic determinate structurs
tinder the action of the applied londing and thess unknown reactions, or
redundants, is obtained, The derived basic determinate strueture must
nevertheless atill satisfy the physical requirements at the loeation of the
txcess supports now replaced by redundant regetions, If s roller support
has been removed at a certain point, the reguirement is that the deflection
in the direction perpendicular to the supporiing surface must be zarg:
if & hinge support has been rem oy v the two requirernents are that the
horizontal and vertiesl deBoctions at {he point must both be sero; if a
fixed support has heen removed, the three requirements sre that the
rotation and horizontal snd verticsl deflections st the paint must be Bera,
Thus there are always ag many physical conditions of gemetry as thare
are redundant reactions.  After the redundant renetion components are
found by wsing the conditions of geometry, the remaining two or thres
reaction components ean be solved by the equations of statics. This
method of consistent deformation will be now applied to the analysis of
statically indeterminate beams and framoa,

3. Analysis of Statically Indeterminate Beams by the Method of
Congistent Deformation 4

Example 83. Doterming all reaction com ponents and draw shear and
moment disgrams for the beam of Fig. 08,

Solution.  The beam us shown is fixed 2t 4 and simply supported at B;
it has three reaction components Vi, Vo, and M, Btatics offers only
o cenditions of equilibrium for a eoplanar parallel-forae syatem; so

the given beam is statically indeterminate to the first degree. A basig
72

-

-

GEAMSE AND FRAMES BY CONSISIENT DEFORMATION i

i i Lat B
nterminate beam may now be set up by removing m*““gﬂ“ﬂﬂﬁ:{m?tm;
s ghtaining a cantilever beam ﬁ“,d ot 4 anud Hep 5 e

pantilever beam are the applied loading P, which canses doy

Chjon &g et the fres ond B I:_F:iI-E- ES{i“J- % 'f et =
o the redundant reaction Ve, . L | f?
which ¢aueas ﬂ:],ﬂ 11'E,I-II.'I'!.'I:'EI d?ﬁﬂl’.ltlﬂn Mg i_%_ f I
Vb at the free end B (Fig. 65c), S e ]
where 6a is the u;'wa'rd deflection farl=Given beom
wt the free end B IIH.UHEE]-I by an .E'
upward load of 1 kip at B (Fig. 68d). 4 —
Tha given beam shovwn in Fig, 68q ia W"“’
then obtained by SUDETPOSINE the %
bepms shown in Fig 68b and C- B i o e S
 The condition of geometry hor 8 iy
that the deflestion at B when both 3 i |
P and 1, are acting on the basic : g
determinate cantilever beam must fe - Buc buam udor schan 3F rudundart by
b 2orn. Thus | e
_Aa T by
An = Vs O Vo= T 7 "
fdl
A and §x can ba Found by any one f
of the methods treated in Chap, IL s i .
By the moment-area I'n:ﬂt-_hl:ld. Weq I'_:% oy = -!LP
PLA L HiPL! Kae g P o *i';-;:m
e (E:f) (_2_) (8)(ale) = 85T §i#1-Frag bxndy oy of grtn
L . i? e e
= | =7 ) {LaNEL) =
1 (EI A ¢fi-Sheer dhogros  “wb
g = :;.lf = .Ifl.f-' i
5 |
; Fig 68 Wﬂrmﬂm_
s E:.: e g }-Mament deagram
L Fro. 63,
M, = &FPL

The shear and moment diagrams required are as ah_-:rwn in Fig. ﬂ?{ nEd g
Alternate Solution. When o simple beam AR is “E‘LF‘F"“ as the :E:;
determinate beam, the redundant is W, and the L‘-m'l-d;’;lt;ia J"E'I‘.:__:lmm
geometry ig that the rotation of the tahgent at 4 shou ’l‘h:E b
given beam is the sum of the beams of Fig. 604 and c. (L
from which M, can be determined is .
A

By = a"‘f-n"*.i. ar My - F

A
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By the conjugate-beam method
—(PLY{L Pra
* (42?) (é‘) ) = mzy

_ipaNf g
= (3) (o) o - &
A, = B _8PL

|

PP |
By statics (Fig. fie)
i Fim= 1 Fa = &P
shear and moment diagrams can then be drawn ag brfore,

o
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Fia, 49, ' mvu;rmgl[:w- 3
LG, 3
Example 34.

Determine all reaction eo

: 7

moment diagrams for the beam of Fig, 70a. %
Solution. The beam is fived 4t both ends, and it §

minate to the second degres, By aymmah-} ho

onents and draw shear and

a statically indeter-
wever, ¥ at each end

STATICALLY INDETERMINATE STRUQTLIRES }

BEAME AND FRAMES BY CONSISTENT DEFORMATION T

neyuals wh/ 2, and the only unknown & the fixed-end moment M at Ha!.ch
gnd. A simple beam AR is chosen as the bazie determinate beam, acting
on which are the uniform load and the end moments Af pnd M. The
pandition required of geometry is that the alope, #, at either end caused
by the uniform load {Fig. T0b) ghould be equal and opposite Lo I’r-'hE slope
LM (¢ eaused by the end moments, where ¢ 18 the slope ul either end
" e to an end moment of 1 kip-ft at each ¢nd (Fig. Toe). Thus

&

Iiv the conjugste-besm method

1Y (2 [l _ Lt
me=(3) () (%) @ - %

Erg = (1)L} = J:;
FIo _ wl
M=y =T1

The shear and moment disgrams are az shown in Fig. 70 and £
Alternate Solution. Suppese that the eantilever beam fixed at A and
free at B is chosen ns the busic determinate beam.  Then the given beam

e HF
L
” 'Eﬁ i ?J
1] Ot K ¥
fad-Biven bpam
e KT
i i
ey
L s, 4 "EH

(== ; -8,
o (T e

i : :
T {4)-Basit beamunder applind leading i )-Bessic bearm urder action of redundenl, M
e
B

o |
e ot e
T e st e

e )-Bagic bea undktr oclior af recundond W Teb-Fres bady diageam of given bzam
Fug. TL.
ia equal to the sum of {1} the basic beam undar applied loading (Fig. 715],
{#] the basic beam under action of redundant ¥ (Fig. Tl¢), and (3} the
basio beam under action of redundant M (Fig. T1d). Since the change
in slope and the deflection at B of the given beam should both be zero,
the gonditions of geometry are
App 4 Apu = Ay
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and
'ﬂlj" + Igghl = HEF

su are the deflectiong
redundant M, rospect] at & due to ap

App, Apy, and A
dant T, and plied loading, redun.
vely, whilo fep, 85y, ;

Ehangﬂﬂ.j” slope due to the same tayses and Opu ara the
Sub.uhtufmp: the rl:l'ﬂl'.'l'ﬁ"l-tl;g Cuan titjes .
1wl
> dpp _ tld
= RET Bop = 5E]
[
|'.J|| T Lt FL’
T RET =g
i
BN L

_ ML
. 777 L B 7
Into the two sonditions of Fiomed ey

whi | MLt pps

i BT Siaep
LA
I-!"ﬁ + Ml = EI
Salving, :
el
e o M = ]'1:4”]':.1
Example 36, Determi i
£ terming all regeijog temponents for the beam of Fig,
=
18 P
i L i
[ Conshand FF

fearde Givern Bepm
=

&y
e i ME
’Ezgg Ay
l L
fin-Basic E‘m—n wrider appived I:nd?ng wﬂ”—ﬂl}ﬁ
v q:—--'ﬁ"'l“"" B fl/-Basic beam under ackin of redondanl, i,
My T e i‘ = |
iy T2 i (L : 4 B
ILI M !{& C i .__:J_j- %‘;
_Fﬁ": e ;
i lf‘ ! 4 7] 'i"q*#;uw
¢ I*Bosie beamunder action oF resindanl ey E

fedErge h{llp ﬁ"-‘l"llﬂi of a b
Fia. 72, g¥¥er DEmm

REEAMS AND FRAMES BY CONSISTENT DEFORMATION 7

Solution. The given beam i3 fixed at both ends and ha;.;nur m“ﬂT:x“a
‘ i i [ inate Lo the second degree.
anta: go it iz statically mdet.eal'mma

Ep[;;znhaau:: AR is chosen as the basic Deam, v.:-hﬂm M, and M are the
redundants, The conditions of geomelry reQUITE
Bay F Hag = Bar
and
fig; + fuzx = Bar

By the conjugate-bearn method

a ML ML
KTt F'i_gl‘- e ':;

| ML ML
EFE"‘:E i S B

| MsL _ Ml
Blftaz = E_ﬂ_ [

g 2 Ml _ Mol
Fitlpe = E'g_ |

Sybatituting the above values into the two conditions,
ML + M gL xf"uhEJ‘l + b)

_i_ _ﬁ :
ML ML _ Pabll + a)
_E + —3 2
Solving, Pak?
Mu=
.'El.n'li Phat
il
EXERCISES

43 gnd 4. Determine all renetion components by ilis method of eonsstent deefornin-
tiom, and draw shear and moment dingrams.
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24 The Law of Reciprocal Deflections. It has lieen seen that much
ol the work in (he solution of statically indoterminate structares by Lhe
method of consistent deformation involves the computation of defleg-
tions or rotations. This wark can often be reduced or simplified by the
application of the [aw of reciprocal deflaciiong, which is derived below,

If, for any structure,

dan = deflection at A in the direption A £ {or rotation at 4] due to s unit
load applied at B in the direction BN

tra. = deflection at B in the direction BD dize to & unit load applied at 4
in the divection A0 (or due to s unil couple applied at 4

tha law of reciprocal deflections san be stated as
dan = dina {45}
The proof eomes directly from the hasip formula

in the unit-load method,

Lot t or {dL), = total stress or total deformation in any one fiber
due to & unit load applied st 4 in the direction A0
(or due 1o o unit couple appiied at A)
U OF (dl)r = total stress or tobal deformation in any one fibar
due to & unit load ot B in the dirention 8D

Following the busic Farmula,
fan = Etedl) g and Ay = E'E:;I:df.-],‘ (46}

Binee the total deformation must he direetly proportional to the total
streas,
{"iL,I.L - k{'h!,q:l and {u:!‘.LJ, - .I!i:[:ﬂ:a]' 47}

in which & is a eonstant for each fher, Substituting Eq. (47) into Eq.
(48],

Baw = Zuslkun) = Zhwae  and bia = Buplhid = ZThu,,
Thus

E.-la ! Ej'_.l

The application of the law of reciprocal deflections will be lnatrated
by the following examples, but the law will bo uaed agein and again in the
subsequent part of this text.

HEAMS AND FRAMES BY CONSIETENT DEFORMATION k')

Example 36, Determine all reactions and draw shear and moment

eingrams for the beam of Fig, 750

| 6 ¢
J"E PO T
¥,  Consfadt £ Mg K ot
fop=Given beam 1 ' +
- . .‘
Jﬂﬁ' li‘:-"-':":j- ﬁril;.ik B H
: 141.;--%,- b %" ¢o ) =Free hody dhogran of given beam
gk 475’_ ol
——
]
fal-Shear diagrom
.ﬁﬁmmw
oy
{Fl-Mament dagram
fed=-RBagie baam undar 1" load of & s

hile twe are encugh
i iven has three supports, w :
et ﬂm stationily indeterminate to the lirsh degres.

far atatic equilibrium; so 1t the basie simple beam AC

The support at B is removed, and acting on

tion Fe. The eondition
1 ine and the redundant reac | |
e lﬂadmﬁure ia that the total deflection at B of the simple

: I e i i and the
:“L;l:;rillg ﬂgxzjng to the combined action of the 30-kp lond
i
redundant Va is sero, or A

_ﬁr= F‘an 1"'5'-'3—

By the conjugate-beam method (Fig. T3c)

: — 153.6 kip-ft?
= (22.43(12) — (F)}{4.B)(12){4) = 153.6
Eﬁiﬂd’ = EEE,&}[&] — [&j(i--l}{ﬁj{ﬁ} = L) hp—ﬂ.’

By the law of reciprocal deflections, 2
Elhg = HH{EI ﬁnp:l = M(Efﬁnﬂ - I:Elﬂ] {12']} = E,EEHJ |:=:|[.'|- i

Bubstituting,
Ela, _ 3600 _ 25+ kips upward
Vo= Zitss 1538
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Jiy witaties (Fig. 734) _

Va=21 - (04)(237%) = 11§ kipey

pward
Fe=0- (0.6)(23%) = <5y kips down ward
pltermate Sulu?:mn. If the repction at C it chosen s the redundant
the tibasie dotermingte beam i= the overhanging basm .4 B0 s pported At
g B (Fig 74a). The condition required of goomet Ty here is that the
. ok

&
ATty -

o i Rl
Y A
. Comglant EF

fai-Diven beam

! m;,_fr-"'"]q;w

i e ————

751 Basic beam under applied foading

A =i “t;iE ¥
:f.lr q"'-..\_ﬁ 1!'%‘
~§

i
a

R =111
] &
fzl-Basic bearm under 1% Joad af ¢

Jf*'
f ! 1

gt ettt g
f&')-Frag body diagram of given beam
Fia. 74,

total deflection at € of the basie beam dae to the i
mdun’d“'“t ¥ should equal BErD, Or ot

Ap = Pl F-:“f

°

By the mement-area method (Fig. T4c)
Elbce = (8)(ETy) + 3(8)(8) (3

8
= ©® (2312) 4 1@ ©00) - 12945, 1
By the conlugate-beam mothod (applied to AB of Fig. 740)

B
Blise = ) (2522) () - (59 @ - 72 kipe

BEAMS AND FRAMES BY CONSISTENT DEFORMATION 81

By the law of reciprocal deflactions
Eife = 30(ETbas) = 30{Eltsg) — (300(72) = 2,160 Lip-ft*
l&[‘.— E,IED = e k.. dl_l |ﬂ
I'rp - 'ﬁ_l:_- ™ J_IEE.I}J."E JI'L' Ips WIIWa
By statics )
Va = 15 — (§){5q) = 115 kips upward
Ve = 15+ (1}){5¢) = 2375 kipa upward
Example 7. Determine all resction components and draw shear and
moment diagrama for the beam of Fig. Toa.

: ]
e, r 20k f
R R - I
M, 1 & — dore_ 1
O Al T g"*;; FE_ T o
¥a ] e
Consranat-EF ||
fal-Given beam = 8
Jok ak g
| | 2
- 1, (FJ
G dep
Ao ﬁ" En"alri- iV
1]

; aok
(b }-Basc beam under applied [nading H;&% _1 [5 : & |
g—_.iﬁr—_'_jdﬂl E’H'ﬁ J-§=£|:‘C'l'3'j’ l'.?ﬁ-ﬂ-"‘
L rg)-Free body diagram of given beam

ra)-Basic bpam under redundant, Kz
L1 =

e
-

- s

Bl

—
e 1

K &
tal ) -Basic bearn under redundant, bz {frl-5Shear dimgram

45
5 JEE
}ﬁ-—. i i Fow ':E:p
a.‘ -_—-.
&
W rfj-Mement diagram
2 ial
Fra. Th:




80 SBTAPICALLY INDETERMINATE ST CTIRES
By statics (Fig, 734

V=21 — (0.4)(237%) = 11§ kips upwasd

Ve =0« {0.6)(28%) = - S kips downward
Alternate Solution. If the resction

! at (' is chosen s the redundant
the busic determinate heam is the overhanging beam A BC supported a’r:
The eondition required of geometry here is that the

A andd B ({Fig Tda)

A L L
Al—F—d»s
i i2! i
B b

e
a

15
!

f&n;l‘prrf E.Ir
raliiven bpam
mk

b e — 5

F) Bose beom undae applied .h-u'd‘i'nq
i
e (

. ;-l: L‘ il :%"-

4 ~J

- T

)= Basic bearn under |5 laod at £
JFE-

| K 1 B!
Wit =22 ® A
fef)-Freg body dingram of given beam
Fra. 74,
total deflection at 7 of the basic

beam due to the applied load and t
redundant ¥ should equal REro, e

or
ﬁ.c=-Va.~E.m;- Fe=ﬂE
o

By the moment-ares methaod (Fig. Tdo)

Elice = (8)(ETdy) + $(8)(B) (%)

8 12
= &® (2X1) + i@ man = 220 pp
By the conjugate-beam mothod (applied to AR of Fig. 74¢)

B
Blsee = (3) ( % ”) (8} — (%) () = 72 kip-ftd

BEAME AND FRAMES BY CONSISTENT DEFORMATION
By the law of reciprocal deflections

Bl

Elap = 30(EIbrs) = 30(ET5sc) = (80}(72) = 2,160 kip-ft}

Ae _ 2100
T-";-""E = lligﬁ_ﬂ

By statics

= Sy kips downward

V.= 16 — (}){5g) = 11§ kips upward
Vi = 15 + (131150 = 234 kips upward

Example 37. Determine all reaclion components and druw shear and

o e & "‘f*_..lﬁ’
2 "?“ £’ n?x
A Va i
Corsfmat EF
fal-Given beam
amk 2%
AT |
= _}dar
4 T de,,

moment diggrams for the beam of Fig, Toa.

L

Wit N
a*l_w_r!
“MW
A
29
fiF!

K

H x i i Eﬂk &t
¢4}~ Basic beam under applied Ipading H;ﬁ*‘” § g . €

T

fc)-Baosic beom under redundand, K

L=

e i

v

=it b= i 5% e £28%

rg)-Free body dingram of given beam

A

LT

=1
-E.25

-
fAl-5hear dimgram

L] JiE

i 1=Moment diagrarm
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Solution. The given boam has four reaction components and s
statically indelerminate to the second degres, By removing the sup-
ports at B and  the cantilever beam fixed at 4 and free at O is chosen as
the basic determinate beam.  Thus, from Fig. 75, It iz seen that the sym
of beams (b), (¢}, and (d) is the given beam. The eonditions of geometry
are

Agy - Aggi= Aye
Ap + Aoy = Agp

Beforo attempting to fingd the values of the A% in the above two equations,
the following will firet be done: The notetion 3ux will be defined 1 the
deflcetion st M duc b L-kip load at V. 1If a 1-kip load sets st B of the
basic beam (Fig, 75¢), the deflections at the points D, B, E, and € are

o b X6 180
dpg = (_EEJ‘H) 4] -+ (_ﬂﬂ?—) (2) = 578
Bm = (lz_}: 12) {E,_] - EE

28T 7 4
_ [ x 12 1,008
e (W) Wi =pr
(12X 12 _ L4do
b = (123575) oty o Lt

If & 1-kip load acts at ¢ of the basic beam (Fig 75f), the deflections at the
points LY B, E, and  are

_(# X6 18 % 6Y .. _ 398
EDF_(_EEI)IH‘J -|-( SE] ){_g]_ =-fﬁ

2
= (535 0+ (2318 0 - 30

- [2x 18 X 18 2,016
S ( th_} (12) + (‘W) SR

s [24 w24 4608
e (_‘EF) I:lﬁ]' = .-Elr_

By the law of reciprocal deflections

Ape = 30855 + Hége = M an + 208z
180 1,008 25 560
= 31](1?) + 20 (ﬁ) ol downward
.d..n; = ﬂnﬂﬂ::n + 2':'5.” = 3‘}5‘:{: + 205;{:

3946 o [ 2,818 70,200

III BEAMS AND FRAMES RY CONSISTENT DEFORMATION E3

6
bay = Valss = % Vu upward

1,440

Apg = Velpe = BT ¥ upward
1 441

By = Falcs = _,E-JT_ 5 Ll[:i‘w-“-"d

Substituting the above values into the two conditions of geomelry,

576V s + 1440V — 25,560
1,440V, + 4,608V = 70,200 |
Solwing, .
Va = 28.78 kips upword
Ve = 625 kips upward
By statics

Va = 15 kips upward :
M. = 45 kip-ft eounterclockwise

The free-body, shesr, and moment dingrams are as shown in Fig. 75p
b0 £, i :

Alternate Solution. Supposc that the simple beam A€ is zij:i-sen E
the bagic beam. The redundants are Vg and Mi. The conditions

— J--_"-""-_‘

& L]
g’ JIIHE' &’ Ril L (¢ )-Basic beam undar redundant, Vo

i -[ ] |c i o =t
g B L o Iy |
Congfand EF F? -
fz)-Gieen BRam o, P
Jok =k
| i [IIDII]]

— Ma

RGO _T ficd > Basic. beam inder redundont, Md

238
2rs ‘1" 75 kP | .’T“
O, G

AN N, ]

g o aD wrih etk gesa

S fe}-Free body diagrom of given beam

i : :
{ b)-Basc beam under applied |aading
Fio. Td.
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gpeomelry are that the slope at A and the deflection at B should hoth he
gera.  Thus, referring to Fig, 76,

E.ll -P- 'F.nl] [ B‘JJ‘
day + Awe = Aap

By the conjugate-beam method

_ BlO , 900 , 3990 1305
bar=gEr Y ORI TIEr T ET
L Bar = 57 [(1395)(12) — (900)(6) — (450)2)] = L

Val24)* 288 s
= Falsd) e ’ :
A= "ERT T * Ay
g - Yal24)" _ 38
n=—pEr ~ g
1 |
ﬂ.l.! - % HJ

Bubstituting the above values into the conditiona of geometry,

36Ve 4 BM, = 1305
288V + 360, = 0.0
Holving,
My = 45 kip-fi counterclockwizse
Ve = 28.75 kipa upward
By statics
Va = 15 kips upward
Ve = 6.25 kips upward

EXERCIZES

46 to 47, Determine all renctions by the method of sonsistent def i
draw shear snd moment dingeams. AR, X

i . Bk
L O e 0 Y o T",r! gt o
. | i :
i - "k s
5\" [ .I‘h
I L g i i S s 3 if
Coniiamf £F Corsdmed £F
Exenciax 45 EXERCISE 40
,ﬂ'_:i‘
wrir A
o2’ wpt Y wor T

s fmd .El"l
Exznciae 47

REAMSE AND FRAMES BY CONSISTENT DEFORMATION &5

45, The Theorem of Least Work, Castiglieno's Theorem of Least Work.
The redundant reaction components of & statically indeterminate struo-
ture are such o to make the total internal work a minimum.

The proof of the"theorem of east work and its application con be
axplained first by the use of the example ghown in Fig. 77. The beam
shown in F' 2 77a is statically indeterminate to the first degree. It is
ohvious that the simple determinate beamn of Fig. 77h aubjocted to the
londe P; and Ps and the redundant reaction Va is equivalent to the given
heam, 'Che condition required of gromeiry with which ¥y can be datar-
mined is that the deflection st B of the equivalent beam should be zera.
This deftection, by Castigliano’s theorem or by the partial deriva-
tive method, is Ap = W /aVa; 80 the pondition for determining Vg 18

Fi L ¥

Py Ty

i@ - Biven indelerminalbe Beom

fa)-Given indeterminats besm

A K 8
A f br ? -l(qf' l fg |
BN 5 F 3
¥ ke ka K
(b} Equnalent deferranate beor {hi-Equivalent determinabs byam
Fio, T7. Fiz, TH,

AW /3Vy = 0, or Vpis such as to make the total internal work & minimumm.
Htrictly speaking, when the firet derivative of a function ak a certain
walus of the variable is sero, the function may be either & maximum or &
minimum. A methesaatical proof ean be attempted for the presenk
problem that the total work must be a mininoum, bub it seems unneces-
gary because it is physieally inconceivable that the total work cen be &
maximum. In other words, when nature has its free choice, it will
always tend to conserve work or energy, The same idea can be extended
to the beam of Fig, 78a, the equivalent beam of which is shown in Fig.
2gh  The sonditions with which the redundants M, and Va can be
determined are f.= W /M, =0 and 4 = dW/d¥Vs=10; or thue
redundants M. and Vs are sich as to make the total internal work a
minimum, ‘The application of the theorem of least work will be illus-
trated by two examples. But it will be found that the solution is sub=
stantially identical with that of the method of consistent def ermation.
Thus in reality, the method of least work and the method of eonsistent
deformation are identical methods, but the concept of consistent deforma-
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ton may be considored prefarable b i
r 2asusEe 11, = | L3
mﬁhwhmtglaﬂ 3. hlﬁmplir- S pli S y | Fe (” = %) Pz PLa? L
Sae 8 Do o mas g |t pe mmel e
Fig. T9a by the methed of least work, S FERRS 2 e hoam. b Elj 1L ! EPLY : g AT
= PEP | — ey . D
I }ﬂ[ 3 4% ]
H:G. —"l-—{":&—-.qa
C o
% Constand £F [ Vo = el
¥ b= Biven boam Wy statics
#ﬁ:%_%& o by Fagm= ;i:b— 1-"-; = f P—IF]"'[P - +‘l'.|p
e j Ma =5 = Vol = 2 ~ (#PL) = HePL
K=l

Second Solution. Himple beam A B ia chosen a8 the equivalent beam,

foi-Cantilewer beam AB a5 equ
kg with M. a8 redundant (Fig., 79).

dedermingt beam

o
-ﬂ;@?‘ | = Tapre 35-2
[
A _E?J Portion of besm AL B
E-;—:‘f 'ﬁ*,ﬂ-? = PR T T ———
fsl-ﬁhﬂﬂ#;hﬂ{t'l A8 a3 eguivalend Origin. ..o 4 H
erminale beom
Pra, 4. T - R U e Ilﬂ‘l}tﬂ:m% r-ﬂlﬂzﬂ-g
Firat Solution, Cantilever beamy A 8 ;
5 ’ e i thosen as the $
with Vs as rodundunt (Fig. 798), SN Ry Moo~k (G40 5 | (5T
Tanis 4.1 o e —
Purtion af hae , M L 3
Tl _'“’__j__l_ : ¥ m%f—“E;"‘-.—ﬁ D [—MJ+ §+‘Hf):] s
'l’h'i;irl....__,,____ Q | B 1 L P M., 1
Fiviite A L i + 5%7 il 1| .
cr e ral Bomm o= -T‘-l‘]'t-ﬂl - L3
i i* 3 |"]£ et T f o Ma i
¢ $ :-f,ufﬂif; “[ ”*""(ﬁ"'r)“]("*z)‘“
....... ......._r,[:1+§}_ ] Var _|_Lfmg[(}—:—&)f](—£)d‘
T i i Z2ET g B Lo Ll
oMb ] i 1 R Ma P M, P, M
o Ef ﬁj£ [FE('E-"E)_PBF]EEI _E.E_I; [JUJ_T__E:F_T#+(LT+4T)E]M
| fen S e A i
+2—ﬁ1: (Vox)® dae +Ej; _(E_T o

oW 1 [fin “
Vs = EEI J, E[F‘(*+§)—P£J(x+%')d::

1 [l
+ﬁj: 2 Va2)(z) dz

1 [M.L . PI® =
Er| 3 Tl
3PL

M*-—u

18

h—_




BE STATICALLY INDETERMINATE STRUCTIRES )’I
By statica

P M

Bl MR

Example 39. Determine all reaction components for the beam of Fig,
80a by the method of least work,

Je
ey Q# £ o ;
Cr K e

2 Vi i
Covzgfamt EF
o l= Gi'ﬂ.n bheam
dﬁm.?pf,l b F
| ey

w—

.-'-ﬁ‘-"“l"ié*li:-l
f&d=Lonfibasver Beam AL o
egunvalerdt beam
Fui, B,

Solotion. The cantilever beam fixed at A and free at (7 iz chesen as
the equivalent heam, with ¥y and Ve as the redundante (Fig. B0%).

Tamim 35-1
FParibom
1 A i hE e
1] ). DA o & B Il
'[.I.l&tﬁ........_. z = iz gz = gom iz =@ E=flez = |z =0 los =@
Moo Fels 4 1] - Pole + 8) | Fole 4 18 — 204 + @) Felz 4 8f + ¥z
=&z 4 1y = 3lr & Ve =

l X
F-m-{” de
I B
nﬂ_ﬁ‘ij; [Velz + 18) + Valz + 8) — 200z 4+ 12) — 30x)*
+ [Felx + 12) — 200z + 6) + Vol + [Ve{z + 6) ~ 90 + (Vex)?] da

1 L
a7, = oEr [, (Va+ Ve — 50)x + (8Va + 18V — 240)(x + 6)
+ [(Va + Ve — 20)z + (12V: — 120))(z)} dx

BEAMS AND FRAMES BY CONSISTENT DEFORMATION Eatt]

% JN [(2Wy 4 2V — T0)2* 4 (12Vp 4 36V, — B60)z
1]
+ {36V + 108V — 1,4400] d2

a EII [676Ve + 1,440V ; — 25,560] = 0

of, on simplifying,
576V s + 1,440V, = 25 560

BW —E—f [[{Ve + Ve = 600z 4 (675 -+ 18Fe — 240)](z 4 1B)

+ [(Va4 Vo — 200z 4 (I12F2 — 120)}{x 4 12}
4 [(Ve — 200z 4 8V ](z 4 B) 4 [Vex|(2)} d=

1}
Ellff [(2V s + 4F e — 90022 + (36V 5 + 72V — 1LG20)=
¥
+ (108V, + 504V — 57600 dz
= ﬁl; [1,440V s 4+ 4,608V — T0.200] = 0

or

1,440F s 4 4,608 ¥ = 70,200
Holving the two equations as derived Mrom W /8V, = Dand AW 8V, = D,

Va = 28.75 kipa upward
¥ = 6.25 kips upward

By slatics
Fuo= 060 = (Fa 4 Fg) = 15 kips upward
My=mM0 — 12(Fs + 2F¥Fe) = 45 kip=-It counterclockwise
EXERCISES

48 Determineg all renction componesnts hy the method of least work.
&8, Determine nll rewelions by Che method of least work.

,.lr
i".."'l‘.F
[ nt m:-" - "?' @j’
Cormrdand EF Eumhm‘ EJ"
Exymome 48 Exsncize 49

28. Induced Reactions on Statically Indeterminate Beams Due to
Yielding of Supports. Either the vertical settlement of a simple suppart
or the retational slip of & fixed support of a statically indeterminate
beam will alone mmduce reactions and, thereby, shears and moments in
the beam in addition to those due fo the loading. If more than one
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settlement or yielding iz anticipated, it is better to determine the induced
reactions due to one fuetor at a time amd then combine the efects due to
saparate causee. The procedurs of determining such induced reactions
by the method of consistent deformation is as follows: First, a basie
determinate structure is chosen by removing the exenass supporta including
the yielding support and replacing them by redundant resction com =
ents. The condition of geometry at the yiclding support will be that
the deflection or rotation there should be equal to the predicted amount
of yielding, the conditions at all other redundants requiring zero deflac-
tion or rotation being the same as before. Thus the indueed reactions
and, therchy, the shears and moments in the beam can be determined.

Example 40. Determine all induced reaction components due to a
vertical settlement of §in, at the support B (Fig 8la).

M il il e
. Gl
K

' It

ErI0000EAT e 2000
fart-Given beagm

ﬂg_-"_-ﬂ_-.___‘E:,_E ':;d ﬁ}"-{.ir“""[:% e _.“F _____ '?z

r
S e endsnd Eendie
Lﬁ.:j_m*
= T i l=Frag body diagrom of given beam
iy 2 Ak
(B)-Bosic Beam wnder action of W L l
SE
e fg d-Shear dingram
o T Bez LT
T
fel-Brmic beam urder aglion of ¥ rF}-peoment diagram
i, &1,

Solution. The cantilever beam AC is chosen as the basic determinate
beam, with Vs and Ve as redundants. ¥y and ¥ are the only forces
acting on this cantilever. The conditions of peametry are

Apy — hpy = Fin.
ﬁpl ] ﬁm = '|]

Applying the moment-gres method to Fig 815 and o

an = 252 (3) = 0.16507, in.

BEAMS AND FRAMES BY CONBIFTENT DEFORMATION Bl

Wi EJ’;_.‘_' (20 = 04147 Vg in,
144V ¢ 72V
HApe = ?

Ay = Efﬁ;f" (16} = 13271V in.

Subatituting the above values into the conditions of geometry,

01650V — 0.4147F, = &
04147V — 1.3871F o = D |

Bolving, Vo = 1078 kips upward

Vs = 3.445 kips downward

taties
e Vs = 2360 kipe upward

M, = 1652 kip-ft counterélockwise

Alternate Solation. If the simple beam AB is chossn as the has{n
determinate beam, with ¥ and M. as redundants (Fig. 82), the condi-

]

(& + ol (4] = 04147V ¢ in.

|
e T T T

faMBosic beam uader acfion of M

Ay G R T
Al

12 My

i
AMs

m

¢ }-Basic beam wnder mehion of A

Fia, B2,
tions of peometry ars
far = Hag
A — Am = §
By the eonjugate-beam method
Val® 26Vs
Bar = 16ET ~ EI
ML  BM,

Bag = BET = EI
]-";L‘ =] EEEFJ
'b'll -— m}- = T = {Lmzﬂ“vf
M S6M
Aus = %-— (12) — 57 @ =5

= 0.010368M,
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Bubstituting the above values into the conditions of geometry,

36Va _ 8M,
o AR 1 )
0.082044F 5 — 0.010368M, = & in,
Holving,
Vy = 3.445 kips downward
M = 1552 kip-ft counterclockwise
By statics

Vi = 2369 kips upward
Vo= 1076 kips upward

EXERCISE

§0. Determine all indueed resctions due to a vertical settlement of § in. at the
Buppart [,
A 8 B [

m ] .
20" H an

£ = 30000%/"
I 10,000 in*
Exezmrcmsm 5i

97. Analysis of Statically Indeterminate Frames by the Method of
Congistent Deformation. Bince the direet stresses in the members of
rigid frames are usually small when compared with bending stresses, the
changes in the lengthe of members owing to direcst stresses can be and
ordinarily are neglected. The conditions of consistent deformation for
golving statically indeterminate frames thevefore relate to the deformed
frame resulting from bending stresses only,  Although it has been found
that there iz little effect on the values of the redundants even if the
changes in the length of the members were considerad in making the
equations of consistent deformation, this does not mean that there are
oo direct stresses and these direct stresses must be considered in the
design of the members.

Example 41. Analyze the two-hinged rigid frame shown in Fig. 83a
by the method of consistent deformation.

a &
|
e
A gt s
A S
fal i) rel
o, B3,

AEAMS AND FRAMES BY CONSISTENT DEFORMATION %3

Solution, There are four reaction components to be determined;
therefore the given frame is statically indeterminate to the first degree.
Any of the four reaction componenta can be chosen as the redundant.
In this exsmple two solutiona wherein He and then Vi are used aa the
redundant will be shown. 3

First Solution, When Hp iz used as the redundant, the basic deter-
minate structure i3 hinged at A and supported on horizontal T'n-il.m:u at D
{Fig. 838). Let §s ba the horisontal deﬁventi?n at D due to & 1-kip load
applied at D. The condition of geometry with which o can be da'l..&r-
mined is that the deflection Ap to the right owing to the nppl:E!d loading
(Fig. #3b) must be equal to the deflection H pép to tlH:_J:r,i't owing to the
radundant H » (Fig. 83¢) since the total deflection at I} is zero {Fig. 83a).
Either the moment-prea method or the unit-load method can be used to
determine Ap and Bp The unit-load method is hers shown, By
referring to Fig. 84a and b, Table 41-1is made for the computation of As.

20k .
F -, [ & C
7
.I'.Ek r I
f -3 op ) Wy
&
ok A EI.,la-.l' )—hA
i
I,'r id
el .1 ot

Foa. 84,

Tamue #1-1
Fortion |, p ga. | BF P op
_uf-i:lrama - = 5 3 : 5 —
::Et:”...:-ﬂ:rrsﬂznntﬂ;—ﬂ{:-I}m#—E =0tox = Bz =010z = 10
Hsuil.g:'. 122 108 108 + 8z ” 21z o
i e

s
KAy = j: (125){z) dz + J; {108}z + 9) dx

€ 1
+ %j: (108 + 3z)(15 — ﬁx}d:+§j:{21ﬂ{l“+ vu7) dr

= 2,918 + 7,770 + 4,816 + 2,205
- 17,712 kip-it*
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By referring to Fig. 84¢ Table 41-2 is made {or the computation of §p.

Thnem 41-3
Partion of Eratan A | B o
o WS L i S | i s
(g Al R e e R ] A b n
EmmikE..,.vcoviviassnsna T = dtin g = 8 | gelitor =12 |z =012 =10
M oor m {Fig. Bl ....... -T =15 gz =
LERNE e il oo p i T e { o |

15 1 i 10
Efu'in-‘=j; l;]-—:l=]-j'|£i=+-.5f‘:I [—15+ﬁ$}5dx-}-£ {=z)tdr

1000 7225
= 1,125 4 950 + 5~ = ~5—
From the condition of geometry
Hip e sk L MARE o ey bt thi )

N ) T
By statics
Ky = 4.6455 kips to the left
Vi = 60643 kips upward
Fo = 17.9257 kips upward

The renction eomponents are here compoted to an unusual degree of
pecurney 8o that they may be chegked with the results of the asccond
golution. In practical problema the uwsual accurncy of three or four
gignificant figurea is all that is necesanry.

Second Solwtfon. When V4 ia used as the redundant, the basic detar-
minate structure is hinged at 0 and supported on vertical rollers at 4

L pak
& (= & c & i
ok ok
— +
.-ﬂll
v A | Jud
i < i
A
farl ey B ore)
Fiz. 88,

(Fig. 85b). It is asmsumed here that a roller support ean exert sither o
push or & pull in a direction perpendicular to the supporting surface.
The condition of geometry is that the deflection 4. in the downward
dire~tion due to the applied loading (Fig. 858) must be equal to the

BEAME AND FEAMES BY CONSISTENT DEPORM ATION 85
Jb

G #0844 2L 59 an-mmﬁ:;a‘-m
cnatE S ket ms  me =60 chohee
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=
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fal . .
(i J-MadiTied moment diagram on pempression 310e
E [ wsrat £ wrg= iz
&[T
rr =
A
AT
Fil i
e
c ol
R
p L LEE
. fel- Deforemed frame

fel

Fig. 84,

deflagtion V.3 in the upward direction due to the petion of Va, B being
ihe vertical deflection at A due to 8 1-kip vertical load at A (Fig. E"j.':}'
The unit-load method is used to determine A, and ds, the values of which

ara

EIa, = 84,1248 kip-it!
ETf, = 13 872 kip-ft*
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From the condition of geometry

A = Vb,
mf
F.I . Erﬁ“ = _E'q:i?‘!',s
Elo, T 1agrg 0004 kips upward
By statica

Fo = 179357 kips upward
H. = 4.6455 lrips to the left
Vi = B.0643 kips upward

Now all ;
e o puepouuta i &k bwo-Uinged it frkm
are shown in Fig. 8 ¥, shear, and moment disgrams for all | }Hrm
N LY R Rhe  v B Dlothing s find thuio s,
if the left i; ﬁ:-‘n‘ll;erlt-l-l:lrl for beams is obsarved. that is Eh::tl .I'.-f.Lll-ngU_lE
N Lal e is being lifted relative t R ey I 1% poaitive
positive if i : ) the right side, :
bers are ¢ 3 I-F;“HEE oo pression on the top of the mrlinn?l:-d n'mmﬂnt 2
; e considered as horizontal members by | ol At S s
right side, ¥ looking at them from the
It will he very interesti :
r : I _I.L'l review the geomet
mtﬂﬁm}-’it‘:‘gpu:ﬁn‘ng the horizontal deflection, wr:a{a?.jilﬁe ‘::Efnmgd
is made by i11a|r:IIr Joint. After a qualitative sketeh of the -:1.r:fu|:-r|_-ue.--:].mIl Im}J .
wliing sil 'hﬂﬂi‘;’;f;ﬂ. the moment-area method is beat sinited for {J“:Im:
ol e components, This i Lo eler-
Fig: 18 sha d : <
P;Epﬁft.jeﬂﬁ-;a to be noted t;ha[;, in applying the m‘;;ﬂ:t?_ﬁt‘lmmh.-;mfly in
e 6 Ena[g i I'anEﬂ:lt diagrams can be more easily j,mtm]mﬂlhmﬁt- o, _th:
tekgtos {smﬁﬂ?ncutﬂji‘:agmm for each member into ﬂevem]}r:;;&rahng
R it di;;:-:n fﬂc:‘pl:]::lb]iaa:_rﬂ!‘;ﬂ shown in Fig. 864. For inEL?qu;t
nber B ig the sum 2]
grama due , of three
o e o) e e A
sion side. moment disgrams are plotted on the compres-
Example 42, Anal :
. :I'lzu |:-I|E I']Eid I]"m w
i ith two fixed
n Fig. 87a by the method of consistent deformation P ipis Scw

2qk

g 5"*

",-'; -
fr L I - L
r + -
) L

A

ok (8}

Mo i

Fig. &7 fat

EEAMS AND FEAMES EY CONSISTENT DEFORMATION w7

Solution. The given {rame e statically indeterminate Lo the third
ed at A and free at, D ia chosen as the basic

degres.  The frame fix
on which Mg, Hp, and Vi ach 8 redundanta

Aeterminate structure,

(Fig. BT).
Pecause lie rotation of the tangant and the horizontal and vertical

defiections at D of the given structune {Fig, §7a) must all be zero, it
¢ollows that the sum of the rotations of tangents at D aof the foar stre-
tures shown in Fig. 87h to & st be zero; also, the sum of the horizontal
deflectiona and Lhe sum of the vertieal deflections, The conditions of

geometry are, in this ease,

Aar + Molsw + Hgbew + Vadow = 0
Arr + Meluw + Hpduww + Volav = 0

By + Mhﬁ}'u + .H na'rl' + .Fnarv g 'L"

and Ayp are the rotation, horizontal deflection, snd
asic strueture due to the applied loading;
and Bya are the BRME quantities due Lo the setion of a eounler-
taf L ltip—{t- at Db i, i e, and & are due Lo the action
of a 1-kip load to the right at 1; dev, Sav, and B are due fo action of &
1-kip load upward ab 0. In inserting the numerical values of the A'm
ar &'s in the above thres suations, it is important to eonsider counler-
clockwise rotation of the tangent, horizontal deflection ta the right, and
vortical deflestion upwaerd a8 poaitive quantities and those in the opposite
directiona as negative guaniities.

Bafors Me, Hp, and Vo can be golved, it is necessary to evaluate the

12 values of the A%s or &'s which appear in the three conditions ¢f geom-

etry. The following list of answers ard obtained by the moment-ares
method (refer to Fig. 88):

whars Aps, Aar
vertical deflection at [} of the b

By, Oorm,
eloclowise MOTRETL

¥ 4

Apr = =2,362 22 glockwise
w Py

Kby o el SO E"’E% to the left

3 k]
Aoy = —35,012 %’f.i downward

e frd
daw = +Elh§ft eounterclockwise

- 3
Buw = 115 '-“E‘ to the right

3 243

| —l—ﬂlﬁh—.-r-—i_ﬂ' upward
1 1

3x = +147.6 k—l}%ﬂ sounterclockwise
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Sww = +1,308.2 Eg;—ﬁ to the right

drg = 4810 %;E upward

ey = +215 %—T;E counterclookwise
av = +810 ZEI 1 g righ

e = =2 448 EI—E,}—W upward

It iz to be noted that by the law of reciprocal deflections

o = agy e +1-’IT.5

Bar = dyy = 215

by = fry = +E10
Substituting the above yaly

28 of A's and §'s into the condi tions of gaom-
elry,
—2,862 + B1M s + 147 50, + 216Fs = 0
—8,588 147.5M 5 + 1,308.3H, 4 810V, =0
—83,812 + 216M . + 810K, + 2,448V, - ¢

Solving the three sinmultansoys equations,

Mp = 432532 kip-ft countercloskwise
Ho = —6.838 kips to the loft
Ve = 413238 kips upward

Putting the above valyes of Mo, Hp, and ¥y back on the given frame
and solving by the three equadions of statios,

M = 26,342 Lip-fi countercloclkwise
H, = 5,162 kips to the Jft
Fa = 10,764 kipe upward

The fres-body, shear, and momen
frame are drawn as Fig. 80a to .

The deformed freme as shown in Fig. 89 is found by the momeni-areg
method. The eonditions of consistent deformation are obviously satig.
ed; a0 sre the conditions of statios When the analyzed structure

satisfies both sfaties and geomelry, the correctness of the solution is
Hssred,

t diagrama for all members i the given

Zgk

.
o=

Nz

ﬁ;]:-n".l-

REAMS AND

{13 Hament digram

{ ]:I

[1)}Marment diagram
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FOIE
22002 rieet

Jirs
m =t 250
P
{ i
.II Fﬁﬁ'-l.'r" _—%.uﬂ'
=t A 'I_r
{71 Mod, M=dingram (30 Elastic con Jo on

i )-Bage shrugiure ursder acficn of mpplied lomding
2l

5 ! n?.f-—|
- \

=

T {2¥ Elastic curve

: t
¢h}-Basic siructure under unit moment at

Iﬂ ; 5
i il i
M o s -
?II,; rer
R
.l"" i iy
st . (1) Elaghe curve
e (24 Wod, M-diagram
: ' i+ harrantal bead ol O
i1l Moment d H’;f::_ Easic struchure under unit boria ”m.'l 2 .rm?-l_— .
+—t
F i : J—Loxo
: el {
i
= | | [|__faess
I:(-—m
: i
E Ir* Lo
—ony
e ¥ He curve
2 {'l;.ir ot diagram 12) gd. M- diagram (3FElmshic
L1} Moement diagr

i T 3
tdl 1« Bogic struckre Lnder unit veskical lamd of O

Fra. 88.



100 BTATICALLY INDETERMINATE STRUCTURES
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EXERCISES

g i i the method of
Analyze the rigid frame with two hinged supports by
qr:n::i:t::liﬁmmu.:i?n_ D ghear god moment dingranss, Bketeh 1he deformed

slrunture.

ak
J‘..L..
2 =
A ;
E.;E'
e - -2
£ £ C A 5
4 i
PEIEL y i
: t
& T -
o, -
: {JJ,',!H__ Corsbart £
Expncisr 61 Exancise 5l

igi i by the mathed of con-
58 and B4 Analyze the rigid frame with two Bxed supports
pistept deformation. Draw shesr sod moment diagrama.  Sketch the deformed
piructluare,

L
Jr—"r g &
pak r -
I ~ 1:- < Fr

8 .
,J T - g
ghlE k 2
T i rl ‘5‘
iy 1 L

Foors s rises
d L
~ b AR o R
Exgnciae 53 Exencisk 54

98 Induced Reactions on Statically Indeterminate _Frnmelna Due tﬂ
Yielding of Supports. The yielding of supports of e:_bnt.u:ail:_,.r indetermi-
nate frames, either as a displacement or s & rotational slip (for lixed
supports only), always induces reactiona and thereby direct stresses,
shears and moments in all members of the frame. The p!‘ﬂu&lil.ll‘& of
Fmr!iné the indused reactions is first to derive & basic det:amun.nta slrugs
ture by removing the excesa supports, or md1:1.m:lsmt remhclm cm:upmm
including those which sre subjected to :.-“i&]d.mgl, and treating the -
dant resction components s loads on the basic structure, The condi-
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tions uf geometry include those ai the vielding. supports where the
deflection or rotation should be equal to the predicted amount of vielding
&In{l those at the other unyielding redundant supports whers the deflee-
tion or rotation should still be zero.  When the redundants ape found
they are put back on the basic structure as loads and the ramuu'ningl*
reacton components are solved by the equations of statics. The Varias
Emn in direct sbresses, shears, and moments in all members can then be
fonnd as vaual,

Example ;13, Determine all reaction components indueed to pet om, the
frames of Fig. %0a by the rotaticnal slip of 0.002 rad elockwise of joint 1
?n-l:i ;ml;e:ﬂiml settlement of 0,45 in. st joint D. K = 30,000 kips/in.t

= in.d ] :

r

i

8 £
7 [
I -y
5 =
= | = + ”,I +
b e, =
| ;
= L3

Ferl f} fel idl

" Fra. o0,

Eﬂlﬁtf:iﬁn- The frame Bxed at A nnd free o 1) 18 chogan aa the basin
determinate striusture on whigh cnly the redundant reaetion components
My, Hp, and Vp are seting {Fig. 90),

From Exsmple 42, M causes

: I .
1. A rotation of 310 - iip 3k counterslockwize at I

£l
2, A horiz | deflaati T kip-1t2 i
ontal deflaction of 147 50 =7 to the right at [,

3. A vertical defection of 218204, ]-{—]E,—}Fr't upward at D,

_H b GEEES

1. A rotation of 147.5H, kip-ft?

il
2. A horizonta] deflection of 130835 Ei:!—w to the right at D,

3. A vertical deflection of BI0H , %;;t.' Lpreaed AL B

counterclockwize gt I

Fo causes:
Lkip-ft¥
. A rotation of 2187, —'%TE countercloclowize at 1.
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. kip i :
2 A horizontal deflection of 8105 —Ti,-f— to the right at D.

ip-ft?
3. A vertienl deflection of 2,448V k‘E — upward ab I

ipe8 .
(I, 57e 40003 ) e, it

Aty 055 808 ) e - R
Jrid L
P g (LI U5 Ik e e iR
ARt A ragan
. - P gk F
R
it 25 Jﬂﬁmi’mﬁ'
:lb-_‘_
| f
[
II /
I /¢
wav ! |
P L1
i
L |;| i dy
L I"dllnl'mt iud-i-ﬂlirﬂﬂ'l it Pefermad frame
T8 LT [
= e‘nﬁ-u-wmwﬂfm
i T P L
SRR " ol =W If+ﬂ-ﬁkEﬁHfﬁrm]

= 0L OCRSAT runl finbiock

2 @
né E " Bk
i- 2

2

-]

fb)-Karmert diogram on compraseion gde
Fra. 91.

Now in the present case, Mo, He, and Vp should be such as to cause,

or to be caused by, a rotation of 0.002 rad clockwise at D, a horizontal
deflaction of zero at D, and & vartical deflection of 0.45 in. downward

at D, These are the conditions of geometry.
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(+B1My + 147.5H + 2168V, I B ion
i + :I mrm ::';: m] ﬂ'-mz I'.B.I-_I

(+147.5M 5 + 1,308.3H 5 + 810V, . 1728 _

F - ) 30,000 = 500
1,728 :
Eﬂ.lﬂmﬁlin = — 45 .

{+216Ma + BI0H 2 + 2448T )
Solving the above three aquations,

Mo = 410,402 kip-ft eounteralockwise
Hp = 4 1.221 kips to the rigtat
Vo = —3.888 kips downward

By statios
My = 42.209 kipit, eounterclockwiae
Ha = 1.221 kips to the lft
Fa = 3.882 kips upward

The free-body diagram is shown in Fig, Ola,
moment diagram iz drawn and the deformed
moment-area method. Note that, by starling

suppork at A and applying the moment-gres theorems in suoeession
the rotation of the tangent ab ¥ iz found to be 0.002 rad elockwise - E.hr;

horizontal defloction is zero: and i i
floe T e vertical deflection is 0.45 in 3
the downward direetion, s

In Fig, 910 and ¢, the
rame i3 found by the
from the fixed unyiclding

EXERCISES

B8. Determing all reaction components fnduesd ki
eitblement of & in. ab the hinged support B,
Bheleh the deformed abrustirs,

act on the frame by & vertioal
Draw ghear and moment dimgrama.

o
.| 4 ! 53
A T
- 13
= r J E
il= wl fer -
P 4 e
ERLE A
5! fﬁ ? 98
8
£- a0t e
. 1,000 W
Exencise 55

Exencinn 56

B8, Determine all reaction components induced to ot oa the frames by & i
i _ rodalionsl
slip of QLOOZ rod ﬂbn::ktm:. of joint 4 and & vertical settlement of 3 in. st joint 4.
Diruw shear and moment disgrams,  Bketoh the deformed structare,

CHAPTER V¥

ANALYSIS OF STATICALLY INDETERMINATE TRUSSES BY
THE METHOD OF CONSISTENT DEFORMATION

29. Trusses Statically Indeterminate Because of External Redundant
Reactions. The analysis of statically indeterminate trussss with e:r.t.ei‘_na.l
sedundant reactions by the method of consistent deformation n-:mztluu
in first choosing & basic determinate truss on which the H-[:Ipl'l.l'.‘:l:! Ilcla.dms
and the redundant reactions act and then applying the conditions of
geometry requiring that the deflections in the direction of the redundant
reactions must be zero.  After the redundant resctions are found from
the conditions of consistent defor-
mation, they san be applied to the
given truss and the remaining reac-
\lons found by the principles of
piatics,

Example 44, Determine all reac-
tion eomponents and the stresses in
ol members of the two-hinged truss
ahown in Fig. 92,

Solution, The given truas s

slatically indeterminate to the first o err i S El‘fﬂll-;ﬂ'ﬂ].in.
degree.  The truss hinged at A and E= H-UFIZ'!:]IEI E.:'u;

pupported on rollers st B is chosen
W# the basic determinate truss (Fig, 93), with H s as the I‘Hl‘ll'l'l.l.']!int-.. The
condition of geometry i8 Ax = Hybs, whers b is the d{eﬂentalnn ta tha
loft st B due to a 1-kip load applied to the left at B of the basic truss.
The unitdoad method is used to evaluate Ap (Fig. 04) and &y (Fig. 95).

1ok #k
A ] +
A . = &4 T i
A
0

Fra. 83,
1
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TRUSSER BY CONSISTENT DEFORMATION 107

Th \
i Ax = (.2822 in. to the right
&5 = 0,04937 in. to the left
Then, . s i
- o2 = 2R = 5715 kips to the lefb
Hp = 5, = Gpaggy — 0 o Hpe 1o e

Ry staties,
Hi = 5.7156 kips to the right
Vi = Fp = 6 kips upward

FiP-aL in 10 inch

The final answer diagram is shown in Fig. 96; the siresses in all mnml:nrarﬂ
gan be found by maltiplying all values in Fig. 95¢ by 5.715 and adding
the products to thoss in Fig, $a.

TS )-FulEEd T 107 ingh
Ay E i L D= 2B N,
or 0.2672"fo fhe right

Fra. 4. Evoeluntion of Ag

Fra. .

Examgple 46. Find the magnitude and direction of the vertical reac-
bions Ve, Vs, Ve, and Vs due to a load of 1 kip at jeint Ly (Fig. 97).

L2 L e Lz Ly
%‘
‘ _ Loy
ik & |5t & e Lz
AL o0 S s
| S 15's 12050 |
ko E =Ja000 4t

Aree of wil Farizonfel members = 20 5. ﬂ".r
Arza of alf varbical membirs = & Eg.ae
Area of mlf diegonal memberes 105y, i

Fia. 97,

Solution, The given truss is statically indeferminate tﬂ_tha perond
dogree. A simple truss supperted only at jointa Ls and Iy is chosen a8
Mo basic determinate truss on which the load of 1 kip and the Tﬂlf].ﬁllldﬂllt-
reactions ¥; and V' act simultaneously (Fig. 98). The conditions of

felw Cald-EarE Al begRi7e 07 in

or O06137" ba fhe lefi
Fro. 95, Evaluation of &,




108 BTATICALLY INDETERMINATE BTRUCTIRES
geometry required from which ¥ and ¥, con be solved ae
md V:ﬁ:: - Fui.w =

Valias + Vilige = &
wherein the notation 3 i

load spplied at q.
a
ok ’ o | F T . &
i r .
b th—u- A e e - .Ji‘Er—F"__'ﬂlr
L +
Falia
o+
K =
k5
Fua. 98,

All the & quantities in the ab
Al titie 1e abova two equations can be found by d
mining the vertical deflections of all lower ehord joints of the bu:irc :1::5

g i b .
ue to & load of 1 kip ab joint Ly, if the law of reciprocal deflections is

=t e e

re THeANE the vertical deflection at P due to & unit

TRUSSES BY CONSISTENT DEFORMATION

used to ohtain the following resulta (Fig, 99):

§x = 4.4531 ¢ 107 in,
By = 445844 X 104 in,
Bpy = 3.3856 ¥ 107 in.
dgy = D.3844 M 10—# in.

gy mmedry
Jag = dag = 4.4831 > 107* in.

fga = fg

by the law of reciprocal deflections

dap = dun

Bga = dap = By = 3.30650 X 10-° in.
fap = bop = 23844 X 10r® im.

ﬁll - lﬁ‘j - 443‘44 x 1'}-1 iIl.

Lgtituting these values of § into the two econditions of geometry,

44531V, - 238447, = 4.4544
D3R4V, - 44531V, = 3.3656

¥ = (L8444 kip upward
¥ = 0.3036 kip upward

Ve = 0.0842 kip downward
Vi = D.0638 kip downward

v applied. Either the angle-weights method or the joint-dis
ments method can be used for this solution, The latter method has

EXERCISES
B7. Dietermine sll reastion components and stresses in all members.
gk 2k
El
Husberam [ 1-:!!:11;-:_ i 8, i ?thhl:‘th: !Imamusinsln‘n.
£=30p00K/R Ea30pnpl?
h e 57 Exeross 58
'\.5.1.
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B Detormine all resction comnponenty and stresses inall members,  Use mamber

Ok as the redundant member,
B9, Determine all renctions,  Tee Fannd ¥y aa redundants,
Y G s vhh PSR
/ :‘F:[
Ly
T’ b i :-3 & il - A Lg
i
| i Sap if = 120f0” %
I
s Aren of all horizenfal members = 70 £q_in Uy

Area of all verhical members = 5§ 6. i,
Arga of all diagonal members= 10 eq.in
£ 30,000 kfnt

Exprcise 59

B0, Determine pll reaotions,

Ly

[
r s
)

& % th 4 L :
35 £ I“"E et Il-ﬁ 3 i

Arga of all horizontal members =6 g in.
Area of all disgonal membes= 4 #d. in.
E=30000%/n?
Exencme &)

%

30. Trusses Statically Indeterminate Becnuse of Internal Redundant
Members. The analysis of trusses statieally indeterminate because of
internal redundant members by the method of consistent deformation
consiats in first deriving a basio doterminate truss by cutting the redun-
dant members and replacing them by pairs of forces and then applying
the conditions that the change in distance between the displaced end
joints of each redundant member musat he equal to the chanpe in the
length of the =aid redundant Take, for example, the truss shown in
Fig. 100a. This truss has one extra disgonal in the center panel and is
statically indeterminate to the first degree. Or zinee the truss needs anly
m=2 — 3 = (2)(6) —§ =9 members for static determinacy but has
actually 10 members, it is internally indeterminate to the first degres,
The member L, 17y is chosen asg the redundant, and its action on the bagie
determinate truse is reprogeited by the pair of foroes IT, &8 shown in
Fig, 100c. The total lengthening of the redundant member, with a
tensile stress of z, kips, {8 2,0,/ A.E. Now, applying the condition of
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mutry to the relative distance between the joints Ly and Us (see Fig.

i),
| A — 2 = %‘f’-ﬁ.‘“
which & is the relative movement (together) between joints Ly and Uf;

i i [ [ joint L; and [7s,  In other
of forcea 1 kip-1 kip applied a.l:: ]::r:mr. : :
lq.lf;.i: EELJ-L[:IJ;;&? of forces w,-r, must pull the joints Ly and Usg (which are

gk

& iy

J':h.— i L
ral

Fra. 10k

wb A in. apart owing to the sction of the applied J.uadmg,-dbd;;khmgaﬁt::;
iy part of the way, leaving the distance botwesn Ly and Uy ITTE.; >

]uaE by the self-lengthening of the nl.-:‘lunds_.l.nt- member which 8 Zalu 1.]:1,51:
It iz to be noted that this self-lengihening I:ur_ aaif—ahnlrte,nmg .m dr:ﬁ :
puses) is the chiel characteristic which develops in applying 1,1;? ul,lu:-_n tc:

of prometry along the direction of the redundant member which is cu -
Example 46. Determine all reaction components and the stresses

ull members (Fig. 101a).

