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Preface 

The main objective of this volume is to provide students of civil, mechanical, 
aeronautical and marine engineering as well as those interested in structural analysis 
with the essentials for analyzing statically indeterminate structures. This book 
allows them to acquire sufficient knowledge to study and analyze statically 
indeterminate structures. The reader will find a series of exercises at the end of each 
chapter that can be used to deepen their knowledge and improve their ability to 
master statically indeterminate structural analysis methods.   

This book is the second volume of structural analysis. The first volume is 
devoted to analyzing statically determinate structures, whereas this volume is 
exclusively analyzes statically indeterminate structures. Every chapter is designed in 
a specific way: an illustration of the objectives and the parts covered, a general 
introduction, a theory of the proposed approach, a numerical study of some 
examples and a summary at the end. Each chapter concludes with a series of 
problems. The primary objective is to meet the needs of mechanics students, 
allowing them to acquire the necessary knowledge and to apply statically 
indeterminate structural analysis methods. In addition, the numerical examples used 
are common across different numerical methods.    

The book is divided into seven chapters dealing with statically indeterminate 
structures. It offers a comprehensive presentation of statically indeterminate 
structural analysis methods.  

Chapter 1 is a general introduction to analyzing statically indeterminate 
structures. Chapter 2 presents the analysis of single span statically indeterminate 
beams (the method of three moments), the study of continuous beams (the 
Clapeyron method) and the focus method. In  Chapter 3, the method of forces is 
described in the analysis of statically indeterminate beams, statically indeterminate 
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frames and statically indeterminate trusses. Chapter 4 describes the slope-deflection 
method for the analysis of flexed elements, such as beams and frames. Chapter 5 
illustrates the moment-distribution method. Chapter 6 looks at the influence lines of 
support reactions and/or internal actions of statically indeterminate structures under 
moving loads. Chapter 7 is devoted to the analysis of statically indeterminate arches. 
For this, two categories of arches are used: semicircular arches and curved arches.  

Finally, we hope that our approach in this book’s publication will meet the needs 
of students interested in this scientific and technical subject. Nevertheless, we are 
very aware that the work presented is not exempt from mistakes. For this reason, we 
warmly welcome any corrections and comments, which will improve future editions 
of this book. Comments or suggestions can be sent to the email addresses found on 
the website www.freewebs.com/khalfallah/index.htm.  

Salah KHALFALLAH 
July 2018 
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Introduction to Statically  
Indeterminate Structural Analysis 

The teaching objectives of this chapter  are as follows: 

– the importance and usefulness of statically indeterminate structures;  

– calculating the degree of external and internal static indeterminacy of the 
structures;  

– analyzing kinematic static indeterminacy;  

– illustrating the strengths and weaknesses of statically indeterminate structures.  

In the first part, we give a general introduction to the methods of analyzing 
statically indeterminate structures. In this context, we describe the external, internal 
and kinematic static indeterminacies of the structures. In the second part, we 
illustrate the analysis methods for statically indeterminate structures. Lastly, we list 
the advantages and disadvantages of statically indeterminate structures.  

1.1. Introduction  

Structures are grouped into two categories: (1) statically determinate structures 
and (2) statically indeterminate structures. The static equations are not sufficient for 
analyzing statically indeterminate structures. In this case, the number of unknowns 
is strictly greater than the number of independent equilibrium equations.  

The primary role of analysis of a statically indeterminate structure is to remove 
the static indeterminacy of the given structure. This removal means that we can 
calculate the support reactions and the internal actions when the structure is solicited  
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by mechanical loads, or subjected to deflections, and/or undergoing a support 
settlement. The analysis methods for statically indeterminate structures are used here 
to make the number of unknowns equal to the number of equations, which allows 
the problem to be solved.     

This book is particularly devoted to the analysis of statically indeterminate 
structures. To present the differences between the analysis methods for statically 
indeterminate structures, the problems we consider generally have a common object 
across the analysis methods. In this context, each chapter illustrates the theoretical 
foundation of the analytical method, presented in detail and accompanied by a series 
of numerical examples.     

1.2. External static indeterminacy  

The purpose of structural analysis is to determine the support reactions and the 
variation of internal actions in the elements of a statically indeterminate structure. 
The static indeterminacy of a structure can be internal, external or internal and 
external simultaneously. It is called externally statically indeterminate if the number 
of support reactions exceeds the number of independent equations. The  
plane structures are externally statically indeterminate if the number of support 
reactions is greater than 3 (Figure 1.1) and it is greater than 6 if the structure is 
spatial (Figure 1.2).  

From this explanation, we define the degree of static indeterminacy of a system 
by the difference between the number of support reactions and the number of 
independent equations that can be constructed. The degree of external static 
indeterminacy f of a plane structure [1.1] or a space structure [1.2] is deduced by  

(3 )f r k= − +                                                                                             [1.1] 

(6 )f r k= − +                                                                                             [1.2] 

We calculate the degree of static indeterminacy of the beam and frame  
(Figure 1.1). 

Beam, f = 5 – 3 =2 

Frame, f = 10 – (3 + 1) = 6 
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Figure 1.1. Statically indeterminate externally of plane structures1  

 

Figure 1.2. Statically indeterminate externally of space structures 

For space structures (Figure 1.2), the degree of static indeterminacy is  

Frame (1), f = 12 – 6 = 6 

Beam (2), f = 10 – 6 = 4 

Frame (3), f = 24 – (6 + 12) = 6 

                            
1 All of the figures in this chapter are available to view in full color at www.iste.co.uk/ 
khalfallah/analysis2.zip. 
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The degree of static indeterminacy of trusses is calculated by using relationships 
[1.1] and [1.2]. Figure 1.3 presents plane and space trusses.   

 

Figure 1.3. Externally statically indeterminate plane structures 

The degree of external static indeterminacy of plane structures (Figure 1.3) is  

Structure (1): f = 4 – 3 = 1  

Structure (2): f = 6 – 3 = 3 

In the same way, space truss structures (Figure 1.4) are the most used in the 
construction of large exhibition halls and sports halls, etc. 

 

 

 

 

 

 

Figure 1.4. Statically indeterminate space truss 

The degree of static indeterminacy of the structure is  

f = 12 – 6 = 6  

 

 

                                        

 (2) (1) 
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1.3. Internal static indeterminacy   

In this section, we describe how to calculate the degrees of static indeterminacy 
of trusses, frames, beams and crossbeams.     

1.3.1. Truss structures 

Consider a truss structure with r support reactions, b bars and n joints including 
support joints. The number of unknowns (b + r) of the problem is the support 
reactions and the forces in the bars of the truss. 

At each joint of the truss, it is possible to write the following equations:  

0xF =                                                                                                  [1.3a]   

0yF =                                                                                                 [1.3b] 

So, the total number of independent equations is 2n. 

We define the degree of internal static indeterminacy by  

( ) 2f b r n= + −                                                                                           [1.4] 

EXAMPLE 1.1.– 

Calculate the degree of internal static indeterminacy of the structure (Figure 1.5). 

