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Preface

The main objective of this volume is to provide students of civil, mechanical,
aeronautical and marine engineering as well as those interested in structural analysis
with the essentials for analyzing statically indeterminate structures. This book
allows them to acquire sufficient knowledge to study and analyze statically
indeterminate structures. The reader will find a series of exercises at the end of each
chapter that can be used to deepen their knowledge and improve their ability to
master statically indeterminate structural analysis methods.

This book is the second volume of structural analysis. The first volume is
devoted to analyzing statically determinate structures, whereas this volume is
exclusively analyzes statically indeterminate structures. Every chapter is designed in
a specific way: an illustration of the objectives and the parts covered, a general
introduction, a theory of the proposed approach, a numerical study of some
examples and a summary at the end. Each chapter concludes with a series of
problems. The primary objective is to meet the needs of mechanics students,
allowing them to acquire the necessary knowledge and to apply statically
indeterminate structural analysis methods. In addition, the numerical examples used
are common across different numerical methods.

The book is divided into seven chapters dealing with statically indeterminate
structures. It offers a comprehensive presentation of statically indeterminate
structural analysis methods.

Chapter 1 is a general introduction to analyzing statically indeterminate
structures. Chapter 2 presents the analysis of single span statically indeterminate
beams (the method of three moments), the study of continuous beams (the
Clapeyron method) and the focus method. In Chapter 3, the method of forces is
described in the analysis of statically indeterminate beams, statically indeterminate



x  Structural Analysis 2

frames and statically indeterminate trusses. Chapter 4 describes the slope-deflection
method for the analysis of flexed elements, such as beams and frames. Chapter 5
illustrates the moment-distribution method. Chapter 6 looks at the influence lines of
support reactions and/or internal actions of statically indeterminate structures under
moving loads. Chapter 7 is devoted to the analysis of statically indeterminate arches.
For this, two categories of arches are used: semicircular arches and curved arches.

Finally, we hope that our approach in this book’s publication will meet the needs
of students interested in this scientific and technical subject. Nevertheless, we are
very aware that the work presented is not exempt from mistakes. For this reason, we
warmly welcome any corrections and comments, which will improve future editions
of this book. Comments or suggestions can be sent to the email addresses found on
the website www.freewebs.com/khalfallah/index.htm.

Salah KHALFALLAH
July 2018



Introduction to Statically
Indeterminate Structural Analysis

The teaching objectives of this chapter are as follows:
— the importance and usefulness of statically indeterminate structures;

— calculating the degree of external and internal static indeterminacy of the
structures;

— analyzing kinematic static indeterminacy;
— illustrating the strengths and weaknesses of statically indeterminate structures.

In the first part, we give a general introduction to the methods of analyzing
statically indeterminate structures. In this context, we describe the external, internal
and kinematic static indeterminacies of the structures. In the second part, we
illustrate the analysis methods for statically indeterminate structures. Lastly, we list
the advantages and disadvantages of statically indeterminate structures.

1.1. Introduction

Structures are grouped into two categories: (1) statically determinate structures
and (2) statically indeterminate structures. The static equations are not sufficient for
analyzing statically indeterminate structures. In this case, the number of unknowns
is strictly greater than the number of independent equilibrium equations.

The primary role of analysis of a statically indeterminate structure is to remove
the static indeterminacy of the given structure. This removal means that we can
calculate the support reactions and the internal actions when the structure is solicited

Structural Analysis 2: Statically Indeterminate Structures,
First Edition. Salah Khalfallah.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.



2 Structural Analysis 2

by mechanical loads, or subjected to deflections, and/or undergoing a support
settlement. The analysis methods for statically indeterminate structures are used here
to make the number of unknowns equal to the number of equations, which allows
the problem to be solved.

This book is particularly devoted to the analysis of statically indeterminate
structures. To present the differences between the analysis methods for statically
indeterminate structures, the problems we consider generally have a common object
across the analysis methods. In this context, each chapter illustrates the theoretical
foundation of the analytical method, presented in detail and accompanied by a series
of numerical examples.

1.2. External static indeterminacy

The purpose of structural analysis is to determine the support reactions and the
variation of internal actions in the elements of a statically indeterminate structure.
The static indeterminacy of a structure can be internal, external or internal and
external simultaneously. It is called externally statically indeterminate if the number
of support reactions exceeds the number of independent equations. The
plane structures are externally statically indeterminate if the number of support
reactions is greater than 3 (Figure 1.1) and it is greater than 6 if the structure is
spatial (Figure 1.2).

From this explanation, we define the degree of static indeterminacy of a system
by the difference between the number of support reactions and the number of
independent equations that can be constructed. The degree of external static
indeterminacy f of a plane structure [1.1] or a space structure [1.2] is deduced by

f=r—(3+k) (1]

f=r—(6+k) (2]

We calculate the degree of static indeterminacy of the beam and frame
(Figure 1.1).

Beam, f=5-3=2

Frame, f=10-(3+1)=6



Introduction to Statically Indeterminate Structural Analysis 3

i B g c
5t x S5 1Y 7

Figure 1.1. Statically indeterminate externally of plane structures’

a

»
. e T
ﬂ'* II

(3)

Figure 1.2. Statically indeterminate externally of space structures

For space structures (Figure 1.2), the degree of static indeterminacy is
Frame (1), f=12-6=6
Beam (2), f=10-6=4

Frame (3), f=24—-(6 +12)=6

1 All of the figures in this chapter are available to view in full color at www.iste.co.uk/
khalfallah/analysis2.zip.
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The degree of static indeterminacy of trusses is calculated by using relationships
[1.1] and [1.2]. Figure 1.3 presents plane and space trusses.

\4

—

Figure 1.3. Externally statically indeterminate plane structures

The degree of external static indeterminacy of plane structures (Figure 1.3) is
Structure (1): f=4-3=1
Structure (2): f=6-3=3

In the same way, space truss structures (Figure 1.4) are the most used in the
construction of large exhibition halls and sports halls, etc.

Figure 1.4. Statically indeterminate space truss

The degree of static indeterminacy of the structure is

f=12-6=6
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1.3. Internal static indeterminacy

In this section, we describe how to calculate the degrees of static indeterminacy
of trusses, frames, beams and crossbeams.
1.3.1. Truss structures

Consider a truss structure with » support reactions, b bars and # joints including
support joints. The number of unknowns (b + r) of the problem is the support

reactions and the forces in the bars of the truss.

At each joint of the truss, it is possible to write the following equations:
S, =0 [1.3a]
z F, =0 [1.3b]
So, the total number of independent equations is 2n.
We define the degree of internal static indeterminacy by
f=0b+r)-2n [1.4]
EXAMPLE 1.1.—

Calculate the degree of internal static indeterminacy of the structure (Figure 1.5).

Figure 1.5. Given truss

Applying relationship [1.4] allows us to calculate the degree of static
indeterminacy.
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r=5b=14, n=8
f=04+5)-2x8=3
The given structure is 3 times statically indeterminate internally.

In the case of a space truss, the equations of static are written as

S F, =0 [1.5a]
> F, =0 [1.5b]
Y F =0 [1.5¢]

In the relationship [1.4], we can calculate the degree of internal static
indeterminacy by

f=0b+r)-3n [1.6]
EXAMPLE 1.2.—

Calculate the degree of internal static indeterminacy of the truss (Figure 1.6).

H

Figure 1.6. Space fruss

n=4, b=3, r=9
=3+9)-34=0

The structure is statically determinate internally.
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EXAMPLE 1.3.—

Calculate the degree of internal static indeterminacy of the structure (Figure 1.7).

Figure 1.7. Space fruss

n=8,b=13, r=12
f=(12+13)-3.8=1

The structure is once statically indeterminate internally.

1.3.2. Beam and frame structures

Relationships [1.4] and [1.6] can be applied to frames and beams with rigid
joints to calculate the degree of internal static indeterminacy. For each rigid joint, it
is possible to write three equations:

> F =0 [1.7a]
> F, =0 [1.7b]
ZMI. =0 [1.7¢]

Note that each end of the bar on a beam or a frame has three unknowns. So we
define the degree of internal static indeterminacy by

f=@Bb+r)-3n [1.8]
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where 7 is the number of rigid joints including the support joints. If the frame or
beam contains & hinges, the relationship [1.6] is written as

£ =0Cb+r)-Gn+k) [1.9]

EXAMPLE 1.4.—

Determine the degree of internal static indeterminacy of the structures
(Figure 1.8).

1 b=2,r=6,n=3
77 & A f=(32+6)-33=3

b=4, r=6, n=5, k=2
f=@B4+6)-35+2)=1

b=3,r=6, n=4, k=1
¥ J f=(B3+6)-34+1)=2

Figure 1.8. Static indeterminacy of frames and beams
For space structures, we can write six equilibrium equations per joint and each
bar has six unknowns. The degree of internal static indeterminacy can be deduced by

f=(©6b+r)—6n [1.10]
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If the frame or beam contains k& hinges, the degree of internal static
indeterminacy is written as

S =(6b+r)—(6n+k) [1.11]
EXAMPLE 1.5.—

Determine the degree of internal static indeterminacy of the structures
(Figure 1.9).

b=8,r=24,n=8
g f=(6.8+24)-68=24

%Z b=2,r=9,n=3
2 S f=(62+9)-63=3
Figure 1.9. Static indeterminacy of space beams and frames

1.3.3. Crossbeams

There is a layer of orthogonal beams linked together at the levels of the rigid
joints. At each joint, we can write the following three equations:

ZFZ = [1.12a]
ZMX = [1.12b]
ZMZ =0 [1.12¢]

At each end of a bar, we consider a vertical force along the axis (zz), bending
and torsion moments (M, M,,, M,,) (Figure 1.10).
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The internal forces at any section can be determined when three out of six
actions of a beam element are known. Therefore, each member presents three
unknowns and the degree of internal static indeterminacy is obtained by

f=@b+r)-3n [1.13]
]
P 1 E;
5 y I Y i A
4 ! ¥
1
T T

Figure 1.10. Crossbeams

Especially when the links between the bars are joints, the degree of internal static
indeterminacy becomes

f=02b+r)—(Bn+2n*) [1.14]
where n* is the number of articulated joints and » is the number of joint supports.
EXAMPLE 1.6.—

Determine the degree of static indeterminacy of the crossbeams (Figure 1.11).

b=18,r=18,n=15
f=(3.18+18)—3.15=27
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b=18,r=18,n=6,n*=9
f=@.18+18)—- (3.6 +2.9)=36

Figure 1.11. Crossbeam layer

1.4. Kinematic static indeterminacy

When a structure is stressed by one or more external actions, the joints of this
structure undergo deflections. The method of displacements advocates rotations and
displacements of the joints of the structure as unknowns of the problem.

The continuous beam (Figure 1.12), for example, is fixed at A and simply
supported at B and C. It is solicited by a load q(x), which causes a deflection.
Fixing A prevents rotation and displacement while supports B and C do not come

from displacements following the vertical direction by allowing rotations @, and

@, . In the case of vertical loads, there aren’t longitudinal forces; for this reason, the

horizontal displacements are neglected.

q(x)

Z vy nlww'l‘\wc c

NM—_—" & D

z

Figure 1.12. Deflection of beam (AC)

The unknowns of the problem are effectively independent rotations @ and @ .
The number of independent deflections is called the degree of kinematic static
indeterminacy or the number of active degrees of freedom. It encompasses all
displacements and rotations of movable joints. The determination of the degree of
kinematic static indeterminacy is briefly established in the following examples.
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EXAMPLE 1.7 —

Determine the number of degrees of kinematic static indeterminacy of the
structures (Figure 1.13).

C

w
1 m
RN

(a) (b)

Figure 1.13. Given structures

The structure (Figure 1.13(a)) is isolated from the external environment and we
deduce the vector components from the kinematic degrees of static indeterminacy.

{a})=(ui v &) si=aB.CD [1.15]

Linking the structure to the supports makes it possible to quantify a few degrees
of freedom (Figure 1.14). The vector grouping these degrees of freedom is called the
passive degree of freedom vector, which is

{qp}=<uA Va @ Up vD>VE>t [1.16]

Note that any component of the passive degree of freedom vector is zero.

Using relationships [1.15] and [1.16], we deduce the vector of active degrees of
freedom by

t
{qa}=<u3 Vg Wy, Uc Ve O, Op,Ug a)E> [1.17]
The degrees of freedom vector of the structure (Figure 1.13(b)) is given by

{qo}=<u,- v, a),.>t .i=A,B,C
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The passive degrees of freedom vector is given as

t
{qp} :<”A Va wAa"Ba“ch>

The active degrees of freedom vector is deduced by

{%} = <“B Wy, a’c>t

For strusses, the forces are applied to the joints and each bar is subjected to a
normal force. The joints undergo translations according to the orthogonal directions
and this allows us to work out the structural deformation.

EXAMPLE 1.8.—

Determine the active and passive degrees of freedom of the truss structure
(Figure 1.14).

A

Figure 1.14. Plane truss

We isolate the structure from its supports (Figure 1.15).

E F G

A B C D

Figure 1.15. Free-body structure

Each joint of the structure (Figure 1.15) can experience displacements along the
axes (xx) and (yy).

Lo} =<ui v >t .i= A.B.C,D.E.F.G
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The passive degrees of freedom vector is given as

{Clp} = <”A Vi VD>t

Hence, the active degrees of freedom vector is given as

t
{%} =<“B Vg, U, Ve ,Up, U Vi, Up VE,Ug VG>
EXAMPLE 1.9.—

The truss structure (Figure 1.16) is three-dimensional. Each joint moves in the
three orthogonal directions. So each joint has 3 degrees of freedom.

Figure 1.16. Space truss

Each joint of the free-body structure (Figure 1.17) can undergo three

displacements along the orthogonal axes. The degrees of freedom vector of the
structure is given as

t
{qo}:<ui v, wi> .i=A,B,C,D,E,F,G [1.18]
The passive degrees of freedom vector is given as

t
{Qp} =<“A Va Wa>Vp WpslUc WC>
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Hence, the active degrees of freedom vector can be deduced as

t
{%} :<”Ba VesUp Vp Wp, Up Vg Wg,Up VE WF>

4
Loz !
Bﬂx

Figure 1.17. Free-body structure

1.5. Statically indeterminate structural analysis methods

Since the mid-1800s, several methods have been developed to analyze statically
indeterminate structures. The static equations are insufficient to analyze this type of
structure. In order to do so, it is necessary to use a statically indeterminate
structural analysis method, regrouped in two categories: (1) the method of forces or
flexibility and (2) the method of displacements or rigidity.

In the method of forces, the number of external actions must be eliminated,
making the fundamental (statically determinate) structure equal to the degree of
system static indeterminacy. The obtained structure is called a free-body structure,
which undergoes inconsistent deflections at the site of the eliminated actions. To
correct these deflections, we must apply unit actions instead of ignored forces. For
example, in the method of forces, the solution is obtained by constructing a system
of equations whose number is equal to the degree of static indeterminacy. In this
case, the unknowns of the problem are the redundant actions and the final solution is
obtained by a superposition of the effects of the eliminated actions.

In the displacement method, the fictitious supports must be introduced to prevent
the joints from having a freedom to move. Then, we can calculate their corresponding
support reactions. This allows us to calculate the displacements at the level of the
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fictitious supports, which create actions at the ends of each bar. Lastly, we use the
superposition principle to calculate the final actions at the ends of each bar.

The unknowns of this method are displacements. In this case, the number of
fictitious supports added must be equal to the number of possible displacements of
the structure. The bases and principles of the methods for analyzing statically
indeterminate structures are described in detail in Chapters 2—6.

1.6. Superposition principle

When the deflections of a structure are proportional to the actions which
generate them, the superposition principle can be applied. Note that all actions
applied to point i generate deflections at point j; force F; creates a displacement &,

at point j (moment M; generates a rotation @, at point j). In particular, force F;

(moment M;) creates a displacement J;; (a rotation @, ) at the point of application i.

We first apply force F; to beam (ABCD). This force generates a deflection field

of the beam including displacements &; and &, at joints i and j, respectively. In
the same way, we apply force F; to point j that generates displacements ¢, and ¢ ,
respectively, at joints i and j (Figure 1.18). This approach is clarified in Figure 1.18.
The relationship between the applied force and the resulting displacement is given as

0 = fi [1.19]

where f;; is the displacement at point i when a unit force is applied at the same point

in the direction of force F;. We apply force F; at point j that generates a displacement
d,; at point i.

8, = 1, F, [1.20]

y J

If both forces are simultaneously applied, the displacement &, at point i is given

as

6 = fu ki +fi]'Fj [1.21]
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F, F, _
£ i 2 AA;W
0 9

;i S 0.

ij J
Figure 1.18. Superposition of displacements and forces

The relationship [1.21] can be generalized for several simultaneously applied
forces. The total displacement at point i can be evaluated by

0. =fuFy + [Py + fi3Fy + . + [, F, [1.22]

n-n

In matrix form, relationship [1.22] is written as
5 =[fl.i}{Fj} [1.23]

In general, all actions A4; can be a support reaction, a bending moment, a shear

stress or a normal force; due to the effect of several external actions, they can be
obtained by a superposition of effects.

A, =[AMUJ{F].} [1.24]

where 4, is the intensity of the action at point i when a unit action is applied at
joint .

The relationship [1.24] evaluates the magnitude of the action of a statically
indeterminate structure by using the principle of the superposition of effects of this
action of statically determinate systems due to the effect of unit actions (see Chapter
3 for more details).

1.7. Advantages and disadvantages of statically indeterminate structures

Obviously, statically indeterminate structures have advantages and disadvantages,
which are shown in the following section.
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1.7.1. Advantages of statically indeterminate structures
Some of the advantages of statically indeterminate structures are as follows:
— Rigidity

Statically indeterminate structures are known for their rigidities (small
deflections) compared to statically determinate structures (Figure 1.19).

q q
Yy v v A v v vV VY 77 v Y \4 v \4 vV V Y
_ 5 gt 1 gt
mx 384 EI mx 384 EI
L, El L, EI

Figure 1.19. Maximum displacements

Moreover, we can see that the maximum displacement of a statically

. . .1 . .
indeterminate structure is 5 compared to a statically determinate structure.

— Stress

Maximum normal stresses in statically indeterminate structures are smaller than
those generated in statically determinate structures by keeping the same geometry
and applied loading (Figure 1.20). This figure shows that the maximum moment of
the statically indeterminate beam is weaker than that of the statically determinate
beam.

— Distribution of actions

Statically indeterminate structures have a great ability to distribute actions such
as the slope-deflection method (Chapter 4) and the moment-distribution method
(Chapter 5). This property has not been considered during the analysis of statically
determinate structures.
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q q
2
iz ,\\l Ny i
YYVY V V V VYVYY M:E [ v YV VY ¥V) 12
>
qu 7 _LLZ
Mmax = ? max 24
L, El L, EI

Figure 1.20. Maximum bending moment

The advantage of the distribution of actions is observed when a portion of a
structure undergoes a localization of stresses or damage due to an earthquake, an
impact force, a crack, an explosion or another force. In addition, statically
indeterminate structures contain several structural elements and supports that make
the structure more rigid, which statically determinate structures do not have.

Furthermore, if a bar or support deteriorates, the statically indeterminate
structure will not necessarily be damaged and the load can be distributed to adjacent
elements. The destruction or elimination, for example, of the interior support of
statically indeterminate and statically determinate beams, damages the statically
determinate beam, while the statically indeterminate beam becomes a statically
determinate beam (Figure 1.21). In this case, the damage is an elimination or
destruction of the interior support.

Hinge ,é, ?é_
- o

.
Statically
indeterminate beam

Unstable beam

He

=

Statically determinate beam " Statically
determinate beam

Figure 1.21. Destruction of the interior support

1.7.2. Disadvantages of statically indeterminate structures

The disadvantages of statically indeterminate structures compared to statically
determinate structures are as follows:
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— Support settlements

A support settlement does not generate stresses in statically determinate
structures, but it does in statically indeterminate structures. For this reason, it is
necessary to take this effect into account during the design phase.

To clarify this phenomenon, consider a support settlement of a statically
determinate beam with a hinge and another statically indeterminate beam (see
Figure 1.22). The members of the statically determinate beam undergo the
movement of the rigid body because of the presence of the hinge, whereas the
support settlement of a statically indeterminate beam generates additional moments
to those of the mechanical loads at the ends of each bar (Chapters 4 and 5).

Hinge

Statically determinate beam Statically indeterminate beam

Figure 1.22. Support settlement

— Temperature change and manufacturing errors

Identical to the effect of the support settlement, the effect of temperature or a
manufacturing error does not cause any additional stress in statically determinate
structures but can generate significant stresses in statically indeterminate structures.

When a statically determinate beam is subjected to a temperature change AT, it
lengthens by d =a.AT.L (& coefficient of thermal expansion) and no stress can

develop inside the beam because of the freedom of movement given by the hinge
(Figure 1.23).

However, the statically indeterminate beam is impeded at its ends vis-a-vis the
axial deflection. The temperature effect creates an axial force of intensity equal
to aAT.EL). The effect of a manufacturing error is very similar to that of the

temperature change.
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0=aATL
A 3 F ! F=0ATEQ

L L

Statically determinate structure

Statically indeterminate structure

Figure 1.23. Temperature effect

1.8. Conclusion

In this chapter, we first presented in detail the external, internal and kinematic
static indeterminacy of statically indeterminate structures. The static indeterminacy
of a structure plays a very important role in choosing the appropriate method of
analysis.

In the second part, we illustrated statically indeterminate structural analysis
methods that are classified in two categories: (1) the method of forces or flexibility
and (2) the method of displacements or rigidity.

As it is important and commonly used in the analysis of statically indeterminate
structures, the principle of superposition of effects is described.

Finally, at the end of this chapter, we have illustrated the advantages and
disadvantages of statically indeterminate structures compared to statically
determinate structures. In this, several parameters are cited showing their impacts on
statically indeterminate and statically determinate structures.

1.9. Problems

Exercise 1
Determine the degree of static indeterminacy of the following plane structures:
3 2 A

ﬂ .S 3 J R
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Exercise 2

Determine the degree of static indeterminacy of the following plane structures:

O}

=
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Exercise 3

Determine the degrees of internal and external static indeterminacy of the
following plane structures:

b —— ,é_

Exercise 4

Determine the degree of internal and external static indeterminacy of the space
structures given in Exercise 2.

Exercise 5

Give the vector of the degrees of freedom of the free-body structure, the vector
of the passive degrees of freedom and the vector of the active degrees of freedom of
the structures in Exercise 1.

Exercise 6

Give the vector of the degrees of freedom of the free-body structure, the vector
of the passive degrees of freedom and the vector of the active degrees of freedom of
the structures in Exercise 2.
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Method of Three Moments

The teaching objectives of this chapter are as follows:

— formulating the three moments equation at which the support settlement can be
taken into consideration;

— applying the compatibility of the deformations to the supports of continuous
beams;

— calculating the actions at the ends of each bar and deducing the support
reactions;

— analyzing continuous beams with variable moments of inertia.

This chapter presents the formulation of the three moments equation for the
analysis of single span statically indeterminate beams. The successive application of
the three moments equation leads to the formulation of the Clapeyron method. This
derivation is formulated in the general case taking into account the support
settlements. Directly applying the three moments equation to the continuous beams
leads to the formulation of the focus method.

2.1. Simple beams

To describe the method of three moments, particular attention is given to the
condition of compatibility of the deformations at the supports. We therefore consider
a statically indeterminate beam with a single span of length L, flexural rigidity (EI)
and subjected to a load q (x) (Figure 2.1). For a general description of the analysis
method, the beam considered is fixed at its ends.

Structural Analysis 2: Statically Indeterminate Structures,
First Edition. Salah Khalfallah.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.



26  Structural Analysis 2

qx

7
1A ELL Bé

Figure 2.1. Single span beam’

i

The statically indeterminate beam can be divided into several statically
determinate systems.

1) A fundamental or basic structure

We ignore the effect of fixing at supports A and B to make the beam statically
determinate (Figure 2.2). The resulting system facilitates the calculation of slopes or
rotations at supports A and B, denoted by a)'A and a);;. Using a method for

calculating elastic deformations, such as the virtual work method, makes it possible
to calculate the slope expression at support A.

q(x
AQ. 0
zr\\\\\\_////QQB
: T

Deformed beam

Figure 2.2. Statically determinate structure

L
cngﬁggﬁﬂw: [2.1]

where (x) and m(x) are, respectively, the bending moment of the fundamental

system and the unit moment applied to joint A, respecting the sign convention of the
positive moments (Figure 2.3).

A
MALK;% i%

Figure 2.3. Unit moment at joint A

1 All of the figures in this chapter are available to view in full color at www.iste.co.uk/
khalfallah/analysis2.zip.
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m(x)=—(1->) [2.2]
L
The slope at joint A can be calculated by

L pu(x) (1 —%)

, =—_[de [2.3]
0
A MB: 1.
VAN B
A 2

Figure 2.4. Unit moment at joint B

In the same way, we can calculate the slope a)j"g by applying the unit moment in

the positive direction at joint B (Figure 2.4). The bending moment is written as
X
== 24
m(x) 7 [2.4]

The slope at joint B is then given as

wy = j E—de [2.5]

Relationships [2.3] and [2.5] give the formulas for slopes at the end joints of bar
(AB) of the fundamental system.

2) Fixing effect

The fixing of bar (AB) generates moments M, and Mjp at supports A and B.

Potentially, each moment generates slopes at the ends of the bar. Either 8,(M ;) or

65 (M ;) are the slopes at points A and B due to the effect of the fixing moment M
(Figure 2.5).

M(x) = —MA(I—%) [2.6]
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. @(MA) 05(M )
A M %B

Figure 2.5. Effect of fixing moment M

The variation of the bending moment along the beam due to the effect of the unit
moment applied to joint A is written as

X
mx)=-(1->) [2.7]
L
Using the theory of virtual work, the slope expression at support A is given as

L L=y
M%){[%d =M _[ L dx [2.8]
0

Similarly, the slope at joint B due to the effect of M, can be deduced by applying
a unit moment at support B. In this case, the expression of the bending moment
along the beam is written as

m(x) = % [2.9]

x

0,(M ;)= j M (x)’”(x) M j [2.10]

The same procedure is used to express the slopes at the ends of bar (AB) due to
the fixing effect at joint B (Figure 2.6).

The expression of the bending moment is given by

M(x) = MB% [2.11]
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The slopes at the ends of bar (AB) are expressed by
1- —)—
M L(
0,(My)= j (x) m(x) M I L — L Ly, [2.12]

e(M)

AA 6,(M,) )

Figure 2.6. Effect of fixing moment Mg

(5)?

L
M). ’"(x)d =M3j%dx [2.13]
0

0,(M ) = I

3) Support settlement effect

The support settlements occur when one or more structural supports displaces
with different values. If this phenomenon is taken into account in the analysis, it is
necessary to introduce the slopes of the bar into the general formulation, which can
be obtained from the beam’s deformation (Figure 2.7). The settlements are generally
considered very small and the corresponding slopes at the ends of the bar denoted

by B, and S5 have the following expressions:

Ap = Ay

. [2.14a]

Ba=-

AB _/1A

: [2.14b]

By =-

The negative sign is introduced in expressions [2.14a] and [2.14b] to respect the
sign convention used. It is remarkable that these two slopes have the same value and
the same direction of rotation.

B=pB,="055 [2.15]

Using the superposition of effects principle and the kinematic conditions at
supports A and B, the slopes at supports A and B are written as:
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W, =@y +6,(M ) +6,(My)+5=0 [2.16a]
Wy = Wy +05(M )+ (M )+ =0 [2.16b]
q(x)

Figure 2.7. Support settlement effect

Substituting the slope expressions [2.3], [2.5], [2.8], [2.10] and [2.12-2.14] with
the equation system [2.16], we obtain

L (1) L1y L1-5%
j L dx+Mj L dx— Mj L de+ﬁ 0 [2.17a]
LX) L= >
[ EIL —MAj#dﬁMj dx+,B=0 [2.17b]
we put
L=y
azj L dx
L1-5H~
b= L L gy
Y E
X2
(Z)
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The integrated quantities a, b and c are called the mechanical constants or the
flexibility coefficients, which characterize the mechanical properties of the beam.
They depend on the geometry and the flexural rigidity of the beam.

The relationship [2.17] is written as

X
Lﬂ(X)-(l—Z)
- dx+aM ,—bM,+ =0 [2.18a]
' El
X
Lﬂ(x)z
[ edv=bM, +cMy+ B =0 [2.18b]

0

In case of a constant inertia of the beam, the mechanical constants a, b and ¢
have the following expressions:

a=Lj(l_£)zdx=L [2.19a]
EIY L 3EI
L
b=ij(1-i)idx=i [2.19b]
El L L 6E]
c:ij(i)zdxzi [2.19¢]
EIL 3EI
Expressions [2.19] conclude thata=2b=c¢ - L .
3EI
The system of equations [2.18] becomes
—Lj u(x).(1=2)dx+aM ,—bM , + =0 [2.20a]
El L

L
% ) dx b+ e, + =0 [2.20b]
0
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The relationship [2.20] can also be written as

aM ,—bM, = éi u(x)(1 —%)dx ny; [2.21a]

L
—bM ,+cM, = —%J.,u(x)%dx— B [2.21b]
0

Resolving the system of equations [2.21] allows us to calculate fixed-end
moments M, and Mp.

If the support settlement is neglected in the calculation, the system of equations
[2.21] is reduced to

1 L
aM, ~bM, = — [ uxa- %)dx [2.22a]
0

1§ b
—bM ,+cM, = _E£ px) - dx [2.22b]
The fixed-end moments of bar (AB) potentially have the formulas

Juca D I Mo [2.23a]

MA=—2 ;
)1 b)

My=——— j MO (1= )

bz) j p(x )(—)dx [2.23b]

bz)

The resulting bending moments are a combination of the bending moment of the
fundamental system, the effect of the fixing moment M, [2.2] and the fixing moment
Mg [2.4]. At any section x, the bending moment is written as

M (x) = u(x) - M (1 —%)+MB(%> [2.24]

The expression of the shear force is obtained by deriving the relationship [2.24].

dﬂ(x)+MA+MB

2.25
dx L [ ]

T(x)=
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EXAMPLE 2.1.—

Analyze the beam (Figure 2.8) of constant flexural rigidity EI and length L. The
beam is considered fixed at one end and simply supported at the other. The beam is

subjected to a concentrated load of intensity P located at % of support A.

Pl .

B EI ®

=

Ly o B
™~ 7

Figure 2.8. Studied beam

R

— Statically determinate beam (Figure 2.9)

P
0] o
A A l N
2 El (3

Figure 2.9. Basic statically determinate beam

The support reactions are given as

To calculate the rotations at A and B of the basic system (Figure 2.9), the
differential equation of the elastic line deflection in each region is used.

; M (x) 2P L
= = xs_
n () EI 3EI 3

¥ (x)= i _E(L_x)

;uz(x)_ P £SxSL
3
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The first and second integration of the differential equations lead to

2P x*
Pl

—+c
3EI 2 )

y(x) =

3

2P x
xX)=—-(—+c x+c
» (%) 3E1(6 | 2)

y;(x) =L(Lx—x—2+c3)

3E] 2
P Lx* x°
¥, (%) =E(T—?+C3X+C4)

where ¢; are the integration constants that can be determined using the limit
conditions.

% (x=0)=0

y,(x=L)=0

L . . . L .
Continuity of rotation and displacement at point x = 3 allows us to write

. L . L
y|(x_§)_y2(x_§)

and

L L
b2 (x—g)—J’z(x—g)

Therefore, the integration constants ¢; (i = 1-4) are given as

c

1 1
1 =—iL2, ¢, =0, c, — D aang c,=—1I
5 54 54

The expressions of the slopes of the elastic beam become

W |~



w |~
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2P x?

»n(x) = 3E[(7—— %)
£SXSL
3
. P x2 19
x)=—(Lx————12
72 (*) 3EI( 2 54 )

In particular, the slopes at the ends of the beam are given as

, , 5PL?
, = x:o = —

= 0( ) Q1E]

. . 8PL?
w, =y, (x=L)=

5 = s ( ) 162E]

Applying equation [2.22a] to beam (AB), we obtain

w,+aM ,, =0

The expression of the fixing moment is

MA= %1 _ iqu
a 27

The variations of the bending moment along the beam are given as

SxS£
3
Moo= 2 Ly B Sy
3 27 27 27
<x<L
PL P 5 4PL 4P
MEx)=——-—x—-—P =
(x)= Y L(1- )

27 27
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The moments at the ends of the beam are given by

5
Mx=0)= —PL
(x=0) Y

M(x=£ )= EPL
3 81

The diagrams of the bending moment and the shear force are given in Figure
2.10. The expressions giving the variation of the shear force are given by

dM (x)
T =
(x) rn
gLSxSL
3
T(x):dM(x):iP
dx 27
OSxSEL
3
T(X)=M=—2P
dx 27
A M)
15
0 P x
(a)
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AT

23

(b)

1
Figure 2.10. Diagrams a) of bending moment* (ﬁPL)

1
and b) of shear force * ( 2—7P )

2.2. Continuous beam

The successive application of the three moments formula [2.22], used to analyze
a single span statically indeterminate beam, leads to the formulation of a system of
algebraic equations whose unknowns are the moments at the supports. The number
of unknowns, which is the moments at the supports, must be equal to the number of
equations established.

Consider a continuous beam (n — 1) with spans of length Z; and flexural rigidity
(EI), which we assume to be constant for simplifying reasons. It is subject to a set of
external loads (Figure 2.11).

T 7 N
I NI

i i+l n-1 n

Figure 2.11. Beam with several spans

To build the basic system, hinges are added to each of the continuous beam’s
supports (Figure 2.11) to make each span statically determinate (Figure 2.12).

Consider (i — 1) span delimited by successive supports [i — 1, i] (Figure 2.13).
The left support settlement i due to the load applied on span (i — 1) can be deduced
from equation [2.5].



38  Structural Analysis 2

X
L, /ul;l( )
" L,
W = j Ty [2.26a]
) TE

Similarly, consider span (i) delimited by [i, i + 1] (Figure 2.14), the right support
settlement i of span (i) can be formulated using relationship [2.3].

Figure 2.13. (i— 1)th span

L M, (1=
w=— J' L, [2.26b]
' EI

With g (x)and g, (x) are the statically determinate moments, respectively, of

spans (i — 1) and (7).

q(x)
. ELL, &
i il

Figure 2.14. ith span

The resulting slope at joint 7 is written as

0 =0 -0 [2.27]
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Moments due to geometric continuity cause slopes at the ends of each span
(Figures 2.15 and 2.16).

6,04) 4.

M’y MI, Li, ‘7&7
i-1

i

Figure 2.15. Effect of left moment M'.4

%/_ El Li, ‘)

i-1
Figure 2.16. Effect of left moment M"i.

e

6/(M,_))=-M,, j %dx [2.28a]
()

6My=M dex [2.28b]
L =2y

6(M)= M‘[E—idx [2.28¢]

In the same way, moments M, and M generate slopes at joints i and (i + 1)
(Figures 2.17 and 2.18).

(M) =M, [——"dx [2.28d]

The resulting slope 6, due to the geometric continuity of the beam or due to the
effect of the moments M, ,, M;, M, and M is

6, =6/(M,)+6 (M)-6(M)-6(M,) [2.29]
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6, ' o) g, (M))
1+

Flgure 2.17. Effect of moments M'i

If the support settlement is considered, the slope at joint i becomes

@ +6 +f5 =0 [2.30]

Hi'(M i” 1+l( z+1] +1
AN EL L\_/é;>

1+1
Flgure 2.18. Effect of moments M,

Substituting equations [2.27] and [2.29] in relationship [2.30], we obtain
@ - +6/ (M) +6(M)-6(M)-8(M,)+f - =0 [231a]
knowing that B, = 8 - 83,

Similarly, substituting relationships [2.26] and [2.28] in equation [2.31a], we
have

,1(—f)f ,1(7) (l—f) L,(l— )f
! 1 Y-l i—1 i
M_llex MJ' e MI di— _([ b o=
A/Ii+1 [2.31b]

L @) =)
L dx—j L owip-g
: EI d El L

(this equation was established by B.P. Clapeyron)
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with

pi=-"H [2.32a]

g =t h [2.32b]

A, A and 4, are, respectively, the support settlements i — 1, i and i + 1.

When all the spans of the beam have a constant inertia (EI), equation [2.31b] is
written as

biaM—ci M, +a;M,~b;M;, =@ —& + S, - 3 [2.33]

1

Knowing that M, l +M l =0 and M, 1+1 +M, 41 =0, we can therefore write

i
by My +(a +6 )M;+b, My =6 —@ + - [2.34]
Equation [2.34] is called Clapyeron's formula with constant inertia of the spans.
Particular cases
— Beam with two spans

Beam composed of two spans of identical lengths and constant inertia (Figure
2.19); calculate the moment of intermediate support.

We apply the Clapeyron equation for i = 2 and without taking into account the
support settlement, the result is

b]M; +(a, +¢ )M'2 +b2M; Za); —ajz

R

A A

1 2 3
Figure 2.19. Beam with two spans
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Knowing that Ml =M; =0, the moment of intermediate support, M, is

written as

M=M= B2
? ? (a, +¢)

— Fixed beam

The Clapeyron formula is applied to spans 1 and 2 knowing that the support
settlement is neglected (Figure 2.20).