Wambersin i bare
UFEOSE (M #gain.,
E=30000 kfind
fal fhi el
Fra: 101

Solution. The given truss is statically indeterminate to tha_d,ﬁ-ﬂ:
degree. It can be considered to have either nna_ar!;amal _re::]un la::ld
reaction or one internal redundant member. Thus, if hinge B mthr:p g
by & roller support, the stress in diagonsl BC becomes zera and the mem



112 STATICALLY INDETERMINATE STEUOCTURES

ber BC' becomes superfluous, Or i diagonal BC is cut, the hinge rean-

tion at B becomees known in direction; this direction must be vertical

First Solution. The diagonal BC is chosen ss the redundant, (Fig

1M}, The condition of peometry is
A in. (together) — zped (apart) = :-';;"'—‘E}f iself-shortening)
S By

The unit-load method is used to svaluate 4 {Fig. 102) and 5 (Fig. 103),

s Fil 244 ) 4 HE
J'.’h
] !ﬂ' o & ﬁ' !
ek %
i @2
ak

ek
fia)- 5 in Kips (blALin 0 inch  derValues ofwr  fdl-Viskats of ot L)
Z AL o #5530
=563 (i n
together

Fra. 102, Evalanfion of A
#ihd -

. 0452
%’ %
| a8 e -F ¥

(BFALIN W Trch  fehValues of sl Vialues of addL)
e NPLTE 8 Bl v
Fe P20 a0 i, opart

Fic. 103, Evaluation of 8.

a4 = 56384 X 107 in. together
§ = 22512 ¥ 10* in. apart

Substituting the values of A and & into the equation of consistent
defn:at‘mﬂiun,

56,384 X 10 — 20(2.2512 X 10— = ., Zrel120}

4] (30,

from which (4] (30,000]
rae = 17.34 kips gompression

The anawer diagram iz shown in Fig. 104 Values given can be found

by adding 17.34 times the streases shown in Fig. 103a to those shown in
Fig. 102q,
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G e0a ol
= o Mk c D ek C
% 1
3 o &
: ¢ M
A g A A
J.]'.u!:'l_:"" ndpk A i
fan) 3] el
Fra. 105,
Fro. 104, :
Second Soluwtion. The horizontal reaction a.t_.rl is chosen ms the
redundant, Fig. 105. The condition of geometry Is Vi

Ay = Hiba f
The unit-load method has been used to determine the values of 4‘? and

s A, = 0.19278 in. to the right

5, = 0032 ¥ W0 'in. to the le=fi .
Substituting the valuea of A and &, into the equation of consistent

deformation, e 012278

e = ips to the left
Ay = H.I‘EJ. H.q - E I ﬂmﬂtﬂﬂ lﬂﬂﬂ l'llPE

The answer disgram is ghown in Fig. 104,
Example 47. Find all reaction component

membere of {he truss shown in Fig. 1064,
ok M*

g and the stresses in all

o,

Artos in aq.;l'l-
£« 10,000 kfin
fal

fald

Fra, 106,
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Solution. The given truss ie stuticslly indeterminate to the second
degree. Note that it has one extra disgonal in the upper panel and
&it.ha]r_ one extra diagonal or one extra resction component in the lower
panel

In the solution below, the basie determinate strueture is obtained by
cutting the diagenals BC and DE and replacing them by pairs of forces
#-%, and #-1,, which act on Lhe basic truss in addition to the applied
lording (Fig. 106).

The conditions for consistent deformstion are

where x, and & = tensile stresses in the redundant disgonals
gy = relative movement in the p direction due to a pair of
unif. loads seting in the g dircetion
By the unit-doad method, the following are computed {unit is the deflec
tion in feet if £ is sonsidercd to be 1 kip/in.%):

4, = 18.38 unita together
&y = 41.86 units apart
8,s = B.128 units togather

fa = ha = 0540 unit together
B = V.588 unila together

E:.Ebut-it.ut.ing the values of & and & found above into the squations of
eonsistent deformation,

(—18.38) — £,(8.128) — ,(0.540) = Fol10]
(+41.86) — 2.(0.540) — £,(7.588) = %ﬁ
Bolving,
#s = streas in diagonal BC' = —1.54 kips or 1.54 kips compressien

@ = stress in diagonal DE = +3.39 kips or 3.39 kips tension

The answer disgram ie shown in Fig. 107a.

A check on the comsistency of the geometry of deformation can be
performed Ly eutting the disgonals AD and CF of the truss shown in
Fig. 107a and showing that the relative movements along AD and CF
are equal to the changes in the lengths of disgonals AD and CF. From
Fig. 107 it is seen that the relative movement of 32.68 units together
between joints A and D is consistent with the total shortening of 32.70
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aite of dizgonal AD, and the same is true for diagonal CF. Aguin,

an the results of analysis satisfy both stafics and geometry, the correst-
i of the solution is certain.

~% &

-+ R0

.-‘d_m

558
M
o

13 . Ay bt

b gk Fe ) 1) Evgp i alifd  GoleXig ifined 0
r ﬂJI::n!FpI'.Fi'll. 1 or B Sderifs fogather o SR wnils hogether
if £ 1 b fint
Fire. 107.
EXERCIEES
81 god B2 Determine gll reactions and sbresses in all members.
N
g b b
o) e

T i) T
e
! Jeoir£i0” ;
Humbsrg wid | are urgu'l'iiq_.lrﬂ
£ = 30000k 0! -
Exemcrar 61
b Ghogrr

o
= A =

- -
1 -

=
=

i {5} (7 il 1 _l_
2 Ly

E.*!J_. IHH_»: Q-

LT Warnbers in £ 1ars
i - afriaE -G .
mnbr.s;'l 'I'brtk:lﬁ.!li th . L F=3000 b ind
HxeEciss G2 Exzncras 63

&8, Detarmins all reactivn compenents and streases in all members,  Tee e s
AD and CF as the redundant members.

31. Statically Indeterminate Truzses with Both External and l'.nt:rrml
Redundants. The anelysis of statically indeterminate Srusses with
both external and internal redundants by the method of consistent
deformation ia illustrated by the following example.
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Exsmple 48. Find all reactions and the str i
the truss shown in Fig. 1084, e e

g gt
£ id) i
1 4 . T
i = = "
z 3 o
o il 1) 4l
=
Lol .l L I?'ﬂ
.l oL B |
Plusitersin | bare arsns in 3.,
=30 000 kipd
[

2

Fia. 108,

Solution. The given truss is statieally indeterminate to the second

iagreg: it has one external redundant reaction and one internal redundant
Em I.

The basic determinate truss is obtained by removing the support at

and cutting the diagonal BF (Fig. 108). T} i !
deformation are £ . e conditions for consistent

deldownward) — Febeclupward) — e [upward) = 0
difapart) — Vebyo{together) — #idu(together) = TT*IE
‘ : 1
in which =, L, and 4, are, respectively, the total tensile stress. the

- 3&_‘

" TRURSES BY CONSISTENT DEFORMATION | B

gth, and the area of member BF. The A and § quantities are defined
Fig. 108,
The unit-lord method iz nsed to evaluate A and &, (Fig. 109), for

iah
Ap =284 % 10-? in. downward

&y = 8 3 10-%in, together

e gk
=2
3 &
+ M5 £30
fai-5in Lips s
/
.4 d4i3A
- -~
3 e
T - ¥
il 408 &
i
’ ‘%& ! &
feb-Values of e, fetd ol of oy
i ] b AN
My o ) £
5 2 ey
Fa PR ' + N3 4]
et : i
Felbirlues of L ALY fifd-\alres of 0 00 )
Eap ) o+ B2 0, EyraL)e -2 10
e~ 4% w16 i, clowrwenrd &y~ 8210 Fogether

Fra. 108,

The unit-load method is aleo used to evaluate §ce, §e1 = 810, and &

(Fig. 1107, for which
P 2105
sl
3.68

2 1®in, upward

figy = === 5% 107 in. downward

9
_ 3.68

e e o ¥ 102 in. apart
fy = 2.4 ¥ 107" in. together
Substituting the A and 3 values into the equations of sonsistent delor-

mation (note the signa),
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TURES TRITSSES BY CONSISTENT DEFORMATION 119
G4 27
= e (_Sﬁig) L (*;ﬂ =0 EXERCISE
—B 4 Ve (Eiﬂ) e I (120 4, Detormine all renctlons and etresses in oll members, e reaction at £ and
;i L) 124} = Eﬁu—} kress o member B0 ss the redundanta
S’L‘lﬂ“gr pk Jﬁll‘
Vo = 2000 kips npward ¢ fel -
o = 1 y r = 2
A 1 qﬂl‘L&‘l i diagonal B = 0.18 kip tension Bl = & <N
swer diagram is shown in Fig, 111, A ra) e ral
+ 8 i e )
L SRR T R R |
.|-HFI S " ! . v 7 - b
o -3 o Myrnbert in & 1 ore Greas nsgn.
o s E=10p005n"
xEncisn B4
£
{a-Values of 1y %”* 32, Induced Reactions on Statically Indeterminate Trusses Due to
ag Yielding of Supports. As dizcussed previcusly, the yielding of the sup-
ports of o statically indeterminate structure induses external resetions
; 'f? and corresponding internal streszes in the strueture.  The reactions may
o

be determined by the method of consetent deformation as follows; (1)
hoose & basic structure which is statieally determinate by removing
the redundant supperts {the yielding support must be considered as
redundant); (2) apply the conditions for eonsistent deformation to the

rél-Volues of w,
£IX 1

=

Ll T e T points of application of all redundanis.
P d-Viatoe o P Example 49. Determine Vo, Ve Ve, a0d Vi caused by o §-in. settle-
[ B ment of the support at L. (Fig. 112).
- H — =f1r:.d'“
ot b i e 2Y_thos i L R
fiad- +20.95 times valups “‘f#'.\: 4578
P T
i 2
]
L .
+LEF S ™ - iy La Ly Li Ly i I iy
et} Wik e o A7 Tl Sed i Vs T
EE’EE 'y »—J’ i';lit a j” ﬂ hEl-l" BLII;F_J:.JWII?' I:"f!
At .- o 2 -';ﬁ' Area of alf fmrjinﬂfﬂfmfn?&frfFEﬂig‘.J}].
Syl fogether et 4018 Fimies values of o, Arga of aff verticol members = F 5. i,
~ Area of all siegoral b = A
e 471 7
fert
A
TR
=TT et ‘ ! I
i sy
Bp= 20T,y r ek 2ATE &
dpis o I- Angagr di 76,97 ek Fi.28k 2n.56%
Fra, 110. i r&)
Fia. 111,

Fra. 113,
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Solution. It has been computed in Example 45 that, of the simple
truss supported at L and L only,

1. A downward load of 1 kip at L. causes
a. A downward deflection of 4.4631 > 10-% in, at L.
b. A downward deflection of 2.3844 > 1077 in. st L,
2, A dwwoward load of 1 kip at Ly causes
a. A downward deflection of 23844 > 102 in, at L.
b, A downward deflection of 4.4531 X 10-% in, at Lg

In the present problem, let the unknown reactions be Vs kips down-
ward at L: and 1V, kips downward at Le.  From the conditions of goom-
etry it follows that

(44531 2 10-5(V;) 4 (28844 X 1077{V) = +0.500
(23844 > 10-N{Vs) 4 (L4531 X 10V =0

CHAPTER VI
THE THREE-MOMENT EQUATION
o o T

83, The Three-moment Equation— Derivation. The three-moment
ution expresses the relation between the bending moments ot three
rrapive supports of a continuous beam, subjected Lo & certain applied
Wling on the various spans, with or without unequal settlements of
ports. This relation can be derived on the basis of the continuily
the elastio curve over the middle support; that is, the slope of the

Solving,
V.= 415741 kipa or ¥y = 157 .41 Lkips downward a':—
Ve = —84.28 kips or Ve = 84,25 kips upward "'Iq_ L
_E| Sal. TER P _-’__r,. |:"r
By statics A 5 | s
i e S =)
¥y = 06.00 kips npward -—':"‘:'——--—E-i:
Py o= 23 86 ki - '
¥ ips downward =5
The stresses in all members eorecsponding to the foar renctions as
ghown in Fig. 112h can then be computed, |
- +
EXERCISE i I | i ‘
BE. Determing all renctions indueed toaet o the triss owing Lo u vertical sattbement e fal -
of % in. at the second support.
(/—/_Fz; Ay '__.-F'”'J
L] " |3
ks il
ﬂ-’r F‘"-I k
Aren of all horipande] membirs = & sq.in, ‘e
Area of ofl disgonol menbers =4 .00, Fra, 1L

E = 10.000R/ind
ExERcas 85 \gent at the right end of the left span must be equal to the slope of the
igent st the left end of the right spen, The derivation follows:

Let AR and BC, Fig. 113, be two adjacent spans in & continuoua beam
A which owing to unequal settlements supports A and € are at higher
‘lsvitions than support B by the amounts b and kg, respectively. TLet
M, M, and M. be the moments at A, B, and ¢ where these moments
13
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ara poaitive if they cause compression in the upper parte of the beam.
Now consider Fig. 114, whers the moment diagram on span A B is broken
into two parts: Fig. 114h represente the moment dingram A due to the
applied loading, with AR considercd ne o simple beam ; Fig. 114e ropro-
sants the moment diagram resulting from the moments st the supports.
Figure 114a repressnts the entire moment dingram, o the sum of Fig, 114b
and . (For simplicity M, and Ay are shown of the same sign ag A,
slthough usually they are negative and A s positive.)

L My A Ay
E&EDIJI:EELEEE@:EEII:EIEALUEEL > oy
A 8 A é -+ - i

&l

Al fe)
Fra, 114,

STATICALLY INDETERMINATE STRUICTURES

_.

fiend

Figure 1138 represents the moment diagram on the two spans A5 and
BC broken down inte parts just as is the single spon AH in Fig. 114,
In the usual problems of analyeis the ample beam moment diggrams
Ayand Asare known, and the object of the analysis i= to find the momenis
My, My, and My at the supports

A relation between MWy, My, and Me can be derived from the condition
that the beam iz confinuous at B, or the tangent ai & to the elastic curve
B4 1% on the same straight line as the tangent at 8 to the elastic surve
B (Fig. 1183a). Expressad in another manner, the joint £ can be con-
siderod as a rigid joint, and the tangents at & Lo the elastic curve on
eseh side must remain at 180° to each other.  In Fig, 1132 a tangent st £
1edrawn, and from the condition of cordfnwy discussed above, the follow-
ing equation is obtained,

- (48]

in which
A'A" = hy = AA" = hy — (deflection of A4 from the tangent at B)

1
ElL

JH.J'Lt

[J‘ilﬂ: - 3 ‘HBLL

Il] + r ':ﬁf;;:':l

(49)

=k, —
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nnd
OO = " — ke = (deflection of C from the tangent at B) — he

- I:-Lh [,1,5. E*ﬁ‘{gm i -"1“"”::%.)] ~ ha (50)
i-iul:-al:ituting Eqa. (10) and (50} into Fq. (18),
?fl E; (A + lsldeH LM L]
= g Mo + 3Mel3 + HMEY ~ 32 1)
Multiplying every term in (51) by 6 and redusing,
M{L)J,..nr( —:)1 an( ) -
HUAS W T

Faquation (52) is known as the hree-momend aquaiion.

34. Application of the Three-moment Equation to the Analysis of
Statically Indeterminate Beams. The three-moment equation can be
used to analyse statically indeterminate heama. For example, it is
eequired to analyze the continuous beam of Fig. 115, which is subjected

£

S R
A a (' o '3
Ifac. 115

the applied loading shown. The beam is statically indeterminats
the third degree but will be completely solved when the bending
pments at oll supports are known,  The moments at supports 4 and E
be easily found by inspection. For determining the moments at
pports I, €, and D, three three-moment equations can be written on
basis of confinuity at supports #, €, and [}, In other words, the
wnding moments Ms, Mo, and Mo are chosen as the redundants,

| the conditions required of geometry are those of continuity, which
i be expressed by the thres-moment eguation. Thus there are as
pivy conditions of continoity as there are unknown moments at the
Mermediate supports, Once the bending moments at all supporta
lnown, each span can be treated separately as being subjected to the
plied loading on the span and the end moments, Bhears at the enda
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of each span can be found by the lews of statics, and shear and moment
diagrams can be drawn aceordingly

If the continuous beam has o fized end, the bending moment at the
fixed support is eme of the unknowns (Fig 116} This case may be
treated as follows: The condition required of grometry which corresponds
to the unknown fxed-end moment is thal the slope of the Langenl at 4
ig gere, Thiz eondition can be met by adding an imaginary span Apd

gecbeeeagrirrd gt

fa - Combinumos bearm with fioed end

S Wﬁ”{'”myﬂhm%%f

1-—L'E_:i_,_}4"ﬂ'.vagimrp Sy et oy Seag e Lo
Aot off ingréar af all sechons = Frafiie i].-'
F&d- Equivalen] geticupus beam
Fia. 116,

of any length L. simply supported ai Ag and with an nihmitely large
moment of inertin at all sections,  The three-momenk el iom, when
applied to the spans Agd and AB LFI;;;-:. 6wl 1071 becomes

' L F ) | i

Noting that My = 0 and Lo/ w = Din Eg. (53},

OM.L  Mal _  BdAa  6Eh
I_?_u |: “—1  Transforming Eq. (54),
A M.L ML . :
d, E (% o7 EW ':'H Hr Ej‘ Ky . :: (5D}
e

By the conjugate-beam method. the left side
g of Eq. (55} ia the angle & (Fig. 117) Letween

=% T the chord AR and the tungent. at A, which in

5 l_{ this ease should be equal to kL becanse the

A tangent al A must remain hosizontal,  Thus

i Eq. (53}, instead of Eq. (53), con be usrd LO
express the condition of geometry required at the fixed suppart

PHR PHARE MOMENT EQUATION 125

[n deriving the three-moment equation, Eq. 52, the applied loading
and unequal settlements of supports are econsidered simultancously, In
practice, it is found more convenient to consider the effect of each
separately so that the designer may understand how much bending i
raused by the applied loadings and how much by the predicted amount
of unequal settlements.
~ Example 60, Analyze the continuous beam shown in Fig, 118a hy
using the three-moment sgquation.  Thraw shear amd moment diagrams.
Bketch the elastic curve.

% gk &k
J.ﬁ'.l'?f P & "Il?r | 4’ L P
A O £ -
i e -
a1 P | i
i i ¢ -1
F i 24 i3

rai-The giver beam

f&.)-Momen? dingrars on the simple spans
resudting from Hee opplied lpading

-

Ag =(29240 =T
L .

-

-
L . T
' Y. F 5

=17

fcl-Memgnt disgrems on Hee sirple 3paAns
due b the erd moments

e, L8
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Selution, ‘I‘hu_mnmenn dingrams on AB, BC, and €D by considerin g
each 55*;“ s o simple beam are shown in Fig 118b. Note that, for
BRI » Beparate moment disgrams are drawn for the uniforin load
and for the concentrated load, ;

By inspection, My =0and Mp= —18 kip-lt (negative becauss it
tauses compressive stress on the lower part of the beam at ).

Applying the three-moment equation ta

Spans AE and BC:

12 12, 2 24
M (Ef) L ('E.I i i[i'j) T Ma (‘1‘:"11)

- _ B0 @)E,1002)
3012) (100)(24)
dpans BC and D

24% 24 12 12
AMa (mf) il (iiﬁﬂ* 15 ﬁf) T Mo (z_.r)
o BETWL) 60

(024~ (@hiaz
Bimplifying,
IE 3.“}. -I' 2'1'-_1'&.{:- e —1,5553
24Ms + 108Me = —1,4952
Bolving,
My = —107.70 kip-ft
.lf¢ = TF 52 ki[.l-.['t.

Before procesding any further, it iz well at this point to chack the
correctness of Lhe values determined above for M, and Mg This ean
be dene by ehecking #n in spans AR and BC and #- in spane B and ('D.
Uﬁ]:g the conjugate-heam method, it is obvious that the total moment
diagram on cach span is the sum of these in Fig. 118b and ¢,

Applying the conjugate beam method to

Span A B;

fiedg e kipft? :
By = .E—{ET.]‘ [+4, — ,J;E'!..:.I = — 7L G0 _%I_ cloclowlse
Span BC';

1 I 1 k- v
% = Frior s + 49 — e = 44 =+ 7150 TPV oo

FHE THEEEMOMENT EQUATION

127

a0k ik gk
TR ane | v I J—l
St ALET H%

Frdreackons due g |*O A 1 B B B
W cepliod foading [0 |on 2
Ernd Frackans dwe | g — ra20 ledam =dgas 0
1 Erna g P _* =

77580 [HE6IS  +uiE |48

R L
e e L

R thaut | RgeRIEk

fal- Determination of resctions

+ 5420
*(E EIF
AROTE Lot o a L L )
58—, S S i
' LT R 520 P it
goa’
—H.5H 12 550
fi1-5hear diogram
TS
] r
#ITEE
P e

TR o U i aiit A

L moot  osu¥
P B bl e
: -‘"""'r---—. i i

faf)-Elashic curve

Fig. 119,
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Span B

l -
bc = grion W64 + 4s) — 340 — 344

kip- ﬂ- contereloe kwisne

= 8028 — ~F7

Span C0:

| 20 :
xS E:rmr*.'[{ﬁh:a_;““* iy — g,

= —&5 2 125}— countercloslowise

It = to be noted that My and W o were found on the basis of ettty
at supports £ and ©) e, by the three-moment equation.  Their values
must be checked accordingly, by the requirements for uun.inull} at B
and £': dy in spon AB = # in span B, and #: in span BC = #c in apan
.,

The reactions are determined as shown in Fig, 119z, The total end
reaction nt the end of cach span iz equal to the sum of the reaction due
to the applied loading on the span (simply supported) and that due to
the moments at the ends of the span,  For instance, the sim of the end
moments acting on span BC i3 107.70 — 73,62 = 34.08 kip-ft couwnler-
eloehiwize, which requires a elockwise reaction couple, or an upward
reactlon of 3LO0B/24 = 1420 kips at &, und a downward reaction of
LAZ0 kips at €. The total reaction to the continuous beam at support 8
is equal to the sum of the end reaciions at B to spans 84 snd BC, or
By = 26975 + 35420 = 6239 kips. After all reactions are deter-
mined, the shear disgram is drawn aa shown in Fig. 1195 The point of
zero shear on span AH is at 9.025/3 = 3.008 It from support A. The
wren of epeh braneh of the shear diagram is computed and is indieated on
the ghear disgram. The moment dingram is plotted as shown in Fig,
1189, the relution that the change in moment between any two points i
equal to the area of the shear dingram between those two points being
nsed surcessively between convenient points. By so doing Mg and M,
gre checked buack to ba — 107,70 and — 7302, respectively, thus indicat-
ing that the reactions found above are correct.  The gualitative elastic
aurve is shown in Fig, |19,
~ Example 61. Analyse the continuons heam shown in Fig, 120a by
using the three-moment equation.  Draw shear and moment diagrams.
Slkoteh the elastic curve.

Solution. The moment diagrams on AB, BC, and €D obtained by
considering each span a2 & simple beam are shown in Fig. 120b, Since

THE THREE-MOMENT EQULA THON L2

| From X (! o S = + 2r
’
| Lo L Fgr I

L

- Moment diagrame on the simple ipers
resulting feom the applied loadicg

fch- Momenl diagrams on ihe simpla $pans
dut to Fhe end rmemenis

Fac, 120

mipport A is fixed, an imaginary span, Ao, of length Ly and with [ = =

at all sections, s added.

By inspection it
Mo = —18 kip-t
Applying the three-moment cquations to

Spang Acd and AB:
: 12 (6 (432)(E)
M (Ll:l + 2M . (; ) + MH (3_1- e [EI-.F-E 12?
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Spans AB and BC:

12 12, %4 24
& (3:) bl (37 + iﬂ]") + Me (m

- _ (O)0432)(8) _ (8)(3,744)(12)

Spans BC and CD: (811(12) (107)(24)

s 3, .14 12

_ _ [D@m012) @)

Simplifying, (LD} (24) (2r){12)
EM. 4 40Ny = —~ 432
AMa+ 128My + 24M; = —1 5559
H.u,hrir]g} I ?-"1”1 o lﬂl.ElJHe = —-1,495.'2
M, = —0D.18 Lﬂ]?—rt
M, = —107.64 kip-fi

Mg = —T73.62 kip-ft

) It can be seen that the moment required to hold the
in t-]-ua: horigontal position is very amall; because 8, is only ﬂ?[?]lff::-bn?t’lﬁ'j}
{Fig. 1194) -n_rhcu there is a simple support at A a8 in Example 50. j

F_ur checking the values determined above for M., M, and M tha
conjugabe-beam method is agnin used to find fay O, and 0. The moment
disgram on each span is the sum of those in Fig. 1206 and ¢.

Applying the conjugate-beam method to

Span AEB:
1
gy = BT [#41 — §4; — 4] = 0

1 e
By = B30 [Fdi — gds — $4d = 7064 kl%'f_t olockwize
Span BC:
g5 e :
bs = griop B4r + 4a) — §4;1 — 4] = +71.64 E;I;;f i
1
b = grion A + Aa) — 4, — §4]
kip-fe

= +85.25 —gp tounterelockwise

Span O

Sem
fe = E@l) [fﬂTﬁ'ﬁ’j S H“]
—85.24 ]il.g*.}fl' eountereloclowize
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The rerctions, shear and moment diagrams, and the sketch for the
wlastic curve can then be found in the same way as in Example 50.

.« Example 62. Analyze the continuons beam shown in Fig. 121a in the

puse of 8 i-in. settlement at sopport B, by using the three-moment

geuation, Draw shear and moment diagrams.  SBketch the elastic curve.

L
A 8 [ Hf
P ,,ﬂie.- 2 o iy
: ar s w0r e ar
127 24! L
: £ 30,000 »r?
£ s | papin?
fen )
e = ol
SELS! 20130 a

-E-_::'*T””"“; ‘j;““‘aasm 5626 [~ 30054

Rys rETO06%  Aye-TTOR0%

ih)-Delerminabon of reachions

+AdAR
oA

& 7
| i FIOnEE |

= i5d, 70

=254
fel-Shear dingrﬂm

+ 54 E 5

@ )-Mament disgram

15

= d4722e 0 rnd c o
i =
LS ¥ e w7
. -
Taﬂgr.-#.ﬂl &
fel-Elashic curve
Fra. 121,
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Solution. When there are unegual settlemonta of sapports but mo

applied londmg, the three-moment equation Deécomoes

L I] [ .I'.:. ki L-= = [}E.hﬂ I:I.E&r__'
‘"‘( )”"’(h * ?:) holle (T) iy ingde e o

where the notation is a3 shown in Fig 1131,
Applying the three-moment equalion to

Spars AB and B
12 f1z 24
H"'(ﬁ) 1‘3“-:]'\.._:,'! 191)"‘“'&(@)
== ﬂE{-]-ﬁ ) ﬁEL_+k i)
{IF % 13 in. ' (24 12) in.
Spana BC und (°D;

29 : 7 | 12 12 BE{ =5 In.)
M mr) + “""*( 7 ! ) + """(aa'f) =t Er

# Making M, = My = 0 and simplifying,

'[13- BMy + 24M ) kip-it* = 651042 kip-ft®
(24005 + 16.8M ) kip-Ft® = —2, 170,14 kip-ft?
Solving,
Mz = +547.51 kip-ft
M — 207 .39 k'lp—f‘t.

The reactions, together with shear and moment diagrams, are shown
in Fig. 1216 to d.  The sketeh of the elastic curve is shown in Pig, 121e,

As & check for the correctness of the value for My determined above,
the slope of the tangent at B, as computed from span 4B by the conju-
grte-beam method, should be equal 1o that from span BC. For o check
on Mo the slope at £ computed from span BC should be equal to that
from span CD. Bee Fig. 121,

Blope of tangent at B as computed from span AB

1
— o — - 1‘. 1
3.4722 % 107 — o (342)
=S4T % 10— L (143,285 .06)

[0 O0C 3, L
= ==00E19 % 10* rad counterclockwise

Slape of tangent at B as computed from span BC

1 1 .5 A
= 17361 = 10~ — mfﬂ:ﬂﬂ ¥ TOET (g4

o A0 144 T i
= L7361 X 10~ ~ ooy L8 (6:57012) — ()(2,488.68))

= +0.0819 % 10~* rad counterclockwise

Blepe of tanygeLl

Slope of langent

— Example 63, Analyze the eontineous

vi K THREE-MOMENT BQUATION

at C a8 computed from span BC

| " »
= L.TAGL X L[ e 1-'7”?:? [§:12 ;‘flil
144 §.570.12) — (3)(2,488.68)]
= A0 X o= [W} i_':h]{
= 19808 X 10 -3 radl counterelockwise

at €7 as computed from span £h

M4 () 21434
A Em; (3400 = ;00000 F )
= 10009 % 1077 rad counterclockwise
"Phus the two conditions for continuity 8t supporis B and € pre seen

d.
rrechness of the selution I8 LAEnEe
b g L shown n Fig. 1220 owing

ik
tor Lhe effect of & dan. settlement at gupport B, by using thﬁ.-_.l_-h:wl_,mmr:ﬂe
equation, Draw shear and moment. diagrams, Hketeh the clastie cu

Selution. Applying the three-moment equakion,
GEhe

n 4 L Ly _ 4 OBha  Dfe
M.:.(L—‘;l) 4 2, I’ )a—nﬂ:() el
{1
Spans Agd and AR

T
M, (%;‘) + 2M. (‘;_: +57)+ ﬁh{ ) Lpt 144

Spans AB e RC:

12 12 g ( = l-ﬂﬂ( %) St (-;;g)
:I-r,q (_J) = 3*“! 3{ + !ﬂf v E
Spans BO and O

[ () _.+
s g I ke (_14) e +E-H(; )
'H"‘('l_[ﬂ + 2Me (mr L 4 R VT JET
Making Mai, = Ms = 0 and simphfying,
- — 28 kip-fi?
BAL: + 4 q 340
451:: 4+ 12.8M: + 24Mc = 4 0,510.42 k}p—l't.:
9 4Ms -+ 16.8MHa = — 2 170.14 kip-ft

Balving, M = Sordz e
Mn = +55ﬂ?ﬂ ]ﬂ.i.p-ft
Me = —252.00 kip-it
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:-:E"' 4 L1+ [ i The reactions, shear and moment diagrams, and the slastic curve are
A4 ke | g P shown in Fig. 122.
) Far checking the values of My, We, gl M- found above, the slopes
{=on b3 ar ol ihe tangents at A, B, and € are computed by the conjugate-heam
da iz’ P TN method (gee Fig, 122d and ).
£= 30000 in:
£+ 1,000 n? Blopo of tangent st A as computed from span AR
Fy 1
= 24722 % 1073 | e A — fds) =0
ST 3¢ e~ ’ S g
$TAL 5% 76
G g Blope of tangent at B as computed (fom span AR
iﬂiw;ﬁr B v Y ] B FHETES [ FLE00 - JA000 L . 1 14 oA
LA T o PRI = FATER 10 BT (FAs — §d4)
L Ay | = 10815 % 10" rad elockwise
r&d= Dedermimation of readiions
Blope of tangent sl B as compubed from span BC
AR 1
’ L X
. L7381 % 1072 + porery (F4s — $43)
Tena = —1.0215 % 107 rad clockwise
=1L TR = Hlope of tangent at € as computed from span BC
—45. 707 E
fcl-Shear diagram w1 TREL 3 _]'_ idy —
e q 1.7361 » 10-% + Eriol) (fAs — 44
Aya TS 55 = 42,4192 » 1077 rad poun lerclockwise
gl Slope of tangent at C as computed from spas ch
/ElJ {g: 7T = F'(liﬁ ll'j_-'l.,} = -|—E._41".;I2 w10 rad -u:rruntl::h"lﬁnkwiac
Ay v SFIL5D 25709 f

Thus the three conditions of geometry at supporis A, B, and € are
antisfed, and the correctness of the solution is assured.
fedd-bgemerd dingram
EXERCISES

?k-‘.lﬁl;':.l' e
o 2 8 and &7, Analyze the continuous besm shown by vse of the three-moment equa-

» ﬁf fion. Drow shear and momaent dingrarns, Fketch the elsatic surve.

2 o : kS
_...-.——-'"-'.- .r.* i E" Er
“ 4 EI.ar,-w _i|
fal:Elaghc curve I . ) | = - &
Fia. 123 R : i 2
i " '
Exznci=sk G5

—
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k
L i
.s__| pakir el .1.6_..§
| £
] P P =
2 ] ar I
iz | A e
Exenersg 67

<88 and 08 Iiy use of 1.| i |.|I Peo-nongedil Lt Y i Y Y CL RTINS Ill'ﬂ i}
(FL iLEIom MHJ e t-1
"b: IR OWITLE to i -'ibbl.lﬂllll:lll. DE E'lﬂ'l i uk B I" t!' LI]“" HI"‘“' ""II' THHRELE

dingrams,  Bketeh the elustic curve
4"
| F & & 4]
LY T A
i’ ! e 2
£= 1,000
I ;ﬂnlrl.*
Exunoise GR
’J
g g £
0
7 ST T T S E
i
BEED les Losiil vl f
E= 2 am"n?
f= g

ILxxpaci=n G

T amd T1. -"-lm-l-l_ﬁ"ﬁll the continmeus beam ahown I'.T s of the threc-momenk BOE-

tien. Dreaw shear and moment disgrams,  Sketeh the elistic cirve,
L
S e’
: - E
A3 P T i
PR 1 _I[
Consiant EF
Exenci=g 70
T e
ki : e o
maeronencn=iB DNURAEREREEREEE ]
A ; i 8 e 2
pt tel ' b i
Consfant £F

Exenci=e 71

CHAPTER VII
THE SLOPE-DEFLECTION METHOD

4B, General Description of the Slope-deflection Method. The slope-
flection methed can be uend to analvze all types of statically inde-
minate beams or rigid frames.  In this method a1l joints are consid-
d rigid; £.e., the angles between mombers b the joints are considered
{ to change in valu@ a8 londs are applicd,  Thus the joints at Lhe
ferior supports of statically indeterminute beams ean be eonsidered
" rigid joints; and ordinarily the juints in rigid frames are 907 rigid
When beams or frames are deformed, the rigid joints are con-
sred Lo Totate only as a whole; in other terms, the angles hetween the
npents 1o the various hranches of the elastic curve meeting at a jeint
siin the same a2 those in the original undeformed structure.

In the slope-deflection method the rotations of the joints are treated
un unknowne. It will be shown tater that for any ene member bounded
by two joints the and moments ean be exprossed in terma of the end
atations. But, to satisfy the condition of ecquilibrium, the sum of the
‘il moments which any joint exerls on the ends of membera meeting
here must be zero, because the rigid joint in question i« subjected to the
it of these end moments (only roversed in direction), This equation of
i uilibrium furmishes the necessary conclition to eope with the unknown
putation of the joint, and when theee unkpown joinl rotations are found,
the end moments can be computed from the slope-defiection aquations,
which will be derived in the next article.

The theory in the preceding paragraph will be further clarified by the
following example: Suppose that it is requited to analyse the rigid frame
of Fig, 123, loaded as shown. This frame is statically indeterminate
"ty the sixth degres. The method of sonsistent deformation conld be
ised, but the amount of work involved would make that method too
lahorious. It is to be noted that, in this problem, beciuse the frame is
Lept from horisontal movement by its conmection st A and from vertical
movement by the fixed bases at I and E, and sinee axial deformation of
e members is usually neglected, all joints of this frame must remasin in
{heir original locations. (The cases in which some joints may change
poitions when the frame is deformed will be taken up later,) Clockwiss
joint retations are considered to be positive, such as are shown in Fig.
157
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123¢. The [rea-body disgrams of all members are shown in Fig. 1235,
Al any ¢ne end of epch member, there are three reaction componenta:
direct pull or thrust, end shear, and end moment. The end moment
which acts at end A of membeor AR is denoied aa M that at end B of
member A8 as Mas.  Counderclockudse end moments neting on the
members ave sonsidered to be pesitive, positive end moments being shown
in Fig. 1230, It i3 possible, by the use of the slope-deflection equations
to be derived in the next article, to express the end moments of each

", a

"
*g | =B §d ain k53 | L &
i & |=::.- ; Dﬂ&l
v ﬂ;ﬂl ] |
]
W e e
- L]
i M L |D"r"rlf-.l'
fr -Rigid frame . Mo M
e EIQ € 3
{
Hﬁﬂcﬁaﬂx ﬁ-a{:_.\i_rﬂ- o -G bl 52
G U
fcl- Fres body disgrami of joinky e
Undy moments :r:ﬁl'crmll Mg
E
e
ralfree body dizgromg
of regmbars
Fra. 12§

member in terms of the end rotations and the loading which actz on the
member.  Thus the eight end moments in this problem can be expressed
in terms of the two unknown joint retations, The free-body diagrams
of all joints are ehown in Fig, 1232,  Of courss, the action of the member
on the juint consists of a foree in the direction of the axis of the member,
& foree perpendicnlar Lo this axis, and & momens, each being the opposite
of the action of the joint on the member., In Fig. 128c, only the moments
are shown. These moments are drawn in their pesifive direction, which

'E.u_..:bmﬂ:wz'.ge. For equilibrium, summation of all moments acting on each
joint must be garo.  Thus

Jolnt condition at B:
Mps + Mue + Map =0

THE SLOPE-DEFLECTION METHOD it

Aokt condition at €3
Men + Meg =0

e above two oguations are necessary and sufficiont to determine the
Wliies of 85 and #e. Al end moments can then be found by subslituting
e known joint rotations into the slepe deffection cyuolions. DBy the
Sl viples of statics the direct stress and shear and moment diagrams for
pieh member can be found,
* I hus been ropeatedly peinted eut that the snalysis of statically inde-
Frinate structures mush satisly both slalice and pecweedey. In the
Blipo-defleetion method of analyzing rigid frames the conditions required
il Lhie geometry of the deformed structure, which are these of the rigicity
bhie joints, ave satisfied at the outsel by ealling the joint retation one
fhgle unknown b each joint, Thus the conditions of tatice, requiring
¢ {he sum of moments acting on each joint be zero, are used to solve
b the joint rotations,
' B8, Derivation of the Slope-deflection Equations. In the slope-
plloction equations the end moments acting ab the ends of & member

g & noB 3 o o e
g e My
) .E.,}I_’?,_%Jﬂ_= 3 A | +¢;H4.]L.ﬁg_—ﬁ]___ i
J LTI T L T Gy *

farid L] fclk i}
Fra. 1234,

expressed in terma of the end rotations and the loading on the mern-
Thus for span 45 shown in Fig. 124a it is required to express M,
el Ao, in terma of the end rotations &, and 8y and the applied loading
B ind P.. Note that the end moments are shown as connterclockwise
Bkl five) and the end rotations are shown as clockwise (positive).  Now,
ik the applied loading on the member, the fixed end momenta, My,
il Mypge (both shown as counterclockwize) are required fo hold the
Wigents at the ends fixed (Fig. 1246), The additional end moments,
I and M7y, ehould be auch as to cause rotations of 8g and Jp, respecs
ly. 1f 8., and 8s arve the end rotations cansed by M7, and f4p and
by by M (Fig. 124c and d), the conditions required of geometry ate

I’.‘ — —I.l]'n_ + B'n:
ﬂﬂ = 'ujll. T al-l‘.l

(56)
¥y superposition

M.I.l=' Hr.qn"‘ﬂ'f:q

a7
Mps = Myga + :'I:f;, { :I
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By the conjugate-heam method

ML ML
== - " L
iR o L
ML ML (58)

iz = BT Fay = IET
Substituting (583 into (58),

o MET BT
LAy L 7 3
oe = ML _ M (52)
BT s BT
Solving He. (39) for A, and M},
W, = + "H;’fl‘ 28, — 6a)
i (600
M, =+ T [ =28n — f,]
Substituting Eq. (00) into Bq. (577,
2Er
Man = Myan -+ -.r_':' 20y — W)
2E 161)

M.H.-I. = -1EI"H.-I+ —\-L— E_EEH o Ed:l

Equations (G1) are the slope-deflection equations which express the end
moments in ferma of the cod rotations and the applied loading. Note
again that counterclockwisze moments acting at the ends of the membepr
(M an, Mog, My, ondd Mensh are positive and clockwisé retations (84 and
#g) are pozitive,

The easze in which joint & ig defleeted by an amount A in the direction
perpendicular to the original axis of the member will be taken up later,

37. Application of the Slope-deflection Method to the Analysie of
Statically Indeterminate Beams. The procedure of analysing statically

O T e |
i #“'ﬁ e D

Tiee, 125,

L

indeterminate beams by the slope-deflection method i= as follows (gee
Fig. 1256):

il compute the end moments.

YHE SLOPE-DEFLECTION METHON 141

1. Determine the fixed-end moments at the ends of ench span, naing

the formilas shawn in Fig. 124,

||'Jl
A = = & =
2 =
34 a4
I L i
1 I
Lanstand ET Comsfant €5 '
2 ol T Band __Fba
Hm.r:*'fé:"‘ s~ Meag=+ <7 L Ty
fid fal
Fro. 126

4. Fpress all end moments in terms of the fixed-end moments and the

G i r sl Mertion couations,
gint rolations by using the stope-deflect: : |

% stablish simultaneous equations with the rotations at the supports
s ko s by applying the conditions that the sum of the end moments
muting on the enide af the two members meeting at the support should be
LI .

4. Bolve for the rotations at all =supports. ; .
I 5 Suhetitate the rotations back into thie slope-deflection equations,

i Determine all reastions, draw shenr ard moment diagrams, and
sketch the elastic curve
Example B4, Analyze
wope-deflection method.
Lo clastic carve. :
Solution, In the slope-deflection equalions

agr
Map = Mean +-'L'—1'.—'3'3'4 - Bg}

H:m. - Mnu + %ﬂ. — s — Fl':'

the continucus besm shown in Fig. 127 by the
Diraw shear and moment dipgrams.  Bhetch

erdFoient 2RI L before the parentheses ia different for each span
I?F11L:E:L{=E]F;:Iﬁtmlués for all spans are made N times s:n:'-allw, the eflect
will be only to make all # values N times larger, while the ]}ruduul{sl
W the expressions 2E1/L and {— 2w — f..), or the va_-.luen of the ana
moments, Temain unchanged. If the absolute mgmtuduﬂ of the
wilues are not of direct interest, therefore, the rcl;;twe values of E:EJ"..-"L
Wit be used before the parentheses. If the ]‘l';:lﬁt.wﬂ -r'allnus of I/L are
salled the relative stifiness, K, the slope-deflection equations became

M.LE = E.H;.u' + K-‘I.i{_ﬂ&d Al Bﬂ} ftﬁ?':l
Mu e .M-ru + K.ﬂj{._wﬁ e ﬂ.l}
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L g ik
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A&l 1] JT:I-_ITI"H—J—rrrr Tl 1
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o r | 2f £
AT 24 3 i3 i
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Ena reagfing oo
A erd mornante | 0T VEEEGE TR0 ~AZ0 |+AGIF  -d635
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R Rl 10870 (o)
T 550 19
i ra
L —pE A ~hJEE
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A g £ e
il g, - £
o e A o
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Relative Stiffness.  In the present example the values of the relative
atifiness are determined in Table 54-1.

TarLe Sd=1
SRR ey BC oD
! T I e ai 1ar ar
Lo e A s et 12 % 24 12 it
o R | B B 10J 24 T
e & B X
FMized-vnd Momenls
k PRl
Moan = + BX2F 436 wip st
JLr.-'E.q ] _Eﬁ' E.l]_:"-:“.
Mrwe = + P 4 (yi20)29) = +158 kipe
fif,rr;.l = —15f) kip—ﬁ-
i
Mres = + S2EEE = 42 kipfo
= QBB .
Mepg = (1%)7 — 16 kip=it

Slope-deffection Bguattons, By using the medified slope-deflection
puations (623, the following expressions for the end moments are found:

Man = +36 4 3(—28, — 8) = +36 — (8, — 38,
Mapa = —86 + 3(—26: — 0a) = —30 — Gp — 3tha
Mag = =156 = H—205 — fe) = o= 156 — 108p — dlg
Men*s —156 4 5(—200 — 82) = — 166 — 108; — 56
Men = 432 4 2( =28, — #;) = 432 — 40 — 20p
Mpc = — 16+ 2( =280 — #¢}) = —16 — 48 — 20

Jaint Condilions

Joint A:

Mig=10
Joint B: :
Mss + Mge =0
Jaint C':

MEJ -+ Hr-'n = [
Jaint Ik

My = —18 kip-it

S -
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(Nota: End moment acting on member O at I is 18 kip-it clorkwise, or
prr_l = — lE k.li:l-fl...:l

Simulteneons Eguafions. By subsiiuting the slope-deflection equa-
tions inte the joint conditions, the following simultaneous equaiions are
estabiished

Whistituting [h) inlo (a),

~(@, — 35.708]1 = —36
8, = +0.03365 ()
bptituting {3} 1n0to (d),

0% 4008 — 48, = —32
B = +7.0025 (k)

The method of elimination is uaed. When the value of 8 is found in
| #: mav he fonnd from either (¢) or (), but () 8 preferred because the
pificient of 8- in () is predominant; thus a greater acouracy is preserved.
Ot the same reason, values of #, and #, are computed from {a} snd (d),
stively.

Concpulation for End Moments

an = +30 — 68, — 3w = 430 — (B)(--0.083056) — (BM{+11.9327)
. =D
ga — —306 — G0y — 30, = —36 — (B)(+11.9227) — (3)(4-0.03365)
= — 107.70 kip-t
g = + 156 — 108y = 58 = 4156 — (10){(+11.9327)
— (53— 142049} = +-107.70 kip-t
g = — L&G AT Mg = — 100 — '!H:FH— 1423048
— {514+ 110327 = —T3.62 kip-It
432 = (43 — 1420400 — ()47 GOLE)
= =75 3 kip-Tt
— 16 — (4} 4T.6025) = (2)(= 14.2049)
= — 18,00 kipit

Mote that the four joint conditiona MWay =00, Mai + Mee =10,
Hr'n’ F Mep = 0, ond Mee = — 1B iﬂ.lp—ﬂ are aptisfied,

" Reactions, Shear and Momend Diagrams, and Elaslic ("wee. The end
moments determined above are shown to act at the ends of the spans
(Fig. 127). Note again that positive esd moments are counterclockwise
When acting on the member. The shear and moment dingrama are
pawn ag umal, The sketeh of the elastic curve, with relative slopes of
Bangents at the supports known, i also shown in Fig. 127,

Example 55, Analyze the continuous beam shown in Fig, 128 by the
plope-defieetion method,  Draw shear and moment diagrama.  Sketch
the olastic curve.

Solution. The walues of the relstive stiffness and the fixed-end
momenta are computed and shown in Fig. 128. Extreme care must be
prercized in determining these values hecause the subsequent computa-
lion, even though its own correctness can be checked and thus assured,
tapends nevertheless on these preliminary quantities,

LS

=
—Lfly; = 3. = = B} ';'-!]']
—30, — 1605 — G = —120 (b

— 5y — My — 20, = 124 ie)

. L)
L |
L

Note that if o disgonal 13 dravn downward Lo the right on the ety side
of Eqe (2) to (), not anly are the cocflicients on this diagonal predom-
inant in their own eqguations, but the viher coefficients are synimelrical
with respect ta this diagonsl,  This can be proved to ba alwaye Liae by
the nature of the slope delleciion couations and the joint conditions.
In grder 1o abserve this phenomenon, which sometimes serves as a cheek
it i important to arcange the unknowna in the order of 84, fu, fc, and 8o
along 1he hotizonial diroetion and the jeint conditions in the order of
joints A, B, C, amd 12 in the vertical divection.

= 432 — e — 2y,

Seluiions for Kelaiive Values of Toiut Hotations

—{iffy — S m = i} {m)
—368, — 168, — 0. = —120 )
il 148 — 205 = 124 [}

— E-ﬁr.' = "i-ﬁ']-l o T 2 li.l!}

Bubtracting twice () from {al,.

4+ 208 + 108; = +204 (&}
Subtracting (d) from twice (o),

— 100y — 260z = 260 L)

= =1k — 48, — e

Multipdving (e} by 2.0,

+75.40, 4 208: = 45304
Adding () and (g), ;i X ig]

+ 65 48y = +780.4

e = 110327 h
Substituting (k) inte (), \ tl]

~119.327 — 268 = +250
B = — 142040 [#]
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P dsE B SR Ro= g2k eI TEE
+ILE
AALETS
ROES L2 0 +ad #il 4 ’ ,-.m..| g, 2
— 3 m "llr.-l:rﬁ'.:.
) = - 286 9
=35 9% .
thear diagram iz b
o+ TLTF
+iT 46
Al =
-ElE7
07 54 ;
Mament qurnm
- [ A — 0
e £
A = i P

——

T e e e i

Elastic curwve

Fic. 128,

 Bubetituting {f) into (),
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Slope-deflection Equaflions. The modilied slope-deflection equations

Mz = Mria + HJH{_EE.I = ﬁ'.'.r]
Mm = Mrna + K.l.ﬂ': =Py - ﬁ'.q.]
will he nand.
In the present problem; 04 is known to e zera,

Mo = +30 + 3(—20, — 85) = 436 — 5,
= 486 — (3)(+11.9399) = 4+0.18 kip-ft
My, = —56 4 SI:_—%I — ﬂ.-l:: = —30 — (fs
= —56 — (6)1{4+11.9309) = —107.64 kip-ft
S Moo = 156G 4 5{—20; — &) = +156 — 108z = Ol
= 4+ 156 — [10}[-11.9300) — (5} —14. 2076} = L0764 kip-t
Meg = =150 4 (5] =28, — 8p) = =150 — 108y — 56
— 156 — (I0)(=14.20768) — (5)(4-11.0300) = —72.62 kip-it
Men = +82 + 2{—20e — f2) = +32 = 48 — 2

= 433 — [} —14.2076) — 2{+7.6038) = 4-T3.062 kip-ft
Moo = —10 4 2 =20p — o) = — 16 — 48s — Zf:
16 — (4)(+7.6038) — (2} — 142076} = — [8.00 kip-ft

o ment Condilions

Joint B Mpsy = Mapp = 10 {”]
daint O Mew 4 Mep = 0 ()
doint D Mpe = —18 kip-ft {c)
—16¢s — 5ilg = —120 (a’)

— 58, — 148, — 28, = 4124 ()

— Qe — 40y = =2 . e}

Bubtracting (¢") from twice (U7,
=100y — 268 = +250 {dh
Multiplying (d ) by 1.6,
— 108y — 4160, = +-400 (e

Bubtracting () [rom {a’),

+A6.60: = —520
fc = — 14,2076 (N

= 168, == T1.038 — 120
B = 11,9300 (g}

s
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Bubstituting () into (g'},
+28 4163 — 48, = —2
d, = +7.6038 (h

These 8 values nre substituted into the slope-deflection equations to
obtain the end momente  Thoe reactions, shear and moment diagrams,
and the elastic curve are shown in Fig, 128,

EXERCISES

72 to V6. Analyse the cenbinuous beam shown by the sbope-defiection nothnd.
Prrnw shiear and inoment disgrams. Skoeleh Ehe olastic surve.
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A : iﬁ i T
5 | o e T et - |
T 1 a
Consfand EX

ExenomEe 75

38. Slope-deflection Equations for Members Which Are Subjectea
tu: Applied Loadings and Unequal Movements of End Toints in the
Direction Perpendicular to the Axis of the Member., The slope-deflec-
bion equations as shown in Egs, (61) expresa the end moments in terma
of the end rotations and the applied loading If, in addition to the
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plied loading, the end joints are subjected to unequal m*ln_'ementa in

direction perpendicular to the sxis of the member, additional fixed
0 moments M4, and M%,, (Fig 129¢) are induced to act on the
mber to keep the tangents at the ends fixed. Then M and Mj

A 3
A I I z

M i
Cansfarit £ D

fer
|

ghould be such a8 to cause rotations of 84 and #a, respectively, The

ponditions required of geometry are

By = — Py + Ban (63)
8y = Bz — Bag

Ry superposition,

My = M + M:,-,“_ + M: {_ﬁ.ﬁ}
Mps = Myna + Myp, + Mp
From Hqs, (60],

My m 4 2 (20~ o) (60)

i = + 2 Cany = 0

A
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For determining M5, and M., the moment-area method will be used

(Fig, 130). Note that B, the angle measured from the ariginal direction

of member AB to the line joining the displaced joints, i3 pesitive when
clockwise, DNote alzo that

&

RE?:

By the first moment-area theorom,

Change of slope oetwesn
tangents at A and B = aren of

g; dingram between 4 and 5 = 0

o,

Fiac. 130, ;'.u- = 'HFFIJ

1 | ML L T
Defleotion of [ from tangent at 4 = = [— Fagl }] [BL) = =H2= - A

Er 4 GET
of,
aEla GEIR
M, = a0 O (85)
SBubstituting Bqs (60) and {65} into Bgs. (64),
Ming = Mpean + g (=28, — 0z + ARy
= (68)
skl

Mpy = Mria +- L' {—zﬁ'u - 8 + 31

Equations (60) are the slope-deflection squations which express the end
moments in Lerms of the end rotations, the appicd loading, and the angle
R betwesn the line joining the deflected end joints and the original
direction of the member. If the angle R is zero, Egs. (00} reduce to

Eqa. (G1).

39, Analysis of Statically Indeterminate Beams Due to Yielding of

Supports. The general slope-deflection equations [66) con be L1=:1HLE Lo
analyze statically indeterminate heams duc to the combined rul't.mn of
applied loadings and unegual settlement of supporis. But as dlﬂl:l.lﬁae:d.
previously, usually the effect of the yielding of one support -u:ul]:.-'_ is
investignted, and the results may be combined wiEhl’r.hgmn afl applied
loadings of gettlement at other supports.  [n the following two examples,

the use of the slope-deflection method to analyze statically indeterminate:

heams due to the yielding of one support is illustrated.
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Ezample 58. Analvse the continueus beam shown in Fiz, 181 owing
b the effect of a §-in. settlement at support B by the slope-deflection
method, Draw shear and moment disgrams,  Sketch the elastic

L uTve
j..l'
A i e & £
At .u#-"i%: [_n oy e
P s
B Fiet = Fdd e
42 72! 12t
£ 210,000 kv
I= 1600in*
e of B iy red | A ZaTeR 0T S LM fx i o
ot Il in b tr | e, s6T W6 E9444

s DE—oC

d-'f.:':n.T.I' .?I'.':'."JF £
FEa s ol
By irceriaiin {#a5626 a2 |-niase ATLASE (4T 2aE 17282
clions Ayt 4PN Bpa-Frodnk RemtaB TGN Roz-s1impk
+ERHE
FEATEN #IT 753
20239 |
=i a0
~FiA5T

Shear diagram

+FRLH

- 207,
Marnent disgram e

A A T Eo
2 —

Elastic curva

Fra. 131,
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Solution. The slope-deflection equations .
~208,3330, — 104,1678x = — 108506 (a"
aEr .
Mivw= Mpin + e {—20, — 6z + 3K} = 04,1678, — 555,5550, — 1786110, = —180.84 (B
2ET

Mes = Mpna + - (200 — 0 + 3B) — 17361105 — 4B6,1110 — 09,44400 = +00422 (¢)

are to be used; in this example there are no fixed-end moments due to
applied loadings, but there are R values for spans AR and BC. Inas-
much gs the abeolute values of R in radians are kpnown the absoluie

— 60,4440, — 138,8808, = 0 (d’)
Hubiracting twice (b') from (a),
+1,0006,9438s + 347 2228, = —T23.38 (e}

values of 2EI/L in kip-feet must be used.

0,500 1n.
Span AB: R =+ S i 434722 % 10 rad

2E1 _ (2)(B0,000)(B.000) _ 40 167 Kip 4t

PR 17 \Yi ]

Span BO: R 9% = —1.7361 % 10-* rad
2ET  (2)(30,000){ 10,000} el
—_ = L “ﬁw = 173,611 kip-ft
Span CD: R=10
R _ (2}(30,000)(2,000)

= 9 444 kip-ft

' (144)12)
Slope-defloction Equationa
Map = 104,167 [— 20, — €2 + (3)(+8.4722 X 10-7)]

= —2083338, — 104,1670x + 1,085.07

Maa = 104,167 [— 205 — &4 + (3)(+3.4722 X 10—7)]

= — 08,3330 — 104,1678, 4+ 108506

Maye = 173,611 [— 202 — o+ (3)(—1.7361 X 10-%)]

= — 347 2208, — 173,6110, — 00422

Mep = 173,611 |— 28 — 90 (3} —1.7T36]1 X 10-%]

- —Bd4T, 2220, — 173,6110, — D04.22
Men = 69444 [— 26 — 85 + (3}(0]] = —138,8898; — 68 4440,
Moo = 069444 [— 20, — 8¢ + (3)0)] = —138,88080; — 69,4448,

Joint Conditions
Joant A : Mainw =10
Joint B: Mpi+ Mago =10
Joint C: Meg 4+ Mop =0
Joint D: Mpe=10

From (49,
Bubstituting (f) inte (¢,

Phividing (¢) by 1,006,943,
Phividing (g) by 173,611,
Adding (k) and (1),

Bubstiteting () into (f),
ﬂa =

B bstituting () inte (h),
Bubstituting () mto ('),

Compulalions for End Maoments

fs + 0.344838..