 

 

 

 

Figure 1.5. Given truss 

Applying relationship [1.4] allows us to calculate the degree of static 
indeterminacy.   
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r = 5, b = 14,  n = 8 

f = (14 + 5) – 2 × 8 = 3 

The given structure is 3 times statically indeterminate internally. 

In the case of a space truss, the equations of static are written as  

0xF =                                                                                                 [1.5a]   

0yF =                                                                                                [1.5b] 

0zF =                                                                                                 [1.5c]   

In the relationship [1.4], we can calculate the degree of internal static 
indeterminacy by   

( ) 3f b r n= + −                                                                                        [1.6] 

EXAMPLE 1.2.–  

Calculate the degree of internal static indeterminacy of the truss (Figure 1.6). 

 

 

 

 

Figure 1.6. Space truss 

n = 4,  b = 3,  r = 9 

(3 9) 3.4 0f = + − =  

The structure is statically determinate internally. 
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EXAMPLE 1.3.–  

Calculate the degree of internal static indeterminacy of the structure (Figure 1.7). 

 

 

 

 

 

Figure 1.7. Space truss 

n = 8, b = 13,  r = 12 

(12 13) 3.8 1f = + − =  

The structure is once statically indeterminate internally. 

1.3.2. Beam and frame structures  

Relationships [1.4] and [1.6] can be applied to frames and beams with rigid 
joints to calculate the degree of internal static indeterminacy. For each rigid joint, it 
is possible to write three equations: 

 0xF =                                                                                                [1.7a]   

0yF =                                                                                                [1.7b] 

0iM =                                                                                               [1.7c] 

Note that each end of the bar on a beam or a frame has three unknowns. So we 
define the degree of internal static indeterminacy by  

(3 ) 3f b r n= + −                                                                                      [1.8] 
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where n is the number of rigid joints including the support joints.  If the frame or 
beam contains k hinges, the relationship [1.6] is written as  

  (3 ) (3 )f b r n k= + − +                                                                          [1.9] 

EXAMPLE 1.4.– 

Determine the degree of internal static indeterminacy of the structures  
(Figure 1.8). 

                                            

                                           

 

 

 

 

     

 

 

 

Figure 1.8. Static indeterminacy of frames and beams 

For space structures, we can write six equilibrium equations per joint and each 
bar has six unknowns. The degree of internal static indeterminacy can be deduced by   

  (6 ) 6f b r n= + −                                                                                 [1.10] 

hinge 

b = 3, r = 6, n = 4 
f = (3.3 + 6) - 3.4 = 3 
 

b = 2, r = 6, n = 3 
f = (3.2 + 6) - 3.3 = 3 
 

b = 4,  r = 6,  n = 5,  k = 2 
f = (3.4 + 6) – (3.5 + 2) = 1 
 

b = 3,  r = 6,  n = 4,  k = 1 
f = (3.3 + 6) – (3.4 + 1) = 2 
 

hinge 
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If the frame or beam contains k hinges, the degree of internal static 
indeterminacy is written as  

(6 ) (6 )f b r n k= + − +                                                                              [1.11] 

EXAMPLE 1.5.– 

Determine the degree of internal static indeterminacy of the structures  
(Figure 1.9). 

                                            

                                           

 

 

 

 

Figure 1.9. Static indeterminacy of space beams and frames 

1.3.3. Crossbeams 

There is a layer of orthogonal beams linked together at the levels of the rigid 
joints. At each joint, we can write the following three equations:    

0zF =                                                                                               [1.12a]   

0xM =                                                                                             [1.12b] 

0zM =                                                                                              [1.12c]   

At each end of a bar, we consider a vertical force along the axis (zz), bending 
and torsion moments (Mxx, Myy, Mxy) (Figure 1.10).  

b = 8, r = 24, n = 8 
f = (6.8 + 24) – 6.8 = 24 
 

b = 2, r = 9, n = 3 
f = (6.2 + 9) – 6.3 = 3 
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The internal forces at any section can be determined when three out of six 
actions of a beam element are known. Therefore, each member presents three 
unknowns and the degree of internal static indeterminacy is obtained by  

(3 ) 3f b r n= + −                                                                                    [1.13] 

 

 

 

 

Figure 1.10. Crossbeams 

Especially when the links between the bars are joints, the degree of internal static 
indeterminacy becomes  

(2 ) (3 2 *)f b r n n= + − +                                                                           [1.14] 

where n* is the number of articulated joints and n is the number of joint supports. 

EXAMPLE 1.6.– 

Determine the degree of static indeterminacy of the crossbeams (Figure 1.11). 

                                            

                                           

 

 

 

 

 

 

b = 18, r = 18, n = 15 
f = (3.18 + 18) – 3.15 = 27 
 

x 

y z 

x 

y 
 z 
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Figure 1.11. Crossbeam layer 

1.4. Kinematic static indeterminacy   

When a structure is stressed by one or more external actions, the joints of this 
structure undergo deflections. The method of displacements advocates rotations and 
displacements of the joints of the structure as unknowns of the problem.  

The continuous beam (Figure 1.12), for example, is fixed at A and simply 
supported at B and C. It is solicited by a load q(x), which causes a deflection.  
Fixing A prevents rotation and displacement while supports B and C do not come 
from displacements following the vertical direction by allowing rotations Bω  and

Cω . In the case of vertical loads, there aren’t longitudinal forces; for this reason, the 
horizontal displacements are neglected.    

 

Figure 1.12. Deflection of beam (AC) 

The unknowns of the problem are effectively independent rotations Bω  and Cω . 
The number of independent deflections is called the degree of kinematic static 
indeterminacy or the number of active degrees of freedom. It encompasses all 
displacements and rotations of movable joints. The determination of the degree of 
kinematic static indeterminacy is briefly established in the following examples.  

 q(x) 

 B   A 
 C 

Bω   Cω   

b = 18, r = 18, n = 6, n* = 9 
f = (3.18 + 18) – (3.6 + 2.9) = 36 
 

x 

y  z 

q(x) 
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EXAMPLE 1.7.– 

Determine the number of degrees of kinematic static indeterminacy of the 
structures (Figure 1.13). 

 
Figure 1.13. Given structures 

The structure (Figure 1.13(a)) is isolated from the external environment and we 
deduce the vector components from the kinematic degrees of static indeterminacy. 

{ }0 : , , ,
t

i i iq u v i A B C Dω= =                                                           [1.15] 

Linking the structure to the supports makes it possible to quantify a few degrees 
of freedom (Figure 1.14). The vector grouping these degrees of freedom is called the 
passive degree of freedom vector, which is  

{ } , ,
t

p A A A D D Eq u v u v vω=                                                                [1.16] 

Note that any component of the passive degree of freedom vector is zero. 

Using relationships [1.15] and [1.16], we deduce the vector of active degrees of 
freedom by 

{ } , , ,
t

a B B B C C C D E Eq u v u v uω ω ω ω=                                            [1.17] 

The degrees of freedom vector of the structure (Figure 1.13(b)) is given by 

{ }0 : , ,
t

i i iq u v i A B Cω= =
           

 

 

 

              (a)                                                                      (b) 

 B   A 

  C 

   B 

  A 

   C 

   D 

   E 
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The passive degrees of freedom vector is given as 

{ } , ,
t

p A A A B C Cq u v v u vω=
                                                                   

The active degrees of freedom vector is deduced by  

{ } ,
t

a B B Cq u ω ω=
                                                   

For strusses, the forces are applied to the joints and each bar is subjected to a 
normal force. The joints undergo translations according to the orthogonal directions 
and this allows us to work out the structural deformation. 