Ll
| N
1  EI EI 3

L L
D S N < —

Figure 2.20. Beam with two spans

-0 =a,M,-b M,
@, —w,=b M, +(a,+c, )M, —-b,M,
o, —w, =b,M, —c,M,
We have
M,+M,;=0
Hence
-o, =a,M,+b M,
@, - w,=b M, +(a,+c,)M,—b,M,
®, =b,M,—c,M,

Resolving the system of equations allows us to calculate moments M';, M, and
M;".
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. 1 . bc " . b . b
_ ) | g
M =——aj+ s (@ -0+ -2
4 1 G =08 — 4,6 C, — 4,456 4 G
. , ac . . b . b
M,=-M,=-— — (0, -0 ++—ag-—+
b’c, —bla, —a,c c, —a a,c a c
1 6, — 0,4, 166, — 44,6 1 2
. 1 . a,b, " . b . b
My ==+ (@, 0, +~ 0 -2 )
G 1 G =04, —a, 6,6, — a4, 4,6, a, G

In the case of a beam with constant inertia: a=2b=c = %

, 1 . 7 01
M1=5((02_w2+5w1_5w3)

. S S D
M2:—M2:£(a)2—wz+za),—5w3)

| ] 1 T
M3=5(w2_w2+5w1_5w3)

Calculating the slopes of statically determinate beams, cq', a)z ,a)'z and 0)3 leads

to determining the moments at joints 1-3 according to the applied loads.

2.3. Applying Clapeyron's theorem

The steps to apply Clapeyron’s method are as follows:

— selecting moments at the interior supports as unknowns of the problem;

— calculating the slopes at each joint of the basic system, due to the effect of the
fixed-end moments and the effect of the support settlement, if it is taken into

consideration;

— we solve the constructed system of equations whose unknowns are the

moments at the joints;

— expressions of bending moment and shear force are obtained using the

superposition of effects principle;

— eventually, it is possible to deduce the support reactions by using the

equilibrium equations.
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2.3.1. Beam with two spans

Analyze the beam (Figure 2.21) subjected to a uniformly distributed load of

intensity q and a concentrated load P. The flexural rigidity (EI) is considered
constant on the entire length of the beam.

q

P
e rwr I
A E 1 =2 Bl ¥
L L/3 2L/3
< > >

Figure 2.21. Beam with two spans

The expressions of the moments at the ends of each bar according to the slopes
are given as

N S S AN
M1=a(w2—wz+zwl—5w3)

. ' SN T B
M2:—M2:£(w2—a)2+5a)]—5w3)

| . 1 T
M3=5(a)2—a)2+5w1—5w3)

The slopes at the joints of the statically determinate elements are written as

= ql’
? * 24.FI
__s5.pL?
* 8l1.EI
. 4.PL?
a)3:
81.E1
M;Ziqu—iPL

48 81
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M,=-M, =iqL2 + 8P

487" T3
o 9

M o=Lgr2-2 pr
TS

For the particular case: P =q.L

M, =0.067PL
M,=-M,=0.116PL
M, =-0.09PL

The variation of the bending moment is given by Figure 2.22.

X X
M(x)—,U(x)_MAB(I_Z)"'MBA(z)

Span 1
M, ()= 2 Px-L x2-0.097PL0-5)-0.116PL()
YT o L L
Span 2
xS£
3

M, (x)= %P.x—O.l 16PL(1—%)+ 0.09PL(%)

w |~
IN
=
IN
t~

M, (x)= %P.L —%P.x ~0.116PL(1 —%) + 0.09PL(%)

TM(") 0.116
0.06 N 0.09
R

Figure 2.22. Bending moment diagram *( P.L )
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Thus, the variation in shear force (Figure 2.23) is given as

_ d,tt(x)+M;+Ml'

T dx L

Span 1

1_ P P
T (x)=—P—-—x—0.049P =0.451P——x
20 L L

Span 2

T, (x) = 2 p+0.026P = 0.693P
? 3

T(x)

AN ===

0.549

0.451

Figure 2.23. Shear force diagram *( P )

w |~
IN
=
IN
h

T, (x) = L p10.026P=—0308P
? 3

2.3.2. Beam with support settlements

Calculate the moments at the ends of each span due to the supports settlements B
and C (A, and A, ). The beam has a constant flexural rigidity (EI) (Figure 2.24).



Method of Three Moments

47

We apply equation [2.35].
—Joint 1
o =—B +a, M, ~bM,=0
The support settlement is
Bi=a .M —-b .M,
—Joint 2
o, =4, +a,M,-b,M,
W, ==, —b M, +c, M,
We can deduce

_ﬂz_ﬂz =b M;+(a2+c] )M;+b2M;

Y
r'y

>
—‘

Figure 2.24. Continuous beam with support settlement

—Joint 3
@, :ﬁs +a3M;
@, ::B;_szé +czM3“

ﬂs_ﬂa =b2M£+(a3+cz)M;

. A
,Bl ZIBZZT
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L A -A
B=p= IL :
A
=T

-A ' . .
) S Wl LM 2L M, LM3
6E]

L L 6EI 3EI
A=A, A, L . 3L
L L 6EI ° 3EI °

Resolving the aforementioned equations makes it possible to calculate the
moments at the joints of the continuous beam according to support settlements. For
A, =2A,, we have

. El
M =970==A,
L2
. " El
]\42 = —]\42 = —738;A2

M, =1855L 4,
LZ

The diagram of the bending moment of the given beam is shown in Figure 2.25.

N /TS

7.38

, , EI
Figure 2.25. Bending moment diagram* (PAZ)
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Similarly, the diagram of shear force is shown in Figure 2.26.

9.23
1.85
I |
1 2 3 'S
B2 7 7

2.32

Figure 2.26. Shear force diagram *( %Az)

2.3.3. Beam with cantilever

We analyze the beam (Figure 2.27) subjected to a uniformly distributed load of
intensity q and a concentrated load P applied to the end of a cantilever. The flexural
rigidity (EI) is assumed to be constant along the entire length of the beam.

The Clapeyron method is applied to each span of the beam.

®,=w,+aM ,, +bM . =0

q
lp
1 {v YYVVY
A

A g BRL g Ca D
L L U

& N &
N 7 N 7

Figure 2.27. Beam with cantilever

W, =@y —bM ,, —cM 5.

W, = 0y +aM . +bM

With M, =-M_, = %, the slopes at joints A and B are given as

CB
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When P = qL, resolving the equations leads to

PL
140

4B =

PL
140

BC —

M

B4 —

The bending moment expressions at each span are given as:

Span (AB)

M 45 (x) = e, (x) = M (1 —%) +

M (%) = —P (1——)——

140
Span (BC)

1 1 2
—gqL.x——gx*——
2‘] q

Mpe(x)= 2 140

1 2
e

1
M, . (x)=—qglL.x
e (%) 2! 2 140

X
MBA(Z)
L(i) = LPL _pr
L° 140 140

X 28 X
1-=)—-—PL(=
PL( L) 140 (L)

26
140

The bending moment diagram is shown by Figure 2.28.

M)

/

28

\

N

Vv

5/

Figure 2.28. Bending moment diagram *( %
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Thus, the variation in shear force is given as

_du) M,+M,

=" L
Span (AB)

To(x)=———P

140

Span (BC)

Tye(x) = %ql—qx—%P
Cantilever (CD)

Top()=q.L

The shear force diagram is shown in Figure 2.29.

Tx) 140

44

3 L \2LJ LS x

96

Figure 2.29. Shear force diagram *( % )

2.4. Focus method

The focus method can be used when the following hypotheses are verified:
— no load is applied to the (n — 1) spans of the continuous beam;
— the beam is subjected only to a moment applied at one end.

— the support settlement is neglected.

The focus method is distinguished by the position of the point of zero moment at
each span. So, we distinguish two different procedures.
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2.4.1. Left focus method

Consider a continuous beam of »n spans (1, 2, ..., n) with a constant inertia (EI)
and subjected to the effect of a moment applied to a joint (r + 1) (Figure 2.30).

Mn-—l
/ [ ’é
P P B B B BB B
1 2 3 i-1 i i+l n-1 n n+l

Figure 2.30. Continuous beam under My+1

The Clapeyron method [2.34] is used to calculate the support moments.
We have M, =0 (roller of shore)
i=2
b M, +(a,+c, )M, +b,M, =0 [2.35]

The focus of the second span is defined by

M,_ b
Oy =—7" =
M, a,+c [2.36]
Hence
M2 :_¢2M3 [2.37]
Fori=3
b,M,+(a, +c, )M, +b,M, =0 [2.38]

Substituting equation [2.37] with [2.38], we obtain

(@ +¢, @b )M, +b,M, =0 [2.39]
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In the same way, we establish the focus of the third span by

g=-M__ b [2.40]
M, a5+c,-¢b,

For the first span, we can write the expression giving the focus of the first span
by
g =M _ b [2.41]
a te¢,_ - ¢i—1bi—1

In particular, the focus of the second span is

g, =M _ b, [2.42]
M an + cn—l - ¢n—lbn—l

n+l

From the results [2.34]-[2.41], calculating the moments at the supports is
carried out as follows

M,=-¢.M,, [2.43]
If moment M,,,, is assumed to be positive, moment M, is the opposite sign.
Applying equation [2.41] to (n — 1)th span could lead to

M, =-¢, M, [2.44]
Substituting equation [2.43] with [2.44], we obtain

M, =¢6.M,, [2.45]

In general, we can write the expression of the moment at joint / by using
relationship [2.45].

ML = _¢; Mm = (i1)¢n ¢r1—] (I RLRREEE ¢, M;Im [2'46]

or

[2.47]
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The moment at support 2 is calculated by
M, =@EFD[IY,M,,, [2.48]
j=2

To establish the variation of the bending moment at each span, we use the
equation of three moments [2.24].

' X ' X
M, (x)= _Mi(l_L_)+Mi+l (L_,-) [2.49]

As well as that of the shear force [2.24] which is:

M +M
T, (x)= — = [2.50]

l

After calculating the moments at the supports and using relationships [2.49] and
[2.50], it is possible to draw the bending moment diagram and the shear force
diagram for the continuous beam (Figure 2.31 and 2.32).

Mn
Mis

Y l

N
3 ,5,),\//&/ F AV~ W

Figure 2.31. Bending moment diagram

(Mer+Maa) /Lt

Fi

(Ms+Ma)/La (Mior#My) /L

Ma/Ly

(MatMa-1)/
Figure 2.32. Shear force diagram

2.4.2. Right focus method

In the opposite case, we assume that the bending moment is now applied to
joint 1 (Figure 2.33).
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I I
Ml(A JaY AT A JAN oA FAY AN
1 2 3

i-1 i i+l n-1 n n+1

Figure 2.33. Continuous beam under Ms

The Clapeyron method [2.34] is used to calculate the moments at the support of
the beam (Figure 2.33).

Support (n + 1) is a roller of shore, so

Mn+1=0
We follow the same procedure described in the section on the left focus.
i=n-1,

b, M, +(a,+c, )M, =0 [2.51]

n—1
We define the right focus relative to (z — 1)th span by

' M;l bn—l
Py ===
Mn—l an + cn—] [252]

Hence, we can deduce the moment at joint n

M, =-¢, M, [2.53]
Similarly fori=n -2

b, ,M, ,+(a, +c, , )M,  +b_ M, =0 [2.54]
Substituting the expression [2.53] with [2.54], we obtain

b,,M,,+(a, +c,,—b, 4, )M, =0 [2.55]

In the same way, we establish the focus of the studied span

bn—Z

n=2 an—l + cn—2 - wn—lbn—l [256]
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Generally, for the ith span, we can write

¢ =—-—1l= b__ [2.57]
M; 4y +6 = @b,

In particular for the first span, the focus is

L [2.58]
Ml a, t¢ _¢2b2

¢1'=_

Using the results obtained [2.51]-[2.58], the calculation of the support moments
is

M,=-pM, [2.59]
If moment M, is assumed to be negative, moment M, is the opposite sign.

M, =-¢,M, =+¢,$,M, [2.60]
From this result, the support moment i becomes

M, =-oM;=(E]) §.0,.0;.0.M, [2.61]

or
M, = ED[TPM, [2.62]

In particular, the moment at support # is written according to the applied moment
M, 1 by

M, =ED[]e.M, [2.63]

To establish the variation of the bending moment and the shear force at each
span, we use the equation of three moments ([2.24] and [2.25]).

M, (x)=-M( —li) +M,,, (f)

i
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The shear force is written as

M4,
l

i

I (0=

The bending moment diagram is shown in Figure 2.34.

Figure 2.34. Bending moment diagram

Similarly, the bending moment diagram is shown in Figure 2.35.

(i) /L f/ (Ma+Min+:)/Ln
- H/f% e

(Mz+Mz)/Ly (Mi+Miss) /L

Figure 2.35. Shear force diagram

2.4.3. Focus method with loaded bays

We have described the left and right focus method with no loading applied on
each span. Only a couple is applied to one end of the continuous beam. We now
want to extend this method to the analysis of continuous beams with loaded bays.
Consider a continuous beam with constant inertia (EI), which is subjected to a set of
external loads, as shown in Figure 2.36.

/ oy

i-1 i i+l n-1 n

Figure 2.36. Continuous beam with loaded bays
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Consider the ith span with the corresponding load (Figure 2.37). Applying the
Clapeyron method allows us to write

[N ;.
i1 Lo i L is1 Lia 2

Figure 2.37. Study of the ith span

We can write the Clapeyron equation [2.34] to the ith span (Figure 2.37).

b M_ +(a +c M +b M, =

l+l

[2.64]

Equation [2.40] gives a relationship between the moments of two consecutive
supports by replacing the index i by (i — 1).

M;—l = _¢HM;I

Substituting equation [2.65] with equation [2.64], we obtain

(@ +¢,—¢ b, )Mz +b, M,

t+1

Using relationship [2.40], we can deduce that

1 . 1 .
—M+M,, =——0

? b,

In the same way, we apply the Clapeyron method to the support (i + 1).

b M, +(a,, +¢, )M, +b, M,

i1 T 0 @,
Equation [2.65] allows us to write

M, ==-¢.M,
Substituting equation [2.69] with [2.68], we write

b M, +(a,, +c¢ (p+1 b, M., =@,

i+l

[2.65]

[2.66]

[2.67]

[2.68]

[2.69]

[2.70]
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Using equation [2.56] leads to

[2.71]

Resolving the system of equations [2.67] and [2.71] gives the support moments
of the loaded bay.

M=l (g, +a) 2.72]
bi 1_¢i(pi
, 1 ) .
i+l =_—((p; i i+1) [273]
b 1-¢¢

After determining moments M; and M., the moments of the remaining supports
can now be deduced by simultaneously using the left and right focus method.

From the relationship [2.65], we can write

M+2 ¢z+l i+l [274]
¢+2 i+2 ¢+l¢+2 i+l [275]
Hence
M, =(EDP.P2Pseeene @M, [2.76]
or
n—1
M, ==ED[I4M,,
J=it [2.77]
Now, the left focus method is used to calculate the support moments at the
supports 1,2, 3, ...... (i—1). From equation [2.42], we can write
M., =-¢_M,

[2.78]
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In the same way,
M, =—4 M, =+6_.9,M,
My ==6 M, =—6..0, 4 M,
Hence
=D G0 B e, .M,

or

i-1
M, =ED[ o.M
k=2

[2.79]

[2.80]

[2.81]

[2.82]

The layout of the bending moment diagram due to the effect of the loading
applied on the ith span is given by Figure 2.38. Moments M; and M,; have been
evaluated using relationships [2.72] and [2.73] and the rest of the moments can be

established by the focus method with loaded bays.

A e AN R

M B 3@/ B /\%/%—
Figure 2.38. Bending moment diagram

The shear force diagram is shown in Figure 2.39.

— NOA

T
275 E\g124 2

i i mlTpn nl

Figure 2.39. Shear force diagram
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Finally, the procedure described can be used for all loads applied to each span.
The final moment at each joint is deduced by the superposition of all the moments
resulting from each applied loading.

EXAMPLE 2.2.— Continuous beam under moment M,
Analyze the beam (Figure 2.40). We assume that the flexural rigidity EI and the

length of the spans are constant. The goal is to present the moment distribution My
along the continuous beam.

7% % % z%/) Mg=15 KALm

r-
Y N~

Figure 2.40. Given beam

Equation [2.34] is applied to the beam (Figure 2.40).
b M, +(a, +c,_ )M, +b M, =w —o
Therefore, for i = 2, we have:

b M, +(a,+c, )M, +b,M, =0
or:
(ay,+¢, )M, +b,M, =0
The focus of the second span is defined by

fo i b

V} B a,+c 4
Similarly for i = n — 3, we obtain

b,M, +(a, +c,)M, +b,M, =0
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The equation that gives @, is introduced in the last relationship, resulting in

M, b, 4
¢3 = — = = —
M, a,+c,-¢b, 15

Using the previous equations and knowing that My= -15 kN-m, we can deduce

M, =—%M; =4kN-m

As the spans are not loaded, the expression of the bending moment is written
only according to the moments at the end of each span. The bending moment
diagram is shown in Figure [2.41].

4 KNm
S 1232
1 kM.m -15 KN.m

Figure 2.41. Bending moment diagram

The shear force diagram is shown in Figure 2.42.

-5/L

Figure 2.42. Shear force diagram (KN)
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2.5. Conclusion

In this chapter, we have presented two ways of analyzing statically indeterminate
beams: (1) the method of three moments and the Clapeyron method for the analysis
of single span and continuous statically indeterminate beams and (2) the focus
method.

The method of three moments is formulated based on calculating the rotations to
the right of the beam’s supports. This method is used for the analysis of single span
statically indeterminate beams stressed by an external load or a support settlement.
The successive application of the method of three moments leads to the formulation
of the Clapeyron method, which can be used to analyze continuous beams.
Resolving the equations makes it possible to determine the fixed-end and internal
moments.

The bending moment as well as the shear force can be expressed at each span of
the continuous beam by introducing the effects of the statically determinate moment
and moments at the ends of the span.

2.6. Problems

Exercise 1

Calculate the mechanical constants a, b and ¢ of the following beams, knowing
that the Young's modulus, E, is constant:

I 21 E I 21 E

L2 L2
L/3 2L/3
———> <+ —r—
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Exercise 2

Calculate support moments of the following beams:

P 2kN/ml
l 110 KN

MM%

b
E, 2I % B
LB 2B 15m 25m 2.5m

< —>

a a2 L/3 2L/3
+—>

— Draw diagrams of the bending moment and the shear force.

Exercise 3

Give the moments at the ends of each bar of the following beams:

TR RRRE !
W%EI 7%51 7/% w E I

L
Lt b b . < »
M
‘ 25 KN/ml o 0KN T
7%, ’% A A wOEI W OEl W OEL W OEI T
7 EI % EI 7 EI w Ly i
| 5m 5m 3 2@25m 3 4L—n—LN—LN—Lb
P | i
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— Draw the bending moment diagram for each beam.
— Draw the shear force diagram for each beam.

Exercise 4

Determine moments in B and C of the beam subjected to support settlement B of
a quantity A and a concentrated force of 10 kN applied at point A.

A

2.5m H 4m

—Draw diagrams of the bending moment and the shear force.
Numerical application:
E =200 GPa, /=5 x 10°mm* and A =80 mm.

Exercise 5

Using the focus method, calculate the moments at the joints of the following

beams:
IUOKN 15 KN.m
. ‘ s ‘ £ iy
| 7%'EI 79'EI 77 E L 797 m gl %EI »-Ar El % EI ﬁ
Bt S S PR R R S AR A BN
2KN'm
L i
Y L
" EI 7 EI z% EI 77 El T E,1 b
L L L L L gLe

.

K
5 S
'y

3

"

4

«

— Draw diagrams of the bending moment and the shear force for each beam.
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Exercise 6

Construct diagrams of the bending moment and the shear force for the following
beam. Suppose EI is constant.

e S




3

Method of Forces

The teaching objectives for the method of forces are as follows:
—analyzing structures with one or more degrees of static indeterminacy;
—applying deflection calculation methods;

— applying the method of forces to the analysis of trusses, beams and frames with
or without support settlements;

— listing the benefits and limitations of using the method of forces.

In this chapter, we present the basics of the method of forces and its
implementation in the analysis of common structures, such as single and continuous
beams, frames and trusses. In this method, determining the degree of static
indeterminacy plays a key role, and so we will give it special attention.

3.1. Beam with one degree of static indeterminacy

The degree of static indeterminacy plays a very important role in the analysis of
statically indeterminate structures using the method of forces. In general, the
formula for calculating the degree of static indeterminacy is given by:

f=(3b+1) - (3.n+k) [3.1]

Figure 3.1 shows a single span beam that is fixed at support A and is simply
supported at B. This beam has already been studied using the method of three
moments (Figure 2.8).

Structural Analysis 2: Statically Indeterminate Structures,
First Edition. Salah Khalfallah.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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The degree of static indeterminacy of the beam (Figure 2.8) is calculated by
formula [3.1].

f=(3.1+4)-(32+0)=1 [3.2a]

The given structure is once statically indeterminate. To analyze a statically
indeterminate structure using the method of forces, we use the following systems.

— Equivalent system

The equivalent structure is constructed, in which support reactions are replaced
by actions whose number must be equal to the number of degrees of static
indeterminacy of the system. In this case, the simple support B is replaced by an
equivalent action, which is considered as the vertical reaction Vg (Figure 3.1).

El
tv,

L3 2L/3
—rt >

Figure 3.1. Equivalent beam

— Fundamental system

The fundamental system is obtained by ignoring the support reactions replaced in
the equivalent structure (Figure 3.2). In this system, the effect of vertical reaction Vg
is neglected. The resulting system is a statically determinate system.

Y,

Figure 3.2. Fundamental system
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The bending moment expressions (Figure 3.2) are given by:

U4(x)=0 os)cs%L [3.2b]

u(x)=—P(x —§L) ZL<x<L [3.2¢]

The vertical displacement at point B of the fundamental system using the virtual
work method is:

L
S :J‘%dx [3.3]
0

U(x) and m(x) are, respectively, the bending moment of the fundamental system

(Figure 3.2) and the bending moment due to a unit action applied in the direction of
the eliminated force (Figure 3.3). In this case, we write:

m(x) =1.x =x 0<x<L [3.4]

Substituting the expressions [3.2a] and [3.4] in equation [3.3], we obtain:

2
L —P(x—ZL)x 3
o0 = I —3dx:_ii [3.5]
EI 81 EI
2L/3

— Unit system
Now, a unit force is applied to point B of the free body beam (Figure 3.3).

YA

X A El ts

s

Figure 3.3. Unit system
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To calculate the displacement, this time we use the equation of elastic line
deflection.

" m(x) X
y ()= El  El

[3.6]

The first and second integration of the differential equation [3.6] allows us to
write the slope and deflection expressions.

The slope expression is:

y(x )—E(? ¢)

The deflection expression can be deduced by:

x3
y(x )—E(—+C|x+cz)

The limit conditions (Figure 3.1) are used to calculate the integration constants.

, I’
y ()C:L):O, q :_7

y(X:L):O, C =

Finally, the equation of beam deflection is written as:

3 L2 I
y(x )—E(Z—? —) [3.7]

In particular, the vertical displacement at point B is given as:

10
5 = y(x=0) 37 [3.8]

Hence, the displacement due to the free body beam Vi becomes (V. 0 é ).
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Initially, the displacement at point B of the given system is zero.

5, =0 [3.9]

Applying the compatibility of displacements principle at point B makes it
possible to write:

Oy =09 +0,=0 [3.10]

Substituting the expressions of displacements [3.5] and [3.8] with [3.10], we
obtain:

4pr I

+—Vp =
81 EI 3EI
The reaction at support B is:

4
Vy=—02P
B 07

The equilibrium of moments relating to point A gives the fixed moment.

5
M, =—PL
A7

The variation of the bending moment along the beam is written as:
z z
M(Z):/u(z)_MA(l_z)"'MB(Z) [3.11]
with z=L —x,

or,

2P 5

Mz = 222 pra—Zy=2p,_3 pp 0<z<k
37 27 L 27 27 3
M= 2Pr—P-Ly- 2 pra-Z =2 p_tp, Loy
3 37 27 L 271 27 3

The variation in shear force is given as:

aM(z) [3.12]
dz

T(z)=
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T(Z)=w=_ip zL<xSL
dz 27 3
T(z)=M® _23 0<x<il

dz 27 3

The results obtained by the method of forces are identical to those obtained by
the method of three moments (Example 2.1). The diagrams of the bending moment
and the shear force are shown in Figure 2.10.

3.2. Beam with many degrees of static indeterminacy

We analyze the beam in Figure 2.21 knowing that the flexural rigidity (EI) is
constant along the beam. The beam is stressed by a uniformly distributed load q and
by a concentrated force P. The beam is analyzed using the Clapeyron method
(Figure 2.21).

To analyze the beam, we follow the same procedure, which is established for the
analysis of beams with a single degree of static indeterminacy.

The degree of static indeterminacy of the system is:
f=Bb+r)-Bn+k)=3.1+6)-(3.2+0)=3
— Equivalent system

We choose an equivalent structure; support 3 is replaced by an equivalent reaction,
and the fixings 1 and 3 are replaced by fixed moments M; and M; (Figure 3.4).

s Y -

3
7=

L L/3 2L/3
< ><><

V3

\ %

Figure 3.4. Equivalent beam’

1 All of the figures in this chapter are available to view in full color at www.iste.co.uk/
khalfallah/analysis2.zip.
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— Fundamental system

We ignore the effect of reaction V; and moments M; and M,. The system thus
becomes statically determinate. Static analysis of the fundamental system makes it
possible to express the variation of the bending moment.

y
q P
i
X Mf% El %2 El 3|
L L%B 2L/3

Figure 3.5. Fundamental beam

The expression of the bending moment of the basic system is given by:

Vimiop

H(x)=0 OSxS%

U(x) = —qL(x—Z—L) 2L <x<L
3 3

,u(x)=%qu—%qL2 —%qx2 L<x<2L

The diagram of the bending moment of the statically determinate beam is shown
in Figure 3.6.

| )
(3
2L L /3 0

Figure 3.6. Deflection and diagram of the fundamental moment *(gL?)
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To calculate the deformations of the fundamental system at joints 1 and 3, we
use the method of virtual work. The bending moment expressions of the unit
systems and the fundamental system are necessary. In this concept, a unit force is
applied alternately to joint 3 (Figure 3.7) and two unit moments are applied,
respectively, to joints 1 and 3 (Figures 3.8 and 3.9).

y
%
I S
2
XN 3
513 ri TX1= 1.

Figure 3.7. Deflection and bending moment of the first unit system

The bending moment expressions under the effect of a unit force (Figure 3.8) are
given by:

my (x)=x 0<x<L
my (x)=2L—x L<x<2L

In the same way, the bending moment of the beam under the effect of a unit
moment applied to joint 3 is shown in Figure 3.8.

m,(x) =1 0<x<L
mz(x)=2—% L<x<2L
m; (x) YA
0,
) 5.0
X 774;76‘ % =1
23 1

Figure 3.8. Deflection and bending moment of the second unit system
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We apply a unit bending moment X3 = 1 to point 1.

ms(x)=0. 0<x<L

N~ =

my (x)=—

5

Figure 3.9. Deflection and bending moment of the third unit system

The displacements of the statically determinate system are given as:

L2 o1
0 ..
=— x).m; (x)dx =—0.085——
1 Ef{ﬂ( )y (x) =
2L 3
1 q.L
5°=—J' X)m, (x)dx =—0.0913 L2
2 =2 0#( ).my (x) I

1 2L qL3
5°=—J' X)ms (X)dx =—0.0116 L
3 =2 0#( )-ms (x) I

The displacements at points 1 and 3 of unit systems (Figures 3.7-3.9) are

calculated as follows:

L 2L 3

L

P J'xdx+j(2L—x)2dx _2L
B3 3 El

The slope at joints 2 and 1 is:

f L
Oy = [Idx+_[(2—_)zdx]:§§
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[2L
1 2 L
5=t [Fa 1L
3EI

EIld 12
L L
L 2L 2
1 X 5L
5 =—jd+_[ 2L —x)2—Dydx | =22
12 = 7| J ¥ ( x)( L) XI C I
LO L
2L 5
1 x 2L
S = — j 2L —x)(—D)dx | = -2
B Er L( N L) x] 3 EI

2L
1 X X 2L
Sy =—| [ -5 =Dyan |=-22
» Elh( L)( L)x] 3 El

Applying kinematic conditions to joints 1 and 3, respectively, leads to the
construction of the following system of equations:

& +V) 6+ My, + M, 65, =0 [3.13a]
8Y +V, 8y + M3 8y + M, 8y; =0 [3.13b]
8y +V; G5+ M3 8y + M, 835 =0 [3.13¢]

By substituting the values of the above displacements in the system of equations
[3.13], solving the system of equations leads to the determination of support reaction
V, and moments M; and M.

V; =0.307¢L
M, =-0.09¢1
M, =0.0116¢L*

The moments at the joints can thus be calculated using the superposition
principle of the bending moments of the fundamental system and the unit systems.

M=M;"+ > ¥, m [3.14]
ij
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or

My =M +Vym (0) +Mymy(0)+Mmy (0)=0.067 gL*
My, =M\ +Vymy (L) +Msmy(L)+Mms(L)=-0.116gL*

Myy =M% +Vymy (L) +Msm,(L)+Mms(L)=+0.0116¢L?
My =M% +Vymy (L) +Mymy(2L)+ M, my (2L) = —0.09 gL

The diagrams of the bending moment and the shear force are shown,
respectively, in Figures 2.21 and 2.22.

3.3. Continuous beam with support settlements

We analyze the beam of constant flexural rigidity (EI), subjected to the effect of
support settlement B of quantity A; and that of support C of quantity A, (Figure 2.24).

The beam is not stressed by any external load. The moments at the ends of each
element are due to the settlement of supports B and C.

Oy =—A,
Oc =—A,
— Unit systems

To calculate the displacements at points B, C and D, we use the graphical method
here. We apply a unit force to point B, structure (AD) deforms (Figure 3.10) and

therefore the displacements at points B, C and D are respectively 8, , J}, and &;5.
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3@L

3@L

&
™~

Figure 3.10. Deflections of unit systems

Applying a unit force at point C generates displacementsd,,, J,, and J,;,
respectively, at joints B, C and D. Similarly, applying a unit force at joint D
generates displacements J;,, J;, and J;; atjoints B, C and D.

In this case, the displacements are evaluated by the graphical method. They are
given as:

L3
6 :—L —_ =
11 ( ) 3E[
5 12L2L( 2L)—8L3
27 3EI
S 3L 3L, (—3L) oL
33 = E]

50

8, =0 2L)y=""
=8 =5 LLED =2
5, =8, 1y (§ )_ﬁ
B 2 6El
5=, = Loron =1L
BTy T T 3y
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The kinematic conditions at joints B and C (Figure 2.24) can be applied.
Op =01V + 05V +63Vp =-4,
Oc =013V + 00V + 65,V =—A,
Op =013V + 03V + 033V = 0.

By substituting the expressions of the displacements calculated above, we obtain
the following system of equations:

L 50 8’
V4V Sy, =—A
3l B 6EI € 6EI P !

503 8’ 14°
YtV ——V, =—A
6EI " 3E1 € 3EIP 2

8’ 141 973
T+ vy, =0.
6EI 2 3EI ¢ EI'®

Resolving the system of equations A=A, =2A, leads to determining the

reactions of supports B, C and D according to the support settlement.

Vy :—26.31E—3IA
L
v, :11.08E—3IA
L

EI
Vo =-185-74

The expressions of the moment at the ends of each bar are evaluated using the
principle of superposition.

Mij = Mijo“" z Vk m .
i
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They are given as:
0 EI
M 5 =M 5 +Vem (0) +Vemy(0)+Vpmy(0) = —9.7L—2

EI
My, =My, +Vgm (L) +Vemy(L)+Vpms (L) = 7.387

My =My +Vgmy (L) +Vem, (L)+Vymy (L) = —7.38%

EI

Mg =My +Vym (2L) +Vemy (2L)+Vpmy (2L) = —1.85?

El

Mep =M2p +Vgmy (L) +Vemy(2L)+Vpmy (2L) = 1.85L—2

M =0.

The diagrams of the bending moment and the shear force are shown in
Figures 2.24 and 2.25, respectively, and the results obtained by the method of forces
are the same as those obtained by the Clapeyron method.

3.4. Analysis of a beam with two degrees of static indeterminacy

We analyze the continuous beam with a cantilever in Figure 2.27. Flexural
rigidity (EI) is constant for both spans and P = qL.

The beam presents two degrees of static indeterminacy neglecting the effect of
the normal force. In the first place, we build the equivalent system and then replace
support C and the fixed moment M, with their equivalent forces (Figure 3.11).

q

P
( IV vV vV Y Vl 1
YRy B% CTVC D
S <

et

&
N

N
7 N 7

Figure 3.11. Equivalent beam
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In the same way, we build a statically determinate beam (Figure 3.12) and unit
systems (Figure 3.13).

— Fundamental beam

The expressions of bending moment variation of the fundamental system are
given as:

H(x)=—Px=—qlx OSxﬁg
1 L L 6L
xX)=—glLx——q(x——=)* <y =2
H) = —glx=—q(x=7) 5 5
187 6L 11L
X)= Lx———qL <y =
A IOq SOq 5 5

Figure 3.12. Determinate beam

— Unit systems

A unit force is applied sequentially at point C (Figure 3.13) and a unit moment at
point A (Figure 3.14).

YA
5]
A C
X %a)/: B . CII D
L L L/

Figure 3.13. First unit system
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my (x)=0 OSxS%
L L 6L

m (x)=(x—— —<x<—

1 () =(x=2) s S
ml(x)zx—Z(x—ﬂ)zﬁ—x ESxSﬁ
5 5 5 5

We apply a unit moment at joint 1 (Figure 3.14).

my(x)=0 0Sx£§
L 6L

m,(x)=0 —<x<—

2(%) 5 .
6L, 6 «x 6L 11L
my(x)=——(x-—)=———  —<x<—
2 (%) ( T3] . .

Figure 3.14. Second unit system

— Displacement calculation

11L/5

L/5 6L/5 11L/5
se=— [ utom (x)dx—{ju(x)m1 s+ [ peom s+ [ utom (x)dx}
0 L/5 6L/5
4017 gL*
2625 EI

o} = Ef (s = iﬁu(x)m e+ [ uom (e | uom, (x)dx} -

L/5 6L/5

3 qr
700 EI
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1 11L/5 6L/5 11L/5 68 L3

St m? xdx—— Im X)dx + I mi (x)dx + I m?(x)dx | =245

c=Zr i (x) i (%) 2(x) L (x)dx 75
L/5 6L/5

0

11L/5 6L/5 11L/5

EI L/5 6L/5
11L/5 L/5 6L/5 11L/5
wL =L J. m (x).mz(x)dx—— Im] (x).my (x)dx + J. my ()., (x)dx + J- my (x) mz(x)dx} oL
EI 75 EI
0 L/5 6L/5
11L/5 L/5 6L/5 11L/5 20 12
52=f.[ . .d——_[ d+J dx+J. oy () |[= -2 L7
C =5 J my (x).my (x).dx g (x).my (x)dx J my (x).my (x) 3 my (x).my (x)dx S E

The initial conditions of the beam (Figure 3.15) allow us to build the following
system of equations:

S’ +V, 80+ M 52 =0 [3.15a]

&\ +V, 0+ M ;0> =0 [3.15b]
Resolving the system of equations allows us to deduce vertical reaction V¢ and
fixed moment M.
59

V- = L
Cc 35q

1
M, =———qI?
47 1401

The moments at the ends of each bar are given by:

11L
Mg =M +Vem (—) +M,. 040+ (=) (——ql?) = ——ql?
AB AB c 1(6) 2( ) (=1)( ]40‘1 ) 140‘1

6L 6L 17 1
Mg, =MY +Vem (—) +M ymy(—) =——ql* + [*(—=qL)+0 = ——ql*
BA BATVC 1(5) A 2(5) IOq (35q ) 70q
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6L 6L. 17 , .59 1,
Mp- =M +Vm (—) +M ,m,(—)=—ql> —1*(—qL)+0 =—ql.
BC BC C 1(5) A 2(5) 10‘] (35(1) 70(]

L L 1 1
Mg = M23(§)+ Ve .m (E) +M ,.m, (E) = —quz +0+0= —quz

L L L 1 1
Mep =M (D) +Vem (Z) +M ;my(Z)=—qL> +0+0=—qL*
5 5 55 5
Mpe =0.
The diagrams of the bending moment and the shear force are shown,
respectively, in Figures 2.27 and 2.28.
3.5. Analysis of a beam subjected to a moment
We analyze the beam in Figure 2.40. We assume that the flexural rigidity EI and
the length of the spans are constant. The purpose of this example is to present the
distribution of moment Mp = M, along the continuous beam using the method of

forces.