Bp = —gfe W)

—173,6118a — 451 3804, = + 00422 (g

—0.71E39 ¢ 10~  (h)

—8y — 2.800008; = 520831 % 107 ()
—2.255170c = +4.458003 ¥ 10—

fo = —LOBOGS X 10-7 ()
—48. = +0.90547 X 10 (&)

ffe = —0.71839 x 10" + 0.68654 » 107% = —0.03185 ¥ 108 ()

=y — gy = —5.20830 > 10—

8, = 522423 X 103 (m)

M.p = (—208,333)(45.22423 % 10~7) — (104,167)(—0.03186 X 10-%

+ 1085.06 = 0

na = (=8 333)(—0.03185 > 10-%) — (104, 167)(+5.22423 3 10~

+ 1,085,086 = +547.51 kip-fe

Mo = (—347,222)(—0.03185 X 10~ — (173,611)(—1.90005 % 10-")

— 90422 = —547.51 kip-ft

M os = (—347,222)(—1.99095 X 10-%) — (173,611)(—0.03185 > 10~

— 9M.22 = —207.30 kip-ft

op = (—138,889)(—1.99005 X 10-) — (60,444)(4-0.00547 X 10-%)

- 4-207.39 kip-ft

Mo = (—138,880)( 4-0.90547 % 10-%) — (B8,444)( —1.99005 x 10-9)

=0
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The reactions, shear and moment dingrams, and the elastic curve are
ghown in Fig 131

A good independent check can be made by finding BB’ (Fig. 131) by
the moment-area method.

BE' = BE"™ — BTR"

= (144 in.)8, — P_LJSTJ imoment of area A, about B)
- i3 S e T (547,510 (12)
= (144)(5.22427 > 10-7) {00007 (3, 000) [ e e (4}J

= (.76220 in, — 025229 in. = 0.5000 in. {check)

~ E_E:Iﬁ.mplu& BT. Analyze the continuons beam shown in Fig, 132 owing to
the effect of & §-in. setllement al support B by the slope-deflection
method, Thaw shear and moment diagrams.  Sketeh the elastic curve,

Solution. Values of R and 2E{/L

.45 -~
Span AB: B = 4 %000 < 434792 % 1077 rad

2EL _ (2){30,000] 3000} R
5= (40)(12) = IM,107 kip-it

o R “‘:::' = —1.7361 3% 10~ rad

?_E_-F Bl _{E] i DO ) [1-!],!]{]{!]!

L T omney
Span C: R=0
SEL ({30,000 {2,000}
G 70 T4

= 173,011 kip-it

= 60,444 Kip-ft

atope-defleclion Eguationa, In the present exomple, 84 iz known to be
ZErQ.

Mue = LM 16T[—20; — 05 + 3(+3.4722 X 107%)] = — 104 1678,
<+ 1,085.06
Mpy = 1M4,167[— 280 — 84 + (434722 ¥ 107"} = —206,333¢,
+ 1, 08504
Mye = 1TEE1[—20: — &=+ 3(— 17361 X 107")] = —347,2220,
— 173,6116, — O04.22
Men = 1T3 61128, — 85 4+ 3(—1.7361 X 107} = —347.2224,
— 173,611 — 90422
Mrn - 'ﬁ'ﬁ,{**[—ﬂfc = ﬂ'.ﬂ + 3{'}}} e -lﬁﬁ,ﬁﬂﬂﬂa T 'EE]',&H-F:.
Mpe = 60.444[ — 20, — 8 + 3(0]] = — 1388808, — 60,4448,
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L
4.4 & [~ o M o~
| e Y s ==
| a |
A
gF #Mr 2F
-l P Tl
£ = Japgn kint
Fe jopdind
Wileres of #in rad | +Tdrrraso? —rrrEie i ]
Metes of 6L 5 pff | 10967 PIEN ER4iE
e
o =l
FFI4T BEAT6 252.00 (e
i’l‘f J;j"j_";;:‘:;fﬁi”"-’ VSTEED -I5P 687|627 +aé il 2000 - 20000
Rescrc friarns B HELAOEN R R s * BeorfTan  fye=Toat
4152 E8F
# IEF2. I8
+21 000
—HifTE
-5 J7F

Ehear diagram

+ELR N
Apefids 58

Wy = 5474, 51
A Moment diagram
A 8 Ol anpate
3 WA ' _..--F;ﬁ“ NG
L e -
-
Elastie curve
Fra. 152
Joint Condifions

.'Ili.lltn E: ij + MFI,’.‘ = l'.'l {u}
Joint O: Mez+ Mep=10 (b)

Joint D); Mpe =0 (&)




166 STATICALLY INDETERMINATE STRUCTURES
"--._\_\_\H
~ 65806 6660 — 1736118 = —180.%4 (')
—173,6118, — 486,1116. — 69,4448, = +904.22 (H")
— 094440, — 138 58080 = 0 (")
-\-u.“_\_\-\-‘-
Bolving,

fx = 108150 X 10~
fo = —2.41916 X 107
- 120058 ¥ 107

Compuelations for End Moments. The end moments are compubed by
substituting the & values into the slope-deflection equations,

Mﬂﬂ. = +359.T'ﬁ l':lli'l-‘t-

Mm: = —R/H0.Th kip—ﬁ
Men = —ZH2 1 l'i.ll]'.ll-ﬂ-
Mes = 425200 kip-ft
Mpc=10

The re:_ﬁ.ct.'n:rnﬂ, shear and moment disgrams, and the elastic curve are
sghown in Fig. 132,
A good independent check can be made by finding FB (Fjp; 152) by
the moment-area method.

B = Eu”[l:m-:-mpnt. of ares A: about B)
— {moment of area 4, about B}]
1,728 4
— fﬁﬂ;fﬂmm [{5834.52)(8) — Et’;lﬁ'ﬂjﬂa {43]

= {L.50000 in. (check)

EXERCISES

T8 and 7T, Analyze the continuous beam shown owing to a settlement of 0.125 . at
puppart B hy the sope-defiestion method, Draw shesr and moment dingrama.
Sketeh the elnstie cores,

o "
a4 2 b s £ c o
T &t r| g 4 e “Tl i = E;-.u;' T Ah I
1 | | L MUEET, 2
Eri‘l}ﬂﬂ:"'"'"* F= ook
J= g I- 1ngn*

Exsncise 76 Exencrae T
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40. Applicaticn of the Slope-deflection Method to the Analysis of
Btatically Indeterminate Frames. Cese I—without Joind Movemende,
The modified slope deflection equations

Man = Mrap + Kap—20, — 8a)
Mps = Mspss + Ku{"'z&n = ﬁ'.l}

ean be used to anslyze statically indeterminate frames wherein all joints
remain fixed in location during deformation. Again the axial deforma-
tion in the members owing to direct stress ia neglected in applying the
ponditions of consistent deformation to the apalysis; but direct stresses,
together with shears and moments, must be congidered in the design of
pections. The conditions for consistent deformation are those of the
rigidity of joints, or the angle between any two tangents to the elastic
eurves meeting at one joint must remnin the same as that in the original
undeformed structuro.  In the slope-deflection method the rotation at
oich joint is considered as the unknown, while the condition correspond-
ing to this unknown iz one of statics; that is, the sum of the moments, ag
pxpressed by the slope-deflection equations, acting on the joint is equal
bo zere. Thus thers are always as many conditions of sbatics as unknown
potatioms.  After the latter are solved, all end moments can be found from
the slope-deflertion equations.  'With all end moments known, the direct
siresses, shears, and moments in all members can be found by applying
the prineiples of staties to the individual members.

Example 6B. Analyze the rigid frame shown in Fig. 133 by the slope-
deflection method,  Find the divect stresses, shears, and moments in all
membera, Bketeh the deformed structure.

ITJ" H.ﬂr\-cl"ll
R o OE ] 20
. rrn-r'jnﬁ-lfﬁn-rrré L [
g 2r cE 1 2
“* D
! 2
A=
= v
F_ 20" Relafive stiffness and
fixed end moments
Fus. 13 Fia 134,

Solution. Joints 4 and (' are fixed; joint B must be at 20 ft to the
left of € and at 20 7t above A, and therefore it remains stationary, Thus
ull three joints cannot move, and & 18 sero far all members,
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felative Stiffness and Fixed-end Momenis (Fig. 134)

Tanre A8-1

Span AB | T | 1
Bpan BC............| BI/20 | 2

Hiso = 4 GO

Meon = —120 kipIt

= o120 kip-ft

Slope-deflection Equations. 8, and 8 are both zero

H.dl'
Mﬂ.ﬂ

M-E-'B":'

Joint Condition

U + ]I:_EEJ - ﬂﬂ} = _'E; e

12 kip-[L

0+ 1 —28a — 04) = =28 = (—2)(+412) = —24 kip-it
Myp = +10 4 2 —205 — 8c) = +120 — 48s = (+120) — (H({+12)

= 72 kip-ft
—120 4 2(—28c — f5) = —120 — 205 = {—120) — (2}{4-12)
= 144 kip-ft

HBJ: '|' -Ii'f:rr.' r 43 = ﬂ'
— 20 4 120 — 48y — 48 = 0
ta = +12

The free-body, shear, and moment dingrama of the individual members
are shown in Fig. 135, The free-body diagram, moment diagram, and the
elastic curve are shown in Fig. 136.
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7 E-fr
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=1=0
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Fra. 134,

Exemple 69. Analvze the rigid frame shown in Fig. 137 by the slope-
deflection method.  Find the direct stresses, shears, and moments in all
members,  Sketch the deformed structure,

I apk
a0 L - j=!
8 e ¢
1A 21 oy e _*'
. 71
i 20" 20 “TM
i s Fiefatve stiffnest and Fiaed end moments

Fra. 138,

Solution. Joints 4, B, @, and D must all remain fixed in location,
thue, & ia zero for o]l members.
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Relative Stiffneas and Fized-end Momends (Fig. 138)

Taps 501
o I
.IB-......--... (:T':.:ﬁ}:ﬂ'.‘lﬂ i
] |
B e b {:ﬂ—ﬂ_ﬁ)xm 4
LAE:
oo, .! {W=E)H"lﬂrﬁ
<
Span AB; Mpan = + ‘:‘?ﬁlﬂ = 480 kip-ft
Mrn,q = —BRI kip-ft-
1
Bpon BO:  Mrse = + {mj{f[;'}'fﬁ} = 1152 kip-ft
1
Mecy = {-iﬂ}-fgji;};{ﬂ} —T76.8 kip-it

Slope-defection Equations.  #p i known to be zero,
Mas = 480 + 4 =20, = 8a) = 480 — 80, — 40n
— (8)(+9.5322) — {4)(40.9356) =0

Mya= —B0 + 4(—205 — 04) = —50 — 895 — 49,

= =50 — (8)(+0.0356) — (4)(+0.5322) = —125.61 kip-ft
Muc= +116.2 + 4(—202 — Bc) = +115.2 — 885 — 40;

= +115.2 — (B}40.9356) — (4)(—4.4746) = +125.61 kip-it
Moy = —78.8 4 4( —20s — #) = —78.8 — 88, — 44,

Mep =10+ 5{—2&;‘: — ) = — 100y = 44 7h L’.ip—ﬂ
Muye = 0+ 5{—28p — 8p) = —Hfe = 43237 kip-ft
Jomt Condilions
Mia=0
Mpa+ Mae = 0
Mes + Mop = 0

+80 — Bo, — 48, = 0

=768 — Be — 46 — 1080 = 0

.

=K, — 48, - — H}

—48, — 160 — 48: = —352
—dfy — ]:Eﬂ_g\:\ =+ 708

Solving,
= +9.5322
5 = 09356
o i

—76.8 — (3} —4.4748) — (4)(40.9356) = —44.75 kip-ft

—80 — 80 — 40, + 1152 — 8B9p — 48 = 0 (I

(a)
(e}
(a')
(b’
(e’
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The free-body, shear, and moment disgrams of the individual members
are shown in Fig. 139, The free-body diagram, moment diagram, and

the slastic curve are shown in Fig. 140.
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Example 80. Analyze the rigid frame shown in Fig, 141 by the slope-
deflection method., Draw shear and moment diagrams. Sketch the
deformed structure,

d £
£ e 1
3 B
(L. &
= I A FEFEEXrEEN NN [ | 'q = E @ ".?H
A 91 e S350 295 o
i T Il
L) S (! s = 1=
4'.'-'| ag" E 2l m|.r il £ F
£ T = Hefofee SFiFfress and Fiveol #rd memmbs
Fia. 141. Fro. 142.

Solution, Joints D, B, and F are fixed. Joints A, B, and ¢ cannot
move in the vertical direction, but each may shift the same distance in
the horizontal direction. In the present example, however, on account
of the symmetry both in the properties of the frame and in the applied
loading, joints A, B, and ' will not have any horizontal displacement,
Thus R is equal to zero for all members.

Relative Skiffness and Fized-end Moments (Fig. 142)

Tanim 60-1

P ot R | %mé}xla 3

AD, BE, CF... (lﬂ:‘-) W 18 | i
(6)(24)°

Mein = Mppe = - "—lE = 258 HEJ-“

Mypsy = Mpes = —288 J'."..ii.l-“.-

Slope-deficction Equations. 8o, fy, and 6y are known to be gero. By
gymmetry: (1) §c = —0, and (2) da = 0.

Mip = +288 4 3(—204 — 05) = +288 — 66, = 288 — (8)(4 36)
= 72 kip-ft

M.J. L -5'33 +3{—ﬂﬂj — E.l.]' = "'E'EI‘E X 3'5'.4. = _E&B Ik {S}E-I_Eﬁ:l
= — 306 kip-ft

Mac = 4288 + 3(—20s — 6c) = +288 + 30, = 4288 + (3)(+36)
= 4395 kip-ft

Mep = —288 + 3(—200 — fa) = —288 - 60, = —288 + (6)(+38)
= —72 kip-ft
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Mio =04 1({—20, — 0] = =204 = (—2)(+36) = —72 kip-ft
Moa =0+ 1(—20n — ) = —fa = —(+36) = —30 kipt
Meg =0+ 1{—28 — ig) =0

Mon =0 4 L{—28; = 85} =0

Mep =0+ (-2 — 87) = 120, = (+2)(+36) = +72 kipft
|'.|farr.' -—ﬂ + H__—Eﬂ}' ;7= El.‘.':l i +E.: - 'b‘{'l'%] - +3ﬁ k;]‘_l-f‘t.

Joenl Condilions

|![iliﬂt- :"I: |"f_g_ﬁ + ﬂf.u_.n """'ﬂ -I-EH:E e EIB_.{ e 2'5'_1 L] [:I
8. = 438

The joint conditions at B and € are satisfied on account of the known
facts, (1) Bp = =, and (2) 8, = 0.

The frea-body, shear, and moment dingrams of the individual members
mre shown in Fig. 143, The free-body dingram, moment diagram, and
elastic curve are shown in Fig. 144,
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Fra. 144,
EXERCISES

T8 to B4 Anulyze the rigid frame shown by the slope-deflection mothod.

shenr and

moment diagrams,  Sketeh the deformed steocturs,
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Exencrse 33 Exerciee B
41, Application of the Slope-deflection Method to the Analysis of
Statically Indeterminate Frames. Cage II—with Joinl Movemenis.
When loads are applid to statically indeterminate frames, there are eases
in which some joints move unknown distances, although usually in
lonown directions. Take, for instancs; the rigid frame of Fig. 1454, the
joints [, E, and F are fixed; but the joints A, B, and O may move equal
distances in the horisontal direetion. This horizents] movement is
generja'.ll;!.r called sideswny,  Assume thab the amount of sidesway 18 & to

the right; then
A iy A
R;.:'=I—;! Eu-m REF:E
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Thus the slope-deflection equations (66)

Mun = Mpia 4 % {—28, — 82+ 3R}

2ET
Mpy = Mpni + T (=28 = 84 4 3E)

(66

must be used for members A, BE, and CF. It i= necessary, then, to
soek pnother condition to cope with the unknown amount of sidesway, A.

&
o A Lo
e ¢ el del
‘ fi
# £ r e B Fl
i 3 e F::I'Hq'-
EY M b 3 L
Ddlea Ity
i o) * ¥ ol to
ty e [
L]
- F ri0-Free body diogeome of AT BE and £
Fre. 145.

By applying the equations of statics to the free bodies of members AD,
BE, and CF (Fig. 1458),
il Min + MWpa

s e
Mﬂ'E {' MH’I

Hy = =550

B Mor ;; Mo

By applying the equation EH = 0, of statics to the whole frame shown
in Fig. 145a,

+Py—Hy — Hy — Hr =0 {67}
Equation (67) is generally called the shear equation or the bent equation,
which furnishes the extra condition corresponding to the extra unknown,
A,
Next, take the rigid frame of Fip. 146a. The joints @, i, and K ara
fixed; but the jeints A, B, and © may move an amount, &;, horizontally
to the right, and the joints £, K, and F an amount, Ay Obviously, Ay
must be greater than A:. By definition

T s e e 2

H,
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A
_ Ay - 01
Rm - ERE - H-‘ RII .Hl-

The slope-defloction eqiations in the form of Eqs. (66) are to be used for
all vertical members. It is necessary to have two conditions eorrespond-
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members AD SE and CF [}
Ao Mer Al
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s
| Dt
HE Hﬂ
el Ml A
ves it

€ )-Free body disgroms of
memibirs 06, EH and FN
Frz, 146.

ing t.-u the unknowns A; and As. From the free-body dingrams of AD,
BE/and CF (Fig. 146b)

M.u.l-"‘ .l”l:-.i lﬂfrll +' M.F.F L) Mﬂ'l + Mr(‘
HaFﬂ"T H!"“'_H‘_ H.r————Hl
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The shear condition Ior the upper story, by referring to the free body
shown in Fig. 1464, is

+Pi—Hp—He—He=10 (6G8)
From the free-body dingrams of DG, EH, and FK (Fig. 148c)
M+ My, Men + Muz M Mgy
T ey H"‘Lg_';'i

The shear condition for the lower story, by referring to the free body
shown in Fig. 140, is
+P1+Py) — Ho — Hy — Hg =0 (B0

Equations (68) and (69) furnish the two extra conditions, corresponding
to the two extra unknowns &y and Ag

The aspplication of the slope-deflection method to the analyaie of
statically indeterminate frames wherein some joints are displaced during
deformation will be illustrated by the following examples.

Example 61. Analyse the rigid frame shown in Fig, 147 by the slope-
deflection method, Draw shear and moment dingrams, BEketch the
deformed structure.
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114 Relafive otiffress and
i ficed emd momeants

Fra, 147,

Fic, 148,

Solution.  Relalive St{Faess and Fived-end Meoments (Fig, 148)
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Mris = + U2)ONE" _ +17.28 kip-ft

an A B Tk
(12){6p(8)* _ T
Mypgy = = _ﬁl’:}*__ = — 2502 kip-t
mn B Mese = + {2%1'3] = 36 kip-It

Mypon = —36 kip-it
Relative Values of B (Fig. 148)
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| o=
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,f‘ e/
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!

Ade  Sidesway

Fra. 149,
Tapre G1-Z
B lix;m ok
I e e e =
A ) i
R A owan | 3R
.......... o

If Bimw = 2H, Rop = 3R

Slope-deflection Equations, The slope-deflection equations

ZET 3
H.-Ik = ;Hj-..ql + 'i‘ll" {—zﬂ,t o Ea- + ELR:'

2ET
Mas = Mena + _L_ {__2'?3 — ER}

(E4)

ean be modified to take the following form,
Misg = Mesn + Kaal—204 — 83 + Be) (70}
7 Mps = Mpga + Kua( =200 — 84 + Eoa)
whméfm K.n is the relptive atiffness and R, is the relative size of the
angle hetween the line joining the deflected ends and the original axis.
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Note that 2ET/L 1 replaced by Kup and 3R is veplaced by R

changes do not affect the values of the end maments atl ]l

{70} will be used in Lhe present example,

H.ur = +1'|T.% + 2{—231 — #fa + E.TI.J-.]
= —25.02 4+ =28y — A, 4 28
Mpe = +36 + 6[—20x — 82) = +36 — 100, — 54,

—25.92 — d4d,

M{lu L] ""-H{i-'-' 5[—2F¢' _— ﬂn’.:l - ‘—'H-ﬁ —_— ]'DH.;_' — 555

doend Condifions

0 4+ 3(—20c — 8 + 3IR)
Mrﬁn:.' = 'I' 3(—29.-_; - P+ ﬁfﬁ

— 8l — 30 + DR
— iy — 3 + BR

Min=10
Maps+ Mpe =0
Mo + Meon =0
Mpas =10

e Qﬁﬁq I‘jd"i'.ﬁ

AL Ha
ki
I

it

sk 4
* b A
ok fin J.‘E' ﬁg'%
i ¥
E5

Faca, 150

Shear Condilion (Fig. 1507, Substituting

Hy =48 + Man + Ma,

and
Hs

14
Ml';y + JHE

= ———

11

into the shear condition 12 — H, — H, =10

+12 — (4.3 4+ i’f!.-."F i M"‘) - (Mﬂﬂ' + Mnr) i

A 10

360 — 144 = 2{(Min + Mas) — 3(Mep + M) =0
120, + 1285 + 279, + 276, — 7OR = —233.28

404 + 405 + 98c - 98 — R = —TI.78

or

Thesze
Equations

(&)

+1?.2E- N H..I = :‘EI‘JH + ‘iff
26, -+ 4R/

()
(b
(e
kit
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—1&‘1 — 28y + 4R = —-17.28

B 149, = T _|_. 4R = —=10.08

— 5fa = l08c — 38 + 9B = +36
— 30— 06+ E= 0

+48s + 48z + 98 + o — 35'113\: —T7.76
Bolving the five simultancous equations,
8, = 422,430
fs — +1.0882
+2.7604
+ 27 276
4+ 19104

In deriving the shear equation (¢), Mas and Mope could have heen

=
a
||

=
|

palled zero, but the slope-deflection equations for them are substituted
\u order that the symmetry of the coeflicients with respeet to the

dingonal drawn seross the simultaneous equations (a) to (¢} may be shown,

{empulations for End Momenls

WM. = +17.28 — (43(+22.430) — {E]IHI.HEF&E; + H]Eii?}#ﬁg =
pa = —25.02 — (44 1.0882) — (2)(+22.430) -+ (H)(+1D.
g T g : = —2.317 kip-ft
Moo = +36 — (10){+1.0882) — (B)(+2.7604) = +2.318 kip-ft
Moo = —36 — (103(+2.7004) — {ﬁ}i+1.EIE.*:‘.‘;";Jj|:- —33;15;-!5 kip-it
o —(G{F2.7604) — (3)(+27.276) + (D)(+19.
k" i g = +73.545 kip-ft
Moo = —(6)(+27.276) — (3)(+2.7604) + (9)(+19.104) = 0

50547 24k ATy
& " 2 € 2as ke
Bt 7 E e i =7 “Ig g
Eg $ .E.Jn'?c"' ;—ﬁﬁ:} f.l:lﬂr il E g
s 3 " 50841
|f'~l—-1‘ b ] Iﬁ
: l 38
Jeoes ermr D ﬁa*
2147
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172
The free-body, shear, and moment diggrams of the individual members: Solution., Relative SH{Tness and Fired-end Momenta (Fig. 154)
are shown in Fig. 181, The free-body disgram, moment diagram, and Tante B2-1
elastic eurve of the whols frame are shown in Fig 152
I
R e e {E X 20 z
& Ta.060 A 4
+— e
E l {-‘ ?ij?ﬁdﬂ%%l“ .‘_____.-:ﬁ Hﬂl’ __________ ?i -E) }:30 b
- 'I‘. L1
=N f J 1
g, — f EIE: e W it 7o X 30 &
P an = %"’w / /" 10
f
i } 12)(0)(8)* L
/ e Bpan AB: Mesn = + [—-%.1';5}5_}" = +17.28 kip-ft
45055k ITRRSTH (123608 -
A L L= — 2592 kipdt
Chack Check i Mas e 5.92 kip-f
k EMN =0 Ay momand eres mated 241(12) x
ST, L st R P R gon BC:  Myse = + 205 = 436 kipdt
Bpet BB gy seonn Mres = =36 kip-ft
J‘M%@ Relative Values of B (Fig. 155)
fork-Free body disgram & -Mament diagrom fel-Elashic auinve A i
of whals frarme Ll 8 ] £ =
Fra. 152, ‘: .l"llr
I
f arf
Example 62. Analyze the rigid frame shown in Fig, 153 by the dlope- JI-' )
deflection methad. Draw shear and moment diagrams., Sketch the i f"l
deformed structure, h:& ;
=l o
)
Jf
g 24k & 2 '@' -T& O Ar
< i € - EI"‘E = Sidesway
i - Frc. 156,
oy y & Tarne §3-2
= :
124 ! & " a8
I Fa] B e e EKE“
- m&p'—h s i
[ E R..E',.,.....--u- u
M L a0 | 8R
j- .‘q ﬂhu' R“ﬂ._ P mm = '.H:l
o Relotive stiffness and fixed erdmomeanis
Fia. 153. Fro. 154 If Ran = 2R, Ren = 3R.
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Slope-deflection Equations. The slope-deflection equations

H.ﬂ.ﬁl = -Mi'.ui "l"' H..l.rll:—i'gj. — En + Enl]
Mp, = Mypua 4 Kan(—205 — 8, + o)

will be msed.

Mdﬂ
Ml.lli
le—'
HL’-‘!

BRI ma

A |

-

s and #, are known to be zero,

+17.28 + ({20, — 6 + 2R) = +17.98 — 28, + 4R

—25.02 4 2( =20 — 0, + 2BY = —25.02

- 48z + 4R

+36 + 5{—285 — 8c) = 438 — 108 — 56,
—36 4 5{—20: — 05) = —36 — 1098; — 58,
Mep =0 + 3(—20: — 8, + 3R} = =68; + OF
Moe =04 3({—20; — 0; + 3R) = —348: + OR

Two Joind Condifions and One Shear Condition {Fig. 156)

2k

-y
il

I':J-H"

Joint B:
Joint €
Shear:

Solving,

——
L
L]
L]

3
x®

Fic, 156,

MIJ+JHI|;'=U
Hop+ Mep =10
+12 —Hy—H, =10

™
=148y — bfc 1+ 4R = —]10.08
— 58y — 100c 4+ OR = 438

+ 4ts + 90c — PR = —T7.76
\\‘\.
65 = +2.0281

flo = —1.0891
R = 43.27T%
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Uomeputations for End Moments

Man = +17.28 — (2)(+2.0281) + (4)(+3.2794) = +26.342 kipds
JE b4 = tEE.B‘E’- - E4§{+E.l}231} + (4)(+3.2704) = —20.014 kip-{t
Mac = +36 — (10)(+2.0281) — (5)(—1.0301) = +20.915 kip-ft
Mew = —36 — (10)(—1.0391) — {5)(-+2.0281) = —35.750 kip-ft
Men = —(B)(—1.0801) + (B](+8.2704) = +85.750 kip-ft

Moo = —(3(—1.0801) + (B)({+3.2704) = 432832 kip-Tt

Thi free-body, shear, and moment dizgrams of the individual members
awre shown in Fig. 157, The free-body diagram, moment dingram, and
wlastic eurve of the whole frume are shown in Fig. 158,

17205
owlE i
r:.% - T G4 § | £ 441 z"ﬁ-h:F B
AT = R i I % 4
mz|§ * mwopAE hMlET AW Q
e + T
2, : g
—— Jledl Be
+ |
w B P -".f.?gﬁ'
o = i
H-ll“ 1\'
Og
£2.75¢
" ) 4
o ocied =
:ll +
2k i /
Al ! 4
I
"I
{a)
I:IJ} .-'IL I{E?* ik
(e) ) zee "
; MY cpoek
(") T Ml
=g
' EM=
() T
A= 4prp 50
Le') far1-Free bedy diagram {&J-Momend diagram TerEisRe cure
Fra. 158,

Example 63. Analyze the rigid frame shown in Fig. 150 by the slope-
deflection method. Draw shear and moment diagrams. Sketeh the
deformed structure.

A
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o
A 1z A& g B oe
ar i L] ol & &
2| 3 @EL
=y 3 T F"" . F
o fer | |2 @
E £l
i3 R : 5
[i; S8 16 | Relofive stiffress and Fixed end moments
Fics 150, Fra. 164,
Solution, Relative Stiffncos and Fized-end Momends (Fig. 160)
Tainre 63-1 Joint A:
.“ Joint B
B W e f_;xm 15 Woint €
Bhear:
o e %:%)xm 8
- A S ‘;‘;ﬂ{-g x8& [ 10
BT s o P e : [:% - :;T) = Bl )
Span AR Mpis = [E%Iﬂ = 48 kip-ft
Mpna = —48 kip-ft

Relatsve Values of B (Fig. 1€1)

TaeLE 63-2
4 2 il
7 BT S e >
i L Ran = A0 iR
[ I" 20
'Ilr ke Ruoe B » B0 5k
G RE R R =
i i
£ A
Sidosway

Fio. 161.

I BRyp = 4R, Bux = BR and Rep = 100,
Slope-deflection Eguakiona. The slope-deflaction BOULALIONS

H;p = Mpin + I'f.ul:-*zlg.q. — s + Rnlj
JHA'_._ - Mlﬂ,-l + Kﬂ.ﬁ:{ _EEE e 'F.l + -H'nl_':'

will be uged.

8o, B, and d are known to be zero,

Bolving,

M an
Moa
Mg
HE'
M-,u.-
Mp
M nx
Men

THE SLOPE-DEFLECTION METHOD

nu i

0 + 15( =285 — fc) = —308 — 150c

0 + 16(—20; — fs) = — 300 — 158,

0 + B{—20, — #p + 4K) = —166, + 328
0 + B{—205 — 84 + 4B) — 86, + 328

- 0+ 10{—28 — 8z + 5B) = —208y - S0E
= () 4 10(—20g — 62 + 5R) = —108g | BOR
Hcr =1 -I" Eﬂl:_—zﬁ'c = ﬁ'r + ll}R':l = "'4'“"!]-_’.' -|- M}R
Mr; = ] + ml:—ilh' w— + IUR:] - —lMe ﬁlﬂﬁ

Three Jornt Conditions and One Shear Condition

Mig+ Map =0

Mes+ Mpe + Mega=10

Mez+ Mo = 0

—Hp — Hy — Hp = 0 (Fig. 162)

.
— 4664 — 150n + 82R = —48

'—].Eﬂ,i T mﬂﬁ ==, 153.’: I EﬂH e +"1S

— 168 — TOB:+ 200k = O

4,756

3H= 0

324, + 500 + 2000; —

#y = +1.3565820
fn = —0.58703
Bo = +0.29470
R = +0.0366L7

AR 4 15(—20, — 8a) = +4B — 300, — 156a
—48 4 15(— 28, — 0,) = —48 — 300, — 156,

177

{a)
{t)
(5]
0y

(a’)
(&)
()

)
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: It ie to be noted that extreme care must be exercised in solving the
simultaneous equations. Care ghould be taken to maintain the Aig-
mﬁmne? of every number. It ia better not to follow a definite pattery
of solution in every case, because the easiest solution maey vary from :
problem to problem. Much time can be saved, of eourse, by use of a.:
computing machine. J :

Compulalions for End Moments

Mis = +48 — 303(+1.35820) — (151 —0.88703) — +20.558 kip-ft
May = —48 — (30)( —0.88708) — (IS 1.35820) = —41. 762 kiE—:‘:.
Mpe = — (30} —0.88703) — (50204707 — 422,190 kip-ft

Mep = —(30)(+0.20470) — (1500 —0.88703) = +-4.464 kip-t

Mar = —(16)(+1.35820) + (32)(+0.036617) = —20.550 kip-ft

Mps = —(8)(-+1.35820} + (32)}{+0.086617) = —0.6M kip-ft

Mux = —{(200{ —0.88703) + BON+0.086617) = 419572 kip-fi

Myn = — (100 —0.88703) + (50)(-+0.036617) = +10.70] kip-ft \

Mey = —{d0}(+0.20470) + OO 0.036617) = —4 465 kip-ft
Mye = —(20){+40.20470) + (2000(4-0.036617) = 1429 kip-f1

The free hody, shear, and moment diagrams of the individusl members

are shown in Fig. 163. The free-hody di '
Bre 5 : ¥ diagram, moment dingram, and
elustic curve of the whole frume are shawn in Fig. 164, et
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;.Fi:'
A fi . ¢
F 3 7 rek
T =
m?mr""‘"
el ot Check
AE EI-":IF
i “asdok (a)-Tree bady dingroen of B wiale frame S0

e frl-Elaghis curep
Fia. 164,

Example 84. Analyze the rigid frame shown

in Fig. 165 by the slope-deflection method.

Draw shear and moment diagrams. Bketch
the deformed structure,

Solution. Relative Stiffness and Fizved-emd
Maments (Fig, 166)

Tanie G4-1
A8 CD e s {-f—é-i)}:ﬁ 2
A0 B ?—;-%)HE ]
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In this exomple, no load is applied on any member between the end
joints; so fixed-end moments are zero for all members.

A &

o
o L _qhm I| & |
/

0] (D ! !

f N
Fl=
o il
|| T
£l= rI'
farrd £
Relative s4iffness and 3
fined el momends Eldﬂﬁﬂ'ﬂf
Fra. 166, Fin. I67.
Kelalive Values of R (Fig. 167)
Tanin 64-2, UppeEr Sromy Tapre 64-3. lLower Byoxy
Ap — A )
TR i e e e i ‘]E_ -, E, Rag. s F’E R
Ay — s &
b e e ‘ '—:m--— B j o e ”,i E* 2R,

If RBuo = iy, Ran = By I Reg = By, Kop — 21,
Slope-ieflection Equations. The dope-deflection equetions

M.u = M ran - R'_...q.{ — 2, — By R:-LJ
Muw = Myns + de{—ﬂ'ﬂn — 5 4 Em]

will be used. fg and 0 are known to bo zero.

M'J.' = ﬂ+ 2[—2f‘.| — EI] - —13,4 —EEJ
= —{4)(2.5832) — (2)(1.B20G) = — 13.9740 kip-fi
Magqg w= (<} 2 —28p — 04) = —48 — 20,
= —(4}(LB206) — (2)}(2.56832) = —12 4488 kip-ft
Men =04 2(—=20s = fp) = —d48; — 2,
= —(4)(3.0997) — (2)(6.1500) = —24.6088 kip-ft
Mpo =0 - 2(—28p — 8:) = —40, — 20,
= —{4}(B.1500) — (2)(3.0087) = —30.7994 kip-ft
Mie =04 U{—20, —8c+ R = =28, — 8-+ R,
= =(2)(2.5832) — (3.0007) + (22.2401) = +13.0740 kip-ft

f /
3/ & Y
Lt Oy "'ful'.I' ||' |
C o
7] c L

I“ (L]

Mo

M oa

B |

11': LE Y

M ko

mu

."|'.’ 1FF

VHE SLOPE-DEFLECTION METHOD

[I'-|-'|I::—2|!:||;'—ﬂa+R1] = —28, — 8, + K )
—[2}(3-'.“.]“7} = {E.E_I-E:'FJ] | {iz.giﬂ'” = = 134575 ]{lpr“.-
04+ 1{—20a — o+ H)}) = =20 — 8 + Ry .

— (Z3(1.8206) — (0.1600) + (22.2401) = +12.4480 kip-it

04 (1){—20: — 8 + B} = —28p — 8 + Ky

—{(2)(6.1500) — (1.8206) -+ (22.2401) = -+8.L195 kip-ft

D4 2':"‘2'5'1" — e ¥ Ri‘] = —48¢ + 2ft2

— {4)(3.0007) + (2)(11.8186) = 411.2410 kip-ft
0 - ":'.'-I:—Eﬂrr — e+ R-i} = =28: + E.I!'ﬁ

— (2)(3.0097) + (2)(11.8190) = +17.44M kip-ft
04 =20, — 84 AR = —df, 4 4,

— (4)(6,1500) 4 (4)(11.8109) = 22,6790 kip-ft

Meo =0 4 2(—20F — 65 + 2Ry = —28 | 4R

— (206, 15000 + (4)(11.5109) = +34.9706 kip-{t
Woir Jeint Condiffons and Two Shear Condtfions

Man + JU.H! w )
ﬂ!f;,q + .El.frr:- =10
-:'-fr.'.q. -L -ﬂ'f-:“n + 'HE'-H m
.ll-'f{m -I— :“r_.-_'.e + ..?I'i B — '}

war condition—upper atory:

75 A g
&% | D
Fe e

+3 — He — He = 0 (Fig. 168)

Mac Man
AL
ag by Hign+ Mg
r;fi%" w ol
& T " i
Fau, 168,

st condition—lower story:  +9 — Hg — Hy = 0 (Fig. 163}

Fra 168,

1581

(a)
(B
(e
{d)
(e)

(s

R R AR
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Solving,

The free-body, shear, and moment disgrams of the individus] members

are shown in Fig 170. The free-body diagram, moment disgram, and

_'ﬂl

+fa

=6y — 205 — [k

— 20, — Gy -

2dp ~

_ﬂ’ =
+f 4+ 84

+ 28 4
F.i. e "]"'2.%32

o = +1.8206
Er_‘ Ll "I"E-Uﬂl.}?

+
e+

STATICALLY INDETERMINATE STRUCTURES

B = i

Rg —_— I:I

— 108 — 20,4 R+ 2R; = 0

s+ R4 4R = 0
B — 3l - =16
1 g — BB = —4f

o =.46.1500

R, = +22.0401

f: = +11.8199

elustic curve of the whole frame are shown in Fig. 171.

L1707
ok ﬂﬂ e

0
i

(A
1Dz
2002

Py i

i

[Ty

AL

L2458 A

& L MEF

Tl P '«::!lzm g

=24
LN
3
5
el ]
LR C 5 Leesy
Ay P ﬂmf‘&un
B
-
= E B g
&
JILTR
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THE SLOPE-DEFLECTION METHOD

#nr pnd mement dingrams,

Check
By= AT &ﬂ'

& _ﬂmﬁ ﬂl!

! ﬂ
B #itans L

E A1
RpntPAROSET
Fue. 171,

EXERCISES

Hl‘
g 2"
i
L £
|
aE
il ~[
A
e o
v
Exencrar 85

Bg=0
&2t
2,760 A

e mﬁ*—ﬁ-

85 to 88, Analyze the rigid frame shown by the slope-deflection method,
Bketch the defermed stracture,

Y

¥

Comsfant EX

Exuecrax §0

e

153 ‘
|

Dienw
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E"i"*
i & - !
& &
: a7
o
g.i'
) 3
= Il =
1l
A i)
o =
Iomweenae 57
o
;J’
Fi
4
I HE:
A & l
s 2 :
Exencise 8%
e g c 8 &
&F X
W Il W lr 27
o, Lla o
5" [ 7%
ford i
Exercise ¥l
. Fi & v
3 k =
w | “‘ I‘r oler
E 5
i i
e Ly 2 F
Exencise 93
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ak e
3 A ] 24k 4 g
-—-Iﬂ_ c .I__,Flll'lilj_}l--l-l.ll —
Fa
] | |2 # o ler 2
‘:h! 3-.1-,.-":".-'
! ™ E e vy w4 SEh
1l F 7 ™z 77 I
IR |
. I .
£ . | ® : 2r| w
) = | [wr P O,
R I g
Comsfan? £F p i " :
Exercisg B5 -
XERL miw o J:.E'.-! 5!
o ; Fixmnciag 95 g Fxrnwose 18§
i T B :
a £ 42. Analysis of Statically Indeterminate Frames Due to Yielding of
= Bupports. The induced reactions and the shears snd moments in the
e, wnbers of & statically indeterminate frame due to vielding of supports
&l = wan be found by the slope-deflection method, Take, for exampls, the
Iﬂ“id frame shown in Fig. 172, It is required to determine all end
4 o ar A R
.h!ub:-
Exnacize B0 A .-'Jl‘ . _I_'d': [ !
i & _ "
Ll & = A Aiarnanf
i Lsy SN
H{ F
% L2F e I
ko ¥
b5 t‘ﬂ"'"l S
grw £r| |.d;
IiG 172

moments owing to o rotational slip of « rad of joint P and a horizontal
mevement A; and a vertieal settlement Ay at joint E. The slope deflec-
blon equations (6G)

Maw = Myas+ 225 (=20, = 00 + BRus)

Mei = Mris % (=265 — 0.

(66
+ Raa)

are to be used, wherein all fixed-end moments are zero; values of EI/L
wiet be expressed in kip-feet, and those of & and R in radians. Before
writing up the slope-defloection equations, it is known that . = e rad,
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By = ﬂ, and 6 = 0. The unknownsg are 84, 9a, fe and Ag. The values ::.

of B are
Aa g
.E_.u: = -|- L—“ fipe = j.-d:

As _ g S — .
Bain = + A Rer = T and Rer = 4+ T

The required conditions are urnished by the three joint r.muiiliu:_m ﬂ._nd
\he shear condition. ©OF course, generally the effect of one yielding
pomponent only is investigated at one time; the abiove d].?::uminn.. hrlm-—
ever, and the following example, both containing more than one yielding
eomponent, serve to explain the procedure. k
Example 66, By the slope-deflection method analyze the rigid frame

shown in Fig. 173, due to a rotational slip of 0.002 rad clockwise and &

vertical settlement of 0.45 in. at joint [x  Draw shear and moment
dipgrame. Bketeh the deformed strocture,

|l €
bl L e 01 s
"‘E -
kS % 2 =
Y |2 5 & G
w %M_L E E*g
A
e A
' £-30,000 kit Yolues .,;_?.EI in k=f#
Fic. 173, Fra. 174,

Solution. Vatues of 2ET/L (Tig. 174)
Eﬁ_:f St (2 (30,0007 (K00} EiP-ft- = 22,292 kip-ft

LM i (144){15)
 9ET (2)(30,000)(1,600) kipft _ o oo
S s R
2B _ (2)(30,000)(800) kip-ft _ i
- = {1443 (10) 33,333 kip-it

Values of B in radians (Fig. 175)

g4 Raw = +A/150 rad
Rge = 0.d45/144 rad
Rop = ++a/120 rad

-
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ﬂ-.lﬂ" Jl':."-'n
8 .-—-IJ ﬂ‘i-_.'l 5
& )
;[ﬂ
=
i
1
ajly
gy __l:zﬂr"h
A '
Eideaway ond '_qi;|din; of supparts

Fra. 175,

Slope-deflection Equations.  Itis known that #, = 0: 8p = +0.002 rad.

M..l. = [ + 22,2-'22 [ =2fy — fp + 3 ("‘ -%T)J
= —22,2220 4 3703704

Mza = ﬂ+22,m[—39p — s +3(‘|‘ ]";ﬂ ]
= —d44 4440, + 3703704

Mgz = 0 + 55,555 [ ~ 20y = e 4{3 (+ ?ﬁ)]
= —111,11105 — £5,55568; 4 520.828
Mea = 0+ 56,556 | =28 — 6, + 3 (+ %)]
= — 11,1110 — 55,5668 + 520,828
Mep = 0+ 33333 | —26: — 0+ 3 (+ i_)]
= — 06,6668 | 5333334 — 66.567
Muc = 0+ 33333 | ~200 — €c + 3 (+ ,‘;u)]
= —18,3336, + £33.3338 — 133.333
Two Joint Conditions and e Shear Condifion

=

Noint B: My, 4+ Mpe =0
S Jalnt O Men+ Moo =0

Bhear: —~H,—Hz=10

£ (Mu + M.,,) & (Mu + M;...-) =

o e 10
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Bubstituting, Moy = — (44404} (0.0029748) + (370.370)(0.29243]
— 1555550, — 55,5558 + 3703708 = —520.828 (a) ~ 23807, or —23.80 kip-ft
— 5,586 — 17777760 + 8333334 = —d444.1061 (5} Mae = —(111,111}(0.00297468) — (55,555)(0.0020058) + 520.828
—133,33305 — 300,0008; + 64814814 = +600 (e = +23584, or +23.89 kip-ft
+ 3703700, + 533.3330: —  13.0044 = 1.6067 (e} Mea = —(111,111)(0.0020958) — {55,5565)(0.0025746) + 520.825
Note that symmetry with respect to the diagonal can still be established = +E?'.T':.Hj'. or +4-22.70 kip-ft _
by maodifying (¢) to the form of (). Men = _{EE":_E’E‘J]{D-WEW&EJ T (833.333)(0.29243) — 06667
s . = —22.695, or —22.70 kip-ft
Dividing |:|:'] h].? 155555, Mpe =

— (33, 3330000029058 ) L[—S:iﬁ.ﬁﬂ}[ﬂ.‘duﬁéﬂ} — 133,333
4+ L4580, or 4=10.50 Kip=it

~ The free-body, shear, and moment diagrams of the individual members
Wte shown in Fig, 176. The free-body diagram, moment disgram, and

— e — 0.ART148: + 0.0023818 ~ —0.0033482 {d)
Dividing () by 55,555,

—fy — 3200008 + 00150004 = —0.0081749 (e}
. iEiic curve of the whole frame sre shown in g 177
Dividing (c) by 133,333, .
By — 2.250000; + 0.048611A = +0.0045000 (f) oF R
: gl A7 8 ¢ L2207 i
Bubtracting (¢) from (d), 5 7 e ) ¢ *E - E
o 3
42842866, — DOIZG194 = +0.0048267 () A i TR JE
+38428
Bubtracting () from (e,
—0,950008: — 0.0336114 = — (0126749 () 2 | s
e
Dividing {g) by 284286, 2.7 . 'f._}i J? g
+ e — (LO044388A = 0001607 (i) S B B
rvidi 5 5 R rases =
Dividing (k) by 095061, ' Al 2L a9
— B — DOA5IB00A = —0.0133420 ) (2
Adding (i) and (5] Ladzs ¥
—(LO3OB1DA = —0,0110442
A = +0,20243 (k) | )
Suhetituting (k) into (), =
B = 00029958 { = R
Substituting (&) and {f) into (d), =
By = +0.0020746 () =
The procedure nsed sbove in solving the system of simul taneous equas :E
lions can be considered as a general method, Note that {a) to (c) are
ehanged inte (d) to (), (g) and (k] inte () and (). When 4 is found in >k LE8T*
(k] its value is substituted in (), ot (7], to find #; because 8, i predom- N i
inant in {f), The values of A and fc thus found are substituted in (d), WA gk Check
not {g) or (f), to find &, for the same reason mentioned above. EH=0
Zv=0 Ga=+100g o
Compuiations for Ewd Moments =0 A = ppeg
fex)-Free bady disgram of b )-ament diagrarmn fe)-Elastic curve

Mae = —(22,222)(0.0020748) + (370.370)(0.29243)
= 4472205, or +42.20 kip-{t

the whale frame
Fra. 177,
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Solution. Relafive Stiffness (Fig. 179)
EXERCISES
. Tasie GE-1
h-";d"'”'“l}'m ﬂ"; “EE frama shown owing to a vertical settlement of + in. nt the F |I
P suppork &, raw shoar and moment  disgrams, Sket
girumeture. : ek the defcrm AB.DE_...... 5 10 &
: 2l v o
f o w - XY %100 | 4475
=5 o e P (m?ﬁ i ;
A F 1
P ' -
o 7 = Fired-end Moments (Fig. 178), The magnitade of the fixed-end
% moment at one end of & span with length L, when subjected to s total
Al [ i .
o il R we Sdoardy, £
o]
Ea— A - \ -
e 8’ "iB o
it It
E=.3|:I,[:“m,-"; E-mmkflng .l'l-'.n'.'i"‘
f= 1Loonn: T |_'|:||:|,:,.'r.."
Exercizr 47 Exercias 98
ﬂ.'l-.. H.llﬁl:,fu—e the rigid Frame shown owing toa robstional -‘-ﬂi]l af 0,002 rad chickwine \
of joint A and n vertical settlement of § in. at joint 4. Draw shenr and TR ke
dingrama. S8keteh the deformod struoture, Fra, 150,

43, Analysis of Gable Frames by the Slope-deflection Method, The
general procedure of analyzing gable frames by the slope-defiection
method is the same as heretofore discussed in this chapter, Becauss
of the fact that the angles between members in the undeformed stracture
are not right angles, however, there are several items which need special
eonsideration, These items can be illustrated by the following examples,

Example 66. Analyse the gable frame shown in Fig, 178 by the slope-
deflection method. Draw shesr snd moment diagrams, Sketeh the

wniform load of W in'a direction perpendicular to the axis of the member,
I# equal to WL/12. For the sloping member in Fig. 150,

FEM = {yiwl cos 0)(L see §) = fyuwl’

Thua the fixed-end moment for the sloping member is aqual to 11!.ha.l.'.
for a horizontal memhber with a span equal to the horizantal projection.
In this present example

deformed structure. LB ; o A {l‘l’_'lll{zﬁﬁ - 40 Kips
£.2 irips per Aorie, £ N e
'I'l: a.“'lqp = +":ﬂ' L’il}-ﬁ-
; Myop = —40 kip-ft |
w - - ¥ .

g # Relative Valuer of B (Fig. 181). Before attempting to obtain 'bha

& redative values of B, a joini-displocement diagram is dru.wn_a.a ahown in

@ ) Fig. 181. One prineiple to be constantly kept in mind is that saxial

doformation in the members is neglected in the slope-deflection method

ol & Eln and that, for the relative movement between the end joints of any mem-

ber, only that in the direstion perpendicular to the original axis of the
member iz permitted. In the prosent case, joints A and £ are fixed.

Relatiee shiffanss and Fized end moments
Fra. 170,
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Mop = 440 + 4 /5 (=205 — 0o — 2By =~ +40 4 B9440s — 1T.888R
Moo = —40 + 4 5 (=205 — 8- — 2R) = —40 + 17.8880, — 17.888R
M ox = 0+ 5(—28p — 0z + B) = +100s + 6R

WM, =04 5(—20r — 8o+ R} = +50x + bR

Becanuse of the symmetry of the properties of the frame and of the loading,
joints B and D may move in the horizonta] direction an amount A awey
from each other. Joint €, again because of aymmetry, will have only
vertieal movement. A line B'C* is drawn parallel and equal to BC.
The perpendicular to B'C* at € intersecta a vertical line through € at €%

L9
5

Joind and Shear Conditions, The joint condition at B requirea

ﬂfaﬂ + -;”.lrr: x| H

: The joint conditions at ¢ and D will not yield independent equations
s B i | to —#s and de to zero. The
ar Lecaues st the outset Po is made equal to 5 2
Ii horisontal resctions &b A and £ already balance each other becase
| i M+ Hp = 2o E 00 Mos +Mso . o, Besides the joint con-
[
A £ dition at B, therefore, one other condition is mecessary for solving the
B
Sidesway ot
Pk hal, e AT A
: c c_TE
Thus the length of B'CY is equal to that of BC. The jointa &, £, and 2%y :'.tg.,
D' having been located, it is now possible to find the relative values of &. = 5 Elﬂ Hag £
Note that, fram triangle CC'C”, 0" = /5 A, e
Tanne GE-2
i e u%xm | —& Al ‘5,,5""5 AL faw
Lll{;l!l "..:"‘l- i d‘f.q:l I,." j'&.ﬂ‘ H* -'l't'hl'
84 Fiy - i ¥
{ T e (-I-ll:ll_'.rll,-!.:---+u-_H"IJ,.E"+Er > 20 +ik Fia. 183,
& [ e ’ -
Bop........] = Tia 20 2R o unknowns #s and &, This condition is furnished by the requirement
REs oo +_§,' W ) +it Ney = Hae (Fig. 182}, wherein
- M, + M _ (Mac + Mcs) — (24)(10)
F Rus = —B, Bac = 438, Bop = —3R, sod Bog — +R Hag = - “'--:m— 22 end  Hape=—— T
Slope-deflection Equations. It is known that (1) 8, = #; = 0 (given), Joint Condition at B: Mei+ Mac =10 {a)
(2) ez = 0 (because of symmetry), and (3) 8 = —#s (because of aym- Bhiar Condition: Hei = Hae )]
s 27,8880, + 12.888R = —40 @
386648, — SL.552R = —480
Map =04 5(—20, — 8, —R) = —58; — 5& 1313 SE;E" ~ if IS4F = —160 (&
Mpy =04 5({—205 — 8, —R) = — 108y — 5R Boivin Gl '
Mue = +40 + 4 +/B (=285 — 80 + 2R) = +40 — 17.8880, + 17.B88K * gk Eign

Mer = —40 + 4 45 (—20: — 85 + 2R} = —40 — B.9449, + 17 888R k= +&4080
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184 STATICALLY INDETERMINATE BTRUGTURES
Coinpulntions for End Moments

Man = —(5)(53199) — (5)(8.4080) = —08.640 Jip-ft
Mus = —(10)(6.3199) — (5)(3.4080) = —95.230 kip-ft

£ 7 kips par Soriz, 17

Mac = +40 — (17.888)(5.3100) + (17.888)(8.4080) — 05,240 kipeft ‘9
Meg = —40) — (8.844)(5.3100) + (17 888)(5.4080) = 62870 kip-ft
Mep = —62.820 kip-ft
Moo = +95.240 kip-ft v |4
Moz = +95.230 kipdt e
Mes = 468640 kip-ft ﬁﬂ-,ﬁt”""l:
k
The free-body, shear, and moment dingrame of the individual members m;f et body dingran of the whole frame ret-Elactie curye
are shown in Fig. 183, It is to be noted that the horizontal and vertical
forces acting on BC {or €0 must first bhe replaced by forces perpendicular gl
and parallel to the member BC (or CD) before shear and moment dige
grams can be drawn in the usual way.
" 3
] s
5
&
b %
b & b} -Momert diagram
Fra. 184,
H':l" 'I:-J'.I.B moment-ared method
kipftr . o .
fa = (85240 — 656.40) = 206.0 == clockwise
= kip-ft!
43 U338 |5 3 Pt
(-é ' % ¥ f AO4.40 + TO2.33 — L0478 | _ . {check)
ol ¥ 5 e = B — o)
pmofdd
The free-body disgram, moment dingram, and elastic eurve of the 2k — T02.33 K‘H_

whole frame ara shown in Fig, 184. The following checks on the eon-

‘r #
ditions of gevmetry apply to Figs. 184b and ¢ = /5 (BE') (check)
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Example 67. Analyse the gable frame shown in Fig. 185 by the alope-
deflection method, Draw shear and moment disgrams. Sketch the
deformed structure

=
2
7| =
E ] [
Relabive sti¥fress and
| fened end maments
Fuu, 185, Fia. 18,
Solution.  Raelafive Stfness and Fived-end Momants (Fig. 186)
TanrLe €7-1
— T
£ S e T :inﬂ 5
2 bl =
BC, OO, el TR g % 100 | 445
Moin = + ROEE g pipefe
.'1.Ir_|-;u = —EJ’ I{il:l_t.t'
L 2
Myge ™ 4 ﬂﬁ—jl-l:zu}-] = 45 kip-ft

J‘.I.F}'["n - —5 HFI—FL

Relativs Valuesof B (Fig, 187).  The joint-displacement dingram show-
g Lhe effeot of sidesway is shown in
o {Hlﬂ"l Fl:i;.';. &Y. J{r.int_ﬁ A and E are fixed,
ﬁ;’% Sinee the horizontal load acts only on
% the left side, joints 5 and D will move

¥

g unedqual horigontal distances Ay and A
JJ'J"
i
[

=

s =
e i & toward the right. Draw B'C, parallel
& —Jﬁ =
e ey, andd equal to BC.  Dreaw 0°Cy parallel

and egqual to BT The perpendicular
lines to B0, and D¥Cs ab ) and O,
regpectivoly, intersectat . The joints
g ! _ L #, 0, and D having been located, it is
Stdegway now possible to find the relative values

Fra. 187, of B, Note that, from triangle °CC,

£, = C'Cy = %nm =)

/ ;
{
]

Ve
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Tapre 672

& |

Ban. . ! + by w2 b=
'8
- = (4 — 8 .
. (_ _f'_rfi'..=_ . RESL . _‘:i‘.ﬁli* w0 o) B, B
" 1 /5 10 /8
-l.'-"i".': 2 .'.'|||_.___£-! + H by m:l

!II'|"|'_|. 5 I‘ ]_U-T,l"; -I 2‘] L 'EI:I I_ 1

bt
Hrlﬁ ') ‘ -k ﬁ'ﬁ = Eﬂ +EI

H ﬂ_“:r - I |||'|I '.'I.:I'I.d I‘.'jlf - "I'R-tl |.EI.E'I'| Hlﬂ -| = |:H1 = H:| H.I.'Id Hi.-l.- — -I:'l:.H.‘ — Eﬂ-
Slope-defiection Epuations. 0, and 8« are known to ba aero.

M= 420+ 5'[:—'-'3'5.4. — {Ia + jl:1':' - +EU — olflg- T F.i.ﬁi
.-‘-ru.d = —2} 1 E":—'EEJ.I - I'.l. + -Fh':' o _ED o “J'E:r '|‘ EIEI
Muc = +5 + 4+/5 [—28s — 8c — K1+ Ra)

- 5 — 178880, — R0448, — BO44R, + B.O44H,
Mezg = —0 H—d-_ﬁl:—ﬁﬂ,.__ === R1+Hg:l

= —5 — 17.8880; — 8.0448, — B.O44R; + B4,
Moo =0+ 4+/6(—20: — 85+ By — Ra)

- —17 8880, — 80440, + 5.944R; — 3. 4R,
Mpe =04+ 4vB5{—28 — 0o+ B — Ky

i |T.E-S$ﬂ'r.l — B.0440: |‘ 3.91"1.‘H| -~ 3“1-‘”21
Meor = 0+ 5{=28p — e+ Bal = — 1085 bk
Mes =0 < -ﬁ{—iﬁ'j — fp 4 Fu) = —5fo0 4 Alts

Jorint Comolilions

Jotnl B Muag 4+ Mye =10 (o)
Joint l::!': .'H.:a L Jf.-_-.-:n = ) II:J_I:I
Joint B: Mg+ Mpsg =0 : 1)
— 27 B8R B4 — 344K, + B.044E; = +15 {a')
— RO44; — 307780 — B0 = 45 (V)

_ 044, — 2T.BERGs 4+ B4R, — 30MRB. = 0 ()

Qliear Conditions. Two shear conditions are required to correspond
to the unknowns Ry and Be.  If the gable frame is broken into two parts
at joint ', the reactions of the left part on the right part must be equal
and oppesite to those of the right on the left. The moment |ﬁ1u:mm?nt
Mop = —M gpis used to express the joint condition at € in the preceding
parsgraph.  The other two requirements are:

1. That the horisontal reaction of the left part on the right part must
be squal and opposite to that of the rfght on the left, or Hee = Hen
(Fig. 188).
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Shear condition Vep = Vess
(Mo + Mos) _ (Mac + Mea) o (Man+ Mog) (Moo %}M oe)

198 ATATICALLY INDETERMINATR BTRUCTURES

2. That the vertieal reaction of the left part on the right part must he |

al and i g
‘;qﬂ..;), and opposite to that of the right on the left, or Vg = Voo (Fig.