EXAMPLE 1.8.–  

Determine the active and passive degrees of freedom of the truss structure 
(Figure 1.14).  

  

 

Figure 1.14. Plane truss 

We isolate the structure from its supports (Figure 1.15). 

 

Figure 1.15. Free-body structure 

Each joint of the structure (Figure 1.15) can experience displacements along the 
axes (xx) and (yy).  

{ }0 : , , , , , ,
t

i iq u v i A B C D E F G= =          

A B            C            D 

E           F            G 
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The passive degrees of freedom vector is given as 

{ } ,
t

p A A Dq u v v=   

Hence, the active degrees of freedom vector is given as 

{ } , , , , ,
t

a B B c c D E E F F G Gq u v u v u u v u v u v=  

EXAMPLE 1.9.–  

The truss structure (Figure 1.16) is three-dimensional. Each joint moves in the 
three orthogonal directions. So each joint has 3 degrees of freedom.     

 

 

 

 

 

Figure 1.16. Space truss 

Each joint of the free-body structure (Figure 1.17) can undergo three 
displacements along the orthogonal axes. The degrees of freedom vector of the 
structure is given as  

{ }0 : , , , , , ,
t

i i iq u v w i A B C D E F G= =                                          [1.18]  

The passive degrees of freedom vector is given as 

{ } , ,
t

p A A A B B C Cq u v w v w u w=   
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Hence, the active degrees of freedom vector can be deduced as 

{ } , , , ,
t

a B c D D D E E E F F Fq u v u v w u v w u v w=  

   

Figure 1.17. Free-body structure 

1.5. Statically indeterminate structural analysis methods  

Since the mid-1800s, several methods have been developed to analyze statically 
indeterminate structures. The static equations are insufficient to analyze this type of 
structure. In order to do so, it is necessary to use a statically indeterminate  
structural analysis method, regrouped in two categories: (1) the method of forces or 
flexibility and (2) the method of displacements or rigidity.  

In the method of forces, the number of external actions must be eliminated, 
making the fundamental (statically determinate) structure equal to the degree of 
system static indeterminacy. The obtained structure is called a free-body structure, 
which undergoes inconsistent deflections at the site of the eliminated actions. To 
correct these deflections, we must apply unit actions instead of ignored forces. For 
example, in the method of forces, the solution is obtained by constructing a system 
of equations whose number is equal to the degree of static indeterminacy. In this 
case, the unknowns of the problem are the redundant actions and the final solution is 
obtained by a superposition of the effects of the eliminated actions.  

In the displacement method, the fictitious supports must be introduced to prevent 
the joints from having a freedom to move. Then, we can calculate their corresponding 
support reactions. This allows us to calculate the displacements at the level of the 

A 

B 

C 

D E 

F 



16     Structural Analysis 2 

fictitious supports, which create actions at the ends of each bar. Lastly, we use the 
superposition principle to calculate the final actions at the ends of each bar. 

The unknowns of this method are displacements. In this case, the number of 
fictitious supports added must be equal to the number of possible displacements of 
the structure. The bases and principles of the methods for analyzing statically 
indeterminate structures are described in detail in Chapters 2–6. 

1.6. Superposition principle    

When the deflections of a structure are proportional to the actions which 
generate them, the superposition principle can be applied. Note that all actions 
applied to point i generate deflections at point j; force Fi creates a displacement jiδ  

at point j (moment Mi generates a rotation jiω  at point j). In particular, force Fi 

(moment Mi) creates a displacement iiδ  (a rotation iiω ) at the point of application i.  

We first apply force Fi to beam (ABCD). This force generates a deflection field 
of the beam including displacements iiδ  and jiδ , at joints i and j, respectively. In 

the same way, we apply force Fj to point j that generates displacements ijδ and jjδ , 

respectively, at joints i and j (Figure 1.18). This approach is clarified in Figure 1.18. 
The relationship between the applied force and the resulting displacement is given as 

ii ii if Fδ =                                                                                              [1.19]  

where iif is the displacement at point i when a unit force is applied at the same point 
in the direction of force Fi. We apply force Fj at point j that generates a displacement 

ijδ at point i.  

ij ij jf Fδ =                                                                                              [1.20]  

If both forces are simultaneously applied, the displacement iδ at point i is given 
as  

i ii i ij jf F f Fδ = +                                                                                    [1.21] 
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Figure 1.18. Superposition of displacements and forces 

The relationship [1.21] can be generalized for several simultaneously applied 
forces. The total displacement at point i can be evaluated by   

1 1 2 2 3 3 ..........i i i i in nf F f F f F f Fδ = + + + +                                   [1.22] 

In matrix form, relationship [1.22] is written as 

{ }i ij jf Fδ  =                                                                                        [1.23] 

In general, all actions iA can be a support reaction, a bending moment, a shear 
stress or a normal force; due to the effect of several external actions, they can be 
obtained by a superposition of effects.  

{ }i uij jA A F =                                                                                     [1.24] 

where Auij is the intensity of the action at point i when a unit action is applied at  
joint j.  

The relationship [1.24] evaluates the magnitude of the action of a statically 
indeterminate structure by using the principle of the superposition of effects of this 
action of statically determinate systems due to the effect of unit actions (see Chapter 
3 for more details). 

1.7. Advantages and disadvantages of statically indeterminate structures    

Obviously, statically indeterminate structures have advantages and disadvantages, 
which are shown in the following section.  

 

 

 

  Fi 

  B   C  A 
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1.7.1. Advantages of statically indeterminate structures  

Some of the advantages of statically indeterminate structures are as follows: 

– Rigidity   

Statically indeterminate structures are known for their rigidities (small 
deflections) compared to statically determinate structures (Figure 1.19).    

 

Figure 1.19. Maximum displacements 

Moreover, we can see that the maximum displacement of a statically 

indeterminate structure is 1
5

 compared to a statically determinate structure.  

– Stress   

Maximum normal stresses in statically indeterminate structures are smaller than 
those generated in statically determinate structures by keeping the same geometry 
and applied loading (Figure 1.20). This figure shows that the maximum moment of 
the statically indeterminate beam is weaker than that of the statically determinate 
beam.  

– Distribution of actions 

Statically indeterminate structures have a great ability to distribute actions such 
as the slope-deflection method (Chapter 4) and the moment-distribution method 
(Chapter 5). This property has not been considered during the analysis of statically 
determinate structures.  
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Figure 1.20. Maximum bending moment 

The advantage of the distribution of actions is observed when a portion of a 
structure undergoes a localization of stresses or damage due to an earthquake, an 
impact force, a crack, an explosion or another force. In addition, statically 
indeterminate structures contain several structural elements and supports that make 
the structure more rigid, which statically determinate structures do not have.   