— Equivalent system (Figure 3.15)

AA El B E,I CT E.I D,A>M0=15kN.m
7 Vi Ve

3@L

7z

Figure 3.15. Equivalent beam

— Fundamental system (Figure 3.16)

L)
%_ El B EI C! EI D,Q,)
. Mg=15kN.m

Figure 3.16. Basic beam

M
,u(x)=——0x 0<x<3L

3L
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— Unit systems (Figures 3.17 and 3.18)

1
53 C
A Y
ElI B E,I J D
5 1 TRy Y
e 3@1‘ N
Figure 3.17. First unit system
2
ml(x)z—gx 0<x<L
X
ml(x)=§—L L<x<3L
2 2
%
AN Er B E|I CT El DA
& 1
P 3@L
N
Figure 3.18. Second unit system
1
mz(x)z—gx 0<x<2L
mz(x)=§—2L 2L<x<3L

Displacement calculation:

j aCem, (x)ds =

2
[(—— )(——x)dx+j(—x DS | =0
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2
I HCym, () = [[(— )(——x)dx+j Gr-D-3 0 )d} S

3L L 3

1 1 iy
51=—j 2 d=—j—— 2 +j— Lydx

B EIOml(x)x £l 0( x)*dx (zx—L)dx 27E1

1 F 1 K 1 'y 12
52=—j 2 d=—j—— 2d+j——2L2d -
¢ EIOmz(x)x EI 0( 3x) * L(3x yx 3 El

8=6= —J.m(x)m7(x)dx——|:'f(—fx)( 7x)dx+J.( x— L)(—fx)dx%—j( x— L)( x— 2L)dx} ;‘;g]

The kinematic conditions at the initial beam are given by:
Op +Vy0h +Ve0p =0 [3.16a]
O+ V30 +Ve0t =0 [3.16b]

By substituting the expressions of displacements in the system of equations
[3.16], we obtain the following system of equations:

415, 145 0
PV, +—DV, =——M,L
27 B o7 e =Ty Mo
14 2
— L'V, +iL3VC :—S—MOL
27 27 27

The support reactions are given as:

M
Vy =3.68—2%
L

M,
Ve =-11.50—=2
L

The moments at the joints can thus be calculated using the superposition
principle of the bending moments of the fundamental and unit systems.
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M5 =0
Mgy =pgy+Vym (L) +Vemy(L)=1kN.m
Mge = tge +Vgmy (L) +Veomy(L)=-1kN.m

M g = fiog +Vgm (2L) +Vemy(2L)=4kN.m
My = fiep +Vgmy (2L) +Vemy(2L) = —4kN.m

M pe =—15kN.m

In the same way, the bending moment and shear force diagrams are shown in
Figures 2.41 and 2.42.

3.6. Analysis of frames
3.6.1. Frame with two degrees of static indeterminacy

We analyze the simple frame in Figure 3.19. The method of forces also applies
to the analysis of plane frames by performing the steps mentioned in simple and
continuous beam analysis. We must analyze the frame while assuming that the
flexural rigidity of the column is EI and that of the crossbar is 2EI.

YV vy oy
B A

E2I CA A
%A
o L
A W
TR
L

pd N
N 7

Figure 3.19. Given frame



88  Structural Analysis 2

The degree of static indeterminacy of the system is given as:
f=C@b+r)-CBn+k)=B3+5)-34+0)=2
The system is twice statically indeterminate.

— Equivalent system

We substitute support C with a system of equivalent forces (Figure 3.20).

q

Hc

\ AR / \ 4 \ 4 \ 4 v V o

‘ »

B E21 c

Ve
=
A
TR

Figure 3.20. Equivalent frame

— Fundamental system

We ignore the effect of support reactions He and V., and thus the system
becomes statically determinate (Figure 3.21). The expressions of bending moment of
the statically determinate system are given as:

Bar (BC)
) == g0
Bar (AB)

1
=——q.L
H(x) 59
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q

Y v v v vy
B E2I c N

- L
m
_ﬂ;‘ 7
L
< >

Figure 3.21. Statically determinate system

The bending moment diagram of the fundamental system is shown in Figure

3.22.
1 4L q
2 \ 4 VN?\\%HV
B E.21 C N
;n L
A y
’ L
7

Figure 3.22. Bending moment diagram of the fundamental system

— Unit systems
Figure 3.23 shows bending moments diagrams due to horizontal and vertical unit

forces applied at point C along both directions.
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L B
B C L CT1
|
L
A A
R
L

Figure 3.23. Unit systems

— Displacement calculation

Calculating displacements can be done using the graphical method.

gL’

8y = [L( L%(—ﬂ -

ET

1 1 17 1 9qL*
0oy =—— gL |+—| (—=q.[}).LL) |=——=
v 2EI{( 67 )( )}FEI[( 245 )} 16E1

171, 2 r
Opy=—|=LLZL|=——
oA E1[2 3 } 3E]

11 1 10
o2 LLZL LLLl=——
Yt [2 ( )} EI ] 6EI

11 r
§é,V = 53’1{ = E[EL(—L)L:l = —E

The displacements of joint C in the horizontal direction and the vertical direction
make it possible to write:

Oy +0¢yHe + 64y Ve =0
Oy + 06y He+80yVe =0

The system of equations is constructed by substituting the values of the
displacements above.
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gL 1 1

B Ty = S A
4 3¢ o€
9gL 1 7

e Ly & SRS /A
16 2 ¢ 6°¢

Resolving the system of equations gives the reactions at support A, which are:

3
H-=——¢qL
c 40f]
9
Vo =—¢qlL
C 2051

The moments at the joints can be deduced by using the principle of
superposition:
_ a0 k
My = M)+ mfX,
k

Bar (AB)

Map= Mg+ mh X, =
k

1, 3 9 1,
—ql* +(——gL)(L)+—qL(~L) = ——qL
54 (4Oq)() qL(-L)

20 40

1 5 9 1 5

Mgp = (——qL)+—qL L =——qL
BA (261 ) 20‘] 20

Bar (BC)

1 , 9 1 5
Mpc= —qgL” +—¢qL(-L)=—qL
o= 54 2Oq( ) 704

MCB = 0.
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The bending moment variations for each bar are given as:
Bar (AB)

x X 1 X 1 X
Mag(x) = 45 () =M 45 (1= + My () = Equ -2 —2—0qu )

1 3
M = L ——qL
AB(X) = 40 404 X

1
Mupg(0) =—qL
AB(0) 40q

[
Mup(L) = —— gL
as(L) 20q
Bar (BC)
1 1,
Mg (x)= e (x)=Mpc(1- )+MBC( )= ‘]LX—E(IX _%‘]L (1_—)
1 o, 1,
My (x) = —qLx——qx* ——qlL
T L AT

1
Mgc(0) = —%qﬁ

Mgc(L) = 0.

Similarly, the shear force and bending moment variations at each bar are given
as:

Bar (AB)
d
Tap(x) = Y;,E:C) = —41061
Bar (BC)

Ty (x) = qL qx

11
Tec(0) = %CIL

9
Toc(L) = ~509F
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Figures 3.24 and 3.25 show the bending moment diagram and the shear force
diagram, respectively.
q

NI111}

A

G

2
Figure 3.24. Bending moment diagram *( % )

22

<

~Bi\l\¢ i

9

qL?

Figure 3.25. Shear force diagram *( 20

)

3.6.2. Frame with cantilever

We analyze the frame in Figure 3.26.

q
T3 14V 4°
B C E
(CED L
A
75»_ T

Figure 3.26. Frame with cantilever
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We consider P = q.L for the sake of simplification.

Degree of static indeterminacy of the system:

f=CBb+r)-GBn+k)=(33+5)-(34+0)=2

The system is thus twice statically indeterminate.

— Equivalent system

We substitute support C with a system of equivalent forces (Figure 3.27).

q
r v vy
B C

Va

iy
y
E

Figure 3.27. Equivalent frame

— Basic system

In this case, we neglect the effect of support reactions Hy and V,, and the system

becomes fundamental (Figure 3.28).

The expressions of bending moment of the statically determinate system are

given as:
Bar (AB)
u(x)=0

Bar (BC)

N I
H(x) = S
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Bar (CD)

3
=Px——PL
#(x) = Px—o

q
Y ¢ ¢ ¢ ‘ 4 JP
B C

E
D L
A D
T
L L/5
™~ 7 N

Figure 3.28. Fundamental system

The bending moment diagram of the fundamental system is shown in
Figure 3.29.

5
q /2
¢VNP
B C |3 E
A D

Figure 3.29. Bending moment diagram of the

fundamental system *( %qu )

— Unit systems

Figure 3.30 shows bending moment diagrams due to horizontal and vertical unit
actions.
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-L -L L
B C E (B — [ C|L
EI
! A D A D
E— b A =
1

Figure 3.30. Unit systems
— Displacement calculation

Calculating displacements can be done using the graphical method

o _ [ 1 s o3 o L] 194L
5A,H—E1{( 6qL )=L)+( qu ML)( )}—60 I

[ 1 a3 3, _ 174l
E[{( 6qL )(4L)+( loqL )(L)(L)}—

40 EI
— | 22 LD D+ LD | =2 L

S EI| 2 3El
11 2 40

0%y =—|=LLEL)+LLL|=——

A El[z Gh } 3 El

s =L lLL( L)+LL(——L) L

AR 2

El

5 1 r
O = I {L( L)(—L)+ L( L)L} =7

The displacements relative to joint A in the horizontal direction and the vertical
direction make it possible to write:

52,H + 5/14,HHA + 531,HVA =0

52,V +5114,VHA +§j,VVA =0
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The system of equations is constructed by substituting the values of the

displacements obtained.

19 5
ZpP-2H,-V,=0
20 3 44
17 4
Lp_H, +2v, =0
40 47374

Resolving the system of equations gives the reactions at support A.

H —
47 440
141
V,=—0
440

The moments at the joints can be deduced by using the principle of

superposition.

_ 0 k
Mj= M+ miX,
k

Bar (AB)

M= My + > mi X, =0+0+0=0
k

1 1
Mgs =0+ (-L) (— P)+ 0 =——— PL
BA DGR? 440

Bar (BC)

1 1
Mgc =0 + (L) (— P)+0 = — PL
Be LCHD 440

80

5 1 141
Mg = ——gL? + (—L)(—— P) + L(—= Py = ——_p[,
= Tl GO P L P ==
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Bar (CD)
M —iPL+(L)(—P)+( L)( P) 8 pr
L0 440
Meg= 2 PL+0+0=2PL="8 pf
10 10 440
Moc = ——PL+0+ (L) py=—_py
RS 440~ 440

The bending moment expressions of the bars are given as:

Bar (AB)
M 45 () = 145 () + My (5) = 0+0—LPL(1)——LPx
AB AB BAL, 440 I 440
Bar (BC)
gL gx* 1 80
Mp-(X)=—x—"—"——— 1-2)y——PL
5c (@) 2 2 440 PL( L) 440 ()
=ﬂPX—qu2—L.PL
440 2 440
Bar (CD)
8 9 X 8 17
Mp(x)=———PL(1-=)+—— PL.(~)=———PL+—— Px
cp (%) 440 ( )440 (L) 440 440
Bar (CE)

1
Mg (x)= —gPL + Px

The diagrams of the bending moment and the shear force are shown in
Figures 3.31 and 3.32.
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- \
Bl 80 B
A4 i

1
Figure 3.31. Bending moment diagram * (mPL )

Similarly, the expressions which give the shear force of the beam are given as:

Bar (AB)
1
T =
4 (X) 440
Bar (BC)

141
Tge(x)=——P—qx

440
Bar (CD)
17
T, =——P
cp(X) 440
Bar (CE)

Ty (x)=P
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299

141

440

D

2" 7

Figure 3.32. Shear force diagram * (I10P)

3.6.3. Frame with many degrees of static indeterminacy

We analyze the frame in Figure 3.33 with columns of different lengths. The
flexural rigidity of the members is assumed to be constant and the frame is stressed
by a uniformly distributed load of intensity q applied along the horizontal bar.

<

w**‘*‘
D,

=
“@
o$

N
7

N

Figure 3.33. Given frame

Degree of static indeterminacy of the system
f=C@b+r)-GBn+k)=(33+6)—(34+0)=3

The system is three times statically indeterminate.
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— Equivalent system

We substitute support D with a system of equivalent forces (Figure 3.34).

v V Vv oy

y
B C
Hp D
NGEA
A Vb
T

Figure 3.34. Equivalent frame

— Fundamental system

We ignore the effect of support reactions Hp and Vp and the effect of bending
moment MD; the system becomes statically determinate (Figure 3.35).

vV ¥V vy
B C

A
Lerrroy
Figure 3.35. Statically determinate system

The expressions of bending moment of the statically determinate system are
given as:

Bar (DC)

u(x)=0

Bar (CB)

N I
H(x) = 54
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Bar (BA)
(x) = 212
H) =24

The bending moment diagram of the fundamental system is shown in
Figure 3.36.

l 2
2 A N*—*—LJV

A
Figure 3.36. Bending moment diagram of the fundamental system

— Unit systems

Figure 3.37 shows the bending moments diagrams due to the application of
forces in horizontal and vertical directions and a moment in rotational direction.

— Displacement calculation

Calculating displacements is carried out using the graphical method.

1[, 1 L 1 5L.L L 5 gL
O =—| (=g E) + (=g —+—}=———
D.H E[[( 54 )+ (=4 )(4)(3 5) 5Bl
11 3 1 4L 21 gL
Op ) =—| (——qL)EL)+(——gL)(—)L) | = ——"—
Dy E[[( 4 GO+ )(5)( )} 20 £
o 1 1 1 4L 17 qL*
=—| (=g} 1+ (—=qL)().1 |=—— 1=
@)p E[[( 661) (54 )(5)} 20 £
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L2 L2
5/ \© ‘e ¢
L2
L
D
.......................................... L ——
D 1 A 1
A
lecrrrr
0.3L
B C
I
1
1
\T_B’l
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Figure 3.37. Unit systems
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The displacements relative to joint D in the horizontal direction, in the vertical
direction and following the rotation allow us to write the following equations:

0 1 2 | _
Spy+0pyHp+6p yVp+aopMp=0
O+ Hy+05 Vo +@hMpy=0
p.H TOpullp tOp yVp+WpMp =
0 | bl 3 _
oy +opHp +opVy +wpMp =0

By substituting the deflection expressions in the preceding equations and after
their resolution, we can determine the support reactions at joint D.

Hp =—-0.133¢L
Vp =0.50gL
M, =0.0096¢1"

The moments at the joints can be deduced by using the principle of
superposition.

M= M)+ mf.X,
k
Bar (AB)
Mag= MY, + Zm’; X, = (—%qL2)+%L(—0.125qL) +L(0.4884L)
k
+1.(0.0096¢L%) = —0.04041>
Mpa= (—%qu )+ %(—o. 125¢L)+ L(0.488¢L) +1.(0.0096¢4L* ) = —0.065¢L*
Bar (BC)

Mgc= (% gI?)+ (- é)(—o. 125¢L) + (—L)(0.488¢L) + (~1)(0.00964L) = 0.065¢L>



Method of Forces

105

Mcp = 0+ (+§)(—0. 125gL) + 0+ (+1)(0.0096¢L?) = —0.053¢L?
Bar (CD)
Mcp = 0+ (—g)(—o. 125¢L) + 0+ (—1)(0.0096¢L*) = 0.053¢L>

Mpc = 0+0+0+(+1)(0.0096¢L%) = 0.00964L>
The variation of the bending moment in each bar is:
Bar (AB)

M, (x)=0.040gL(1 —j—z) - 0.065qL2(j—z) =0.040gL>—0.131gLx

Bar (BC)

qglx 1 x X
M pe(x) ="———gx*—0.065¢L*(1-—)—0.053¢L*(—) =
sc()=-=24 gLx1=7) L)
0.512qL x —0.5¢x*—0.065¢L>

Bar (CD)

M ¢ (x) =—0.053¢qL(1 —2—Lx) + 0.0096qL2(27x) =-0.053¢L>+0.125qL x

Figures 3.38 and 3.39 show the bending moment and the shear force diagrams.

Similarly, the expressions of shear force are given as:
Bar (AB)

T,5(x)=-0.131¢L
Bar (BC)

Tpe(x)=0.512qL—gx
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6.5 J?l l lql l% 53
V

jocsocca
0.96

o

4.00

Figure 3.38. Bending moment diagram * (%qLZ )

Bar (CD)
Tep(x)=0.125gL
Similarly, the diagram of shear force is given in Figure 3.39.

q
TPITHd b 4 b de
B

-48.8

I~

12.50

D

-13.1

Figure 3.39. Shear force diagram * ( %qL )

3.6.4. Frame with oblique bars

We analyze the frame in Figure 3.40 with columns of different lengths. The
flexural rigidity of the members is assumed to be constant and the frame is stressed
by a uniformly distributed load of intensity q applied on the horizontal bar.
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TR
a_ .  2a

Figure 3.40. Given frame

Degree of static indeterminacy of the system:
f=@Bb+r)-CBn+k)=33+6)-(3.4+0)=3
The system is three times statically indeterminate.

— Equivalent system

We substitute support A with a system of equivalent forces (Figure 3.41).

q
VYVVYVYVVYY
B C

Ha
A
M, ¥/A

Figure 3.41. Equivalent frame

EIl D

— Fundamental system

We ignore the effect of support reactions Hy and V, and bending moment My;

the system is statically determinate (Figure 3.42).
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q
VYVVVYVY
B C

A

Figure 3.42. Statically determinate system

The bending moment expressions of the statically determinate system are given
as:

Bar (AB)
H(x)=0

Bar (BC)

I
H) = =5 g
Bar (CD)
H(x) = -2qa’

The bending moment diagram of the fundamental system is shown in
Figure 3.43.

— Unit systems

The systems stressed by unit actions applied to the joint A are shown in
Figure 3.43.
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Figure 3.44. Unit systems

— Displacement calculation

The displacement calculation is done by:

17 4 1 3 4
Sy = E{(—g qa’)(-2a)+ (—Eqaz)(\/ia)(—g)} = 7%

2 4
52,1/ = %{(—%qﬁ)(a) + (—2qa2)(«/za)(3a +§a)} = —16.90%

17 4 3
o) = E{(‘E ga’)=1)+ (—2qa2>(ﬁa)<—1>} =4.16%
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8y _EL[ V2a(- 2a)(—72a)+2a( 2a)(=2a) +~2a(-a)(-a) +— \/—a( a)(— a)}—l 58—
5iy = EL[ NG a(a)(—a)+a(2a)(a)+ 2a(2a)( 2a)+3a\/— 2aGa)+ NG} a(a)(—a)}
3
=18.610L
El
1 a
= E[«/ga(—l)(—l) +2a(=1)(=1)+ ﬁa(—l)(—l)] =565
0 =— [fa( DD +2a (1)1 +32a(-1)(-1) | = 5.65%

82y = [ V2a(- 2a)(—a)+2a (a)(=2a)+2a(-a)(a)+— \/_a( a)(a)}
3

—_7612°L
El

3

&y = %B\/Ea(a)(-l) +a.2a)(-1) +%2a(2a)(—1) ++2a(3a)(-1) +%\/§a(a)(—l)} =
—10.075

EI
Sy = %[%\/ga(—2a)(—l) +2a.(-2a)(-1) +2a(-a)(-1) + %\/Ea(—a)(—l)} =

2
8357
El

The deflections at joint D in horizontal, vertical and rotational directions are
written as:

52,1{ +§,14,HHA +5j,HVA +§31,HMA =0
0 2 2 3 _
Oy tOyyH +06,yV+03yM, =0

@4+ 83y Hy+ 03,V +oyM =0

By substituting the deflection expressions, resolving the system of equations
leads to the determination of actions at joint A.
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Hp =-0.133¢L
¥y, =0.50gL
M, =0.0096¢L7

The moments at the joints can be deduced by using the principle of
superposition.

Mj= M+ mf.X,
k
Bar (AB)
Map = Mg+ mh.X; = (—%qL2)+%L(—O.125qL)
k
+L(0.488¢4L) +1.(0.0096¢L%) = —0.216¢L*
Mga= —%qu +§(—0.125qL) +L.(0.488¢L) +1.(0.0096¢L*) = —0.335¢L*
Bar (BC)
Mpc= %qu +(- %)(—0. 125gL) + (~L)(0.488¢L) + (—1)(0.0096¢4L*) = 0.335¢L*
Mcp = 0+ (+§)(—0.125qL) +0+(+1)(0.0096¢L%) = —0.073¢L>
Bar (CD)
Mcp = 0+ (—é)(—0.125qL) +0+(=1)(0.0096¢L%) = 0.073¢L*

Mpc = 040+ 0+ (+1)(0.105gL*) = 0.105¢L>
The variation of the bending moment in each bar is:

Bar (AB)

MAB(x)=O.216qa2(1—%)—0.335qa2( B
.a

V5 V5.
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Bar (BC)
1 X X
M g (x) = gax ——qx*—0.335qa*(1-—) - 0.073ga*(—)
2 2.a 2.a

Bar (CD)

M () (x) = =0.073ga*(1 - —=—) — 0.105ga*(

\/_a fa

The diagrams of the bending moment and the shear force are shown in
Figures 3.45 and 3.46, respectively.

In the same way, the shear force expression is:
Bar (AB)

0.551
T;p(x)=- \/g qa

Bar (BC)
Tpe(x)=1.131.qa —gx
Bar (CD)

0.032
Tep(x) = —Tfla

= 0.105

0.216

Figure 3.45. Bending moment diagram *(qa?
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-0.0226

z

Figure 3.46. Shear force diagram *(qa)

3.7. Analysis of truss

Trusses can be grouped into three different classes: (1) internally statically
indeterminate truss systems, (2) externally statically indeterminate truss systems and
(3) internally and externally statically indeterminate truss systems (Figure 3.47).

V V

> boccrorn 4 T = przaaa
(a) Internally (b) Externally (c) Externally
statically statically and internally
indeterminate indeterminate statically
indeterminate

Figure 3.47. Different types of truss structures

Calculation of the degree of static indeterminacy of a truss is given by the
following formula:

f=b—(2.n-3)
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The degree of static indeterminacy of each system (Figure 3.47) is presented in
Table 3.1. Table 3.2 shows the nature of the static indeterminacy of truss systems.

System (a) (b) (©)
b 6 5 6

2n-3 5 5 5
r 3 4 3
f 1 0 1

Table 3.1. Degree of static indeterminacy (Figure 3.47)

System Internal analysis External analysis
(a) Once statically indeterminate Statically determinate
(b) Statically determinate Once statically indeterminate
(c) Once statically indeterminate Once statically indeterminate

Table 3.2. Nature of static indeterminacy

3.7.1. Internally statically indeterminate truss

We analyze the truss system in Figure 3.48. The membrane rigidity (E Q) of all
of the bars is assumed to be constant.

— External analysis

Number of unknowns (support reactions) = 3
Number of static equations = 3

The system is statically determinate externally.
— Internal analysis:

Number of bars: b = 6.

Number of possible equations: 2n—3 =5

Therefore, the system is once statically indeterminate internally.
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F,
F, B l
_> C
L
A D
e =

A
v

Figure 3.48. Given truss structure

To analyze the truss (Figure 3.48), it is necessary to use the same method
presented during the analysis of beams and frames.

— Equivalent system

The given truss is once statically indeterminate internally. It is necessary to
replace a bar with an equivalent system of force (Figure 3.49), for example

bar (AC). F,

s |
o/

/'X
A | D

Figure 3.49. Equivalent truss system

— Fundamental system

We ignore the existence of bar (AC) in order to obtain the fundamental system
(Figure 3.50). The system obtained is internally and externally statically determinate; the
degree of static indeterminacy of the corresponding system can be verified by:

f=b—(2n—-3)=5-(2x4-3)=0
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To calculate the internal forces in the bars of this structure, we use the method of

joint equilibrium.

F,
A o

Figure 3.50. Basic truss system

—Joint C
Ncs

The equilibrium of joint C allows us to write: ¢

> F=0 N
lCD

F;+Ncg + Nep =0

Nep=0
Nep =-F,
—Joint B FoB _Nac,
The equilibrium of joint B allows us to write: NBB
Nga

D F=0

Fi+Ngc+ Nga+ Ngp =0

The projection of forces and internal forces along the horizontal and vertical axes is:

Ngp = -\/EFl

NBA:FI
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—Joint A

The support reactions can be deduced using equilibrium equations of the

fundamental system.
HA =-F1

VA =-FlI

The equilibrium of joint A leads to:

Ha+Va+Nap + Nag=0

The projection of forces along the horizontal and vertical axes gives:

Nap =

The internal forces on the bars of the truss structure are grouped in Table 3.3.

TNAB

Bar N° Nature of force
AB F, Traction
AD F, Traction
BC 0 Neutral
BD 2 F, Compression
CD _F, Compression
AC 0 Neutral

Table 3.3. Forces on the bars of the fundamental system
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— Unit system

Instead of the eliminated force (Figure 3.50), a unit force is applied (Figure 3.51).
The forces on the bars of the fundamental truss structure are grouped in Table 3.4.

Ob
v

Figure 3.51. Unit truss system

The internal forces due to a unit action applied in the direction of the eliminated

bar are grouped in Table 3.4.

Gyac= Fac =
Bar n L nL Ne I Nln, L
Fih | piiat
EQ EQ
AB | 2 n L ~2 L2 By
AD | 2, L 2., F|
BC —\/5/2 L _\/EL/Z 0 L L
B, | e T
BD | 1 V2, 2, L
CD L _\/EL/Z -F,
_\/5/2
AC 2, 2, 0

Table 3.4. Forces on the bars of the unit system and

displacement along the diagonal (AC)
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We apply the compatibility condition of the displacement along the diagonal of
bar (AC); we thus obtain:

0 1
Oyact044cX=0

The internal force in the bar (AC) can be deduced by:

e 2442 V2

f 20+242) &

X:— =
S 24242

The forces on the bars are determined using the superposition of effects principle
(Table 3.5).

N, =N?+ Xn,
N=N’+Xn
Bar N° n *( ot )
4(14+2)
AB F, 2, (2+2V2) F1+F,
AD F, 2, (2+2V2)F\+F,
BC 0 2, —(2+232) F|+F,
BD 2 1 —(4+242)F, 2 F,
CD F, 2, —2+22)F, -3+4/2) F,
AC 0 1 @+242)F,—\2F,

Table 3.5. Forces on the bars of the given structure

In particular, for F; = F, = F, in this case we calculate the normal force and its
nature for each bar (Table 3.6).
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N=N’+X.n

Bar *( 1 ) N Nature of force

4(1++2)
AB G+242)F 0.603 F Traction
AD G+242)F 0.603 F Traction
BC —1+242)F 0.396 F Compression
BD _(4+3\/§) F 0.853 F Compression
CD _(54_6\/5) F 1.396 F Compression
AC 0.560 F Tracti

4+ \/5) . raction

Table 3.6. Forces on the bars of the given structure for F = F;=F;

The internal forces acting on the bars of the truss structure are shown
schematically in Figure 3.52.

F
0.396 l
F B «———> c

\0.853
N\

«—
i
O
(o)}

0.603

—> «—

< > Compression

0.560 /

—p <«— Traction /
0.603
D
7z %/j

Figure 3.52. Normal force diagram *(F )
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3.7.2. Externally statically indeterminate truss

The system (Figure 3.53) is externally statically indeterminate. We assume that
the membrane rigidity (E Q) is constant for all bars.

"
F, B

> c AN
L
\
A
T T
_ L

Figure 3.53. Given truss structure

— Internal analysis

Number of bars: b=5

Number of equations: 2.n—3 =5

The system is internally statically determinate.
— External analysis

Number of reactions: r =4

Number of static equations: 3

The system is statically determinate internally and once statically indeterminate
externally.

— Equivalent system

In the equivalent system, the support reactions are replaced by forces of a
number equal to that of the degree of static indeterminacy (Figure 3.54).
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—> C
A D
T X

Figure 3.54. Equivalent truss structure

The construction of the fundamental system is represented in Figure 3.55.

5%
F, B

— C
A
e T

Figure 3.55. Fundamental structure

The forces on the bars have already been determined and grouped in (Table 3.3).
The unit system is constructed by applying a unit force in the direction of the free

body link (Figure 3.56).

The method of joint equilibrium makes it possible to determine internal forces in
the bars, due to the application of a unit force, which are:

nyp =1

ngp =Npc =Ngp =ncp =0
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A D
>
T,

Figure 3.56. Unit truss structure

— Displacement calculation

The displacement of point D in the direction (xx) of the fundamental system has
already been calculated (Table 3.3), which can be evaluated by:

20 _NNL_ BL
DA g T EQ
The displacement of point D in the direction (xx) due to the effect of a unit force
applied to joint D in the horizontal direction is given in Table 3.7.

Bar N L n.L éhﬂ = %
AB 0 L 0

AD 1 L L L

BC 0 L 0 E

BD 0 \/E L 0

CD 0 L 0

Table 3.7. Horizontal displacement of joint D

The compatibility condition of the displacement in the direction (xx) of joint D
must be satisfied.

Sy +0p x X =0
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The compatibility condition of the displacement makes it possible to determine
the support reaction of point D.

0
5D,X

X=-2%
5D,X

=—F,

The forces on the bars are calculated using the superposition of effects principle
(Table 3.8).

N; =N} + Xn]
Bar N° n X.n N Nature of force
AB F, 0 0 F, Traction
AD F, 1 -F, F,-F, ?
BC 0 0 0 Neutral
BD B \/E F, 0 _ \/5 F, Compression
CD F, 0 0 -F, Compression

Table 3.8. Internal forces on the bars of the given system

The normal force diagram is represented in Figure 3.57 considering F = F, = F,.

F,

F& v
C

<= =p-Compression ?

» <= 1raction

i =

Figure 3.57. Normal force diagram *(F)
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3.7.3. Internally and externally statically indeterminate truss

The superposition of the above systems makes it possible to obtain a truss that is
once statically indeterminate internally and externally. It is assumed that all of the
bars have the same membrane rigidity (E Q) and we must calculate the forces in the
bars of the truss structure (Figure 3.58).

F,
F,

—
B ¢
- Bar (AC) displays internal static
L indeterminacy.
- Support D presents external static
indeterminacy.
A D

Figure 3.58. Given truss structure

— External analysis

Number of unknowns (support reactions) = 4

Number of static equations = 3

The system is once externally statically indeterminate.
— Internal analysis

Number of bars: b=6

Number of possible equations: 2n—3 =15

The system is once internally statically indeterminate.

Hence the system is statically indeterminate once internally and once externally.
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— Equivalent system (Figure 3.59)

—
C
X
X
1 Xz
A, A—>

Figure 3.59. Equivalent structure

In the equivalent system, the internal force in bar (AC) and the horizontal
reaction of support D are substituted by the equivalent forces X; and X, in
sections 3.7.1 and 3.7.2.

— Fundamental system (Figure 3.60)

F, )
F, B

— c
Ak
o D

Figure 3.60. Fundamental structure

The forces on the bars of the truss have been determined and grouped in
Table 3.3.
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— Unit systems (Figure 3.61)
B C B C
1
A AR é,}_’
E & D P =2

(a) Unit internal force (b) Unit external force

Figure 3.61. Trusses under unit loads

The compatibility equations for displacements are written as:

0 1 12
OyactO4ucXi +04 40X, =0

5g,xx + 5%{)@()(1 + 512),xxX2 =0
knowing that:
0 4++2 FL
5A,AC ==

2 EQ

L
St = (+202)—
40 = ( )EQ

FL
8 ==
D EQ
L
Ope =

EQ
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Displacements 52 4 and éf)fm have been evaluated using the virtual work

method.

5 1 2
S2 =52 = . __\/5 L
A,AC — “D,xx — T

i=1

Resolving the system of equations leads to the determination of the normal force
on bar (AC) as well as the horizontal reaction to support D.

X, =— 2 _F-0462F

3+442
X, = 0.673F

The forces on the bars of the unit systems due to X; = 1 (Figure 3.61(a)) and
X, =1 (Figure 3.61(b)), respectively, are grouped in Table 3.9.

The internal stresses in the bars of the given truss structure can be deduced using
the principle of superpostition of effects.

N, =N+ x,n" + X,n

Bar N° X ng Xom, N Nature of
force

AB F —0.326 F 0 0.674 F Traction
AD F —0.326 F —0.673 F 0 Neutral
BC 0 -0.326 F 0 -0.326 F Compression
BD _ \/5 F 0462 F 0 -0.952 F Compression
CD _F —0.326F 0 -1.327F Compression
AC 0 0.462 F / 0.426 F Traction

Table 3.9. Internal forces on the bars
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The internal force diagram is shown in Figure 3.62.

. PEE,
> VC
B
w
. 1.327
<— —» Compression T l‘
—p «— Traction L
A 0.462
A /i D
7 ” T

Figure 3.62. Internal force diagram * (F)

3.8. Conclusion

In this chapter, we presented the formulation and application of the method of
forces to analyze the different types of statically indeterminate structures: trusses,
beams and plane frames.

The method of forces is based on applying the deflection compatibility method,
which leads to determining the redundant links whose number must be equal to the
number of degrees of static indeterminacy of the given structure.

In the first place, it is necessary to construct the equivalent system in which the
support reactions or the internal actions must be schematized. Redundant links are
the unknowns of the problem, which can be determined using the kinematic
compatibility conditions. Once the actions of redundant links have been evaluated,
the internal actions can be determined using the superposition of effects principle of

the statically determinate system on the one hand, and the unit systems on the other
hand.
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3.9. Problems

Exercise 1

Determine the degree of static indeterminacy of the following structures:

A - A A B
2 % 7 7z 7 7
jrcrssa TR
oo
e
L
A
L T ferrd Errr
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I

4>

Exercise 2

Determine the unknown indicated for each structure.

¥ IR Ry
A A ‘

E, 1
L/3 2L/3 L

A

v

Wl povonnn
il
Wfprssssnn

'

P
P | g
v
_> QZ A A
L =? L
iz v 7y v
L 7% : L T
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AR - ,mfm%

a v v
. %
L & L

&
<

v

v

<
<«

Exercise 3

Draw diagrams of the bending moment and the shear force for the following
beams:

q 100 kN .m
P—qu -«
% A E, I
E, 1 wiRw Ly o7l
1.5m 45m
L/3 2L/3 < :?: >
10 kN 2kN/ml
W

A A JAN

T E 1 T E 1 e

I.m 25m 25m 1.5m
< >« > < >« >
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Exercise 4

Calculate the moments at the joints of the following frames.

— Draw diagrams of the bending moment and the shear force.

LOLbddl bbb
4 ;

u
v
u
A

Q/L

o)
—
a)
<_
‘_
4—
4—
4—
4—
S

L L L2 L2
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Exercise 5

Calculate the forces of the following truss systems (E Q = constant):

3L/2

el

¢ —

R L

10 kN

SRR

VAN &
4 10 KN TR
v
3m 3m

3m

v
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Exercise 6

Evaluate the displacement at point A of the following structures:

e

>M_§

o

P

P

D e ©

—

«—

<
T

25 m

v
e % Ks
3.0m " 3.0m






4

Slope-Deflection Method

This chapter hopes to impart the following knowledge:

— formulating the equations of the slope-deflection method of bars with and
without support settlements;

— evaluating fixed-end moments;

— the notion of the rigidity factor and the transmission coefficient of a bar
according to the kinematic conditions;

— implementing the slope-deflection method when analyzing continuous beams
with and without support settlements, frames with sidesway, frames without
sidesway and multistory frames.

First, we present the foundations of the slope-deflection method and then we
apply them to the analysis of different types of structures such as continuous beams,
frames with sidesway and frames without sidesway, and with or without support
settlements.

4.1. Relationship between deflections and transmitted moments

The slope-deflection method is based on the description of moments at the ends
of an element of a structure according to the slopes at the joints and the applied
loads. To derive the formulas of this method, consider a structural element (AB) of
a continuous beam (Figure 4.1). When the beam is stressed by an external load or
subjected to a support settlement, the element (AB) deforms and generates moments
Map and Mg, at the ends of the bar (Figure 4.2). It is assumed that the statically
indeterminate beam has constant flexural rigidity (EI) and length (L). Without
considering the connection of the beam at its ends and using the superposition of
effects principle, we can write:

Structural Analysis 2: Statically Indeterminate Structures,
First Edition. Salah Khalfallah.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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= ajA +60,(M 45)+6,(M p,)
Wy :a);""eB(MAB)"'eB(MBA)

q(x

i

ELL ""ELL,™  ELL; EL L,

Figure 4.1. Statically indeterminate beam’

MABKJM

Figure 4.2. The moments at the ends of the studied beam

Wy, | T B9 b1 7 gy,

[4.1a]

[4.1b]

If the support settlement is taken into consideration (Figure 4.3), the system of

equations [4.1] is written as

ay =a)14 +6,(M 5)+6,(M p,)+ B,
Wy :w; + 65 (M 43)+65(M p,)+ By

From Figure 4.3, we can say that
B=p,="05s

The relationships of [4.2] become
0, = 0 +60,(M 1) +6,(M p)+

Wy szni' +0p(M 15)+ 0 (M )+

[4.22]
[4.2b]

[4.2¢]

[4.3a]

[4.3b]

1 All of the figures in this chapter are available to view in full color at www.iste.co.

uk/khalfallah/analysis2.zip.


www.iste.co.uk/khalfallah/analysis2.zip
www.iste.co.uk/khalfallah/analysis2.zip
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Figure 4.3. Deflection due to support settlement

The loading applied to element (AB) generates at ends A and B bending
moments called “fixed-end moments”, denoted as ¥ (Figure 4.4) whose expressions

depend on the applied loading. They can be determined using the method of three
moments (Chapter 2). In the case of a beam with constant inertia, determining the

fixed-end moments Y, and ¥, is written as

w,+ay,;—byg, =0 [4.4a]
Wy —bY 5 +¢¥gy =0 [4.4b]
ax Y B4
|
A ELL B
VT

Figure 4.4. Fixed-end moment

The expressions of the slopes at the ends of the fundamental system due to the
applied load are given as

W, =—ay;+byy, [4.5a]
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Wy =bY 45 =Cp4 [4.5b]
The slopes at joints A and B due to moments Mg and Mg, are given as

W, =0, +aM  —bM 5, + [4.6a]

Wy = Wy —bM 45 +cMp, + B [4.6b]

We substitute the system of equation [4.5] with [4.6]; we obtain the slope
expressions of the given system.