40 20 40
F—PJME*H’:J Ce H-'i".-l: M in + Mpy) — (Map -+ Mae) — W Mue + Mea) + 2(Men + M)
% { s ey = +180
. E,E o R 1 88.6640s — 38,6640, + BLE52R, — 81.552R, = +180 ()
A =
) Mg IHI Bulving the five simultaneous equations (a”) to (),
” Ll )
e (Fan 0 12, (Moo e fa = +2.3795
& & fe = —1.8283
i 9o = +4.3746
= By = 18,6421
f“*ﬁ“fi’-‘;;—-"‘*‘ ; *"{WWH"IJ Ry = +15.480]
s T’q"‘m % {omputations for End Moments ™
Fio. 188,

M.o = +30 — (5){+2.3705) -+ (5)(+18.6421) = 41018312 kip-ft
Maya = —20 — (100(+2.3705) 4 (5}(+18.6421) = +48.415 kip-ft
Myo = +5 — (17.888)(+2.3705) — (B.044)(—1.8283)
(8.944) (+18.6421) 4 (8.044)(415.4801) = —49.41F kip-ft

M.p = —5 — (17T.888)( —1.8283) — (R.044)(42.3705)

_ (B.044){ 4 18.6421) + (8.9414)(+154801) = —21.778 kip-ft
Mep = —(17.888)(—1.8283) — (8.944)(+4.3746}

4 (8.044)( +18.6421) — (B.044)}(+15.4501) = $21.780 kip-ft

rThﬂHe twa conditions can still be named shear conditions becanse the
H's E'llt'llj ¥'s noted above ean be sonsidered as vertical and horizontsl
shearing forces at section €. From free body BC (Fig. 188)

IH =10, Heg = 12 — (:Hdﬁél['i..‘l{ﬂ

EHH o ﬂ'- FL‘: - ﬁﬂ = H-"-I“u':l _-E.M"'J + MEE_} - Eﬂl + HEI:J

37 10 Moo = —(17.888)(+4.3746) — (B.044)({—1.8283)
(M + Mon) 4 (8.944) (++18.6421) — (B.944)(415.4801) = —33.700 kip-ft
o e e Mop = —(10)(+4.3746) + (5)(+15.4891) = +33.700 kip-ft
From free body CD (Fig. 188) Mes = —(5){+4.3746) + (5}(+15.4891) = +65.573 kip-ft
The frea-hody, shear, and moment diagrams of the individual members
ZH = 0, - e (H"“ + Mex are shown in Fig. 188, The free-body disgram, moment diagram, and
i Efr plastic curve of the whole frame are shown in Fig. 190. The following
IM. =0, o “‘“[_:'g = ::Mc# -+ HJ:E].' = ':_'Hi"l - J'I-:I!"M_] phecks on the eonditions of geometry apply to Fig. 1500 and ¢,
) 40 By the moment-area method
~ Moo+ Msg) kip-ft?
| 30 ] By = {(1,013.10 — 494,10 — 40004} 3
Shear condition Hey = Heor - 11900 B aiiy g
; BI
(Mis + M M cip-Ttt
i e 2 _ (s ;] A ox) B = [119.00 — §{111.80 + 552,40 — 243 50)] L-li}ﬂ
Mas + Moy + Mun + Mox = +240 kip-ft? ip-ft?
® [ p-it it .
— 158y — 158y + 108, + 108 = + 240 (@) = —81.35 e 81.35 E%f_ counterclockwize
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kip-it?
3 k|
- 62140 E"ﬁi
Ladce) o pder leip-ft?
#p = [555.70 — 337.00) “Er 218,70 = A d 2
P R et kip-ft2 51
fo = [218.70 — §@ETHIT + 243.507) B E
kip-{t? kip-fi? RS
= —01.44 ) 01.44 —g tounter: Tockwise (check) *L,lﬁm*
E kip-ft? . kip-tt2 = P
Ay = (55570 AL — 29700 % &0 ZE°L o 5127 —E AL '
pet A : } L{:{ i £ L fa)-Free bﬂr&;di;'l'ﬂm.:.f 2008 fel-Elastic cionne
Ay — Ay = 52140 — 51627 = 10513 -l”-'ﬁf *'”i;‘;‘/
: - Bl Py
LR e A3 i T
Cu = 22368, — (24350 % 22 4 aregr % § w oz ) HEAC L5
3 ZET i
- % (20 % 218.70) — ’*;';r‘ (’ L _f]t_ﬂ.-“'-’ﬂ-ﬁ) -
i R 25
=T (1,030.6) = 5" {Ay — Ag) (eheck)
2
HH o
dded o %
2l =
e < o 45 5
Z ; iy TR 2
2828 pAb : o5 e 7808 {b)-Mament diagram
qﬁﬂ-& ; 2 . o Fia. 190.
L ﬁ e Uity
lﬂ.ﬂf 0 - (I 1180 3 11,18 + 552.40 x & = 2238
- B2
it W g e
&Mﬂ _ 243,50 x 2230 KID-EE_ o5 o4,
zafgg E,_Im,g_ &7 =8 2ET
8 3 3 oI 2 % (lll-?{' e 1-'5"353-_3) L 32’5 (20 % 110.00)
| b q
b E
i;, = % (1,051.0) = ‘*‘T’ﬁ (Ay — Ag) (check)
o EB
AR 8 gﬁ = g3 5
':.'IE ¥ = iﬁq : EXERCISES
z
g 241 99 to 109. Analyse the gable frame shown. Draw shesr and moment disgrams,
Fis, 186, Hlseteh the deformed stroctune,
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Exengiea 101 Exgncran 10

44. Slope-deflection Equations for Members with Variable Cross
Sections. The slope-deflection equations

Mig = Mpan + Ef!i'_—ﬁﬁu = B+ 3K

2E {66)
- (=26, = 8, + 3R)

Mes = Mppas +

have been derived on the basis that the member AE has constant
cross section with moment, of inertia equal to . Now if the member A B
has variable eross sections, the moment of inertin 7 will be variable: in
other words, I has different values at different sections along the span.
The slope-defiection equations for members with variable cross sections
or variable I' will be derived by the same general procedure as Eqs. (66).

The member 4 B shown in Fig. 191a is subjected to the applied loading
and a settlement of A af support B. It is required to express the end
moments Mas and Ma, in terms of the applied loading, the values of
Ba, 0 and K, and the properties of the variable cross sections.  As pres
viously described, the member AR shown in Fig. 191z can be considered
28 the sum of those shown in Fig 1915 to e, Thus
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Mo = Mrag + My + My {71)
Mag = Mpga + M3, + M5,
anid
E..I = _'ﬂ..u + Igﬂ
By = $fp — Bz {TE}

M pan and Mpna in Fgs, (71} can be found by the method of eonsistent
deformation, with due regard to the faet that [ is veriable along the
gpan. The method of eolumn anal-

s o ogy iz a shorter and more direct
-’155.'1%&““5“:4@ method, which will be treated later

-‘w':' b ""-a._____l_' Ig in Chap, IX.
et g ‘ Before M., Me,,, M, and
i T = e M3, in BEga. (71) can be expressed
fa) in terma of 8., #p, and K, it is neces-
I sary to solve the following two
*y & problema.
"‘“Q%EIEIMJJEIEE i Problem 1. Reguired to find ¢
Harfmirle T and ¢y due to an end moment of
) I kip-ft counterclockwize npplied at
-+ end A of span A8, with moment of
F
S e
b 4 _.'i‘-.FP X
R B = -":r‘-'h-fi
o
fct e } &
£ 3
e i
e et - . | T
hinﬂl Variable T 15a J» | 'F__a-*-J',.E pytr
il et L "5"(?,JI
i
— T
L i |
R Bamiczia P[] 1112
Warifabie I My l.-'-r._u;l;
et s
Fra. 141, Fuig, 192,

nertia I. = n. I, where I, i3 8 constant moment of inertia and %, is a
pure ratio which varies with = (Fig, 192).

Solution
Pt moment, of M,/El, diagram between 4 and B about B

da .I!.r
s O iy 48 T 5 1, (5900 — 2
= E,L (m'_f-"r) L R ) IR e
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Let
r:u_-_fil--r}“ q
Then
y K
whaa = £ bh (T .
i i moment of M;.-"E'_-_!_'f__f_lmgm.m betwern A and B about 4
L
1 [ M, ) . "L - 2)()
L f; (a-;:"‘”’ i Al e
—""E & Lat
o —.-__-EPE;; ="::|_|-|l'-ﬂ £
" L 5 Ay |
= — e e L S AL i
I lm::'- T .II..-': f o i I_Tﬁ]
1'* lt’f Then
P L
ffmf 1l Problent 11, - :

Required to find o,
and ¢as due o an end moment

ﬁ_._’_,_(l) 1 kip-f4 counterclockwise applied at endJ
£, Enclo i £ of span AR, with moment of inertia
1, = n.l., where I. is a constant mo-
R | S ment of inertia and », ia & pure ratio
Fris, 16, which varies with = (Fig. 193). '
Solidion
P moment of M,/EI, diagram between A and B about B
L
1 (ML= )
Lf EL, )”‘ - o Bl
- Gy (77)
e moment of M, Ef, dingram between A4 and B about A
L :
el | f B o)
f 7T, )':’*] Nk E
1 [* ()2
0 = 7 B M {T&)
Then
A
ter = (4 ET. (78}
£

THE SLOPE-DEFLECTION METHOD

Referring to Fig. 101d and wsing Eqs. (74) and (76},

P L
E.l.l i ; ({;ILI) ﬂ.ﬂl. ] I":I“ '-'E._r-:)

Heferring to Fig. 191e and using Fgs. (77} and (79,

¢ [ Cals . [Cals
Baz = My, (_E!.f{ Boy = My, (E_;‘)

Bubatituting Eqe. (80) and (81} into Eqs. (72},
o [OLL R L2
s - M R (Flf; i MRH L"I;)
] ‘:‘i # {.-r.uL
oo = -+t (GF) - 20 (57

Bolving Eqs (82 far My and M,

2E1, B ke T ]
May = L“[‘ T, — 0D AEC — €
aml, o, ap- gL
a =Ty [ T v T (o i
Lot
X .—{;II —— = + e {.':rt - ——
Koo = Fqep =gy | Be= T ane @) ;
% |
s =+ 5@, = 0D
Then
M= ELJ S K gafla = K 4]
= Em' [—Ksubs — Kasla]

205

(B0

(B1)

(82}

{83)

(84)

(85]

With M, and M}, found in Eqgs. (85), the next problem s to find
Mo and My, {Flg 191€). The two conditions from which M,

and M’,, can be found are (Fig. 184):
1. Deflection of B from tangent at A = A
2. Deflection of A from tangent at B = A.
[sing the first condition,

A = moment -nf d:ag;mm between A a.nd B about B

=+J:.(f.-n.f =T :”L 2l ) n,f.I; et
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s S S—
Ay r‘j;, I
___H' gt e o
';"'"',il'l{ P!

e £

g [ OMy
e
() et (Y

My A
T (]

HHHl

A R |
Fpa, 104,
or
M, L2 M., Lt
A= Srax o R
z 5 EI, Cs El, €

Using the second condition,

M.
A = moment of -EJ-" diagram between A and B about A

¢l I M;‘l L e I Hr
a- - [ (et o) @ + [ Gl g o) o

or
— ST E;ﬂ}"" HIJ‘HJ.L:
A= ) s + TR iy (BT)
Bolving Fqs, (86) snd (87) for M ywand My, , and recalling that B = AL
i BB oo 3E1.
MFJI + L_ H{W@ H:| - + T [:.-F':d..l 2 KJ.]:'E
) T e 2T i
Mrn + L" E{T.-IC.-.—__{F:—:] R:| - —L—' I:Ku i H.LI}R

Substituting Eqs. (85) and (B8} into Egs. (71),

2E],

Mz = Mpap + S [—Kaals — Kouba + (Kaiu 4+ KR

.ﬂ-:fn = MJJJ + HEIi {Bg}

L [_Hﬂﬂﬂﬂ b K.ﬂlﬂ.l. + (Knp + EJI}E]
whera

A iy &
aagsyr™ 2(0hC — OF) iy O, !—ﬁ

R-ll' - + El

2(C\Cs — CF)

)

-

(86
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A 1 (" (@)L — 2)
& I_ {.L - I:I! LoEE u_
Ly = fl jl; = - iz l-l:‘l i J'; Tie s

o i
Ca= ﬁﬂ L

Equations (89) are the slope-deflection equations for mc_mh-m with
variable cross sections,  Itis to be noted that, for members with constant
cross aection, . = 1 for all values of 2, I. = I, Cy = 'I.',' Cy = -.E'J (/g = i‘,
Wis = Kan = 2, Kig = l., and Eﬂ_ﬂ. -[_SEFI' become Eqs. {ﬂ'ﬂ:l-

Example 88. Analyze the continuous
beam shown in Fig. 195 by the slope- E,ﬁ'?"'
deflection method. Draw shear and = i O Ll

C
moment diagrams, and sketch the elas- AN "*’#..53 il z:f:h
t‘i[: [:Ll.n"-l]. Pl' Jﬂ" .P.r -‘F-"- H'. 'i"'

Solution. For span AB: e’ '
1 2L — 2t Fia. 195.
E: L L;_j; l[ . dr
96 S
1 36 — 2)* . f“ (36 — =) o 4 (36 — =z)* ..
= @o)e I E 1.5 il § 1 o 2 |

k1)

1 1 23 i : EB_*]
|
2
“{%;a[;—ﬁﬂﬁ—4+m F48 —36+09—16+4—H

= “’}
+ [I,ZEE;: ~ 36zt + g]m

+{;][54—ﬁ4+%*—43+3f-—93'1
= (FI5 + 4 + 4 --I%r‘lﬂﬁﬁm
1 [“=(L—=)
E!’:I_-'*L- e % a:r; y
I (z)(36 — 7) 36 = x) .
'{aaz-*f 3, S 2
o 2

e g3 470
-{T'lﬁ'j'l = 1311—%1]""[15:‘-’1-5]5 +2 18z 3 oy

"{%[ﬁ‘iﬂ—HHlS—H—HH+u:m32—=;—1s+g¢,
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Wy definition of £, €9, and Cs

= (&I +5+ 8= 155& = 0,1440G5
E‘f.rﬂ'.ﬁ1 - -.rL'!.ql:'j_L = EU.EEEQQE}{Eﬁ}MJ.

I
r:',-lj;%fdm

[ g a6 Py Bl = JH:C-:L - {Dnl‘i‘:gﬁ'ﬁ}[-aﬂ')”ﬂ
= E:ﬂils_n f Eodr + f Z e 4 f (x} rh-l El8ay = MyCal, = (0.235243)(36)M s
il al :

'he equations for consistent deformation now become
10,350.28 — {0.2064%3) (30}M 4 — (0, 14409651(36IMa = D

by W[5 1 5

{w | 1 P e J 9,040,292 — (0.144965) (300 M . — (D 235243} (B6)M w = O
271 Bolving,
{n'ﬂ[i =k *si + &) = = (,235243 M. = 6682.42 kip-ft
1 IFJ
2L — €D = 2(0.260403)(0.235243) — (0.144965)7] = 0.0833518 My = T65.65 kip-it
1] (" U 235244 e soF
T e IR T ST e B i w2 Ny
i 0144965 . “”‘ j‘ ; Moo 5 :
Kiz = 2[1:1 C: = {"E' - mﬁr = o=1.7300 F E{;_ ] .-._,.-_:':__-!
4 o 0.266493 Yy |
fux = o e, — €D | Daegasie T e v @
For span BC: l
C; = 0235243  Kap = 310722
Cs = 0.144065  Kgo = +1.73920
C; = 0.266408 Koo = +2,82230

Fired-end Moments—3pan AB, a. Due to Uniform Load (Fig. 196).
By the method of consistent deformation

Bay — Bax — 842 =10
En:l_ﬂlrt_en:"ﬂ
By the ronjugate-beam method
El 8 = -'([.-,rg_

1 1 E
== [ﬁi f.:. (108x — 327)(36 — z) dx
an

“cﬁ{“"";?““f‘m
i
#& i =S

fa'f
Fes, 196,

b, Dhee bo the Concentrafed Load (Fig 197). By the method of con-
sistent deformation

ar
+L (108x — 32%)(36 — 2) dx +

= 10,350.28
Elba = I,

L]
= % [1_15_£. (1082 — 3%)(2) dx

., (1082 — 39)(306 — 2) m]

Barp = Paz — Bag = 1]
fag = Buz — fgy = 0
By the conjugate-heam method

El.fa = 4,282.5

a7 Ik
+f (108z —3I=].md:+%{ {1[!3.:—3.:*][.1:}{&]
3 i ElBas = 34125

= 9,040.22

_/




THE SLOPE-DEFLECTION METHOD 211

210 BUATIOALLY INDETERMINATE ErkioTiiRis
By definition of €, (T, and 5 mlsp.:.w
El Py = (0.266493) (367, Kl Bps = (0.144065) (360 M , Eéﬁ'{mj]?;ﬁ

El 84 = (0.144965)(36) M » Bl fs = (0.235243)(36)M 4
The equations for consistent deformation now bocome

42825 — (0.266403)(36) M4 — (0.144965) (36] M, = 0
3412.5 — (0.144065) (36) M. — (0.235243)(36) M, = 0

Engd regeiions Seefa | 108 #a0d
{rfml's T R T+ * Bt
nd remciiony pue fa x 2

et gty |7 SLIET = I NETIAIEE - daRIS
foral end reaclipn |HITIRET  #182,007 (#0638 =HLB7N
By A PAI®  By=viiigei® &"#Hr‘ﬂ

Solving,
. M, = 3175 kip-ft
Ma = 192.35 kip-fi #100F5E
SEﬂpHEﬂEﬂ!mﬂ El?l[ﬂ&!‘r].l‘:',sl Ein.:e jﬂ'i]ltﬂ ﬂl _H. .I:H'.Id E dg ik ml}‘re’ E wl_:?;
for both members AR and B s zero. 2ET /L ia the satne for AR and i HIL 625
BCY; so it is considered to be unity, 8, is known to be sero. Jerma™ |
Myip = +6062.42 -+ 341.75 = +1,004.17 kip-ft 017
Mypus = —765.55 — 19235 = —057.00 kip-ft Shear disgram
.ﬂf;]u = n SREF
MICH‘ — ﬂ mj‘?
Using the slope-deflection equations (89), o
Mis = 4100417 4 1{—2.822300, — 1.7302065) _
= 100417 — 1.730208, W7 Moment diagram

Moy = —0957.00 4 1{—3.197229, — 1.730206.0
= =057.90 — 3.107228,

Muec = 0 + 1({—3.197228, — 1.739208:)
= —3.197220, — 1.730200,

Mex =10 + 1{—2.32:23{!5'.; — L.T39208:)
= =2 B2Z30d: — 1.730200,

Joint Conditions

—

T

Elastic curve
Fro. 184,

{Theck on Conlintely, A check on continuity may be had by finding
the rotations at the supporis.

Joint B: May + Mag =0 —6.304440, — 17302060, = +957.90 {a) ka0 oS i o bt e
Joimt s ‘M{la = (] _L‘I'.'EHH‘HB N Em%ﬂ&c & 0 {.&:’ 4 n E o
Bolving, k ) H

0y = — 170008 Due to untform load. . .| 10,350 28 —% 940 23

e = +110.901 e ey

T ip eoneenlrabad
lond. .......0c000s 4 4,282.80 =3,412,60

—

Computations for End Momends
Mas = +1,004.17 — (1.73920){ —179.996) = 4 1,317.17 kip-it

—_—

Due to end moments, .| —12,636.60 4-6,6873.97

Mua = —057.00 — (3.19722)(—179.990) = —382.51 kip-ft :
i ; . — 1,906.22 <+3239.38 | —3,230.38 41,906.32
Mae = (—3.10722)(—179.996) — (1.73920)(+110.001} =,
= +382,51 kip-ft : ol 0.04 =3,230.37 — &, 23038 41,005 232
Mep = (—2.82230)(+110.901) — (1.73020)(—179.998) = 0 (ke im0 e

The reactionz, shear and moment dingrams, and the elastic curve are For example, C.L{1.317.17) = 12,636.60

eghown in Fig, 198,

)
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Example 69. By the slope-deflection method analyze the continuous
beam shown in 'F'-'.E_ 180 awing o & vortical settloment of 0450 in, at

mippart B,
5
I
4 E,F T
|: T e 17

il L |2
T L N R

&1 - e

Ll 257
A =
£ = 30,000 5
L= aMow?
i e ¥
| A= o
_ S MR
.Enﬂ'm:.‘.‘.la':l:-m:' 3 -
v Toel ey RE|-REN 2850

By 2 #EU R Rpe=TLidr % & snmoh

AR

———t
-8B854

Shear diggram
ST M
JEETE Momen! disgrom

&

- A I
| T :1#:.:.:'_____,#":5}
ek
Elastic ourve

Fro. 190
Solution. The slope-deflection equations

Map = Meris + Eifg l—K.uﬂ,a = B ialy + {K..u = H.m':lm

Mua = Meaa + 2—?5 [— Koola — Kaaba + (Koo + Kan) ]

(B9)

will be used.
Fm' Fpan AR: .ﬂfp.w = ﬁfﬂu - ‘ﬂ

2EL, _ ()@0,000)(8,100) _ oq 750 jip-ft

L - (144)(36)
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I'ram Exm:npl& GR

K a4 = 282230 Kig = 1,73920 Kpp = 3.19722

. e
R =+ gz ™ *+0-00104167 rad

For span BC: Mepe = Mypcx = 0

ZEL. _ (2)(30,0007(8,100) -
s (144336 2,750 kap-ft
Kapp = 3.10722 Kpe = 1,73020 Koo = 282230
L ;
= oy " 0.00104167 rad
Slope-defleciion Equalions

Maa = 0 4 93.750[ —2.822300, — 1.739208, + 4.56150(4-0.00 14167 ]]
= 444546 — 163 0508,

Mpa = 0 4 937500 —3.1972205 — 1.730206, + 4.93642( FOO0104167)]
= -+482.07 — 200 7390

Mao = 0 4 93 750[ —3.197228, — 1.730200; + 493642 — D014 167]

—482.07 — 2007398, — 163 0508,

0 + 03,750] —2 822300, — 1.739208y + 4.56150{ — 0.00104167)]

—445.40 — 204, 5018, — 163 0508,

M{'I

Joint Conditions

.iu.]ul:- B:Mps 4+ Mpe =10 - OH0 4788, — 163,0508, = 0 )
Joint ': Mgy =0 — 1630008, — 204,5018; = 4445468 (b)
Bolving,

e = 000055011
fo = —0.00202257

Compulalions for End Mamends

My = +4d546 — (163 050)(+0.00055011) = +355.76 kip-ft

l‘f.:..q = 48207 — EHJ“,T:"Q:]E—GGM&&“II]‘ = 31718 kir_'p-f‘t.

Mae = —d4B2.07 — (209,739 (+0.00065011) — (163,050){ —0.00202257)
.= —317.18 kip-ft

Men = —345.40 — (204,591 =0.00202257) — (163,0500{+0.00055011}

= [}
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The reactions, shear and moment dingrams, and the elastic curve are

ghown in Fig. 199,

Check on Condinuity.

ST ATICALLY INDETERMINATE ST RICTURES

the robations at the supports.

A check on continuity may be had by finding

J

Tapte G0-1, Varues op & 14 Rantaxa
A B | B i
Thie to setthement. .. ... |+0. 00104167 4.0 0104107, — 0 DDHIGT — 0 D006
| Shal WA —
e to end momanla. .. — 0 O20E250 S0, 001 122
- OEFIE02L — O MHEELTT 0 00LE01ITT — i CHHRISER
——
S0 OO0 +'|].l:lll'l'!leil.'|-IE.+l:l-.EI'Il"w'1l.'lllfl — 0 Q2L
{Theck B4 = 0} (G heck)
L _ (3857010300 (144) 1\ opainny = 0.00202256

Tor oxampln, 355706 kL -

A0, 000 (8, V0]

109 and 104, Analyse the continuous beam shown.

EXERCISES

diaprama, Skebeh the elastin GUrye.

Thaw shaar aml mom

L
Lt
J-ﬂ'.-ﬁ'
P [
a2
fe i Fi i o
e _LEQL_ .lel -lllﬁl' h-l'l:l-"r
48 #3° ¥
Hxprcrst 103
Fl:].l
i
e -—"'E :
Jiﬁ? _W =E
I 2 L Iz
0 Hl Mf __ilﬂ"
l—— - :
ETN e
Fxerciss 104

——r
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216

106 and 106, Analyze the eantinuons beam shown owing to o settlesent of & fn, st
okl B

the support #.  Diraw eheor and moment diagrams,

i~ 5

Shetell the elastio curve.
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CHAPTER YIIIL
THE MOMENT-DISTRIBUTION METHOD

46, General Description of the Moment-distribution Method, ! The
moment-distribution method can be used to analyze all types of ﬁt“i”‘-“_“}' ]
indeterminate beams or rigid frames.  Essentially it consists in Ecﬂ‘.f:!ng.-:
the simultaneous equations in the slope-deflection method by suceesaive
approximations.  In order to develop the method, it 1'.““ bwx helpful Lo

eongider the following problem: IF
a clockwize moment of A, kip-ft 18

A iy
Gﬁ“hﬁ'&.__——-"" -'*F;) applied at the simple support of &
i & i girnight member of constant cross

ka il lﬁ' saclion simply supported al one end

lr -

i and fixed at the other, find the Tl::ltal

M o B, at the simple support and t

3 ) — A tronn #y :
CMH_‘_ ‘ momend. Me al the fixed end (Fig
i = 200). The method of consistont r.ll?-
. I formation will be used. The condi=
AE () tion of geometry required is, in this

z

(i b L

fun = far  [DOP

dg =10, ar

By the conjugate-beam method

MJIJ | iy JUJ'I'L
-EJI| i GET- ﬂjg St E Egl.}'
Sabstituting Eq. (91} into Fqg. (90,
M_JL = J"{IIJ 1 Fem “ {!}2
T = sEF  Mr = M
Algo, : o .
J"f L M.I'-L‘ a.H.l e gl 4 e
=0 — Fd!=ﬁ ~¥EI " 3BT T TREI = ir M, 43
Bolving for M, in Eq. (83},
HJ —_ ?% E,q
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Thus, for a span A8 which is simply supported at A and fixed at B, oa
elockwise rotation of #4 can be effected by applyving a clockwise moment
of My = [4EI/L8, at A, which in turn induees a elockwise moment of
My = My on the member at B, The exprossion LET/L §8 nsually
ealled the steffress facler, which is defined as the moment required to be
spplied at A to canse a rotation of 1 rad at A of a epan A8 simply sup-
ported af A and fixed at §; the number 4§ is the corry-over factor, which
5 the ratio of the moment induced at B to the moment applied at A,
Note that the same gipn convention iz used in the mcrment-distribu bion
mothod aa in the slope-defection method.

Now take the continueus beam ABC shown in Fig 20la. If the
joints A, B, and € are to be restruined against rotation, the moments as

THE WOMNENT-AETRIMCTION METNOD
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shown in Fig. 2016 must be applied, which are in fact the fixed-end
toments on spans A S and B
luld the joints against rotation are (17 100 kip-it counterclockwize at A,
(21 100 — B0 = 40 -kip-ft clockwise at B, and (3) 80 kip-ft clockwise at ¢
| hese restraining moments are sometimes called the “lacking” moments
1o "lock™ the joints apainst rotation.
free body in Fig. 201¢ is in equilibrium under the action of the fixed-end
moments, which are opposite in direction to thoese acting en the members,
und the locking moment.
Firat lock all three joints, Then release joint B only. Joint B, now
under the aetion of 40 kip-ft counterclockwise, will rotate & eertain
wmount in the counterclockwise direction, which will in turn induce

The restraining moments required to

Note that the joint B shown asa

The procedure may be deseribed as follows!
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counterclockwise moments at B to act on B4 and BO in AMOUNnia pr

portional to the sliffress factors of ench, with a sum of £0 kip-ft. The rela-
tive stifiness factors of BA and BC are 3and 2. Thus 334+ 0 = . G
times 40 kip-ft, or 24 kip-ft counterclockwise, will net on BA, and
2/(2 + 3) = 0.400 timea 40 kip-ft. or 1§ kip-lt counterclockwise, will
act on BL.  The numbers 0.600 and 0.400 gre wsually called 1he dis
trebudion factors. Now lock joint B in its new position, and release joint €
which will rotate a certain amount in the eounterclockwise direction,
This rotation must be such as to induee o countersloekwise moment of
60 kip-ft 1o act on OB at . Jaint 4 is a fixed gupport; 50t need not ba
released ot all.  Thus the firat ovele of the moment dist ribution has e
completed (see the adjoining moment-distribution table), To summar=
ize, all joints are first locked by locking moments -+ 100, — 100, +G0, — G0
acting on all members, then joints B and € are relessed in suecession, and
the * balancing " moments are 0, 424, L6, and 60 (juint A i3 & fixe
BUpport),

Momenrpissnmurrion Tanue

R o R A Il I [
Ml - (st i L AB pa | mo ¢B
Digtributim factors, . — 0. 400 0. 400 1, O
1st eycle FEM + 100 — 100 +) —80
Balaree — + 2 +16 +60
2 oyele Carry-over + 12 +a0 + B
Balinen = 1B - 12 - &
&1 cyele CRrry-over = —_— - — B
| Balanee —_— + 2. o= L )
dih eycle Carry-over + 1.z =i 49 4D
Balanes — — I8 - —.
| E| 2
fth oyele Carry-vvor 0.0 — 0.4 — 4.
Finlarca L —— | 4+ 0.24 4 0,16 = .
snd 20 on, to apy desired degrae of Berurnoy
Total énd momants (5 cyroles). 'il + 103 .3 I’ —104.18 +43 . 14 o i

When a balancing moment of +24 kip-ft iz placed at B of span AR,
one-half of this amount, or +12 kip-fi, is induced ot A, In the same

; A

I 1 f.: It

o —1— e
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manner, one-half of the +10 kip-ft, or +8 kip-ft, acts at €, and one-half
al the 60 kip-ft, or +30 kip-ft, acts at B. ‘These moments +12, 0,
P30, +8 are called the “earry-over ™ moments, which arc tept 0wl during
the first balancing and now are eonsidered as new loeking moments to
lock the joints in positions after the first rotations. Then the juints B
wnil O are relepsed for the seeond fime, and the second rotations ot B wnd
U induce balancing moments ag shown in the sccond evele and CAFTY-OVEr
oments as shown in the fivat line of the third evele. The same procesg
fun be repeated for az many eyeles s desired (o bring the balancing or
tnrry-over moments (o very smoll magnitudes, Thus any degree of
peciirany can be obilwn l."|].I sl the work Tﬂl’llllil"ﬂli.] decreases as thie J'-I.'cl]l.E'IﬂH,'l.
mecuraey deercases.  The final, or total, end moments are obtained by
pidding all nimbers in the respective columns,

Thus the moment-distribution method consists in suceessively locking
Mnd releasing tho joints; the first locking moments are the Bxed-end .
moments due to the applied loading, after the first balancing; the suo-
tessive locking moments are the carry-over moments which are induced
b pet at the other ends of the respective spans by the balancing moments,

The reader is advised to read this article again and again while work-

ng through the rest of this ehapter.

46. Application of the Moment-distribution Method to the Analysis
of Statically Indeterminate Beams. The application of the moment-
distribution methed ss deseribed in general in the preceding article to the

Wnelysis of statically indeterminate beams will be illustrated by the

fllowing examples,
Example 70. Analyze the continuous beam shown in Fig. 2022 by the
moment-distribution methed. Draw shear and moment diggrams,

Blietch the elastic curve.
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Relotive stiffness and fised end moments
. Fro. 33
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Solution. Relative Siffnesz ond Fired-end MWomends (Fig, 3023 Tiare ¥ SlodesT DisTrimUiion
Tamry Tel, IIELATIVE BTIFFXESE .|||r||:'|t. Tl A : iy i oD
[T | - st adet s = 1—
L Sl (l‘; < {:‘; xiz | o T | BA | se | ea | ep | pe
| f10f Bl - = f— g e
: Y T 5 § 2 2
BC., vl (Gp =ag) ®e | 0 = W 3 2 | 5 _ S L
= [ i = . e ]
OB iz (ﬁ - g} W 1B 2 Cyele nF | 1.g00 | 0875 | 0.825 | 0.714 [ 0.286 | 1.000
% 7 Sl ! ey S i LA
' FEAL | 430,00 | — 36.00+156.00) 156, 00| +32. 00 — 16. 00/ +1.00
'||r|.2'|': 3 |15 L] [E= +r_|:|||_'|:— "ﬁ_lﬂﬂ-: I' ﬂ-ﬁ.H +3‘ﬁ.'iﬁ|— )
Myin = + {3]2, T 36 kip-ft ) o _El ] T.J_ I : ! g N
= —30 ki s | 0O |—52.50 |- 18,004 44.27|— 37.50— 1.00417.7
g 32:;f1ff (20)(24) Dol (42250 [— 085~ 10.42)4+ 27 40 411.00 17 78
LE1ied) 20 (& ek 3 _ S S e v AR il e =
My = p A L L E58 kipdt SRR s e , . |
e ST [ s 5 oo |- 300 4 11984 13 Tal— 8.21— B.844 5.6':1!
Mpen = — 156 kip-ft Dol |4 4.02 — 9.37 - 15.62+ 12, 10|+ 488 - 5 50
18HAN(R) = ! _| = 5 L o . =
ALy oo Ef;fj = 432 kip-ft i | ems e ae e ol 6.00— 7.sif= 278+ 244
) : 2 Bl ¢ dasl= 2.21|= 5854+ T.04 308 2.4
My = — SEDUE - gepien = s e
; [ ' 5 0 i GO | | .".'!— 2 I'.l.'i!— 1 2% 1.5l
Bal B i0m|— 8 2‘..||— g.804 2794 1I.13=- 1.51
In the momeni-distribution table {see Table T0-2) the distribution S — - i ——
factors pre fivsk compufed. The DF (disiribution factor) at jomt A 0 G Ci - 1.1 |4 0 F":r'_i_ I':!E 0 :iﬁ ; g:g e ?,;E
D is 1000 on member AB (or DO becsuse there §5 only one mem bag Bal iRy i < I.TE._I-I— S ~ gk S L
satering the. ot Zas DO st junt 5 e 3’-”::,-'_ ) = 0.375_ag 7 | 00 |06 Yo 0T fr.EI'-‘-i _ 0.68|— 0.98{+ 0.38
member BA and 5/(8 + 5) = 0.625 on member B¢, The DF's at joink Bal, + 041 |= ﬂ..aT!-- 0,90/ + 0.68/+ 0,28~ 0.33
Care 55 4 2) = 0.714 on member C8 and 295 + 2) = 0.280 on_ roeto i | 3] Er: T — f———

ber 0. In eycle 1, the lorking moments or the unhbalanced mm;-.(uﬁt__,af
are the FEM (fized-end moments), which are then entered in the tahils
Howewver, note that at joint [, there is o cloclwise moment of 18 kipft

- IR et | = 107 69| 4=107 0% — Ti 06|+ 735 —LB.W_+IE.EI:I

e o — _-

Lk enk:

acting, clockwize moment acting on the joint being taken as positive “ILIM!.E‘““ v _gﬁg[: ; }';m: ﬂ?; -|+- ﬁ::i Itigﬁ _Egg
Jointe A, B, C, and D are then relessed and balanced,  'The "unbalance ® h“ifﬂn“ﬁﬂ i3 E:Hi 3 53:6«'.’1'— BD 48 4 106 48 +42 66 +22. 53

at A i +-36.00; so the balancing moment is —36.00. The unbalunce of
B iz —=30.00 4 15600 = 4+120.00; so the balancing moments wre
— (037500 +120.00) = —45.00 and —(0.0625)(+12000) = —75.00 on
BA and BC, respeetively.  The snme explanation applies 1o jeints € and
¥, Note that all moments are kept to two decimal places in this soli-
tion, The cwrry-overs ss shown in the first line of the second eyole
are +4 times the balancing momenta placed at the far ends of the respee=
tive members in the preceding line. These carmv-overs are the nese
unbalances, which are balanced in the same manner as before. The
process 18 repeated, keeping all figures to two decimal places. It 18
obeerved that in thie example the total end momente at all places are not

o = aamn, [ —H | = 00634+ 1T 90+ 17000 — 21 .30| =21 .83} +11:
(Check) | {Check) |

For explanation of check, sae Att. 47,

materially affectod by the seventh eyele of moment digtribution. This
siirzesis that no further moment distribution is needed, By nddin,g the
moments in the respective eolumng the total end moments are n_l:-tmn-eqi.
Whese total end moments cheek fairly well with those obtained by
" he slope-deflection methed in Example 54, The resctions. shear and
moment diagrams, and the elastie curve have been worked out previously
i Examole 31: 20 they will not be repeated here,
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In carrying out the work in the sl
. temen b-disbibution table, it i i
able to first put down {he sigrd in any one line Bt

then the numerical values, This helps thee om
on one operation at a time, Note also the
moments placed at the ends of members mecting in one joint at
time must be equal to the botol uhlalance ul that joint.  This wi
enw_:_u: that the sum of the totul end momenls acting on all mem
meeting at any one joint is zero, “

Example '”.I. .:’LI'I'l!:r'iE' the continuons beam show
the mement-distribution mwethod,
Skeich the elastio curve,

all at the same time ¢ {

othe sum o of the Folaneg

2k

gk a&
+ St ak-rt A %
A IIII][]l;!;;-lllrrlllrllilrl-lll
i b 7 o i .ﬁ'!"':br.n'.-'
: W | 2
/7 24 | 3
el )
Al @ we & owe @ ~t5 FF
o o
e e
Relative sh ffoess and fixed end momenits
Fro. 20g,
Solution. Relative Sttffnese and Fived-end Momeniz (Fig, 2050
Tamie TI-1. Revatoe Buirrxxzs
e Fofet = N
S - ,1:] % 12 I 3
{1F) ol
RO . "_=f§ W 12 | 5
g L LEE
% [!) w12 | o

122
Mean = + 53'][2_} = 36 kip-ft
Mpps = —~36 kip-ft
(2)(24)* |, (20)(24
.ﬂ-fp;.g = + .......... £ + L:;:_} o +l-ﬁﬂ' kip-ﬂ'
Mrce = —156 kip-ft

Mech = + &H;{;& = 32 kip-ft.

1 k
W o {E‘f}—lﬁfi = —16 Lip-ft

puter 4o coneentigl

n in Fig. 208 by
Draw shear and moment dizzrame,

THE MOMENT-DISTRIBUTION METHOD
Tamie T1-2. Moupst DISTRIBUTION :
e e ] [
Bbor. ... AB | BA B I_ o ﬂ_'ﬂ_l? oo
T e ek R B | s .
Boa: | DF |——| 0.515 | 0.625 | 0.714 | 0.988 | 1.000 )
F 1 FEM | 136 00— 3500/ +156.00 = 136 00'+32 00| —16.00/ 4-18.00
Pal, |———/|— 45.00(— 75.00{4 B8.58/+35 46— 2.00
2 oo |-zz.s0 |+ 44,97~ $7.50(— .00\ +17.73
Bal. — LR.GD|— 27 .87 4 E'l".’cﬁl-l-lt.ﬂl:—l'.?.?ﬂ
.. _ — i3
L = &0
3 co |- B.go + 13.74|— 13.B4{— 8,86+ B
Bal e 518 = 8.50|+ 16.21/+ 6,48 — 5.40
& i | :
4 oo |— 254 + 810/~ &.30— 2.754+ 3.24
} - 24
Dal,  [——|— 3.04— 5084 S04k 200 3.
= S 1
5 o0 |- 152 4+ 2.52— 2.63— 1.62)4 1.00
Bal. ~ 0.84— 1,584 2.00/+ 1.19)— 1.00
o — {47 4+ 148 — 0.7%— 0.50+ 0.60
! Bal. |——|— ©.56/— 0.92(4 0.9E4+ 0.57]|— 0.060
K o |- 098 —— |+ O.48l- o 40— 0.500+ 0.18
Tial. ~ 0.07|— 0.2+ 054+ 0.22)— 0.18
— -—! —
cp |- 0.08 + 0.27|— 0.14— 0.09/4 9.11
: Bal. |——|— 0.0~ 0,174+ ©.16+ 0.07 - 0.11
g Co = 0.05 4+ 0.08— 0.08— 0.06 4 0.04
Bal. —~ 0.08l— oosi4 0,100+ 0.08— 0.04
F oo |- om + 0.08)= o.02= 0.0%+ 0.02
i)' Bal, |——|— 0.0%— n.ual + 0.03|4 0.00— 0.02
11 _Lfli_] — 0,0 + 0 = U.{I{El— Q0] ———
Bal. — | ogool— 001 D03 0l =———
| = %
12 Fr AN P B e L e e ey b e
Bal, |- o, o L it v e -
fPotal....... |+ 0.19|=107.62 +107.62|— 7367|173 67— 18 00 +-15.00
{heck |
E‘.;mnae =35 Bli= T1 6} - 48 38 4 B2, E3 41 .87 — E 00
—4 (change). ... .|425. 814 17.900— 4L 164 24,10 4 100 — 20 84
B ol 0| = 58.73|— 80.54{+106.52)+-42.67 —22.3;1
. w =Ryl 0 [+ 17904 17.08)— 313021 S8 414 |
[ {CReck) [T heck] [Check)

e

For sxplanaticn of eheek, see Art. 47,
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In the moment-distribution table (see Table 71-2) the distribwtion
factors are ficst computed, Since joint A ia a fived support, it can resiat
any moment assigned 1o it wnd therefore need nof be released ; in such &
case theve showld be no distribution factor applieable to joint A.  The
distribution faetors ol joints B, C, and [ are determined ss previously
digenssed.  The Gxedenil moments god the moment of 18 kip-ft at the
otaide of joint £ are placed ot the beginning of the first evele.  Joint A
necds no balancing: 2o the balapeing moments in all eyelos are pero, for
which o dash is used in the talile,  "The moment distrilation ia carred
ot as yangl, By kecpng all Begers to Awo decima] places, the toble
eames to an Cautomatie” stop et the end of the twelfth oyele.  The totak
gl momiends ag thos obitamed by adding the momenis in the respective
columna rheek fairly well with (hose in the dope-delection soloutami.
Tlie ot wirs, dhear and moment diagrams, and Lhe elastie curve have
e worked out efore in Exwmple 55; 50 Chey will ot be repeated here,

47. Check on Moment Distributivn. The momeni-distiibition ke
Twsrins with ielafive stiffiesses and fixed-ond moments and ends with firal
el moments A cheek ean bo made Lo eneurs that the correced cnd
myiments hove e obinined on ihe bastz of the relative stifnesses and
[iarrb=cnd mennents ol the bead of {he tabde.  OF course, the Brst olwvious
eheek is to see whetler o not the moments ave baloneed at cach interior
foiint ared Phee monnend is gevo ol eneh exterior simple support 3 thia eheck
i v 4 e ol itions of galdes, Thoere pemaing the check on the conditions
al ey, Tlhis can be made by finding the relnlive values of the
ribidivn ab each joint. ITnofhe slopo-deflection eguelicns

Man = Mean + Kol —2805 — 0g)
WMaa = Mepa 4 Kanl =28 — 4}

Lhe eid moments are expressed in terme of the fixed-end momentsz and
the end rotations.  Conversely, the end rotations can be exprossed im
terms of the fixed-end moments and the fingl end moments. Solving
Fge. (02) for 84 and O,

In i':l.'!E. [ﬂﬁ}. [ﬂ'f.qa - jf.”,m‘,l !'I.'!'I.'.'t |:3:F;.1_ ol .Hf.l.l-.d:l will b l!'l.ll!l'l.'!'d e ﬂhﬂ.l’lﬂﬂ
{1 the moment from the hxed-end moment to the Onal end moment.
Thus the relative value of the rotation § st any one end of a member is
wepual to the change in the moment at the near end minus one-half of
tho change in the moment at the for end and Lhen divided by (—K..).
L

_ (ehange) seuren -+ { — 4} (CHANER v wod (67

El.'.'lr g |: 2 I{"I}

By the uge of Fr. (97) the relative values of the rotation al the ends of
earh membier can be computed; the check on the conditions of geomeiry
will b that the rotations at the ends of all members meeting in one joint
should be equal and that the rotution at the fived support should be zera,

At the end of Table T0-2 for moment distribution the check made by
wpplying Eq. (97) is shown. The relative values of the rotations at
joints A, B, T, and L} arve 40053, +17.90, —21.30, and -+11.42, respec-
u"-"-']_'r'- The same ig Jdone f.;..r' the moment {l;ﬁ‘l.l'fl.l'lllhi.{l-ll i Tl 'F'l—'rdl
L wherein the relative values of the rotations al jeints A, B, U, and D are
B +17.91, —21.30 and +11.42, respectively,

[t iz to be noted again that the above check has nothing to do with
\he correctness of the values of the relative stiffness and the fixed-end
moments used at the beginning of the moement-distribution table) f.e,
i the latter are wrong, the answers woulu be correspondingly in error
wven though they met the test of the chock,

5 EXERCISES
i 10T #3110, Solve Exeridses 72 to 76 by the moment-distribution methed.

48, Stiffness Factor at the Near End of 4 Member When the Far End
I Hinged. The stiffness faotor has been defined as the moment required
Lo rotate the tangent to the elastic curve st the near end of a4 member
Wirough ene radian when the far end is jized; for a member wjt.h_ﬂuuﬁlu_mt
Wroes section, this stiffness factor is 4E1/L (Fig. 2MHa). Mow, if the far
il is hinged instead of being fixed, the moment required to rotate the
Wiitgent al the near end through 1 rad will be 3EI/L instead of 4EI/L
g, 204b). This can easily be derived Ly the conjugate-bewm method.
Wrom Fig, 2045

(Mas — Mraw) — g{Mas — Mraa)
ks 15K

B e o e e
alus = = 7

Binee only the relative values of & and 0p are expressed in Fas. (95);

(95)

the pure number 1.5 in the denominator can be dropped off. Thus b by ML A T e 3 (4}51) 6. (88)
= _ ——— or -_— A== - I
{ﬂ‘.ul'l - (Mg — Myan) — ISI:JHM — M ga) - A 3 i L 4\ L
% (— K. oo :
i ¥ Fu (96) Thus the stiffness factor at the nesr end when the far end is hinged is
() = 2L M""{]_ Kiffj i = ) W /L, or three-fourths of that when the far end iz fixed.
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In Fig. 206 are shown four members AE, BE, CE, and DE, meefing
at & rigid joint E. If A, B, and [} are fixed and € is hinged, any unbal-
anced moment abt joint £ will cause a certain amount of rotation at
joint K, or the unbalance will distribute itself into four parts to act on
the ends of EA, EB, EC, and ED in the ratio of K.z, ez, $(Ker), and
Kpe. One-half of the balancing moments placed at E on members E4,

dEF

e =g
g7t
fal
JEL
My===8,

Fro., 204. 1

ER, and ED will then be carnied to A, B, and IJ; but no earry-over to the

hinge iz neeessary, because by modifying the stiffness factor of EC {e

three-fourths of ils usual value, the fact that the moment at € should

always be gero haa already boen taken eare of.  If, however, the “unbal-

ance ™ ot E is distributed in the ratio of Kae, Kas, Keg, and Kpe, one-half

of the balancing moment placed at & on EC must be carried over to €
A

Foa. B

and joint ¢ must be balaneed in every eyele of moment distribution.
This latter procedurs has been followed in dealing with the exterior
gupports A and D in Example 70 and the exterior support D in Example.
71. The alternate work on moment distribution by modifying the stiff-
ness of the members with exterior simple or hinged supports is shown
in the pocompanying tables for Examples 70 and 71,

Maosupst DierrmoTiox 8y MoseED Eﬂrm_aaa

THE MOMENT-DISTRIBUTION METHCOD

Mertaon, Foi ExavrsE 70

M |_||'|§|fll‘|'5 El: 5",

Dy

FE M
Finl,

L
s | ep
3 : _3
S
II D._'i_l.'n"J '[I'.'E_I

156,00 +32.00 —16.00
5.30] +28.64) — 2.00

s

L 8]

Hal.

47 68 — 4140 — 1.00
o048 + 32.61(4 9.7

i

Bal.

i

Bal,

16,30 — 10.24) ———
[ ETi " B

5.52! — il

4 a3+ 1.30

—T s

e b

Hal

LBl

Eal,

T+ |

) 88—

l.ﬂ'ﬁi-l- .31

41

0.74 ——
0,57+ 0.17

o

Bal.

Cich

Bal,

I

.14

0,144 004

0L =——

0,08 + I.'I.L':E:
|

| =+

i)

Bal.

Moal == BLER

— g {ehangeh. ...

+= 141

[—:'-:'J_ 17874 17.91

+ E2.360/+41.04
+ 24.19)+ 1.00
4 10655 442, 64
— 21.81|-21.52

(Check)
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THE MOMENT-DISTRIE UTroN METHOD

Exnmple T0 the modified values of the redative atiff=

In the table for
1.5, respectively, for spans A and

1

Joint . . I A

; B £
Member. . ... _. S AR BA \8C A u!i':'.i
o e, M i 3 5 5 2 1
Maodified K ... ... ... 3 E__E-._ &

i g I8
=il = ST I
Cycle DF 0.376 | 0.6235 | 0.760 | 0231

1 FIon - = i Sn P 5 :
= -E 0 36, 0 |-|Eh.m—mﬁ-m,+ﬂz_nnjl- L .00 4- 18 Dk
ol & 45 00 = 75.00{4 95 36 +28 64— 9 0p 1
E 2 it eibi i
Eﬁ —22 50 = 47 08)— 37.50(— 1.00
Bal | ——— 17,88~ 20804 20,81+ 8 80|
3 M’: —_Ei.'.H — |4 14 50| - J-i:ﬂ_l'l —
. “Bal e 1= 5B 925+ 11,464 3 44
i o0 - 2.78 NE :':';i 4 .68 ———
__L'::-:I. _—-— == 2 08— ‘3 6Rl- H.55-1 1.07
: - —
I-:;‘;:: 1.08 1 TR— 170 ——
Bl —|— 0.67/— 1.11|4+ 1.38/4 0.4
f ES ~ 084 —— |4 909 ST R
el 0.20 = 0434 0434 0.12
7 %:1.] TERT | pSm) [ R
2 —|= 008 - O.14+ 0.17]4+ 005
B E‘E’: — 004 + u.u:gl— .07
) nl. _-—-— 0. 03 0,054 0.054 o l.'l"ll
! 3 = = :
g:hl ; 008 — (4 0.02— 002 ——
|| o0y= oo+ Gz ——
= . |
E = % B r— - = T
- I el =) S
_Tma e + 0.17|- 10763/ +107.63 — 7965|473 08
el . A o 5 P
el T MR B - r)

il o Lau.aa T1.63|— 4% 37(+ 59 a5l4-41 .85
X Chmg), ,33.324— 17 92— 41 18|+ 24 18(< 1.00
— B8.71 = B0 554106, 58]

Do - 53| 442,45
o= s — K 0 [+ I7.80/4 17 91— 21,31 —21.32

(Check) (Check)

|{'L','h-r¢i::|

16 00

— 2.
— 2 B2
—22,

+I1.4]

Wiz are 3 X3 = 2.26and 3 X E =

), The simple supports A and [ ne
wl syele; thus no digtribution factor 15 shown. Note the vertical arrow

wi under joints A and D after the first eycle, By drawing such
g4 the computer is reminded not to earry any more moment to the
Wity 4 and O, The distribution factors at joint B are 2.25/(2.25 + B)
0,310 and 5/(2.25 + 5) = 0.6G20, while those at joint C are 5/(5 + 1.5)
0560 and 1.5/ + 1.6) = 0.231. The FEM's are as before.  After
ark nieed be done for joints A and D, In the
alues of the relative stiffness
joint B, for instanes,
pa in the

ed to he released only onee in the

b first eyele no further w
Mheck, 0. = sum/{— K, the unmodifed v
ould be used.  The discrepancy of 8. values af
due to the fact that there are only three significant figur

Wit ribtion factors.
In the table for Example 71 the relative stiffness of span OO only i8

dified to hecome 2 X 4+ = L5, Note, then, that jeint [ is balanced
the fivst oyele, because for the span (') there are 00 CATCY=
Wers to joint D owing to the bhalancing moments at joint €. In goneral,
M amount of arithmetiea] work can be saved in moment distribution
modifying the relative stiffness of memhers with one exterior simple
hinged support; thereby the simple ot hinged supports need to be
Inneed only once, and no eprry-overs will ever b brought back to them.

s procedure is recommended.

¥ onee in

EXERCISES

111. Work the moment distribution in Exercige 107 by modifying the stiffnoss of

Bl A B anad I
112, Work the moment distribution im 1

i AR,

49, Analysis of Statically Indetermina
Bupports. The moment-distribution method con be nsed to analyvie
atically indeterminate heams due (o the yielding of supports. The
shiywical concept involved s that the joints are firat locked against roba=

tarelse 108 by modifying tha stiffness of

te Beams Due to Yielding of

ﬂg e -_I,—
+18.00 B 00 4
o --—_._?.L
| L
Cormefarf ET
RuAfL
&) Ti
M+ 52 512
Fro. 2068,
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mand then disptqmi to conform with the ATounL i
AE Momente acting on the ends of each memiber will be the fixed-en

moments az darived in Eq. (85} whi
A b EI
Fig. 206. Then the joints 1 are repeated here and shown

! THE MOMENT-DISTRIEUTION METHOD 21

Moment Diatribution (see Table T2-2)

Tapt® 72-2. Moment Dosysipryioe

are el ; '
becotne the next unhalanees tJlr:.;'n?ilL::durzrn;mn}m?J t-llﬂr ks Q- i i e R
In other words, the fixed-<nd e N balanced, and so o — = ——
relative to the other E:Eﬂ. ;iifr:?u“:!j;m rh:i": T::Il e phaoemant of sos g QEISE 1 oy gl (O i i | by H. ol
L = rpefdicular to the arigd 1-di 4 k. = o B L TR L e AR . mtiaiam w
of the membe : ; riginal direct]
g !mdipr:-gim breated in exactly the same manner 4s those due to tm':’f B ... ke ittt X 3 5 5 2 2
binEIﬂuﬂu:lfIE ?E-h By the mument-—a“el!‘jl'_:-utiuu method analyze the con Cycle IVl 1. 00 0o27s | oeeh | 0714 | 0o2Re | do000
HERm shown j T = i g = e x = | B [~
i I in Fig 207 due to & vertiea] settlement of 3 in. 4 . S R B 25 i
4 T 1 e e 17 sl 4B = Th
e Tal. —1,085.1)— &7 B|—113. 1 +645 . 6] +268 .6 ——
. ; L . |
o = c .:lf"" 3 oo - 33.0|— 542.6/4522.8|— O0.G) +129.3
Py e . Bal, + 384 SR A4IT.44 4044 182120 3
47 for 2F 3 co + 424+ 17.0(+ 20.2(+ 68.7|— 646+ B.1
2! 24" ' Ral. — a2 — 40— 3= 29— 1.23-= B1
| 2 | —
i i — - { =
e it 4 o |- - 06— 14— 08— 40/~ D8
iy Bl |+ 7.0+ 82+ 138+ 111+ 45+ 08
Scltion. - Reltve Sffvcss and Fiatnd Momont S R T T
Bl o . s i b - E e - . P= '
TABLE 72-1. Ruvavvs Briresiuss B C0 1.7 20~ 28— 54— ti- ta
AB, | par R B Bl |+ val+ 174 e a4 Ll 14
B 10/ &I T oo + 0.8 0.8+ L.44 L[+ 05+ 0B
e i | o “'ﬁ) 12 | s Bal. |- 08— 0.5- 14~ L= 0.5 05
15 S | g -
gl (IE - E) = 12 2 T e el £ 3 0 |+ 547.5-547.5 —207.7 4207 7 0
| : S sk [
£ GE Tk (M healer ,
Mo M, s Change. ..............  |—1,086.1= B37.6(-+360.7/+608.5/4+207.7 0
. e SR + D68 £ 4 542.00—348.2(-178.4 O |(-103.8
[ g
= 4 (62(30,0000(3,000) f0.500Y . B, oo vs s ensrorrmal BIEE4 BOF 8.54518 11007 7| -103.8
(1)) \ iz J kip-h Bg = SIS =KD).. o0, .o |+ T2A|= 17— 1.7|-108.61—103 8+ 818
= 1,085.07 kip-ft (Check) . (Chaok)

H:_izf.' == Mrﬂu L + %IR
~ 4 (B)30,000)(10,000) ( —0.500
i (24)[144] 288
= —0Od 22 Lj
Hl‘l‘."'l:l = .I‘!fr.u{.- = (] 1p_ﬂ
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Moment Distrilution, Alternale Selution (sce Table 72-3)

[ -
Tamre 72-3. Moumext nIHI.'Hl'ﬂII'nm_‘ ALTERMATE H-::II.I:'r|-e:|:-.|

S LR A H i I
ember. ..., B ) fA i [ [ [ i
e S L 3 a 5 5 g a
Mindiiled Koo L 225 215 5 & 1:5 L.E
Cyele DF —— | 0.310 | 0600 | 6.760 | 0.231 | —
1 FEM  |+1,0885, 1+ |.u-:~;5.:|I—m: 20042 — [ ——=
Bal. ~1,085. 1~ 56,0 — 1248|686 3| 4208 9] ——
2 i S .':az.nEHu: n: fiz -|! -
Tal [ 4 .5 +134.5 4 4804+ 144
3 | oo A e a0 e ———
Bal. | = 74— u:.ﬂl-- BL3| = 15.5
4 | ) [ | ls ol — o5 :_ ﬂ_3|_ S
[ Bal. | + B0+ 178+ B4 1.9
S S W e —| — —— L s = —
5 co | I+ RN
Bal. l— 1.M— .2 e — 2.1
0 gl | R Y| —
Dhal. | b Lt 234 0.8+ 0.3
7 Co —— i+ 0 b
Bal. - 01— 03— O~ 0%
B L R I e -
Bal PO 0.8+ 0.8 ——
4 o S LT o ——— |
. LS Il IS = e UEI— !
SRR ot 3o rm s i o 0 |+ 5476|547 0/—207 ni+2ﬂr-u i
Gheck: |
Chenge. ..., [=1,086.1— 537.5(+360 6 #6366 4207 4 0
—¥ fhongel. ... ... + Z26B. 84 S42.06 348 3| =178, O | —10d.
BRI e = BB A R 8 8{+518. 8 +207 6| — 103,
AR T FIE ' R + 2720~ 1.7l— 1.7|=103.7|-103_ 8+ 51
| {Check) | (Check) |
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For reactions, shear and moment diagrams, and the elastic eurve, see

Example 56.