Furthermore, if a bar or support deteriorates, the statically indeterminate 
structure will not necessarily be damaged and the load can be distributed to adjacent 
elements. The destruction or elimination, for example, of the interior support of 
statically indeterminate and statically determinate beams, damages the statically 
determinate beam, while the statically indeterminate beam becomes a statically 
determinate beam (Figure 1.21). In this case, the damage is an elimination or 
destruction of the interior support.        

    

Figure 1.21. Destruction of the interior support 

1.7.2. Disadvantages of statically indeterminate structures 

The disadvantages of statically indeterminate structures compared to statically 
determinate structures are as follows: 
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– Support settlements  

A support settlement does not generate stresses in statically determinate 
structures, but it does in statically indeterminate structures. For this reason, it is 
necessary to take this effect into account during the design phase.  

To clarify this phenomenon, consider a support settlement of a statically 
determinate beam with a hinge and another statically indeterminate beam (see  
Figure 1.22). The members of the statically determinate beam undergo the 
movement of the rigid body because of the presence of the hinge, whereas the 
support settlement of a statically indeterminate beam generates additional moments 
to those of the mechanical loads at the ends of each bar (Chapters 4 and 5).        

 

Figure 1.22. Support settlement 

– Temperature change and manufacturing errors 

Identical to the effect of the support settlement, the effect of temperature or a 
manufacturing error does not cause any additional stress in statically determinate 
structures but can generate significant stresses in statically indeterminate structures.  

When a statically determinate beam is subjected to a temperature change ,ΔT  it 
lengthens by . .T Lδ α= Δ  (α  coefficient of thermal expansion) and no stress can 
develop inside the beam because of the freedom of movement given by the hinge 
(Figure 1.23).   

However, the statically indeterminate beam is impeded at its ends vis-à-vis the 
axial deflection. The temperature effect creates an axial force of intensity equal  
to . . .T Eα Δ Ω . The effect of a manufacturing error is very similar to that of the 
temperature change.    

  

    

 

 

        

    Statically determinate beam                                Statically indeterminate beam  

  Hinge  

1δ    
2δ
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Figure 1.23. Temperature effect 

1.8. Conclusion    

In this chapter, we first presented in detail the external, internal and kinematic 
static indeterminacy of statically indeterminate structures. The static indeterminacy 
of a structure plays a very important role in choosing the appropriate method of 
analysis.  

In the second part, we illustrated statically indeterminate structural analysis 
methods that are classified in two categories: (1) the method of forces or flexibility 
and (2) the method of displacements or rigidity.  

As it is important and commonly used in the analysis of statically indeterminate 
structures, the principle of superposition of effects is described.  

Finally, at the end of this chapter, we have illustrated the advantages and 
disadvantages of statically indeterminate structures compared to statically 
determinate structures. In this, several parameters are cited showing their impacts on 
statically indeterminate and statically determinate structures.   

1.9. Problems  

Exercise 1  

Determine the degree of static indeterminacy of the following plane structures:  

 

 

 

 

 

 

 Statically determinate structure  

Statically indeterminate structure  

. . .F TEα= Δ Ω
L 

F

. .T Lδ α= Δ

L 
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Exercise 2   

Determine the degree of static indeterminacy of the following plane structures:  
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Exercise 3   

Determine the degrees of internal and external static indeterminacy of the 
following plane structures:   

 

 

 

 

 

 

 

 

 

 

 

 

Exercise 4   

Determine the degree of internal and external static indeterminacy of the space 
structures given in Exercise 2.  

Exercise 5  

Give the vector of the degrees of freedom of the free-body structure, the vector 
of the passive degrees of freedom and the vector of the active degrees of freedom of 
the structures in Exercise 1. 

Exercise 6  

Give the vector of the degrees of freedom of the free-body structure, the vector 
of the passive degrees of freedom and the vector of the active degrees of freedom of 
the structures in Exercise 2. 



 



2 

Method of Three Moments 

The teaching objectives of this chapter are as follows: 

– formulating the three moments equation at which the support settlement can be 
taken into consideration; 

– applying the compatibility of the deformations to the supports of continuous 
beams; 

– calculating the actions at the ends of each bar and deducing the support 
reactions;   

– analyzing continuous beams with variable moments of inertia.  

This chapter presents the formulation of the three moments equation for the 
analysis of single span statically indeterminate beams. The successive application of  
the three moments equation leads to the formulation of the Clapeyron method. This 
derivation is formulated in the general case taking into account the support 
settlements. Directly applying the three moments equation to the continuous beams 
leads to the formulation of the focus method.  

2.1. Simple beams   

To describe the method of three moments, particular attention is given to the 
condition of compatibility of the deformations at the supports. We therefore consider 
a statically indeterminate beam with a single span of length L, flexural rigidity (EI) 
and subjected to a load q (x) (Figure 2.1). For a general description of the analysis 
method, the beam considered is fixed at its ends.   

 

Structural Analysis 2: Statically Indeterminate Structures, 

First Edition. Salah Khalfallah. 

© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.



26     Structural Analysis 2 

   

Figure 2.1. Single span beam1 

The statically indeterminate beam can be divided into several statically 
determinate systems.  

1) A fundamental or basic structure 

We ignore the effect of fixing at supports A and B to make the beam statically 
determinate (Figure 2.2). The resulting system facilitates the calculation of slopes or 
rotations at supports A and B, denoted by '

Aω  and '
Bω . Using a method for 

calculating elastic deformations, such as the virtual work method, makes it possible 
to calculate the slope expression at support A.  

 
Figure 2.2. Statically determinate structure 

'

0

( ). ( )
L

A
x m x dx
EI

μω =                                                                [2.1] 

where ( )xμ and m(x) are, respectively, the bending moment of the fundamental 
system and the unit moment applied to joint A, respecting the sign convention of the 
positive moments (Figure 2.3). 

  

Figure 2.3. Unit moment at joint A 

                            
1 All of the figures in this chapter are available to view in full color at www.iste.co.uk/ 
khalfallah/analysis2.zip. 

E I, L 
  
A

  
B 

q(x) 

 A         B

q(x) 
'
Aω ''

Bω  

Deformed beam 

MA=1. 

A 
 B 

www.iste.co.uk/khalfallah/analysis2.zip
www.iste.co.uk/khalfallah/analysis2.zip
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( ) (1 )xm x
L

= − −                                                                      [2.2] 

The slope at joint A can be calculated by  

'

0

( ) (1 )L

A

xx
L dx

EI

μ
ω

−
= −                                                          [2.3] 

 

Figure 2.4. Unit moment at joint B 

In the same way, we can calculate the slope ''
Bω by applying the unit moment in 

the positive direction at joint B (Figure 2.4). The bending moment is written as  

( ) xm x
L

=                                                                               [2.4] 

The slope at joint B is then given as 

''

0

( ) ( )L

B

xx
L dx

EI

μ
ω =                                                                 [2.5] 

Relationships [2.3] and [2.5] give the formulas for slopes at the end joints of bar 
(AB) of the fundamental system. 

2) Fixing effect 

The fixing of bar (AB) generates moments MA and MB at supports A and B. 
Potentially, each moment generates slopes at the ends of the bar. Either ( )A AMθ  or 

( )B AMθ  are the slopes at points A and B due to the effect of the fixing moment MA 
(Figure 2.5).  