@, =—ay;+byg+aM z —bMp, + [4.7a]

Wg =bY 5=y —bM 45 +cMp,+ [4.7b]
The system of equations [4.7] is written in the following form:

aM 45 —bM g =@, +ay 5 =¥, — B [4.8a]

—bM 5 +cMpy = Wp —bY 5+ Vg~ P [4.8b]

Resolving the system of equations [4.8] allows us to determine the moments at
the end joints of the bar (AB).

c b b+c

M, = + W, + W, — 4.9a
s = Vap ac—b> 1 ac—p* % ac—b? p [ ]

b a b+a
My, = + W, + W, — 4.9b
54 = Vb4 br—ac 1 b*-ac ° b*-ac p [ ]

The bending moments at the ends of the bar (AB) are expressed according to the
fixed-end moments, the slopes at joints @, , @y and the support settlement /3 .
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4.2. Fixed-end moments

4.2.1. Bi-hinged beam
The formulas of the fixed-end moments due to external loading can be deduced
using the method of three moments (Chapter 2). In this case, we consider a bi-fixed

support beam subjected to any load (Figure 4.4). The equation of three moments
makes it possible to write

wIA +ay —byps =0

a); —byup+cyps =0

The fixed-end moment expressions are given as

yo cw, +bwy

AB = T,
b*—ac

y _bw, +awy

BAT
b*—ac

For example, a beam of length L and constant flexural rigidity EI are stressed by
a concentrated load applied at distance a from support A (Figure 4.5). The slopes at
the ends of a statically determinate beam are

. = PabL+b)
4 6EIL

. _ PabL+a)

5 6EIL
P P VB4
| l b | l |
12 E1 B A E.1 B|
é : b=L-a 5 Vs

Figure 4.5. Bi-hinged beam
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Hence the fixed-end moments at A and B are given as

Pab?
Yap = IE
Pa*b
VB4 = T

4.2.2. Simply supported beam

The slope-deflection method equations [4.9] depend on the connection between
the bar and the external environment. When this connection is a roller or hinge
(Figure 4.6), which allows for a slope, moment M,p is therefore zero. Equation

[4.9b] becomes
lP
AA

T E1
L2 L2

Figure 4.6. Simply supported beam

The fixed-end moment at joint B is

a); 3
=—2=-__PL
VB4 . 16

The fixed-end moments of some beams according to types of loading are given
in the Appendix.

4.3 Rigidity factor and transmission coefficient

Beam (AB) of constant rigidity (EI) and length L is subject to the effect of
couple Map (Figure 4.7). The beam is not loaded and the support settlement is
neglected. We apply the slope-deflection method formula [4.9a].

w, [4.10]



Slope-Deflection Method 143

Equation [4.10] describes the relationship between the applied couple Mg and
the slope of joint A. The connection parameter is defined by the rigidity factor and
written as k.

kyp=— [4.11]

ac—b?

E
A A Bl?

Mas ™ E.LL

Figure 4.7. Beam subjected to couple Mag

Substituting the relationship [4.11] with [4.10], we obtain
M5 =k p0, [4.12]
In the case of a beam with constant inertia, we have

a=2b=c= — [4.13]

For a bi-fixed support element, the rigidity factor is given as

€ - 2b =£=ﬂ [4.14]
ac—b* 2b2b-b> 3b L

kg =

The rigidity factor & represents the distribution of flexural rigidity (EI) along the
studied element.

So we can establish the expression of moment Mg, due to the effect of the
transmission of moment Mg using equation [4.9b] (Figure 4.8).

[4.15]
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In another way:

o, [4.16]

Mag ( AA BE )MBA

T ELL -

Figure 4.8. Beam subjected to Mag

Substituting the expression [4.10] with [4.16], we obtain

b
My =M [4.17]

We conclude that moment Mup transmits to the adjacent end a moment
b
My, =ZM AB

We define the transmission factor by the quantity A,z which has the expression

A = b [4.18]
c
For a beam with constant inertia, the transmission factor is
b 1
Apg=—=— 4.19
aB T 50T [ ]

Generally, we can write the expressions of moments at the ends of the joints
[4.9] by introducing the rigidity factors and the transmission coefficients by

My, =y, + k@, +k A0, —k;(1+ ;) [4.20a]

JiTji

M =y + k@, + k0, —k(1+ 2,) [4.20b]
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Particular cases

— Support B is fixed (Figure 4.9)

(g E,LL B
Mag -

Figure 4.9. Beam fixed in B

T

Using relationships [4.14] and [4.19], the rigidity factor and the transmission
coefficient of bar (AB) are given as

— Support B is a roller (Figure 4.10)

M g =k g0, +k 55008 [4.21]

A
Mas (
AN E,LL B 43

Figure 4.10. Simply supported beam in B

The index (") is introduced to describe the nature of the beam’s connection with
the external environment at point B.

The quantity k'A B./fA 5-Wp represents the moment transmitted due to the effect of

Mag. Knowing that this moment is zero means that the effect of the transmission did
not take place. This allows us to write

A =0
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The relationship [4.21] is written as
M=k, 3.0, [4.22]
Mp,=0 [4.23]

It is necessary to evaluate the slope at support A using relationship [4.22] under
the effect of the applied moment Mg (Figure 4.11).

( ! y
A — ELL &

Figure 4.11. Deformed beam
The expression of the bending moment becomes
x
M(x) = - Mg (l-z ) [4.24]
Applying a unit moment at support A, we obtain the bending moment variation.
X
m(x)=—(1— z) [4.25]

The expression of the slope @, using the method of virtual work can be deduced

by

L LM p(1=5)(1-T)
M 4B
w, = ! ()271()0 dx =_(|)‘ Elll L gc= M 4pa [4.26]

Using relationships [4.22] and [4.26], we can say

®, 3EI
M 4 =7A=—wA [4.27]

Hence the rigidity factor of the bar (AB) is

' 3EI
kAB =T [428]
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Moment Mg, is zero, which means that no transmission /1;1 g = 0 of the moment

can be made due to the effect of the applied moment Mjg.
— Support settlement

The effect of the support settlement can be shown in the formation of moments
at the ends of the studied beam (Figure 4.12).

My =—k,s(1+ A45)8 [4.29]

My, =—kp,(1+ 5,8 [4.30]

For small slopes, we can write

yp—y
@ﬁ:ﬁ:—l%fi [4.31]
AA B
E,IL A
YV

A a ~ Vs

.................... “

B/

Figure 4.12. Support settlement

Weput A=y, —y,

A
M 45 :kAB(l"'/lAB)Z [4.32]

A
My, =kBA(1+/13A)z [4.33]
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4.4. Beam analysis

The steps for continuous beam analysis using the slope-deflection method can be
grouped into:

— the identification of unknown joint slopes of a continuous beam, which will
subsequently be the unknowns of the problem;

— we calculate the rigidity factors, the transmission coefficients and the
fixed-end moments of each loaded span;

— if the support settlement is taken into account, the corresponding slopes are
also calculated by dividing the relative translation over the length of each span;

— we write the expressions of moments at the ends of each bar of the continuous
beam;

— then, the equilibrium conditions of the bending moments are applied to each
joint that can be rotated;

— resolving the system of equations, which has been constructed, makes it
possible to determine the slopes at the joints;

— the moments at the ends of each bar of the continuous beam are recalculated
by substituting the slopes calculated in the previous step in the expression of the
moment at each end. In this case, we can check the equilibrium of the joints by
adding up the moments at each joint.

In general, we formulate the expressions of the bending moment, shear force and
support reactions. The bending moment is established from the results obtained in
the last step, while the shear force is evaluated using external loading and the
moments at the ends of each bar. Applying the equilibrium equations for each bar
leads to calculating the shear forces. The support reactions are determined using the
equilibrium of the joints of the structure.

4.4.1. Single span beam

The single-span beam was analyzed by the method of three moments
(Figure 2.8) and then by the method of forces (Figure 3.2).

— Rigidity factor
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— Transmission coefficient
Az =0.
— Fixed-end moments
To calculate the fixed-end moment ;5 , we use the method of three moments.

Wy = w;! +ay,p +byg, =0

. ! 5 PL?
Knowing that =0.and @, =———
&l T 47781 EI
5
==PL
V4B 27

The expression of the bending moment is
M 45 =745+ K04+ K 54,505

Substituting the rigidity factor values K;, 5 and the transmission coefficient /fA B>

we obtain
5
M, =—PL
a8 =55
Mg, =0.

The equilibrium in relation to point A is

VeL+M 4 —%:0.

Hence the support reaction at B is

P M _ 4,

B7s 27



150  Structural Analysis 2

The vertical equilibrium leads to

23
VA :P_VB :EP

Figure 4.14 shows support reactions.

lP
B
EI %
My=5"y,= 23 V=4

PL
27)

P
Figure 4.13. Support reaction *(

27 ) and moment *(

The beam deflection is given by Figure 4.15.

Figure 4.14. Deformed beam

4.4.2. Continuous beam

This involves analyzing the continuous beam (Figure 2.21). We assume that the
flexural rigidity (EI) is constant. The beam is subjected to a uniformly distributed
load q and by a concentrated force P. This example is examined using the method of
three moments (Figure 2.21) and the method of forces (Figure 3.5).

— Rigidity factors

4ET
K g =Kps=Kpe =Kcp =T
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— Transmission coefficients
1
Aap = Aps = Agc = Acp =E

— Fixed-end moments

1
Vap =" Vpc = —qL2

12
4 4
= pr="yg1?
VBC 27 27(]
2 2
—— L pL=— 412
Yes =773 274

— Unknowns of problem

In the given structure (Figure 2.21), the slopes at joints A and C are zero. The
only unknown is the slope at joint B.

— Equilibrium equations
Resolving this problem requires one single equation.
We consider the equilibrium at joint B.
MB =0: Mgs + Mpc=0
— Expressions of moments at the ends

The formulas that give the moments at the joints of each span are

gL> 2EI
Myp="—+"wn
4B =5 7“8
gl> 4EI
BA = —— g

2L
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4 4E]

My =—ql?+——
BC 2761 L 8

2 2EI
M p=——qgl*+—w
CB 27q L 8

— Calculation of the slope at joint B

To calculate slope @y, we substitute the expressions of moments in the previous
equilibrium equation. We obtain

L* 4E] 4qL* AEI
-4 P =

+ 3 0
12 L 27 L
Hence
7 qL®
0, =—— 9L
864 EI

— Moments at the ends of bars

Substituting the expressions of slopes @ with the expressions giving the
bending moments, we obtain

M, = qlL; %wB =%qu

My, =_(]1_L22 L?wB =_415T02qL2
Mpc =%qlz+4—f1w3 =4SToquz
Mg =_22_7qL2+%0)3 =_%qu

The diagrams of the bending moment and the shear force are shown in Figures
2.21 and 2.22.
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Applying the equilibrium equations at each span leads to

Mpy=Myp 1 ) 192

vV, =
4 L 2T T4t
yp < MoaMap 1, 27,

L PRVET
y - Mcs=Mpc 2P _29
L 30432
536
Ve =V +V§ ==——gqL
B =Vp B 432‘]
yo < Mes =My (P _133

L 3 432

Figure 4.15 shows the deflection and the support reactions.

P =qL
g|192 # 133

39

Reaction*( 4,4~ 432 )and moments ( 432 )

Figure 4.15. Deflection of the beam and support reaction

4.4.3. Continuous beam with cantilever

We analyze the continuous beam with a cantilever as shown in Figure 2.27.

Flexural rigidity (EI) is constant for both spans.
— Rigidity factors

4ET
K, =Ky =Ky3 =Ky =——
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— Transmission coefficients

1
/112 :/121 2123 :ﬂsz :E
— Fixed-end moments

For simplification reasons, we put P = qL.

1
=y =—q.L?
723 732 B q

— Equilibrium equations

To analyze the given beam (Figure 2.27), it is necessary to build a system of
equations which allows the slopes of joints @, and @; to be quantified.

The equilibrium of the beam allows us to write

My + My =0
PL
M32+ T: 0

— Slope-deflection method equation

The direct application of the slope-deflection method and the use of formulas,
which give the moments at the joints of each span, result in

2ET
M=

4EI
Mu=""

1 4EI 2EI
My =—qL*+—o, +——

23 12q 7 @, 7

M;, :—Lq.L2+£a)2 + AET

12 L La)3
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— Calculating slopes at joints

The equilibrium equations established at joints 2 and 3 are written as

3

q

8w, +2wy =—

R Ty
o+ d = ql’ PL?
OO g S

The resolution of the equation leads to calculating the slopes

1 gl

280 EI

23 gL’

840 EI

— Moments at the ends of bars

Substituting the expressions of slopes @, and @; with the expressions of

moments, we obtain

M, =———q.L?
127401
M —_L LZ
21 7OQ~

1 4 46 1
Moy =—ql2———ql> g l?=—ql>
5T 501 TRa0 T T 70!

1 2 96 1
My =——qlie——ql?— g L?=——q.L?
2T T 0501 TRa0? 57

The results obtained are identical to those obtained in Chapters 2 and 3.

From the shear force diagram (Figure 2.29), we can evaluate the support
reactions of the beam, which are:
-3

Rl=——q¢gL
l40q
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R2= 4—7qL
140

R3=ﬁqL
140

The diagram of the support reactions and deflection is represented in Figure
4.16.

:
v

1 (v 2 «L q

Figure 4.16. Support reactions: load (* %qL ) and moment (*%qLZ)

4.4.4. Beam with support settlements

Determine the support reactions and calculate the moments at the ends of each
bar of a continuous beam subjected to support settlements B and C of A; and A,

using the slope-deflection method (Figure 2.24).

Draw the bending moment diagram for A; =2A, .

The unknowns of the problem are effectively the slopes @y and @ .

— Rigidity factors
4E]
Kp=Kpy=Kpc=Kep :T
3EI
Reo =7

— Transmission coefficients

1
)LAB :ﬂBA = )LCD = ;LCD :E



Slope-Deflection Method 157

— Fixed-end moments
No external load is applied along the beam, so fixed-end moments are zero.
— Equilibrium equations
The equilibrium of the beam is written as
MBA + MBC =0
MCB+MCD=0
— Slope-deflection method equation
Applying the slope-deflection method equations for each span, we obtain

2EI 6EI

M, =", 250
ap =@ B
4E] 6FE]
My, =", —2==
Ba = P B
4FE] 2FEI 6E]
Mge = Wp+——Wc — b

M. = iy S
CB A B
3EI 3EI
Mcp = c +T'B3
Mp-=0
A -A, A
Knowing that £ :_le_ , B = e L2 and f; = L , the new

expressions of the bending moments at the ends of each bar are given as

2E1 12E1
Map == @+
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4E1 12E1
Moa ="t

4EI 2ET 6El
Mpe ==~ @y =@ ==

2FEI 4EI 6EI

Moy =" + 220 g — 222 A
BT Ot @ T
3EI 3EI
MCD:_L 28 TS A,

— Calculating slopes at joints

Applying the equilibrium equations to joints B and C, we deduce the following
system of equations:

A

8wy +2wp =6—%
L
AZ

25 +70, =-9—

Resolving the system of equations leads to evaluating the slopes at joints:

BT 13 L
214,
CT13L

— Moments at the ends of bars

The moments at the ends of each bar are as follows

126 EI
AB _FF 2
96 EI
BA = 2

B
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__96EI
BC 13 12 2

_ 24E
CB 13 12 2

24 EI

=—_—A

CcD 13 12 2

The diagrams of the bending moment and the shear force are shown,

respectively, in Figures 2.25 and 2.26.

From the shear force diagram (Figure 2.26), we can evaluate the support

reactions.
222 EI
Ra=""22A
A 13 L3 2
po_ J22ELI0EL L 342E
S Y 13p?
R MHEL
C 13 L3 2
24 EI
Rp=——A
P

The bending moment diagram is shown in Figure 4.17.

1
(4 A BA ) pA
126 7 , 7
L oy 34 7144 $24

1 El 1 El
Figure 4.17. Support actions: reactions * (EL_SAZ) and moments * (EL_2A2)
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4.4.5. Beam subjected to a moment

We analyze the beam in Figure 2.30 using the slope-deflection method. We
assume that the flexural rigidity EI and the length of the spans are constant. The
purpose of this example is to present the distribution of moment My = 15 kN'm

along the continuous beam using the slope-deflection method.

— Rigidity factors
3EI
Ky =Ky = T
4E]
Ky =Kj, = T

— Transmission coefficients

3EI
221 =M =_L
4F]
/123 =3 =T

— Calculation of moments

The beam is extended (Figure 2.40) by length Ls= 0 (Figure 4.18).

3EI
M=
M23=ﬂ +£

L L

Figure 4.18. Beam extension
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oy _AEL - 2EI
32 7 2 7 ,
4E] 2EI
M, =—a, +——
=g w; I
2FEI 4FE]
My ="o + 0
43 7 @5 . 9
M, =0.

— Joint equilibrium
Joint 2
My +My; =0 : T, +2w; =0.

M,L
EI

Resolving the previous equations leads to the determination of the slopes of
joints 2—4.

Knowing that:
_2
2} 7 0]
_ML
YT4ET 2
Hence
ML
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and consequently,

_ M,L
 45EI
b 13ML
T 45El
M, =0
3EI M,
M, =" @ =—2 = 1kN.m
AT
4E] 2EI M,
My =——@ +—@, =——2=—1kN.m
BTG 15
4EI 2EI 4M,,
My ==+ =———% — _4kN.m
RETGTT 15
4EI 2EI 4
My, =" +22 @, =M, =4kN.m
34 7 2 L Tt
M s :Ea)3 +ﬂa)4 =M, =15kN.m
L L
M5 =0.

The diagrams of the bending moment and the shear force are shown in Figures
2.41 and 2.42, respectively. We associate the moments at the ends of each bar
(Figure 4.19).

My Mz, Ms;; Mg Ms;

N ,’# A
,%Vl Vﬁ%@m - V2 -/7%174

Figure 4.19. The moments at the ends of each beam
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Applying the equilibrium equations at each span leads to:

y My
L L
V;l) —M21:_1
L L
v My+My _ 5

y@ _ My +Mz _ 5
. L L

3 My + M 19
. L L

24
2 3
A =V3()+V3()=—L

M+ My 19

vV, =
4 L L

Figure 4.20 shows the nature of the deflection and the support reactions.

1
Figure 4.20. Deflection of the beam and support reaction™( T )
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4.5. Analysis of frames

The slope-deflection method is a widely used tool in indeterminate structure
analysis. For structures subjected to vertical loads, the axial deflections have a weak
or very weak influence. For this reason, they are neglected in the calculation.

In literature, frames are grouped into two categories: (1) frames without
sidesway and (2) frames with sidesway.
4.5.1. Frame without sidesway

4.5.1.1. Simple frame

We analyze the simple frame in Figure 3.25 using the slope-deflection method.
Flexural rigidities and geometric dimensions are shown in the figure.

— Rigidity factors
4EI
Kyp=Kps= a
6EI
Koo ="

— Transmission coefficients

1
ﬂ’AB = ﬂ’BA :E
Apc =0

— Fixed-end moments
1
VBc = 3 ql’
— Moments at the ends of bars

2E1
Myp = T‘UB
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4E]
MBA=T 'B
El 1 6FE]
Mpe =Ype+——wp =7 L —— Wy
8 L

— Joint equilibrium
Joint B
Mg, +Mg-=0

4FE] 6EI 1 5
— Wy t+——wy +—qL =0
p BT BT

The slope at joint B is

1 g’

a)_
5780 EI

The values of the moments at the ends of each bar are given as:

2EI 1 5
M, ,="——w, =——
AB I B 40q

4ET 1 5
My, =—w, =——
BA L Ok 20‘1

EI 1 , 6EI 1 5

My = +—wy =—qLl" +——wy =—qL
BCc = VBC L 7% L %75
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Np
Ty

BA

Figure 4.21. The Column (AB)

or for bar (AB):

D Myy=0:T,L—M 5 ~Mp, =0

3
H,=—¢qL
A 40q
3
T, =——qlL
B 40f]

This time we consider bar (BC):

1
D Myy=0 :VeL+My, -al=0
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[ He
NB VV V. Vv vV VYV >
A
B C
1\& T 7
B
L Ve
< NI
N 7

Figure 4.22. The bar (BC)

The diagrams of the bending moment and the shear force are shown in Figures
3.30 and 3.31.

These results allow us to deduce the support reactions.

Vy =T, =—qlL
B 204

3
He=-H, =—ECIL

In the same way, the deflection and the support reactions can be shown in Figure
4.21.

e

L 5

12
Figure 4.23. Deflection of the beam, support reaction™( % ) and moment ( Z_O )
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4.5.1.2. Multiple span frame

Calculate the moments at the joints of the frame (Figure 4.24) and draw
diagrams of the bending moment and shear force of the frame.

Pl 9 Pl

E I B E2a C

Eq.

=]
=
I
(]
=
=
I
(]

e
4ope

i

Figure 4.24. Symmetrical frame

— Equilibrium equations
The equilibrium equations of the joints, which can be rotated, are given as
Mp=0
Mc=0
In another way, we can write
Mga + Mpc + Mg =0
Mcg + Mcp+ Mcg=0
— Expressions of moments
We have P = qL.
The fixed-end moments of each span are given by

3 3
=2 PL=-"gl>
VBF 16 164

Yap =78a =0
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1
= — = — L2
VBC YcB B q

3 3
=~ PpL="gql?, =0
YcE 16 16CI YEC

Yep =Vpc =0

The expressions of the moments at the ends of each bar can be formulated using
the advantage of the structure’s symmetry ( @y =—a@, ).

M5 =0

Mp, :3%503

Mg =%qL2+SLﬂwB +ﬂa)c =éqL2+ﬂwB
M g =_%‘1L2+3%w3

Mgz =0

— The unknowns of the problem

Substituting the expressions of the moments described above with equilibrium
equations of the joints, we can obtain the slope of joint B.

_qr
96.E1

Wg
— Moments at the ends of bars

Substituting the expressions of slopes @y and @, with the expressions of the
moments at the ends of each bar, we get

3E] 1
Mgy=Mcp :TWB :EC]LZ
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1 4EI 1

Mge =Mep =—ql*+——wy =—qL?
BC CB 124 L 8 861

3 3EI 5
Mor =Mep ==qgalis =05 ==t

The bending moment and shear force expressions are given as

Bar (AB)
x X 1 X 1
M = M (=) + My (=)= —qgLX(>) = —qL
a8 () = typ(X) a( L) BA(L) 324 (L) 32qx
MAB(O)=O
M (L)—L L?
AB 32(1

Bar (BC)

1 1 1 x. 1 x. 1 1 1
M o (x) = —qgLx ——gx> ——qL*(1- =) ——gL¥ (=) = — qLx —— qx*> ——qL?
5c(X) 74 S g ( L) g4 (L) 54 XAt

1
M pc(0) = —quz

1
Mpc(L)= —quz

Bar (BF)
0<x< L
2
My () =2 gLv= gL = 1 gL
Mpr(0)=0
L. 11

My (—)=—qlL?
BF(2) 62‘]
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£S)CSL
2
M) =~ qr2—Lgre -2 qrxXy =L g 2 g1
B 2 32277 2 32
Lo 11
FB(2)_64q

5
Mpp(L)==2-qL?

The bending moment diagram is shown in Figure 4.25.

2

4

1
Figure 4.25. Bending moment diagram * ( 3—2qL2 )

In the same way, the distribution of the shear force is given by

Bar (AB)
dM (x) dpp(x) M p+M 1
Tp(x) = ) _ ﬂzli + ABL BA _ qu’
Bar (BC)

1
Tpe(x) = Eq.L—q.x
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1
Tpc(0) = 5 gL

1
Tpc (L) :_EqL

Bar (FB)

N |

11
Trp(x)=— q.L
7 (X) ) q

N | I~
IN
=
IA
h

21
Top(x)=——¢q.L
75 (%) 324

Bar (CD)
T, ()c)——L L
cD 3261

Bar (CE)

o
IN
=
IN

N |

21
Tep(x) =374l

N |
IN
=
IA
™~

21
Tep (%) 2—3—261L
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vAr Ha

Figure 4.26. The Column (AB)

Bar (AB)

D Myy=0: HL-Mpy =0

1
H,=—qL
A 3241

1
Tn, =—qlL
BA 32‘]

The shear force diagram is shown in Figure 4.27.

Figure 4.27. Shear force diagram * ( 31—2 qlL)



174  Structural Analysis 2

This time we consider bar (FB).

D Myy=0: VpL+Mpy,—PL=0

11
Ve, =—qlL
F 32‘]

D F=0: TytVp=P=0

21 21
T, =22p=2l.1
B =30 T3

F B
7 Mg J T

P 2@L/2 -
N 7

P
Hg > l \< Np
VE

Figure 4.28. Bar (FB)

Finally, the deflection and support reactions acting on the frame are plotted in
Figure 4.29.
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q
: v YYVYVYVYY —
B T

df

o

Figure 4.29. Deflection of the beam and support reactions *( Z—; )

4.5.1.3. Frames with support settlement

Determine the moments at the joints and plot the diagrams of the bending
moment and shear force due to a settlement of support B of a quantity A . It is
assumed that the axial deformation of bar (BC) is neglected; the settlement A of
support C causes a settlement of joint B of the same quantity (Figure 4.30). This
settlement causes the bars to incline and AB and BD are AB’ and DB’ in the
deformed configuration. This settlement generates a slope on the bars; this slope is

. A
negative and v = I

Using the adopted sign convention, we associate a negative slope (=¥ ) with bar
AB and a positive slope (') with bar BD (Chapter 1).

Applying the slope-deflection method means we can calculate the moments at
the joints of the given frame.

2EI 6E[

M,y =" 0, ———
aB = @5

4E] 6E]

Mg, = Wg ———
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3EI 3EI

My, =", -y
BD L 2T v

4ET
Mge = I 'B

2FEI
MCB_T(OB
Mpp=0

Knowing that y =-y'

3EI 3EI
MBD = TC()B +

L

The equilibrium of joint B is written as

11E1 3EI
ZMB =0: I Wp —T

y=0

This relationship allows us to deduce the slope at joint B, which is

), —+iy/
T

Figure 4.30. Frame under support settlement
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The expressions of moments at the ends in relation to the settlement of support B
are

__60EI1
AB _llLl//
__S4EL,
B L
_42EI
BD _llLl//
_12E1,
BCT L
k1
CB IILW
Mpp =0

Substituting the value of the slope due to the settlement at support C, the
moments at the ends of the bars become

_ 60EI
4B 112
541
B4 112
_ REl
BD L2
_12EI
BCT 112
__6El
B 112
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The bending moment expressions are given as

Bar (AB)
60E1 X S4EI | x
xX)=— A(l——)+ A(—
Map () == A=+ A0
Bar (BC)
12EI
M pe(x) === A1 —2) == A(=
pe(x) = T A=) A
Bar (BD)
42E] X
M,y (x)= A(l-—=
() =T A0=T)

The shear force expression of each element is given by

60E1 N SA4El . 114 EI

BT BT P

42EI
= BN
B
V2B, GEL_ ISEI,
1L~ 11L 1L

Figure 4.31 plots the bending moment diagram.

60

- D

) 12
A
EEE
54
C
e 6

Figure 4.31. Bending moment diagram*

—A
11L2
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Similarly, Figure 4.33 shows the variation of the shear force of the frame.

The equilibrium of bar (AB) allows us to write

D Myy=0:VL-M,;z—My, =0

114 EI
Vy=——
11 7
_ 114 EI
BA 11 L3
B
A
A Nea
Va A
M
AB MBA
L TBA
N
N
Figure 4.32. Bar (AB)
42
A l D
B e
114

. ) 1 El
Figure 4.33. Shear force diagram * ——3A )
111
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Now we consider bar (CB).
D Myy=0:HeL—M,—Mp, =0

18 El

C_HL:;

Figure 4.34. Bar (CB)

18 EI
Hence, Ty, =H,=——
BA CT1 IE

Bar (BD)

D My =0: Typl+My, =0

42 EI
Typ = —— o
BD 11 L3
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Magp D HD:
A i
B TVD
Nasp BD L
< N

Figure 4.35. Bar (BD)

42 EI
Hence; V) =—Tg, =——
D B> T IE

We can deduce that

156 EI

Ve =~Tpp —Tpy :TLT

The deflection and support reactions acting on the frame at the joints are
represented in Figure 4.36.

G
60

Figure 4.36. Deflection, fixed moments * ( %%A ) and support reactions of frame

. 1 El
and support reactions *(——A
PP ( I )
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4.5.2. Frames with sidesway

The slope-deflection method expressions can be applied to the analysis of
statically indeterminate frames subjected to horizontal displacements. In general,
axial deformations in frame elements are neglected. In previous sections, we studied
frames without sidesway, which are characterized by the following:

— the joints of the frame are considered fixed;

— the frame’s geometry and loading are symmetrical.

The horizontal displacement of the frames is due to the non-symmetry in
geometry or the non-symmetry of the applied loading or the effect of a horizontal
force.

To analyze frames with sidesway, consider frame (Figure 4.37). In this case, the
horizontal load P causes a horizontal displacement A of the frame in the direction
of force’s application. In this case, we must take into account the angular rotation
of columns (AB) and (CD) due to horizontal displacement A . The horizontal bar
(BC) can be translated without angular rotation.

The effect of the horizontal force can be expressed by neglecting the vertical
actions, which generates moments at the ends of the vertical bars.

P_A 4,
T B ‘ﬁ El c

1 g

........... Deformed frame

—— Non-deformed frame

|

T7777777

-,
w

Figure 4.37. Frame with sidesway
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Column (AB)
M1p = ks (14 Aip) == 1+ ) ==L p [4.34a]
My =~y 1+ 4y ) p ==+ D =-22 8 [4.34b)]

Column (CD)
Mep =—kip(1+ A p == ==L g [4.35a]
Mpe =0 [4.35b]

4.5.2.1. Frames with cantilever

We use the slope-deflection method to analyze the frame shown in Figure 3.26.
We assume that EI is constant for each span and P =q.L.

— Equilibrium equations
The equilibrium of the frame allows us to write the following equilibrium equations:
MB =0

1 1
Mc= —=PL=—-—¢qgL?
c 5 5‘]

In another way, we can write

Mga + Mpc=10
1
Mcg + Mcp :—quz
— Fixed-end moments
Yap =784 =0
1
Vec =" VcB B q

Yep =¥pc =0
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— Moments at the ends of bars

M ;=0

My, :%wg —%ﬂ

Mpe :éqL2+4Lﬂwg+2Lﬂa)c
Mg :—éqL2+2—f[a)B+4—f[a)c
Mcp :L?wc—%ﬁ

Mpc :Z_?C‘)C—%ﬂ

— Rotation of displaced joints

Substituting the expressions of moments at the ends of bars with the equilibrium
equations, we get

3
qL
Tw, +20, -3 =—
5 +20c =3p 12E1
7qL3
25 +80 -6 =———
s +80c =6/ 60EI

The equilibrium of displaced joints allows for the construction of two equations
with three unknowns, @z, @, and f. It is necessary to introduce an additional
equation such as that of the overall equilibrium of the structure.

The horizontal force causes a displacement in the horizontal direction producing
a vertical bar rotation. The horizontal bar is considered as a diaphragm element,
which undergoes a translation in its plane without rotation.

The horizontal equilibrium of the entire structure is written as

Tag+ Tpc=0
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The horizontal reactions or shear stresses Txg and Tpc of the vertical elements
can be calculated due to the internal actions of each bar.

— Column (AB)

The equilibrium of bar (AB) allows us to write

D My=0: My, ~T;L=0

My,
Ty =

L Nia
MBA\A
¥ —»
B | Tea

Tag |A
4—

TVA

Figure 4.38. Bar (AB)

Substituting the value of Mp,, we find

Typ = I Wp IE

3EI  3EI
= B

In the same way, we can deduce the horizontal reaction in bar (CD).

D Me=0: Mep+Mpe—=TpeL=0

T _Mpc+Mep
pc=T

6E1 12E1
T == P
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z c Tep

Mcp

Tag\ P Joc
%,

Figure 4.39. Bar (DC)

Substituting the values of Tag and Tpc in the relationship of the horizontal
equilibrium, we obtain the following relationship.

Wy +20,-56=0

Resolving the equations, which give the slopes, leads to calculating the
unknowns of the problem, which are

L3
wy =—0.6361=—
El
L3
@ =-1.1609=—
El
3
qL
=-0.604=
p El

— Moments at the ends of bars

After determining the rotations of the displaced joints, the expressions of
moments at the ends of each bar are

M,z =0

3ET 3E]

My, =—aw, ——— [ =-0.00228gL*
BA I 'B I B q
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1 4EI 2EI

Mg =EqL2+TwB +Twc =0.00228¢L>
M :—éqL2+2—f]wB +%a)c =-0.182¢L?
Mep =4—flwc —%ﬂ =-0.0183¢L?

Mpye = %a)c —%ﬂ =0.0205¢L>

Finally, we find that the results obtained by the method of forces (Figures 3.31

and 3.32) are in line with those obtained by the slope-deflection method.
Support reactions can be deduced by the following:

Bar (AB)

D Myy=0: HL-Mp =0

H,=228107¢L

Np
T, A
BA M BA
L
Ha

Figure 4.40. Bar (AB)
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Bar (DC)

D M =0 :HpL=Mgp+Mpe =0
Vy=-22810"¢L
D F,,=0:V,+V,—-P=0.
) 1 > L
D M,=0: Vil=2ql + P2 =Mpc =0.

V,=032gL

V, =P—0.32qL = 0.68¢L

Nc
Ne&T VM,
L

D | Hp
\\4
NG
_/MDC

Figure 4.41. Bar (DC)

Finally, the deflection and support reactions acting on the frame are presented in
Figure 4.42.
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\A

q
I
~

228107
—>( A
#0.32

Figure 4.42. Deflection of frame, fixing moment *(qL? and support reactions*(qL)

4.5.2.2. Frames with columns of different lengths

We re-analyze the frame shown in Figure 3.33 using the slope-deflection
method. We assume that the flexural rigidity of the members is constant. The
applied loading causes the frame to deform as shown in Figure 4.43.

The angular rotations of columns (AB) and (CD) are given as
Bip=PBps=P

_p =8
IBCD_IBDC_Sﬂ

L/2

== Non-deformed frame ,‘ @
I

= = » » Deformed frame

3L/10

Figure 4.43. Deformed frame



190  Structural Analysis 2

The expressions of the moments at the joints are given by

SEI  15EI
a5 =7 O _T’B
My =20, -2
My = %qLH%wB +%a)c
M= —%QL2+2%0)B +4%a)c
Moy =1t 0, =22
My =20, -2 p

The equilibrium of joints B and C allows us to write

Mpga + Mpc =0
15 ql’
Y, +20, —— f = ———
? ¢ 2ﬂ 12E1
Mcg + Mcp =0
96 . 1gql
20, +12w. —— f =
s < s P 12.E1

The horizontal equilibrium of the structure is written as
Tap+Tpc=0

The shear forces Tap and Tpc of the vertical elements can be deduced by:

— Extracting element (AB).
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The bar (AB) is in equilibrium; we can write

ZMB =0

4
MAB+MBA_TAB(gL)=0

To- M 45+ Mg,
AB — 4
—L
5
MBA :
B TBA
A MAB
TAB

Figure 4.44

Substituting the values of Mg and Mg,, the shear force in bar (AB) is written as

_75El  75EI
4B gr2 B 42

B

— In the same way, we can deduce the horizontal reaction in bar (CD).

D M =0

L
MCD+MDC_TDC(5)=O

T _Mpc+Mp
DC — L

2
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;. _24EL  384EI
pC =5 W — s

Figure 4.45. Bar (DC)

We substitute the values of Tag and Tpc in the relationship of the horizontal

equilibrium.
75 1911
—wy+240, ——— =0
g TR

Resolving the equations leads to the determination of the slopes at joints B and C.

L3
wg =—-0.01024=
EI
L3
@ =0.01181=—
El

3
ql
=0.002—
P EI

Substituting the slopes @y, @ and S with the bending moment expressions,

we obtain
SEI 15E1
=—w, —— [ =-0.0403¢gL?
AB Y B Y B q
S5EI 15E1
My, =—w, ——— 3 =-0.0659¢L>
BA I 'B Y B q
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1 4EI 2EI

Mo = EquﬁtTwB +Twc =0.0659¢L?
Mg = —éqLMZ—fIa)B +4Lﬂa)c =-0.0567qL?
Mqp = 8%% —92%,3 =0.0567¢gL?

Mpe = %a)c —%ﬂ =0.0096¢L?

The diagrams of the bending moment and the shear force are shown,
respectively, in Figures 3.38 and 3.39.

To calculate support reactions, consider bar (AB).

4L
ZM/B =0: HA(?)_MBA My, =0

H,=0.1327¢qL

B4/Be

b
Ha

Va
Figure 4.46. Bar (AB)

In the same way, we take bar (CD) into account.

L
> M =0 HHp S =Mep =Mpc =0
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H, =0.1326gL
3L 1
D> M, =0: VpL=Vp s+ Mpc =M iy _Equ =0

v, =0.49gL
V,=051gL

Figure 4.47 shows the deflection and the support reactions acting on the frame.
q

YY VvV oyv

0.0403 A

i
0.1326%

Figure 4.47. Deflection of frame, fixed moments *(qL? and support reactions *(qL)

4.5.2.3. Frames with oblique columns

We analyze the frame with oblique bars shown in Figure 3.40 using the
slope-deflection method knowing that it has already been studied using the method
of forces. The given frame has inclined bars and has displaced joints. To analyze it
using the slope-deflection method, it is necessary to calculate the slope due to the
horizontal displacement of the frame.