Example 73. By the moment-distribution 1 i
« beam shown in Fig. 208 due to & vertical setflement of g in. ab

RERTRLEA!
support K.

nethaod analyze the eon-

JI'
P
A 2 & [
g : _I_!“ i e
ot |
P g AR o 2T
iz , i 7!
£= 30,000 Hin!
F= 1000 it
Faci. 208,

Solution.  Relative Silness and Fiyed-end Moments

TasLe 73-1,

RELATIVE BVIFFNNs

AR

L

&I i -
LAty (-l:! - ]] i

3

100 hd
A 5
i) w1

. B EII - 1
2/ _:j
Té Fr |

BRI

Meia = Mpypa = + _.L-

_ 4 16)(30,000)(2 000) ({l Tim) ip-it

Mene = M ren

.lu.n:.u = Moo

(1210144 )
4+ 1,086.07 kip-ft
GEIR
g o

4

(6)(30,0001{10,000) —ﬂﬂm) kip-ft

(24)(14:4)
— 00422 Lip-ft
0

ORE
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Moment Distribution {so0 Table 73-2) M omant Disteibubion, Alternate Solution (see Table 73-8)

Tanie T8-3. Momzxr Dismamoriod, ALreesare Sovvmios

-

| -,

— b e

Tass 732 MourntT DIsTRINTTION
bl g 5 R A i} o D DBIE : . o v e b oy VA A L ] A
ie ] = R R ) AR BA BC | o ) ED
s S e U BA | Be | ¢B | ¢p | be e ' ______ = T O D T
SR U W d B i W T'TEE_“.‘.’!.H---.-------.------ T Y NP 5 | 1.5 | 1.8
Ey-:ia_ - DF e [ L, 0. ;1'5' g .M' P Chycle ¥ —— | p.zs | 0625 | 0700 | 0281 | —
i I o i~ e |—— : ! fr s el o R
| B;nM +1,085. 1 +1,085..1 o T 1 FEM |41 .085.1|41 085 1[—904.2|~004.8 ——| ——
A 6786 —113 1) +645 6| +258 6 Hal. _  §7.8|—113.1|+0605.8{ 4208 O ——
2 o0 iy | =m——7 _ - T <lk= e
e BN —— |+33.8— 5.8 —|+199.3 2 o0 - sl —— [Ba7.g/— 56.6——
3 e g — 1310 —201 8+ 404+ 16.2(—120.3 Bal. — |=  y30.4]-297 2+ 93.5)+ 13.1
i Co s e ; = : It ]
Bal =i ~ |4+ 20.2 - 1009 6a0+ 1 3 CO i, B e BL =108 ) e
= ! - |7 1= R2O4+1E34 73— 81 Bal. |- .-_-:.z]- 13_9.'4 83.5/4+ 25.1
- ¥
7 = = . 2
ia 8.8 —— |+ 0.0~ 6.8— 4.0+ ;8 1 ¢ e el — A= da—
R T - 23— 3o+ T4+ 20/~ 238 Bal. —— 15. v|- 2.1+ 5.8+ 1.0
E = 2 | i 5
gﬁ 11.1 + 37— 18.4— 11.84 1.4 5 co AT |+ *.z.ﬂ|- 15.0
e b, : — |— L4- 25+ 2.6+ B.6- 1.4 Hnl, ] 1.6+ 10.004 3.0
ﬁ DD B | — 1
Hal A i e e, | i B (1] S + EB— 0.8 ——
= 4= 8.8+ .44 05— a3 Hl | = 18— 314 064 0.ZF
7 ) = = s - | o - re
}1?1. Y 07— 3.4- 28+ 0.9 7 o = 1} —— |+ 03— 18—
| = 0dl- 04+ 40+ 1.4 D3 Bal = o]~ 02 1284 0
E 1‘ & { . ] = e I_
E‘l | L | + 20— 03— 0.1+ 0.8 8 co + 08— D.1l——
5 e = 08— L34 024 04— 05 Bal. —_— = ma= o+ Bl ——
il 3 ; = =
};ﬂi - od . + ot= Oal— 0.4l——o # Co - o1l —— | —|- 02—
= - 04+ 0.9+ 03 Bal, Sy, RSN BESA S S
10 iy o L T - = o
Bal ==t N '+ D2 10 G0 —_— | —— |+ i ——|—
: — = 02— ﬂ.'.ir_ ——e Bal. e T — |= i ——— 1
i1 co b a. 1l = : == T LY i|ie = i it
Pal. i Y M e — T A .+ are.s{+ 559 8{—850 B{—252.3|+252.9
= : SRR L o0+ 0| —— | 1 i !
ﬁlll.......-.-.._._P......... + o7 44 ._E._H —,5-5,_9_,_3___3:52.3;25_2._3 0 {(hack: | .=
fﬁf{;‘*-‘ ] Change. = 1120(= 225,84 444l tesLg g 0
e [ = = i, =
B il R i ey o e b G B+ i e O
LA ) B md s omoa o " 5 sl n -1 H.E u e R —_— - -y = ] - - -
&.‘m........_. lmg = —_ A -
E'm-uum,-fn:—.i;’i“"”" 0 |— 168.0|—281.6(+6829. 7 4252 3| —100. 2 gy = BLED{ — l'l-']l....---- cm: + ﬁghi+ i3 ]ﬂﬁcﬂ; 133 .2+ 63
i 0 '+ 56.3+ 56.2—125.09/—12 2|+ 631 [ } [ &l (T heek)
(Chock) (Check) | (Check)
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For reactions, shear and moment diagrams, and the elastio curve, ---..;'
Example 57.

EXERCISES

113and 114, Solve Exercises 76 and 77 by the moment-distribution method,

GO. Application of the Moment-distribution Method to the Analysig’
of Statically Indeterminate Frames. Caze [—wsithou Joind Movements,)
The application of the moment-distribation method 1o the analysis of
statically indeterminate frames wherein no Joint movements or *sidas
sway ™ s involved is very similar to that of beame as discussed in the
previouz articles, except that in the rase of frames there are frequently
more than two members meeting in one joint, In such eases the umbals
ance at any joint 18 distributed 1o the ends of the several members meet-
ingat the joint in the ratjo of their relative stiffnesses,  The i are soveral
ways in which the work for {le moment distribution may he arranged
but the tabular form in which all members meeting at the sgme Joint arg

grouped Logether is used here and is sugpested as the most convenicnt
form,

Example T4  Analyee the vigid frame ahown in

Fig. 200a by the!
moment-diztribution meiliod.

Draw shear and moment

disgrams, |
Hhketeh the delormed struciure
L
E.l
e by
]_ iz r—l—f'ﬁ"'ﬁa—l— 58 B W8 (2 1
o & 27 |= S ) "E
I 5 (@)
1 Lk r)ill:.':l
A 20 L

Relakive shifness and
fixed end momenis

fal bl

Fio. 200,
Solution. R = O for all membars,
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Lelative Stiffness and Fized-end Moments (Fig. 2000)
Tanctk Td=1. HELATIVE STIFFNESE
Fotie 3
AB...........] {pXRI;
2 5
i e A e PR Exm
3.6) (20)* " ¢
Moae = + SO0 190 kip-
Meen = —120 ki.p-“
Moment [hstribution (see Table 74-2)
Tapre 74-2, Momesr Disrgimrrion
: B e
tapley ST R P 1 SR A A iy : AL
Momb ; = g 4B B4 B B OB
BRI e it Es : el
4 : 1 1 2 s 9
Cayele |' DF —_— 033 | 06T | —m— | ——
F = l :m —— — | 41200 | —48.0 | — 120
1 4
F Bal. —— | =30 | =460 1
n T — a0
2 | L ] —12.0 = i 2
Bal. e | - —_—— ||
I L 3 E LS
Tetal J=120 | =240 | 4+ 720 | —48.0 | —144.0
R, o v vnpgabpamm pe i Ve &
fhecs | — 480 - 240
EATHEE veesand] =120 | —24.0 :
{.31: R $12.0 | + 60 [ 4 12.0 +33.n
q..,(ul'.n.ng-e___.... : % S e 0
o I 1 1 i n e s R L L S i : . 6 b Pl
B = B =) s e tﬂli-,l:} | + i) o
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The overhang BB, being & cantilever,
as a member. However, a elockwige
bt B} or a counterelockwise mGIent
This moment is ontersd in the moment-distiib,
under B asz —48 kip-ft. The moment dist
Stop at the end of the second yele,

For reactions, she
Example 58.

Exampls 75, Analyze the rf
moment-distribution method.
Skotoh the deformed sbrugture,

RES
has no rigidity and is not tres

moment of 48 kip-ft aots on

of 48 Kip-ft acts on the Joind

ribution comes to g naf

ar and moment disgrams, and the elastic curve,

gid frame shown in Fig. 210z by &
Draw  shear and moment diggrg

HJ.TE* i ark :

L ST L SR = '
}f' i % Y Y Y
T N T Al I Eg i 2 =

der e &
o 2o’ % 'l n
R ] Relative stiffess and
fixed end mamenly
fa) (3]
Fua, 210,
Soluticn.  Belative Stiffness and Fired-end Maoments (Fig. 210m)
Tanie 751 Herarive Briemnss
bl ady
J toAE0 T igl R 14
BY g
L,
e L | (‘x‘f"ﬁ)""‘“ 5

Mppm = + ':32—';@ = -} Kip-ft

Mrpa = —80 kip-ft
8)(12)* .
ST E"%'.;E';,_J = +115.2 kip-ft

q k]
- e f—"’ﬂ%ﬁj‘;}%ﬂl = —76.8 kipfy
My = Mpe =0

ition table (Tablg Tds
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THE WOMENT-DFSTRIBUTION M ETHOL
W sment Digtribution (see Table 76-2)
Tamirk To-2 Dosmesy DasTaisTrion .
i B [ ¢ B ot
= - I T e . e
- AB | BA s | ¢B | €D
_I-III||‘|-L':I".... Lramihe £ : . | : - : -
DF =< 1000 | £, 500 0.500 |0.4444 §D. 5555 | =———
Cpcle e i :
A R — E0.00| 4118 20 —T6, &0 i
: ;b']M -I-ﬁ-ﬂ_ l:J::-:.ﬁju — y7. 60434, 1344267 ——
il i
= = j 421 .44
; B0l — 40,00+ 17.08 — 3. 80
o s Ak 3 ml g d R ——
: Fal. 4 R.a0l4 1147+ I.1.-Ir|| : ;
0 6|4 5.74 4 344
' g.7d|4+ 44004 1.8 7 |
¥ g:ﬂ I— 5.7d—= §.18— 8.18- 9 55|— 3.1% —_
[ I ! - 1.5 ————|— 1.0
- 1.58/— 2.87|— I1.u8
® {1}!.51 4+ 15014+ 2084+ 2.07+ 0.714 0.898 —
'k I 0il+ 1,08 —— |+ 0.4t
3 1 0 0, B+ 0.6+ 1 _
; E“l +|u—1t 0 .58|— I]E-H--ll'.l-iﬁ—ﬂ.bﬂ—
il, = 1] il
_ e —|— 0,20
= 70— 0.52(— 0.23— 02—
j E: 4 E'ﬁ-} 0.3704+ 0,384 0.13+ 0.6
: .18 ] 0,14 + 0.08
; 1 4 0.1Bl+ 0144+ 0.06 4
j ﬂ o018~ 9.10— 0.08=~ 0.08— 0.11 -
. & | — .0
~ .05
| al— f.on— o 0. | ;
;. E]I. 4 E.m 4+ 0.074 0.08(+ 0.024 0 us._—__
|+ 0.04+ 0.0z ¢ 008 — |+ o2
3 4l D.02+ 0,014 0
: 5l iioie s piliaetsl B Stindene Sl RS 02,
‘ — O D ————— | ——— | i
> ;33 +op04+ o4+ 0.0l —— --—-_ _——_
el i - .
) 0 |—125.690 4195 62| — 44,73+ 44 T3 422306
BREAL . e e e R T AL it
- i1
oy —B0.00[ — 45.62|4 10.42 +32_|£ +-n_':'§ -r:gsﬁ
- E ] R e et m_mﬁ_ i B -Hﬁ-&ﬁ :
_-é (1T e e & ﬂ_;l_l_m_m I u
st T LM L e |
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Tanie 75-3. Momest Dy

STATICALLY INDETERMINATE ATRUCTURES
Mament Digtribution, Allernale

STRIBUTION, ALTERNATE Sotuvrion

Jdoint |
..... . A B i '
- - . ﬂ
I gl el
| T e e e AE 84 | B CR (¥ b
I A S I P PR o e
G 4 1 4 4 i 3
Modified K S PRI [
i : 3 3 4 4
_ 3 5 8
_G}ru]: __E | 04286 | 0.5714 |0 4a94 uﬁr-m. .
: = —— | 4 il
}u;H +E80.001— B0.00| 4115 %0 —78 &0 — | =
: : 8000 — 15.0% — 20 11| +34.180 43 69 —
: P
g‘(j — 40.0014 17.06/—10 08| — | 9y
ol + 9iB3-4 18.11{+ 4 .47+ 5 59
2 O (5 =
— |+ L2+ .56 — |4 2 58
Fal. - Dﬁﬁ|— 1.28(— 2.92(— 3 64
'l i ' e
= 1. dB — ul.l]..r_—._'—
Fal, e
al + 063+ 0.83+ 0284 02| —
5 I Fa '
ﬁ === u.1+|+ 0,42 — |+ 0.18
) iy : - 0.08— o008 u.m|— [ pR
fi
g:{:: = n.m||— 0.0 ——|— g.12
e al. + 0.044+ 0064 0024 ooz
e
: =l TR
S::]r |+ 000+ o.o8l—— |4 901
i — = Al — o0l = nooed
B 0 ——
al, 1 B v Ee s
= o At A . = & 3 " =
Tertn] . . U = 12580 41256 61| —44 75| 444 75 NE. BT
Chark: } e S TR 75 3 X
Chabge
e rdies s —B0.00— 45,61+ 1041452
a : . OB 44 T 02 3
Euil{ﬂ"ﬁﬁsﬂ} _..+§$.;l;+ A0 — §6.02| = 5. —II.Iﬂ-i-m.g
Rt e s co| =BT B~ 581~ 581|425 854 :
Omi = mum/(~K) ....... |+14 30{4 1400 1. ﬂ.?:,—gg'?f g
(Check) (Chesk) |

| (Chenk]
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Far reactions, shear and moment diagrams, and the elastic curve, see
Frnmple G% : W

EIEE:I.piﬂ 76. Analyze the rigid frame shown in Fig. l-llﬂ_ by the
moment-distribution method.  Draw sghear and moment disgrams,

Hlketeh the deformed structure.

Relakive stiffness ond Fixed eno momernts
il

Fis, M1,

Solution. & = 0 for all members.
Relative Stiffiess and Fized-end Moments (Fig. 2115

TELATIFE BrirrsEss

Tanue TH-L
G TR i .
AB, BO. B 00 el (ﬁ-ﬁ wig | 3
'}
,ﬂﬂ..BE,Cf......... . TﬁH]B 1

L |
Myas = Mypsa = + ':E—Jf?;:'-- = $288 kipdt

Myrps = Mypge = —288 kip-ft

Momen! Distribution (see Table 76-2).



242

Hmﬂ"[‘ Dmhmm

Tanie 782,

STATICALLY INDETERMINATE STRUCTURES
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of Statically Indeterminate Frames.
The application of the moment-distribution method to the analyais of

statically indeterminate frames in which sidesway or joint movements are

VHE MOMENT-THSTRIBUTION METHOD 243

For meactions, shear gnd moment diagrams, and the elaatic curve, see

[ixample G0,

EXERCISES
11610 131, Belve Hercises TR o B by the moment-distribution method,

61. Application of the Moment-distribution Method to the Analysis
aee IT==tith Jornd Alovesents,

involved ronsists in the following :
|, "The joints are first held azpinst sidesway. The fixed-cnd moments

mes caused by the applicd leading ave distributed, and a first sot of balaneod
pnd mcments pre obtainod.

2. The unlopded frame i3 assumed to have a ceriain amount of side-
gy which will couse o set of fixed-ond moments, These fixed-end
moments are then distribated, and a second set of balaneed end moments

I ahtsineil.
3. "I'hie resulting sct of end moments can be obtained by wdding the

first set and the product of & ratio sod the second set, the ralio being

determined by use of the shear condition, as will be explainesd.
Take, for cxample, the rigid frame shown in Fig, 212a. It 18 required
to analyee this statically indeterminate frame by the moment-listribu-

] E‘ e
o &
M it |
a8 A =
o
e & =
Al Ha
"ICL & My
Ea Mg ::I,;ﬂ
kb
for) - - i) fe)
E. s, e 212,

tion method, The given frame shown in Fig. 2120 is equivalent to the
aum of Fig. 2126 and Fig. 2120, In Fig. 212h the joints B and C are
held against sidesway by the fictitions support at €, the horizontal
reaction of which i denoted as Hf If the fictitious support af C ie
removed, the foree H) would act at joint €. In Fig. 212¢ A" is the
ridesway eaused by any arbitrary foree Hy. 1f Hiis equal to kH, where
k iz the unknown ratio, the actual amount of the sidesway, A', must be
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equal to kA", .LEt' "HLH:JME..H Mic, Miy, My, and M e be the balance
n'll:r]t_u:ntﬂ ql.?tamed by distributing the fixed-end moments due to il
ap[:.!h-r::l Jﬂu!dmg whlj le only permitting joints B and © 1o rotate but, hold
their locations (Fig. 2120). Yet am Mo, MY, MY M" and M
3 " 1 L] [l H
3& the balaneed moments obtained by distributing the fixed-end TAHne
uI:-Ttn::- any assymed amount A" of the horizgontal movement of joint
or . The shear condition required of the freme shown in Iig. 212a 4

: Hi4+ Hy = P,
Hince

_Mu4+ M, P
e N * 4 -i'::_ and Hy = M’E".E Mse

the shear condition becomes

M.q_.r + JH]J_.‘ P]II- J‘f.c_;. + M
e — M
AL T (9

Algo, by superpaosition,

Maw = Moy + KM Maa = My, + KNS
My, = Mf'" + kM5, Mea = M{, + k(Mg (104]
Mon = Moy + k(MZ) Mo = M, 4 k(M

By substituting Ko, (100]) inte g, (99),
WMan + M) + BMY, + MY . P

——rn

-h'] -fl|

{Héﬂ + .":FL-_-::' + IE'[:JH” "' J”'”
e e v L by o)

;Ll*;::nu:hn:]ulfn r;l_in k can then be found by eolving Eq. (101), e ¥
mnﬁ:.:;_ fjl_]'-}[]nj_ moments acting on the frame of Fig. 2124 can be found

Where two or more unknown movements of = e inw :
the resulting set of end moments can be expremd-fsaiaﬂjj;ljul:”ﬂ‘???]{
the b.uianm_ad and moments by distributing the fised-end moments due
b0 the applied losding, and (2) the producte of an wnknown ratio and the
balanced epd maoments found by distributing the fixed-snd moments due
to & eertain amount of the firat movement in sidesway, and (3) the
I:rm:lunia nf & second unknown ratio and the balaneed end moments dye
O & eertain amount of the second movement in sidesway, and so
The unknown ratios are determined from the shear L:U.I'Lfljlf-imILE. =

proent-diziribotion method .
kotoh the deformed structure.
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The procedure discussed pbove will be illustrated by the following

Rninples,
Example T7. Analyvze the rigid frame shown in Fig. 213a by the
Draw shear and moment diagrams.

2t 4
- | e
g T & & -2 e & el
2r B +TE = 3 =
™ ¥ + -
L. ® | /
I @ d !
2 [}
e oh= ] e %
Ty
Ll
L il A A :1'.“-' A g
e ; ot
Fized and rroments Fized pnd momenty
due to applied Loading dug be §idg gy
@l [l el
Fra, 214,

Solution, Relalive SfifTness

Tanie 77-1, IRELATIVE STIFFNESE

| I
.-1.I'|'..-.........| Eliﬁ}:ﬂﬂ 2
ol Lol (Ts;ﬁ)“'} 5
LD| ‘:j‘rril‘”’“ 3

(isribution of FPired-end Momenis Dwe fo the Applied Loading

Fig. 2135

Mear = + SEAOND"_ Lprguipn X © 7
T g l_l;?{?'.lli;:;';.g}.‘ = —25.02 kip-it 1.3
sk

Wi 2 E"% = 436 kpss |

Myea = —36 kip-ft
MFED‘ - Mrnn;' = D

=T
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For moment distribution of these fixed-snd moments, sea Table 77 Distribution of Fived-end Moments Drae to Sidesway (sec Fig. 213¢)

o €4S Tupix 778 FEM Dre to Smesway

T

Tante 77-2, Thsrmmvrion oF FEM Due 1o t88 Arrden Losmima

s T e A .| I |:!' 0 e I Relative ||]:'|.|'}'||'ﬁ|;.I:IIJL"H LE
TR oy . = v = I # .
Member............| AB BA B! R ch T o | i | 4wy % 000 ‘t*_'ﬁ"
= —_— Wain <N | +OFIa/(0% | + yiw X H0000 | (+000
A M R 2 2 L 5 5 3
W T e = : i s d
ieir . fhe = : : W Note that enly the m!ar_we magnitudes qf ’rﬁm fixad-ond moments due
it L e A ale RS o T Lo o eortain amount of sidesway & are required. hle T7-4
Cydls DF —— | o2t | o0 S g For moment distribution of these fixed-end moments, see Table 77-4.
LR = 1 - e = W s = H-‘:
1 FEM | +17.28 | —25.92 | +30.00 | —30.00 Fy¥en
Hnl, — 1R — 283 | = 775 | 4B | 11,16 l QHH .:'I_.-
= 5 £ 2 r
2 0 i — B.64 | +12.42 | — 3 .88
ial, — 0.87 | —2.01 | + 2.68 | + 1.90 ¥
, k 7 L2
3 | o0 + 1.34 | 1.46 T § f
Bal. SR = 18| 3 10 | e HE r
| il o ol e : b2
4 o0 + 0.50 | — 0.52 | —— rrig & Vbt
Bal. - 012 | - 098 | 4+ 0,30 | 4+ 0.18 ""}a - 1
&4 Ly o ! i ] s by re a =
5 oo — i |~ | — G BT
Bal, — 0 | — 004 | 4 0,18 | 4 0.06 A
= 5 e Al L
0 —_— 0| - —
Bal. — 001 | — 005+ 0.05 | 4 0.02 TR
— | BT == i . : o, The shear condition I:Fig- Eli:l 8
; o VR R T e Deleratnaion of Raies 35
Bal. — [ — 002 |+ 001 |+ o0m Mas + Maa Mew + Mocl _
! Hi4 Ho =12 o 4.8 B ek 10 iy
I 1h
& 0 — e - e
Bal ¥ s 7 ) RO ] Bimplifying,
== S L ; RS- HUMas+ Mas) + 3{Men + Moc) = 216
0 —38.24 | +38.24 | =13, HIB. Ay
. . + 13.06 | +13.06 | Hubstituting
Cheek: Mis =0 4 k(0) =0
c?:;ge. .......... -17.28.| —12.82 | + 2.94 | +22.04 | +13.08 Mo, = —38.24 + k(41881) = —38.24 + 188.1k
—q {change}, . ....| + 616" =% B.6d | —11.47 [ — 1.12 1] : TL6.6) = +13.06 + 310.6k
Bum.............| —11.92 | — 8.68 | — 9.23 | +21.82 | +15.08 My = H1500 + MISL :I
bt = gumC—K) .| + 556 | + 1.8 + 185 | — 428 — 435 Mar =0+ K(0) =0 s
(Cheek Chesk : . i
! il into the above equation and solving for the ratio k,

3(—38.24 + 188.1k) + 3(+13.06 + 316.0k) = 218
k = 40.1910
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Tamir T4 D e ¢ v
b Sk gl s Cambinalion of the Two Svls of Belanced Moments {see Table 77-5)

ot oy A B || A | I TaBLE Tl Cowwsariox oF 108 Two Bevs or Bavamcen MosEsTs
Meomaher . - My, AR BA 2 R o | ﬂr:' ‘I.I|I|t PO s, P Gt T A n i ¥
B e <Ak __2 2 e & b i 3 Wiiber N A | B (44 £ e
Todified K.........| 1. Traw —
i & et Sl 8 125 | 225 B0 from Table 772, ... |4 17,28 95 8] {56 00| —se.00) — | ——
Cyel Ry TR ;- :
2 IFE .|_ Br___' LS, _ULEHJ ETD ey 0310 o times FEM e Tabile
IR e e S el iAo lims o PETEAD]$T0.40) —— | —— | 4171 .90/ #1710
= ! nﬂ]_ ._ZIE'_B_ s A B —621.0 | =279.0 [ —1200, T [ RS ||1|.'E BE[A-50 A8F 436 00]— 3600+ 171 B0l 171 90
2 s =200.0 [ —310.5 | —155.8 | —d50 [;' 1 . i TR e A =
: : ; Mhabameed inements Teom Tolilo |
[ial. +11T.8 | 326 | 44166 | F187.0 T-'-El-. -'""." ....... s =3, 2] 3B 2 — 15 084 13 6 ———
3 Co =i e B e e | =1 y
| : B0 100 i D lomeed tnonseats |
E ! 2 |__ e [ _EM'*: =y | fTabdy 77-4) o0 inoy o vn e | ——— -85 03] — 35. 08| = 60 47|+ &0, 47| ——
1 : B [0 e | 2
Bl L e e Y ot babneod momenta. ... | —+|- 2 31|+ 2.91 78 584 79,55 ——
5 L HE __ :__- Tﬂ i = ok
Bal &4 s - [ LUhange b e R —{K3 08 — 52,70 — 33,060~ 37. 53 — 98.87|—171.90
e i Bl e i) e e | —g (changet ... ... |-F20. 40044684 408, T8 406 84| 85 .05+ 4918
i o0 p 0 el i T R M —fie 28— 5.05| — b4 0l — 20, 60(— 12.42|—122.72
55 TR o Pt = gum =K. . |48s e+ 208l ool 4044 414 |4 a0.8
Eﬂ' o + 2 I + I.ll:l l' ? 1 + 33 [{.‘hf[‘l’:] |:{.Ij|l'l'|l.':|
¥ o —— |+ 86| 4+ 8.4 —— For Tﬁﬂt!tin-n-ﬂ, ghear and woment disgrams, and the elastic curve, see
Hal, = DA~ 28|~ w3 = 13| Bxample GI,
s | wo it L B0 Example 78. Analyze the rigid frame shown in Fig. 216a by the
Ital, - 03|+ 00|+ 10| & 04 moment-distribution method. Tdraw shear and moment disgrams.
= 1 o = — fhketch the deformed rtructure,
A [ T [ B e ] - Solution, Kelafive SiiTness
Hgl. = WL —hl | = | = d1 -
—_— - i (FCE e + il Tasie T8-1.  ligramve Smirracas
10 LA el s s [ R | —
j Bak. | ] —_ + 02|+ 01+ 01 I ,—fr?:?fﬂ g
e ——— e e - il & —— rreat L. — et ‘r
Total. ... 0 [ 41881 | —1ge | —266 | +mes]| o BEUTS. e fL ot -%) wa | &
ey o L an 3
i1 —400.0 [ —211.0 | —186.1 | -816.8 | ~583.4 | —000.0 i |
—§ lehange}......| +100.0 | +200.0 | +158.3 | + 04.0 | +450 0 | 42917
Sum,............| —240] -~ 119 | 28| 226| —133.4| —618 3 Migtrilution of FEM Due fo the Applied Loading (zee Fig, 2150)
Pt = BumS(—K) | +147.0 | + B.0 | 4+ B0 + 445 + 448 204, 1 (12160 (i
(Faecl) (Cheak) Mew=+ W = +17.28 kip-ft
-
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260 STATICALLY INDEVERMINATE STRUCTURES
120 {ay(0)e pak
Myssm = RZOUD _ _ or 0nbipine & 4
(15)* F 1 e a 35 & af™
24,(12) : ar .
Myao = + ’*—:g—’ = 4306 kip-t e £ |l J
= I =
Mpeg = =36 kip-=Et il ] ,||I
Mpco = Mroe =100 ; rl‘
: i : - : >
For moment distribution of these fixed-end moments, see Table T8-2, b ks
Tamie TAY  Dusraawirrice o FEM Dus 7o 70 Arruiss Loapiye :“_: %
- A+ Alr <1
Jink. ... ..., ¢l A ] £ i Fired end moments Fined emd moments g
5 1 - dus to apolied [eading due o sidesway *
Member. . ..., gl AR BA e 'R 0 o s Cal b 1= .
- il | 2 i, 1 PR Fua, 214,
K 2 I | b | b 5 |
—_— e —_—— —_ - : [- DHstribution of FEM Dhe to Sideaeny (oo Fig. 215c)
Cyele | DF —— | 0.280 0.714 a.628 | 0.87 —
] — —= - Tamie TR FEAM e vo SioEawar
1 FEM | +17.28 | —25.92 | +36.00 | —36.00 — BOT& | , -1 i
Bal. — | — 288 | — ¥.20 | +22.50 | 413 50 Mras = Mrgioo-ooo0| Figge [ Howks X 8000 | 400
B — F— i GEf
2 0 |-1l#|——|+i1235| =3 — | 4508 Mpac = Mgy 4y e s + g |+ b ct00000 | 000
Bal. | —— | — 338 |~ 8.08| +335]| +1.38
3 oo -1 | —— #1122 =402 +0 B8 Note that only the relative magnitudes of the fxed-emd moments due
Finl, = (.32 | = 0.80 | 4+ 2.51 | + 1.51 1o a eerinin amount of sidesway A are reguired.
; = T - L_EE_ — For moment, distribation of thess fixed-end momenta, sea Table 78-4,
i = i L — 1 .: 0, Th e : hae N \ HE i ’ ]
i Al el e P e Determination of Katio.  The shear condition {Fig. 218) is
5 co | - 0.8 +0.12 | - .64 | 008 THl 48 Mazt M""‘) (‘H‘“’” + M"") - 12
Bal. —~0.08 | -009 | 4 028| + 016 — i et ( I 14 : 10
f C = .02 o.14 | — 0.04 i R #.ﬁ'
Hal., — (.04 = {1.10 | 4+ 0.02 | + 002 Mo ey
i 3 e e % |
T GO — .02 +0.02] —0.08| —— | 4+0.0 #pse i
Bal. = 1.0 — D01 | 4 0O,0% | 4 0,02
el X
i (B0 - + 00| — | — 0.0 Il 3 2
Bal, - 0.01 | = pol — : = 3§ £
Total,,......... .| +13.85 | —82.79 | +82.70 [ —16.71 | +16,71 | +8,36 e rlg k3
ST SR 'y a] o §1 Pl
Ghack: ”T::Luﬁ B Dt
Change.ii, oo — 843 | — 66T | — 3.21 | +19.20 | +16.71 | -+8.36 Ka %
—4 (change)...... + 343 |+ 1.72| — 084 | + 180 | — 4,18 | —5.38 o e alE
T 0 — 5.18 | —12.85 | 42080 | +12.53 | © T:} )
B = Bl [— K] L1 + Z.068 | + 257 | = 418 | — 4 18 i} A #ag
{Check) ([ heck] (Check) (Check) 2 Fra, 218
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Taple T84 Diermevrod or FEM Dre mo Sioeswar
2 BT S A & il
Meml=r. ;.. Al A o r | L
g : o & | =& EM Al
PRSP —— o — i - - —e S
Cyele pF | —— | o288 | 0734 | poo2s | s
1 FEM | 4400 0 | +400.0 | | 10000
Bal. _114.4 | —988.8 | '=502.5 | —a37.5
9 1] — 57 3 —SBl 7| <1458 | —
Bal. + 804 | +2008 | + 50.2 | + 53.6
3 Co + 40,2 4+ 446 | 4100 4
Bal - 128 | — 31 8| - 628 | =376
4 0 — G| —— | =814 - 180
| —— |+ 90|+ 24| + 08|+ 60
5 i 4 &5 S (R ] [e—
Hal. SRR A m S B T e T
f o |- 07 | B e
Hal. e orn] o+ 254 35 ¢ 0
7 0 [ = 08| — |+ 08|+ 1.2
Ral, e e L | S )
8 o 201 e A s ] —
Bal. el L | | + oa
B 0 o B3] —
Bal. ARl AR T
Total..............| +880.8 | +361.7 | —961.7 | —580.6 | +580.6
Check:
Change J o= 19,2 | = 38.3 | —361.7 | —5B0.6 | —319.4
—Fichange}......| + 1.2 | + 9.6 42003 | +180.8 | 4 708
T A R | L] =Tl =114 | =39 81 —Z30.86
By = sum/{—K}. R ] + 142 +80|+7me
(Chack) Check) (Chik)
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Siaplibying,
M an+ Mg + 3 Men - Murl = 216
.'"Illl.nl_;‘hl_l,.illﬂ
Man = 1185 ‘I .!;{ |'-'_{H-|:].H_I
Mpy = —32.79 4 K(+301.7)
Meép = 410671 4 {58006
My = +830 + E{+710.8]
tebis Ul abase eyl et ived sl ving for the matis &,
20— 80 4 T42.58F 4 (32507 + 1.320.08) = 216
[ o
Cwmbiaalion of the Two Sefs of Balanced Momonds (see Tnble 78-5)
Tanek THE  Conssation oF THE Two SEin oF Banascen Mosnests
Jiint s i A i | { I
| e [
Alembser AfE Fal [ | £ LA !
FEN Erim Takae 75-4. 17,28 =20 O 36, 00 < B Y e——
(280 times FEM from 'Table
Nl i S L L e B +1%. 128 41318 —m— | —— -|-E“EI'.E!!|-|-E:I,[|2

TPedal FEM. ... .. ...

fo iy — 03, B0f 4346 00 — 36 0020 5% 42052

Nalaneed moments from  Table
T8-2

A28 Lmees balunesl momenis
{Tabls T8-41]

Tedal balaipeed memonts

i ks

o T T R Rt i P L
--i P [1rr ] S S e e
CHITL . e i e

BRI 0T 0 P

|1 Bl —EE TR 33, T — L T 416 T 4 86
J 12 4m 11 BN =L B - D08 10004 424 08
426 34| —20_ 0] N 06— 35 T A5 T4 32 64
4. i B, LY =16 07| {I'.ﬂﬁlll G35 4+ 312
+ 4.0 % 2O0E— O, 1K T 0d— [ M= 212
0 —H.Iﬂ;—]ﬁ.l.+1‘.a+l.ﬁ1 0
i + 3064 04— 1.58{— 1.5 0
| {Check) (Check) (Cheok) A

For reactions, shear and moment diaprama, and the elastic sirve, soe

Fixample A2,
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IRt i ¥za the Fgid frame shows be %
moment-distribytion method, Drag she:uﬁdm Figr, ?”E. by | =Lz syl lar]s '.:1 e
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 Digtribution of FEM Due to the Applied Loading (ace Fig. 2178)
Myas = + E:l%_l_ﬁ_] i

Myne = — I8 kip-ft

+48 kip-[lL

For moment distribution of these fixed-end moments, see Table 70-2,
Distribiution of FEM Due lo Sidesway (o0 Fig. 217:)

Tanre 73, FEM Dux ro Sineawir

BEIIA

Avan' = M e | bebexgam [ e
BELEA

Mppe = M yga : + E:E']il +gkw ¥ 6,400 +25
BE[Z1A

Wi s By s | '_;3;.!_} a6 400 4100

Note that only the relative magnitudes of the fixed-end moments dus
toa certain amount of sidesgway A are regquired.
For moment distribution of these fixed-end moments, see Table 70-4,
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THE MOMENT-DISTEIRUTION METHUD 203
& Mac M L
i i o Tk e procedure is to distribute snd balanee the 1::‘.»'.1:11-1.']1-1 m@u_r-r}ta dus
{0 enrh vielding.  TF the yielding is a rotational slip |_:|!‘ B _ecrlrllm juint, the
-:'12 * 1&-‘.-:3.|-nzl moments are the moments required to mainlain this roiational
A i, 1 the vielding is a linear displacement, the ﬁxﬂrl:-u:lm maomenta
& ot ¢ - a = JIT:' ihe moments required fo hold the i.uugmla M_ Lhe: joirta ﬁ::-:-u.-.d n:.
7S Ca AN T ] Wiroction.  Thus the end moments required to mumtan a rotation o
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I* 4 d
'a e EDH’
""rmr{;ﬁ f & Fh
Fue 231,
e o O% oy npll B
Ji rud in the counterelockwise diveetion al end A of member AB are
{Fig. 221),
iﬁ& EE F iﬂ 1 SEl
fir ¥ :éu Wsaw = .‘,?:f ol i simel Meas = + —I:- pary [ 100 ]
& E: ‘
g fb} Phe figed-ond mements vequired to hold the tangents ot ereks .-’E. :m:;l :’s
g 2% uf membet A B when B osettles an amount of A relative 1o A are {Fig. 222}

Substituting

Mae =1 16908 — B1.9k; Meg = — 294k + 150,14,

Mrwg 4 ;
L [
Moy = 4730k — 985k  Mue = —14.Tk + 1899k, Se—a——ff
Mpp = 40068 — 04Tk, Mup = —20.4%; + 277.1k%; 2
.-:ll'fa-r = ';| T-'i-ﬁi\-] = t”-E-"E =uJ'Ir - ]"1:-?*31 + I35 :!'-Ilig Fra, 222,
into the above equations and solving for the ratios k) and ks s GRETA
' : ‘ : T N ?%{H Movi =+ 25 (103)
2804k, — 418,95, = 48 L e
— 18433k, <} 1,601.28; = 144 _ :
ki = 403403 Fapuations {102) and (103} con be eagily verified by the use of the sl
ks = +0.1181 difleation equations
Combinelion of the Two Sels of Balaneed Momends (see Table B0-0). I R E{ (—EI'L g e o B
For reactions, shear and moment dingrama, and the elastie curve, ueui L i L {5
E I= 64, g 1A
ALl My = Mopes + 'gﬂ(_iﬂa — fa 4 l‘.._
EXERCISES L .

138 te 133, Bolve Execciace 85 to 04 by the moment-Qistribation method,

b2, Analysis of Statically Indeterminate Frames Due to Yielding of
Supports. The moment-distribution method ean readily be used ta
analyze statically indeterminate frames due to the yielding of supports

istributi analyze the rigid
Example 81. Dy the moment-distribution m_cLhu:rrl il !
frame shown in Fig. 228a owing to a rotational slip of 0,002 rad clovkwiss
of joint D and & vertical settlement of 0,45 im. at Joint I3

E = 30,000 kipa/in.? I = 800 im.*
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| Relalive stiffoess and
fized and moments
ford -3
Fra. 223,

Solution. Relative SKTness (Fig. 223h)

Tamun 81-1, RErarivn STiressss

b e £ an 2
15

BC.... % = é) M 30 &

<l B : 1 X 80 3

| —

FEM e to a Clockwise Rotation of 0,002 fad at I (Fig. 223h)

Wi 1 4ET df e E:t_}_['.‘?ﬂ,flﬂl]}fﬂ[h:l}l:—ﬂ.ﬂjz} .
+ E_F?d‘ 4 _{]T‘Tld-j[:l‘l}j B e ML 1333 r':|.|.'l'-ft|
.rl:frl,-n- o il _P . {E![ hh .;:I_I:_._:I{ _{I-. '_3} 1
L | (144)(10) = —86.7 kip-it
FEM Dhue io a Vertival Seitloment ef 0,45 In. af D (Fig. 2238
i BEIA (G) (30,000 (1,800)(0.45
H e = —_ - ke e . et F :I{I]' H
» -+ 7 4 in Bﬁl_l.z_};__._:' = 4538 kip-ft

Myca = 5208 kip-It

The distribution of the fixed-end m

in Tahle 81-2, .HL““ that the relative value of the rotation at [ i
f:mmli t b zero in the cheek. This dues not mean that the tangent at D
rmains vertical; it means that since the tangent at /3 had the initis]

rotational alip of 0002 rad in the R RS g
has oeeyrred. ireetion, no further rotation

oments computed above is shown
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TapLe 831-% Disrrmurod oF FEM Dup mo YiELnxa oF BurroRTd
Joint - .. A g I:: n
2 all = | o T
BB B s s oL e e AH BA .| BT H [ ] o
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. = f aEe e i J
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Tind. —_— |--'!I:|.I.'-I 16 . +116.2 | 4 G5
. !. ()] | ——— sl 4 B B] —— | < 34D
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F 8 1] 8 —— | =158l — W8 —— |- BB
Bal., ~ e dsl 120+ TR —
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Bal., | e84 1.3 144 DB
7 0 PEPY | e S | ST T
Bal. o2l — 0.5l - 04— 0.2
_.3 ¥ i 0.1 — R =
Bal. Fooal 4+ 0]+ 0.1]+ 0.1
r:.a — 611 =121.9) 121.9 +|F9.?l = 179.7| —189.9
Checks
I';'T'I'bmige..,-..-..__._. —B1.1| 4+121.9 g o) —341.1 —113.0) — Sh.6
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PP N g T B B TR G U R 0
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mto the above equation and selving for the ratio k

(—21.51 — 1,698k) — 2(—38.49 + 2,337k) = —48p
k= 400841

Combination of the Tioo ety of Baloneed )

For renctions. shear and . i
el ; moment dingra

Examp{-g 83. Analyze the gable frame sh
moment-disteibution method, Draw ghear
Sketeh the def ormed structiyre,

fomenlz (see Tahle 82-5).
ma, and the alystie CiLryve,

own in Fig. 2282 by
and moment digprys

o o
F
o
b
i
i Relalive 5fiffregs T:: Fised end mamers
Fra. 228,

Solution.  Relative St Tness (Fig. 2285)

TasLe 83-1, Bxrariveg BTireneas

ABDE.. ] K [ +

Betiane, o & |
i mﬂxmﬁ i

Fized-end Moments (Fig, 2285)

A2
.Mr,qa - +'{E‘%j— = LM HF—-“-

M.J'u. = —E'U kli:r-ﬁ-

(0.61{10)
Mrse = 4 QOO _ o

H.I'r:n' = =f ki]}—ft
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Distribelion of FEM Due o the Applied Looding (aee Table 83-2)
TapLe 832, Imsrmauriod of FEM IMME 70 viE Arruien Loaspiwa
Jikint 4 B i I g
M =inhnr AR HA B el [ P ViT LY H
H " ".,J"'E 'l.,"'r& 4 4 4 i ..,',.-’E .,VIE
r._::,-.:].} DF e e I'!I_EEE.E! 0, G415 l'I..E'EI'Mﬂ.F{I'H.'I-II!'I A4LR D, 3596 ——
I FEM |43 00020 0004 500 =5 (0
Hal. s |ope B AR = 02| S | =D Bl | m———
2 CO oA —— | T e e g =
Dal — 045 = 0800 —2 41} =2 40| — 0O, 80 — 0 45 ——
2 0 - 02— 4 1,20 —0. 40 =0, 40/ —1 . 9H—— —0.22
Hal o= {0, A% = 0N, TT| =0 Al ==00, dOf =41, 77| ==k -1.:'I.I— -
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Bal. - 0.a7) — O, 13 =033 =038} —0. 13| =007
5 () — [0} ———]— 0, 19| =0 (] =0, (8] —0. 19 — =004
Iial + 007+ 0,12 +0 048] 40, 06] -0, 12 4007
i 0 £ 00— .08 0. 06 F0. 06] 50, 05)= — +0.04
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T i — — 0. 03| —0. 08—, 08—, k% —
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Bal. N B | ]
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o = gum[—K). ] = 1800 = 1,80 =0, 02 =0 0F4=0.001<40.00] @O
[Cheek) [ heck) {Chesk) [Chaecik) [Cheek]
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Dristribution of FEM Due o Stdesway at B (Fig. 220)

. Fizdd el moments doe fo shdesmny o

Faa, 239,
Tanty £33, FEM Dve to Beorswar ar B
Mras = Mysa, ..., |4 BB, 2000 | | 3

r2) " EE | +5& | 00k, 0

MHrge = Weeg, ... —_ ﬁEEEJ.{l‘IE 4‘.‘2’ EALLY | £ |
. (10 4/5)2 Gl P | s

. |

Mren = Mpne.. | 4 SEEN(VBav2) 2o | |
(10 /5 = | it Wi

Merg = Mpgn. ... 1 | l

L] | 0

Fiar mament distribution of
Distribution of FEM Due &

Fined end mements dos ru:-int:md

Fia, 20,

these fixed-end momen
i E mta, see Table
Sideswuy ai D) (Fig, 230) ez
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Tanne B34, DPisrusoros oF FEM Dok o Brngsway AT K
 ath) | PR l A a [ I» K
Member. 4 | 84 | Bo | c& | e | DC | DE | ED
.. Vi | vB 4 1 4 | 4 5 | 8
Cyele | DF | ———|[D.3580)0.8415}0.5000| 0. 5000 0, 6415| 0, 3586 | ——
U | prar | 4200, ol 4200,0f 804 4| 501 4| 4890 4 4504 4| ———] ——
Bal. L4141, 4 $253.0 — —5?3191—320 B —
2 oo |+ 107 ——|——1+126. §—286.9 ER "
Pal, || —— | ——|+ 80.2[+ BH— _—
q oo J——— PR e, E e | s
Bl — 4.4 = 25, —— = 5. T|= 14 4| ———
i eo |— 78— —1|= 12:8— m.sL—— —
| Bal. —-———+13.E+lﬁ.ﬂ———
5 LRl Y RS gty vy S = ER R e
Fial . — e gl | ﬂ.1|- 2.3 —
& e B - 1.9 —— - apl— 20—V —|— 1.2
Bal. |+ s+ 20— |——|—
T oo je——rl|¥ 11—+ 19—
Bal. | ——|— 04— 0.0 —'I- 0.8— 0.4 —
) o0 _ pale—]— 1 pal- 03 ——|——|- 03
Bal. + 03+ 08— ——|——
g oo’ | —= A A + 0.2 —
Bal | el Al g ————|= 0l Ele—=
kel s +562 1| -+524. 2 — 624, 2| — 68T, 7| +687.7 +337.8 —33?.3||—mg.-;
— -— | I e —
Chopk:
Change, ... .|+ 62.1|+124.2|+270.2| -+ 208, 7| —206,7) —556.6 %47 8| —168.8
—L {chnnge), |— 62.1|— 31.0{—103. 4] —135.1 42783+ 108 4!+ 84.414108.9
B oo g |4 03 241668+ 716+ TL.6~453 3 -253.4) 0
By = BEM/
B o |— a1.9]— a1.7]- 17.0(- w4013 541183 90
(Check) (Check) | {("heck) i{[!hmlﬂ
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Tianee 835. FEM DuE 1o Smeswar ot 5 M+ M

. Mlar EM, =10 Huys =6+
Muag = Myua . | 0 0 i Fig " . & o - ol
; iz B
Wods = Wi 5 BEZI{ /5 a:/% . 2,000 i | - Fig. 2315: IRy =10 Heg = 18 — Hyp = 12 — = e
' re | — — . £ 5
ilﬂ "||"'I'|_-r:|‘I B ks ﬂ. JH'.::g + ME!_I
[ v Fig. 231d: ZM, = ( Hep = ———
AL (5 ae/2) . 200
Meco = Mpuwn. . o= g = —4 45 - B
(10 1"';5]1 6 I I }'iﬁ- 231-':'. EF'J- == A Hen =gy = Hﬂ—é;—!ﬁ—ln
Meow = Mpew.... |+ ﬁEr{g':erEq"-!' x 2 +8 +500. Kquating M oy and Hes,
¥ : 12— Maia + Mas _ Max + Mo
For momenl distribution of these fixed-and moments see Table 83.0 E 20 a0
LU
Tapre B4 Disrminvrion or FEM Dur mo Sinksway at [ Main+ M + Mps + Mgy = 240 (e}
SEEh =R o e 5 o e F Tig. 231h- M, =0
T _: 2 = === : | bt 2 o - E: £ ,fl. b
Menber,, | 4B | Ba | BC | oo [ on | b [ 22 | yo 210 .rr.u.u::mui_m_:I (Man + Meo) _ Man+ an-n.m 2M ¢y — 180
K....... vE | B 1 1 | 4 4 5 | 4/§ Fig. 231e: EMgy =0
Cyule 2] = H.HEH:E-!G.HJ.ﬁ u.ﬁnmllu.mm iln G415 0 :u; £ Voo = OHop — (Mgp + Mss)  Mun + 3Mox — IMee
R 3 = ) £0
. , I
1 FEM | — [ ——|- L —Hrd T B ] :
ey FEH'J'I LA =84 5000 +50 Equating Vee and Vs,
| | | Mun + 3Mzs — 2Mop — 180 = Map + 3Mur — 2M e
|
(Refer Lo Table 81-9% 0T
=" Tl () O (Mas — M)+ 3(Mas — Moz) — 2Mox ~ Mea) = 180 (3)
Tatal- o 1089 =397 8l 857 8| 4871 — 687.7 4.2 024 2] 4562 Bubstituting i
o = 2360 4 562, — 1580k
Determination of the Ratios &k, and iy ﬂ;: = _?E EE: _:_ ;Ej ;i: i 3353 gﬁ:
g C e HE‘.',_':: Men = =010 — GB7.Tk; 3 687.Tks
i ‘A% & Mon = +0.10 4 687.7k, — 687.Tk,
eyt by M Mol e Max = —0.02 — 837.8%; + 6242k,
a1 a4 e Men =0 — 188.9K; + 5621k
% %: i into the two conditions (a) and (5 above,
AL ! i
iy I ! i 679.6k, + 679.6k, = 231.07
alfae ] g% P T 6,367.8%, — 6,367 8k = 200.77
s Mg ; fjj :
y a My Holving for k), and &g,
ﬁﬂ Fres bnlll,' qu FOL TS ()
ky = +0.18643
Fro. 231,

ke = 4015480
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0 constant moment of inertia and n. b8 a pure raftiu jl.l.'hinh varies with .
I'he end moments M, and M}, requirad to maintain o slull:iEl of lﬂ.ql at A
Bnd zero at B are M, = 8.8, and M, = M, in which 5. ia the
Wi Tness faetor at A and .y is the carry-over factor from A to B, Sim-

Combination of the Three Sute of Balaviced Moments (see Talile 83-7)

Tapre 837, Cosutnirros oF tHE THEEE BETS oF BaLinesn MonrEsTS

- —

: | | I ; -
o 4 £ ¥ [ # Mlarly, in Fig. 233, the end moments. M}, and M, rEtluu;fld to mEI.IIlEI:-Hlﬂr
| 5 - 1
7 i Y | | | ' slope of 8s at B and zere at A are My, = Sufs and MY, = CaMy,, in
Musibwr, ..., anl . f24 ne o | op pe | DE B 5. 35 the stiffness Eactor At B and 5418 the carry-over factor from
e=h L = D k. | |- |
— - | _i __.I .3 1-1.:' .I'!.
FEM (Tuble 0353, , ... it B G E o T | A SR (R |— ] " o
¢ (e s ol M5t Moty UCaME Vst
s — e . |_ [ i__ ;) Cz —==T = =
4L 1853 gimes FEM | ! | | ! @qﬁ*ﬁi—%——— _.-—'= ﬁIE E ] J
{Table B3-4) :l- BE. 3h 4 ﬂ.‘&_asi- I 7d! = 18R Fu' 8 d4 Tl 16, T — » "_'I_'I,_
e e ] A, b | B B 0 ! ] A 8 ek
1490 times FEM | | | | : | L ;
(Toldy B5),, . .. e Bt L R ohk T L O S T + 77 40| 77 Fic. 232 Fio. =33,

The slope-deflection equations for members with variable cross sec-

Total FEML . ...._.., FLig 22+ 75 22 - : : :
: e Bons, as proviously derived in Art, 44, are

FEEN - 353004 202004 2030 477,45+ 70

Esleneed momimts | Tikls | |
R | L et + 2368 — 14044 14 84— 0 I tl:||:||+ rlnu;ul- [{V T 13

0L EAR4T fimes balnnsed
ssmienty [ Table 8540 | £ 108 70) 4 110, 271 M0 27 = | 8- 2004180 21| £ l.-:.ml'—uz #El— a1 4

'J
HIH = ﬂ-f.aul - % [—K.uﬂ.-t = K.taﬂa + I:-t":..u + Hu}fﬂ {Eg}

Mas = Mera + E-i_-r.- [—Kpnlpy — Kanbia 4+ (Kop + Kain) K]

—_ .I_ ——

$ 10, 15450 e hﬁhnrrd [
moments (Tahbe B8], . (= 23 i - B a2+ 62,82 4 100 :II—:II}H B0 - 08 8 408 i
|
|

W hers

_— —— =1 —_

Cs s [L_I}jdr

| > : o) e

Totl badanead mamenia, ,|+101.320 + #044|~ a0.00(— 21 70l 91 0| - a3 nu:+aa.m!+ﬂﬁ. , Kas = + 200y — 3 C1 LA Fis
— = o | = —-1f == = VR N . gt ' i
ek |' I | o oA g b b o 0y = la .':f;ﬂ:u ds

P i RRLEERRRTRT Lol L6 6 5 11 M 31 ISP Cs] M) B 12,78/ 21,48 A 0y — ON) £2 Ja iy

= {ahnzge), - | BB EOOA—  Boval4 13 g0l 30. %414 3 30 410.04) + 21 HR 1 I.{__r_}-.

Bie, v i O |- 75— 81.00% 24 61|+ 29.50 = 38 w0l —5y e a o - _':-il‘_ [T 2 e = ey

Bral = iz /K1 Kz =+ A — D TR By T

(Ceark) | [ FETY] {CTieck)
|

R IR et 6. 1% ﬁ]3|1- 14.07] 14,00 )
(Chek} (Chnrk

The values of MY, and M, as defined in the preceding paragraph, S
he obtained by substituting Mean = Myss = 0, 82 = 0, and & = 0 into

For resctions, shear and moment disgrams, and the elastic curve, g

Example 67. the right-hand sides of Eqs. (89), Thus
EXERCISES M, = 88, = Eijr [ — K aata] {1M4)
130 to 138, Solve Bxercises 00 o 102 by the moment-distribution meibod. e
54 Sﬂﬂfw_as and En.rr_li'—ﬂ'r-:r. chm‘-s for Members with Variab M=o o — 281 [=E s8] {105)
Cross Sections.  The moment-distribution method ean be applicd to the B 2o T o L

analysis of rigid frames in which some or all mem bers have variable o
sections.  The stiffness and carry-over factors for members with variahl j
oross sections will ebviously be different from those for members with
constant cross section, which are 4EI/E and §, respect ively, In Fig 238
is shown the member 48 with moment of inertis I, = a,f, where I i

From Eq. (104), without regard to signs,
84 = Kaus (ﬂii“) (106)
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Bubstituting Eq. (14} into Eq. (105), with due regard to signs,

Kin Ly .
Cag = E= 0T L—Tj ||.