M(x) = (1 )A
xM
L

− −                                                               [2.6] 

MB= 1. 
A 

  B 
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Figure 2.5. Effect of fixing moment MA 

The variation of the bending moment along the beam due to the effect of the unit 
moment applied to joint A is written as 

m(x) = - (1 )x
L

−                                                                           [2.7]     

Using the theory of virtual work, the slope expression at support A is given as  

2

0 0

(1 )( ). ( )( )
L L

A A A

x
M x m x LM dx M dx

EI EI
θ

−
= =                                [2.8] 

Similarly, the slope at joint B due to the effect of MA can be deduced by applying 
a unit moment at support B. In this case, the expression of the bending moment 
along the beam is written as  

m(x) = x
L

                                                                                   [2.9] 

0 0

(1 )( ) ( )( )
L L

B A A

x x
M x m x L LM dx M dx

EI EI
θ

−
= = −                           [2.10] 

The same procedure is used to express the slopes at the ends of bar (AB) due to 
the fixing effect at joint B (Figure 2.6).  

The expression of the bending moment is given by  

M(x) = B
xM
L

                                                                           [2.11] 

 

 

MA A B 
)( AA Mθ )( AB Mθ
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The slopes at the ends of bar (AB) are expressed by 

0 0

(1 )( ). ( )( )
L L

A B B

x x
M x m x L LM dx M dx

EI EI
θ

−
= = −                          [2.12] 

 

Figure 2.6. Effect of fixing moment MB 

2

0 0

( )( ). ( )( )
L L

B B B

x
M x m x LM dx M dx

EI EI
θ = =                                   [2.13] 

3) Support settlement effect   

The support settlements occur when one or more structural supports displaces 
with different values. If this phenomenon is taken into account in the analysis, it is 
necessary to introduce the slopes of the bar into the general formulation, which can 
be obtained from the beam’s deformation (Figure 2.7). The settlements are generally 
considered very small and the corresponding slopes at the ends of the bar denoted  
by Aβ  and Bβ  have the following expressions:   

B A
A L

λ λβ −
= −                                                                       [2.14a]    

B A
B L

λ λβ −
= −                                                                      [2.14b] 

The negative sign is introduced in expressions [2.14a] and [2.14b] to respect the 
sign convention used. It is remarkable that these two slopes have the same value and 
the same direction of rotation.  

A Bβ β β= =                                                                              [2.15] 

Using the superposition of effects principle and the kinematic conditions at 
supports A and B, the slopes at supports A and B are written as:  

MB

 A B 
)( BA Mθ  )( BB Mθ
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' ( ) ( ) 0A A A A A BM Mω ω θ θ β= + + + =                                       [2.16a] 

'' ( ) ( ) 0B B B A B BM Mω ω θ θ β= + + + =                                       [2.16b]                 

 

Figure 2.7. Support settlement effect 

Substituting the slope expressions [2.3], [2.5], [2.8], [2.10] and [2.12–2.14] with 
the equation system [2.16], we obtain  

2

0 0 0

( )(1 ) (1 ) (1 )
0

L L L

A B

x x x xx
L L L Ldx M dx M dx

EI EI EI

μ
β

− − −
− + − + =    [2.17a] 

2

0 0 0

( ) (1 ) ( )
0

L L L

A B

x x x xx
L L L Ldx M dx M dx

EI EI EI

μ
β

−
− + + =            [2.17b]                    

we put  

2

0

(1 )L
x
La dx

EI

−
=          

0

(1 )L
x x
L Lb dx

EI

−
=         

 
2

0

( )L
x
Lc dx
EI

=   

 B 

q(x) 

Aβ  

Bβ

Aλ
Bλq(x) 

    E, I, L 
 A   B 

 A
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The integrated quantities a, b and c are called the mechanical constants or the 
flexibility coefficients, which characterize the mechanical properties of the beam. 
They depend on the geometry and the flexural rigidity of the beam.   

The relationship [2.17] is written as 

0

( ).(1 )
0

L

A B

xx
L dx aM bM

EI

μ
β

−
− + − + =                                  [2.18a] 

0

( )
0

L

A B

xx
L dx bM cM

EI

μ
β− + + =                                          [2.18b] 

In case of a constant inertia of the beam, the mechanical constants a, b and c 
have the following expressions:  

2

0

1 (1 )
3

L x La dx
EI L EI

= − =                                                        [2.19a] 

0

1 (1 )
6

L x x Lb dx
EI L L EI

= − =                                                     [2.19b] 

2

0

1 ( )
3

L x Lc dx
EI L EI

= =                                                            [2.19c] 

Expressions [2.19] conclude that a = 2b = c =
3

L
EI

.  

The system of equations [2.18] becomes 

0

1 ( ).(1 ). 0
L

A B
xx dx aM bM

EI L
μ β− − + − + =                            [2.20a] 

0

1 ( ) 0
L

A B
xx dx bM cM

EI L
μ β− + + =                                       [2.20b] 
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The relationship [2.20] can also be written as  

0

1 ( )(1 )
L

A B
xaM bM x dx

EI L
μ β− = − −                                     [2.21a] 

0

1 ( )
L

A B
xbM cM x dx

EI L
μ β− + = − −                                      [2.21b] 

Resolving the system of equations [2.21] allows us to calculate fixed-end 
moments MA and MB.  

If the support settlement is neglected in the calculation, the system of equations 
[2.21] is reduced to  

0

1 ( )(1 )
L

A B
xaM bM x dx

EI L
μ− = −                                            [2.22a] 

0

1 ( )
L

A B
xbM cM x dx

EI L
μ− + = −                                              [2.22b] 

The fixed-end moments of bar (AB) potentially have the formulas 

0 0

( )(1 ) ( )( )
( ²) ( ²)

L L

A
c x b xM x dx x dx

EI ac b L EI ac b L
μ μ= − −

− −     [2.23a]       

0 0

( )(1 ) ( )( )
( ²) ( ²)

L L

B
b x a xM x dx x dx

EI ac b L EI ac b L
μ μ= − −

− −   [2.23b] 

The resulting bending moments are a combination of the bending moment of the 
fundamental system, the effect of the fixing moment MA [2.2] and the fixing moment 
MB [2.4]. At any section x, the bending moment is written as 

( ) ( ) (1 ) ( )A B
x xM x x M M
L L

μ= − − +                                           [2.24] 

The expression of the shear force is obtained by deriving the relationship [2.24].   

( )( ) A BM Md xT x
dx L
μ +

= +                                                        [2.25] 



Method of Three Moments     33 

EXAMPLE 2.1.– 

Analyze the beam (Figure 2.8) of constant flexural rigidity EI and length L. The 
beam is considered fixed at one end and simply supported at the other. The beam is 

subjected to a concentrated load of intensity P located at 
3
L  of support A.  

 

Figure 2.8. Studied beam 

 – Statically determinate beam (Figure 2.9)  

 

 

Figure 2.9. Basic statically determinate beam  

The support reactions are given as   

VA = 2
3

P   

VB = 1
3

P  

To calculate the rotations at A and B of the basic system (Figure 2.9), the 
differential equation of the elastic line deflection in each region is used.  