The unknowns of the problem are the slopes @y, @, and the displacement A.

— Fixed-end moment

1 2
Vec ="V = E‘J-a
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Due to the geometrical non-symmetry of the frame, its deflection is shown in
Figure 4.48.
The slopes of the different elements due to displacements of the joints (Figure

4.48) are given as

BB' A A A

Bp=22 =2 _A
i L, L, Lygcosa 2a
A A A
Boc =2~ -2

Lpc  Lpccosy 4
fA
.
B
B, =

P

A

Figure 4.48. Deformed frame

B'B +C'C;,  A(igo+tgy) _3A
4a

Bsc =

LBC LBC

The direct application of the slope-deflection method gives the moments at the

ends of each bar.

2E1 6E] 2EI 3EI A

My,=——0,——F—f,; = W, —
AB \/ga B \/ga ﬂAB \/ga B \/gaz

4EI 6E] 4E _ 3EI

My =—w,——f ——Ia)
BA \/ga B \/ga BA \/ga B ﬁaz
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1 4E] 2F1 6EI
M, =—qa*+ W, + W — =
BC 3q 2 BT, YT, IBBC
1 . 2EI El 9EI
—qa*+——a, +—a, + A
3 a a 4q2
1 2FEI 4FE] 6Ll
M, =——qa*+ W, + W — =
CB 3q 2a BT 5, YT, ﬂCB
1 EI 2FEI 9EI
——qa’t+t— W, +——a, + A
3 a a 4q?
M —4E[a)—6E[,[)' _4E1w_6EI
cD \/Ea (6] \/Ea cD \/Ea (6] \/5(12
Mo = 2FEI 6El _2EI 6EI
DC —

—_—, — — — . —
\/Ea (e ﬁaﬂbc \/Ea C \/Eaz

— Equilibrium equations

The equilibrium of displaced joints B and C gives the following relationships:

Mga + Mpc =0
Mcg + Mcp =0
3
3788 + wp +0.9082 =~ 194
a 3 EI

A 1gd’
Wy +4.8280, —1.992°2 =~ 9L
a 3 EI

The third equilibrium equation can be obtained by considering the horizontal
equilibrium of the frame.
Tag+Tpc=0
MAB + MBA — TAB (23) + VAa :O

or
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Figure 4.49. Bar (AB)

Similarly for bar CD, we can deduce that
MCD + MDC + VD.a* TDC a=0
or

 Mp+Mpe+Vpa

TDC a
6EI 12E1
Tpo =2 g — 2 A4,
DC \/Eaz C \/56[3 D

Figure 4.50. Bar (DC)
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The third equation obtains the equilibrium of bar (BC).

q
Mcp
HBé }H
B C ¢
Mgc Va A

Figure 4.51. Beam (BC)

D> M. =0
MBC+ MCB + 2qa2 -2 VA.a =0

M p+ M, +2q9a*
=BT e AT _ s 3EL wy +3ﬂwc NN
2a 2a?

V
4 2a? 4q°

ZFy =0:Va+Vp=2qa

3EI 3EI 9ET
Wy ——w ——A
2a? 2a? 4q°

Vp=qa-

By substituting the values of reactions V, and Vp with the expressions giving the
shear forces, Tap and Tpc, we get

El El EI
T,5 =0.5912 @, —0.75 = @ — 2.466 = A— L2
a? a? a 2

Similarly,
El
—A

EI El
The =qa—1.5—wy +2.742— @ —10.735
a? a? a

3
0.9090, +1.993, ~132022 = ~1 9%
a 2 El
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The rotations of displaced joints and the horizontal displacement become

3
g =—0.137%

3
o =o.125%

4
A=0.0674L
EI

The slopes of the bars can be deduced by

A qa’
=2 -0.0335°—
Pus 2a EI
B, =2 20067 9
e T El
B = % =0 ()50q7a3
5 4a T EI

Substituting the values of slopes @p, @- and A with the bending moment
expressions, we obtain the moments at the ends of bars.

M, = Ea)B +£A =-0.216 ga*
NEY J5a2
4EI 3EI

=—w, ———A =-0.335¢ga?
BA \Eﬂ B \Eaz q

1 2EI EI 9EI

MBC =7qa2+ a)B+7a)C+7A=O335 qa2
3 a a 4q?
M, = —lqaz +ga)g +£a)c +2.A =-0.073 ga®

3 a a da
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4E] EI

M =—w, —LA =0.073 ga?
\/Ea \Eaz

M, = 2E1 e — 01 A =-0.105 ga?
V2a J2a?

The bending moment and shear force moment variation can be found in the
corresponding section established by the method of forces.

Applying the procedure allows us to determine the support reactions, which can
be used in the same way and lead to the results, as shown in Figure 4.52.

LLbiddd

Figure 4.52. Deflection of frame, fixed moments *(qa?® and support reactions *(qa)

4.5.2.4. Multistory frame

Wed determine the moments at the joints and plot the diagrams of the bending

moment and shear force of a multistory frame, as shown in Figure 4.53, using the
slope-deflection method.

CR
L,
@

Figure 4.53. Multistory frame
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Under the effect of the horizontal force P and load q, the frame is deformed as
shown in Figure 4.54.

\

:BBC

Figure 4.54. Deformed frame

The kinematic unknowns are the six unknowns of the problem posed, which are
Wy, W, @p, W, A and A, . The displaced joints can turn with rotations @y, @,

®p , o and under the effect of horizontal loads F, and F,, the frame can move in

the horizontal direction of A;and A,. The horizontal displacement A, is
considered to be the relative displacement of the second level with respect to the
first level characterized by displacement A,.

— Fixed-end moments

1
=Yg =—q.L?
VBE VEB 2 q

— Slopes of columns

ﬁAB = ﬁBA = ﬂFE = ﬂEF = _%

A, —A
ﬁBc :ﬁCB :ﬁED :ﬂDE :_%
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— The moments at the ends of each beam

Mpg =

MED

Mg =

MEF_

MFE_

ZEIw —6E1ﬁ _2Elw _6EIA
L BT Pas =T O A
4EL, _OEl 5 _4EL . GEI
T BT P T T T
4E] 2EI 1,
— @y +—qL
17 'B c 12‘]
4E1w 2E1w —6E1ﬂ _4E1w +2E1w _6EIA
L B L C L BC L B C JE 2
2Elw 4E[a) —6EI,B —2E[a) +4E1w _6EI
L B L C L CB L B C L2 2
4E] 2EI
L ¢ L °
2E1w 4E]
L ¢ L P
4E1w +2E1w _6Elﬁ _4E1w +2Elw _6EIA
L D L EC L DE L D E L2 2
4E]w ZEIw —6E[ﬁ _4Elw +2Elw _6EIA
e YT Pep T Y DT 2
g 4B 2EL
12Q~ I E B
4B, OEl g _AEL . GEI
R A A P
_2EL, OELg _2EL  GEL,
p VET T PEF L Ve o

— Joint equilibrium

Joint B: MBA + MBC + MBE: 0

Joint C: MCB + MCD =0

Joint D: MDC + MDE =0
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Joint E: MEB + MED + MEF: 0
The equations, which give the slopes, are written as

A A r
120, + 20 + 20, - 71—6—2=—iq—

L 12 EI
AZ
2wB+8wC+2wD—6T:O.
AZ
Za)c+8a)D+2wE—6T=0.
A A, gl
2w +2wp +120; —6—-—6—2=—1—
B g L 12 El

The number of equations equals 4 with 6 unknowns; however, it is necessary to
provide two additional equations to solve the given problem. To achieve this goal,

we consider the horizontal equilibrium at the base of each level.
Tgc + Tgp=P
and

Tag + Tee=P

using

D My=0
D Mp=0

In the same way, we can deduce the shear forces at the base of each column by
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MBA

A
Tan 4&v4\ Mas
fv.

Figure 4.55. Column (AB)

Using the last equation makes it possible to deduce the shear force expressions at
each level.

— Level 1
Typ :%WB—%A
Trg Z%wE _%Al
— Level 2
Te Z%wg +%wc _%Az

o= 6EI 6El 12E1
= s O

A,
Substituting the shear force expressions with the horizontal equilibrium
relationships, we obtain two additional equations.

A, PL
Wy + W + WO + W — T: Ol
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A, PL?
Dy + O ==

Resolving the equations obtained makes it possible to evaluate the slopes at the
displaced joints, namely:

r r r r
Wy =-0.077L | @ =-0.0439= | @, =-0.048L—, @, =-0.061—,
EI EI EI EI
I
A =-0076%, A, =—012-
EI
The moments at the ends of bars have the following expressions:

2EI 6El 2
M ;5 =——wg ————A, =0.30gL
4B L BT o q

4EI 6EI
Mgy === == =0.146¢1*
1 4EI 2EI 2
Myp =—q.L?+—— @y +——w, =—0.343¢gL
BE 12‘] L BT % q
4EI 2EI 6EI
Mye == =@y +==0c=——A, =0.197¢1?

2EI 4E] 6El 2
Mepg=—7wp+—a, —A, =0.267qL
CB L BT YeT T q

4EI 2EI
Mep ==——@c+= =) = —0.267gI*

2EI 4EI
Mpe ==~ +——@p = —0.267qL*

4EI 2EI EI
Mpp ==—@p+=—ay —6L—2A2 =0.267¢L

_4El  2EI  6El, _ )
MED —TC()E +TC()D _FAZ = 0257qL
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1 4EI 2FEI

My =——q.L* +— @, + === @, =—0.475qL>
EB 12q L E L B %
4ET 6E] 2
M., =—aw, ———A, =0.218qL
EF =TT q

2EI 6E1 2
M pp =—wp ———A, =0.336¢L
FE L CET T q

The moments at the ends of each bar mean we can draw the bending moment and
shear force diagrams using

X X
M 45 (x) =ty (x)—M 4 (1—L—)+MAB (L_)
4B 4B

d 5 (x) + M 5+ Mp,
dx

Tp(x)=
Lyg

The bending moment diagram is shown in Figure 4.56.

0.267 / 0.267
267 | ¢ D
0.475
0.107 0.146 / ,0218
b [B 025 E
” 4’/
030 0.336

Figure 4.56. Bending moment diagram *(qL2)
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And the shear force diagram is shown in Figure 4.57.

-0.546

0.464
0.535

|

-1.318
0318 I B

0.553

&

Figure 4.57. Shear force diagram *(qL)

The deflection of the frame and the support reactions are shown schematically in

Figure 4.58.

P
—>

C D

q
) 4 l \ A 4 l 141 A
E
0.446 f o F [0.554
P Z
0.864 1864 0.336

Figure 4.58. Deflection and support reactions



208  Structural Analysis 2

4.6. Conclusion

In this chapter, we have shown the formulation of the slope-deflection method
for analyzing beams and plane frames. The method is based on the formulation of
the expression of the moments at the ends of each bar. This expression is a function
of the slopes of the ends of the bar and the slope due to the support settlement if it is
taken into consideration.

The slope-deflection method is a very powerful tool for analyzing beams without
and with support settlements. Furthermore, it is often used to analyze frames without
sidesway and with sidesway, and with and without support settlements.

Finally, the slope-deflection method allows us to analyze:
— continuous beams with and without cantilever;

— beams with support settlements;

— frames without sidesway and frames with sidesway;

— frames with support settlements;

— frames with oblique columns and of different lengths;

— multistory frames.

4.7. Problems

Exercise 1

Calculate the fixed-end moments of the following beams:
q

Luﬁjut —

2@L/2




Slope-Deflection Method 209

Exercise 2

Calculate the moments at the ends of each element of the following structures:

. 2q 15 KN/ml 20 KN
L ey
& E. 1 7/%7; E. 1 %W E.1 §\\é\\\? E.I Z

L b L > « 4m e 2*(3m) .

2 KN/m

Exercise 3

Calculate the moments at the ends of each bar of the following frames:

Draw diagrams of the bending moment and the shear force for each frame.

25KNml

AL Ty

AN

35m

A
v
r 3

Y
r
v
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T
.3 VA ? —
L |
L e
" Jo L J ¢ '
“ n Y
Exercise 4

| <

Calculate the moments at the joints of each frame and draw diagrams of the

bending moment and shear force.

- El #%B ElI -

Lol

A er Jo
L 2.L/3

P
L s

A

A

Settlement of support B of 75 mm.
Settlement of support B (A ) and load q.
Settlement of support B of 80 mm and load q = 2.5 kN/mL.

Exercise 5

Calculate the moments at the joints of each frame.

Draw diagrams of the bending moment and the shear force.
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Moment-Distribution Method

The teaching objectives for this chapter are as follows:

— identifying the law of distribution of moments around a joint;

— applying the moment-distribution method to:
- the analysis of continuous beams with and without support settlements;
- the analysis of frames with and without sidesway;

- the analysis of simple and multistory frames with and without support
settlements;

— using this method in practice.

First, we present the basic concepts of the moment-distribution method. Second,
we discuss the application of this method in the analysis of continuous beams, and
frames with and without displaced joints.

5.1. Hypotheses of the moment-distribution method

To establish the moment-distribution method, it is necessary to consider the
following hypotheses:

1) only the bending deflections are taken into account, axial and shear
deflections due to the normal and shearforces are neglected;

2) the flexural rigidity of each bar is assumed to be constant.

Structural Analysis 2: Statically Indeterminate Structures,
First Edition. Salah Khalfallah.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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5.2. Presentation of the moment-distribution method
5.2.1. Distribution of a moment around a rigid joint

We consider moment M, applied around a rigid joint A (Figure 5.1). Moment
M, is distributed among the bars passing through joint A.

Applying the slope-deflection method to the structure (Figure 5.1), we get:

M g =k, 0, [5.1]
M 4o = ke, [5.2]
M yp =k pay [5.3]
My =k, [5.4]

Figure 5.1. Distribution of nodal moment Ma

The equilibrium joint A allows us to write
Ma =Mag+ Mac + Map+ Mag [5.5]

Equation [5.5] is written in the general form
n
My=) My, [5.6]
i=1

where n is the number of bars passing through joint A.
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We deduce the slope at joint A by

Muyp _Myc _Myp My

W, = = , [5.7]
Kiyp  Kyc Kip Kyp
The slope at joint A can also be written as
MMyt Myp+ My, M,
= [5.8]

Kg+K i c+Kp+Ky DK
with D K =K 5+ Ko+ K p+K g

Taking equations [5.7] and [5.8] into account, we deduce the contribution of the
distributed moment to each bar by the following expressions:

K
M :ﬁMA [5.9]

In the same way, the moment returning to each bar is deduced by

©

MACZﬁMA [5.10]
K

M, =ﬁMA [5.11]
. K

M, =LM, [5.12]

DK

We conclude that moment M, is distributed between the elements in proportion
to the rigidity factors of the bars.

The distribution factor of a bar is defined by the quotient of the rigidity factor of
the bar and the sum of the rigidity factors of all the bars. It is written as

P — [5.13]
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For example, the distribution coefficient of bar (AD) is

T4D Z&
ZK

We state that

KAB +K;4C +KAD +K;1E
2K 2K 2K DK

with D K =K 5+ K. + K p+ Kz

Typtrye *ryp tryp =

Hence, the sum of the distribution coefficients is equal to unit, Z r=1.

This implies that the distribution of the moment around a joint is perfect.

Relationships [5.9-5.12] are written as follows:

M 5 =r;sM ,
M e =ryeMy
M p=rpM ,
M:4E =rypM

[5.14]

[5.15]

[5.16]

[5.17]

[5.18]

Relationships [5.15-5.18] describe the distribution of the nodal moment M, in

the bars passing through joint A.

5.2.2. Distribution procedure

The first stage of the distribution of moments is to consider that the structure
is a set of bi-fixed bars where each member must be studied individually. The
moment-distribution method is an iterative procedure, in which the joints have the
freedom to rotate but this rotation movement is temporarily blocked by imaginary

clamps.
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After applying external actions or a support settlement, fixed-end moments occur
at the ends of each bar. When these moments arise, it generates an imbalance in the
structure at the joints, which causes their rotations.

In a general way, we consider a bar (ij) stressed by any load q(x) or subjected to
a support settlement creating fixed-end moments y; and y;, at ends i and j of the bar

(Figure 5.2).

q(x)
i ~ i
AW ELL &
Vi Vi

i

Figure 5.2. Loading or support settlement’

The clamps placed at joints i and j exert moments y,and y;, on the bar.

Conversely, the bar generates moments at the ends of the bar i and j.

M. =_71'j

i
M; ==7

The moment-distribution method is established as below.

— Stage 1

- Distribution of moments

We release the clamp at joint i, the moment A, = -y, must be distributed in all

the bars passing through joint i.

1
M =1y,

1 All of the figures in this chapter are available to view in full color at www.iste.co.uk/
khalfallah/analysis2.zip.


www.iste.co.uk/khalfallah/analysis2.zip
www.iste.co.uk/khalfallah/analysis2.zip
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- Transmission

The moment of joint 7 of expression M) = —r, y, transmits at joint j a moment

equal to
M) = =2y 7y
We state that joint 7 is in equilibrium.
— Stage 2
- Distribution of moments

After the transmission of moment A/{, the resulting moment at joint j exerted by

the clamp at joint j on bar (ji) is

(2) —
M7 =y = A 7y
Conversely, the bar (ji) acts on clamp j by a moment equal to (-M{?).

Now, we block joint i with a clamp and we release joint j, the moment —M}z)
must be distributed between the bars passing through joint ;.
2 — 2y =
Mji = ”ji(_Mj )= _”ji(7ji _//i'ijrij%j)
- Transmission

The resulting moment at the end (ji) of the bar transmits to joint i a moment
equal to

2 2
M =AM 2 = =25V = A7)

In this case, joint j is in equilibrium and the moment exerted by clamp 7 on the
bar (if) becomes

3 1 1 2
MP =MD +MP+MPD
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or
3
Ml( )= Vi =1 7y _ﬂjirji(yji _ﬂy’?j%j)

The above iterations of equilibrium and transmission can be repeated until the
moments released after removing the clamps become rather negligible. Finally, the
final moment at each end is calculated by the sum of all the moments obtained
during the various iterations. Although the quality of the obtainable results depends
on the number of iterations chosen, for this reason, it is called an iterative method.

5.3. Continuous beam analysis

Analyze the beam (Figure 2.21) using the moment-distribution method. The
value of the flexural rigidity (EI) is assumed to be constant along the beam.

— Rigidity factors

1
AAB = /13,4 = E
1
ﬂBC = /,LCB = E
— Distribution factors
Kp, 4 1
AT e T K. 444 2
BA BC
Ky 4 1
’Bc = T 4+4 2
Kpy+Kpe +
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— Fixed-end moments

The fixed-end moments of loaded bars (AB) and (BC) are

1
Yap =~Vpa =79L?

12
5 5
== PL=—"-ql>
VBC 27 27(]

The moment-distribution method is illustrated in Table 5.1.

.NO' .Of Joints A B C
1teration
Bars AB BA BC CB
1 1
R — —
2 2
€D
9 -9 4 16 -8
n 108)
1 Equilibrium =772 =17/2
Transmission -7/4 ~7/4
gL?
M (108) 29/4 -25/2 25/2 -39/4

Table 5.1. Equilibrium and transmission of moments. For a color version
of this table, see www.iste.co.uk/khalfallah/analysis 2.zip

The results have already been obtained using the slope-deflection method
(section 4.4.2) by the method of forces (section 3.2) and by the method of three
moments (section 2.3.1). The moment-distribution method converges in this case,
since no moments remain to be redistributed after the first iteration.

5.3.1. Beam with support settlement

We analyze the continuous beam using the moment-distribution method
(see Figure 2.24) due to the settlement at supports 2 and 3 of A; and A, (A} =2A,).
The beam has a constant flexural rigidity (EI).
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The support settlement generates fixed-end moments that are at the ends of
bar (i) which are given by

My =y; +k;o +k; A0 —k;(1+ 4;)B;
M = yji+ ko + kiAo —kj(1+ 4;) B
The fixed-end moments due to the settlement at supports 2 and 3 are

6El = A . G6EI

=y, ==K, (1+ =22 (B =220
N2 =721 1+ 4)8, I ( 7 2o

6EI
Y23 = Va2 = Kos(14+ Ap3) B3 = _L_Z(Al -A;)

6FEl
Vaa = Vaz ==K, (1+ Ay) By = _L_2A2

Knowing that it is possible to write A, according to A,, the fixed-end moments

become
12E1
No=0a = _L_zAZ
6E]
V3 =V = L_2A2
6EI

Vaa = Va3 =_L_2A2

Applying the moment-distribution method consists of calculating:
— Rigidity factors

4E]
K, =Ky =Ky =Ks, ZT



222  Structural Analysis 2

— Transmission coefficients

1
A1 =3 = 25
— Distribution factors

Ky 4
H = = =7
Ky +Kyy 4+4 2
_ Ky 4 1
3 = = =5
Ky +K,; 4+4 2
__ Ky 4 4
By = = ==
Ky, +Ky, 4+3 7
K 3 3
34 = > =

Ky +Ky 443 7

The implementation of the moment-distribution method is described in Table 5.2.

Itljroé t?()fn Joint 1 2 3 4
Bars 1-2 2-1 2-3 3-2 3-4 4-3
4 3
) BEAERE
4 2 2 -1 -1 —-1/2
Equilibrium -12 —-1/2 6/7 9/14
: Transmission | —1/4 3/7 -1/4 0
Equilibrium -3/14 | -3/14 1/7 3/28
2 Transmission | —3/28 1/14 -3/28 0
Equilibrium -1/28 | -1/28 3/49 | 9/196
M 23/14 | 35/28 | -35/28 | —29/98 | 29/98 0

Table 5.2. Moments at joints *(%Ag)
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Table 5.3 shows a comparison between the results obtained from using the

moment-distribution method and the slope-deflection method.

Joint 1 2 3 4
Bars 1-2 2-1 2-3 32 3-4 4-3
Moment-
distribution 9.8571 | 7.500 | -7.500 | -1.7755 | 1.7755 0
method
Slope-deflection | ¢ (673 | 73046 | —73846 | —1.8461 | 1.8461 0
method
Convergence rate | 98.32% | 98.46% | 98.46% | 96.17% | 96.17% 100%

The distribution process is continued by adding another iteration; the moments at

Table 5.3. Comparison between the slope-deflection

and moment-distribution methods ( % A)

the joints are presented in Table 5.4.

lf:;tﬁ; Joint 1 2 3 4
Bars 1-2 2-1 2-3 3-2 3-4 4-3
R 1 1 4 3
2 2 7 7
4 2 2 -1 -1 -1/2
Equilibrium -1/2 -12 6/7 9/14
: Transmission | —1/4 3/7 —1/4 0
Equilibrium -3/14 -3/14 1/7 3/28
2 Transmission | —3/28 1/14 -3/28 0
3 Equilibrium -1/28 -1/28 3/49 9/196
Transmission | —1/56 3/98 —-1/56 0
Equilibrium -3/196 -3/196 1/98 3/392
M 91/56 | 121/98 | —121/98 | —119/392 | 119/392 0

. . . /
Table 5.4. Moments at joints after three iterations *( 6L—2A2 )
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Table 5.5 summarizes the comparison between the results obtained using the
slope-deflection method and the moment-distribution method after three iterations.

.NO' .Of Joint 1 4
1teration
Bars 1-2 2-1 2-3 32 34 4-3
Moment-
After .
. . distribution | 9.8571 7.500 -7.500 —1.7755 1.7755 0
2 iterations
method
Moment-
After R
. . distribution 9.75 7.4081 —7.4081 -1.8214 1.8214 0
3 iterations
method
Slope-
deflection 9.6923 7.3846 —7.3846 —1.8461 1.8461 0
method
After
two 98.32% | 98.46% 98.46% 96.17% | 96.17% | 100%
iterations
Convergence
rate
After
three 99.40% | 99.68% 99.68% 98.66% | 98.66% | 100%
iterations

moment-distribution methods* ( % A, ). For a color version of this table,

Table 5.5. Comparison between the slope-deflection and

see www.iste.co.uk/khalfallah/analysis 2.zip

We find that after the third iteration of the distribution of moments, the results
are very satisfactory compared with those of the slope-deflection method.

5.3.2. Beam with cantilever

We use the moment-distribution method to analyze the beam (Figure 2.27). The
cantilever beam was analyzed by the method of three moments (section 2.3.3) and
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the slope-deflection method (section 4.4.3). The flexural rigidity (EI) is assumed

to be constant along the beam. The moment-distribution method is carried out by
establishing the calculation steps.

— Rigidity factors
4E1
Ky =Ky = 7
4E]
fn =

— Transmission coefficients

1
A =2y ZE
Ay =0
— Distribution factors
K 1
1 =—3L_ :E
Ky +Ky
Ky 1
Y
Ky + Ky

— Fixed-end moments

For simplification reasons, we assume that P = qL.

1
=~y =—q.l?
723 732 2 q

. .. PL
Concentrated force P (Figure 2.27) generates a moment at joint 3 equal to — .
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lg:r"au‘;fn Joint 1 2
Bars 1-2 2-1 2-3 3-2 3-4
1 1
T E E 1

/4 5 -5 12

Equilibrium -5/2 =5/2 =7

1 Transmission | —5/4 =712 =5/4

Equilibrium 7/4 7/4 5/4

’ Transmission 7/8 5/8 7/8

Equilibrium -5/16 -5/16 —7/8
M -3/8 -17/16 | 17/16 -12 12

Table 5.6. Moments at joints of a cantilever beam *( % )

Table 5.7 shows the convergence rate of the moment-distribution method in
relation to the slope-deflection method. The convergence rate varies between 80%

and 100% for results taken after two calculation iterations.

Joint 1 2
Bars 1-2 2-1 2-3 3-2 3-4
Moment-
distribution -0.00625 -0.0177 0.0177 -0.20 0.20
method
Slope-deflection | 5071 | 90142 | 00142 | -020 0.20
method
Convergence rate 88% 80.22% 80.22% 100% 100%

Table 5.7. Convergence rate and moment-distribution method (qL?)
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To achieve very satisfactory results, it is necessary to continue the iterative
process until the convergence rate is respected.

5.3.3. Beam subjected to a moment

We reanalyze the beam shown in Figure 2.40. We assume that the flexural
rigidity EI and the length of the spans are equal.

— Rigidity factors
3EI
Bor=

4FE]
Kyy =K5, =Ky :T

— Transmission coefficients

A =0

1
2232132213425

— Distribution factors

1 SIS B
Ky +Ky 7
Ky 4

3=
Ky +Ky; 7
K, 1
3y = =5
Ky +Ky 2
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The purpose of this exercise is to present how moment My = 15 kN-'m is
distributed along the beam (1-4) using the moment-distribution method.

No. of Joint 1 2 3 4
1teration
Bars 1-2 2-1 2-3 3-2 3-4 4-3
3 4 1 1
r el - — —
7 7 2 2
Equilibrium 1
1
Transmission 1/2
Equilibrium -1/4 -1/4
2
Transmission -1/8
Equilibrium 3/56 4/56
3
Transmission 0 2/56
Equilibrium -1/56 | -1/56
4
Transmission -1/112
Equilibrium 3/784 4/784
M(M,) 45/784 | -45/784 | —13/56 | 13/56 1

Table 5.8. Distribution of shore moment

Table 5.8 shows the distribution of a shore moment at the joints of a continuous
beam using the moment-distribution method. The comparison between the results
obtained by this method and the slope-deflection method is presented in Table 5.9.
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Joint 1 2 3 4

Bars 1-2 2-1 2-3 3-2 3-4 4-3

Moment-
distribution 0 0.861 —0.861 —3.4821 3.4821 15
method

Slope-
deflection 0 1 -1 -4 4 15
method

Convergence

ate 100% | 86.10% | 86.10% | 87.05% | 87.05% | 100%

Table 5.9. Comparison between the slope-deflection
and moment-distribution methods

The convergence rate varies between 86.10% and 100%. It should be noted that
the convergence rate depends on the number of iterations used.

5.4. Analysis of frames

5.4.1. Frame without sidesway

5.4.1.1. Single span frame

We reanalyze the simple frame (Figure 3.19) using the moment-distribution
method. The flexural rigidities of bars (AB) and (BC) are, respectively, (EI) and
(2ED).

— Rigidity factors
4EI
Kyp=Kpg=——
3E(2I) 6FEI
Kp=—-l=—""
BC I3 I3
— Distribution factor
Kz, 2
Tpa=—— =%
Kpy+Kpe 5
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K 3
BC = =3
Kp i+ Kpe

— Transmission coefficients

— Fixed-end moments

1 >
Ysc = qu
.NO' .Of Joint A B C
1teration
Bars AB BA BC CB
2 3
r z =
5 5
2
ql
=) 1
4 8
. Equilibrium =2/5 -3/5
Transmission | —1/5 0
L2
M( (qT -5 | 25 2/5 0
M((gI?) | -1/40 | -1/20 1/20 0
Slope-
deflection —-1/40 —-1/20 1/20 0
method
Convergence 100%
rate

Table 5.10. Frame analysis using the moment-distribution method
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5.4.1.2. Multiple span frame

We reanalyze the symmetrical frame whose mechanical and geometrical
characteristics are shown in Figure 4.24.

— Rigidity factor

— Transmission coefficients

;I’AB: éAzﬂécz%Bz%Dzﬂ))czo
Age = Aoy =~
BC =4 =5

— Distribution factors

Ky, 33
Kpy+Kpe+Kpp 3+3+8 14

Tpa =Tpr =Tep =Tce =

Kpe 8

Kpy+Kpp +Kpe 14

Tsc =Tce =

— Fixed-end moments

The fixed-end moments of loaded bars are

1
Yec =Yg =54-L?

12
3
=——¢q.l?
VBF 16‘]
3
Yer =7-9.L*

16
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The equilibrium and the transmission of the iterations are grouped in Table 5.11.

Joint B C
Bars BA BF BC CB CE CD
3 3 8 8 3 3
r = = _ _ = =
14 14 14 14 14 14
q.L*
( ) -9 4 -4 9
4 48
Equilibrium 15/14 15/14 40/14 —40/14 -15/14 -15/14
Transmission -20/14 20/14
Equilibrium 60/196 60/196 160/196 -160/196 -60/196 -60/196
Transmission -80/196 80/196
Equilibrium 240/2744 | 240/2744 | 640/2744 | —640/2744 —240/2744 | -240/2744
M
( q.L* ) 4020 -20,676 16,656 -16,676 4,020 20,676
131,712
M (q.L?) 0.0305 —0.1569 0.1264 -0.1264 —0.0305 0.1569
M(q.L?)
Slope- 00312 | —0.1562 | 0.125 ~0.125 ~0.0312 0.1562
deflection
method
Convergence 97.75% 99.55% 98.89% 98.89% 97.75% 99.55%

Table 5.11. Analysis of frame without sidesway. For a color version

of this table, see www.iste.co.uk/khalfallah/analysis 2.zip

Table 5.11 also shows the convergence rate of the moment-distribution method.

This rate is fairly convergent, varying between 97.75% and almost 100%.

5.4.1.3. Frame subjected to a support settlement

We use the moment-distribution method to reanalyze the frame subjected to a
support settlement (Figure 4.30). The flexural rigidity of the bars is constant and
their lengths are equal. Support C has a value of A.
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— Distribution factors

Ky, 4 4
}’BA: = = —
Kg,+Kgc+K'pp 4+4+3 11

Kge 4 4
Tsc = = =—
Kp, +Kpe+K'pp, 4+4+3 11
K 3 3
Tsp = =

Kp, +Kpc +K'pp 44443 11

— Fixed-end moments

_ . _ _6EI _6EI

YVag = 7Vpa 7 v Iz
_ 3B 3EL

7’BD—_T'//—— B

Implementing the moment-distribution method to analyze frames subjected to a
support settlement is shown in Table 5.12.

Joint A B C D
Bars AB BA BC BD CB DB
R 4/11 4/11 3/11
Y 6 6 -3
Equilibrium —12/11 —12/11 -9/11
Transmission —6/11 —6/11
M 60/11 54/11 -12/11 —42/11 —6/11 0

Table 5.12. Analysis of frame with support settlement *( %A). For a color

version of this table, see www.iste.co.uk/khalfallah/analysis 2.zip
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In the same context, a comparison of the results obtained is given in Table 5.13.
In this case, a perfect convergence of the moment-distribution method is observed.

Joint A B C D
Bars AB BA BC BD CB DB
Moment-
distribution 60 54 -12 —42 ) 0
method

Slope-deflection

method 60 > o e ° "
Convergence 100 %
rate

Table 5.13. Comparison between the slope-deflection

/ A). For a color version of this table,
11L2

see www.iste.co.uk/khalfallah/analysis 2.zip

and moment-distribution methods™ (

5.4.2. Frame with sidesway

5.4.2.1. Frame with cantilever

We reanalyze the frame with cantilever (Figure 3.26) using the moment-
distribution method. We assume that the flexural rigidity (EI) is constant and that
P=q.L.

— Rigidity factors
3EI
Ko =

4E1

Kpe =Kcg = A

4El
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— Transmission coefficients
ZBA = 0.

1
ﬁBC= CB=/1CD=/7®C=E

— Distribution factors
K, 3 3
Tpa = = =—
K, +K,. 3+4 7
Ky 4 4
rBC: = = —
K, +K,. 4+3 7
1
Tew =Tep :5

To analyze frames with sidesway, we use the superposition principle. The
structure shown in Figure 3.26 can be divided into two systems: (1) the system of
fixed joints (Figure 5.3) and (2) the system of displaced joints (Figure 5.6). Both
systems were analyzed separately. At the end of the analyses, the effects are
superimposed to evaluate the final answer.

The fixed joint structure is obtained by adding an artificial (imaginary) support
to joint C to block horizontal movement. In the same way, the displaced joint
structure is obtained by releasing the structure or the frames from the displacement;
the previously blocked support is suspended.

In the first system, the external loads are applied to the frame and the moments at
the joints are calculated using the steps of the moment-distribution method in the
usual way.

After determining the moments at the joints, the reaction to the imaginary
support can be calculated by the frame’s overall equilibrium. In the second system,
the frame is stressed by the reaction of the artificial support in the opposite direction
(Figure 5.6). Finally, the values of the moments at the ends of each bar add up to the
values of the moments at the joints, which have already been calculated in the first
phase.
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In this context, it is also possible to use an indirect approach, assuming that a
force is applied at the imaginary support in the opposite direction to the support
reaction (Figure 5.7), causing an arbitrary displacement A'.

The fixed-end moments obtained because of the displacement A' are distributed
using this method. After determining the moments, the reaction to the imaginary
support can be calculated using the equation of the frame’s overall equilibrium.

Finally, a correction will be made on the arbitrary value that is already associated
with the displacement value A'. The correction coefficient is deduced by applying
the horizontal equilibrium.

ZTb(zzse-i_kZTb?l;e:ZFx [519]

where z 7., and z T/, are, respectively, the shear forces at the base of the

frame without and with sidesway.
The relationship [5.19] allows us to determine the correction coefficient by

_ 0
k :ZF"—?[W [5.20]

base
The final moment at joint 7 can be obtained using the sum of the moments.
M, =M +kM¥ [5.21]

where M,-O,M ,»A “are, respectively, the moment at joint i of the frame without and

with sidesway.
— Frame without sidesway (Figure 5.3)

The fixed-end moments due to load g are

I
= — = — L
VBc YcB 1261

The moments due to the equilibrium and distribution of moments are presented
in Table 5.14.
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'}

v v v v vy

R
“ \
Imaginary or
artificial support.
—
A D ; \%
o
L L/5
7
Figure 5.3. Frame without sidesway
Joint A B C D
Bars AB BA BC CB CD DC
3 4 1 1
r = = -l —
7 7 2 2
2
q.L
— 1 214 ) -1
ek D)
Equilibrium -3/7 —4/7 -7/10 -7/10
Transmission 0 -7/20 =2/7 -7/20
Equilibrium 21/140 28/140 1/7 1/7
Transmission 0 1/14 1/10 1/14
Equilibrium -3/98 -4/98 -1/20 -1/20
M (qu) 0 -0.0257 0.0257 -0.1493 -0.0506 | —0.0232

see www.iste.co.uk/khalfallah/analysis 2.zip

We extract element (AB)

D My=0

Table 5.14. Frame without sidesway. For a color version of this table,
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Mp+Mp,—T;pL=0

A.V

7,{ HA
Va

Figure 5.4. Column (CB)

M
Ty =_LBA

Substituting the values of Mg and Mp,, we find
T, =—0.0257qL

The horizontal reaction of bar (CD) is deduced using
> Mc=0

T _Mpc+Mep
pc =" [

Tpe =—0.0738¢L

(T3 +Tpe)’ =—0.10gL
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Mc Ci

D Tep

TDCAva\ Moc
v

Figure 5.5. Column (CD)
The exponent (°) indicates that the calculated forces are from a frame without
sidesway.

The horizontal equilibrium of the frame is

(Tap + Tpc)°—R=0

R=(Tag*+ Tpc)° = = -0.10¢L
— Frame with sidesway
In this area, there are two different methods.

- Direct method

The fixed-end moments due to the displacements of the columns (Figure 5.6)
are

6E]
Yep =7pc = _T B

3E]
VB4 = —Tﬂ

Applying the moment-distribution method leads us to evaluate the moments at
the ends of each bar of the frame with sidesway (Table 5.15).
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a

>

D
oo

Figure 5.6. Frame with sidesway — direct method

Joint A B D
Bars AB BA BC CB CD DC
3 4 1 1
' 7 7 2 2
4 -3 -6 -6
Equilibrium 9/7 12/7 3 3
Transmission 0 3/2 6/7 32
Equilibrium -9/14 —6/7 =3/7 =3/7
Transmission 0 -3/14 =3/7 -3/14
Equilibrium 9/98 6/49 3/14 3/14
M 0 -111/49 | 111/49 45/14 —45/14 | -33/7

Table 5.15. Frame with sidesway *(%,3)
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The shear forces at the base of the frame are calculated as follows.