Similarly it can be shown that
Sh = Ko (""“’j (108

L
and

= 4 K Cs .
Cas = + o ar 0 (1008

Thus in Eqa. (106) te (109} are given the expressions for stiffness an
carry-over [actors for a member with variable cross sections. It is o e
noted that, for unsymmetrical members, the stiffness factors &t A » i
ot B are dilferent, and &0 are the carry-over factors from A to B ang
from B to A, These stiffncss and carry-over faclors can be maon
easily found by the method of column analogy, which will be treated i
Chap. IX. i

In Fig. 23 is shown the member AE with variahle cross sections
simnply supported at A and B, The end moment M, required to mains

M8 :
E—‘d& & M. Ea B
=N i a E s Ly ﬁ'ﬂ‘l
i.-l JL‘w'-:.{-- ._;._ i g ) e T i g
I| 7 1.1..2".: Jemm Fa
Fro. Zid, Fiz, 235,

tain a slope of 6. at A is Wi, = 58, in which & is the modifiad stiffnes "
factor at A. By substituting Msun = Mpss = 0 and R = 0 into thie
slope-dellection equations (89, '

M, = S0 = ?J;if [~ Kaala — Kagba] (110}
ML‘ =1 = Jih [—Ku-lh e K..mﬂ..q,] ﬂl i
From Eq. (111),
b =, — K5, = Oyt (112).
2n
Substituting Feq. (112) into (110} and solving for 87,
85 = 220 (Kl = CasCrs) = Sall — CasCos)  (113]

THE MOMENT-DISTRIBUTION METHOD 2R3
Bimilarly, referring to Fig, 235,
8

Sl — Caxlpa) {114)
In Egs, {113} and (114) are given the expressions for the modified stiff-

ness faetore al the near end when the far end is simply supported or
hinged for & member with varipble eross sections,

e
...(:;A e A
L
eer s j%

! D Mea

Fra. 236,

The fixed-end moments M, and M2, due to a settlement of A
(R = A/L) at B relotive to A can be found by substituting

Mesn = Mzoa = 0

and 8, = fo = 0 into the right-hand sides of Ega, (89). Thus, referring
to Fig. 236

E;iir {Hﬂj b EJ;]R ar IH.-'U- -+ ﬂ.l-r'.q.u:].ﬂ

2Ry {115}
Myps = —L—' (Kop + Kaa)R or ol + Cas) B

'H;'.u T

In the check process for moment distribution the formula

- (change at near end) — § (change at far end

— (relative stiffness)

has been used in the case of members with constant cross section, Tha
eorresponding formula for members with variable eross sections can be
found by solving Fqs. (88) for 0, and 8, which are

o Man— Meis) = Cas(Maa — M ypa)
=8a(l = Casllna)

. (Max — Mras) — ﬂu{ﬂ-{ﬁ. = Mran)
=81 — CaCal)

Example 84. Analyze the comtinuous besm shown in Fig. 237 by the
moment-distribution method. Draw shear and moment dingrama,
Sketch the elastic curve,

fa

(116)

fin

— .
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Solution. R = 0 for members AR and 8C.  Trom Example 68

Meap = 41,004.17 kip-t
..]-f-p.-ru = —a57.00 ]-:i]l-fi

Kaa = +2.82230 Ken = +3.10722
Kas = +1.73520 Kne = +1.73520
Kap = §3.19722 Kog = 42 82920
ﬁﬂ"'
:
kAT
..-l_;"n- - t-ri{n-—r?f ;;F

id A Fr.lacl K Jisk

ot T -l I I
s b

Yug, 25T,

Stiffeess and Carry-orer Factors

Span AB: 8§, — 281

T El
1 Kaa = ,.s.s.tau( o ) ( ) (2.82230)

_ 2k, S L] El. :
-i"'l'-..u I.:.‘]-EI-EI.’]
B = - . A L - =1
am =g = gEmny - V616H
o Kan _ 173920
A

Kaw 310720 = U:04307
o it B 2F1, EI,
Span BC: By = = K= IJM"'( T ) - ( H) (83.19722)

2ET. 2K, £l
By a2 ;e - :
o T @ REE"‘.:EI( a6 ) ( B) (2.82230)

-~ Kag 1. 735N i
Cac = Ko 310729 = 058397

¢ ﬂ B _l_. T30z
i .IF!I.{!'II- 282230

Modified stiffness at B of span B
= 8nfl = Crollonl
ET, _ ;
= ( ) (31972201 — {0.54397)(0.61623)]

El ) (2.12548)

= (161625

THE MOMENT-DISTRIBUTION METHOD

Moment Disteibution |Regular Method) (see Table B4-1)

285

TapLe 84-1. Mousst Dhsramurros (REavLar Mzraon)

o
O R A B
MnmBEr: « o pe s AR HA | ne B
| = .
||
Bl B, Bl 4a KT 5 s
B, i vnnmnmannn £ (2. 93000 ‘}{a 19743 }11 1WTas {ﬁ-}{ )
== e = — g
4] 3 e 11, 500 0, 500 | 100
e LR |_
= | = 3 i |
Cysin o 0616 0,54 0Bl 0. 616
i FEM o+ L0 —AGE —
Hal, 470 +470 = =
i 2! ' —_ — + 261
o 0 S _—— ———— — 16l e —
i Bal, e + AL + B —
& oo PR T | —_— — o dd
Bal, — -—__! i !
& 0 —_— | —— 7 S
Hal. —_— o+ + 13 -
g oo LS, - s ol :
EI] S — I — — i __—___
dsi = o i S
7 i)
fal, ks + 2 + 2 ==
L] 20 | L — e F
Hal, e — R = =
l-- ]
Todal. o el ) +1a17 — 5A3 + HiE
Chisk
Change. .. ccoirrre s nas 4+ 113 +nﬁ +m —=
"If*-":'Fch-lm] i - 312 - | Ty —iﬂl-
Bt i ala a <+ 38% + 553
B - s 111
BT S G 0 {B{.} (181 1) (181} ( }{ )
e 1Y [ heak)
WO BUm

=T - Caata T —Ba(l = asCad
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Moment Distribation WM odified Sliffncss Method) faee Table B4-2) e o e e e

Tasee B3 DMoment [HETRIBUTION iAMonoriep Srirpness METIOD
| Joli i e A B [ng
Jdaint. ., ,, A _I A | H ! i ~ - ne
ey ™ i = Mombar, . ... et AR A B oM
|
Mo, . AS f EA Be - S SRS el e = L T Ll B (o
i E I i TITS— e R G A T fg'}{umm
Bilfnea: .|, ey o B'F- Er, - 1 i ¥
"5} gy }ﬂ Gtz (_B :I b D o e — 0.500 @, 00 1000
. L, SRR e P : G
Mobfied ot nes (5% jl- (2. %7130} ('[.;.'j' (5 1 :—;} i L'.r.'.-ml = Porela Sy s g et P
it ; 0. 0T 0.3 _ i FEM 4455 R 1 TN —q4d.8
e EEEEES R — s E Bal, — - — 44555
Ehnds SOF 0B 1 B4 ¥ G4 |  o.mie v 2 (a1 ——- e S ET4, 4 —
SR = = = [ Bl —_— - 157 2 —137.3 —
1 FEM & | MM | — AR = <% i B oo ; - T4.8 - —_ = Ti.a
Eal { - | 678 LREL o Bal. ——— & Ti @
2 oo oy =15 i T i i F o0 =LA + 40.0 —
Teal, ey T - I Tal, L - .1 = 350 _—
0 p = — | — — T o R T _— _— | -z
Taikal. .. - 3 1,317 — A LART B Bal. __._ - R 4 14.56
P = [ 30 —— —_— HECRE [ SO | e
R P et A Bal, — - 2.8 5
r | co -~ i —_ || — - &5
For Il:m.'Liume., shear and moment '-iiugrllrﬂs, and ihe sliatis — EE:H. = ! Bal. TR R A
& ¢ Example 63 g : E{} — — + ;.g —
gﬁ“"' o .j Example 85. By the moment- el ' :
: istribution method analyze the con- ] | Qo - B4 ——— - — 04
his g — A
?;1 H.:.- '?rr A5k tinuous beam shown in Fig, 238 dua: ek 4 i el
e s = "'{ 2. bo o scttlement of 0450 in, at the 0 oo T 4+ 0.2 —
B : Bl S =iy 0.1 e
£=10 000N ﬂ']]’-"]—""-“'h B.  Draw shearand moment i
L~ 8ot dmsnm-:ﬁ‘ Eh?l'“h the elastic curve, e D e R +255.9 F317.3 - 3173 8
Fie. 938 Selution. For valees of .{“r :
A : Koap, and Ky in apan AL and K Rk
Kioe, and Kogi ' s ORI s s i _ — 14,8 +104.8 +445 8
ne; oe W span DO, see Example 84 ol e kol i i B i e
2BI R L T B R a — g, 8 — 0.8 +355.0
Mrsp = (Ko + J‘fu]( L‘ ) L e e R 1] o (ETJ 618 ( }til o - ::-E.) (16070
2 3% 30 e s
= +(252230 + 1.73900) (21X 30,000 X 8,100 (a3 : —
144 ¢ 36 36 % 12 01 = = — Gastmal T TG — Ca

= +445.5 kip-ft
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Mrn-ﬂ. = +[K.an + Hﬂa_] (EEF

= +13.18722 + 1.73020) == 30,000 X HJI:*U) ( 0.450

= 4821 kip-ft X
Mrpp = —482,1 kip-ft
Myes = —245.5 Kip-t

—

1 P,
ﬁ::::: ﬁtn‘fﬂﬁi’:ﬂ_ﬂﬂ (Regalar Method) (see Table 85-1
stribulion (Modified SiifTness Mebhond) ;:.ar:r: r[:';!llf" Ah-2)

ANL E &
] E Ed—z hf‘]“l“ T ] FIRTHIBAYTLON :.-\.\jl:l'.l:l.l"li:-u T F FHESB II‘I-EII A
! ]

Jobsi. o0, Vi o IEPRLL | A
i

D] o e G R : A
fi
it

Bifamas, . ............ 2
e 14 {Ef;] 1252230} [:"—;:—_'} (3. 19728} | {Elif} 15, 19733 !]""-‘} id

Whipdelie] wiifoneon. ..

(5 | (B @ s | () 00

1 e ; s
¥, 0D Ly [ s 15
sy L || |
Coreke 3 p e
¥ o BEa ¥ fdd ¥
i L L4
1 FEh 433, 4 / : &
<o : 4 &R —4RT. 1
2 S = e e
it e —]H = S374 .4
— 1M &
1 L] — Bp.8 X —
Dal. - =k gE—1 I
|
1 |
PR W s 3 |
5 +d55. 0 43172 =817 3
(2T 0 PN o |

fame o in regaisr method

For renctions, s
, shear and mom i
Example 69. et diagrams, and the elastic curve, s

EXERCISES

1 tﬂ‘ 1 3 i ) -
‘n ""- Enl'iﬂ E!l:l!n:l:l:l 103 tn I“ﬁ T LI]B st |ﬂr.||l:-|.]|m.|l I "'.H:d
|

CHAPTER IX

THE METHOD OF COLUMN ANALOGY

65, General Introduction. The method of colamn analopy 18 most
yseful in the analysis of beams and curved members with two fisel sup=
ports and of rigid frames, either with twe fxed supports o 4 pleand
with one “oell” inside, Bs will be explained lster. The analysia of these
<t pretures, which are statically indeterminaie to the third degres, by the
method of consstent deformation involves the solution of three simul-
taieous equationa.  In the method of column analogy, however, s
moment at any point in the given structure car be compuied divectiy.
Probably the most extensive use of the method is o the computation of
sliffness and carry-over factors Tor members with variable cross peLions
and in the analysis of closed rigid frames and fixed arches. In the subse-
quent articles of this chapter, the method will be gradually developed
anel llustrated from the relatively simple eases to the more pomplicated.

B8, The Method of Column Analogy Applied to Prismatic Members.
The use of the mothod of solumn analogy to determine the fxed-end
moments of 8 1.|I“j.ﬁ:|:|_'|.:|1t.‘i:|:‘.' member dug to the applied loading will now be
developed.

Let it be required to fnd the fixed-cnd moments M, and My acting
an the ends of beam AB, which is fixed at both enda and subjected to the
applicd loading s shown in Fig. 23%¢. The momenk diapram of the
given fixed-ended beam, a3 Jiscussed previously, is the gum of the moment
diagram due to the applied loading, i acting on a gimple beam AB [¥ig.
230h), and that doe to ihe end moments (Fig. 2397). The conditions
from which M. and Mg can be determined, when the method of cons

aistent deformation ig uged, are:

1. Change of slope between A apnd B = 0; or
Sum of ares of moment dingrams between 4 and B = 0 [note that
ET ia constant) or
Area of moment diagram of Fig. 23%b = area of moment disgram
of Fig. 23%¢

2. Tefleetion of B from tangent at A = 0;0r
Sum of moment of moment diagrams between A and B about
B=0;00r
['I'r-i-u:m-um.rrr of moment diagram] _ [ moment of moment diagram
| of Fig, 230b about B -J [ of Fig. 230c about B ]

288
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2. Upward pressure on bottom of column, M. {indeterminate moment,

Now if an imaginary short column with a eross seotion as showa _
W moment to be determined to satisfy the conditions of geometry), i

.FiE' 2302 15 50 vjlacum!iznr] that the loading acting on the tap of the colum
is the moment disgram .'s_i!m'i.'rl as Fig. 2306 and the pressure acting on
bottom is the moment diagram shown ag Fig. 23%c, it is obvious that t

Puwitive, _ :
4. Moment at any peint of the given fixed-ended heam is equal to

M = M, — M, which is positive if it causes compression on the outside.

= s
g & 5
MC:.].JII T1] 'J,rfJ;ﬁ :] mm\ I kfFE
A A4 A
;j L H,"'"*"-' : u{:IIIIII4I+T*l|EJ%
i I-Loading on fog of AT #=
Ifﬂvu.fa.-;l.i" =r anolagous celfuman d i
fal=hiven beam s diagrorn, sorme ps [b) K
ka Congdmat £F o {ol-Loading on fop of
funit fevd-Giwen heam analpgoys calumn;
| oy sty j.%dhqrum,;-:rrm mi rhj
‘I I ol -'_::
d)- Momand disgram die o the i A ! f ot
mﬂ'“ teadieg, plotted on {e)-Crogs section of FWLT_MJ
B Eémpréssipn side analogoys column —r
| L
J [TT13s .
gj‘J— LLLI_I—-LLL!—[] fél-Mamenl disgram on fel-Cross sechon of
i canfilever beam A8 g analogaus cokumn
- end disgram dug ta the £ {feed ot & and firee ol B
er1ol moements, plotted on the :gf;;;‘;;‘;":ﬁ’f‘ i dua fo the apoiied karing,
CamaresEon side M, dingrum :.:r.-..; ‘:; il plotied on compeession side
Fia. 239,
mﬂ'."?“ 15 i equilibrium by reason of the two conditions stated above, i g
which are (1} total load on the top 15 equal to the total pressure uf that - i i
bottom: and [E}Immn:ant. of load about B is equal to the moment of preg- - - 1 g
fnre ul_:vuut- . E‘]ma if the loading diagram (Fig. 259d) is known, the DrGs- ® E : T
sure diagram (Fig. 2300 can ba determined, &
s fals fel-Moment diagram on b
rg— carttil&ver beorn A8
Wl Trrsials 5 (ffead ot A ond froe ot 8)
e e duz to radundants Uy ond b, L
———— A FF )P & on battomm of
Outgrde W jopia e b n:ml-ﬂrﬂ.l&mzﬂm"i
Fra. 240, M diogram, same as (o)

Fra. 241.

If, in applying the method of consistent deformation, the eantilever
beam A B fixed at A and free at B is chosen ag the bagic determinate begm,
the moment diagram of the given beam will be the sum of the moment
disgrama shown in Fig. 2410 and ¢. However, the same two -:'-:ml'.ill-mrl?
of meometry, ie, (1) change of slope hetween A and B = 0 and (2]

It is neees::a:r__v to eatablish & sign convention to be followed in subae-
quent work, This sign convention includes (g, 240%:

1. Loading on top -::uf_nnlumn ig downward if M, (statical moment, or
:I:ﬂml,:nt i;lﬁqzutthe; applied leading on simple beam 4 5 ag determined by
¢ BWa ol staties) is pesitive, which means that it g i
it UseS compression
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matic member due to the applied loading by the method of eol
analogy, it is necessary only to determine the pressure, or M, at the .
ends when the analogous column is

loaded with the Af, disgram; M, or
Me van then be found by the relation
Mo A - R TR e be noted
that the sign convention must, be
africtly followed.

Example 86. Detormine the fixed-
end morents for the beam shown in
Fig. 242 by the method of eolurnn
analory,

Solution (refer o Fig. 248). The
simple heam moment diagram due to
the uniform load is applied as a down-
ward loading on the top of the analo-
Bous column because this moment
Ciuses compression on the ouwtside (op

mit
4

AT

b

fa)-Londing on dop of aralygaus
catumn; M dingram

A

Pz

L.

oo |

£ __r—r
f&)-Crogs sectian of
analogius colima

yar WA —""_'L_;[ .r F I I
SO 5 e D T =
T5)-Pragsure on bofkam of
L | analogaus colume;
Consfaal £F M) dingram
Fio. 243, Fio. 243,

lap) of the heam. The
stant in this case and iz
the column,

pressure along the base of the column is e
equal to the total load divided by the areg 0

# wl
Thus, at 4 or B,
H:-'}
-
My~ 12
WLE_ Iﬂ‘.L'
MMy iti<di—g e 2

The minus sign for M, for Ma) indicates that M. (or My is in such
direction aa to cause ompression on the inside (or bottom) of the beam
at 4 {(or B),

THE METHOD OF COLUMN ANALOGY 203

The moment diagram due to
lution (refer to Fig. 244).

I M“?:":a EE:::I m_:tis'lg on a eantilever beam fixed at A and free at B
the un

i top of the analogous eolumn
 applied a5 an wpward loading on the top

£ L
z i _..""f_) o Sl
"}—"' .'ri(: {",i g
L]
5 P
a4
ror -Losding on fop,
""':5 u"l'ugrum
Fearet
k
P rr i i e i e ress, ¥
&
thi-Analogius column sechion
p—rea
S,
T
e o X
{ -~
3 Tdat
g 2
el
=1
Fwerd

i
{c)-Pressure on battom;
i; .j:'ngrmn
Fra. 244.

] the inside (or bottom) of
hiz moment CAURCS COMPression on "
l:,lk?:ﬁlr:n: 115I".[“r'|.|3 pressures at A and B can be found by the formu

F Me
g LT] = ["r :|
Myat A = — 5
(wL/6) (k36 (L/4)
Myat d = — Sy~ LS
wli e __sult
acu TR 12
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Ma= (M;at A} — (M, at 4)

= (_ g.m) (_ f.wm) g SAUB
2 VR S L
M, at B =0

LG T P T
_.H-1 Al = - gl-!- g Ubt ot Mo o e Sl
(LY ° (L

Fecentricity (g) = ;f‘% = )

P (Pab/2) _ Pab

7 R 5 -y Qe

Mo _ (Pab/Di}(L/2 — a)] _ Pebili2 — a)

SR il gl TRIT AL [E
M “‘ -I- -i- = + -lH _'rf. at a"l =1}
My = (M, at B) — {M; at B) M oatd = _P- -+ ["-’ﬂ] = Eﬂh T P"!'EL[EE""__EJ
- (D) ( | wff) wl? ' o AT
= ¥ == —13 “— .-j_ﬁ- Fﬂh [L + L 1 Eﬂ.:l = + %

B
M,= (M. at A) — (M;at Al

Pal? Pab®
-0 (+5) - -

Note that in determining the pressure, or My st A or B the upward!
load when aeting at the controid of the rolumn seciion CALEDY e tive
prezsiere, while the cloelwiae avertiurming momenl causes negalive pros
sure at A and positive pressure st B,

: <
Example 87. Ddtermine the fixed-end moments for the he - M, al B _
i y 4 : : bearn shown i T
Fig. 245 by the method of eolumn analogy. M B [};] s Lﬂ;sl o I;:Lb y ;'_'m[r(L;:: a)
1 P
FPal FPha
e . =-EL'*|:L“L+EM" s Bl 7T
q%: = Ma = (M, at B) — (M, at B)
: _—— Phaty _ _ Phal
Conglant £f = [ — I = 73
P, 245,

The minus sign for M, (or M) indicates that M, {or Ma) iz in such

Solution (refer to Fig. 246) direetion ns Lo cause compression on the inside (or bottom] of the heam

pat P BN pd i |
- o : o i = i b
L 5 J F Alternate Solution (refer to Fig. 247) '
&t Crpss seclion of Pix L&I
onalegeis. £ofuimn l\r . I
| JJ_U:' 2 4 \h\ 3 'h‘“-.ﬂ
ffﬂ sg-F l R
&.}E’ % e
e L fert= Londing on top;
r“‘l-:s':l::l g an top; red-Pressure an baboens M dingram
A Fia. 248 aie i Py phat
13, 248, &,
i £
Total downward Joad on the eolums o e S
= f e : | 7 [ il
= area of simple beam-moment diagram . ;
1{Pab Pab {&)-Crose section of r;:-m:ft.r_a on batiom;
=s\ ) @ =5 analegous section S L

Frua. 24T,
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Py = (§)(306){480) = & 640
Lecation of P; from the left support = LS bR 15 ft
Py = ({9 (120) = 540 K
Py = (£}(9){00) = 405
Relerrivg to Fig. 261d,
Tatal load on the eolumn
=P+ Prt Pyo= Py Py — P,
= 2,430 + 16,088 + 1,822.5 — 540 4 8640 —
= 27 084.5 A sl
Total moment of the loads about sentroid
= (2430)(1144) — (16,038) (0.71) — (1,822.5)(12.86)

— (5403 (11.29) + (% A40)(1 i B
- 07 7002 — 11387 0} — ) + (8,640)(1.29) + (ADE)(12.71)

= 3 1714 eouniorelockwise
Reforring Lo Fig, 252,

IIPELE

rltj.!u' e

[

ford-Losds on top of
anakigous column

]
L JE29T | P __[
G
Area=78 %5
dg =552 l:'ﬁ-.l'-—";f- Diograrms, ploted on
()-Properties of the e compresion sl 1
column siction
RI2 A=gpse Pagees
T T ‘LEE%
] =
wrg
s . 26"
fiz)-Preesure on botlom of
fE)-Loads on fop of
onalogeus calimn onplagpue column
Fra. 253. Fra. 263

25,4374 — 6,096.6 + 11,145.0 + 5,147.8

THE METHOD OF COLUMN ANALOGY 3
Mi ah A =0
i Me a7.485.5 , (3.171.4)(17.29)
bt [H} i [T] =t s T Bam3,

= -}081.0 4+ 223 = -+1,004.2
M, = (M,at A} — (Mot A) = (0) — ($+1,0042) = —1,004.2 kip-it
M,at B=1

P Mz aragsb  (3,170L4)(18.791)
By o [3] = [ r'] =+ =55 T 34003
= 40810 — 241 = 40478
Ma= (M, at By — (M;at B) = 0 — (+957.8) = —057.8 kip-ft
The minus sign for A, or M, shows that M. or Mg should be in such a
direction as to cause compression oh the inside or lower side at A or I
Second Solution. An alternate solution in which the cantilever heam
AD, fixed at A and free at B, is chosen as the basic determinste beam

will now be shown.
Loads on Top of Analogous Column (Fig, 253)

k)
P gjw (B} de = 17,982

ai
Meorent of F; ahout the free end = g fm' (8z7(z) dz = 574,087.6

574 087.6

Distance from P, to the free end = _1?',_‘J'E‘d"- = 51.926 ft

Py Jf; T (327) dr = 18,054

Moment of Ps about the free end = Jlg * (3e%)(z) dz = 393,060
Distance from Py to the free end = Iiﬁﬂﬁbﬂ:i]
P, = {4)(121.5)(8) = 364.5
Distance from Ps to the free end = (§)(8) = 6.750 ft
Py o= ($1(12)(480) = 2,880
Py = (§){60)(3) = 90

Referring to Fig. 253¢c,

Total load on the column = Py + Pe + Pa + Pu+ Fu
= 17,982 4 18,954 4+ 364.5 + 2,850 + 00
= 40 2705
Total moment of the loads absut sentroid &
= (17.082)(13.216) + (18,954)(2.050) — (364.5)(11.060)
+ (2,880)(13.20) + (20)(7.29)
= 287 650 + 30,026 — 4,850 + 38,275 + God
e= 311,248 clockwise

= 20.769 fi
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REfl!'r]"j,u,g i Fig. Eﬁ_-'l
RIS

III_.-'—-\-\“..?-"-".?'FJ
[

forl-Loods ooy fop of
Aralegous. Coium

LT

Arper o JHT
fp & PASALF

f&)-Fropeties of fhe
calumn poehipn

JE.'I-E
fei-Pridsare on botram pd
anakigous column

Fug, 254,
M,at 4 = —4 608

26y 8l 8 li] - [H-"I ~ 102705  (311,248)(17.20)
g : 85 TR
= =1413.0 - 2101.0 = —3,604
Moo= (M, at A) — (M, at 4) = ) L
- = (—4,808) — (—3.604
= —1,004 .0 kip-fL ¢ ) — (—3,6040)
Mt B =10

M, at B = [g;] n [ﬂ;f J = - A0.270.5 | [311248)(18.71)

: .a:.:: (245627

% = —1413.0 + 23700 = +957.9
My = (M, at B) — (M, at B) =0 — (4957.8) = —a57.9 kip-£t

; . t'h g R 1|t.\h_'EI 17 I 1 i i

r beam fivad at B and f g
fixed-ended beam with t e : : and free at A or
B it wo internal hinges inserted whore the At

EXERCISES
148 and 160. Dedorming the fred

of rolumn snalagy, Ch i g
S ] eck the solution by using & different basic deleramipiis

THE METHOD OF COLUMN ANALOGY 305
gk s ik
’ rus LA : B S
3 | bt P4 FS ﬂ Tl = ) I
o I 4 Jo 3 i o PP
- R A . Tk %

FExemcne 141 ExerciEg 150

B9, Stiffness and Carry-over Factors of Straight Members with
Varigble Cross Sections. ‘The stiffness and carry-over factors of straight
members with variable cross sections can be determinad in the eame
manmer as in the ease of prismatie members, except that the width of the
analogous-column section is variable along the length instead of bang
equal to the constant 1/ET,

Example 89. Detormine the stiffuess factors at A and B and the
earry-over factors from A to B and from B to A for the straight member
with variable cross sections as shown in Fig. 255,

A &
Flof 8 de pridf Y
v i Hr Ff
5!
Frii. 2Rb.

Solution.  Stiffness Factor ab A ond Carry-over Factor from Ao E A
load of 1 tad is applied st the left edge of the analogous column, the
properties of which have heen determined in Hxample B8, The load
through the centroid and the moment due to eccentricity are shown in
Fig. 256,

M, = pressure &t A

P Me
= [;] L [TJ
o 1 {17.29)(17.20)
=&k (EE. ) T2 2 4562

EL (36 , EI (17.20)(17.20)(36)
ey 2l € TR AR 2 456.2

El, 14 L {BI
=i {1.2632 4 4.3815) = 5.6447 (‘L‘
My = pressure at B

-[£]-[7]

1 (17299 (18.71)
g (’Ea.i'i) B ¥ 1)
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= (ﬁ _ £l (17.29)(18.71)(36) _ BL (36 , EL (18.71)(18.71)(36)
L \38.5 L 24568 S EETARE R E 2,456.2
KT, g + ET,
= = (12632 = 4.7414) = 34782 (ffé‘) - 552 (1,203 + 5.1308) = 63040 (I)
Thus M, = pressure at A
TR W o ol W I R
Btifness factor at A = 56447 (T.-_) = I:E_! [ 7 :l
Carry-over fuctor from A4 to & = 23782 _ i - S (18.71)(17.23}
: faday — U-0104 Elo\gg5) = ¥+ 34502
i . EI {96 _ Bl (18.71}{17.20)(36}
| | - \ame) — 1 3 4563
- a ; Kl.
: - % (1.2632 — 4.7414) = —3.4:32( L——)
r 4
/‘i‘\rﬁﬂ' Thus
Ll : ET,
[ Atiffness factor at B = 63040 G
for-Loods on lop (O . o 84782
'T Carry-over factor from Bto 4 = !}_.EW] = 0.5140
; |#
EXERCISES
““P'W i ot
||__ e | 2 _J mmznm 161 and 168. Determine the stiffness faetorsat A and at Band the carry-over fnstors
! .l opt | a7 | from A to B and from B to A for thoe straight member with variable croas seclons
Areas 254 i FA a1 : & i shown in the bgure.
£fc : £ig Hr.p.p'rﬁ L LoHE2 A & A a
rif-Column geclion £y L7 7 i I 2 = 2
o fb)-Column section ! fr i i ' 15" 1l
] 5 E =
T
LLLL[JJF H-‘L'LJ r’ﬂﬁi'l E? ' Pxencier 15] Exsnciss 152
T 4757
saan( 2] y dene(ZE] “\LL]\U 0. The Method of Column Analogy Applied to Quadrangular Frames
E.._!W:Jr%‘rij with One Axis of Symmstry. The method of ecolumn analogy can b
f-i."Fl"ﬂ'lulrl ﬂl]_hl:l'rl:l-lﬂ r"; .I"F'J'I:Eaurtan h]l'h.'lm “?‘jﬁl‘l tln EI.EI.H.]}"EE! quudraﬂgjﬂw tl["ﬂ_ml_:'.E WLl]i L'_..Jjul:.ﬁlr
Fro; 268, Fua. 257, one pxis of symmetry, when such frames l j o
; aubjected g
_ H-l':i,[]"?rﬂa Faelar al B and Carrg-over Fackor from Rio A, A lond of T ra have two ﬁ':']:l_:ld El':iﬁme a.ni :rﬂu*::l j::uud_ i-rf
e applied at the right edge of the analogous column.  The load throug R0 tiis, mop e i} i 'r'rulll::lli-ﬂ
the sentroid and the moment due to eccentrivity are shown in Fig, 257 rangular frame fulfilling tne require e e d:
T o mentioned above is shown in Fig. 258. 1114 i
& =p a {0 be noted that the axis of symmetry refers 3
= [f] + [@L’] only to the properties of the frame, and oot toe =
3 4 the applied loads, The analysie of & frame Fia. 268,

= EI,( I ) + gy, U8TL(8T1)

shown in Fig. 258 by the method of con-
5. 24662

sistent deformation requires the solution of three simultaneous equations.
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In the method of column ana

APCE is “opened up'™ at the
Fig. 250, it iz apparent that the aren P

logy, however the .
af the frame can he determined hica vt pl-u.ng.]:::mmt &l any pma

A simple geometrie problem will be diseyssed first, I the curved lig
point P by & small angle dg as shown §)

THE METHOD OF COLUMN ANALOKGY a0

in Art. 13. By substitating d¢ = M ds/EJ into Eqs, (117), (118), and
111%), the rotation of the tangent and the horizontal and vertical deflas-

Wons &t B, due to the action of M over ds at P, are found to be

CB will rotate about point P R e M ds
_ e
arat B = + MU (120)

In which z and y are the eoordinates of P referred to B az origin.  Equa-
Wons (1209, which are derived for the general case of a curved member,

n, of course, be applied to a quadrangular member such as ABCD in

Fig. 950,
through an angle dg¢ in the counterelosk wise

new position PC'RY,  Tf the an
perpendicular Lo PR, Lot Ay,
and the horizontal and vertical deflections at B

Ay = d¢ counterclockwiss
Ag = (BE'){sin )

= (PB dp){sin #)

= (FB sin @) de

= {4y} dé = ydd to the right {118

Ay = (BB)(cos g)
= (PB dé)cos §)
= ("B coz 8) d¢

= {—a)dd = —z deé upward (riay

I'Jl::-te Mmf + and y are the soordinates of P*
in Fig. 250, x is negitive, and y

Eq. (119),

Now consider a eurved m
1 L] .| “-‘iﬂhﬁl‘ APCRE Hix :
259} which 1s rigid (canmot be deformed (8te- alao TE9

p infinitesimal segment, s, a
ment M acting (Fig. 260),

8t P over the elastic i
fegment ds, will ba
the tangent a1, P, de is equal to ) &

£le dg iz very small, BB’ can be ass)

: ltlm-l'um::d to B as origin,  Thusy
e . 18 posilive] 80 (=x), which ; !
o Positive quantity, should be substituted for {Pﬂl:i}f‘ﬁh:;-

t F on which there is a mg
| M is considered positive if 4
Fic. 280, Rum fompression on the ontaide {or the tuprffr::;l:i'

e curved member, being compressed an the ontside
pened up."  The rotation o
M ds/ET, secording o Eq. (24) derived

Fig 261a.

direclion, thus taking & g I & EBP 1 [ 8 P £
A &
Ay and &y be the rotation of the bangr
It can be 3 h 4
n be seen that ' (e 4
(117} A o] 4 g, A o B
fa) f&} ig! "3
Fra. 261.

The analysis of the quadrangular frame shown in Fig. 261a by the
pethod of colamn analogy will now be talken up.  As discussed previously
i the method of consistent deformation, the given frame of Fig 261a
gy be congidersd equivalent to the sum of the two cantilever frames
phown in Fig. 2616 and ¢.  The moment at any point, P, in the frame of
Fig. 261a iz equal to the sum of the moments at P in the frames of Fig.
Qb and . Let the moment at P in the frame of Fig. 2616 be M,, or the
tical moment in the determinate cantilever structure. Note again
st sl moments are congidered positive if they eause compression on the
) exvapt for gy teide, Thus, for the frame of Fig. 201a and at the point P,

M =M, + (M + Hiuy — Vox) {121)

i which = and y are the coordinates of P referred to D as origin. Note
hat, in this present case, r in Eg. (121) is a negative quantity for all
piwitions of P on the frame. The rotation and horizontal and vertical
Mlellactions at D due to M over an infinitesimal segment ds at F are
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THE METHOD OF OOLUMN ANALOGY 811
A M ds (M, +Mp+ Hoy — Vor) ds d4
Ay, =+ W ok w = E
ﬁnn_'_ﬂfr-:f-ﬂ:+fM;+MI.=+Fn3J—T_'rg_1'_JTIff3 (13 4 x s
ay = — Mrds _  Of + Mo+ Hoy ~ Ve ds 5
2 El BT : Af = %f =0
By the conditions required in the geometry of deformation, the tota] 8 2y ds s

Aw, and Ay at 1 due to the action of M over all the segments througho

St w0
the members A B, B and OO0 should ke egqunl to zero.  Thuys

o= N Wids
i Er
M d M, o
Total &, a8 D = + ) ¥ = + ) Suf 40, 7 e
s
by s G rds o
i 8 7. Now if to the given structure of Fig. 208z & rigid arm 0D joining the
Wlnstic center € and the fxed support D is attached, the equivalent
Total Awat D = + Y M¥ds | N Myds | o Yyds
1
R, ) LRy, A g T
., Mz ds ' M.z ds da i M
Tut-nlﬁ..-ut..‘}——z "’ff"__z ET _H“E'ET A o] M A
L Fﬁl'_-!f# -'-!-'1 :ia i —_ ﬂ
), 5+ ¥ 3 5 -0 w ®

Fia. 263.

uebure of Fig. 263h will be obtained. Since arm O ie rigid and eannot
o deformed, the rotation and horisontal and vertieal defiections at paint
M oare alse equal to zero. Let M, M, and ¥, be the threc unknown
uniant reaction components to st at the elnstic center.  If the letter
|:l 1e substituted for the letter I in Bgs. (1 23),

e M, da ds W os
| ur,nla.,atf}— & E -'ET 'I‘ M.,Eﬁ-l- HIUZH

in which x and y are the coordinates referred to D as origin. Eguation
{123) are in effect the throe simultaneous equations which would he
obtained if the method of consistent deformation were used.

| x
Fotal Ay at O = +E¥E.:%’£$ + M, E%m‘{;-t— Ha %‘?
Fia, 242, s vy ds s (125)
The elastic center, point @, will be defined as the centroid of th .
analogous-column seetion, the cross apetion of which is the same as tha B aiD Maxdy M zds o Ty s
shape of the given structure with a thickness at any point equal to 1,8f A M. L Mg JEEs = F) El

(soe Fig. 262). Referring to the axes z-z and y-y (p-y is the axis of
symmetry), let 4, I, I., and I, be the area and the momenta of inertij

af tha lﬂ&lﬂﬂ-ﬂlﬂﬁ-ﬂlumu sactlon, Ti]{:]l, by dﬂﬁﬂiﬁﬂn, * True only If g-¢ s an axis of symmetry,
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in which » and y are the coordinates referred to the elnstic center, poing 0,

a8 origin, Substituting Egs. (124) into Eqs. (125),

iFl E: : .Ilr

=ZH = 4 MaA S H":'M

M s ! |

i Z S+ Hl, o  Howm — ZMABED o
Mo e I(M.x ds/BT)

D= —

W7 - 1-’51', or Vo= +

The total moment, M, at any point of the given structure is equal to
M=M 4+ Ms+ Hay — Vi

where # and y are coordinates veferred to the elastic eenler as origing
Bubetituting Eqe. (126) into Eq. (127),

P D Ve W EROR LI P

If the M /ET l.lmgru:m is considerad Lo ael as loade on the top of th
analogous column, the sum of the three terms in the braclkets of Eq. (1
represcnts the pressurs at any point (x,y). This pressure will be called
M; Thus

M= M- M, (124

It has been pointed oul before that in the application of the method ¢
eonsistent. deformation there are in general several ways of choosing the
basic determinate stmueture.  Another way of deriving & bazic dete m_':

nate structure from the quadrangular frame with two fixed auppurl.u.
shown ag Fig. 2640 to e; in auch o ease the redundants are M, M, @
Hp, and the conditions of geometry required are 8, = 0, dp = 0,

& i |

&

j.nh In% D fﬂﬁﬁ %Qﬂﬁ
|
1NN
b .

el
Fro. 234,
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Ay at D = 0. When a rigid arm joining the elastic center and the fixms
suppaort 12 is attached, it is seen that Fig. 264d is equivalent to Fig, 2040
Fig. 264¢ to Fig. 2045, and Fig 264f to Fig, 264¢ beeanse there is cer
tninly & set of values for My, He, and Vo which ean be found such that th
moment at any point in the frame of Fig 2647 i the same as that o
Fig, 254e. Thus the moment M at any peint in the frame of Fig, 264
(& the sum of the A, of Fig. 2642 and the (Mo + Hoy — Fox) of Fig
2047, Thus, referring to Fig, 264d to f,
M = M. - .Mrnn -+ Hr_.;.r P 'r"':r.‘l:

in whirh = and y are the coordinates referred to the elastic center a
urlgin.  Therefore it can be concluded that, in applyving the method o
column analogy, M, may be the statical moment in any basic determinat
wiricture which ean be derived [rom the given astructure with two fixes
Wl pparta

As o summary of the method of column analogy in analyzing quad
tungular frames with one axis of symmetry and two fixed supporia, th
Fid Il:.wl.'lllLP itema should be noted:

. The loading on the top of the analogous column is equal to th

.1..|’,_.-fEJT dingram, where M, is the statical moment in arny basie determinat

Cwructure derived from the given frame.  The loading is in the downwary

hreetion if M, is positive, which means that it eauses compression on L
i tasadde.

2. The cross section of the analogous column consists of an ares, th
shape of which is the same as that of the given frame nnd the thicknes
of which iz equsl to 1/E1,

%, The moment at any point of the given frame, I, is equal to

(M. — M,

Cwhere M, is the pressure on the bottom of the analogous column at the

point under consideration.

|k Example #). Analyze the quad
_l_ &’ rangular frame shown in Fig 28
..';'!' - & by the method of column anslogy
! i)
|-‘h:' f [y i3
21 2| ™
la
A o
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ek 244 24%
k
ﬂ'l" 'ﬂﬁ' &
A a% ial
E‘J:'L _cﬂ-l".-'
Ne a4k o 2k

&
& (I (414}
fort- Bazic delsmirohe shraciures
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Solution. The properties of the analogous-eelumn section will first
determined. The analogous-column section by considering B! 1o
unity is shown in Fig. 266. Tt is to be noted that the width, being
to 1/ET, is in effect very small, so that the area is whatl can he
matically considered as a line grea. Thus the moment of inertia of &
line ares about its own centroidal axia in the direction of the “ling®
equal to zero.

Properties of the Analogous-column Section ( Fig. 8656
d = {1214} + (20 = 13

7= 0 -ta{g]_{liﬂ = 3.115 fi o P
5
1% E A
I = ()(3.115)0 + 2 [{"ﬁ”a 4 {-1.5;'{1.35.-'-}=J - 116.683 = %
) L
Iy = H:'%__Ej. 4+ {2.]{4_5}':5}1 - 70 in L] (I}

(B0 M diagrores, plodfed on She compression sade

o = A tiTT
- A
It b
3 [ % G
b
m LS

L

For purposes of illustration, three different cases of loading on
analogous column by choosing three different basie determinate st
tures will be fully worked out [see Fig. 267).

Case T {see Table 90-1 and Fig. 267)

P =04 + 432 -+ 72 = 568 ypward
M, = (432)(1.345) + f?E}I,'H.ﬂ-EEr] — (64)(3.115)
= G787 clockwian
M, = I:ﬁi}l:*.ﬁﬁ?} + (4332 4+ 720
= 34227 clockwise

fcl- g} diogrorms, ploted on the compression side
r'ED.':lsr'i'h"l.i"lq' Elaf}

&4 % BeE o
Y a567' " i
TarLe -] 4'.:.* =——f £
: [ | = :
Peini | Ar. £ M oy Ao’ | ol
. ["'] [ Ie [f:! Ary | L' -+- x LY
= _ _ X! o I
A, — Bdd . P 4
T TR i g (0.659) = a4 I'JI-—--‘-%'?{&J = —E3.50 < 11, 47 - 1%, I ) § om
. fd)-Londs om fop of analogous cofumn
S - H7E.7 2.935 7
2 | 13-4 fio as - 119 = 418 "’|_ ::a::-‘:— (0) = =535 = T9_1% - 14 Fic. 267,
Lol o W ~ 48,00 |+ 50T o e o pid i 52957 :
16 gg 40 = TIE IR+ Seo (8) = 483 50|+ 99.00| -39 ) . L 29 4 . :
| ey — : load P is upward; so it causes tension, which is considered negntive, at all
i ul T g O = ko E.iﬁgm = +-5'-’—0| = 24.20(+24. points in the column. M, iz obheerved to be clockwise when viewed fl'ﬂlll
the right side: so it canses negative presaure at A and D and positive

[M,x/1,] columns are determined by inspection. For instance, the

pressure at B and C. M, i3 clockwise when viewed from front; so it

In Table 90-1 the signs for the values in the [F/A] [M.y/L], a _ ¢wises negative pressure at A and B and positive pressure at ¢ and D,
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'l alg|e|s ('ase 11 (see Table 00-2 and Fig 267)
= Sl | # |8
| I I + P = 1R + 06 4 258 + 480 <+ 524
7 -F = 1,180 upward
9 8| =2|8|8 M, = (18)(2.115} + (06 + 256)(3.115) + (486)(0.115) — (324)(2.885)
= = =~ | &) = 265.70 counterclockwise
N I W M, = (250)(3.333) 4 (486 + 324)(6) — (IB)(6)
= - 2 P = 5§,605.3 counterclockwiss
20 5 =+ hir
S| 2| %% Case TIT (see Table 90-3 and Fig, 267)
T!L: E!‘ é ’I.::.I* i P=72%+72-4 32 + 64 + T8
i'_, @ e v .,-J.-,.E = J68 downward
R R glﬂ M. = (72)(1.615) + (32 + 64 + 128)(3.115) — (72)(1.885)
e 3 s i S &1“ = B78.32 clockwise
o] el | M, = (72 4 T2)(6) + (32)(4.067) + (64)(3.333) — (128)(0.067)
: = = 1,141.3 counterclockwise
® |2 | 8 | =
- s £ = Tanmzs 90-%
+ | I + e y
- el R 1 B Ll eal] e [%=] || =
L L= ] U]
3 25 ﬁ : = |¥_ =i i &7 33 ol -Iill-::—_"_
3 e 1 VR e = AL M 0|4 #8085y = - BE. EIJ T OB = — A Sl (B = 184113 55(— 1258
Sk EE EE E E 8 o +EH. 3|:-+m3 = -+ 1 LARLE oy o 18 [ +0a. 81| - 10,81
| EF:D &5 | &5 | &= flie=: 11058 ”‘[ a7s : ;
14 | 4 _I 4 _' + i o +2E 3||+%{%;—=::{3 115) = +mw| i ;:LE[E-J =18, 41| +27. 99| - 7799
E &1 E |E o 26,51 _.ﬁ:_:;{.;um:}-_u “I! Lo 8 = — 1841 o7 e
|
N L B
it | = The results obtained from the three different cases cheek reasonably
I §|ﬂ well within the limits of accuracy. The answers are
= | M, = =1253 kipft compresaion inside
3 o | ?_E'.__-ﬂ‘-‘_ My = —10.82 kip-ft compression ‘“E“-J'E
= | & o Me: = —28.00 kip-ft compression inside
= - - Mp = 42429 kip-ft compression outeide
: The free-body diagrams, moment diagrams, and the deformed structure
B - ira shown in Fig. 268,
& : Tt is to be noted that a basic determinate structure can also be derived
& by placing three hingss [external or internal as the onse may be) at any
t - i o = three of the four losations A, B, ¢, or I,
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Har

4
LA

b =
L) N :
fod=-Mod: Fipg mesngrit diagram fa)-Elashe corye
Fra, 268
EXERCISES

163 to 166, Analyze the aquideangiadar frame shown hy the methed of molumg
analogy.  Check the saluiion by wing a different basic determinste Etructiseg,

q e
2 (4 ! SO i T e, 8 L
i 1 i‘ EF
] = e Ll %
&

a £ i1

o f q £ -

£l gl T AR e

LxeRcizE 153 Exrwcise 154 Exurcrss 165

61. The Method of Column Analogy Applied to Closed Frames with

One Axis of Symmetry. The method of eolumn analopy ean be used ta
analyze closed frames with one axis of symmetry, when such frames am

subjected 1o self-bulancing loads or may be supported by externa) reas
tions, Two typical closed frames fulfilling Lhe requirements mentioned

ebove are shown in Fig. 269, It is to be noted again that the axis of

Eymmetry refers only to the properties of the frame, and not o the
applied loads, although in the case of Fig. 2695 the sell-balancing loads
art shown as being also symmeirical with respect Lo the axis of symmetry.
By the method of column analogy the moment at any point of the [rame
ean be determined by a diveet procedure,

Consider the closed frame of Fig 270a. If thie frame Is cut at AN
point A and the points on each side of the eut ha salled Ay and A,

' ; 319
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| i ..ri:. B.'EI] ..ld.‘
respectively, the thrust, shear, g.nrl morent a.cl:EEEE fu'l.ﬂ'tﬂ
rlu: a8 shown in Fig. 270b, wherein, by resson © -
] Ma = M iy
H.“I a H.H‘
Fdl - I'F..I.I
& direction of the tangent at Ay

deformed rame rosta
when the de ol e i

Mow if the position of the point A, and th

¢ fixed
held fixed (actually these are no . ok
ththa iwo external supporta), it is obyvious that Ay,

L Awvs ﬂF-i‘;l'ﬁmfi"J" l
_',.h'g bf-ﬂ}m‘ﬂ'n“j’?

s
'|

'_,-{! rr

| &
|
Y

|

Iy
| M

i
1y -"GC"
o A&

fel
{al

of con-
A. relative to 4, should all be zero. Thus, mdzenﬂ::.hn :n:h}?i T i
e t deformation is used, the redundants M, Ay, A0 R "o
e F'I;:-ll by solving the three simultaneous aquatmmhm: .
dﬂmmlﬂl- tl:y { point D in Eqs. (123) is now I:Ep]ﬂ.ﬂﬁd‘ ¥ ;_l-l:r:thE ;mt,'l.
El}mizl :;lw}rthanm]:ﬁual moment due to the u!:]:_-]dmd lﬁmmiagﬁ gurs
!E‘I:"B[‘ frame fixed at 4, and free at 4., Ifa ﬂg:ﬂ;;fnlf!igr st

: id fr
and the elastic center 0 is attached to Eﬂil:m 04, i a rigid arm and can-

 270e i obtained. : . S
::j::;? ﬂrg;:m the Ay, Ag, and Ay of point O m{:::tu tndﬂ p-:fm : m:i i
also all zero, The redundants Mo, Ho, and Vacan teTm
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solving the equations similar to Eqs. (125) or (126}, It follows t
Eq. (128) can be used to determine the moment af any point of
frare of Fig, 2704, and thus the method of eolumn unu]ng_'l.rhu.e dizeissed
Art, 60 can be equally applied to the analyeis of closed frames with o
axig of symmetry.

The disrussion relating ta the sign convention and the possibility |
choosing different basic determinate structures as given in Art, 60 ezn
applied to closed frames in the same manner.

Example 91. Analyze the closed rectongular frame shown in Fig. 271
by the method of column analogy.
Pl
£ | & .
£ b i
% T
=]
ok
F Il
£
4L ir ok
.}F P &
ik e s2%

I'I'a"-"ﬁrml:ql:-l.r: cobumn sechion
{eempdlaring £1= )
Fra, 271.

Solution. FProperties of the Analogous-column Section (Fig, 271h)
A = DIZHE + (20N = 17
L= @57 + @ 2O _g99 74
I, = @56 + (2) B2 _ 4y
For purpose of illustration, two different cases of logding on the anal

ogous column by choosing two different hasie determinate structures wil
be fully worked out (see Fig. 272).

THE METHOD OF COLUMN ANALOGY
2 ;T
&
L IS e
Wk
&
8 ; ]
A o Fid e I d
{a)-Basic determinafe struchires
& = ]
i ™
% = IS . i
-I""'F"'h.l
T I H
& ()
{)-i; dingrame, plotied on the compresion side
i
J2
=0 L
&8
r ) f 18]
fe - ¥ diagrorme,platted cn the compressian side
o
fa) 3,
w "'?:_ o

i1}

fef J=Loads on fop of analegous ealumn
Fro. 272.

321
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8 |a|sle
= = l=lals
S i
= | 8 [8|a(=
M ) o sk &
8 |El& e
2 |8 i
|:FE$
== i
1 =
X
|
|
g [e[e]s
R B - '
L) ||+ﬁ$
Fl.ﬁ I
g:;‘]a e
e [ |
|
g lglsl=
2 |zlg|2
L B i 5
B, = 1
Ltk b
=
|
- ﬁgg_
- gl 5
= .
k] :
& 5
B ﬁ:i.l.'_'u::,
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I P M el hi
i arg | £ 58 ot
) 4 ez ool s g
i =
A 267 A o287 sl
L (295 '-T'l P ;_?g'ln}u.;_-; Fli_.;'g
M e 2 o g
=] b
. Dt £T 5 'E: ‘ &
a1 2T
i3z T'THJ
=z ol
> 5
; gef
M.‘F ek =y w_r"l.;_::
i S 'ﬁl
=, 287 aery | 3
AL LT o T (2]
| &
i s &
fir J-Fren body diagrans of ofl memisra and paurts
44,90
[0l w-re
-"HT?- N L
| e |.._..
] | I J L ?l..:l | 1:_{‘
Fiaxy
L)
g | :
[0
A1TFF
Py éﬂ_
x4 =
= BEF _
ra)-Momenk diagram fz)-Elagtic curve
Fio. 274,

{lase 1 (see

Tahle 91-1 and Fig. 272)

P =72+ 432 + 064 + 283
= E56 upward

M, = [288)(4.5) + (T2)(2.5) — (B4)(4.5)
= 1,188 clockwise .

M, = (64)(4.667) + (285)(2) + (432 + T2)(6)
= 38087 clockwise
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Cate I1 {see Table §1-2 and Fig. 272)

P =18 448 + 144 + 182 — 128
= 244 (upward)

M. = (18)(3.5) + (162)(1.5) + (144 + 48 — 128)(4.5)
= 5% (counterclock wise)
M, = (162)(6) + (1440(2) + (128){0.667) — (48)(2) — {18)(A)
= 1,141.4 (eounterelock wiss)
TiBLE 91-2
{ |
a0 o O A T
_.;_I i i I
Ao o= b= =g an)g iﬁ::ir;sﬂ - 41z m|+ “'—":;h"-”-'“' =B, AL 1R |_E:_
et — L) b2 uui #1831 -mq SR
s s . —_H —14.35 -1=.uu| —_IIJ:l ?qi.ml!—:!.

e ‘“-ﬂﬁl -I-:z.-:-:1 — 18 ::_—uami 418,

The answers are

M, = —13.95 kip-ft compression inside
Ma = —13.95 kip-ft compression inside
Mo = —20.35 kip-fl compresston inside
Men = 41885 kip-ft compression outside

The free-body dingrams of all members and joints, the moment dige
gram, and the deformed structure are shown in Fig. 273,

EXERCISES

166 and 167. Analyze the closed rectangular frame shown b
¥ the method of col
analogy. Cheele the solution by using a different basic determingte struabre, i

Sk
5! 5!
J-‘ -I: -Jl:?l'
5r i = i
3f
r | W
2 2 "3
A 5 e
T T ¢t F 17 %‘u 5F &
_d.i'_."ﬂ' - - =

Exzncies 156 Exerciss 157
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62. Analysic of Gable Frames by the Method of Column Analegy. A

gable frame with one axis of symmetry such as the one ghown in Fig, 274

Fac. 274, Fra, 276

can be analysed by the method of eolumn pnalogy in the same MANTET
ag the quadrangular frame with two fixed auppnrta-. In determining
the moments of inertia of the analogous-solumn section for the gable
frame, it ig necessary to find the moment of inertia of a line arcn about &
controidal axis which is at an angle 8 with the direction of the line, From

Fig. 274,

I = 2 [ (b de)(z sin 6)* = [Bor"}f* (sin* &)

T
i 130
- gin® (1500

Example 92, Analyse the gable frame shown in Fig. 276a by the
method of column analogy.

f.?.ifmpnrﬁn:-:r.:"!.. et

! . T O T !

&l -Analegous column gaclian
Ffanmdaring E =1}

Faa. 376.
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i Lidy 327
Soluti ; THE METHOD OF COLUMN ANA
on.  Properiies of the Analogous-colimn Section (Fig, 276h) ch oy
: aBLE $2-
LA e | |
o) - LR 30,40 Y P My A
g 6236 2008 o ye2 11 petak || [4] [ i ]
1) {201 - B [ = T e il L o
fap !3?[5 S5 + (20)(5.88)® (4 (22,36
e BA ) [_ i g 3,577.6 38, BEE = 3
: 12 \vE ! of+ 318y arl— SIS 16,08 = 196,00 — 68.GH 408,65
+ (11.18)(9.62)%] = 4.7 . 500K
I, = (2){20)(20)* + 2 [ff%:.m]'_’( i__)‘ Y Eﬁ}ﬂﬂ}’] e B v 0 57,37+ f—aiffﬂ (4.62) = + 37854 95 22 —45 22
aa A8 ] ; [ - ;
iy ) ... \+340 5% a7 4 fﬁ;%‘?% (1d.62) = +110 78| +177_15/+62.85
Loads an T . . e L ¥ = ; *
o FJF HI'.-I:' .{Mmﬂﬂﬂa {l':ﬁ!i-l'mﬂ [F'.E- r-"h:'"ir} 3 “| 357 a7 +;E}::EE& tiﬂlg] Ao, g gel L qﬁm L0599
(e 2haa - N | 88,888 ; |
ke &r A K. ¥ 4 BT 37 —ma-_—? (1588} = —128. 00— GR B3 468, 6l
= T | 3 | |
The answers are (see Table $2-1}
M, = My = 406863 kip-il compression putside
Mz = My = —05.22 kip-it compression inside
M. = 46285 kip-Tt compression outsade
For reactions, shear and moment dingrams, and the deformed structune,
o L see Bxampla 66, : :
la|-Basic determinate shruchure f.ﬁ-,l-# ﬂ"‘ﬁﬂ'm.qlu’rreldm Example 93. Analyze the gable frame shown in Fig. 278 by the
0 1 it vt method of column analogy.

rc.l-lgn'jpgrn-n.plnr!ed in tha
tempreision side

( Corsidering EF=1)

Fin. 277,

{d)-Loads on top of
arakagous cokamn

P = (2)(1,788.8) = 3,577.8 down
: : d
M, = (2)(1,788.8)(10.87) = asgsa“;ul;chmaa

Mrzﬂ

Fua, 3TH.

Solution. The properties of the analogous-column section have been
determined in Example 92.

FLoads on Top of the Analogous Column (Fig. 270).

270,

As = (§){15)(22.36) = 111.8
Ay = (BHZi0NEn) — ) E03(10) = 2,600

Referring to Fig.
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x
@ oy
3 B
L~1 =
L 2
2l Dragher g

rak-Basic deferminate sirochare

f0!- 8 dingram, plotted gn
Hie compression sids

f:?‘-ﬁ diagram, plothed on the
COmpieRaan Gide -

fal- Lgads on tap of

ornadoqous column
Fra. 274,

Digtance from eentroid of A, to the left support
- B00)(7.6) ~ (100)(225) _

2 600 e

Thus, on the analogous column,

P = 2,600 4 111.8 = 2,711.8 upward
M. = (2,600)(8.467) — (111.8)(7.12) = 21.192 clockwise
M, = (2,600)(20) + (111.8)(15) = 53,677 clockwise

The answers are (see Tahle 93-1)

JHJ. =
Hn -
Me =
M=
My =

= 101.29 kip-ft compression inside
+48.42 kip-ft. compression outaide
= 21,78 lip-ft compression inside
—a33.70 kip-ft compreesion inside
+55.89 kip-it compression outeide

Faor reactions, shear and moment diagrams, and the deformed
ture, see Example 47, ‘ : i

TanLe 53-1
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EXERCISES

168 to 181, Anal
Clhae

k the selulion by using a different basio determinate BLructure

Lakary
Il'i-l-lj||‘
I ' |

¥2e the gable frame shown by the method of solum K3
} n analogs

.ﬂll_._ Eﬂ"' i,

ExEecise 150

I I~ 71

e

supports and are subjected to the applicd loadings,

unaymmetrioal quadrangular frame gs shown in Fig The analvsis of ang

280 h!l" the me ..;

I

&

=

Fra, 280,

THE METHOD OF COLUMXN ANALOGY 231

of consistent deformation requires the solutien of three simultanecus
squations, In the methed of column analogy, however, the moment &
any point of the frame can be determined by a direct procedure,

The problem of determining the pressure at any point in & eolumn
with an unsymmetrica]l cross section due to the combined action of &
direct load st the centroid anid bending moments aboul & pair of mutunlly
perpendicular axes through the centroid will be discussed first, Congider

the short column shown i Fig. 28la. Itis gibjected to the downward

= I||'p'
— #ﬁ@‘ﬁ
3 fird

Fra, 241.

loads Py, Ps, P, ete., at the points (Zuwn), (Eadl, {ws,a), #tc. By the
principles of statice, the loads Py, P, P, st shown in Fig. 281a can be
replaced by P, M., and M, shown in Fig. 281b. Thua,

Puwp,d+FPatPad 7= EP downward
M, = Py + P+ Pan+ -+ = 2Py alockwize  (131)
M, = Py + Pz + Fata 4 v = ZE3 cloclwise

in which Py, P, Fa, ote., ané considered positive when acting downward
and (zp), (Teis), (Fula), ete., are eooridinates of the points of applica-
tion of Py, Pa, Fy, cbt, referred to the ecntroad as OTIEHL.