'' 1
1

( ) 2( )
3

x Py x x
EI EI

μ
= =                           

3
Lx ≤   

'' 2
2

( )( ) ( )
3

x Py x L x
EI EI

μ
= = −               

3
L x L≤ ≤  

B
EI A 

P 

   L/3               2L/3 

 P 

   B 
EI 

   A 
'
Aω  

''
Bω
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The first and second integration of the differential equations lead to  

'
1 1

2 ²( ) ( )
3 2

P xy x c
EI

= +  

3

1 1 2
2( ) ( )
3 6

xPy x c x c
EI

= + +  

'
2 3

²( ) ( )
3 2

P xy x Lx c
EI

= − +  

3

2 3 4
L ²( ) ( )

3 2 6
xP xy x c x c

EI
= − + +  

where ci are the integration constants that can be determined using the limit 
conditions. 

1 ( 0) 0y x = =  

2 ( ) 0y x L= =  

Continuity of rotation and displacement at point 
3
Lx = allows us to write  

' '
1 2( ) ( )

3 3
L Ly x y x= = =  

and  

1 2( ) ( )
3 3
L Ly x y x= = =

 

Therefore, the integration constants ci (i = 1–4) are given as  

1
5 ²

54
c L= − , 2 0c = , 3

19 ²
54

c L= − and 3
4

1
54

c L=  

The expressions of the slopes of the elastic beam become 

0
3
Lx≤ ≤
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  '
1

2 ² 5( ) ( ²)
3 2 54

P xy x L
EI

= −  

3
L x L≤ ≤               

   '
2

² 19( ) ( ²)
3 2 54

P xy x Lx L
EI

= − −  

In particular, the slopes at the ends of the beam are given as  

' '
1

5 ²( 0)
81A

PLy x
EI

ω = = = −  

'' '
2

8 ²( )
162B

PLy x L
EI

ω = = =  

Applying equation [2.22a] to beam (AB), we obtain   

' 0A ABaMω + =  

The expression of the fixing moment is   

MA = 
'

25
27

A qL
a

ω
− =  

The variations of the bending moment along the beam are given as  

0
3
Lx≤ ≤  

    M(x) = 2 5 (1 )
3 27
P xx PL

L
− − 23 5

27 27
P x PL= −  

3
L x L≤ ≤  

    M(x) = 5 (1 )
3 3 27

PL P xx PL
L

− − − = 4 4
27 27
PL P x−
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The moments at the ends of the beam are given by  

     M(x=0) = 5
27

PL      

     M(x=
3
L ) = 8

81
PL  

The diagrams of the bending moment and the shear force are given in Figure 
2.10. The expressions giving the variation of the shear force are given by   

( )( ) dM xT x
dx

=                  

2
3

L x L≤ ≤  

    ( ) 4( )
27

dM xT x P
dx

= =                                  

20
3

x L≤ ≤
 

    ( ) 23( )
27

dM xT x P
dx

= = −                                                                                             

 
 

                                                          

 (a) 

x 

  M(x)  

 15  

8  

0          L/3                            L  
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Figure 2.10. Diagrams a) of bending moment* (
1
81

PL )  
and b) of shear force * (

1
27

P ) 

2.2. Continuous beam 

The successive application of the three moments formula [2.22], used to analyze 
a single span statically indeterminate beam, leads to the formulation of a system of 
algebraic equations whose unknowns are the moments at the supports. The number 
of unknowns, which is the moments at the supports, must be equal to the number of 
equations established.  

Consider a continuous beam (n – 1) with spans of length Li and flexural rigidity 
(EI), which we assume to be constant for simplifying reasons. It is subject to a set of 
external loads (Figure 2.11). 

 

   

Figure 2.11. Beam with several spans 

To build the basic system, hinges are added to each of the continuous beam’s 
supports (Figure 2.11) to make each span statically determinate (Figure 2.12). 

Consider (i – 1) span delimited by successive supports [i – 1, i] (Figure 2.13). 
The left support settlement i due to the load applied on span (i – 1) can be deduced 
from equation [2.5]. 

(b) 

     T(x)  

23  

  4    0         L/3                                 L 
 x 

    1          2            3             i         i+1                                n-1          n 
  Li 
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Figure 2.12. Continuous statically determinate beam 

1 1
'' 1

0

( )
iL i

i
i

xx
L dx

EI

μ
ω

− −
−= 

                                                       
[2.26a]

 

Similarly, consider span (i) delimited by [i, i + 1] (Figure 2.14), the right support 
settlement i of span (i) can be formulated using relationship [2.3]. 

 

 

Figure 2.13. (i – 1)th span 

'

0

( )(1 )
iL i

i
i

xx
L dx

EI

μ
ω

−
= −

                                                    
[2.26b]

 

With 1 ( )i xμ − and ( )i xμ are the statically determinate moments, respectively, of 
spans (i – 1) and (i).  

 

 

Figure 2.14. ith span 

The resulting slope at joint i is written as 

'' '
i i iω ω ω= −                                                                        [2.27] 

 

   1            2            3            i-1          i              i+1       n-2    n-1            n 
  Li 

 

 Pi     

EI, Li-1   

 i                                  i+1      

q(x) 

EI, Li    
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Moments due to geometric continuity cause slopes at the ends of each span 
(Figures 2.15 and 2.16). 

 

 

 
Figure 2.15. Effect of left moment M'i-1 

 

 

 
Figure 2.16. Effect of left moment M"i. 

1
'' ' ' 1 1

1 1
0

(1 )
( )

iL
i i

i i i

x x
L LM M dx
EI

θ
−

− −
− −

−
= −                                    [2.28a] 

1

2

'' '' '' 1

0

( )
( )

iL
i

i i i

x
LM M dx
EI

θ
−

−=                                                   [2.28b] 

2

' ' '

0

(1 )
( )

iL
i

i i i

x
LM M dx

EI
θ

−
=                                                  [2.28c] 

In the same way, moments '
iM  and ''

1iM + generate slopes at joints i and (i + 1) 
(Figures 2.17 and 2.18). 