The equilibrium equation in relation to point B:

My, ~T5L=0

M 111 EI
T, =284 ___""=
BT 49 Lzﬂ

The same procedure is applied to bar (CD):

Mpc+Mep  111EI
Toe == T

The horizontal equilibrium of the frame (Figure 5.3) allows us to write:
T +Tp+R=0.

111 EI 111 EI
——f+——F+0.10gL =0
49 Lz'B 14 Lz'B 1

It leads to the evaluation of the slope of the frame’s columns.

3

3 qL
=-9.81.107° 1
p EI

Table 5.16 groups the final moments at the ends of each bar of the given frame.

Joint A B C D
Bars AB BA BC CB CD DC
M (qu) 0 -0.0257 0.0257 -0.1493 —0.0506 -0.0232
El
MP (Tﬁ) 0 -111/49 111/49 45/14 —45/14 -33/7

L3
-_981.103 4=
p EI

MP(qL?) 0 0.0222 —0.0222 —0.0315 0.0315 0.0462
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M’ (gL?) 0 | —0.0257 | 0.0257 | -0.1493 ~0.0506 ~0.0232
M. (final)
(107 %41 0 -3.50 3.50 ~117.76 ~19.10 23.05

Table 5.16. Moments at joints of frame

- Indirect method

The fixed-end moments using an optional displacement A'(Figure 5.7) are

3EI
VBa = _Tﬂ
6EI
Yep = 7pc = _Tﬁ

We deduce a relationship between the fixed-end moments due to the effect of the
displacement A', a relationship which must be established between the fixed-end
moments.

Yoa Yep i Vpe =1:2:2

A fixed value must be assigned to the fixed-end moment. For example:

V54 =100 unit of moment. Therefore, ¥y = ¥pc =200 unit of moment.

A A'

B C | V]

p Vi

V. p

A D
Y 7

Figure 5.7. Frame with sidesway — indirect method
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The moments at the ends of each bar are given in Table 5.17.

Joint A B C D
Bars AB BA BC CB CD DC
3 4 1 1
f 7| 3 2 p
4 100 200 200
Equilibrium -300/7 —400/7 -100 -100
Transmission 0 =50 -200/7 =50
Equilibrium 150/7 200/7 100/7 100/7
Transmission 0 50/7 100/7 50/7
Equilibrium —150/49 | -200/49 =50/7 =50/7
mP 0 75.51 —75.51 -107.142 107.142 157.142

Table 5.17. Moments of a frame with sidesway

The horizontal reactions of supports B and D can be deduced by

o Mg, 7551
AB _L _L
Mpe+Mqp 264284
Tpe = I = I
_ 339.80

A
(Typ+Tpc)” = I

Hence
(Typ +TDC)0 +h(Typ +TDC)A' =0

339.80
L

0.10gL —k( )=0
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The correction constant is given by
k=2.94x107gL?

Table 5.18 groups the moments at the ends of each bar using the indirect method.

Joint A B C D
Bars AB BA BC CB CD DC
M (g1%) 0 | —0.0257 | 0.0257 | —0.1493 | —0.0506 | -0.0232

MP 0 75.51 —75.51 | —107.142 | 107.142 | 157.142
K 2.94 x 107 gL
MD
0 2220 | —222.0 -315.0 315.0 462.0
(10™*.qL%
2
M (¢L") 0 | —0.0257 | 0.0257 | -0.1493 | —0.0506 | -0.0232
M(gq.L?) 0 | —0.0035 | 0.0035 | -0.1808 | —0.0191 0.023

Table 5.18. Moments of a frame with sidesway

The two methods can be indifferently applied to the analysis of frames with
sidesway.

5.4.2.2. Frame with columns of different lengths

We reanalyze the frame (Figure 3.33) with columns of different lengths using the
moment-distribution method. The mechanical and geometrical characteristics are
given in the figure. The analysis of structures with displaced joints is carried out in
two steps: (1) the structure with fixed joints and (2) the structure with displaced
joints.

— Frame without sidesway

The joints of the frame are blocked vis-a-vis the horizontal displacement by
means of a roller. The frame thus becomes a frame without sidesway.
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(&

Imaginary :
support

=

yuNyany

L2

3L/10

Figure 5.8. Frame without sidesway

— Rigidity factor

— Distribution factors

T4 = Ko = >
Kpy+Kpe S+4
Kpe 4
T'pc = £

Tep =

Ky +Kge 4+5 9
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Tep =—
cD
3

— Fixed-end moments

_qL

Yap =~Vpa = D

The steps of the moment-distribution method are described in Table 5.19

Joint A B C D
Bars AB BA BC CB CD DC
N 5 4 o2
9 9 3 3
I
- 1 _

Equilibrium -5/9 —4/9 13 2/3
Transmission -5/18 1/6 -2/9 1/3
Equilibrium ~5/54 —4/54 2/27 4/27
Transmission | —5/108 1/27 -2/54 2/27
Equilibrium —5/243 | —4/243 | 2/162 | 4/162
M(qL?>) -0.027 | —0.0557 | 0.0557 | —0.070 | 0.070 | 0.034

Table 5.19. Moments of a frame without sidesway

The horizontal reactions at supports A and D of a frame without sidesway are

T, = W = ~0.10344L
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2(M pe +M
TDC:—( De CD):O.ZOSqL

(Ty5 +Tpe)’ =0.1046¢L

— Frame with sidesway

We release the frame (Figure 5.8) to horizontal displacement. The vertical
columns (AB) and (DC) are horizontally displaced A (Figure 5.9). The fixed-end
moments are

15.E1
VZB = 7/1;//1 =_7ﬂ

Figure 5.9. Frame with sidesway
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12.ET ,, 96.E1
Vg‘DZVgC: 17 p'=- 5L B

A relationship between fixed-end moments can be deduced as follows:
Vg v A Ve =1:1:256:2.56

Applying the moment-distribution method is presented in Table 5.20.

Joint A B C D
Bars AB BA BC CB CD DC
R Bl 4 1 2
9 9 3 3
a 1 1 2.56 2.56
Equilibrium -5/9 —4/9 —2.56/3 -5.12/3
Transmission —5/18 —1.28/3 -2/9 —2.56/3
Equilibrium 6.4/27 5.12/27 2/27 4/27
Transmission 3.2/27 1/27 2.56/27 2/27
Equilibrium —5/243 —4/243 | -2.56/81 | —5.12/81
M 0.8407 0.6610 | —0.6610 | —0.9381 0.9381 1.781

Table 5.20. Moments of a frame with sidesway

The horizontal reactions at supports A and D of a frame with sidesway are

S(M 5 +My,) 18771

T =
A8 4L L
2(Mpe +Mcp) _ 5438
L L
7315
(T3 +TDc)d =

L
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Therefore

(Typ+Tpc )’ —k(Tp+Tpc )y =0

__ Ty +Tpc )’
(T4 +TDC)d

Table 5.16 groups the moments of the joints of the given frame.

=-0.0143

qL?

Joint A B D
Bars AB BA BC CB CDh DC
Mo(qu) -0.0231 | —0.0557 0.0557 —0.070 0.070 0.034

K -0.0143 gL?
MP 0.8407 0.6610 | —0.6610 | —0.9381 0.9381 1.781
M(q.L?) —0.035 —0.0651 0.0651 —0.0566 0.0566 0.0085

Table 5.21. Moments at joints of given frame

5.4.2.3. Frame with oblique columns

Using the moment distribution method, calculate the moments at the ends of the
bars of the frame (Figure 3.40), which have already been analyzed by the method of

forces (section 3.6.4) and the slope-deflection method (section 4.5.2.3).

— Frame without sidesway (Figure 5.10)

- Rigidity factor

4E]

K yp=Kpy=—F7

Sa

2E1

Kpge =Kep =—

a
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4E1
Kep =Kpe =—F7
2a

- Transmission coefficient

1
ﬂBA ZﬂBC :ﬂ’CB ZﬂCD 25

— Distribution factors

K B4

Faq = Kok 0.472

Fge = —Kae  _gs28
Kps+Kpe

reg = 0414

rep =0.586

q
NETITERY

/
<
EI= constant Dax-®
[\l
A \
a 2a a
< > < > <>

Figure 5.10. Frame without sidesway

The fixed-end moments are given as

qa’

3

Ve =~YcB =
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The moments at the ends of bars of the frame without sidesway are presented in

Table 5.22.

Joint A B C D
Bars AB BA BC CB CcD DC
r 0.472 0.528 0.414 0.586
2
) 1 -1
Equilibrium ~0.472 | -0.528 0.414 0.586
Transmission | —0.236 0.207 ~0.264 0.293
Equilibrium ~0.0977 | —0.1093 | 0.1093 | 0.1547
Transmission | —0.0488 0.0546 | —0.0546 0.0773
Equilibrium ~0.0258 | —0.0288 | 0.0226 | 0.0320
M ~0.2848 | —0.5955 | 0.5955 | —-0.7727 | 0.7727 | 0.3703

2
Table 5.22. Moments of a frame without sidesway *(% )
The horizontal equilibrium of the frame without sidesway allows us to write:
Mg + Mpa —Tag (22) + Va.a=0

or

;o MMy, Y ga
AB — 2a

”
T3 =0.1467qa +7A

In the same way, we consider bar CD:
MCD + MDC + VD.a — TDC a=0

Mop+Mpe+Vpa
Tpe =

a
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Mpa  FNp
VAR
Tga
A
2a
A TAB
\4
Va AB

Figure 5.11. Column (AB)

Mop+Mpe+Vpa
Tpe =

a

Ty =0.381ga+V,,

Figure 5.12. Column (DC)
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Consider Bar (BC):

Mcs
Hp

B A Hc
MBC VA VD

Figure 5.13. Horizontal bar (BC)

We write the sum of moments relating to point C.

D M =0:-Mzc+Mcp—2qa* +2 Toc.a =0

M cp —Mpe +2ga®
2a

Tpe = =0.915qa

ZFy =0: Tge + Teg = 2qa
Trp =29a—0.912ga =1.085ga
V=Tg-=0915qa
Vp =Ty =1.085ga
(T3 +Tpe) =0.1467qa +V—2A+0.381qa +Vp =—-0.863ga

— Frame with sidesway (Figure 5.14)

The deflection (Figure 5.14) allows us to calculate the slopes at bars (AB) and

(CD).
BB' A, A A
AB -_-—-—e— 0
L, L, Lycosa 2a
A A A
Bpc =—%-= =
Lpc  Lpccosy @
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Lgc Lge 4a

B'B +C'C, Altga+tgy) 3A
Byc = = =

B'

> S

Y

Figure 5.14. Frame with sidesway

The fixed-end moments due to the frame’s horizontal displacement are

3V5.EI A
?/;1’3=?//;A=_KAB(1+/13A)ﬂAB=_ V5 —

5 a?
9.E1 A
7gc = 723 =—Kpc(1+ Acp) B =T;

A
7/(310 = 7/113c =—Kpc(+Acp)Bpc = _3\/§-E1;

The proportionality between the fixed-end moments relative to the displacement
of the frame is

35 345
7’2{337’1‘3&57’;05733573D57gc:_15—1———\/— -J10

The moment-distribution method of joints allows us to build the table of the
moment-distribution method (Table 5.23).
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Joint A D
Bars AB BA BC CB CD DC
r 0.472 0.528 0.414 0.586
Y -1 -1 1.677 1.677 -3.162 | -3.162
Equilibrium -0.320 | —0.360 0.615 0.870
Transmission | —0.160 0.3075 —0.18 0.435
Equilibrium -0.145 | -0.162 0.075 0.106
Transmission | —0.073 0.0375 | —0.081 0.053
Equilibrium 0.017 0.020 —0.033 —0.048
M -1.233 | -1.482 1.482 2.138 —2.138 -2.674

We apply the same method of a frame with sidesway to calculate (Tag +Tpc)°.

Table 5.23. Moments of a frame with sidesway

MAB + MBA — TAB (2a) + VA.a =0

pd Mg+ Myp, =V 4a
AB 2
a
1358 V.
d
rhy -2 2

In the same way, we consider bar CD.

MCD + MDC +VD.a — TDC a=0
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Td _ MCD +MDC +VDG
DC
a
4.812
d
Tpe =———+Wp
Mcg
Hgp
MBC B c HC
BC Tcs
Figure 5.15. Shear forces of the bar (BC)
We consider bar (BC).

> M =0: ~Mpe =My +T5e(2a) =0

T _ Mg +Mpe
BC = 2
a
1.81
d
Tge =—
a

We can deduce that
WV, +Vp)' =0

The shear force at the base of bar (AB) is given as

¢ 1358 TV, 3.168
Tg=—"-—"F=—"
a 2 a
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4.812 6.622
g =482y, 0622
a a
We know that

(Typ+Tpc ) + K(Typ+Tpc )y =0

_ (Typ+Tpe)’ _ 0.863ga
(T3 +Tpe)?  (9.788/a)

=0.0882¢a>

Table 5.24 shows the moments of the joints of the displaced frame.

Joint A B C D
Bars AB BA BC CB CD DC
M (qTa2 —0.2848 | —0.5955 | 0.5955 | —0.7727 | 0.7727 | 0.3703

mP ~1.233 | —1.482 1.482 2.138 | —2.138 | —2.674
K 0.0882 qa’
M(q.a?) 0203 | —0.330 | 0330 | —0.069 | 0.069 | —0.112

Table 5.24. Moments of given frame

5.4.2.4. Multistory frame

In Chapter 4, we presented the analysis of multistory frames using the
slope-deflection method. In the same way, the moment distribution approach can be
applied to the analysis of multistory frames with several horizontal displacements. In
this case, the moment-distribution method must go through several phases, namely
(1) the analysis of the frame without sidesway and (2) the analysis of the frame with
sidesway, which depends on the number of possible horizontal displacements.

In the first part, the displacements of the levels are assumed to be blocked by
imaginary supports (Figure 5.16). The moments at the ends of each bar, M’, are
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calculated by the moment-distribution method due to applying external loads and
support reactions, R;, R, and Rj3, which can be calculated using the equilibrium of
the frame.

In the second part of this analysis, we remove the support of the first level, the

frame displaces A, due to the effect of reaction —R;. In this case, we calculate the

moments at the ends of the bars due to the displacement A, .

p
P Lo A F
RE R >
fl jr) ’
F2 . ] AL / F. \
— C JII —— e __-———"'j _zpj
.';II f'llrll I
Fi, Iy f ! J'A{ F,
R‘—"""—'— e
ff x’}
A AT
_—— m——
F
e iR e B
| ) \ \
|
F2 I R; Fz ‘ —_— ‘Q_‘l‘_.Re
" ?- o \:.z‘_z e/ <l |
\ \ / ”
| \i / /
F F N [ =}
L I; ————— ‘B'-l:%l 1 R.1 L ) v T% -«
/ ' /
/ f/ (
‘A Al —— e
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F3 A3 R3
= —
D D’
F2 Rsz
& <8 +—
C c '
Fi R
g i
A A
e v

Figure 5.16. Multistory frame

This procedure is repeated for the displacements A,and A;, which are due to

reactions R, and R;. The moments at the ends of the bars are calculated by a
superposition of the moments calculated for four cases studied. The expression that
gives the bending moment at each end is calculated using the principle of
superposition of already calculated moments.

3
Mj =M™+ ZM;{ [5.22]
k=1

— Frame with two levels

We reanalyze the frame given in Figure 4.53, which has already been studied by
the slope-deflection method (section 4.5.2.3).

— Frame without sidesway (Figure 5.17)

Joint D is blocked by a roller preventing the horizontal displacements of the
different levels.

- Rigidity factors

4E1
o=
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- Transmission coefficients

e Dg
@
¥B¢ H#HEV

Figure 5.17. Frame without sidesway

- Distribution factors

1

Tpa =Tpc =g = 7gp = Tgr = TED :g

1

Teg =Tep =Tpc =Tpe = >

- Fixed-end moments

o, 1
=y =—ql* =—PL
VBE VEeB 1261 2

- Moment distribution method (Table 5.25)
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The results obtained in the table above show that
(Tap + Trp) V=0
— Frame with sidesway

We release support D and calculate the moments at the ends of the bars due to
the displacement effect A . The multistory frame is therefore subjected to force (—R)
applied at point C (Figure 5.18).

The fixed-end moments due to displacement A are given as

4EI _6EI

1
Yap = VB4 = Ver = VrE I ( 2 B Iz B

The moments at the ends of each bar can be calculated using the moment-distribution
method.

The optional moments are assigned to bars corresponding to the expression of
the slope of each bar, as fixed-end moments, which are:

Yap V' ¥pc ¥es  Yer tVee  Vep t¥pp =1:1:LiLil:1il:d

p A A
ﬁc} D
E

A F
T 7

Figure 5.18. Frame with sidesway due to displacement A

The moments at the ends of bars of the frame with sidesway are presented in
Table 5.26.
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The horizontal equilibrium of the frame allows us to write

55 1931 523
Tap+ Trp) A = 2(22 4 —2)— = 222
(Tan *+ Tre) 42T " 2160

By writing the equilibrium equation in relation to a section passing through
points A and F.

(Tap + Trp)™ + k (Tap + Tpg) A =P
The correction parameter is
k=0.413 PL

Now, the moments at the ends of the bars can be deduced using the following
equation:

_ 0 A
My =My +kM;

For example:

PL 7 55
M =M, +kM%, =—(——)+0.413PL.== =0.299PL
AB AB AB 12( 36) 72
PL 11 125
Mo =M, + kM2, =—(———)+0.413PL.—===0.1729PL
cb T CB B 12( 144) 288

The diagram of the bending moment is shown in Figure 4.56 and the diagram of
the shear force is shown in Figure 4.57.

5.5. Conclusion

In this chapter, we have shown the steps of the moment-distribution method for
analyzing beams and plane frames.

The procedure for analyzing beams and plane frames without sidesway consists
of distributing the fixed-end moments due to the applied loads or to a support
settlement accompanied by a transmission of moments. In the case of beams and
frames with sidesway, analyzing structures using the slope-deflection method is
carried out in two phases. The first phase consists of analyzing the fixed joint
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structure by blocking the horizontal displacements of the structure by adding
imaginary supports. Then, we continue the steps of the method until the values of
moments at the ends of each bar are low enough.

In the second phase of analyzing the displaced joint structure using the
moment-distribution method, the moments at the ends of each bar are calculated by
applying the reaction of the imaginary support in the opposite direction. The
structures move in this direction. The horizontal displacement of the structure
induces fixed-end moments at the ends of each structural element. The fixed-end
moments are distributed and they are transmitted in the same way as for frames
without sidesway.

Lastly, the final moments at the ends of each bar are superimposed between the
moments of the frame without sidesway and the moments of the frame with
sidesway.

5.6. Problems

Exercise 1

Calculate the support reactions and draw diagrams of the bending moment and
the shear force for the following beams:

S0kN

2%(1.5m) 25m L

N Y T T A

e E I o E I %
L/3 2%(L/2) L .
+——>

Exercise 2

Calculate the moments at the ends of each bar and deduce the support reactions
of the following structures:
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Exercise 3

Calculate the moments at the joints of each frame. Draw diagrams of the bending
moment and the shear force for each frame.

5 KN/ml lP:qL

phodidbdoilily —
@ | @ @ | & -

35m
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A
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TNy

2%(L/2)

A
v

Exercise 4

Calculate the moments at the joints of each frame. Draw diagrams of the bending
moment and the shear force for each frame. q

IR e
=l GO 3

2@(L12)

4
v
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Exercise 5

Calculate the moments at the joints of each frame
moment and the shear force.

|

LI
G
I

. Draw diagrams of the bending

&

Voo
| 2@(L/2)
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TERIEY.
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Exercise 6

Calculate the moments at the joints of each frame due to the support settlement
of value A. Draw diagrams of the bending moment and the shear force.
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Influence Lines of Statically
Indeterminate Structures

The teaching objectives for this chapter are as follows:

— the distinction between influence lines for statically determinate and statically
indeterminate structures;

— the variation of support reactions and internal actions of a statically
indeterminate structure subjected to a moving force;

— the establishment of influence lines;

— the knowledge of the positions and extreme stresses which can lead to
dimensioning of the elements.

In this chapter, we present the basics of establishing an influence line based on a
unit force moving along the statically indeterminate structure. With regard to this subject,
we evaluate the influence lines of statically indeterminate beams, frames and trusses.

6.1. Introduction

The influence line of a structure is a curve, which shows the variation of an
action (a support reaction, a shear force, a bending moment, etc.) due to the effect of
a load moving along this structure. In general, the intensity of this moving force is a
unit force. The study of influence lines of statically indeterminate structures is
identical to that of statically determinate structures. The procedure for establishing
influence lines involves calculating the value of the structural response for different
positions of the applied unit load. In this case, they are generally curves, whereas in
statically determinate structures they are straight lines.

Structural Analysis 2: Statically Indeterminate Structures,
First Edition. Salah Khalfallah.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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To construct the influence line of a support reaction or an internal action of a
statically indeterminate structure, we must use one of the statically indeterminate
structural analysis methods (Chapters 2-5). In this chapter, we will use different
statically indeterminate structural analysis methods to study the influence lines of
beams, frames and truss structures.

6.2. Influence lines of beams

For simplification reasons, we study the influence lines of the internal actions
and support reactions of a beam, which is once statically indeterminate and then
twice statically indeterminate. Using the same concept, the analysis presented can
easily be extended to beams with several degrees of static indeterminacy.

6.2.1. Beam with one degree of static indeterminacy

Consider the continuous beam (Figure 6.1) and draw the influence lines of the
support reaction Rg and bending moment Mp,.

The beam is stressed by a unit force with a variable position defined by the
distance x measured from support A (Figure 6.1).

A
= ) E
X
—

Figure 6.1. Continuous beam with one degree of static indeterminacy1

To determine the influence lines of support reaction Rg, it is necessary to
formulate the expression of Ry according to position x of the unit force. In this case,
the method of forces steps must be rigorously applied to achieve this objective. We
therefore apply the method of forces steps.

— Equivalent structures

We substitute support B with reaction Ry (Figure 6.2).

1 All of the figures in this chapter are available to view in full color at www.iste.co.
uk/khalfallah/analysis2.zip.


www.iste.co.uk/khalfallah/analysis2.zip
www.iste.co.uk/khalfallah/analysis2.zip
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1
A v
5 B 1 B E
Rp
—r
Figure 6.2. Equivalent beam
— Fundamental structure

We ignore the redundant force Rg to construct the fundamental structure. The
structure obtained is a statically determinate structure (Figure 6.3).

!
A
5 B B E
X
——

Figure 6.3. Fundamental beam

The unit force generates a deflection of the fundamental beam (Figure 6.4),
which makes it possible to calculate the displacement of point B particularly, written

as éﬁ(x) (the exponent (°) is introduced to show that the studied structure is zero

times statically indeterminate or fundamental).

A \ 4

B4 D C E
A 4

I »
I »

Figure 6.4. Deflection of the fundamental beam
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We apply a unit force in the place of the redundant connection. This action
generates a deflection of beam (AE) (Figure 6.5) and in particular &, at point B (the

exponent (') is introduced to highlight that the studied system is unitary).

i
D

Aﬁz BT
1

v%,\xE
Figure 6.5. Deflected unit system
Initially, the vertical displacement of support B is zero.
S,=0
Applying the superposition principle allows us to write
0, =0)(x)+R,.5,=0 [6.1]

Using relationship [6.1], it is possible to calculate the redundant reaction.

Oy (x
R,=—-2 (1 ) [6.2]
05
The relationship [6.2] describes the support reaction at joint B according to
different positions of the unit force. In addition, it allows us to construct the
influence line of this reaction by scanning the different positions of the unit force.

In the same way, the influence lines of the bending moment at point D can be
obtained. In this case, it is necessary to calculate the reaction V4 or V¢ using the
static equations. From Figure 6.6, the expression of the bending moment at the
section passing through the point D is given by

M(o,x)=R,.a+R,(a—x;)—1.(0—x) [6.3]

where & is the abscissa of point D and X; is the abscissa of point B.
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ll M(C, X)

B D
—
o 1%

[
»

Figure 6.6. Bending moment at point D

The influence line is established by calculating M (¢, x) in the different regions
of beam (AE).

EXAMPLE 6.1.—

Construct the influence lines of support reaction Rg, shear force Tp and bending
moment Mp of the beam (Figure 6.7) with constant EI.

| S
4 k
A B,ﬁz D cE
< et S 2a SN
< >

Figure 6.7. Beam with cantilever
To vary the statically indeterminate structural analysis methods, we use the
slope-deflection method in this exercise.
We consider first the moving forces in different regions of application.

0< x<a (Figure 6.8)

X
{1

v E

A B,QZ D ck

a N 7 a N 2 2a N

N 7 N P 7

Figure 6.8. Unit force on cantilever (AB)
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The unit force generates a bending moment at joint B, which is equal to
My, =~a-x)
Similarly, the moment in the sections of bar (BC) is
M. =(a—x)
We apply the slope-deflection method.
My = Ko@)y + Ky Ao
Knowing that @. =0
My =K, 0,
The slope of joint B can be deduced by

o _Mye _(a=x) _3a(a—x)
Y AEI AEI

BC
3a

The fixed-end moment can be deduced using the slope-deflection method.
Moy =Koy Aoy,
or

_AE[13a(a=x) 1 .. _
3¢ 2 4EI 2

We take the equilibrium of forces relating to point C.
Ry(x)3a=M_, +(4a—x)

By substituting the value of M, the expression of the reaction at support B
becomes

3 x
RB('X):E_Z
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The shear force Tp(x) and bending moment M(x) expressions are

1 x
T.(x)=R,(x)-1=———
p(X) = Ry(x) Ny

M. (x) = Ry(x)(3a) - (4a —x) :%_g

a < x < 4a (Figure 6.9)

2

v |4
~ 58 D v
_ a _ _ a 2a

Figure 6.9. Unit force on span (BC)

We apply the Clapeyron method to determine the moment at fixed-end C.
@, =@, —bMy. +cM,, =0

The moment at fixing point C is

o
MCB__FC

. —a)(da-x)(2
Knowing that a)cz(x a)ta —x)(2a+x) and C== L
6EI(3a) EI

x—a)(da—x)2a+x

My = G da—0Ca

8a

The reaction at support B, the shear force Tp and the bending moment M can be

deduced using the equilibrium equations.

Ry(x)3a=-M_, +(4a—x)

By substituting the expression of Mc3, the expression of the reaction at support B

is

R, (%) _4 x  (x—a)4a-x)(2a+x)
BT 3 54a°
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To evaluate the shear force, we distinguish two cases according to the position of
the applied force.

a<x<2a

x  (x—a)(4a—x)(2a+x)
3a 54a°

1
TD(x)—RB(x)—l—E—

2a £ x<4a

X (x—a)(4a-x)(2a+x)
3a 54a’

TD(x)=RB(x)=§—

and

_ (x—a)(4a-x)(2a+x)
18a?

M=

The diagrams of the influence lines of reaction Rg of the bending moment of the
section passing through point C and the shear force of the section passing through
point D are shown in Figures 6.10-6.12.

1 1
1.5 0.418 0.148

A B8 v

Figure 6.10. Influence line of reaction RB

0.518

0.5 ll

\\\\/

0.481

Figure 6.11. Influence line of shear force TD
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0.746
0.556

0.5 1
[

A BB D ve

Figure 6.12. Influence line of bending moment MC*(a)

6.2.2. Beam with two degrees of static indeterminacy

Draw the influence lines of support reactions Rg and R¢ and moment M, of
beam (AC) assuming that the flexural rigidity (EI) is constant. The beam is stressed
by a moving unit load (Figure 6.13).

M [ £.c

L L

Figure 6.13. Beam with two degrees of static indeterminacy

To quantify reactions Rg and R¢ and fixed-end moment M, of the beam
(Figure 6.13), we follow the procedure established for analyzing beams with a single
degree of static indeterminacy using the method of forces.

The degree of static indeterminacy of the system is given by
f=Bb+r)-(3n+k) [6.4]
f=31+5-32+0)=2

— Equivalent system

Supports B and C are substituted by equivalent support reactions Vg and V¢
(Figure 6.14).

X 911

4
A B C
L TVB L VCT

Figure 6.14. Equivalent beam
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— Fundamental system

We ignore the effect of support reactions Vg and V¢, and the system becomes
statically determinate (Figure 6.15).

YA
x i
34
x A4 B C
Figure 6.15. Fundamental beam
0<a<x
H(a,x)=—(x-0) [6.5a]
x<a<2L
MH(o,x)=0 [6.5b]

The deformation of the elastic line method in regions (0< e« <x) and
(x <« <2L) allows us to formulate displacement expressions at points B and C.

The general expression of the vertical displacement of the cantilever at any
section defined by & is

0<a<x
8% (at,x) = é(oﬁ —3xa?) [6.6a]
x<a<s2l
5 (ax) = 25 (x—3a) [6.6b]
’ 6EI '

In particular, we calculate the displacements at point B (& = L ).
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0<x<L
o' = : -
X X 3L
L<x<2L

5 (x) = 6%@3 —3L%x)

Similarly, we calculate the displacement at point C ( &=2L).

0<x<L
50(x) = 2 (x—6L)
¢ 6EI

L<x<2L

x2

Se(x)=——

(x—3L)

— Unit systems (Figures 6.16 and 6.18)

[6.7a]

[6.7b]

[6.8a]

[6.8b]

The unit systems and the bending moment diagrams are shown, respectively, in

Figures 6.16-6.19.

Y
A
: ‘Ea
X A B AC
< L N £ L Xi=
< > < >

Figure 6.16. First unit system

The bending moment of a statically determinate beam (Figure 6.16) is given by

m,(x)=x 0<x<2L

The bending moment diagram is shown in Figure 6.17.

[6.9]
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m; (x)

2L fL

> A
N

Figure 6.17. Diagram of moment m1(x)

We apply a unit moment X, =1 at point B (Figure 6.18).

X2: 1.

N

Figure 6.18. Second unit system

The variation of the bending moment and the corresponding diagram is shown in
Figure 6.19.

m, (x) =1(x—L) L<x<2L [6.10]
m, (X)
2L L 0
7 ;

Figure 6.19. Diagram of moment mx(x)
The displacements at points B and C of the unit systems in Figures 6.16 and 6.18
are calculated using the graphical method.

The displacements at points B and C are

1 4 8 L
0. =[—2L2L(-L)]=>—
«e [2 (3 )] 3 El
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1 5L s
o= 312D

E 6EI
L3
O = E[ L(L )(7)} i
SL
5 :5 = —
CB BC 6E]

The compatibility conditions of the displacements at points B and C (Figure
6.20) are applied, and we obtain

Figure 6.20. Displacements at points B and C



284  Structural Analysis 2

The displacements of the system given at points B and C are written as

Oy (X)+Vy Oy + Ve By =0 [6.11a]

o (x)+Vy By +V0,0 =0 [6.11b]

The support reactions Vg and V¢ can be deduced after resolving the system of
equations ([6.11a] and [6.11Db]).

0<x<L
2 r 50
L (x=3L)+——V, + V. =0
6EI 3E1 ° GEI
2 50 8L
L (x=6L)+ 2V, +—— V. =0
GEI 6EI ® " 3EI

The support reactions are

v, = 7_—1[1 1x* —18Lx7 |

L3

r 500
vV, +—V.

=0
3El ® 6EI €

L(3L2x -+
6EI

2 50 8L
2 (x—6L)+ 2V, +——V, =0
6El 6EI 3EI

The support reactions become

Vv, = 7%(5)8 —30Lx2+48L*x—161°)

V. = —7%(2)8 —12Lx*+15L2x=5L")
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The influence lines of support reactions Vg and V¢ are shown in Figure 6.21.

1.2

1

0.8
0.6

T ﬂl(ﬂﬂ

04 -
0.2

—— In 1)44{‘9 line of RB

1011

0

-0.2

05 1

=i

Figure 6.21. Influence lines of reactions Rg and Rc

The influence line of the bending moment at fixing A is

0<x<L M,(x)=1x—R,L—R..(2L)

with

-1

v, = 7—[1 1x* —18Lx7

L3

3

7r

C

[ -r]

By substituting the support reactions values, the fixed-end moment expression

becomes

_ %[5;& ~12Lx7+ 7L

M ,(x)=1x-R,.L—R..(2L)
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with

v, = % (5x° —30Lx>+48L2x—16L")

v, = _7%(2)8 120 +15L2x =51

The expression of the fixed-end moment is
M, (x)= —L[ﬁ —6Lx*+11L2x —6L' |
7L

The influence line of the fixed-end moment is shown in Figure 6.22.

0.2000

0.1500 \

0.1000 / \

0.0500 \

0-0000 I T ] I I ] » 1
0 0.25 05 075 1 N.25 1.5/1}/; 2.25

-0.0500

-0.1000

Figure 6.22. Influence line of moment Mx

6.3. Influence lines of frames

Draw the influence lines of fixed-end moment M and shear force T¢ of the
frame (Figure 6.23(a)) using the moment-distribution method. The given frame has
displaced joints, so it is necessary to add a support at joint B to make it fixed joint
(Figure 6.23(b)). We assume that the flexural rigidity (EI) is constant.
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X
A . l%
B C B C
L
4 A A
£ o
() (b)
Figure 6.23. a) Given frame and b) frame without sidesway
— Rigidity factors
4E1
Ky =Kep = T
\ 3EI
Roem

1
Age = Aeg = 5
Agy =0
— Distribution factors

K;, 4 4
TR K, 4+3 7

BA BC
K;C 3 3
TR K, 344 7

BA BC
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— Fixed-end moments

_L(L-x)x?
N

BC

_ L(L—-x)yx
T

CB

The method of distribution of moments is presented in Table 6.1.

Joints A B C
Bars AB BA BC CB
3 4
r = =
7 7
(L—-x)x
7(T) X -(L-x)
Equilibri 3x 4x
ilibrium - -
qu u 7 7
.. 2x
Transmission 0 —7
M(x(L—x)) 0 3x 3x Sx—-7L
L? 7 7 7

Table 6.1. Moments at the ends of bars
The influence line of moment Mc is shown in Figure 6.24.

The bending moment expression of bar (CB) is given as
o o
M oy (0, x) = (o, x) = M . (0, x)(1 - Z) + My (L’x)(z)

where (e, x) is the bending moment of bar (CB), which is considered statically
determinate. We can distinguish
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72
69

A

o 4@L/4

Figure 6.24. Influence line of bending moment Mc *( 4[;78 )

0<as<x
uia.x) =="a
MCB(a’x)_LLx 5x77LL X (1__) 37xLL2xx(%)
x<aslL
,u(a,x):%a—l(a—x):x—%a
MCB(a,x)zx—%a—5x77LLLx (1__)+37xLL2x (%)

The shear force expressions are deduced from the bending moment expressions.

0<a<x
dM(a,x) L—-x 5x—-7LL-x 1, 3xL-x 1
T, o, = = - —_ )+ ——x(—) =
A I 7 T Y
R Ol x) x(8x—7L)
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x<a<L
M - - —_
TCB(Ol,x):M:_i_FSX 7LL7xx+3_xL3x
da L 7 I T
x L-—x
=——+ x(8x—7L
TR ( )

The influence line of shear stress Tc is shown in Figure 6.25.

A

A 4@L/4

pd

Figure 6.25. Influence line of shear force TC*( # )

6.4. Influence lines of trusses

For truss systems, we distinguish three categories of structures that depend on
the degree of static indeterminacy. They are (1) internally statically indeterminate
truss systems, (2) externally statically indeterminate systems and (3) internally and

externally statically indeterminate systems (Figure 6.26).

The degree of static indeterminacy of a truss system is given by the following

formula:

f=b-(2n-3)

Table 6.2 groups the calculation of the degree of static indeterminacy of each
truss system (Figure 6.26) and Table 6.3 shows the nature of the static

indeterminacy of truss systems.
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System (a) (b) ©
b 6 5 6

2n-3 5 5 5
r 3 4 3
F 1 0 1

Table 6.2. Degrees of static indeterminacy

TR ez 7 T ez ez

a) b) ©)

Figure 6.26. Statically indeterminate truss structures. a) Internally statically
indeterminate; b) externally statically indeterminate; c) externally and internally
statically indeterminate

System Internal analysis External analysis
Once statically . .
(@ indeterminate Statically determinate
. . O taticall
(b) Statically determinate Jnee statically
indeterminate
© Once statically Once statically
indeterminate indeterminate

Table 6.3. Different static indeterminacy
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6.4.1. Internally statically indeterminate truss

Draw the influence lines of bars (BC) and (BD) of the truss system (Figure 6.27)
knowing that all the bars have constant membrane rigidity (EQ ). The load is
moving on joints B and C.

— External analysis

Number of unknowns: 3

Number of static equations: 3

The system is externally statically determinate.
— Internal analysis

Number of bars: b = 6.

Number of equations: 2n—3 =5

Therefore, the system is once internally statically indeterminate (Figure 6.27).

1 1:
\ 4 1'7
B C
L
A D
P L T

A

»
»

Figure 6.27. Given system

Truss system analysis of Figure 6.27 requires the application of the method of
forces (Chapter 3).
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— Equivalent system

In the equivalent truss system, it is necessary to replace bar (AC) with an
equivalent force (Figure 6.28).