From the assumption of planar distribution of prossure over the cross
wection, the pressure p at any puint (z,y)} can be expreased by

p =a+ br + ey {132)

where the constants a, b, amd ¢ can be determined from the three equas
tinns of statics, namely,

I pdd = P
[ wddia) = Me (133)
[ tpdd)m) = My
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By substituting Fa. (132) into Eqs. (133}, and noting that [ d4

A A
[frda =0 [*yda =0, [fuda =1, [*ayas -1,
Jf: ' dd = [, the following three equations are obtained -

P= [*paa = [* 0+ be + ey s
uafdﬂq-ufﬂ—,m +c [*yaa
T | +ﬂ+'|:l=|1.-'1
M, = Jr;" (pdd{y) = JI';" {ay + bry + eyt) dA
A
=a [*yda + J-Jf;*".-.:wfl toe [ yrda
=u+&-!:|+rrr=\l-'rr_a 'I' ﬂ-r:
My 5 J'Ld (pdd)) = [ (ax + 0¥+ exy) da

= uﬁ":d.-’l +b‘|£"':n‘ri-1 -|—¢J|:;Jr_|;d;1
=0 4 b, + elyy = BT, + oI,

SBolving Eqs. (134), (135), and (136) for a, b, and ¢,

£
T
"“rl‘ T M:Iw)
Ili":: Il
_fz
"(‘ o =
I
()
L ==
J (1 _Er_)
i R

% (M.—M,%) (M_—Mrﬂ_“')
F=I+—I';"‘--_t+ —I‘P
I...(I - 1,(1 “Eﬁ)
=P Mx My
g
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I
L , v
-I_) ML= M, — M. {—;:)

iz

The analysie of the quadrangular frame shown in Fig. 282a by the
method of column analogy will now be taken up.

in which

%
and

(13

(-3

ol
Fao., 282

to gquadrangular [rames with one axia of
all to the present problem of
o nob equal to

The diseussion in regard -

i lies equally w
gymmetry in Art. 60 App )
imsvrmetrical quadrangular frames except that I 180

Restating Egs. (125,

HED,
M, da E y 4%
{ 137) r1'I:lt-|i.q]-'l'l-;»a-l'll.';'--l-I- _E'F!--l-MEEE.rF'_HD BT
I-' .;I;ES = ﬂ
il El
M.yds y de zy_*di_s
Total Anr st 0 = + —E-,"-’I— + M, ) Yoy + He ) Ry
sy ds _ 125
M.z ds zds EL-!“E
Total Ay at ) = — E_EI_ — M 3] Hs Bl
T ds
—|— I‘rﬂ. . E—,j,— = '}
Suhstiteting the loads on the top of the annlogous column,
MJ dE gtk 'Mﬂd’
1138 P M.ds 3 o A Eyl g =
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tad the propertios of the analegous—olumn section

dx
e el Tas s
Z FT E Y =0 =0
amds . :
E iy = In T EEEEE‘”"
into Eqa. (125),
P Mad =0
..ﬂf: 4 II{II: = 'F!'ﬂjl'.ﬁ =10 fI
~My — Holo + Vil, = 0 i
E-l‘.lf"."iil]ﬂ Eqﬂ. {139] for Hr_'._. ff.':ll and ["'u,
g
A
(M', — M, L)
ooyt el Gl o
£
I (i - Ly fe
e
1
(M,, L 5-) :
Vo o). Boois ._f‘. ! ;"HI:
f,(i - f;’r) f
s

E'llb&f-i‘t.utihg Eqs. (140} into K. {(127),

Mo M+ Mo+ Hay — Vo = £ ¢

+ Hoy Vgt = M, — [E + -jr;ﬂ + H}{t] {141
The aum of the three terms in tho
game as the formulg [Eq. (138)]
when subjected to the loads P
M, = (M dy/BD), and B,
g0us column will be designated

I-.n-ra.n::}:::t:a of B, (141) is seen to hba
derived for the pressure in & columnp
.::Lf_, s ﬂ'fn- 1"1“]“ P E':M. is'l,'llE-rJ'

Z{ M.z ds/BI), the pressire in the
88 M, Thus e

M=JH‘_M{

o s o e o b o syt
: ngular frameg wi : :
(i 28 With fwo fixed Supports, the following items

M,/EI diagram, The loading

by referring
the centroid, or the
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i he
i th of the analogous eolumn 18 ?qua.ll to th
R et in the downward direction if M, is
i i ' » putaide.
b hich mesns that it causes comprossion on _l:h:* o
' ;ltlﬁﬂ'ﬂfp::m;rhwﬂ of the analogous-column section may be found
. to any poir of convenient T and p axes passing through
elastic center. ‘The properties are A, | SRS P
-t = JE T T}
Irl = .I_-:I:l — II Illf_p[:l l'l.nd Ilﬂ :E-u[-.l. ! fEly . )
5. The m-;.'ln?ll?nl a.l;la.ug.r point in the frame, M, 1= equal to M, — My

f +M;I!_;H+M—ff-]| ..“: = -I'f; '_JH.':Ir-J'IfH]: H:'=.

where M; = [ -

- —_— : !'l.d. .-H =,
+“|,- g JH:{IW.I'IIItL P o }"{.‘ l“."rE-f}i Ml‘ ‘:{Hryd".l':’ﬁ-rh i Lpbe
3 (M,zds/EI}). In computing values of M, and M, m;;r Ené?lu.—_:l,—,.
wxercised in substituting the correch signs for L., Mg and M, C

i re positave.
“’“;"i;:‘;ﬂfk inaipjm the unsymmetrical quadrangulue frame ahown

in Fig. 283a by the method of colump analogy.

Jak
- ﬁll Fl
8 &
S 1
Y =
ik !
i
o
- b
|

fend

&)= Anslagous coiumn section
{ Gornidaring £7=1
Fro. 253,
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Solution. Propertics of the Analogous-column Sectian (Fig, 2534) 2k i
4 = (1581} + (12)() + (10){1) = 31
: b .
2 = 116)(0) + “"*’3{:” U012} 5.032 fi ok 25,
e e}
T. G
§ = %'ﬁ}_’%i@-'_"' (105 _ 5.242 1t
1i{1a)* ] fﬂL ¥
[, = "*—3'52—3' + (16){2.258)* + (B)(5.242)° + %ﬂ’—' + (103024250 Efﬂarw (ol i
s m.ﬁ-ﬂ i1y '3
= B06.52 T a4 rl-Bosic determinate shruchires 176
I, = (15)(5.032)* 4 E—Bl- + (8} (0.908)° + (10)(5.068)?
= 942 47
Ty = {18)( 0.032)(—2,258) 4 (G0 0. S6R) + 5,242
+ (LO} 4 G.008)( + 0,24
= | 217.T4

; i z 21T T
f==I_.(1 __:nr_)= WG, 5 [ 1 _E+_ l_
FES = 000.52) (1 (6006.52) (642,975
~ (606,62} (0.9171)
= 556,24

£l
I - I,(l - II?'L) = (B42.97)(0.9171) = %64.80

{ bbb diagrams, plothed an the comprestion side

id 5

2 8

rr S
Loads on Pop of Analogous Codumn (Fig, 284)
Case T {sec Tables 04-1 and 04-2

il

Tamrm -1 a : b
—= - - y 5 1red the com@ression &
B | .: i M, =Py M-y {el 3d|nm.plu o 35 "
e R el == 2 |
= 185 —5.032 —i. 754 + Z,445.6 +3.9084 4 o - F [z w98 | &
—3,100 | 5082 | -2.288 | 410 Bm@.1 +4,877.3 BT = =g m] 3
= =m_|_ -3.003 | 6242 | + 6546 | —1,132.3 g L T o S Lo
~3,862 | | +13u70 | +rems g £ |
; : | o |as]
I ; i .
M B fzy g ~+X17.74 = i
=M,-M, I, (+7,029.4) (413 9707 Tods gy = 18,8036 4 ..,I $ o g i (m
E +21?T4 - o I:Il:ﬂl'lﬂ-bﬂl:l.ﬁ column
My=M, - 7. "= - TALEAT rf}- Lowds o fop
" ¥ T (+13,970) (+7,029.4) 606 53 +-11 447 Fio, 264,

It iz to be noted that in this problam the signs for [P/ 4], (M,z/I'], and

(M 25/ L] develop automatically when the sign conventions for P AL ML
and the coordinates (=¥ are atrictly followed.
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28 . BTATICALLY INDETERMINATE SrRTCTIIRES )
. - se 11 (see Tables 943 and 94-4
= | 3 | & i 2 5 = = o Taers 94-3
= = | g = = y " -
o ) g . B IR G G5 T S el Bl
| = = = [ = = B | o i s = - T
= i | - i % 15 _'_'l 5 708 _‘jlliﬁ-ﬁ K
= | ﬁ ] w2 & = L E 5 ¢ ARG —5 a3 o _noodn T 41,452 &
| = | : B Ellr, 5,043 | +2.242 ! + B2
I I + HE = 5 4+ GdB . a — 4018 J
AT = [ - &+ Iz 2032 +56.3 i} + .7
- e =] W i o o + | 1 089 45 243 | = |55-{| T
= . ) ] = = 4 1Ed _.. 2 g | - ,'i-l':l-_l.__ ______ lvsiin, SO
F g P I e e =
i i I [ [ i ¥ R | | | ;
o - B S B = | 85| @ FILT.IE 3 9085
-2:.:_ u ?? 3 ; E ﬁ!t.h E ';"r' : J’,,; . I:._I_I:I -15_"?'.{]-] _ I:: —_— 5.33 1 ﬁ'} +_Ii}Eg? I_ .
Ay =] F:| i - = o= ao " M. = M, - M, = 8 .
o VI e 7 R i 1 0 [ : s sty T2LAE g nia6
I"I IL:I— I:II_. Iu'-l—r h: wla ml" “ 41-r! = M-. — Mgif.q T L_EIE:;]'E:' e I:'+£' Zak +E'D'E|EE
g :ﬁ E :{“ -:\Et- ﬂ E IF‘J g ,E i | : E m g 2 5 .|'. 7IAIIE, ﬂ,nd. 1.!]'-.\I ﬂ[‘;f“[l'l'-l-ﬁ'd Bt~
e | ke | Tlap| i o N o shiear and moment QLUE
w2 o0 2 |8l | aalia IR B LR For reaclions, shed
.2 i T e S = < 5 BRI Bl e ture gee Fxampls 62
z s 1 .5 1 E-i g g Z L, EXERCISES r 5 by (i matAa
= o g = - = = L ’ ipal quadmagular frame showo e
T T ] + 3 a | i 132 pod 163, nmlrzﬁ_w;nﬁ;n:;‘:i:un 1|::r using a diffesent basie elatorm
; L i i il 7 I L [ | of column anulogy, Lhos
. o ane by o - ) - = o = o shruotliare. ak
sl 2181818 | SIS B|E|2|8 2
&1 =1 ) - = o g | s = = o [} £
| et | S T [~ b = Bl IR0 U 5 s a1 i
[ = | Bad r—| =] =) L= | = s
TR ITE|ZR I8 w©|g r::!E 22 | a8 & - S 4
s et i b H b o PR Ll st = & & i
=i el :|3 e |l | sl [ 37 n
FiE | F1E | Fle | 1% | TR 5= | 5] | <8 % -
e iE E; "'g—'—ﬂ e] —'g e IEI | 2 1 Ig i ._1 ?;n 'ﬂr}-wr
I s bR H r| Consdant £
[rob— I ! I I J.'|.-" E T_ Js i mrt;—l"
Ry | [ e B Ml N B et
- E il o Far = Exuncier 153
=pre ] 162
oi |7 g Exencrae . ical Closed
S A e ] ey, -+ of Column Analogy Applied to ]]mymme’ﬂ‘lr -
y [ Bl =1 — T — ¢4. The Method torv oan be uged to analyze unsy
o '-"I‘; = :. E = Frames. The Tl'l.ﬂthr-'"i gf eolumn E-'I:Itl'l- Oy mhjp.:‘tﬂ.{l to the u]'_ipliﬂd
o LI LR | W = N &+ . RS when such [rames are o - Hosed
E E E | ﬁ 15z WE S "'—"I_I_'E! = & metrical closed frames tated that the pjncﬂdurﬂ of anplyzng ©
= . > : A - - loadings, It has been sta . imilar to that for quadrangulss
slgl5ly ol el B with one sxis of symmetry is 4 supports. Thus the
= P RN ) SR el e S I ¥f + 1 frames a i metry and two fixed supp ssh
'8 |[B[® | = = T R frameg with one axis o sy i lar frames with two
. o 5 & 8 | 5 = E : naymmetrical quadrangu ; § X
i i - " | o e W i % = 3 procedure of analyzing o E:li b the end of the preceding article cun be
T B e e i e i e AP &, the analysis of unsymmetrical closed frames. The
f= : | : | ' : : simnilarly applied to _t : 3 the detailed procedure,
= = e & = | s |l |8 : : mple will illustrate '
| : ollowing exa
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Example 96. Analyze the unsymmetrical elosed frame shown g
285a by the methed of eolumn analogy

[ —50.208)* ]
2" = (171.58) [1 ~ [T71.68)(471,13)
[ 3 o = :
1 - = {1?1.53){1;_195135] 164,12
o n=1,(1 - ) = @n1.13)0.95065) = 5004
wl | o ¥ |

ol Loads on Top of the Analogous Column (Fig, 286)
g b8 M
i

£ )
2 keips per oz, 7
fal rél-Analogaus column sechion
(Carsndering £7+7 )
Fro. 285, EI:q_E;I:E' EE%;’II

Saolution. Properties of the Analogmis-cotiumn Seefion (Tig. 2955
A = (12)(4) + (12.360)(3) + (6} (1) + (B)id)

i : : ()
fol-Bosc deferminate shrociures

=4+ 4128+ 6 + 4.5 - 153623 :
g = BH0) + (NE) + (4.123)(5) + (4. 5)(12) ey
18,625
LO2. 738
S oyt i
§ = WO} + (6)(3) + (4.6)(4.5) + (4.123)(7.5) (- digroms et led o the Lempression side
1§68
L
" IRey T 8Tl

L = (4){3.7144)" + {”“]-J- + (BMOT144)t 4 “5””1’ + (4.5}10.7856)8

EHI2A60)7 ¢ 1 N (1)
f 1z ('v'rﬁ) 72 {‘i-iﬂ?iﬂj‘gﬁﬁ} fig: b "—‘idmm pils2ted o the l.'.un-lprun-ur- cida
= 171.58 (Camidering £TF=1) e
Iy = (BI(B.5167)7 + ¢4.5) l(ﬂi 2 2|y P
¥ Mal87)® + (4.50(0.4833)7 4 =) + (4}(0.4833) B ; mlj lE_‘[f_EJ;
o ¥ b % 1
{Fhine Sﬁﬂ:" 4 42 | e . S o EI_H | X -—]—-—- X
L ( =)+ (4.123)(0.1833)8 o g e
2 17 A T
= 471,13 ] T—-lo 5
Lo = (4)(+0.4833)( +3.7144) — EH12.360) (_1 _) 4 el —E[ £
; VITNATE -
+ (4123) +0.4833}( —3.7856) + {EJ'[ . 5157}{4"3 'i'l’H} ¥ fcl)-Lamds am fop of smalagous column




G432

TasLE 951

STATICALLY INDETERMINA TE STRUCTURES

AEIENEN
o L - 3 B
| I I I
| 2)=]=2 |
i | A[El=]|m~
l|'|+|+
BN
= (] ] 5
i + + |
] i [ i
SOl E(¥i98
ol I -
S T e el L
EEEEE;EEF‘
SlE(S/T. |22
[+ T2 | FIS
= =488
g 8|5 |5
| | + +
i i i 1
ey LR ) ey
S| 31599
AR
2 el P Ll )
58 (22 (52 5
; 1I"'i|"*f: e
Elelals
- N A -
| | I i
|
—_ | %
2|5
et
|
¢ [ E1EHO0F
II I
| 3|z
.| B FlE
| B
5 g = |
| 32§
w3 wl 0 o
i i + | +
e ) ST
4 E |. :
T B R O

TasLE 452

5 | 8834
o =H @ =
I Ll I [ I

wa)E T E FETE

M RACIENE

o Ay B
e
£ o o] ]
l x o [
1 ] | I
= - - —

=) 2| 2|3 |8

TIRAEAERE

' =4 o] Lo ] ug
A 3t + I
ET e e
Bl |2 |25 | =]3
Lol =] —i |k —I:s_‘

i -l-'_-l-]"* e
= - [ [
7 Ly i e
=2} oa o 4
| ] + [ +
1 il | ]

s Tl R0 151 " I

whr | 5| &

| : : :
r] a3 ] £r

e I I + +
=] & '-_II El
ol [ ML e o =
-m. N -] ..# .{E
B2 (Bie | Bls B

| -I_‘-|‘T +17 | 4 |E + 2
2| 8 | &
ARARAE

i I

B | i

| S | 'E
I8
gl s
*[E
i

NEIEAEAEE
/ | I
2l 3 T =

-

- | B &[R4
= o G Az
| |+ | F ]
TN
o =

L i e :
¥ L= 1] o

il et [ + | +

s : 3 " .

=4 + : : v

- = o it o9

THE METHOD OF COLUMN ANALOGY 343

Casa 1 (see Table 95-1)

F= —144 — B4 — 197.00 = —1 205.90

M, = (—144)(+3.704) + (~864)(-+0.7144) + { —197.90)(—2.0256)
= —551.34

M, = (—144){ —5.5167) + (~B864)(—5.6167) + {—197.900{—2.5167)
= -5,770,88

M= M,—H.,‘}—’”
¥

= (—651.36) — (45,770.88) (}ﬁ-ﬁ'%) = +174.98
My = M, — M, 1=

= (45770.88) — {—551.38) (:];‘I"gg—a) = +5,580.3

Case I1 {see Table 95-2)

P = —216 — 40476 — 162 = —427 48

My = (—216)(+0.7144) + (—40.476)(—3.7856) + (— 162} —0.7856)
= 4 160.26

My = (—216)(—5.5167) + (—49.476)(+0.4833) + {— LGZ)( +6.4833)

= +117.41
M =M, - 0,
Iy

= (+160.26) — (+117.41) (%ﬁ:ﬁﬁ) = 417504
My = M, — M. 1=
-

= (411741) — (-L160.26) (‘l—g‘]’:‘:gﬂ) - 417279

The free-hody diagrams, moment diagram, and the deformed strueture
are shown in Fig. 287,
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5 ”,L, P 3 ANALYSIS OF FIXED ARCHES
R B E Tl
E: T s Y [’Clggg 86, General Description. A fixed arch i a eurved member with two
€a)-Free body dingrams i fixed supports. The fixed arch may be symmetrical E.bl:l-lr_'lt a vertioal
axis (Fig. 288a) or unsymmetrical (Fig. 288b). A fixed arch is complelely
Ledleis of symmetiy
|
i Fal-& gymmatrical fB1-An ursymmtheical
Fized arch Tined arch
Fuo. ZB8.

analyzed when the thrust, shear, snd moment at any section perpendicu-
lar to the arch axis are known. The thrust, N, ususlly in the form of &
push, is the total force acting in a direction perpendicular to the section
at its centroid. The shear, ¥, in the total force acting in a direction
parallel to the section, The moment, M, is the total moment about the
horizontal ventroidal axis in the cross section, In regard to the signs
for N, V, and M, the directions ss shown in Fig, 289 are positive.

fb)-Merent dimgram

r-f.ll'ﬂlfﬂfdnsﬂ 5""“'[&":

Frm. 257,
EXERCISE

154 Analyze the unmremetrical closed fram
. e shown hy tha
saskigy.  Check the solation hy using & clifferent basio deier syl

minate atFictare.
L
I & &
&l a
J T ——
W | Fia., 288,
o I It is apparent that the thrust, shear, and moment &t any segtinn ﬂf_ﬂ-
fixed arch can be readily determined by the laws of statics ﬂrtha six
. reaction components st the two fixed supports sre known. Since, by
considering the whole arch as a free body, only three independent equa-
T+ ¥ ill L D D T | ﬁﬂ t.H}II.E Eﬂ.ﬂtﬂmﬂdﬁb}r I,]mﬂ-rt.hﬂprlﬂ]ﬂiplﬂ '|'_'Ii Stﬂ.tllﬂa’ t.hl} ﬁHEdﬂ.l‘{.’.]].ll
<ar e apin s statically indetermingte to the third degree. The elastic-center and the
T e column-analogy methods, as will be discussed in the next article, are the

maat convenient methods of analyzing the fixed arch.
S
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Aa i true of any statically indeterminate structure, the properties of
the fixed arch must be completely known before it san be analyzed.
Thus before analyzing an grch, a decign must be assumed.  From the
results of the ensuing analysis, the first assumed arch may be modifiod
ond, if necessary, reanalyzed, The procedure should he repeated until
the last adopted arch can sustain at all eactions the thirust, ahear, a.nn;l
moment as found in the final analysis,

While a fixed arch may be used for roofs or bridges, its analysis can
best, be performed by constructing influence lines for the rewation LOlM=
ponents of the moments ab certain evenly spaced sections, Usually the
position of live load for maximum eombined stross at sny section i8
determined by the criterion for maximum moment, and the eormesponding
shear and thrust are then found from this loading position, In thia.
chapter the discussion will be limited to the determination of the influenoa
lines for the various funetions for a fived arch when its propertica are given,
In fact, for this purpose; only the shape of the arch axis and the relative
siges of the moments of inertia at different sections we required, Then
the effect of temperature, shrinkage, rib shortening, and foundation
yielding will be discussed. In the latter cuse, the abselute sizes of the
momenta of incertia are required. ]

66. The Elastic-center Method vs, the Column-analogy Method. The

influence line for 4 eertain function is defined as the graph showing the
variation of this function when a unit load moves across the span. Thilg
the problem of analysing & fixed arch reduces to that of first finding the

A% reaction components when the anit load takes various poaitions,
Usually the shape of the arch axis and the way in which the momers of

inertin varies along the apan do not fit into any muthematical equations,
Tho surved member, however, can be considered to be made of a finite j

number of straight segments, each of which hus a consfant moment of
inertin. Thua the rigid frame ABCDEFG as shown in Fig. 290 is in

Fra, 30,

effect a fixed arch. Of course, the more divisions that are made in the
arch, the more aceurate will be the results. The quadrangular frames
with two fixed supports ean be considered as a "simplified arch' with
only f.hnefI: finite members. Thus the method of eolumn analogy ns
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explained in the preceding chapter can be directly applied to the analyaie
arches.

L Er.ﬂiia sometimes been considered that there are two methods of
analyzing the fixed arch, namely, the elastic-center methqﬂ an_d !ﬂ:
column-analogy methed, In reality, the two f““th”‘hf are identica

every detsil of arithmetic and only slightly differcnt in the ﬁlm.lt,’ﬁfﬁ
when the moment at any section is found. In the elastic-center me

the redundants Mo, Hq, and Vg are first found, and the m-:_rment. M atany
pection iz determined as the bending moment in a uﬁnu]m'?r ut.rucl:ur-&
ABCDEFGO fixed at A and free at the elastic center O (Fig. 291); or

m g

2 e Mt A # Mgy - kp R A w iy =M
The elashic cenier method The column pnalogy mefhod
Fra, 291, Fio. 202

M=M,+Ms+ Hay = Vez. In the cu!umgnanalﬂgj.r method ﬂm
moment M at any section is directly determined from the relation
M = M, — M. where M; is the preasure in the [mnl:ngnua unlumu_ (Fig.
202). A mixed procedure will be suggested for use in the analysis 4:|f &
fixed arch wherein values of Mo, Hs, and Vo are found for any loading
position as in the elastic-center method; and the m-:-rrruntuu at the left
support. {or left springing), at the crown, and at the right support {or
right springing) are found as in the column-snalogy mul,]ll!:ud. Of COuTE
the results from both methods should agree, a i'a.-:lt- which sometimea
serves as a good check for arithmetieal mistakes, which so often happen

in the last operation of computing the monent. . i 4
For convenience, & résumé of the formulas derived in the preceding

chapter is now stoted. _
For both symmetrical and unsymmetrical arches,
M,ds _ N My ds = 2 Mz ds
el o= Sl g =
oL
4 ds 4 47 ds _f*‘-ﬂ._é f.-"f T
a= '8 =) %7 - W # kT
z, § = coordinates referred to the elastic center as origin.

4 2ds 0 f'lil'm'_“
Ja Er_ ﬂ'm.-
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For symmetrical arches,

P M,

. e T M
M 4 e ry Fow 4t

£ 1]
M=M+ M+ Hity — Ve relastic-rantar method)

or
M =1 —M (eohimn-analogy method)
in which

- (5] [42] [

For unsymmetrical arches,

2
I: I:(I _— E'-) = _ I1
‘r'tr' IT r: 1 I‘:FI;_
Mo=—3 Ho= - Vo = +
M=-M, 4+ M+ Hay — Vor [Eln-'atic-ﬂﬂh:nr method)
aor
M=M - M (eolumn-analogy method)
in which
P HJ ] H-r
;T Y (5 sl i
‘ [AJ+[ r:]+{ I

Far explanaiion of notations an ivati
reader s referred to Arts, 60 and ﬁ.ﬁluhm b

For the purpose of showing the detailed procedure in applying tha
above formules, soma simple form of (he arch axis and way of varation
of the cross section will be chosen in the examples which follow. TFor the
TET| t;.?pﬂs of arch axis and ways of variation of the cross seetion, the
:.:ﬂ:;ta referred to treatments elsewhere on the degign aspects of ;ixed

67, Influence Lines for a Symmetrical Fixed Arch

Example 96. For the symmetrical parabolic fived arch shown in Fig.
293, draw influence lines for {&} the horizontal reaction at the left apring-

IHIJ-ﬁ Huﬁﬁrlu.nd iﬂlj_ hmﬂhd c R& “R-E']ﬂ[ li Eﬁn : &
Chap. XX, John Wiley & Sona, Tne,, New York, 1mﬂ’_‘ﬂa erabe Desdpn,™ 2 ed,,
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ing, (b} the vertical reastion at the left springing, {¢) the vertical ehear
at the crown, (d) the moment at the lefi springing, (¢) the moment at the
guarter point, and (f} the moment st the orown,

Solution. The arch nb will be replaced by sight finite scgments, ae
represented by AR BC, CD, ete. (Fig. 294). The moment of inertia

|r
¥ - o F e wt
A o o Lk
=
| S
-52* i )
"
Al el 5 5] e sl o4 sl
o]l ] e ] e | ] o] e
[

Fiez, 294.

of segment 4B will be considered to be constant and equal to that of the
seetion perpendicular to the arch axis at the point 1.  Also, point 1 ia
oonaidered to be the sentroid of segment AR, and the moment or product
of inertis of segment A B about any axes through point 1 will be neglected.
The same assumptions are made for all other segments. The moment of
imartia of the ssction through the srown, £, will be called I., and the
moments of inertin at sections through points 1, 2, 3, ete., will be expressed
i terms of I.. In computing properties of the analogous-column seation
El, will be conmdered equal to unity. The points on the influcnce lines
will be plotted as the unit load takes suceessively the positions B, €, B,
K, F, @ and H. It ean be shown that, on aceount. of symmetry, compu-
tations of redundants for loading positions F, ¢, and H are not necessary;
for instance, the resction components at the right springing when the
unit load iz at © will be the same as those at the left springing when the
unit load i3 at .
Properiies of the Analogous-column Section (Fig. 294) (see Table 96-1)
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n& for the values of the redun-
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ANALYSIS OF FIXED ARCHES S84

Ii is to be noted that the moment at 4, E, and & can be found as the
bending moment en the cantilever structuve and the values thus found
ghould cheek with those obtained by (M, — M) in the methoed of column
analogy.

Before plotting the influence lines, it is advi=able to make the accom-
pRnying influence table (Tuble 96-3}). Mote how the influence values
for unit loads at F, 7, and H can be picked up by inspection from Fig.
2066

Taieve 963 Ixruumnck TABLE

T nt lEM!LS.I'n::{! | M ¥a Vi A4 Mo Me
rom A
e i} 0 1) i 1] il 0
B .. [i] o141 | 0.967 | —0.083 | =6.12 | 41,10 | —0.27
o an 0488 | o088 | —0.182 | —5.62 [ 4444 | —0.63
2 a0 o880 | 0707 | —0.208 | —1.32 [ 40.12 | 0.
K., 41} pozg | 0500 | —0.800 | 43.78 [ —1.71 | <3.14
0. 300

F= 50 ooRa0 | 0203 | 0,203 | 4542 | —1.61 —0. 04
a... 0 0480 | 0392 | 40,122 | +3.78 | —0.88 | 0.8
H 0 0.141 | 0.083 | 40.08% | +1.22 | —0.23 | =027
| R Lyl i i 1} I 1] i} 0

The required influence lines are drawn as in Fig. 297,

EXERCISE

168, For the symmetrienl cércular fised arch ghown, draw infloenes lines for {a} the
harizontal reaction at the left springing, (b) the vertical ranction at the left springing,

L Saan=d0-0"
ExezrcisE 164

f¢) thit vertionl shenr at the crown, (d) the moment at the lef t apringing, (¢) the moment
at the guarter point, and (f) the moment at the erown.

88, Influence Lines for an Unsymmetrical Fixed Arch

Example 97. For the unsymmetrical parabolic fizted sreh ghown in
Fig 208 draw influence lines for (a) the horizontal reaction at the left
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| Spa.—::&;‘fﬂ“
Fra. 98,
Iﬂiﬂl;ghg, (b} the vertical reaction st the left springing, (2} the verti

# at the crown, (d) the moment at the loft springing, (e) the momen

at the quarter point,

(f) the moment at the o d (o) th
the right springing. ovm, and () the moment af;

Solution. The arch rib will be replaced by

represented by AR, BC, OD, ete. (Fig. 209). Rach segment i85 assum

ri 1’

F.Ff. = 5 i L
.1 '--—b'\.g—-—x
i A
¥

;l‘ l\.rl'l.Fl .5’ J_l' 5] IJJF

el I O A

_!l"l
Fro. 2040,

to have a constant moment of inertia equal to that at its mid-point, whish

:_i-B: mrtaidered to be the centroid of the segment. 7. is the moment of
inertia of the vertical seetion st the orown

unity. Momente of mertia of the
own etntroid are neplacted,

It is to be noted that in this example all tomputations are carried to en
unusual degree of acenracy. This is done so that a check ean e shown
at the end. In an metual design problem the usual practice of sccuracy
to thres or four significant figures in all numbers s recommended,

Propertiea qf the Analogous-column Section (Fig. 209} (see Table 07-1)

¢ 81 18 eonsidered equal to
segment shout the axes through is

eight. finite segments, ag

PROTERTIES OF THE ANALGE0YS-COLTMH EecTioN

Tante B7-1.
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B Dlx;i] ;mil;a: & malyzed for eight loading conditions: unit loads |
] by 1 -, : 5
l:u;im:a joint] rlc I:.I U;E:rlaplﬂmd mnqgi:f- ardd then unit loads at all seven
i fh-::ri ?:e & hle Q:—E}- For unit loads applied singly at B, ¢
si:;1pi!a :.u.mil.-_ masie determinate etructure from which M iz found is 'Em;
) Ver strieture fixed ab A and § .
applied singly at F ¢ op fr i re8 at K, but for unit [oads
i hry - the simple santilover air
: atruct
and free at A is ohosen as (he hasie determingte slru:LLu::lm s

upit loads applied jointly at all seven points, the basic determinate
structure wherein the arch is simply supported at A and K iz used.

The {rea-body diagrams of all cantilever structures with the npd arm
attached and of the given fixed arches under the various loading eondi-

tions are shown in Fig. 300. Note particularly the free-body diagrams
r

: r
Again for

F
N
% ()
LENF . fa
AFND
I
&
rogel_s
AT
AEERE . g
ekl )

f60-Lomd at ¢

th)-Laads ot B, D.E,F.6 and H
Fio. 300 (coniutced).




il

of the cantilever structures shown in Fig, 300¢ to k. These cantile
lructures fixed at 4 and free at the elastic center are subjected to
self-balancing forees and moments w
act on the chesen basic determina
acting at the elastie conter.

STATICALLY INDETERMINATE STRUCTURES

by M = M, — M. iy

closely with those determined

structures,

The total effects on the fixed arch ow
8,C. D, E,F,G or i must be the same
applied loads at all seven points. Th
az a cheek on the correctness of the sol
l'r.a, -"f.l. Mn:-, M;, and -'H,.; are

enough to be considored satisfactory,

te structures and the (Ma, Ha, Vil's
The moments at A, €, F, K as determined
the method of column analogy should check very
as the bending moments in the eantilever

ing to the singly sapplied loads at
as the effect owing Lo the jointly
& verification of this fact serves
ution. The comparisons for H,,
listed in Table 97-3, The check is close.
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ta1-For e horizonte| reaston et he left springng
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151 Tar Hhe verlical reaction af the left springng
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Tanue 973
dam of values dus to I Combined value dun to
unit londs applied unit Jonds applied
singly at B, O, D, E, | jointly at B C D E,
F, @ or H Fo @, and fT
Hy. E ] 4, (e
Barin g ot i 4, 500% 4. 5003
My 1,282 1230
Mo ..., 1.2 I.243
Ny, 1.951 L.251
M. 1. 250 1.250

The influence table in which all necessary valuea for plotting the
required influence lines are recorded is given in Table 074. The
required influence linea are drawn as in Fig. 301.

Tanww 97-4, INFLUENCE TABLD
Lond at ?r':‘;";" e | W Vs T T My | Mr
4 i} (i} I . 000 (1] i} 0 1} i
Fil 1] 0. 124 | 0,096 | —0.004 | —& 34 +1.18 | =0.32 | J.0.08
i3 iy 0.430 | 0.972 | —0.023 | —6.14 | +4.69 | —0. ;8 +3.0H
o Al 0.776 | 0.0001 | —0.090 [ —2.08 | +0_43 —1.28 | +4_47
E 40 1.002 | 0.758 | —0.242 | 43,17 | —1.72 | -0 27 4+3.72
F &0 0.032 | 0.530 [ —0.470 | +6.00 | —1.95 | +3 47 =015
+0. 530
& i} 0.568 [ 0.271 | 40.271 | 44.83 [ —1. 10 +i0. 83 | —d4, B8
H T 0.168 | 0.073 | <0.07% Al | =080 | 4001 | =590
H &0 L] 1] i o 0 i} 0

s 44
%N
|
3
~f.M

ot Far the moment at the left speinging
+ABF

o :
¢ aj-For the momant af the quarter point
+ 147

—l 1 1oy
T ey

{F)-For = moment at the crown

+ 50
L3706
;ﬂ.w
= -5

{g}-For the momend ot the right springird
Fra. 901, Influemce loes.

Ity
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EXERCISE

1.5‘- For ‘-ha “n'}'m.llﬂ‘ll i LINUIgRT E’d HEOOW I

Sper =d000*

Exzncise 148

apringing, (<} the yectical shoar
e ab the crown, (@) the meme
; i at the left apringing,
i

[E‘:' ithe marmeat ab Lhe il WH M
1 L] artor I L] w
ul Lthe J'I.E'Jll Hprillp'r g mae i {” i bl M the cro oy anid ':.F:' the mment

€9, Effects of Temperature, Shri
e ' nkage, Rib Shorteni
mina‘f;el_ii:f& A‘]:y.;truutum, whether statioally det:xilnr::rlzuﬁ:“-
iﬂ.ﬂ.ljut.i;ﬂ"}' liFJ:i-m when l_u.uLlF: are applied.  An unlopded siruct i 'EHT-
b }'iuhliﬁ E::rlllfmn‘, 18 not stressed na a result of change in t:!‘E, k-
o m:ﬂ ]huppurta, but a statically il'td-l_’tETIﬂ[!'lﬂ-tE. &l‘.nmrtl.i]:wr%‘
RN m. t;ri; I.L‘:I:;;I-H'II!‘;]IE.. [t‘tﬂ:'jmil'll‘-‘h a8 the fixed arch is artma.'::m:tlIﬂ
i mmpmmt: : ulr-ri degres, it 1_.~riI] be subjected to nalf—b-aln:::inr
ports, which may be e e i 1 E
! 1 rotational sglip, & hori i e
mz?mﬂ e ) T, orizontal displacement, or a
the fixed areh is built of con it i
B . | crebe, it is neceas i i
an?:fﬂF:rk:hglﬁ;EE It iz conceivable that the Eﬂiﬂ;?iﬁﬁliﬂf ‘]!E
i _;r. of a temperature drop. TUsuslly the 311.1 il
iy bed nulx ered to be the same a8 that due to & drop i temnt v
Fi or thereabouts, depending on the properti II':t-I]-:n i
Whether the elasti e T
e clastio-center meth
:It-r:L-:IL::I; :::iultgsfng the fixed arch, th:dbii;?:r ﬁ:mmt;? r;ﬂdmmd .
e I:r: :;::f fhge:-mutry that Ay, Ay, and A at the right i
en the left support ia considered Axed anal:!ul’:ll'l:mti:hrz
£ r

ANALYSIS OF FIXED ARCHES a7l

ation of the tangent and the horizontal
pf mornent in

the arch rib

figuring the rot
& ot the right suppaort, only the effect
In fact, the direct stresses In
would sometimes couse A apprecislle amount of ehortening or & conse=-
quent desrease in the span if the span wore not fixed by the supports at
each end. The smount of this ab shortening iz usually patimated of
assumed, and its effect can be investigated in the same way as that of &

temperature drop.
The effeots of temperature, shrinksge,

yielding on a fixgd arch ean be found pend
problem (Fig, 302a):

support free, In

or vertical deflection
tha arch rib is congidered,

rib shortening, or foundation
ing the angwers to the following

Fra. 30,

Determine all reaction companents induced to act on the fixed arch
due to the combined affect al

|. A rotation of @ in the countercio

the support H.
2 A forizontal displacemant, &,

ckwise direction of the tangent ab

toward the right at the support B.
2. A vertical settlement, b, in the dewnward dircetion at the suppert B.
If o rigid, inelastic arm joining the support B and the elastio center O
is attached (Fig. 3020}, the correaponding displacemant pomponents ab
{1, aue to the displacerents of « pounterclockwise, @ to the vight, wid b
downward at the support B, will be

Agat 0 = w eonnterolockwise
B sk 0 = a -+ yeex L0 thie I:':Iﬂht
A ab O = b + 2o dowrnward

(142)

of B referred to O a8 origin. N ote

in which (zaga) are the eoordinates _ :
tive quantity aml yo s 2 negntive

that, in ordinary cnses, s i 4 posi
uantity.
Let M = moment at any point P gwing to the
balaneing reaction componenis
rdinates of P referred to {F a8 ol L.
asoning of Eg. (120) in Art. 80, the deflection ¢
hole arch rib are

action of the seli-

x = 0K
£ omponents

Following the re
o O due to the action of M on the w
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Ay at 0 = E ij';%' counterelockwise

' = Hﬂ dl ___ tﬂ:blﬂ i-ﬂ Ii|'ﬂpa—“’-d.
w8t 0 + Z : _['L'fr to the “IEI'IL {I. 4

E MI
.&.r ak ﬂ — — I

Equating Eqs. (142) to Egs, (143}, and sy batituting

ANALY SIS OF FIXED ARCHES
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arches, I, is sero in Eq& (146), From these formulas, the following

i
HLLT'WE i

® e
M= Hﬂ"‘ﬁrﬂy - '[.-"g.:_. Fin. 304,
b Eifid: 4 (Mo + Hoy — Vix) dy
Ei ET = o counterclockwise T, Symmmaetrienl, rnsﬁ;m-min"l'
Fig. i aE
+ E Myds _ | (Mot Hay — Varlyas o -
. Ef =&+ paotothe right {144} : - i %
+ Z Tag 1 (Mo 4 Hoy — Vox)z de Thee ta rolational slip of « eounter- | Jfn = 23t ol
EI E‘f . b + Tam du‘ﬁ'ﬂh’urd F]npk“hl} Ak i e I U pm = Iﬂlr[‘.:r,'lf:]
it Hg =4 — | Ho =4 — F %
E'll;bﬂl:l.ul':mg I L
v I gar I,“ g A T = y_ﬂ'l_:f'rrxpl-';l'l
d,l - - J'_ J.F
E -Er e A 2 Eﬁ'ﬂ%’ = ﬂ 2 EEEI = “ - e & - = '—- ==
Y ‘d BT Due to horizontol displacement of @ | Mo = 0 e =10
-l i Ty o t
Z BT =1 5 = - ?E'i_’ R i S rigety Ak mpEy & P "'.TE Ho = 4 ;—r
into Egs. (144), R allou/1s)
,l].j"j_d_ ik Vo = 4 .__..FI:__
= ]
Hols ~ Volpy = e : 3
gl - I-':.-_uf"r 8 + ok H‘:E} Diga Lo vertical selilemest of b Mo =0 My =10
. L i b + ik {downward) ot support B Hi el B gt Iy
ving Fqs. (145) for Ma, Ho, and Va, fi e
k L1
L] - — W —
Mo =2 Lo | et
(a =+ Iu".rﬂ'.J — (b I._E-.-_'::I I‘" Mote that, ln erdinary coses o ja o positive quundity azd e s & nogafive gquandity,
Ho= 4 - II“ Iy When the yielding oeours at support A, perhape a convenient procedure
e (l - T:fi) (146) would be to draw an opposite-handed picture of the arch such thtl.t Lhe
s I vielding may then happen at the right support and the formulas in the
. {E' + Tue) — {a Hpe) Tltl agcompanying table caun thus be used. When the raclion compoiemnts
@ _— e .

)

Equations (146) are the
arch when . wd E‘Uﬂ!rﬂl fﬂlﬂlﬂlﬂ-ﬂ far an wnsymmetries| fizxed

b oeour simultansously, For symmetrical fixed

acting on the oppesite-handed arch are found, those acting on the given
arch ¢an be determined by inspection.

Example 98. Determine all reaction componenta indueed to act on
the gymmetrical psrubolie fixed arch shown in Fig. 305 due to each of the
following causes: |a) & temperature rize of 50°F; {b) & temperature dI‘E:]J
of 80°F; () shrinkage equivalent to a tempernture drop of 15°F; (d) rib
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shortening ?qu:'va.lia:nt to an axial stress of 300 pei throughout the arch o
{¢) & rotational slip of 0.001 rad connterclock wisa ak support B (11

right at support B; (g)
aupport B.

horizantal displacement of 0.200 in. to the
vertical settlement of 0.250 in. downward at

| J.E-:_'I'n.--ﬂ'!'?:'ﬁ'" __l
£ E000.000 pai
Coetficent af paparaizn=60a Iﬂ'iﬂerdch

Fin. 308,

Selution. The properties of the analogous-column section are taken
from Example M and summarized in Fig. 306. However, in the present

&

it £ x
Jr.u.'i'.ﬂg .ﬂ.__mzfﬁ 7 _ﬂ.ﬂd”r’
£l £ A

Fia. 304,

problem the true value of EF, must be us
A I, and I, Thus

ed in computing the valwes of

43190286 aigmp 1
B a0y B2 OO = 016616 X 10 g
A W.“ 12= 41625 x 102 1t
© (2,000 3 144) EE'T% 2 it kips
Lo oSl osreie LS
B R e b Spege SR

@ A Trmpm::a f1ge of 50°F, 1 the arch rib iz frees ta expand owing
tq & temperature rise, it will change from the shape of the solid curve in
F]g.,‘. 307a to that of the dotted curve, which is geometrically similar to the
solid curve. The tangent at A {or B) is paraliol to that at A4° {or B'),

ANALYEIS OF FIXED ARCHES 475

In Fig. 307a, AA" = Let/2 = BE', in which L is the span, ¢ is the coeffi-
cient of expansion, aoll ¢ is the temperature rise.  Now if the tangent at
A’ s made to coincide with that at 4, as is done in Fig. 307h, BB’ = Lek,
AP’ in Fig. 307h is the unatressed arch. [t is necessary to give the right,

- bk

g —
_— i -

-

3,

Cied Lef

P
Expancica of arch rib ook fo temperaturs riss
Fia. 307,

support & horigontal displascement o the left equal to Lel in order to
maintain the original span length, L, between the two fixed supporte
Thus

a= —Lal = — (@060 x 10-%(50) = —24 »} 10~ ft

Applying the formulas in the table above,

s =1
- 1] i} .
H.,.=-|—IE=+—24':{ 0 ke — KT kips
I e -1
4.1625 X 10 B
Vo=10

The reaction components are shown in Fig. 308,

Legk ﬁ'c‘rj il kgt
T L wert ™ '
o Fe)

Induced reoctisn components du to o ferperabare rge of G0°F
Fra. 308
b. A4 Temperature Drop of B0°F (Fig. 309}, The arch span would
become shorter if the rib were free to contrast, or the right support
should be pulled out by an amount Lef,

Tndoeed reaction sompmentt dus be a fermperatura deap of B0°P
Fra. 5308,

e e i bl call
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a = L (B06.0 X 10-5(BD) = +38.4 = 101t
Ma=1D

: -1
et U 38.4 % 1071 ft

= TH226 kips
=i
4. 1625 X 10 B

Fomi

<. Shrinkage Equivalent o a Temperature Drop of 15°F (Fig. 310)

fﬂfﬂd{“'
oA L L0t e

m*‘{’ﬁ, ?m"‘{{t e

Induged rencFon componerds dug fo shrinkege eauivalend fo g
te=mperaturs drep of [G*F

Fra. 3100

g = 4(15)(6.0 % 10-%(80) = +7.2 5 10~ ft

M.\'_I =
Ho= +f = T2 XI0P8 4y g e
M z R
4. 1625 X 107 ——
kips
]"ru- =

d. Hib Shortening Equivalent to an Arial Sirese of 300 Pei throughow
the Arch Rib (Fig. 311)

S 5Tk HCL E'm
JEWJC" & ﬁ-'"{"’ k ;:}ﬁh""”

Prokased reachon compoeants due ba rib shorbeming
Fro, 311.

= 300
%=+ 550,000

Mg =10
Hom oo FBXIOM . | oy,

41625 ¥ 10-? Kipa

WB0 = 412 X 107 [t

Fo=10

ANALYSIS OF FIXED ARCHES 377

g 4 Rm‘i-m! Slip of DO0L Rad Counterclockwise at Suppert B (FIg.

312)
rora r
Jak ﬁtl.'l'“{:- " Tl £
e ais i i
s T g ars®

ansk : _
Enduced renchion components due fo m rtational slip of Q0K rad.

ceunterclechwize ol suppark &
Vs 312,

a = 0001 rad

h 000l _ 602 kipt
Ma =+ 7= 51w X 10

st (—15860(H000L) 5 g1 Kips
Ho =+ ’rf.' = ¥ g5 X 10 P
paa _  CHAN(HO00L) _ g 2ah kip

Vo = e AR
f. A Horizontal Displacement of 0,200 [n. fo the ight al Support B

(Fig. 313)
e
i -l::'ﬂ:Tl:.-_.. S m
—_—— el
b mﬂ*‘“’ci j) s

{rdeped resclion eamponents due Ta a hoeinntal displacersent of 0200
o ¥he right at wppert &

Fri. 313,
i = +U_2m 'i.l'h.
Hln:! =1 ;
i tes (40.200/12] ﬂt" — 44004 kips
¥ > sy b
N 4 1626 ¢ 10" Teips
'1"'5- = {

Tag. 31 1)

A Verlical Seltlement of 0.250 In. Downward af Support B {

]
&0
agad
HE#RD
sk

Trduced reschion compenenis dus 43 a werkical pettiemerit of
TS0, downeard at apport #

Fu:. 314,
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b o= <p0.250 in:
|u-|;| — ﬂ'
fHo =10
Vo= — 7 = — —HOBOABR _ 458 15p
S5.084 = 10 ‘kjpﬂ

Example 99. Determine all reaction components indueed to act on

the unsymmelricsl parabolie ixed arch shown in Fig. 315 due toeach of the

- ¥
_F’p' -1 Lrasn

==

W (2l

L

——

r o= g0eG"
£=7 00000 pei
Loufficient of mepansien=60100% per deg F
T, 31

Following rausea: (&) o temperature rise of S0°F: () a temperature drop of
BO°F; (¢} shonkage equivelent fo o tempecgture drop of 15°F; (d) b
shortening equivalent togn axial stress of 300 psi throwghout the anch rib;
(¢) n rotational slip of 0001 rad eountercloekwise at support B: () a
horizontal displacement of (L200 in. to the right at support B; {g) a
vertical pettlement of 0.250 in. downward at suppore K,

Sclation, The properties of the analopous-column section are talken
from Example 97 and summarized in Fig. 316, In the present problem

P i o——— v - i a—

4 ANALYSIS OF FIXED ARCHES 472

the true value of EI, must be used in computing the values of 4, I}, and
1%, Thus

31.4536 ft 31.4536 it — 016382 5 10-7 )
T ey D s kip-ft
(2,000 x 144) =5 & Tt
TiRar4 it T7E.874 £t ’ 5 1
I = ®T = ips 4.0540 X EFF;
5 (2,000 x 144) 'th'& ft4
f,647.54 ft* _ 864754 f12 o4 aon s qpes it
e R kipe el e
3 (2,000 x 144) w5 # [t

a. A Temperature Rise of G0°F. If the arch rib is free to expand urrir!g:
to a temperature riss, it will change from Lhe ghape of the anl:lr._l curvie in
Fig. 317a to that of the dotted ourve, which is geometrically similar to the

-

—
— -

h
A
[ .
o
faf ‘il
Expansion of arch b dise o femperature rise
Fro. 317.

golid curve. The tangent at A (or B) B parallel to that at A" (or B).
In Fig, 317a, (44" 4+ (BB') = (A B) ()£}, in wh:l-f':h 2 1a the mﬁiﬂiarft.
of expansion and £ is the temperature rise. Now if the tangent at A’ is
made to eoincide with that at A, as is done in Fig. 317b, then BB’ in
Fig. 3176 = [(AA") + (BE')] in Fig. 317a = {AB)(e){H. AB'in Fig
317h ia the unstressed arch, It is necessary to give a displacement at the
right support from B' to B to restore the position of the fixed support.
Thus the effect of 8 temperature rise is the same as the combined effect of :
1. A horizontal displacement to the left of

By ® (L) - L
9. A downward vertical displacement of

un e () = bt

a = —(80)(6.0 X 10-Y)(50) = =24 X 10 ft
b e - (20)(6.0 X 10-9(50) = +6 x 10— {t

Thus
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Duetoog = —24 % 107 [t
J'laf.: L= U
Ho = +% e =0 m_’fit— = —3.920 kipa
3 A 0540 = 10 e
hupa
_ o 8efTa) o (—24 X 10-')(1.79218) _ ;
fost ===t g~ ke
Dueto b = +6 x 10~ ft,
Hq:l = l'.l
__ BILAL) (8% 100020978 ;
b 6 108 ;
I'r il e — TR T e oy S S R
E = FT HERn T LBk
Due to & temperature rise of 50°F,
JH-j = ﬂl
Ho = —5.920 — (L310 = —6.230 kips
Fo=—1242 — 0173 = ~1.415 kips

The reaction components are shown in Fig. 318.

£ e &g
o)
it Uha g
CEA (o
m;ul. ﬂc “ﬁl.n{:
s Lt
Induced ranctizn componints due 1o m Terrperalre rize of S0PF
Fi. 318,

b. A Temperature Drop of 80°F (Fig. 319). By multiplying the results
in (@) by —3%% = — L6, the reaction components due to a tempersture
drop of 80°F are found.

4 fesd
e gy
Ry 2ok
__*._t;..u.'l:-i'_[
P

Indced remchion rompanendi due g
fenpprabre drop of BOFF

Faz, 318,
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¢ Shrinkage Bquivalnd fo o Temperaura Drop af 15°F E{Fig. 220y By
aultiplying the results in {a} by - H = —0.3, the rm-u:tr:lnn eompnnents
due to shrinkage equivalent to & temperature drop of 15°F are found.

.lf-:*
“1.:-:9.1*'"
et Tk
s "":"]
A
Iffl]ﬁ:l:_ﬁ::‘mhﬂ:: :;bﬂfs‘.:;:ﬁ# Tnducad resclisn companents due b ik ahas feneng
Frm, 330, Fis. 521,

g Rib Shorlering Bquiralen! fo an Axial Stresz ﬂj_El:I-l'I st throughowl
the Arch Rib (Fig. 321). By multiplying the results in (o} by

300 _ L( nn:-{m-u)=—’,
_(E:-Hu-' i i L

the renction components due to rib shortening are Ii'nund._h _
& A Rotationel Skip of 0001 Rad Counterclockwise af Support B (Vig.
322)

ok
%whﬂ
LlETk
i Jasrr®
I.‘HE _g;_l,-;ii-r'l'l::
£ 15T
Trduced reaction coempanent due Yoa rofational ihip of 0001 rad
caurderclog kwiie af suppact B
Fro, 32
g o= 0000 rdd
2 OO0 6104 kipdt
Mo =+ 7 = ¥ §18382 % 1 R
= ol oy La)
R i -._E'.’ L il .
—6.7638)(+0.001) — (344872 (+0.001(0.20073)

=N TR 7 T T

= —3%.4535 kips
AP pacel Lap/ Ta)

| I
(3448725 +0.001) — [ —-GTEI-E'E:II[!;{I:@l 11 TO218)
ERsE 34.623 % 107°

= — 13463 kips
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J. A Horizontal Displacement of 0200 In. to the Righi of 8§
(e a0 g upport 8

-!_.I'f.l*
.E;!;J\-l"u‘f.:r

[oibocgd etncdign i
Erenpanents die 15 n hosonda b uatag
{li‘[l:-mh the n.gi'\.' al BLppacE i il ﬂ

Fra. 123,
a = +0.20 in,
Mg =1
, 020041
Hy = 4§ = 4 (0200, ETfl"l;_ = +4.111 kips
40540 3 10—+
I /Ted {0,200/ klp: 7
- /T, 200/ 12)(1.79218 :
ik LA e 7Y T ) = o3 kip

g. A Vertreal Settlement of 0,250 fn, Downward wt Support B (Fig, 324)

Akt
i:"?" Lo
AFREY s
et R i
i o :

Indiepd sgachon femponeanil due B o wertical self fomend: of
OT30n. deswrwmd ol suppars &

Fia. 324,
¢| i -l"—ﬂ-!;.'-ﬁ[:l ila.
Mﬂ = ﬂ
b1 o/ L} (0, 250/ 121 (0. 20678
v Er T 40580 3 19-7 — 1078 kips
0.250,/12 ;
e e L L
7 4 F4.623 % s - U602 kip
EXERCISES

Y. Determine all renction components indused to ack on the symmestrizal circolsr
fixed sroh shown below, dur to pach of the following rauses: {0) o tempernture rise af
BF; (b a temperature drop of 80°F; (o) shrinkage equivalent to & Lemperatare drop
of L5°F; (d} rils shortening equivalent to an axial stress of 500 pal throughoul the

o83
ANALY&EIS OF FIXED ARCHES

rad pounterolockwise st sapport B, i = hu-nm;

arch rib: (€] & rotationa] slip of 0.0401 s (o) v il

tal displavement of 0.200 in, Lo the right
0,250 in. downward at support i,

) :
peize g 1" &

: | ﬁrﬁ:rﬂﬂ!ﬂﬂ IL
£+ 2000000 pai ;
Coefficent of axpamsiors GO X107 per deal

Exemose 167

O ical
i i ata induced to nsl on the uUnAYTOMCATC
168, I;t:i":f:f ﬂwm‘::wﬂ, ;?;E:m pach of the following |:|_:.1.|;=-er|!-:':L i:tln} : :::;E::::E
m]:rm*r-, (k) a temperature drop of 07T (e} shrinksge equvile

saig”

,ﬁm."r:ﬂ'ﬁ‘!ﬂ" Al
£ = 2000000 psi -
GoeTficiend of p.pqﬂlﬂi'ﬁl‘l'E-ﬂqu perdig F
Exencise 168

b s axial sbreas of 00 psi throughet the
pelowiae at mapport B A a harizon-
rt B (g} A wertical apiilemment of

: ; : ¢
rap of 15°F; {d) rib u]mrplr:m-ng sepuivalen
Eﬂf rib; le] ;ud-td.tim:ml slipp o (LA¥D 1 rul.du:.-:l'uni.ar-:l
tal displeeement of 0.200 in, to the right at supps

0,260 in. dowsward at support B,
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Note that the

SECONDARY ATRESSES

to the hent members remsin equel to the original angles. .
joints as a whole may rotate as long as the angle between .l:a-l'lﬁl'!nh-l is not
changed.  In Fig, 325, the amount of rotation of the joints as o whaole

is shown by a shorl artow starting L,

from the original direction of the ¥
member {dotted line} and onding ad
the tangent to the bent member (solid
line), In this chapter, the discussion
will be limited to the evalistion of the
bending st reases, or seeondiry SUeEERE,
in trusses with perfectly rigid joints
only. .
] ining Secomdary Stresses in Trusses with

71, Precedure of Determ s in T 5 wit
Rigid Joints. Sinee ihe truzs ig eongidersd to have dgid jointz, ol 18 m

fact a rigid frame. The slope-deflection method or the maomnent-dis-

tribntion methed can thus be applied to analyze such o frme, When
the slope-defleetion method is used,

the joint rolations are trented as
unknowns, the values of & for all
members (for instanee, & for member
B! in Fig, 326 is the angle between
BC and B0 can be computed, and
the fixed-end moments are zaro sinee
S there are no londs applied between
When the moment-distribution method 12 used, the fixed-end

CHAPTER XI
SECONDARY STRESSES IN TRUSSES WITH RIGID JOINTS

5 ;Il':{aiﬁl::i?:lfﬂpﬂnnl- ! Tfllh: wstal sbeed bruss is & strictaee PO posed
i Br& 50 Joined Logether as to form & series of fr
L"f;hetm:ltta m?.].' .Es-r-. pm-connected, riveted, or welded, T tho n:;}'ﬁ“;ﬂg:
SiTeRs analypn, however, the joints ars ssg | -
; ! s simed to ach sz mr
:.l][j.;:::u :II:;. ::!L !ru:m ‘-'-’(‘PE" s¢ built, it follows that the nx.;ml;:;ﬂﬂ
=13 tPeck stress oF tenision or eom pression only and ;
e ok ‘ : 1ot subjected
';.I I;:n;lln,g_. I'he direet :cl::w_-'u i each member computed by the mn,fthr:lts
Eha";ijiiguigﬂr|1}JL;I:F'“H[HH &fress,  When the [-E'rl.gl:-h;- of memberg
. e airect stresses, the jointe o hinge :
accordingly to some new positi ; sl oty
Position so as to accommodate th 1
new lengths. These moy eraLend i i b
. s, or deflections, of join ;
actomprnied by changes in the angl : G e
: hy 3 * angles between members.  This ¢
ﬁ?{&aﬂpﬁtd the siraight members cun freely rotate around the juilz:lulz
L HE can act as perfectly amooth hingee.  n I
Ol ¥ s wtual cases, how-
E;:i;l..;il:a;ﬁt:?ts arg Ii]ur from the candition of frietionless hinges,  For ;:'1
T Lases, the members may not be free bt i ivia
. i : 1 1 arcund the
hqmul:: of the fr::.h-:fu which may be de veloped.  In riveted trus.'i:s D:EI::
Et:“ gm ?FG'EE}UEL Impossible to rotate ol the Joints except for a El;';taﬂ.ill-
it ab yiclding, or “play,” owing to the deformats e
' L z i s e abions of the ‘i
p::;; -c;r ko ihe mmg'.r_}ml. loose fitting of the rivets i the lioles “"]":.
:“m?]mh-u.ssnn, L];u dmnts are considered rigid; £o, the angles Ju;LI-.r.-mu
: 8 cinnol change at all.  In all cases excent tf i
Lof smooth h
when the members tend o rolate ar 1 g 6 i
m ' the jointe but strai
) R i RO b are restrained
rom ihe ounts ag m the case of semirigid fointe
entirely prevented from an i i Vaid lointa b
1 any rotstion as in the case of rigid ioi
merbers will have to bend and thys bendi A
; endin !
s i K stresaes, or sedindary
- fhm?dmt;zuu;ﬁ;ngmm truss ABC of Fig, 325. Owing to the changes
¢ leng the threse members the joi for
s , Jonmie A, B, C are displaced
" : 3 spla fo
gl,kp;.ﬂ.;znﬁjt:lru-tﬂ?}f A ,”B", " (4 and A* happen to eoincide).  If the
ks Hn;ﬂr héi.%f;ﬂh::umi C'4’ are to remain straight, apparently
: ghog respectively, amaller tl !
while angle £ should ho ]sl.rI , sl U
i ger than angle €. If, however. the joi
; ; : oinde g
Ea{}. ar the sizes of angles canngt change, the membera A° R’ _JE‘!;’“ mr;
will have to bend as shows so that the angles between t.Irie tanéunt.a
HH

Fra. 325.

the joinis,
maomments due to  are first computed by the formula,

GEIR
Hr“ — Jwrﬂ,i. — -_Lll_"

The procedurs of determining serondary stresses in frusses with rigd

joints is deseribed helow:
1. Determine the change in the direction of each member, or the valae
of B, owing bo the deflections of the joints. This can be done by fiest

finding the changes in the sizea of all interior ungles, uging the following

formulas (sce Art, 19):

AA = [0, = &) oot '+ {ea — &) cobt B

AB = (15 — &) cot A + (& — €a) cOb G (31)
AC = (e, — og) 0Ot B + (&, = &) cot 4

Then, referring to Fig. 328, if Kas is known,

Rpe = Ras + AB
HE‘ = Rjﬂ 'l_ .'!n.lﬁ

(147)
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direction of the member 1o the new direction je clockwise; and an fierpase
in the sise of any interior angle is considersd positive. Far ANy ona
triangle, if the value of for one gide is known, the values of B for the
other two sides (starting from the gida with known value of | and going
around in the counteradoctinise direction) can be eomputed by using Fqa.
(147).  The vadidity of this formuls is obvious from the fact that when
E.n i garo, the increase, AR, in the sies of angle 5 i3 equal to Bae in the
elockwise direction. Ty sturt Lhis process, any member may be chosen
#8 the reference member, o ite value of § s assumed Lo be gero.  Fop
instance, in Fig, 327, & for memlwr 3l may be made equal to zera.