' '' ''
1 1

0

(1 )
( )

iL
i i

i i i

x x
L LM M dx
EI

θ + +

−
= −                                                   [2.28d] 

The resulting slope iθ due to the geometric continuity of the beam or due to the 
effect of the moments '

1iM − , ''
iM , '

iM  and ''
1iM +  is  

'' ' '' '' ' ' ' ''
1 1( ) ( ) ( ) ( )i i i i i i i i iM M M Mθ θ θ θ θ− += + − −                                 [2.29] 

M’i-1 

' '
1 1( )i iMθ− −   

'' '
1( )i iMθ −   

   i-1                                   i           
    EI, Li-1      

    EI, Li-1       

''
iM   '' ''( )i iMθ   

     i-1                                        i           

' ''
1( )i iMθ−   
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Figure 2.17. Effect of moments M'i 

If the support settlement is considered, the slope at joint i becomes   

0i i iω θ β+ + =                                                                  [2.30] 

 

 

Figure 2.18. Effect of moments ''
1+iM   

Substituting equations [2.27] and [2.29] in relationship [2.30], we obtain  

'' ' '' ' '' '' ' ' ' '' '' '
1 1( ) ( ) ( ) ( ) 0i i i i i i i i i i i iM M M Mω ω θ θ θ θ β β− +− + + − − + − =      [2.31a]  

knowing that '' '
i i iβ β β= −  

Similarly, substituting relationships [2.26] and [2.28] in equation [2.31a], we 
have 

1 1

1

22

' '' '1 1 1
1

0 0 0 0''
1

1
' ''1

0 0

(1 )(1 ) ( ) (1 )

( )( ) ( )(1 )

i i i i

i i

L L L L
ii i i i i

i i i

i

L Li i
i i

i i

xx x x x x
LL l L L LdxM dx M dx M dx

EIEI EI EI
M

x xx x
L L

dx dx
EI EI

μ μ
β β

− −

−

− − −
−

+

−
−

−− −
−− + =

−
− + −

   

 

 [2.31b] 

(this equation was established by B.P. Clapeyron)  

 

'
iM   

      i                                                 i+1           

(M’i) 
'
iθ '' '( )i iMθ

       EI, Li              

EI, Li     
    i                                                     i+1     

''
1iM +

 
( '''

+ii Mθ '' ''
1 1( )i iMθ + +
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with  

' 1i i
i

iL
λ λβ + −

= −                                                                      [2.32a] 

'' 1

1

i i
i

iL
λ λβ −

−

−
= −                                                                  [2.32b] 

1iλ − , iλ  and 1iλ + are, respectively, the support settlements i – 1, i and i + 1.   

When all the spans of the beam have a constant inertia (EI), equation [2.31b] is 
written as  

' '' ' '' '' ' '' '
1 1 1 1i i i i i i i i i i i ib M c M a M b M ω ω β β− − − +− + − = − + −                 [2.33] 

Knowing that '' ' 0i iM M+ =  and '' '
1 1 0i iM M+ ++ = , we can therefore write 

' ' ' '' ' '' '
1 1 1 1( )i i i i i i i i i i ib M a c M b M ω ω β β− − − ++ + + = − + −                   [2.34] 

Equation [2.34] is called Clapyeron's formula with constant inertia of the spans.  

Particular cases  

– Beam with two spans  

Beam composed of two spans of identical lengths and constant inertia (Figure 
2.19); calculate the moment of intermediate support. 

We apply the Clapeyron equation for i = 2 and without taking into account the 
support settlement, the result is  

' ' ' '' '
1 1 2 1 2 2 3 2 2( )b M a c M b M ω ω+ + + = −                          

 

 

Figure 2.19. Beam with two spans 
1                            2                            3        
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Knowing that ' ''
1 3 0M M= = , the moment of intermediate support, M2, is 

written as 

'' '
' '' 2 2
2 2

2 1( )
M M

a c
ω ω−

= − =
+

   

– Fixed beam 

The Clapeyron formula is applied to spans 1 and 2 knowing that the support 
settlement is neglected (Figure 2.20).      

 

 

 

Figure 2.20. Beam with two spans  

' ' ''
1 1 1 1 2a M b Mω− = −                                                                            

'' ' ' ' ''
2 2 1 1 2 1 2 2 3( )b M a c M b Mω ω− = + + −    

'' ' ' ''
3 3 2 2 2 3b M c Mω ω− = −   

We have  

' ''
2 2 0M M+ =    

Hence 

' ' '
1 1 1 1 2a M b Mω− = +  

'' ' ' ' ''
2 2 1 1 2 1 2 2 3( )b M a c M b Mω ω− = + + −  

'' ' ''
3 2 2 2 3b M c Mω = −  

Resolving the system of equations allows us to calculate moments M′1, M′2 and 
M3′′. 

  1         EI            2           EI      3        
 L                        L            
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' ' '' ' ' ''1 2 1 2
1 1 2 2 1 32 2

1 1 2 2 1 1 1 2 1 2 2 1 2

1 ( )b c b bM
a b c b a a c c a a c a c

ω ω ω ω ω= − + − + −
− − −

' '' '' ' ' ''1 2 1 2
2 2 2 2 1 32 2

1 2 2 1 1 1 2 1 2 2 1 2

( )a c b bM M
b c b a a c c a a c a c

ω ω ω ω= − = − − + −
− − −

 

'' '' '' ' ' ''1 2 1 2
3 3 2 2 1 32 2

2 1 2 2 1 1 1 2 1 2 2 1 2

1 ( )a b b bM
c b c b a a c c a a c a c

ω ω ω ω ω= − + − + −
− − −

 

In the case of a beam with constant inertia: a = 2b = c = 
3

L
EI

   

' '' ' ' ''
1 2 2 1 3

1 7 1( )
6 2 2

M
b

ω ω ω ω= − + −  

' '' '' ' ' ''
2 2 2 2 1 3

1 1 1( )
3 2 2

M M
b

ω ω ω ω= − = − + −  

'' '' ' ' ''
3 2 2 1 3

1 1 7( )
6 2 2

M
b

ω ω ω ω= − + −  

Calculating the slopes of statically determinate beams, ' '' ' ''
1 2 2 3, , andω ω ω ω  leads 

to determining the moments at joints 1–3 according to the applied loads.  

2.3. Applying Clapeyron's theorem 

The steps to apply Clapeyron’s method are as follows:   

– selecting moments at the interior supports as unknowns of the problem;  

– calculating the slopes at each joint of the basic system, due to the effect of the 
fixed-end moments and the effect of the support settlement, if it is taken into 
consideration; 

– we solve the constructed system of equations whose unknowns are the 
moments at the joints; 

– expressions of bending moment and shear force are obtained using the 
superposition of effects principle; 

– eventually, it is possible to deduce the support reactions by using the 
equilibrium equations.          
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2.3.1. Beam with two spans 

Analyze the beam (Figure 2.21) subjected to a uniformly distributed load of 
intensity q and a concentrated load P. The flexural rigidity (EI) is considered 
constant on the entire length of the beam.   

 

  Figure 2.21. Beam with two spans 

The expressions of the moments at the ends of each bar according to the slopes 
are given as  

' '' ' ' ''
1 2 2 1 3

1 7 1( )
6 2 2

M
b

ω ω ω ω= − + −  

' '' '' ' ' ''
2 2 2 2 1 3

1 1 1( )
3 2 2

M M
b

ω ω ω ω= − = − + −  

'' '' ' ' ''
3 2 2 1 3

1 1 7( )
6 2 2

M
b

ω ω ω ω= − + −  

The slopes at the joints of the statically determinate elements are written as 

3
' ''
1 2 24.

qL
EI

ω ω= − = −  

'
2

5. ²
81.

PL
EI

ω = −   

''
3

4. ²
81.

PL
EI

ω =  

'
1

5 3²
48 81

M qL PL= −  

1 

 P  q

             L                 L/3          2L/3 
 E, I                          E,I 2      3 
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' '' 2
2 2

2 6
48 81

M M qL PL= − = +  

''
3

1 9²
48 81

M qL PL= −  

For the particular case: P = q.L 
'

1 0.067M PL=  

' ''
2 2 0.116M M PL= − =  

''
3 0.09M PL= −  

The variation of the bending moment is given by Figure 2.22. 