Na
NAC
A,
' D

Figure 6.28. Equivalent system

— Fundamental system

We ignore the existence of bar (AC) to obtain the fundamental system (Figure
6.29). Then we apply a unit action to joint B and joint C alternatively.

1 1
BY ¥C

Figure 6.29. Basic system

The method of joint equilibrium is used to calculate the forces on the bars of the
fundamental structure (Figure 6.29).
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— Case 1: Unit moment is at joint B

- Joint C
SF=0

F;+Ncg + Nep =0

NCB =0
NCD =0
C
NCB |
Nep l
Figure 6.30. Equilibrium of node C
-Joint B

The equilibrium of joint B allows us to write

Y F=0
NBC
NBD
Npa l \
Figure 6.31. Equilibrium of joint B

The projection of internal forces along the axes gives

V2

Ngc +Ngp 7 =0
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2

Nga + Ngp 7 +1=0

This leads to
NBC =0
NBA =-1

- Joint A

The support reactions can be deduced using equilibrium equations of the
fundamental system.

HA:()
VA:+1

The equilibrium of joint A leads to

S F =i

Figure 6.32. Equilibrium of joint A

Ha+Va+Nap+Ngp =0
The projection of forces along the horizontal axis gives
NAD =0

The forces on the bars of the truss structure are grouped in Table 6.4.
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Bar Nf; Nature of force
AB -1 Compression
AD 0 Neutral

BC 0 Neutral
BD 0 Neutral
CD 0 Neutral

Table 6.4. Internal forces on the bars of the fundamental system

— Case 2: Unit moment is at joint C

- Joint C
NCB =0
NCD =-1.
J!
- C
Ncs |
NCDl
Figure 6.33. Equilibrium of joint C

-Joint B

The equilibrium of joint B leads to
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B

lNBA

Nac
—
Nsp
AW

Figure 6.34. Equilibrium of joint B

-Joint A

Similarly, the force on bar (AD) is also zero.

NAD:()

The forces on the bars of truss structures when a unit force is applied at joint C

are presented in Table 6.5.

Bar N Nature of force
AB 0 Neutral
AD 0 Neutral
BC 0 Neutral
BD 0 Neutral
CD -1 Compression

Table 6.5. Internal forces on the bars of the fundamental system

- Unit system analysis

Instead of the ignored force (Figure 6.29), we apply a unit force in the direction

of the removed bar (Figure 6.35).

B
Al
T

Figure 6.35. Unit system
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The forces on the bars of truss structures when a unit force is applied at joints A
and C alternatively are presented, respectively, in Tables 6.5 and 6.6.

Similarly, the internal force on the bars of the system (Figure 6.35) due to a unit
action applied in the direction of the removed bar is presented in Table 6.6.

Bar n Nature of force
AB 21 Compression
AD 212 Compression
BC -2 Compression
BD 1 Traction
CD -2 Compression
AC 1 Traction

Table 6.6. Internal forces on the bars of the unit
system due to a unit action applied along the axis (AC)

The displacement of bar (AC) is calculated when a unit force is applied to joint
B. Applying the compatibility condition of the displacement along the diagonal
(AC) makes it possible to write:

52&5 + 5i1C‘Nfc =0

The force in bar (AC) is
)
N, = Jiee
AC
with

(GIPINEN
EQ 2
( D, V2. _aL

b _) T2EQ

0 —
5AC.C -

0
§ACB -

L

5o = {4(_@“26@ 242

EQ 2 2 EQ
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B _ ﬁ
2(\2+2)

ac —

We apply the same method to calculate the displacement at bar (AC) when a unit
force is applied at joint C.

J/SC,C + 5,140 'NEC =0

The force on bar (AC) under an applied unit force is

C 52CC
NAC - 1’
O4c
o D £) 2L

AC

22 +2)

The influence line of the internal force on bar (AC) (Figure 6.36) when a unit
force is successively applied between joint B and C is:

1 1
Bv VC
-1 -1
A | D
’ 2

Figure 6.36. Influence line and normal force on bar (AC)*( 2(2+2) )



300  Structural Analysis 2

6.4.2. Externally statically indeterminate truss
Draw the influence lines of support reaction Ry and normal force Npg of the truss

structure (Figure 6.37). ES is constant and the unit force is assumed to be moving
on the joints of the lower membrane.

B D E F G H

4L/3

6@L

Figure 6.37. Given truss

— External analysis

Number of unknowns (support reactions) = 4

Number of static equations = 3

The system is once externally statically indeterminate.

— Internal analysis:

Number of bars: b =25

Number of possible equations to write: 2n — 3 = 2x14 — 3=25
The structure is statically determinate internally.

We choose the method of forces to analyze and evaluate the influence lines of
the truss structure (Figure 6.37).

— Equivalent system

The given truss system is once statically indeterminate externally. We must
replace the support reaction with an equivalent force, for example support reaction
Ry (Figure 6.38).
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N M AL K J I
R,

Figure 6.38. Equivalent structure

— Fundamental system

We ignore the support reaction replaced in the equivalent structure to obtain the
fundamental system (Figure 6.39). Then we apply a unit action to joint N and joint J
successively.

N M AL K ] I
Ry

Figure 6.39. Fundamental structure

— Case I: A unit force is applied to joint N (Figure 6.40).

D E F H
B C G
A
N M L K J
vl

Figure 6.40. Unit force at joint N
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The forces on the bars of the structure (Figure 6.40) are obtained by the method
of joint equilibrium (Figure 6.41).

-15 ¢c-12 p -12 E 6 F 6 G -3 H

B
-200 2 4 S 0 -5 10 4 /5 -4
A
0 NIs M 9 L 9 K 3 J0 I
vl

Figure 6.41. Force on the bars due to a unit force applied at joint N*(1/24)

We apply a unit force at point M. The internal forces on the bars are shown in
Figure 6.41.

B_-12 C24 D24 E-12 F -12G -6 H

-16f 20\ -1 20\ 0 | 10/0 [-10\O |10/-8 |10

A
A0 NIR2M|[I8 L I8 K 6 J 0 1T

vl

Figure 6.42. Force on the bars due to a unit force applied at joint M*(1/24)

The unit force is applied successively to points L, K and J. The forces obtained
in the bars for each case are represented in Figures 6.43—6.44.

9 C-18 D -18 E-18 F-18 G -9 H

B
12l 1IN -2 d -15/24|-15\0 |15 A12 |15 / -12
A
0 N9 M 27L [27K 91 0 1
"1-

Figure 6.43. Force on the bars due to a unit force applied at joint L (1/24)
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B—0 C-12 D -12 E 24 F -24 G _-12 H

-8 T0N\-8 10 \0 110 /0 JO N\O 20 6 PO A6

0 N 6 M 18 L18 K|12 J O I

Figure 6.44. Force on the bars due to a unit force applied at joint K (1/24)

B3 C -6 D-6 E -12 F -12 G -15 H

4| 5\4 |5 -5 5 4 4/ 25 2

0 N 3 M9 L9 K15 J I

v 1.

Figure 6.45. Force on the bars due to a unit force applied at joint J*(1/24)

The influence lines of support reactions Ry and R; are given in Figure 7.46.

1.1

0.9 A\

07 / \ /
/‘ \/
\

0.5

)4
0.3
o1 L
' f ———
0.1 9 2 4 6 8

Figure 6.46. Influence lines of support reactions R; and R,

In the same way, it is possible to draw the influence line of the internal force on
bar (DE) by taking the value of the internal force for the different application cases

of the unit force going from joint N to joint J (Figure 6.47).
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ol 12 F 4 5 6 7
02l N/
o N/
s N\ I/
\Vi

-0.5

-0.6

Figure 6.47. Influence line and internal force on bar (DE)

6.5. Conclusion

In this chapter, we have presented the establishment of influence lines of support
reactions and/or of internal actions of statically indeterminate structures, such as
trusses, beams and plane frames.

The influence lines of support reactions and/or internal actions can be deduced
by using one of the statically indeterminate structural analysis methods: the method
of three moments, the slope-deflection method, the method of forces or the
moment-distribution method.

The influence lines of support reactions and/or internal actions can be established
by applying a moving unit action. The response obtained gives the support reaction
and/or internal action, which describes the influence line.

The study of influence lines allows the designer to highlight the position of the
force that can be applied, leading to extreme stresses. This makes it possible to
minimize the dimensions of the cross sections of the structures.

6.6. Problems

Exercise 1

Determine the influence lines of support reaction R, of the following beams. EI
is constant for all structures.

——f M AR A

4% 2@]-
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» & % A B A B Bt
) 3@L - < 3@L >

& »
< »

Exercise 2

Determine the influence lines and shear force relating to A and the bending
moment Mg for the structures in Exercise 1.

Exercise 3

Determine the influence lines of the support reaction R, and internal force N; of
bar 1 for the following trusses. We assume that the unit load is moving on the joints
of the upper membrane and E Q is constant.

A
A

7

(1)
M L L

LA - 2@L 5.

(M

’ 1 3@L L'}

A
v
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Exercise 4

Draw the influence lines of reaction R, and bending moment Mg of the
following frames:

1 1
! v ! |
Dﬁ B
D L D
A A
s L s L o
<4“——r<4“—r
1
—
. \ 4
A
. sa. 7 77

Exercise 5

Draw the influence lines of reaction R, and bending moment My and shear force
Ty of the following beam (EI is a constant):

ll.

A B
%ﬁ- E.I \\\é\\v El 39’/3%4’/'
2@L

P [
<

Use the slope-deflection method, the method of forces and the moment-
distribution method.
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Redo this exercise for the following beam:

9 RA. o VAN—

Exercise 6
Draw the influence lines of reaction R4, bending moment My and shear force Ty
of the following frames: use the slope-deflection method, the method of forces and

the moment-distribution method. EI is a constant.

1 kN KN

1 l A l
1B JAY i . R A
oo 15 A
E,I E,I E.I
g _
v
I3}
4m »_ S5m L= 2L 7L
- <4 —r<4 P> — >
<4—Pr<t—— >
Exercise 7

Draw the influence lines of support reactions R4 and R and normal forces N;

and N, of the following truss structures:
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A
v

Exercise 8

Draw the influence lines of reaction R, and bending moment M, according to
the stiffness of spring K, of the following beam:

) ll.

A\ E, 1 K,

L

dl »
) >

Redo the same study for the following continuous beam.

é] ll.

A E\1l =A E1 77
5L

d
<

v
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Statically Indeterminate Arch Analysis

After studying this chapter, the reader will be able to:

— distinguish between types of arch;

— comprehend the advantages of arch constructions;

— analyze statically indeterminate arches under different loads;
— analyze statically indeterminate tied arches;

— distinguish and analyze arches with any funicular geometry;
— construct influence lines of arches.

In this chapter, we present the fundamental concepts of statically indeterminate
arch analysis. Based on geometry, three categories of arches have been studied:
(1) semicircular arches, (2) parabolic arches and (3) tied arches. In another way,
proceeding from the connection between arches and the external environment, two
families of arches are the subject of this analysis: bi-hinged arches and fixed arches.
Finally, to show the variation of internal and external actions under a moving load, the
influence lines of internal and external actions have been widely established.

7.1. Introduction

The use of arches in construction is very ancient, dating back to the Roman
period. They have been used in the construction of bridges as elements resistant to
the loads of vaults and slabs; their use is justified by their structural importance and
by their high mechanical efficiency.

From a structural point of view, arches can bear very significant compression
forces and considerably reduce the bending effect. Initially, they were built using

Structural Analysis 2: Statically Indeterminate Structures,
First Edition. Salah Khalfallah.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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stones or voussoirs. Then, toward the 18th Century, they were transformed into
carved stones. Nowadays, arches are constructed of steel, reinforced concrete or
prestressed concrete and can withstand strong compression and traction stresses.
They are intended to be the main elements of very long bridges.

7.2. Classification of arches

Statically indeterminate arches are classified according to their connection with the
external environment. In general, they are grouped into three categories: (1) three-
hinged arches, (2) bi-hinged arches and (3) fixed arches. Statically determinate arches
are in the first category, while statically indeterminate arches are in the second and
third categories. The support reaction can be determined by one of the analysis
methods of statically indeterminate structures presented in Chapters 2—-5 (Figure 7.1).

/ o

Three-hinged arch Bi-hinged arch

Bi-fixed arch Arch with one fixed side

Figure 7.1. Statically indeterminate arches’

In the same way, it is possible to classify the arches according to their rise or
funicular shape. In this case, we distinguish overbowed arches, arches with an
average rise and arches with a significant rise (Figure 7.2).

1 All of the figures in this chapter are available to view in full color at www.iste.co.uk/
khalfallah/analysis2.zip.


www.iste.co.uk/khalfallah/analysis2.zip
www.iste.co.uk/khalfallah/analysis2.zip
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I

L

Overbowed arch:
H 1

L 10

Significant rise
H 1
—_— > —

L 5

Figure 7.2. Classes of arch

7.3. Semicircular arch under concentrated load

We analyze the bi-hinged semicircular arch, which is subjected to a concentrated
force of intensity P applied at distance a from support A (Figure 7.3). We assume
that the flexural rigidity (EI) is constant.

1

P

\
\
\
\
6. /

a 2R-a

»
>

Qs

B
>

Figure 7.3. Semicircular arch under concentrated load

The arch (Figure 7.3) is once statically indeterminate. To analyze it, we use the
method of forces (Chapter 5).



312  Structural Analysis 2

Equivalent and fundamental systems (Figure 7.4)

(a) (b)

Figure 7.4. (a) Equivalent system and (b) fundamental system

The displacement at point A of the given system is null.
5. =0
Using the superposition principle of effects allows us to write

8, +H,0,=0 (72

& and &, are the horizontal displacements at point A, respectively, of the
fundamental (Figure 7.4(b)) and unit systems (Figure 7.5).

The support reaction at point A of the fundamental system can be deduced by
V,=P(l-—=) 3
! 2R [7.3]

The expressions of the bending moment of the fundamental system are given as

0<x<a
u(x)=P(l —%)x [7.4a]
a<x<2R

u(x)=Pal=2) [7.4b]
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The expression of the bending moment of the unit system (Figure 7.5) is
given as

0<x<2R

m(x)=—y [7.5]

u(x)

Hy

»
>

A
/Ja\/ 2R-a
<<

N
7
Figure 7.5. Arch under a unit action

This time, we use the principle of virtual work to calculate the displacements.

g1 = [ Lm0
EI
; [7.6]

- [ 4
o EI [7.7]

S is the curvilinear length of the arch.

Substituting equations [7.4] and [7.5] with relationships [7.6] and [7.7],
we obtain

50 P(] _E)J‘x( y)ds + Pa j @ —7)( y)ds:| [7.8]

L,
:E_([y ds [7.9]

Knowing thatx = R(1-cosd), y=Rsinf@ and ds= Rd6, equations [7.8] and
[7.9] are written as
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5= = {P(l——) [ R(=cosO)(- RsmH)RdH:l

1 [ ¢n x , [7.10]
+— j Pa(l-——)—Rsin&)Rd6
EIl ‘4 2R
Alternatively, it is written as
_PR’ PaR® 1
= (1——)(00520 —2cos6 +1)——— (—cos20 +cosf +— )
2EI 2R 2FEI
or
4 [7.11]
S = 26, —2cos 6, +1)+2E00561 ]
1% 7R’
S =—|R*sin?0.Rd6 =
y EI! kT [7.12]

Substituting equations [7.11] and [7.12] in equation [7.2], we obtain the
expression that gives the horizontal reaction at joint A.

P a [7.13]
H, =—|(cos?6 —2cos6 +1)+2—cos6,
V4 R
The reaction at support B can be deduced by
P a
H,=-H, :——|:(coszt9] —2co0s6 +1)+ZEcos91 } [7.14]
V4

The variation of the bending moment is given as

0<x<a

M(x)=VAx—HAy=PR(1—§)<1—cose>

—%{(00526 —2cosf +1)+2Rooség }sme [7.15a]
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a<x<2R
Pa
M) =V, x=H,y=P(x=a)=—(l+cos0)

—7—6{(00526’, —2cos 6, +1)+2%cos¢9I }siné? [7.15b]

In the same way, the variation of the shear force is

6<¢6 (Figure 7.6)
T@)=V,sin6—-H  cosd [7.16]
The shear force can also be written another way.
a
7(6)=P(1———)sin@
@) =K 5 R)

_5{@05291 —2cos§, +1)+2%cosl91 :ICOSB [7.17a]

T(O)=—£[(cos26’l —2cos6, +1)+2%c0s49l }
/4

76 = P--L)sing —L| (cos?6, —2c0s6, +1)+2%cos }cos&l
2R T R

A

\f(e)

Va
Figure 7.6. Section 0 <x <a
6, <0 <x (Figure 7.7)

The shear force expression in this section is given as

T@)=V,sin@—-H , cos@—Psinf
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or
a . . P a [7.17b]
T(0)=—P—)sinf——| (cos*f —2cos @ +1)+2—cosf |cosd
2R b4 R
a . . P a
T(6,)=—-P(—)sinf, - —{(cos 20, —2cosf, +1)+2—cosf, }cos 6,
2R V1 R
P a
T(7z')=—{(cos26’l —2cos@, +1)+2—cos6, }
V2 R
A
Pl \T©
14
H
A 6 | -
Ly ‘ Ll
Va
Figure 7.7. Section 6, <6 <m
The normal force at section 0< @<, (Figure 7.8) is given as
N(@)=-V,cos@—H , sin [7.18]
or
a P a .
N(H)=—P(1——)cos€——|:(00526{ —2cosf +1)+2—cos 6 }sme [7.19]
2R V3 R
A N(O)
A P -
Va

Figure 7.8. Section 0 <x <a
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a
N(0)=-P(1- E)

N(6, )=—P(1—i)c056’l —£|:(C08291 —2co0s6, +1)+2£cost91 }siné’l
2R V1 R

6, <60 < (Figure79)
N@)=-V,cos@—H  sinf+ Pcos@
a P a .
N(8)=P(—)cos@——| (cos?6, —2cosf, +1)+2—cos6, |sinf
2R V4 R
a P ) a .
N6 ):P(E)costﬁ'1 — (cos?6 —2cos 6, +1)+2Ecos6?1 sin 6,

N(z)= —P(ﬁ)

N(6)

EYSTEN

Ha

A

Figure 7.9. Section 6, <6 <m

Numerical application

1
_L, g =%, cosh =—and gng _¥3
2 3 2 2

SIE

iy

A

T
I

-P

B
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V, =0.75P
V, =025P
The bending moment expressions are given as:
0<x<a
M(x)=PR(0.75—-0.75cos 8—sin )
6=0: M(0)=0.
0= % * M(0)=-0.487PR
0=6 : M(6,)=-0.491PR
a<x<2R

M(x)=PR(0.25+0.25cos 8—sin )

6=6. M(6,)=-0491PR

T
== LA
3 M(z) 0.75PR
r. 3
0=—"M()=-0.633PR
4 (4)
O=r: M(r)=0.

The variation of shear force for 0 <@ < g, is given as
T6)=V, sin@—H  cosl

Or, T(6)=0.75Psin@— Pcos @
T(0)=-P
T(0)=-0.176P

T(6,)=0.149P
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6 <0 <rx
T(@)=V,sind—H cosf—Psinb
T(8)=-0.25Psin@— Pcos @

Hence
7(6,)=-0.716P
T(%) =—025P

T(%”) =0.53P

T(r)y=P
In the same way, the variation of the normal force is given as

N(@)=-V,cos@—H , sinf =—-0.75Pcos@— Psin @
6=0: N0)=-0.75P

P T(E)=-1.237P

0=

Nk
&N

6=6 N(6,)=-1.082P
6, <0 <r
N(@)=—-V, cos@—H , sinf+ Pcos@=0.25Pcosf—Psinf
6=6 "' N(6)=-0.582P
/4 T
2 (2)

0=": NFy=—0883P
4 4
0= N(x)=—025P
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The diagrams of the bending moment, the shear force and the normal force are
shown, respectively, in Figures 7.10-7.12.

A 0.75
0.4 JP/- 633
N
0.487
— >

Figure 7.10. Bending moment diagram (*PR)

v

.883

»

025

Figure 7.12. Normal force diagram *(-P)



Statically Indeterminate Arch Analysis 321

7.4. Parabolic arch under concentrated load

We analyze the parabolic arch in Figure 7.13. We assume that the flexural

h
rigidity (EI) is constant and the Cartesian equation is y =2 Zx I x2.

Pl -
’% a L-a L #Dr g

Figure 7.13. Parabolic arch

Analysis of the arch (Figure 7.13) requires the use of the method of forces. The
fundamental system leads to determining the displacement 5,(4) (Figure 7.14(a)) and

the unit system allows us to calculate the displacement 5/11 (Figure 7.14(b)).

Figure 7.14. Fundamental and unit arches

The horizontal displacement at point A of the initial system is 0.
6,=0
This relationship is written in the following form:

8 +H, 0, =0
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52 and 5/11 are the displacements of the fundamental system (Figure 7.14(a))
and the unit system (Figure 7.14(b)).

The support reaction at point A of the fundamental system is given as
a
V,=PQ——
2 =P=7 L)
The expressions of the bending moment of the fundamental system are given by

0<r<a u(x>=P(l—i)x

a x
<x< x)=P(l-—)x—-P(x—a)=Pa(l-—
a<x<2L m(x)=P( 2L) (x—a)= Pa( 2L)
The expression of the moment of the unit system is given by
h h ,
mx)=-y=-C2—-x—-—x
0<x<2L () ==y =-Q x=7%)
The displacement calculation is carried out using the method of virtual work.

50 = I Hm(x) o
4 EI

s

o = mds
A£<H

By introducing the expressions of the bending moments, we obtain

TS N I T
5A_E{P(1 2L){x( y)dx + Pa f (1=, y)dx}

_L _p1_ 4 i ﬁ _i 2 1 2L x_ _h h
62)_E1|: P(1 2L)1[X(2Lx sz)dx:| —H[Pa.[z (I_ZL)(ZLX_LZXZ)dx:‘
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This can also be written as

0 Pahl 2 a* 1 d°
o, =— St
A EI (3 3L 12 L3)
K 2L 2
oy :Ljyzds: LJ' (ZEX—ixz)zdx _ LoA*L
EI'Y EI L L? 15E1

We obtain the horizontal reaction using the compatibility equation of
displacements at point A.

The expression of the bending moment is given by
0<x<a

a 15Pa2 1 1d__h h
M) =V x—H y=Pl-ypp—2 82 1a Tay,n 1o
=V Hy =M= S G e )

M(0)=0.

l4a 5 54 54 5a
M(a)=V,a—H y(x=a)=Pa(l———+=— 4= 2= 4 ==
@=Va-Hpy=a=Pal= v atep NI, 4L

a<x<2L

a 5Pa2 1 1ad. . h h
M) =V, x—H y—Px—a)=Pl—)x——— (= —— +——)2— x—— %)+ Pa—Px
W=V x—Hy-Rx-a)=R ZL)x 16h(3 312 12]3)( I y+ha

14 2 3 4 5

8L 8I* 8L 32L, 64D
M(x=2L)=0.

Numerical application

To interpret the obtained results, we consider a@ = L .
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P
VA :5

_25PL
64 h
0<x<L

2 2
M(x):l@x—HAyz—%Perafoz

M(0)=0.
7
M(L)=_PL

L<x<2L

Mx)=V x—H,yv—P(x—a)=— Px+—"+PL
®=7 K ) 32 64 I

M(x=L)= lPL
64
M(x=2L)=0.
The bending moment diagram of the arch is shown in Figure 7.15.

P

»

4> e

Figure 7.15. Bending moment diagram *(PL)
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0<x<L
Ty=MD__ 9 p 25 px
32 32 L
9
T(0)=——P
) 2
T(L)=—P
L<x<2L
T =—3 py 2 px
R 3R L
T(x=L)=-Lp
2

T(x=2L)= %P

The shear force diagram is shown in Figure 7.16.

94

Figure 7.16. Shear force diagram *(P)

We cut the arch at an angle & (Figure 7.17).



326  Structural Analysis 2

The variation in normal force is

N(@)=-V, cos@—H  sin6 =—£cos9—§ﬂs'
2 64 h
P
NO)=——
(0) 5
T 25 PL
NEy=-2==
2 64 h
A
N(8)
Ha - 9 -
- =
Va

Figure 7.17. Section 0< x<a

in@

The symmetry of the beam makes it possible to deduce the shear force diagram

(Figure 7.18).

0.39 PL/h

»

0.50 P'%

Figure 7.18. Shear force diagram

7.5. Semicircular arch under distributed load

o .50 P

Calculate the support reactions and draw diagrams of the bending moment, shear
force and normal force of a semicircular statically indeterminate arch of radius R
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and constant flexural rigidity (EI) along the arch. An arch is stressed by a uniformly
distributed load of intensity q (Figure 7.19).

A
q

vV v Vv v Vv Vv

v

| e

Figure 7.19. Semicircular arch under uniform load

The fundamental and unit arch structures are shown in Figures 7.20 and 7.21.
Point A is displaced from 52 in the fundamental system and from 5/1, in the unit

system.

>
<

Figure 7.21. Deflected unit system
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The horizontal displacement at point A of the given structure is given as
8 +H 5 =0 [7.20]
Support reaction A of the fundamental system is deduced by

qL
v, :T [7.21]

The expression of the bending moment of the fundamental system is given by

7.22

0<x<2R ,U(X)=qu—%x2 [7.22]
The expression of the bending moment of the unit system is given by

0<x<2R m(x)=—Rsin€ [7.23]

By substituting relationships [7.22] and [7.23] with [7.20], we obtain the
horizontal displacement of point A of the fundamental system.

50 = I H)m(x) o
4 EI

[7.24]
or
17 q .
5= —j(qu——xZ).(R sin@)RdO
EL 2 7.25]
with x = R(1—cos 8)
4
52 _ 2gR
3EI [7.26]

Similarly, the horizontal displacement at point A of the unit structure is given as

s

o, = J-_mz(x) ds
o El [7.27]

do=
EI 2E1 [7.28]

R p3 3
R 20 R
s ZI sin T
0
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By substituting [7.26] and [7.8] with relationship [7.20], we obtain the horizontal

displacement of joint A by

o= 01 _44R

8 3

And the horizontal reaction at joint B is deduced by

4 gR

My =—H, 3z

B

The expression of the bending moment is

0<x<2R
1 1 4qR
M(x)=VAx—5qx2— Ayzqu—quz—gq?y
0<@=<rn
2
M(6) = gR(1—cos ) gR(1—cos B — I Rein 9= g S0+
2 3rx 2 3z
in 2
M) =gl _ 2 Gno)
2 T

The bending moment diagram of the arch is shown in Figure 7.22.
A

20 20\ %

8 .076
-0.050

-0.088 T

v

Figure 7.22. Bending moment diagram *(qR?)

[7.29]

[7.30]

[7.31]

sind) (7 32

[7.33]
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The variation of the shear force can be deduced by carrying out the radial
equilibrium for each section defined by the angle & (Figure 7.23).

T(@)=V, sin@—-H  cos@—

Alternatively, the shear force is written as

T'(8) = gR(sin G—icos
3z

4

\

Hy

j:qsin 6.RdO [7.34]
G+cosf-1) [7.35]
. q

AA%

©)

A

#

v

Va=qR

Figure 7.23. Shear force

The shear force diagram can be obtained by taking into account the symmetry of

the arch (Figure 7.24).

086

Figure 7.24

. -0.424

[ A-0.424

. Shear force diagram *(qR?)

Finally, the normal force at the section defined by & (Figure 7.5) is given by

N(@)=-V, cos6~H sin0+ | qcosO.RAO

[7.36]
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4 . .
N(6) =qR(—cos¢9—§sm6’+sm6?) [7.37]

Aq

A
o

HA 0

v

VA = qR
Figure 7.25. Normal force

The shear force diagram is shown in Figure 7.26.

A
q 0.576

0.3 0.30

70 .70

[
»

] | e
Figure 7.26. Shear force diagram *(qR )

7.6. Parabolic arch under distributed load

An arch of constant flexural rigidity (EI) is defined by the equation
h

y=2—x-——x
L L . It is stressed by a uniform load of intensity q distributed along
length L (Figure 7.27).
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22222

h

»

2@ L o

Figure 7.27. Parabolic arch under uniform load

We construct the fundamental (Figure 7.28) and unit (Figure 7.29) systems.

The fundamental system leads to determining the displacement 53 and the unit

system allows us to deduce the displacement 5/1, .

AR AR AR

=

o

Figure 7.29. Unit structure

The horizontal displacement at point A of the given system is given as

S8)+H,0,=0
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The support reaction at point A of the fundamental system is given by

The expressions of the bending moment of the fundamental system are

L
0<x<L u(x)="7x

2 2
L<x<2L u(r)=9E 9 (xopyp=29L ¢ 4L
4 2 4 2 2

The expression of the bending moment of the unit system is given by

0<x<2L m(x)——y——(%x—éxz)

The displacement calculations are carried out using the method of virtual work.

= [ 1m0
EI

o, = J‘_m;([x) ds

0

The introduction of the equations above makes it possible to obtain

L 2L 2 2
— J‘—ﬂx(%x—ixz)dx— I (%x—ﬂ—ﬂ)(%x—ixz)dx
L L? 2 2N 12

l s 1 2L
=—/| y?ds=— y%dx
EI ;[y EI _!y

9 ghl’
5 =-——1
40 EI

‘—LIL b b 16R7L
% Ely L~ L2 15E1
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The compatibility equation of the displacements at point A makes it possible
to calculate

5 _2 g0
5128 h

A

The expression of the bending moment is

0<x<L
gL 27 ql* _h h
M=V x—H y=L"x-—"—22 0=x——x2
() =V,x—Hy= 4 s h Lt sz)
27 11
M(x) === g>*——qLx
x) 1287 "t
L<x<2L

AV
M(x)=V4x—HAy—q(x .37 qxz+5—3qu—%qL2

2 128 64

The bending moment diagram of the arch is shown in Figure 7.30.

q

AR A2 2

4> DA

Figure 7.30. Bending moment diagram *( )

dM(x) 27 11
T=M0_27, 1.,
dx 64 64
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11

T(0)=——qgL

(0) o1’

T(L)—l L
17

L<x<2L

37 53
T(x)=—gx+—qL
(x) a Pt

1
T(x=L)=—qlL
( ) K

-21
T(x=2L)=——gqL
( ) oa 4

The shear force diagram is shown in Figure 7.31.

AN

=1 »
11,4, A 21 "

L
Figure 7.31. Shear force diagram *(27)

The normal force at any section (Figure 7.32) is given by

. L 27 qL* .
N©)=-V, cosH—HAmnH:—chosH—ﬁqh sin @
L
0=0 N(@©O)=-L*
4
r
o==2 T __ 2T
2 =125
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Ha ‘

v

Figure 7.32. Normal force 0 < 6 < %
T .
> < 0 < (Figure 7.33).
A
q > N9y
HA 6 \

Va

Figure 7.33. Normal force %5 o<1

. 1
Knowing that the curve of the arch p(8)=
y"(x

- and y"(x)is the second
derivative of the deflection: (x)

9
N(6)=-V, cos@—H ,sin6— j g cos6.p(6).d6

/2

2
NO)= —ﬁcosﬁ—ﬂﬂ

2
sin9+£(sin9—1)
4 128 & 2h

V4 27 qL?
NEy=-2L9%
2 128 &

L qlL*> qL* h
gk _gl* _al* h_,

N(r)= -
()4 h 4h L
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27
1287

0.25qL 4\ ALLZ(E_;)

4h L

Figure 7.34. Normal force diagram

7.7. Semicircular arch fixed under concentrated load

A semicircular arch fixed at one end and simply supported at the other is stressed
by a concentrated load P applied at a distance R from the left support (Figure 7.35).
Knowing that the flexural rigidity (EI) is constant along the arch, we draw the
diagram of the bending moment using the different statically indeterminate
structural analysis methods.

Figure 7.35. Arch fixed at an end

To enrich the structural analysis, this time we use three distinct methods: (1) the
method of three moments, (2) the method of forces and (3) the slope-deflection
method.

— Method of three moments

The initial slope at joint B (Figure 7.32) is 0.

@ =0 [7.38]
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The equation of three moments makes it possible to write
W, =w,—aM ,+cM, =0 [7.39]

where a and ¢ in the relationship [7.39] are the mechanical constants of the arch and

Wy is the slope at point B of the fundamental system.

Knowing that M, = 0, moment Mg has the expression

M,=-—L [7.40]

To calculate the displacement @y, we use the method of virtual work.

J‘/J(x)m(x)
[7.41]
with

Px T

ux)=2 0<g<Z
2 2 [7.42a]

ux)=PR-2 Z<g<n

2 2 [7.42b]

The expression of the bending moment of the unit system (Figure 7.36) is
given by

0<é<rm m(x)z% [7.43]

Integrating the relationships [7.42] and [7.43], the slope (0;; is given by

. 1[fP o P
@, =—| [=x——dx +j(PR——x).idx
EI|12 2R 27 2R -
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/2 2 V4 R2 1_ 0
_ 1 [ PR (1 —cos) = °059d9+ | PR 1+ c0s0) 1= dﬁ} (7 44b]
0 /2
_ PR?
— [7.44c¢]
D= g5 7P
Figure 7.36. Unit system
The mechanical constant ¢ is given in polar coordinates by
1 ox, R*(1—cos 6)? 3zR
=— | (&)2dx = ——————)RdO=
E1£(L) v = j( ) S [7.45]
M=% PRQ27—4) [7.46]
C RY 4
The variation of the bending moment at each interval is given by
0<x<R
PR PR(4-27)1—cos@
M(@)=—(1-cos8)+
(&) 5 ( ) 7 2 [7.47a]
R<x<2R
PR PR(4—-27)1—cosé
M(0)= 7(1 +cosd)+ (37[ ) 5 [7.47b]
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The bending moment diagram is shown in Figure 7.37.

A Pl

5ans 0.0602
R

A B

\ 4

0.242

/

Figure 7.37. Bending moment diagram (*PR)

— Method of forces

The fundamental structure is shown in Figure 7.38.

53@

Figure 7.38. Fundamental arch

(x)=0. 0<x<R

M(x)=—P(x—R)=PRcos& R<x<2R R<x<2R

The unit system is shown in Figure 7.39.
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Figure 7.39. Unit system

0<x<2R  m(x)=1x=R(l—cosb)

The initial structure (Figure 7.35) is defined by
0,=0

Using the superposition of effects principle allows us to write
5,=0,+V,6,=0

The displacement calculation is carried out using the principle of virtual work.

g, - fHeomta)

8= LI I PRcosO.R(1-cos6).R.dO

/2
-PR* &
oY= 1+=
A=y ( 4)
s 2 V4 3
5= [0 4o - LT pa—cosoprao =%
=] i v E];[ (1-cost 2EI

The reaction at support A is written as

0, 4+rm

V,=—=% =
4 S, or
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The rotational equilibrium leads to the calculation of Mg.
M,=V,2R-PR

or

M, =427 pp
RY/4

The expression of the bending moment is written as
M (x) = u(x)+V, m(x)
The variation of the bending moment at each interval is given by
0<x<R

4+
V4

M) = PR(1-cos @)

R<x<2R

4+”(l—cosé?))

M ()= PR(cosO@+
6r

The bending moment diagram is established by varying the angle @ of 0 to 77
(Figure 7.40).

Figure 7.40. Bending moment diagram (*PR)



Statically Indeterminate Arch Analysis 343

— Slope-deflection method

The slope-deflection method provides the fixed-end moments at the ends of a
bar by

M=V +K 0, +K 4,0, —K ,(1+3,,) B, [7.48]
MBA =7Vs4 + KBAwB + KBA)"BAG)A - KBA (1 + )“BA )IHBA [7-49]

In this case @, =0 and @, # 0, the kinematic conditions to consider are

M, =0., Z’BA =0., @, =0. and ﬂAB zﬂBA =0.
Hence,
My, = Vs,

Using the method of three moments makes it possible to write
W, =@, —ay,, +cy,, =0 [7.50]

The fixed-end moment ¥, , is deduced by

Dy

VB4 :_7 [7.51]

Equation [7.51] is similar to the result obtained using the method of three
moments [7.46].

Variations of the shear force and the normal force can be deduced by carrying
out the radial and orthoradial equilibrium for each section defined by an angle 8.