AN

Frc. 327,

By procesding through triasngles 1,2, 3 4. 8 and ¢ toward the right and
then through triangles 1,2, 8, and 4" toward the left, the values of B
for all members can he determined,

2. With the values of § for all members compited, the end moments
acting on each member can be found either by the slope-defiection methad
or by the moment-distribution method. '

3. Compute the secondary stress for aach member, which iz the fexura]
stress eaused by the larger end moment,

Example 100, Compute the secondary stresses in all membars af the
truss with rigid joints shown in Fig. 328 due to the applied loads. The

R and £ e i
Fra. 398,

properties of the channe] sections a8 given are arbitrary, Use B = 20,000
kipe/in.?

387
BECONDARY STRESEES

' | direct stress
i irect st the primary E-tl'ﬂa-‘al Yoy :
5“1“'1'““1 thma:eigil :r-::.l}, and the unit axial deformation for
mdm}:nﬂ are computed and shown in Fig, 329.
O -9 o -8 4

¥ s Bl & =] n
+ :
':"T = T TR T TR T
# e e P
dal-Total diepct sirgss 5, in Kips
- =g
o h %
)
£ G -
+i2 L ¥ i

th)-Primary stress, 3, in kips per 39,

e o [ )

= o =
0 b et
> T ;

#I2

L0y

L3

ST

WA S0 05D eEsn
fei-Linit axial daformation, ¢ in K
Fra. 520,

i i uted in Table
i sizes of all interior an;lea Are comp
L Eﬁmiﬂttﬁn sum of the changes in the three angles of rr,r:i
lqﬂ-ll_;_le- a]:ﬁld b equal to zero. Refer to Fig. 350 for the cotange
EEIAT

funetion of anglea.

Las,

oY o

Fra, 330,
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Tanee 104-1
|
Trizpgls Angle Changs in size of angle, 1070 rad
Talalfy | (—0.267 — 0. 4D03CE) # (—0.287 — 0. 167)(§) =~ —1.077
R 1 bolile | (40400 ~ D 18BT)0) + (40.400 + 0.267)0) = +0_500
LEFY Y ( (40,167 — 0.400}(0) + (40 167 + 0.267)(%) = +0.57;
: Lolelly | {40067 — 0. 2673041 + (40,167 — 04000007 = —0, 133
falasl' L:,t;,ru (=+0.400 — 0. 267304} + (+0.400 — 0187300} = 0. 100
Uil | (0267 — 0.167)(%) 4 (+0.267 — 0. 400013} — 40.08%
: Lall=Lly | {40267 — 0pd) + (+0.287 + 0.300)(]) = +0.78
doalialiy Uyl ol [ (D & 0300000 4 (0 = 0. 2670F) = —0.356
Uikal?y | (—0.300 — 030705} + ¢—0.300 — 0)(0) = —0_ 435
. Lelislly | €0 4 0. 3000(0) 4+ {0 - 0. 13374 = —0.178 ™
Faliy by Eallafes | (H00135 + 0300003 + {40,133 — 01§ = +0.508
Dalally | (~0.300 — 0} (0} + (=0.500 — 0, 1 ($ = —0 328
dalally  P{40.183 — 0, 50003 <+ (40, 133 — :::.3;1.'-::41‘:-1 = . 542
EaLiEh dalfalg | (40500 — 0. 335000 4 (40500 — 0,135 = 40 955
bl | {40183 - 013303} + (40,353 — 050030} = 40,267
LLES |t4oss 1-:;.3331'&? + -:+u.a.:1:— 0. 500101 = 40, 880
Lalally | EluLy | (40500 + 0 338) ) + (+0.500 — 0.333)(0) — 40625
l Cafnle | {=0.333 — 0. 3880 0g) 4 (—0.933 — 0. 5000 = —1 K14
In order

to demonstrate that the same seeondary stresses will be

obtained irrespective of whieh member is used se the reference metnber,
two paralicl solutions, B of U'ely = 0in one and & of I/ \Ly = 0 in the

AR il ) e T o)

t

[

other, will be shown. The values
e of & for all members based on the

two respective reference members
are compyuted in Table 100-2,
Inssmuch as the subsequent wark

Ly ¢ depends entirely on the corrootness
£ Ly L A of the values of ®, it is advisable to

rdad O o R malke an independent check, One
Jaint ""F’“‘;’::“;;"* nch way of checking is to draw the

Williot, diagram, using the same

reference member as is nsed in determining the B values, However, it is

sometimes difficult to obtain the desired degree of ace uracy by messare-
ments from the Williot dingram.

The horizontal and vertical deflections at all joints of this truss have
been solved by the methed of joint displacements in Example 31 of
Art. 30. The defiections of some of the jointa are shewn in Fig. 331.

SECONDARY STRESSES i
Topin 10T Vaioes oF R (10-* Ham)
' byt
7oLz na vefarence membeer 1L “:qrffarrfnzf e 3
armat ] , :
I'f::ti;flt -g..‘.'i.'.i."& A0 Al L}_.. —g:i:
i - TrinmEl LB of Lalis -
TR fﬂnftLl:IF: —gﬁ: S afat Ue 401 TR
i ) & -I::I' i :.i'a — 0. 50KE [l gLagdls it ol [-‘!Ll; 40, 356
e v, 0 RS abat U 0. 356
?EP !Et[.l'g,} 0 K oof 1Fil 0
i g L ¥
AP 2l Ll: -l‘ﬂEr:lT f:l T I_I:":I
i = TI'J.'.I:I. ll;li: R l:lf Ltr.- ] i f'_
Triangle Hﬂn:lf‘-r‘r;l _.ggﬁ £l L Lr} _g ;:1;
T I Foof [Falls =1
I i Ii i j‘.- i F] --ﬂ.ﬁl}ﬂ ‘-rird{- 5 :
W e et 58
Beoof Uals ~{. H26 ’ Tafs
T A 5 It aff alea -}, 75O
s B = {1 {3H}
?:.E;;eri - | .G14 Af at Lie »|-ﬂ.§l;;
Trinngle Kof E-:J"-u —3 114 | Trlangh R nf1LI;L|. :3543
' Atrat Ly £ E5A A m r: —1'mu.
I |I I II' if L.ﬂ:rj —1 .225 \l_-';r--bf.L I l'ﬂ aal ] D TE
T I P Al at T3 -0 2t aF IIL_'I!{.J. -I-D.T;m
- B al Ty =i,
Hoaf ol =0} (] 1 Sl
'_.?I: of Fells 0 . ool 47l - :-ﬁi
:M at 7 4+ TR Vi) EF“?.LLJ;“ :=m
I el P
L Tyl R oof Lyl —1,
|!I'=1'I|I.1_ _I IIE “’i‘ Efﬂl.-z fg;i: ‘E 1" :I-'-'i e E.II +ﬂﬂzﬁ
¥ of LE? ' R of s —1.086
| f:! nF .F.ur + ':'
r g E B of JigEIH ]
.rf' al .II.u[-'.1 +|J .“35 : I‘m
it i Trinngls iﬂﬂ’i"t!fi: -!I-‘nﬂ 10
Teuge |RofOb | e |7 Seary | 4o
A Y | R :[ -I.-:;'.l: +p , 50E LY It ol il J."'_g e
Ty AR nk I | A u.rTJL}I “
Elﬂlfia:'r-'| +|:| 4320 Rf" JI'I.-._
- i It od Ll +0, 25 | B oof £alFy Ig!sﬂ
I A8 ok 4-I| 5
Af ot LY 4. 500 : : e
Triangls it ul; !.":;.-q. 41055 Trantgle Ik *J'FL!LIL-@ E.&W
L A al L +U;;; g ?:‘:EI_“IJLL Jl_l_i-r;r
L Loly L?::}IL: i;-_ﬂﬁ": 1 e _é?;:}
g af Talf -, 525 Rotd4lly | M-
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? - %
deay
/(EE ‘-‘FK & BE
Fi s
fa) Fi) A Y

F
fafd
Fra. 332
The: n::.talirlm. or change in the direction of any member, pan he computed
from the displacements of its ehd joints, T

hita, r-:f'c-n-jng to Fig. 332,
Rof Lo, (Fig. 330g) = + 2 _ | (198.7 3 0.8) + 1240 » 0.6
o A ¥, 33003 1-3{[] -1 —E _];.:m_:
= + 028 = 107 e
L P Sk (54,7 X 0.8} + (141 % 0.0}
Rof U1, fFlﬂ-aﬁEh__ = 4+ 300, ™ e el —ﬁ—f__ %‘ 10~
= 0428 X 102 rud
Bof [aly (Fig 3320) = 4+ & _ | 0.7 -
2l (Fig. 380c) = + 240 T T gy X 0
= +0.003 ¥ 10-2 154
Bof ULy (Fig. 382d) = — 2 _ _ (2333 X 0.5) + (300 % 0.6)
g { g 3324 00 .'l:IIIf].I'_-I“ —2 T A 108
= —1.222 % 10 rad
Now if Uil i8 made the

raflerence member, the &
membiers become

8 of the above four

B of Lyl/) = +1.028 % 10+ — 0008 b [

= 1025 % 10-2rad
B of UL = 40498 A 100 — 0003 % 10-1 = F0.425 ¥ 107 raqd
R of U_;Lg = =003 % 102 — 0.0023 > 10-% = )
Rof L, = —1.292 A 107 — 0008 w101

=L.225 X 102 rad
If U\Ly is made the refe rence member, the B's of the above foyr tnembers
become

Bof Ly = +1.088 3 102 — 0428 ¥ 192
Rof Usly = 40,428 % 10-2

Roof Udly = 40,0038 % 102
E '|:|.'I L'I.aL-q -

;t ET-:] I:]Tmn that the & values far the bwo end posts as computed aboyve
oF Both reference members oheck precisely with those found b
mathad of angle thanges, i

The values of GELH /L for all mem bers are eomputed in Takle

= H0.600 % 104y
— 428 % 109 = 0

= D428 » 10— = =0.425 % 1072 rad
~1L.232 X 10? — p. 498 XK 10 = —1.650 % 10-7 rad

100-3.

1
SECONPARY STRESSES 38
Tante 100-3

Roofl Ifsly =0 fof [Fil; =0
< Y IR GEIR
HBITI-I:-H:!.’ ik . % ﬂ',_ P'__IT_I H| T,
i a7
o, cof 18| 80 | 4o7m | 4E +agm!|-& f: ?9
rl ri-”” J LG =i —0. 503 — 3. b —0 .3 e
PR 5 | %7 | +ieer | 4380 | 41377 +n'3u
ﬁl SR EET 27 | +0.388 | 128 +glﬂ +0.20
By e ER g | L
27 | —o.088 | =0.13
;:'{"'"””” % ii or | —gaame | —am | —xsm _.:';;
:'Ir':' oo ey | aan| w1098 | 8 +2 0 qn.
- N TR R S O & +‘}4m ﬂrﬁ
H';}L"mm ' ig e | —bomes | —o0.82 0,750 }iﬁ
L".r:”"m”: 1 omg | aeo | —1995 | —ps0 | —1ies0 | - 3.2
L 12 | 7= | +oses | +2.38 | +0.100 +0.45
I.:|L|_......-....- SH} % L'I ‘} T AE _dlﬁl
E'ﬂ'”””::f': 2 | 72| 060 | -2 | —1.028 S

The sclation for the and momente by the moment-digtribation m::ri-l::
is ghown in Tables 100-4 and E00-5, with [7slq and U;L—. E.Eﬁi.hﬁ I.'-l:shq:;n ¥
referenee members.  In the eheck for moment :%mf.nbut-hﬂb‘:. w s
“oum” of the ¥ change” ai the near end and —§ times the o a.lng;H L
far end is divided by —3EI/L kip-ft, the true value of the ;ng i_j-.a. .!m;lﬂ
the tangent and the original Ll'm:ul.ill::-n of "I:hﬁ- membf:r u;ﬁndimﬁm >

hord of the undeformed truss is nnant.a:l:i in the horizon &
cl:-tainm{ However, whichever member is used as the rai‘er:mm.mem h,
:..!:m n.ng!l.’.'. between th:au tangent to the elastic curve and the QLre;}mr&Eu;t. e
line joining the deflected points must be constonl. Thus, In Fig. 334,
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...E:_ﬁllw #
a-01 X 08'0+ = @ o T
I.n_ I XBE0T =P _u.ﬂm_ln_,_u _..._.._n_.—,w_..._..w T ”__.l.
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’ SECONDARY STRESSES Y
STAT ALY INOETERMINATE STRUOTLIRES LO0-8
ABLE T
Ly as reference member: 1 : | E B 1tnr.in:::-t
== T Primary | sscondary
Angle hetweon tangent to elastic curve of Lo07, and direction | | Larger b e ghreas, stroes 10
joining L and Uf = (8 of join L) — (R of Lyl Member | 1, int) o in jend MOty 8= 5 ” i
= (1.32 X 10-") ~ (1.025 X 10~ ' ! ped MR i W5
= 0.205 % 10 rad SRR R i 7 16 8%
; e 2 52 + 1510 E: :m 16. 6%
J3ls a8 reference momber: [l = T4 =t JAkE 15.4%
TET R | 3 [ e T
Angle between tangent to elastio curve of Lylf) and direction fiala g‘; ; .27 + Tﬁg I_ﬁﬁ'rnm 9.0%
joining Lj and U = (¢ of jaint Ly} — (f of Lelly) ﬁ. 27 | 3 1.0 :__Jgp_,an 416,000 19,2 %
= (000 % 10-% — {0,600 x 10-7) Lol a7 | @ I 1378 | = 8,00 o
= 0.300 X 107 rad Lty | 180 |8 O il W e | e
als iy b1 2l A
Thus the angle between the tangent to the elustic eurve of Ly, ;{.Ul- 52 | 2 E:'::‘i 1 0 Fipdres 1@1&
direction of the line joining L] and {77 1e found to be 0205 = 10 L 1g8 i 1.2 + Bal i 5,&[.'?5 s
0300 % M rad, respectively, which should be identical if Uk Ti 1.5 | 0.04 = ﬁ??} 410, 0D 7.7
been 0o crror at all, JL-rrJ” | T 1 JEhg 2 =
Binoe the R values of Fig. 333a and those of Fig. 3335 differ by () o 1 l
1072 rad the # values s computed in the check of momerst it b
wilh U'oLs aa reference member and those with LIy Ly s reference o EXBRGIAES
should also differ by 0.425 ¥ 107 rad. This s found trus, wiie

sLIYes a8 an oxplanation why the same end moments are obtsingd
though different referenes merbers are used.

When the slope-defiection method iz used
expressed by the glope-deficetion equations

169, Using Ll as the reforener momber,

i ilrary.
i1 Jhannel acetions nre arbi
» the end moments e

M
3y bl

4 il joints dus bo the i
et st Jnll.lae. B o= 30,000 kips/io.®

T (7% — 0+ 3R)

g = HTI{—'EIFH —_ II_'_ 4 3H}

There arc then as many joint conditions (the aum of the end ma)
#t any one joinf must be sero) as unknown # values, In the #

w5 i @l
camnpuis the ponaidRTy akroses :;t.ia
appliod Teads, The properives

furnish the eight simul taneous equations. The amount of work ing
far exceeds that of the moment-distribution method, eepecially when
the usual aceuracy of three or four significant figures is required. |
much as the procedure in the slope-deflection method of solutio
strsightforward and clear, it will not ba further desaribed.
The secondary stresses as com
the primary stresses,

example there are eight unknown # values and the sighit jotit s

170. Compute the
puted in Table 100-6 are compared §

by using LoITy na the referancs pivem bt

spromiary glyosses i.n_ al]::?
i . The properties
-'i_.'uﬂ ti:lj m :F]-T;'iu:.ihﬁi use Lol as the reference oam et

[erncisE 16D

ernhers of the truss with rigial poants

the channel sect

iona are arhitrard
Check the solution
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h 26 U g il
HA=F [=EL A= fagw
bay,
2 BYie  pld Ay
o s ..\.:H" '1; I': ::51 "\I-| ?'}:-.'P
iu}; = "-E‘l :" 4" ' 3 E
L T i ad ity -
T
£a P 7=
4 -
Ly AwPF Lot 5 iz AF S
= g S R T
i A4 .+: T [
. 415 8a" 1 __J
MNele! A s i m® and fic in in%
Exnnciag 170

ITL Compute the secon Fi L o
T . i i
e e . T n afl meanbery of the truss with rigid joints

2 :
E = 30000 kipnfit 0 orertien of the chunood sections are arbitrary, - Use

Exznciss 171 Exrnc
T8E 73

AT2, Cosnpule (ha seeondary sbresses in sll me

dua to the applied iopds. The propertios of the o

mbers of the tewss with rigid joi
oo s will rigid jointa

hanog] seetions are arbitrary, Tl

CHAPTER XII
COMPOSITE STRUCTURES

72. General Introduction. In Chap. I it has been stated that most
atruotures fall into one of the following three classificationa: beams,
fepmes, or trusses. A beam is subjected to bending enly. The membera
of & truse with smooth hinged joints are subjected te divect stresses only.
The miembers in 4 frame with rigid joints, however, are usually subje ehed
o both direct and bending stresses; but the effect of the direct stresses in
the members on the amount of deflections is in most cases insignificant
sompared with that of the bending stresses. Thus in Chap. 11, in com-
puting the deflections of & rigid frame, only the effect of bending atresses
has hean considersd, or the members wre treated as if they were beams
not eubjected to direct stresses. Then in Chap. IV, when statically
indeterminats rigid frames sre snalyzed by the method of conaiatent
deformation, the effect of direct stresses on the deflections is mgnin
neglected. The alope-defiection, moment-distribution, and eslumn-
analogy metheds are equivalent to the method of consistent deformation
in which the direct stressss are nssumed not to cause any deformation.

Thers are structures, however, in which some membera are primarily
sulijected to direet stresses and others fo bending stresses. Such atruc-
tures can be called * beam-trosses™ or ““truss-beams " but are generally
known ae composile structures,  Ineomputing the deflections of atatically
determinate compoesite structures, it is necessary to comhbine the methods
described in Chapas, 11 and TIL. Alse in analyzing gtatically inde-
terminate composite structures by the method of consistent deformation,
it is necessary t¢ consider the effecis of both direet and bending stresses
on the deformations. It is to be noted that the method of consistent
deformation or its eguivelent, the method of least work, i3 the only
method by which statically indeterminate composite struciures can be
analyzed.

T3, Analysis of Statically Indeterminate Composite Structures by the
Method of Consistent Deformation. The principle involved in the
analysis of statically indeterminate composite structures by the method of
sonsistent deformation is simple, but its adaptation to any particular
problem requires clear thinking and mastery of the methods of finding
deflections previously studied. Tnasmuch as it s not desirable to

e
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]'urmlr:l]p,te any general provedure, the following examples are fully
deseribed in order Lo acquaint the reader with the hasie ideas,

Example 101. Analyse the king-post truss shown in Fig. 334 by the
method of consistent deformation,

20l AR

i ﬂ'F.i'u::ln.ﬂlp-: PR bt
E of rheal= I aanhmt
Fia, 314,

Solution.  In this strueture, membor A BC is subjected Lo both bending
and direct stresses, while members AD, BD, and €0 are two-fores men-
bers, which are subjected to direct stresses only. Sinee member A B¢
functiona both as & beam and aa a T preasion r;l.embar, the given struc-
ture (Fig. 335a) ean be considered s the sum of the two structures

¥

mef{ FaO A .
i e - Y S AT Ay l T e
& i
g 5 + : A 0
J.IME' ‘:!I FEc T -TII?'_IF _;i,‘ i ” ;
5 vy a8
Fro. 336,

shown in Fig. 3358 and e The eondition from which the oom i
pression 8
in the post B0 ean be solved is that the vertical deflection at B of Fig.
3350 should be equal to that at B of Tig. 335, Thua,
As (Fig. 5350) = . LT28 [if.l.i.l.ﬂt'?i_{?i'i _ S0
(1,500,000) {B}Lf::ﬂ 354 48

= (1,125.0 — 0.768) X 10~ in.

Ay (Fiz. 3350 — (2)[0.83338)(0.8333)(10)(12) _  (8)(1)(6)(12)
(Fig. 33c) (1,600,000)(38) T {1,500,000)(16)
4 (2)(0.97185)(0.9718)(11.662) (1) |
(30,000,000 (0.4418)

= (0.0023155 + 0.0035 + 0.0199448) > 103
= 00252508 X 10—*in.

g
COMPOSITE ETRUCTURES 401

Equaeting &g |Fig. 435h) and &y (Fig, 335¢),

11250 — 0.758 = 0.0252598
§ = 1,451 1b

The value of & being known, the chear and moment disgrams for menalhtr
ABC and the direct stresses in !I'I'II:'I':IkLH.'-:['E- ABC, AD, BD, and CD can then
be computed in sceordance wlll-_: Fig. 33.:'-1'&' and e
Tho methed of least work is sometimes i ar
indeterminate composite structures.
pregent problem will now be shown,

direct method of

' The  least-

analyzing statically

work solution of the
Beferring to Fig. 336,

_,-a}-'ﬁ.-r.”'

T A P B
T . ——

Froo, 340.

F : M*dr + ! Eil;
=2EI ] - 3 Ly AE ; i
qa.?fﬂ‘-uﬂ} 5 f‘“ [(mu : i)m = 1gﬂx=] dz
& oy LOE [,
AT | SO, DN T

=

(81306}

OB 10 53385)H10) + e :
T 500,0007018) (377,500,000} (16)
(12)(2) (0.07185)1(11 662)

flll[(l,M] - %): - 155.:’]*&:: + L.15745%
; + 158 + 9.97168°

% 5 =2 2 41488
1ot ¢ Eri( [(1,10{1—& z—ﬁl}:cl( 2):::+23
- 1 38 4 1004308

675,000 + 281488 + 38
— 1,800,000 4+ 7505 + i, % (oaites

=0
776.2588 = 1,126,000

8 = 1,461 It
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Example 102. Analyze the guesn-post truss shown in Fig. 337 by the
method of sonsistent deformation.

200 Wi,

155

£ of dimbar lﬂmbﬁ:
£ of shag) = J0 000 AT

Fra. 347,

Solution. The given strusturs (Fig. 338a) can be sconsidered as the
gum of the two structures shown in Fig. 328k and & The condition

from which the compreasion 8 in ¢ither post BE or poat CF ean be solved

;m.ﬁ-,-".ﬂ.q-,#
T R O T N i
20/ £ o S i s
A T D T N O Y 4 Ll
: i p = +
o £ 5 & . #
i Tar Jﬁ- -
“AE “EAE  § -EAE
i L w
W Tk
£ FETS 8

Fia. 338,

il that the vertical deflection at B or ' of Fig. 338h should be equal Lo
that at B or f of Fig, 338, Thus,

Ap (Fig. 3386) = Ap due to uniform load found by the unit-load method
minug Ay due Lo eonceniented [orees & and 8 at thard
points found by the conjugatebeam method

| L2
= g [, 8000z = 1005%)(F) dz
;[
+ ET | {3,600z — 100" (2) dx
1
- E—lﬂ‘“-ﬂ(m] = (T25)(4)]

= 2 (1,036,800 + 2,764,800 — 1,4408)

COMPORITE STRUCT L/RES

- —;—];;;ﬁ?ﬁ (3,801,600 — 1,4408) X 10-* in.
15 _
- En‘,m?.z ~ f.483) % 10V in,
(Fig. 3380) ESE
Aa (Fig. =2 AR .
[2.45)(16 + 12 + 0.8)(144) (8)(§ + %(60)
= R, 500,000) T16) (1,500,000}

5 2.6
o8 (32 + T) (2.48)(1.2)(144)

(156)
+ — (5,44 18) (30,000,000 i m.nﬁ:-mu,ncﬂ,gum;.
- (17285 + 2.508 + 79.50545 + SL29025) X 10~ in.

= 0.13063565 ® 10-2 in.

I1 is to be noted that two fiatitiouns diagma'[a muak .1"'! aﬂﬂwdttcém;;:g
-1 tha center panel of Fig. 338 when the unit load is apphed &t B,

ghear being equally divided betweer t-h-l: two diagounals.
Equating 2a (Fig. 338k) and . [ Fig. 338a),

g § = 2,687.81b

The solution by tha method of least work is shown below. Feferring

to Fig. 439,

0 Wi £,
e e e
-243 |

1 1 e
“"‘@f‘”’”"‘ﬁziﬁ
5005 ) f " (3,600 — S)z — 10027 dz
'}

= (2)(1,500,000) (256 <5 !
RS )15 . f (3,600 — 8)z + Sz — 12) — 100 de
2)11,500,000)(258) Jua v o e

@03 e )(12)
+ s (1s0000) C A 2) + @){iE)(1,500,000) |
- [(2.68)*(18)(2) + (248)(12)]

+ [2){0.4418) (30,000,000)
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il 12
10° 3¢ W = ﬁ,’; [(8,600 — Sz — 10007 de

S i
5 ﬁ: {3,600 — 8)z + Six — 12) — 1002 dr

" " T I7.285% 4 2505 + 110 85565
108 w0 o7 B 'Elj; [{3,600 — Sz — 10027 —z) dx

18
+ 8 f:: [(3,600 — &)z + Sz — 12} — 1002%( — 12) de

+ 34,669 + 5.008 + 22171
= — 18,946,500 + 5,1848 4 77768 — 20,217 600 i

= —34,214,400 + 12,9608 + 961.27129 + 26127128
=10
13,221.27128 = 54,914,400
8 = 2,587.8 [b

EI-.II].PIH‘ 108, ﬁﬂﬂ.]_jrﬁ. Lk bowm shown § Fie. 3
consistent deformation, in Eig. 340 by the method of

s“"s-hdrbn’:.ﬂ'a”a?
gt g g .’_rw d

68" Simbas

L '
£ of mberef fgahisnt
£ 2F shoet = 31 o Rt
Fra, 344,

Selution. The given heam {Fi i
) g d4la) can be eonsidered as the &lm
of the two beams shown in Fig. 341b and e, The sondition from which

-ﬁk?*“' ﬁl?l?'ﬁ
w5 G 4 | e
4 & £ jp r Df’ & iar g Ji?r
ot 11 L +
for) e . ﬂ-";'“
&
GaTi fe) agrE

Fra. 341,

:-!ln tam.'a[i:n T m the steel {'-:H'] ean be solved is that the downward deflee-
E at O of Fig. 341} minus the upward deflection at ¢ of Fig, 341c
should be equal to the total slongation of the steal rod |
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By the conjugate-beam method (Fig. 342),
R
: —T

-
]
- I
-
i

I'_ﬁ a .'."E 7 e
dILEF UV RI0 BrAR
TR Fortiy
fal

£

e irll

g T
fnarte slark
: - A |

Firm
Fi-18
Fre. 342,

A (Fig. 3418} = m} [.;s:r,aga}(m} — (16,T40)(8)

(5,580)(8) ;0 _ (7,560)(6)

~ B3 iy _ GEOE 5]
= 3.G0B55 in. )

e (Pl 3410) = gt ooz - T2008 ¢ |

= (2.3328 > 10—")(T) in.
The condition for consietent deformation is

_ _(T)e0)
360855 — {2.33‘23 x l'}—!]T’ 3 {“JQMT(M’MDM}
(224200 X 10-4)(T) = 3.00855
T = 1,540.16 Ib

By atatics,
R = 1,170 — (0.4)(1,540.15) = 55304 Ib
Re = 030 — (0.6)(1,5640.15) = 5.81 Ib
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COMPOSITE STRUGTURES

Referring to Fig. 345,
EXERCIZES

178, Analyze the king-post triass ghown by the mrethod of consiatent deformotion,
using the compression in the King-post s e redundant.  Chesk the solution by the

miethod of leagt work, using the teasion in the tie rod a8 the redundont.

2o
AL
e A |
Friz. 348, %% o 1.'-""!
1 ;
IF:i_ET_E' M,dm_l_éEg!E | L -:ﬁ,n
e : E of #imbar =L 500 7T
= GO i £ of stoel= 0,000
@15 % 108255 | [, 3750 — M )a]* ds Fxercien 173
a
n (2250 4+ M)z — M)t de 174, Analyee (he quesn-post truss shown by the method of conaistent deformation,
(1] vaing the compression in the post as the reidikndant, Cheel the sclution by the
i _ method of least work, wsing the tensisn in the tie rod as the redundani.
+ 4 Wt .
(2)70.3068) (30 3 107 (%250 — oM ,)7(120)
f ]
A 1 Jﬁiﬁ' Jacxr
2 A [DEELE w 107 000 — §Ma)3(06) ———
11|l (il [ BN ec dimder ||[€ :
(o8 (aH.) 2 ! ﬁ [{3,750 — $80.)2){ —dx) de Tras !.fda,;-mu. W iy
5 el FPelesd
+J; {(2;251] 'f' ia”;]-r - jj".].[.h; — 1) dz b frd i iz ! ol
P ¢ raff,.:nm:;w*f“i’f
{U-ﬂﬂﬁﬂj@ (6,250 — M =) E of afes! -M:E:ltf“
E!'.l-ltl
PO
" @ (000 ~ ¥ () 176. Anslyse the beam shown by the methad of consistent deformation, using the
) reartion &t E as the redundant, Cheek the selution by the mathod of least work,
(104 (ﬂ'ﬂ-"’) & naing the tension in the stecl rod na the redundant.
=L E :
A 5 844 - 0632810y — 738281 + 113671921, PWtoetrode 1T iong F*
Lo 164763 4 0.56388M, ~ 11111 + 00370431, &0 | 08
[ i "] P
12-5(]29‘.3.!:!& [ ]]Q.Eﬁ.gg A'i g | L . E_... 2
Ma = 870055 fi-Ib clockwise S b o ;
HT = 6,250 — oeMp = 4,410.75 b "
s Erﬂm ~ §Ms = 3,533.41 Ib to the left : E.:H.amr:x,majﬁ‘
B ol A M = 3,349.04 b upward .Enrga'dm.l?ﬂ:;s
RECTEE
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178, Annlyes the strosture shown by the method of consletent deformetion, weng
tha momant at B as the redundant.  Check the seluljon by the methed of fenst work,
uaing the tension in the steel rod os tha pedundant.

E of finbar= | Sophin?
£ o g feaf = KT 000 .-'c,.-"'m-"
Exenciss 176

T4. Rigid Frames Analyzed os “ Composite” Structures, It has heen
stited in Art. 72 that in computing deflections of statieally determinate
rigid frames it is eustomary to consider the effect of bending stresses only
because Lhe effect of direct stresses on the amount of deflections is uanally
msignificant, Also, in analyging statically indeterminate rigid frames
by the method of consistent deformation the effert of direct stresses on
the defleclions is not considered, The slope-deflection, moment-distri-
bution, and column-analogy methods all depend on the same basie
sy mption,

It will be interesting to compare, by means of gome examples, the
results of the exact analysis of rigid frames treated na eorposite strae-
tures when the deflections due to both direct and bending stresses are
conzidered with those obtained from the usual methods of analysis when
the deflections due to bending stresses anly are considered,

Example 105. Analyze the rigid frame shown in Fig. 346 as a com-
posite structure, Compsre results with those obtained from the usual
methods of analysis,

-
o WSS R A=Ti 70 ]

I.TE:

£=30000 Kin!
Fio. 348.

! 411
COMPOSITE 3TRUCTT HES
A4Fa can he apnaidered as the sum

Solutien. The given fravoe of Fig. From the eondition for

of the two frames shown in Fig. 34Th and e
congistent deformation, 2

; _ Y Lo
where Ag 1% the horisontal deficetion ut P of Fig. a%?b a;d Eﬁ': ::?t.- 1:::‘
gontal dpeﬂec:ti:}n st D of Fig 347c when Hy = 1 kip. By

K gy LIt :
G & o 8
g
= +

" )

i |
; S R

fat Iif it ;
Fra. 447,

Mmds | N Sul
ﬂn(ﬂlﬂﬂ-ﬂl*“f"ﬁ"F AL

I'TL- fﬂh (Tiz = 224 (16]) dx + L
= T30,000) (3,635.3)- o
= 04765 in, to the right
Ar (approx) = f ﬂiﬂrﬂ — 394265 in. to the right
wit i w'l
En {axaﬂt-} - f A e Ak
®
=X '-'%Eﬁﬁi {16} dz |
i g (14(36) (1)
+ o) s |, e + aszeGem
= {146.024 + na.623 + 0.408) X 0" in.
= (. 206055 in. to the left
it d.r
b (approx) = T r)
= (146.024 + AR.G23) ¥ 107 m.
— (0.204647 in. to the Jeft

iy 3268 g 9075 kips

Ho {Hmﬂ - mﬁ-

SA4265 40 onne ki
Hao ':.WPN’IIJ = Do0464T b

- imate analysis
i the resulte of the exact v& approx
Thﬁhmlmmmiﬂal:‘l‘ﬁn;gnﬂd 940, MNote the differences in the two defo
BTAR ;

gtructures.
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COMEOSITE BTRUCTURES 413
o kAR

T T o ST

Solubian. Let T be the total tension in the two tie rods, Ao be the
horizontal deflection at the roller support toward the right when the
tie rod is cut, and 55 be the horizontal deflection at the roller support

ek

EW'HHHEHF .dl-ﬂ.grﬂﬁ-l

;L_[n_r.«s'x gL __1 II_

& I
_.I.ﬁ ?:-_ﬂ-l‘,:“'
{ i S 1
1 )
¥

il
S + 208872010Vt clocomise

B B 2P i Lt SN Ee ki
et Deformed shrpefure
Fro. 248

Example 108, A,
method of eonsistony

£

|
L]
i

/

e
B = 2PN 0 rmd e hnchonpe

B O o i (o THCT S
:".g"..l-l.'.\kﬂ:rrrled'ﬂ.'ut.l'l.ll't
Frc, 340,

alyre the rigid frame shown
deformation,

in Fig. 350 by the

i
I 1 T

F

r ——— =i

i
ferl-Reachors

rél=Wament disgram

adind i, BNy

il ;

P
| I

P Ll

7ok n*
{ap-Beapiions

52 pup -1

Py

fiél-pgment dingram

TG TeR i,
= e "h_r g s
£ i
t ' }
T R e ] ’Lyrm"au T T _ | e
fly = 8.76860 % K1 rad!, elochwsive Dy w3 PR Tr W v, ol
- =5 28862 x i raref, counterclockwise =8 F5577T 0 1 e, courer e laknias
fie)-Deformed shrnchure rel-Daformed struches
Fro. 361, Fra. 352

toward the left when a 1-kip load iz applied at 1) when the tie rod is cut,
The condition for consistent defarmation is

T(36)(12) !

Values of An and §p have been found in Example 105

Iaact Ap = 304265 in. o the right
§o = 0205055 in. to the left
Approximate; A = 3.04265 in. to the right
5y = 0.204647 in. to the left
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ATATICALLY INDETERMINATE STRUCTLRES

Thua
T (exnot) = . 0-34205
0.205055 + p.00a1a7 — 154045 kipa
I i) = 3.094265

0204617 - 0.00TEy — 194306 kips

The comparisons of the results of the exact vs

shown in Figs. 351 ani ;
striet ures, #52.  Note the differe

Approximate anelysis are
10es in the two deformed

EXERCISES

rigid framn showe
by the usunl methe

!!T. .lll.llﬂ[_'r:.ll [
with thaose ﬁl:tuimd

B8 & eompnsite gtruaptiees,
ds of m.'ln::l:,-'ﬂ;,'m;I

t.-"1'|III.F|I:I.|". mu[t!

— e

£ =30,0nak"wd
EXErcsn 177

1:& -I‘-HHJF“-' l! ri 'y | [ H W [l
1 1851 f g gho L] I'r.} ul - IT'"“'“'I '3!‘ -l'-'nu:ﬂ.ﬂ'tf'llt l.'II-"IﬂI.'IJL'.-I-hJ:lI
'

ANSWERS TO EXERCISES

4
1. %}é; o ewrard L :-;% doenoird
5. ;;r;; dow nwarid 4. LGRS b, dowrwani
B. 0404 in, downowarcd B, iR in. alowe e prd
; L x
1. ;E;%} o murd e i:‘;” ek wisn
. Lﬁlrﬁl;f rlockwish 10 _;'::TE.? vlock wise
1k, fa = S072 2 1? mel clockwise
fo o= BABD 1072 pad countenlockwiso
1%, 8 = 634 30 10 rad eloelwise
§i = 4,104 ¥ 1072 vad covintere lnckwize
18, gy = 081 % 107 md cowntaroboekwise
Bp = 162 > 1077 rad clockwise
B o= 587 ¥ 100 red connterolonkwise
?‘\:l,':.-’ - - 9
14, By = ég'm e howrine 16 Ses Bx o4,
g = HE_E'} caunberekeclwise 18. Sec Ex. 11.
v .
17, dy = mhgf— eloskwisn 18, 85 = 180 ME{L cennierelockwise
st ey
fo = 182 k—'ﬂ—l counlerchekwise fg = 5hd E:ETF—‘ closkwise
I | i i
apot B = 400820 g thoright Ayt d - 386 BB 4o s cight
Agpul D o= T T3E IEE-:.-” to the rlght Ay mk A = iH-IjEE__-f—tjduwnwmﬂ
At B = 1154 S0 b right
i
19, 4, = 8,008.5 ST counterclackwise
#c = 4. 117.5 hlg:l. eonntarchekwise
Apat A o= 35670 EE'I—W to the pighn
S ik A o= B500D5 k—lﬁt: dow nward

Mg At € = 28 350 !'E‘:Ef'm the left

¢ Angwers are gven o all fieroaea exoopi Eas, 107 to 181 Inelusve, mmsvars b whinh ars idesiienl
with Exs, T2 ko 106 ineboyire,

415




416 STATICALLY INDETERMINATE STRUCTURES

20, 5, — 2187 E;EL;-*"wunurumwm 81 A nt B =415, b the daft

I
#n = 2,108 “EIH counterelookwisa Apat 8 = Fin. downward

At A = 8,561 E0TE g g B e Tl

Apad A = 1T 496 %-j.r.—uduw‘nwd Apab f =0

&HaLﬂ-ﬁ,lh‘rﬁlﬂ'E."Tmtﬂthnriﬂt Kb w1y in to theTae

Ay ont ) = 11,008 !ﬂE'-“-’ downwird

5f
32, Awnt A = 3in. to the left 2% Roo Faxe [ and 8
Ay oot O = 1 inm, to the leff 24, Ber Exa. 2 and O,
Ay nt A = 3 in. downward 28 Bee Exa. g and 10,

28, Bee Exs. Gand 13, Ay =0
27, Beo Faxs. 4 and 11,

Apms = LBUE in. dovwnwnrd &b 10.6 £t from 4
Z8, Beo Exa. §and 12,

Augi = 0ALS in. downward st 10,15 1t from 4

28, Bee Ex. 17, 0. Ben Ex, 18 Bl Bes Ex 19, 20, Bea Ex. 3,
55 _ . :
Jami A 107700 | &y, 1067 3,

e A 0 i

LS o e e = + 444 =275.2

! S + B1.8 =3 &

| | 41481 =388

Lpoviniind] 41944 | 0

i

Bh Ay = DATIA in. to Lhe lefy 85, A =1

Ay = 0468 in. wpward &y = DEIRT in, npward
B 086 ¥ 10 % in, apart 37, 0,201 in. to the right

38, Ax = BTG 2 107%in. to the right &6, See Ex. 88
Ay = 2TRD W 107 in. dowvenrd

dn, ] 1
Joimk Ay Wi | 4w, 1007 i
B et 41481 —211 .4
Ry L == [H] 6 =458
UII--------: +3‘3|I i _m]
Abse sos Ex, 33,

ANSWERS TO EXEECISES 417

Juint A, 1070w, |oo, 107V
1]
] P ', YL R i}
T b o e +1i2 = 15.8
ARl +5T . — 730
| 0 1]
P b R — 3.0 = 15.6
L i i = 6.7 | — T7.7
o = P
-ll]h-i—m{-upwmd di, Wy = Mp 3 %
i 48, B, = 156 kipa upw
R, = 105 kips upwand !
b ﬂ: = 3608 lf:apu upwnrd Ry = 20,38 kips upward

Ry = 13.00 kips upward _
Me = 3018 kip-ft clockwina
47. R = 0.1198 kip downward 48. Hea E :3

Ry = 0.7852 kip upward 49, Bee Ex. 47,

Fep = 0.4401 kip upwnrd

Hp = 00885 kip downward

Jer = 8.70 kipe upward

M. Hy = §022 .'dipltu henr Tl
- ;:?: :.:- E!::Tlrd Ta = 12.4ET krpa upracard
e b upward Hp = 3.078 kips to the lelt
I’:: e ETIEL d:frnﬂurd Vo = 11613 kipe upwnrd

BL Hp = 1.726 kips to the Iefl
Vo = 27862 kipe upward
Mg = 1.726 kipa to the right
Fr = 2.863 kips downward ;
B My = 14.51 Eip-ft mnzuﬁ:ml::
- kip-lt countershonkw, ;
ﬂ;ll': - ?ﬂ:ﬁ ki]l.:l.l to the left; Hp = 3432 _|-|:I|:li to the l=ft
¥V, = 15506 kips upward; Fp = B.404 kipa upward

Bh. Mp = 1.50 kip-ft clockwise B&. ﬁ, = g.ﬁ EE; :.::P:i:dm
e i t.h. it o = X :
f’b = ﬁgﬂﬁﬂmﬂpwh Hy — 6606 kips ta th:ﬁéﬂ.
H: = 11.37 kip-it clockw=e ¥ = 3.503 kipa down

Hy = 2.753 kips 10 the right
Vi = 8.232 kipa lﬂ:!'l’nm!ﬂli
BE. A, = 18T.35 kip"fln glock wins
= 37850 kip-Tt countercloclowion
ﬂ:;i = 8,504 kips to the right; Ho = &.:-M!ﬂp- to e left
¥y = 0.720 kips downward; Fao = 6.790 kips npward
i = Hp = 11.81 kipa ’ ]
o gi-.l:ﬂa injwrtidﬂ.l mamber = 552 kips oompresana
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B8. See Example 44.

BTy = 0] Kip uprwnrd
Fe = 06087 kip upward
Fi = (LMOR Eip downoned
Fo o= 00060 kip downward

B3, 1Nk, = 1462 kips fension
Lglls = 224 lcipn COMpressian
Ll = 02 l‘LI:JJ Lension
gl = 1404 kipa tansion

68, Vo = 20014 kips upward
Fi = 4251 Kips downward
V. = 2R kips upwand
Fo = .23 Eipa downward

B9 Bew Txnmple 45,

6L U,y = 8.0 kips comprousion
Uil = 3,48 kips tonsion
Lylfy = 0,48 kip tension

83. Ses J:".xnmp[a A7
B4, Sos Fxample 43,

BB, Jiy = 3,963 kips upwird
fy = 7.878 kips upward
e = 17.075 kipe upward
Bn = 1784 kips upward

BT, Ha = 3430 kips upward; fy = B0 kipa upward
B = L0397 kipa ypward: ke = 2355 kipa upward
Mo = 542 kip-it olockvrise
B8, Iia = 8147 b upward; By = 14055 1L dovenward
Ho = 12244 [b wprwnrd; e = 4362 Th e |
6. Ry = 6270 th upward; By = 147.54 [ dwn ward
Re = 160,12 |b upward: Bp = 5535 Ib downward
M = 3004 Tt-tb countersloekwise
T0. By = %8 Nips upward; Ky = 7.0 kips upward; Be = 0.8 kips downwsard
My = ZE.% kig-ft |:'.«r|'|I1Lt.|:':rt'!-::-ci“'-b:ti My =48 Eiprﬂ coinberclng low iges
Tl fts = B.45 kips wpward; Mo = 11020 Kipa npward
R = 11021 kips upward; Ko = 186 kips downward
My = 180 kip-fit dlockwise

T2 Beo Fx. 86 T8, Bew Hx. 4T,
T4 See Fx. 70, TE See Ex. 71
Th Bee Ex, 68

P = 4+ 1300F W 104 pad: By = —(L 1541 % 10-% rad
Po = —0.8020 3 102 rad; 0p = +0.2512 % 10~ rad
7T, Bee Ex.dg,
Fa = 1410 = 10-3 i
Py = —02170 3 10-7 rad
Beom — L4340 % 100 pad
T8, Ara = T.50 kip-ft elookwisn: M- = 97,50 kip-Tt chock wisg
Ha = 2.5 kips to the right: F» = 2.25 kipa Lo the lafi
Vi = 4475 kipa upward; Vo = 7,126 kipm npward

Th My = 12478 kip-t counterclockwise 80, My = 0117 kip-f counterslockwias

Mo = 13.22 kip-ft countarsbock wise Fia = 5.907 kips upoard

Hy = 364 kips to the right Feo = 4,008 kips upward

He = 2844 kips to the lefe Ha + He = 0313 kip to the lefi
Fai = 33717 kipa apward M = 142 Kip-ft clockwige

Vo = 38.251 kips upwird Hp = 0313 kip to the right

Fi = 10470 kipa upward

ANSWERS IO EXERCISES 419

B M = 528 kip-Tt countarelockwrise
H,y = 208 kipa to the left
Fy = 7.02 kips uwpward
Mp = 2328 kip-It clonlowiss
Ho = 502 kips to the left
Ve = 808 kips upwarnd

Bl My = 10 Ep-fe elockwisn
B o= B85 kips bothe rightl
Fp = 12037 kipa upward

B3. He = 0887 kips to the keft
Ve = LGB kips dowsward
Hp = 1.170 kips to the right
¥ = 17.862 kips upward
Mg = 082 kip to the leit
Ty = 72232 kips u;f“i S
= 9,125 ki = \
= .5: :-;iﬁp-[l mﬂt::uTTIn-r'}.wiE!!; Fy =078 'h]:l.il.:.nw:nl
Mo = 10 kip-ft countarchockwine; Ve =4 kipa :r_nn' 2Bt
M = G7.5 Kip-it countesclovkwise; iy = 12876 kipa

Vi = 226 kipe apwnrid
BB Bee Ex, 51. 88, Hee Ex, O

- 348 i it Mag = - 106158 kip-Et
= ;fr;: = +8664 kigd; Moo = +IBBAS KRS
80, My = 457 kip-ft clockwise; Ma = BT kip-TL -:n:hr; 1;1
By = 1,83 kips to the right; Ho = 1L.E3 kipa to
¥y = .50 kips upward; Vp = 6.20 kips 1|]:-1-.'|.r|:|
61, fad Mas = +32B.5 kip-fv; (&) & s = +24.8 kip-[t

B7. Hes Ix. 53, 88, See Ex. 4,

g3 Wy = 4470 kip-it eounberclookwiae 8. Mn = 2470 E:—@ﬁhﬁtinr:ﬁi
Hy = 4101 kips to the left ﬁu - g.ﬁkhﬂ ik
¥y = 3,850 kKips downward n = i oty o
Mo = 48.11 kip-i aunterelockwise Mg = Eﬂg EH::::-“ )
ﬂ_pl-frﬂﬂﬂ':hil:ﬁl.u-th!h“- Heg =10, pa

¥y = 3.438 laps ﬂl:-wnwu_'d
My = 88.74 kip-Tt r.'lr.ﬂ.'h'.ﬂu'L?I:
Hy = 15117 kips to the right
Vi = 1008 kign upward

Fo = 3530 kips upwind

Bk Map = +7.44 kip-ft; Moy = 4544 kip-fit
Mus = —20.E3 kip-fi; Mgg = —5.63 Iﬂ!-ﬂ}t
Mop = 28,12 kip-ft; Msc = = 1051 ].;I|',::-i :
05, Mg = —37.01 kip-Te Megp = —22.02 I.:_p-t
Moy = ~2.80 kipfl.  Mae = —11 01 kipdt
Man = -+36.60 kip=lt Moy = +16.5% kl-]:;
Mg = 43031 kipit Mepn = -l—ﬂ.'.i?’-k.‘lp-—t.
88, Map = +0.08 kip-f; Map = +0.00 kip-t
Mos = +5.50 kip-lt; Mog = <024 ﬂp-."
Mex = +23.94 kip-ft; Mor = +2440 kipft
Mae = +51.73 kip-ft; Myo = +20.79 keilp-it
ik i F.ﬂ:s kip-t clockwise
0. Mpa = —T2.18 kipft 100, M il s
.il-f' = 41407 kip-ft Hy = ll_ﬁ'?kl.p&m
Hzi = 53T kip-it ¥u = 30 kips upward
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10L Mgq = 810 kip-it
Ml:ﬂ = =200 ]ll:ip-!b
Moz = +34.0 kip-ft

103, Ry = 1992 kips downward
fig = 14084 kipa fprwnrel
fg = 11208 kips ypward

108 Ky = 3,775 kips upward
Ry = T.550 kigs downwnred
Re = 3,775 kips upreard

144 Ma = M= —iFPL

E
TP T

02, Mgy = 41305 kip-f4
Mea = —64.2 kipit
Mpr = £83.1 kip-fe
M. By = 003 kips downward
£ = D196 kips upwnrd
R = 5107 kips ujprward
Mo = 13089 kip-ft closkwiss
108 Ry = 5250 kips upward
Mg = 15508 kips downwied
e = 10.125 kipa upwnrd
My = 3270 Lip=ft clockwise
B M, = Mz = —&PL

WY M= =B, o

188. Wy = ?E’ Mn - - %II'.:.

193, My = —1,103.3 kip-ft; Mo = —1,104.3 kip-it
160, My = —1,004.5 kip-fL; Mn = 13255 Kip-f1

161 84 = 681050 g, - a8 B0 1em 8, - g0 FE‘:-": Ty = 7,870 Bl

€L
(in = ﬂ.ﬂﬂ; Cha = DLATRG g = D.ﬂ'zlﬁ; Trd = LOSTE
188 M, = —554 kip-it, 164 M, = My = 4BET kip-ft
Mp = 486 kip-fi My = My = = 1714 kip-Tt
My = — 486 kip-ft
Mo = 45304 kip-Tt

188, My = —44.43 kipsit 166, M, = Mp = — 100 kip-ft
My = -+i1.11 ki]:hIE Mep = .'If.:- = —"TH} klp—d.t.
Me = = 1805 kip-ft 107, My = Wy = — 1L 50 kip-it
Mp = 2361 kip-fi Mp = My = —H54 kip=It

168, G Ex. 09, 168, Heo Bx_ 1040, 180, Sce Ex. 101,

181, Bue Ex, 1602 162, Ben Ex. 51 188. Par Ex. 54.

16h M, = —17 41 kip-ft:
Mg = —2.01 kip-it
My = =21.04 kip-ft
Mo = —10.49 kip-Tt
1606. 4 = 3187 1, = 7184; [, = T, T
iy - 0: 0168 0.531; 0.018; 1.092; 0.018; 0531 0.158; 0
Fa = 1.000; IS OLBEE; 0704 OL500 L2 0,136 0L0%S; 0
My = 0; —570; —4.52: F3E; +521; 4-6.68; +4.064; +1.52; 0
168. 4 = 38.02; [, = 2444 [, = 13,380 frp = +4 026
Mo = +0.499; + .82 +1878; +0.053; 403 1,830 0408
Hy = —0.168; —0.401; ~0.770; —0.896; ~0.7725 —0.447: _0.199
Fo = —0.002; 40.018; --0.000: 0243, —082d; —0.264; —0.071
187, fo) M, = 105 kip-Tt clockwise; My = 6,46 kipa to the right; ¥Fg =1
(b} Ma = 168 kip-ft eounlerclockwise; Hy = 10,33 kips to the left; ¥y =0
) My = 305 kip-ft counterclockwise; o = 1.038 kipa to the left; ¥y = 0
[d) My = 525 kip-ft counterclockwine: iy = 3.23 kips to the left; ¥y =0

421
ANSWERE T0O EXERCISES

& ekt Wao= 0TI Kip
(e} My = 488 Kip-it chickwhse] la = 4.38 Kipu to the reht; ¥
upward i Yl B _¢_{35!:i.pata}th=_|-{'f“- Vim0
of) M = 72,86 kip-it ..-uunhu'r-lmtwl £ H.i T 0¥, = 0371 kip upward
= 1453 kip-ft countercloe wigh; SUa i T = LD lpe ups
BB F ; ::: e Eﬁ-ir:-rn clockweise; Ha = 470kige ta the Hghl; Fa
168, m)

fr} ;ijﬂ- it kip-Tt sounterclookwise: a4 = 702 lsipa &0
L kig= dnwnwsrd o Ha = 1.41 ¥ipa to the i Va - 048
de] My o= 42.1 kip-ft counlerclogkwinse] Ha :
kb I‘|-l:lﬂ.'|:|1rl'|l.'|#
(gl My = T2 kip
| . i ight; ¥ = 1.33 ki
{a Elilr JOE;: Ep—ﬁ. clockwisn, Ha = 2.85 kips o the right: Va P
[ & = ok

ibe bafly Vi = 26

i ;| w ()R
b sounierdoskwise; Ha = 235 kips to the lelt; ¥

grald 4 = 284 kips 1o the laft; ¥y o= 0BG

(M. =502 kip-ft ponmberclopkwiae] I

in downward . o
(gl T‘I}F: lrimﬁrlili_;}:ip-ft plovkwlne; Ha = 107 kipe o tha righ

V. = 062 kip

iy - kip-it
o om BTt LTL Mg e =iy
SR Brnocple 100370 Tves 2 e Mea = it Kbl
178 Man = +335 It-Ib i
Wi = 708 frlb i 174 BE = 4,520 Ih compresion
178, B} = 2,330 Ih compresean AE = 9,175 I tonsion

Ad} = 2,258 I tension

176, T = 1,384 Jb Lensiomn | X

5 = 544 [b 'JI"‘“'IIH'J . 178, T in rods {approx) = Tl 1 ¥

171. H. Iinl:l[!-m;,'l =L:25M1M HF;IHTH o oae) = 12201 Rip
i p (exact) = La

1TE. See Fxample 1.
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ko vlosed frames, 318, 199
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to galle frames, 325
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09, 410
of statically indelerminate heame,
T4, B
of atationlly indetermingio frames,
B2, 101
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105, 100, 115, 1149

I

Deflactions, of heams (g Benma, deflop-
liong and rotations of)
of Irames {see Fromes, deflations nnd
ratalions of}
of brisses (e Trusses)
Distribinbion fmotors, 218

F

Frames, unalysis of sintically indoter.
minabs, methods for, consistent-
deforniation, 2, 100

rnoment-distribation,
2

slope-defection, 157, 168, 155

eloged (aes Closed frames)

deflectivns and rotations of, due to
mavaments of supports, 33

msthods for, moment-nrea, 44

unit-fond, 28

gable ser Gahle frames)

rigid, analysed ns com pasite situetiyrag,
A1

M 24,

G

Cable frames, methads For annlysis of,
colump-anplogy, 525
minment-dstribation, a0
slope-cefeetion, 100
Cheametry, conditions of, 3



424
I

Indeterminancy, degree of, 1
J
Jolnt-dlaplacements methad, 60
Li

Logat work, theorem of, 86
appdicd t0 composite atroctures, 401

M

Mohr disgraan, 69
Momant-area mathod 16 4 40, 44
Moment distribution, check an, 224, 253
Muosseni-distnbution method, 216
moalysis by, of gable frames, 260
of alstically indetermingle beams,
219, 24
with members laving variahle
crazl apekions, 280
of statically indeterminate frumes,
6,243, 264

r
Purtinl derivative method, 22
K

Reciprocal deflestions, law of, 78, 108
Redundant, definition of, 1
Relutive atiffnes, 141
Raotations, of heams (see DBeams, deflsc-
tions and rotations of)
(aee Prames, dellections and retations
o]

Secondary ateesses in trusses, 384
Blope-deficction squations, 130, 145
for members with vardalle cross sec-
tioms, 202
Elope-deflection mathod, 137
analyeiz by, of gnble frames, 190
af statieally mdeferminets binang,
140, 150
with members having  varishis
ervas sertions, 02
of statically indetcrminate frames,
157, 165, LES

- -

STATTICALLY INDETERMINATE STRUECTFURES

Btiffnean, relative, 141
Blilfmess fantor, 217, 997
for members with variable eross oo
tiona, 280, 305
madifed, 225, 4%
Buiperposition, prineiple of, &
Bupparts, vielding of (ee Yielding of
Bupparis)

T

Thret-moment, equation, 121
‘J.':run-r-nl, nnalyvais of ll:-nl:icn,][; indeder-
minale by consizteniadeformalion
method, 105, 110, 116, 119
deflections of, methods for,  angle-
weiphls, 55
graphical, 64
Jeint-displacements, &
umit-Jogd, 44
preopdiry stresses in, 384

o

Unit-laad methad, T
application of, to deflections and rota
Lians, of benms, 0, 14
o Frivmes, 25, 34
b deflections of trasses, 48

v

Voriable croms sections, members of,
0%, 280, 208, 105

w

Williot. dingrom, 5
Williot-Mohr diagram, 63

¥
Yielding of supports, effect of, on fived

ardhea, 370

on satically lodelécminats’ beame,
89, 181, 150, 229

on stotically iodeterminate frames,
101, 185, 204

on statically indeterminsts trosses
1148