0<@< Z(Figure 7.41)
2

4+
6

T@)=V,6sinf= Psin@
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N(@)=—V, cos =17
6r

cosé

" NO)

\/;(9)

[

f*
Figure 7.41. Section 0 < 8 5%
T
E <f<rw (Figure 7.42)
T(6)=V, sin0—Psin0=2—"" psino
6r
-4
N(@)=-V, cos@+Pcosf = > Pcos@
6r
P
| J@
)
)

v

2 |

Figure 7.42. Section %s 6<m
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The variation of the shear force and the normal force are shown in Figures 7.43
and 7.44.

p,0.621

y

A
0.378 % [ "0.621 T

Figure 7.44. Normal force diagram *(P)

7.8. Statically indeterminate tied arch

A tie (DB) is associated with a semicircular arch (ABC). The arch is stressed by
a force applied at point C (Figure 7.45). We assume that the flexural rigidity (EI)
and membrane rigidity (E €2) are constant. We must:

— calculate the tension in the cable (DB);
— draw diagrams of the bending moment and the shear force;

— deduce the vertical displacement at point C.
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Figure 7.45. Tied arch

This type of structure requires the method of forces to be used for its analysis.
The fundamental system and the unit system are presented, respectively, by
Figure (7.46) and Figure (7.47).

lP

Figure 7.46. Fundamental system

Figure 7.47. Unit system



Statically Indeterminate Arch Analysis 347

The horizontal displacement of hinge B is null.
51 =0

Using the superposition principle, the horizontal displacement at point B can be
broken down into the following

54T, (8, +6))=0

The expressions of the bending moment of the fundamental system (Figure 7.46)
are given by

0<x<2R U(x)=—PR(1-cos )

Similarly, the expression of the bending moment of the unit system (Figure 7.47)
is given by

R<x<2R m(x)=—R(1—cos )

The horizontal displacement at point B of the fundamental system is given as

5[(3) — jﬂ(x;’?(X) dS

PR®
2EI

1 V4
5 - l PR*(1-cos 0)’d6 = ——(m—1)

2

In the same way, the horizontal displacement at joint B of the unit structure
is given as
5 = J-mz(x) s :T R*(1-cos ) 4 0_(—7+37[)R3
EI

0 0

EI 4E1

R
511 —_
P EQ

The tension in cable (BD) can be deduced by

50 L_lpR3
T =_ B — 2FEI
®s+5 R R

B B

BT G-
EQ  4EI
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or

-1
Typ=— P
a(re L 3Ty
Q 4

The reaction at support D can be deduced by

-1

are L4377
Q' 4

H,=-T,

D BD =

)

The expression of the bending moment is given by
o<
2

M(6)=u(0)+T,,m(@)=—PR(1—cos )

M(0) = 1(0)=0.

MC)=pC)=—FR

<@<r

oy

M(6)=u(0)+T,,m(0)=—PR(1—cos )
Ty u®y=—
M(E)_ﬂ( 2) PR

M(T) = ()~ T,y () =—2PR—— "1 pR
I 3r-7
AR+
Q 4

The bending moment diagram is shown in Figure 7.48.
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349

2PR+TgpR | lP

Figure 7.48. Bending moment diagram

In the same way, the expression of the shear force can be deduced by

g<Z
2
T(@)=Psin@
7(6)=0.
T(6)=P
ESQSE
2

T(0)=Psin6—T,,cos @

1(6)=P
Tm)=T,-—— " __p
=lw=—"7 3727
2(Rzé+3” 7y

The shear force diagram is shown in Figure 7.49.
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[P

Figure 7.49. Shear force diagram

7.9. Arch with many degrees of freedom

A bi-hinged semicircular arch is stressed by a uniformly distributed load of
intensity q. It is assumed that the flexural rigidity (EI) is constant and analysis of this

arch is required (Figure 7.50). q

Vv vV v vy

Figure 7.50. Bi-fixed arch

The fundamental and the unit systems are plotted respectively, on Figure 7.51
and Figure 7.52.

\1/\1/\1/ v vV

o éﬂ i |

o < —

Figure 7.51. Deflected fundamental arch
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% fo |

A
1\ | oy, \

Figure 7.52. Arch under unit actions

The displacements at joint A for the given arch (Figure 7.50) are

6,=0 [7.52a]

6;=0 [7.52b]

@, =0 [7.52c]
The displacements at joint A can be written as

0 =8 +H,0,+V,0,,+M 0 =0 [7.53a]

S, =06)+H, 0, +V,5,+M,m,=0 [7.53b]

®,=0"+H,5,+V,0,+M 0, =0 [7.53¢]

Resolving the system of equations [7.53] leads to removing the degrees of static
indeterminacy of the structure.
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The expression of the bending moment of the fundamental arch (Figure 7.51)

is given by
1 1
IU(.X') = —quz = —Equ(l —COS 9)2

m, (x)=—-1.y =—Rsin@
m,(x)=1.x=R(1-cosb)
m, (x)=-1.

The displacements calculation is done by the method of virtual work.

5. =

i

e
s EI

[7.54]

[7.55a]
[7.55b]

[7.55¢]

[7.56]

The displacements at point A of the statically determinate structure are given as

_t H(0)m, (x) 171 . 49R*

510 —}[Tds :E-(.;—EQR (l—cosH)Z(—Rsme)Rdﬁzﬁ
u(x)m (G P N P __SmaR
I 2 E[j 2qR(l cosOPR(1-cos O)RdO= 5

0

o _ [ H(x)my(x) =Lﬂ_l R2(1— 92—1Rd9=M
o = [P0 s = [ gRe(1- cos 0)(-1) El

The displacements of the unit systems can be evaluated by

s 2 4 3z 3
8, =[™ () =ljR2sm 29.Rd6 = R—jsinze.de _ZR
R El El 2E1
s 2 V4 3z 3
8, = m ) gL j R(1—cos 0).RdO =2 j (1-cos yde =T&
o EI 1y 2EI

m3(x)
_j j( 1)2.Rdo =" —
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K] KA 3
5, :jwds =L [-Rsin6.R(1-cos O)RAO =~ 22

' El EIl El

K n 2
S, = jwds = LI—R sin 6.(~1)Rdg ==X

! EI 19 EI

K V4 2
5, =jwds =in(1—cos0)(—1)Rd9=—”R

‘o El EIY EI

We construct the system of equations by

4 3 3 2
4R TR gy 2R, 2Ry o
3EI  2EI EI EI [7.57a]
4 3 3 2

_5mgR” 2R HA+37zR VA_ﬂR M =0

4EI  EI 2EI EIl [7.57b]
3rqR® 2R? R? R

2 g -2y 22 =0

4EI  EI EI EI [7.57¢]

Resolving the system of equations [7.57] leads to evaluating the redundant
reactions.

H ,=0.564qR
V ,=qR
MA=—0.106qR2

Now, it is possible to analyze the statically indeterminate arch by the variation of
the bending moment, the shear force and the normal force (Figure 7.53).

0<é<r

1
M)=V,x—Hy+M,— g
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With x=R(1—cosé) and y = Rsiné

qR

2
> (1-c0s28)—0.56gR?sin 8 +0.106.gR*

M(x)=

The variation of the shear force can be deduced by carrying out the radial
equilibrium for a section defined by the angle @ (Figure 7.53).

v

Figure 7.53. Section 0 < 6 <11

o3

T(6)=V, sin0~H,cos0~ [ gsinO.Rd6

Alternatively, the shear force is written as

T(6) = gR(sin 6+ 0.44cos 1)

In the same way, the normal force of a section defined by a slope € is
(Figure 7.53)

N(@)=-V, cos@—H  sin6+ .[06 qcosB.Rd6 = qR(—cos @ +0.44sin 0)

The internal actions diagrams are shown in Figures 7.54-7.56.
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A q
Vv Vv v v Vv

0.04 0,040

- A4 >
0.106 | 0106

Figure 7.54. Bending moment diagram *(qR?)

v

»
»

1.0 =7 \ © 1.0

Figure 7.56. Normal force diagram *(qR )
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7.10. Influence lines of statically indeterminate arch
7.10.1. Influence lines of bi-hinged arch

Determine the influence lines of the horizontal reaction at joint A, the vertical
reaction of support B and the internal actions of the arch (Figure 7.57) in relation to
any section. We assume that the flexural rigidity (EI) is constant. The unit force
moves along the arch.

Figure 7.57. Bi-hinged arch under concentrated load

The horizontal reaction at support A is given by relationship [7.13]. Especially
for P = 1, the expression of the reaction becomes

1
H, =—(1-cos?8 )
V4
The rotational equilibrium makes it possible to deduce vertical reaction Vg.
1
V, = 5 (1—cos@ )

The expressions of the bending moment depend on the locus of the moving force
and the position of the section.

o/ < x (Figure 7.58)
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»
»

A B
- [ s

X 2R-x

Figure 7.58. Concentrated force a < x

Mx)=V,x-H,y-1.(x-a)=

g(l—cosﬁ)(l—cosﬂ1 )—S(l—coszﬁ)sinﬁ1 —R(cos@—cosb,)

o2 x (Figure 7.59)

A
e

Figure 7.59. Concentrated force a < x

M(x) =VAx—HAy=§(l—cos€’)(l—cos6’1 )—E(l—coszé?)sinﬂ
/4

The influence lines of support reactions and internal actions are shown in
Figures 7.60 and 7.61, respectively.
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0427 %00 0427

0250

0.073 1
A NI
>

o
=

Figure 7.60. Influence line of reaction Ha

v

A

0.5
0.309

0.146

0.038 1
A o\
. \ D 1.00

7
—

Figure 7.61. Influence line of support reaction Vg

v

The previous expressions give the variation of the bending moment, which
represents the influence lines of the bending moment by any section ), . To plot the

influence lines of the bending moment, it is necessary to position this section. For

T
example 6, =—.

2

In this case, the bending moment expressions are:
a<x (0<6)

M(6)=R(0.1817—-0.5cos 8+0.318cos 26)
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a>2x (6 <0)
M(6)=R(0.1817—-0.5cos 8+0.318cos>6)

The influence line of the bending moment in relation to the defined section

ﬂ. . . .
6 = 5 is shown in Figure 7.62.

v

Figure 7.62. Influence line of a bending moment *(R) in relation to 6, =

NS

The influence lines of internal actions are shown in Figures 7.63 and 7.64.

oa<x (0<6)
1 . 1 .
T(0)=§(1+cos€)sm91 ——(1—cos?6)cosf —1.sinf
V3
N(tﬁ’)z—%(HcosH)cosé?1 —l(l—coszé’)sinﬁ1 +1.cos
V4
azx (6 <0)

7(6) :%(Hcosﬁ)sint?1 —l(l—cos2€)cosl91
T
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N(O)= —% (I+cosé)cos b 1 (1—cos?6)sin g
V4

—
Figure 7.63. Influence line of a shear force in relation to 9, =%
—
Figure 7.64. Influence line of a normal force in relation to 6, = %

7.10.2. Influence line of fixed-end arch

We determine the influence lines of the vertical reaction of support V,, bending
moment Mg and the bending moment in relation to point C of the arch (Figure 7.65).
We assume that the flexural rigidity (EI) is constant. The applied unit force moves
along the arch.
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Figure 7.65. Arch fixed at an end

We apply the method of forces to calculate reaction V.

The horizontal displacement at point A of the initial system is 0.
5" =0
Using the superposition of effects principle leads to

8, +V,8,=0

52 and 5/11 are the vertical displacements at point A, respectively, of the

fundamental and unit systems. We construct the fundamental system ignoring the
effect of reaction VA (Figure 7.66).

A C

Figure 7.66. Fundamental system
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The expressions of the bending moment of the fundamental system are given by
0<x<« U(x)=0.
a<x<2R U(x)=—R(cos@—cosb,)

Similarly, the expression of the bending moment of the unit system is shown in
Figure 7.67.

0<x<2R m(x)=R(1-cos6,)
A C

Figure 7.67. Unit system

The displacements are calculated using the method of virtual work.

J'ﬂ(x)m(X) s

o, = J‘_m;([x) ds

0

By introducing the bending moment expressions of the fundamental and unit
systems, we obtain

Y =$|:JA—R(COSQ—COSQ] YR(1—cos b, )Rd6, }

6

_p3
o) = R l(7[—6’)(1+200s6’)+sin9+lsin29
EI |2 2
3
s L7 R(1-cos 6, 2.RdG, = 2R

" EL) 2E1



Statically Indeterminate Arch Analysis 363

Hence, the vertical reaction V, becomes

v, (—6)(1+2cos 0)+2sin 6 -+sin 26|

_ é[
The expression of the fixed-end moment is given by
M,=V,2R)-(2R-)
or

2R

Y

{—%—%c056—0(1+cosé’)+2sin6+sin29}

The bending moment at point C is expressed as

0<6<

NN

M@)=V,R-1.(R-a)=(,—cosO).R

<O0<rx

NN

M@©)=V,R

The influence lines of reaction V, and fixed-end moment Mg are shown in
Figures 7.68 and 7.69.

A
0.639
0.86 /
<
0.987
A
1.00 o
o
—=

Figure 7.68. Influence line of reaction V4
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Figure 7.69. Influence line of fixed-end moment Mg*(R)

Finally, the influence line of the bending moment at point C is shown in
Figure 7.70.

A
0256  0.150
.
| s
0.063 //
A
(74
=

Figure 7.70. Influence line of a bending moment in relation to 6, =% *R)

Finally, we note that these results are identical to those obtained in the previous
sections. It is possible to calculate fixed-end moment Mg of relationship [7.46] and
vertical reaction V, by applying the method of forces (section 7.7) replacing force P
with a unit force.

7.11. Conclusion

In this chapter, we have presented in detail the methodology for analyzing
statically indeterminate arches. In this context, semicircular arches, parabolic arcs
and tied arches are the objects of analysis.
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In general, the arches studied are statically indeterminate and the method of
forces is widely used. In the same concept, we also used the method of three
moments, the slope-deflection method and the moment-distribution method.

This study was used to master the analysis methodology of semicircular arches,
parabolic arches and tied arches. The internal actions and their diagrams are
developed according to the angle of the curve. The diagrams of internal actions
make it possible to derive the extreme values and consequently the dimensioning of
the cross-sections of the arches.

In this chapter, only arches with constant inertia have been used; in practice,
arches with variable inertia are widely seen and they are studied in the same way.

The last part of this chapter details the influence lines of internal and external
actions of arches subjected to a unit force moving along the arch.

7.12. Problems

Exercise 1

Determine the support reactions of the following semicircular arches. We assume
that EI is constant.
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Exercise 2
Determine the support reactions of parabolic arches of equation
4h . ,
y(x)= ;x(L — X) , where L and # are, respectively, the length and height of the

arch. EI is constant.

P
m
< L S

q
L\ 20\ 20 28 7
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Pl q
a L J L
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N 7
Exercise 3

Calculate the fixed-end moment of the following arches. EI is a constant and

4h .
= —x) f 1 hes.
y(x)= IE x(L — x) for parabolic arches

v viv v

m
q
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Exercise 4

Determine the variations in the internal actions of the following arches. EI is
a constant.

vv v v !

v viv v

\l/\l/\l/\l/

Exercise 5

Determine the variations in the internal actions. EI is a constant and

yx)= %x(L—x)-

\V\Vq\l/\l/

g VRN

ql?

V222
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Exercise 6

Determine the variations in the internal actions and draw their diagrams. El is a
constant.

q
v v vV

e

R
q
\2 v \4 v
R

q> R
9
9

Exercise 7

Determine the variations in the internal actions and draw their diagrams. EI is a

constant and y(x)= i—i’x(L -Xx).

q q lP
v v Vv Vv v v Vv
’ 2@L2 g 2@L2
v Vv Vv Vv

Mo
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Exercise 8

Determine the variations in the internal actions and draw their diagrams. EI is a
constant.

Calculate the tension in the spring and deduce the displacement at its end.

Calculate the tension in the cable of the following structures.
q
v Vv Vv Vv

] Y Y

VvV oVoV N/

2@ L2

Exercise 9

Draw the influence lines of external actions mentioned for each arch stressed by
a moving unit load.

B Ha, Vi and My

RN i Tie
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R EgZ
<—> Ma?, Tie
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Tie < >
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Draw the influence lines of internal actions relating to point C for each example.






Appendix

A.1. Standard structural deflections

The beams have a constant flexural rigidity EI and a length L.

Structure Deformation
P
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v(x)=— x —3Lx
= () =’ =3Lx)
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T 2EI
—_—
X o p
Pbx ., ,
= =——(L -b"-x
S| ) == *)
O
Eezzz b A 0<x<a
q
l l l l X =—i(x3—2Lx2+L3)
24E1
X

Structural Analysis 2: Statically Indeterminate Structures,

First Edition. Salah Khalfallah.

© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.



372

Structural Analysis 2

O
== X

~

M,

Y

6EIL

v(x)= _Myx

(L' =x")

T

q 4 3 2.2
‘ v(x)=— x"—4Lx’ +6Lx
% ) 24EI( )
1 X
—
A.2. Fixed-end moments
The beam Vs
2 ’ ab? a’b
A EI BE e -
a b=La L2 12
! 1
/ 7qL2 1 2
-—qL
A E.IL Bk 12 2 q
e 2 (L-a)
A EI BV p—(L—a _a I—
. L L p L( a)
oa Moy
%
%A _./ B E (L-a)(L-3a) a(2L —3a)
a La M, 2 M, IE
Moy Y
AT o (L—a)(L-3a)
o 1 0 M, 0
a La
q
AZ%; l J'E I i l B% 0 1 L2
7 L 3 q
lP
A I
o E,1 BE 0 —iPL
" a La 16




Appendix 373
lP
% E.1 ?; iPL .
= La . 16
¥ v 44 |
A E, I #j quZ O
a L-a







Bibliography

[BHA 13] BHAVIKATTI S.S., Structural Analysis-1I, Vikas Publishing House, New Delhi,
2013.

[BOU 17] BOuvET C., Mechanics of Aeronautical Solids Material and Structures, ISTE Ltd,
London and John Wiley & Sons, New York, 2017.

[BRO 94] BROUGHTON P., NDUMBARO P., The Analysis of Cable and Centenary Structures,
Thomas Telford, London, 1994.

[CRO 30] Cross H., “Analysis of continuous frames by distributing fixed-end moments”,
Proceedings of the American Society of Civil Engineers, vol. 56, pp. 919-928, 1930.

[DEL 12] DEL PEDRO M., GMUR T., BOTSIS J., Introduction a la mécanique des solides et des
structures, Presses Polytechniques et Universitaires Romandes Lausanne, 2012.

[DEL 15] DELAPLACE A., GATUINGT F., RAGUENEAU F., Aide-mémoire Mécanique des
structures, Dunod, Paris, 2015.

[EIS 11] EiSLEY J.G. WAAS AM., Analysis of Structures: An Introduction Including
Numerical Methods, John Wiley & Sons, New York, 2011.

[ERI 47] ERICKSEN B., Influence Lines for Thrust and Bending Moments in Fixed Arcs,
Concrete Publication Limited, London, 1947.

[GHA 09] GHALI A., NEVILLE M., BROWN T. G., Structural Analysis: A Unified Classical and
Matrix Approach, Spon Press, Abingdon, 2009.

[GHA 15] GHANEM S., NAJM H., “Structural performance of two-hinged Islamic arches”,
Journal of Engineering and Architecture, vol. 3, no. 1, pp. 38-52, 2015.

[GOU 11] GOURINAT Y., Exercices et problemes de mécanique des solides et des structures,
Dunod, Paris, 2011.

[HIB 17] HIBBELER R.C., Structural Analysis, Pearson, London, 2017.

[IGO 12] IGor A.K., Theory of Arched Structures: Strength, Stability, Vibration, Springer,
New York, 2012.

Structural Analysis 2: Statically Indeterminate Structures,
First Edition. Salah Khalfallah.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.



376  Structural Analysis 2

[IRV 92] IRVINE H.M., Cables Structures, MIT Press, Cambridge, 1992.

[KAR 09] KARL-EUGEN K., The History of the Theory of Structures: From Arch Analysis to
Computational Mechanics, Ernst & Sohn Verlag, Berlin, 2009.

[KEN 17] KENNETH M., LEET E., CHIA-MING U., Fundamentals of Structural Analysis,
McGraw-Hill Education, London, 2017.

[KHA 15] KHALFALLAH S., Méthodes d’analyse des structures hyperstatiques, Edilivre, Paris,
2015.

[KHA 16] KHALFALLAH S., Analyse des structures hyperstatiques: recueil d'exercices résolus,
Edilivre, Paris, 2016.

[KAS 11] KASSIMALI A., Structural Analysis, Cengage Learning, Boston, 2011.

[LEE 05] LEET K.M., UANG C.M., Fundamentals of Structural Analysis, McGraw Hill,
London, 2005.

[LES 14] Lestuzzi P., PLUG L., Analyse des structures et milieu continu: Structures en barres
et poutres, Presse Polytechnique et Universitaire Romande, Lausanne, 2014.

[MEG 05] MEGSON T.H.G., Structural and Stress Analysis, Elsevier, Oxford, 2005.

[NOR 76] Norris C.H., WILBUR J.B., UTKU S., Elementary Structural Analysis,
McGraw-Hill, New York, 1976.

[NAY 04] NAYFEH A.H., PA1 F.R., Linear and Nonlinear Structural Mechanics, Wiley
Interscience, Hoboken, 2004.

[PAN 07] PANDIT G.S., GUPTA S.P., Structural Analysis: A Matrix Approach, McGraw-Hill,
New Delhi, 2007.

[PEV 79] PEVROT A.H., GOoULOIS A.M., “Analysis of cable structures”, Computers &
Structures, vol. 10, no. 5, pp. 805-813, 1979.

[PIC 92] PICARD A., Analyse des structures, Elsevier-Masson, Paris, 1992.

[POP 68] Porov E.P., Introduction to Mechanics of Solids, Prentice Hall, Upper Saddle
River, 1968.

[PRZ 12] PRZEMIENIECKI J.S., Theory of Matrix Structural Analysis, Dover Publication,
Mineola, 2012.

[RED 94] REDDY C.S., Basic Structural Analysis, McGraw-Hill, London, 1994.

[SAT 98] SATHYAMOORTHEY M., Nonlinear Analysis of Structures, CRC Press, Boca Raton,
1998.

[SMI 88] SMmiTH J.C., Structural Analysis, Harper & Row, New York, 1988.
[SON 14] SONAVANE T., Analysis of Arches, Master’s thesis, Virginia University, 2014.
[TOD 81] Topp 1.D., Structural Theory and Analysis, Palgrave, London, 1981.



Bibliography 377

[THE 14] THEORIN A., FORET G., Calcul des structures, Ecole Polytechnique Universitaire,
Paris, 2014.

[VAI 04] VAIDYANATHAN R., PERUMAL P., Structural Analysis, Volume II, Laxmi
Publications, Bangalore, 2004.

[VOL 08] VOLDOIRE F., BAMBERGER Y., Mécanique des structures Initiation —
Approfondissements — Applications, Presses des Ponts, Paris, 2008.

[WIL 09] WILLIAMS A., Structural Analysis: In Theory and Practice, Elsevier, Oxford, 2009.

[WES 89] WEST H.H., Analysis of Structures: An Integration of Classical and Modern
Methods, Wiley, New York, 1989.

[YAN 94] YANG Y.B., Kuo S.R., Nonlinear Framed Structures, Prentice Hall, Upper Saddle
River, 1994,






Index

A

analysis method, 1, 2, 15, 21, 310,
337,365
arch
bi-hinged, 309, 310, 356
equivalent, 312
fundamental, 312, 321, 322, 327,
328, 332, 333, 338, 340, 346,
347, 350, 352, 361, 362
statically indeterminate, 309, 310,
326, 353, 356, 364
three-hinged, 310
tied, 309, 345, 346, 364, 365
unit, 321, 327

B,C

beam, 2, 3, 7-11, 16, 18-20, 25, 26,
28,29, 31, 33-39, 41-44, 4649,
51,52, 54, 55,57, 61, 63, 65-74,
77, 80, 81, 83, 84, 86, 87, 99,
137-139, 141-148, 150, 153-157,
160, 162, 163, 167, 175, 198, 202,
219, 220, 224, 226228, 272-275,
279-281, 306, 308
continuous, 213, 219, 220, 228

Structural Analysis 2: Statically Indeterminate Structures,

First Edition. Salah Khalfallah.

Clapeyron method, 25, 49, 52, 55, 58,
63

convergence, 223, 224, 226, 227,
229,230, 232, 234

D

deflection, 33, 273-276, 304, 306,
307

degree of indeterminacy, 1, 2—-10, 15,
21,22,67, 68,72, 88,94, 100, 107,
113,115,121, 130

distribution of moments, 213,
216-218, 224, 236

E

equilibrium, 214, 218-220, 222, 223,
226, 228,230, 232, 233, 235-237,
239-241, 243, 246, 248, 251, 255,
258, 264

equivalent
structure, 272, 301
system, 68, 72, 80, 84, 88, 94, 101,

107, 115, 121, 126, 129

© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.



380  Structural Analysis 2

F

fixed
-end moments, 137, 139-142, 148,
149, 151, 154, 157, 164, 168,
183, 201, 208
ends, 25, 32, 33,42,43, 63
frame, 2, 3, 7-9, 87, 88, 93, 94, 100,
101, 107, 164, 168, 174-176, 179,
181-183, 188, 189, 194, 195, 196,
200, 201, 207, 209, 210, 229-237,
239-251, 253-255, 257-269, 286,
287
fundamental
structure, 273, 293, 301
system, 68, 69, 73, 74, 76, 81, 84,
88, 89,95, 101, 102, 108, 109,
115,117,122, 123, 126

I, K

influence lines, 271, 272, 274, 275,
278,279, 285, 286, 290, 292, 300,
303-308

internal action, 271, 272, 304

kinematic indeterminacy, 1, 11, 12,
21

method of forces, 67, 68, 72, 80, 84,
87,129

method of three moments, 25, 63

moment-distribution method, 213,
214, 216,217, 219-224, 226,
228-230, 232-235, 239, 244, 246,
248,254,257, 258, 262, 264, 265

moving load, 271, 279, 292, 305

R, S

rigidity factor, 137, 142—146,
148-150, 153, 156, 160, 164
settlement, 175, 177, 210
support, 137-140, 142, 147, 148,
156, 175, 176, 208, 213, 217,
220,221,232, 233, 264, 269
sidesway, 137, 164, 182, 208
slope, 26-28, 30, 3840, 48
-deflection method, 137, 142, 148,
154,156, 157, 160, 164, 175,
182, 183, 187, 189, 194, 195,
200, 208
statically indeterminate structures, 1,
2, 15-21,271, 304, 309, 310, 326,
353, 356, 364
superposition of effects principle, 29,
43
superposition principle, 16

T,U

transmission, 218-220, 222, 223,
225-228,230-233, 235, 237, 240,
243,246, 248, 250, 251, 255, 260,
264
coefficient, 137, 142, 144, 145,

148, 149, 151, 154, 156, 160,
164

truss, 4, 5, 6,7, 13, 14, 113-118,
120-123, 125, 126, 128, 134, 272,
290, 292, 293, 295, 297, 298, 300,
307

unit system, 69, 74-78, 81, 82, 85,
86, 89, 90, 95, 96, 102, 103, 108,
109, 118,122, 127, 128, 129



Other titles from
SSlie=
n

Civil Engineering and Geomechanics

2018

KHALFALLAH Salah
Structural Analysis 1: Statically Determinate Structures

VERBRUGGE Jean-Claude, SCHROEDER Christian
Geotechnical Correlations for Soils and Rocks

2017

LAUZIN Xavier
Civil Engineering Structures According to the Eurocodes

PUECH Alain, GARNIER Jacques
Design of Piles Under Cyclic Loading: SOLCYP Recommendations

SELLIER Alain, GRIMAL Etienne, MULTON Stéphane, BOURDAROT Eric
Swelling Concrete in Dams and Hydraulic Structures: DSC 2017

2016

BARRE Francis, BISCH Philippe, CHAUVEL Danic¢le et al.

Control of Cracking in Reinforced Concrete Structures: Research Project
CEOS fr



PIJAUDIER-CABOT Gilles, LA BORDERIE Christian, REESS Thierry, CHEN
Wen, MAUREL Olivier, REY-BETHBEDER Franck, DE FERRON Antoine
Electrohydraulic Fracturing of Rocks

TORRENTI Jean-Michel, LA TORRE Francesca
Materials and Infrastructures 1
Materials and Infrastructures 2

2015

AIT-MOKHTAR Abdelkarim, MILLET Olivier
Structure Design and Degradation Mechanisms in Coastal Environments

MONNET Jacques
In Situ Tests in Geotechnical Engineering

2014

DAIAN Jean-Francgois

Equilibrium and Transfer in Porous Media — 3-volume series
Equilibrium States — Volume 1

Transfer Laws — Volume 2

Applications, Isothermal Transport, Coupled Transfers — Volume 3

2013

AMZIANE Sofiane, ARNAUD Laurent
Bio-aggregate-based Building Materials: Applications to Hemp Concretes

BONELLI Stéphane
Erosion in Geomechanics Applied to Dams and Levees

CASANDIJIAN Charles, CHALLAMEL Noél, LANOS Christophe,
HELLESLAND Jostein
Reinforced Concrete Beams, Columns and Frames: Mechanics and Design

GUEGUEN Philippe
Seismic Vulnerability of Structures

HELLESLAND Jostein, CHALLAMEL Noél, CASANDIJIAN Charles,
LANOS Christophe



Reinforced Concrete Beams, Columns and Frames: Section and Slender
Member Analysis

LALOUI Lyesse, DI DONNA Alice
Energy Geostructures: Innovation in Underground Engineering

LEGCHENKO Anatoly
Magnetic Resonance Imaging for Groundwater

2012

BONELLI Stéphane
Erosion of Geomaterials

JACOB Bernard et al.
ICWIMG6 — Proceedings of the International Conference on Weigh-In-Motion

OLLIVIER Jean-Pierre, TORRENTI Jean-Marc, CARCASSES Myriam
Physical Properties of Concrete and Concrete Constituents

P1IJAUDIER-CABOT Gilles, PEREIRA Jean-Michel
Geomechanics in CO, Storage Facilities

2011

BAROTH Julien, BREYSSE Denys, SCHOEFS Franck
Construction Reliability: Safety, Variability and Sustainability

CREMONA Christian
Structural Performance: Probability-based Assessment

HICHER Pierre-Yves
Multiscales Geomechanics: From Soil to Engineering Projects

IONESCU loan R. et al.
Plasticity of Crystalline Materials: from Dislocations to Continuum



LOUKILI Ahmed
Self Compacting Concrete

MOUTON Yves
Organic Materials for Sustainable Construction

NICOT Frangois, LAMBERT Stéphane
Rockfall Engineering

PENSE-LHERITIER Anne-Marie
Formulation

PIJAUDIER-CABOT Gilles, DUFOUR Frédéric
Damage Mechanics of Cementitious Materials and Structures

RADJAI Farhang, DUBOIS Frédéric
Discrete-element Modeling of Granular Materials

RESPLENDINO Jacques, TOUTLEMONDE Frangois
Designing and Building with UHPFRC

2010

ALSHIBLI A. Khalid
Advances in Computed Tomography for Geomechanics

BUzAUD Eric, IONESCU loan R., VOYIADIIS Georges
Materials under Extreme Loadings / Application to Penetration and Impact

LALOUI Lyesse
Mechanics of Unsaturated Geomechanics

NOVA Roberto
Soil Mechanics

SCHREFLER Bernard, DELAGE Pierre
Environmental Geomechanics

TORRENTI Jean-Michel, REYNOUARD Jean-Marie, PIJAUDIER-CABOT Gilles
Mechanical Behavior of Concrete



2009

AURIAULT Jean-Louis, BOUTIN Claude, GEINDREAU Christian
Homogenization of Coupled Phenomena in Heterogenous Media

CAMBOU Bernard, JEAN Michel, RADJAI Fahrang
Micromechanics of Granular Materials

MAZARS Jacky, MILLARD Alain
Dynamic Behavior of Concrete and Seismic Engineering

NICOT Frangois, WAN Richard
Micromechanics of Failure in Granular Geomechanics

2008

BETBEDER-MATIBET Jacques
Seismic Engineering

CAZACU Oana
Multiscale Modeling of Heterogenous Materials

HICHER Pierre-Yves, SHAO Jian-Fu
Soil and Rock Elastoplasticity

JACOB Bernard et al.
HVTT 10

JACOB Bernard et al.
ICWIM 5

SHAO Jian-Fu, BURLION Nicolas
GeoProc2008

2006

BALAGEAS Daniel, FRITZEN Claus-Peter, GUEMES Alfredo
Structural Health Monitoring

DESRUES Jacques et al.
Advances in X-ray Tomography for Geomaterials



FSTT
Microtunneling and Horizontal Drilling

MOUTON Yves
Organic Materials in Civil Engineering

2005

P1IJAUDIER-CABOT Gilles, GERARD Bruno, ACKER Paul

Creep Shrinkage and Durability of Concrete and Concrete Structures
CONCREEP -7



WILEY END USER LICENSE AGREEMENT

Go to www.wiley.com/go/eula to access Wiley’s ebook EULA.






This second volume on structural analysis describes
analysis methods for statically indeterminate structures. It is
intended for students of civil and mechanic domains seeking
to acquire and improve their knowledge of these methods.

This book covers various methods of analysis, including the
method of three moments, the method of forces, the slope-
deflection method, the moment-distribution method,
influence lines and the analysis of statically indeterminate
arches.

Each chapter includes a general introduction, the theory of
the proposed method, the numerical treatment of some
examples and a concluding summary. It provides clear
teaching objectives for the topics included and, at the end of
each chapter, a series of problems to help the student
master the method of analysis.

Salah Khalfallah is Professor at the National Polytechnic
School of Constantine (ENPC), Algeria. He teaches
Continuum Mechanics, Mechanical Vibrations and Finite
Element Methods. His research is focused on the analysis of
the nonlinear behavior of structures, the dynamics of soil-
structure interactions and, since his transfer to the ENPC,
biomechanics.

Se= WILEY ‘“H H\

www.iste.co.uk 9781786303394




	Cover
	Half-Title Page
	Dedication
	Title Page
	Copyright Page
	Contents
	Preface
	1. Introduction to Statically Indeterminate Structural Analysis
	1.1. Introduction
	1.2. External static indeterminacy
	1.3. Internal static indeterminacy
	1.3.1. Truss structures
	1.3.2. Beam and frame structures
	1.3.3. Crossbeams

	1.4. Kinematic static indeterminacy
	1.5. Statically indeterminate structural analysis methods
	1.6. Superposition principle
	1.7. Advantages and disadvantages of statically indeterminate structures
	1.7.1. Advantages of statically indeterminate structures
	1.7.2. Disadvantages of statically indeterminate structures

	1.8. Conclusion
	1.9. Problems

	2. Method of Three Moments
	2.1. Simple beams
	2.2. Continuous beam
	2.3. Applying Clapeyron's theorem
	2.3.1. Beam with two spans
	2.3.2. Beam with support settlements
	2.3.3. Beam with cantilever

	2.4. Focus method
	2.4.1. Left focus method
	2.4.2. Right focus method
	2.4.3. Focus method with loaded bays

	2.5. Conclusion
	2.6. Problems

	3. Method of Forces
	3.1. Beam with one degree of static indeterminacy
	3.2. Beam with many degrees of static indeterminacy
	3.3. Continuous beam with support settlements
	3.4. Analysis of a beam with two degrees of static indeterminacy
	3.5. Analysis of a beam subjected to a moment
	3.6. Analysis of frames 
	3.6.1. Frame with two degrees of static indeterminacy
	3.6.2. Frame with cantilever
	3.6.3. Frame with many degrees of static indeterminacy
	3.6.4. Frame with oblique bars

	3.7. Analysis of truss
	3.7.1. Internally statically indeterminate truss
	3.7.2. Externally statically indeterminate truss
	3.7.3. Internally and externally statically indeterminate truss

	3.8. Conclusion
	3.9. Problems

	4. Slope-Deflection Method
	4.1. Relationship between deflections and transmitted moments
	4.2. Fixed-end moments 
	4.2.1. Bi-hinged beam
	4.2.2. Simply supported beam

	4.3 Rigidity factor and transmission coefficient
	4.4. Beam analysis
	4.4.1. Single span beam
	4.4.2. Continuous beam
	4.4.3. Continuous beam with cantilever
	4.4.4. Beam with support settlements
	4.4.5. Beam subjected to a moment

	4.5. Analysis of frames
	4.5.1. Frame without sidesway
	4.5.2. Frames with sidesway

	4.6. Conclusion
	4.7. Problems

	5. Moment-Distribution Method
	5.1. Hypotheses of the moment-distribution method
	5.2. Presentation of the moment-distribution method 
	5.2.1. Distribution of a moment around a rigid joint
	5.2.2. Distribution procedure

	5.3. Continuous beam analysis
	5.3.1. Beam with support settlement
	5.3.2. Beam with cantilever
	5.3.3. Beam subjected to a moment

	5.4. Analysis of frames 
	5.4.1. Frame without sidesway
	5.4.2. Frame with sidesway

	5.5. Conclusion
	5.6. Problems

	6. Influence Lines of Statically Indeterminate Structures
	6.1. Introduction
	6.2. Influence lines of beams
	6.2.1. Beam with one degree of static indeterminacy
	6.2.2. Beam with two degrees of static indeterminacy

	6.3. Influence lines of frames
	6.4. Influence lines of trusses
	6.4.1. Internally statically indeterminate truss
	6.4.2. Externally statically indeterminate truss

	6.5. Conclusion
	6.6. Problems

	7. Statically Indeterminate Arch Analysis
	7.1. Introduction
	7.2. Classification of arches
	7.3. Semicircular arch under concentrated load
	7.4. Parabolic arch under concentrated load
	7.5. Semicircular arch under distributed load
	7.6. Parabolic arch under distributed load
	7.7. Semicircular arch fixed under concentrated load
	7.8. Statically indeterminate tied arch
	7.9. Arch with many degrees of freedom
	7.10. Influence lines of statically indeterminate arch 
	7.10.1. Influence lines of bi-hinged arch
	7.10.2. Influence line of fixed-end arch

	7.11. Conclusion
	7.12. Problems

	Appendix
	A.1. Standard structural deflections
	A.2. Fixed-end moments

	Bibliography
	Index
	Other titles from iSTE in Civil Engineering and Geomechanics
	EULA


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket true
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /AdobeSansMM
    /AdobeSerifMM
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 350
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 350
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 350
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG ()
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [4000 4000]
  /PageSize [595.276 841.890]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket true
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /AdobeSansMM
    /AdobeSerifMM
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 350
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 350
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 350
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG ()
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