( ) ( ) (1 ) ( )AB BA
x xM x x M M
L L

μ= − − +  

Span 1    

    1
1( ) . ² 0.097 (1 ) 0.116 ( )
2 2

P x xM x P x x PL PL
L L L

= − − − −  

Span 2  

3
Lx ≤

 

2
2( ) . 0.116 (1 ) 0.09 ( )
3

x xM x P x PL PL
L L

= − − +      

3
L x L≤ ≤                   

2
1 1( ) . . 0.116 (1 ) 0.09 ( )
3 3

x xM x P L P x PL PL
L L

= − − − +     

 

Figure 2.22. Bending moment diagram *( .P L ) 

0.115 

0.067 

 x

M(x) 0.116 

0.09 
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Thus, the variation in shear force (Figure 2.23) is given as 

'' '
2 1( )( ) M Md xT x

dx L
μ +

= +  

Span 1  

     1
1( ) 0.049 0.451
2

P PT x P x P P x
L L

= − − = −        

Span 2  

3
Lx ≤

                                

2
2( ) 0.026 0.693
3

T x P P P= + =        

 

Figure 2.23. Shear force diagram *( P ) 

3
L x L≤ ≤

                          

2
1( ) 0.026 0.308
3

T x P P P= − + = −  

2.3.2. Beam with support settlements 

Calculate the moments at the ends of each span due to the supports settlements B 
and C ( 1Δ  and 2Δ ). The beam has a constant flexural rigidity (EI) (Figure 2.24).   

0.451 

0.549

    
0.308

0.693 

  x 

  T(x) 
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We apply equation [2.35].  

– Joint 1  

' ' ''
1 1 1 1 1 2 0a M b Mω β= − + − =  

The support settlement is  

' ' ''
1 1 1 1 2. .a M b Mβ = −  

– Joint 2    

' ' ''
2 2 2 2 2 3a M b Mω β= + −  

'' ' ''
2 2 1 1 1 2b M c Mω β= − − +  

We can deduce  

'' ' ' ' '
2 2 1 1 2 1 2 2 3( )b M a c M b Mβ β− − = + + +  

 

Figure 2.24. Continuous beam with support settlement 

– Joint 3   

' '
3 3 3 3a Mω β= +  

'' ' ''
3 3 2 2 2 3b M c Mω β= − +  

'' ' ' '
3 3 2 2 3 2 3( )b M a c Mβ β− = + +  

' '' 1
1 2 L

β β Δ
= =  
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' '' 1 2
2 3 L

β β Δ − Δ
= =  

' 2
3 L

β Δ
=  

We replace the slope expressions in the preceding equations. 

' '1
1 23 6

L LM M
L EI EI

Δ
= +  

' ' '1 1 2
1 2 3

2
6 3 6

L L LM M M
L L EI EI EI

Δ Δ − Δ
− − = + +  

' '1 2 2
2 3

3
6 3

L LM M
L L EI EI

Δ − Δ Δ
− = +  

Resolving the aforementioned equations makes it possible to calculate the 
moments at the joints of the continuous beam according to support settlements.  For 

1 22Δ = Δ , we have  

'
1 29.70 .

²
EIM
L

= Δ  

' ''
2 2 27.38 .

²
EIM M
L

= − = − Δ  

'
3 21.85 .

²
EIM
L

= Δ  

The diagram of the bending moment of the given beam is shown in Figure 2.25. 

 

Figure 2.25. Bending moment diagram* ( 2²
ΔEI

L
) 

 

 9.70 

1 2 3

  7.38 

1.85 

  4
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Similarly, the diagram of shear force is shown in Figure 2.26. 

 

Figure 2.26. Shear force diagram *( 23 ΔEI
L

) 

2.3.3. Beam with cantilever 

We analyze the beam (Figure 2.27) subjected to a uniformly distributed load of 
intensity q and a concentrated load P applied to the end of a cantilever. The flexural 
rigidity (EI) is assumed to be constant along the entire length of the beam.   

The Clapeyron method is applied to each span of the beam. 

' 0= + + =A A AB BCaM bMω ω  

 

Figure 2.27. Beam with cantilever 

''
B B AB BCbM cMω ω= − −  

'
B B BC CDaM bMω ω= + +  

With 
5CD CB

PLM M= − = , the slopes at joints A and B are given as  

' 0Aω =  

3
' ''

24B B
qL

EI
ω ω= − = −  

 3 
2.32 

9.23 

1.85 

4   1 2 

 

 

 

      P
 q

   EI                       EI  
L                        L               L/5 

A B 
  
C D 
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When P = qL, resolving the equations leads to  

140AB
PLM = −  

140BC BA
PLM M= − =  

The bending moment expressions at each span are given as:  

Span (AB) 

( ) ( ) (1 ) ( )AB AB AB BA
x xM x x M M
L L

μ= − − +  

1 2 1 1( ) (1 ) ( )
140 140 140 140AB

x xM x PL PL PL Px
L L

= − − = −  

Span (BC)   

1 1 2 28( ) . ² (1 ) ( )
2 2 140 140BC

x xM x qL x qx PL PL
L L

= − − − −      

1 1 2 26( ) . ²
2 2 140 140BCM x qL x qx PL Px= − − −  

The bending moment diagram is shown by Figure 2.28. 

 

Figure 2.28. Bending moment diagram *(
140
PL ) 

 

  x 

M(x) 

    2 

 1 

     28 
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Thus, the variation in shear force is given as  

'' '
2 1( )( ) d x M MT x

dx L
μ += +  

Span (AB)  

     1( )
140ABT x P= −        

Span (BC)                                   

1 26( )
2 140BCT x qL qx P= − −     

Cantilever (CD)  

( ) .CDT x q L=  

The shear force diagram is shown in Figure 2.29. 

 

    Figure 2.29. Shear force diagram *(
140
P

) 

2.4. Focus method  

The focus method can be used when the following hypotheses are verified:  

– no load is applied to the (n – 1) spans of the continuous beam; 

– the beam is subjected only to a moment applied at one end. 

– the support settlement is neglected. 

The focus method is distinguished by the position of the point of zero moment at 
each span. So, we distinguish two different procedures.  

L                      2L           11L/5     x

 96

     T(x) 

44

     140 

3
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2.4.1. Left focus method   

Consider a continuous beam of n spans (1, 2, …, n) with a constant inertia (EI) 
and subjected to the effect of a moment applied to a joint (n + 1) (Figure 2.30).  

 

Figure 2.30. Continuous beam under Mn+1 

The Clapeyron method [2.34] is used to calculate the support moments. 

We have '
1 0M =  (roller of shore)  

i = 2 

' ' '
1 1 2 1 2 2 3( ) 0b M a c M b M+ + + =  [2.35] 

The focus of the second span is defined by  

12

2
'
3

'
2

2 ca
b

M
M

+
=−=ϕ

 [2.36] 

Hence   

'
32

'
2 MM ϕ−=

 [2.37] 

For i = 3 

' ' '
2 2 3 2 3 3 4( ) 0b M a c M b M+ + + =  [2.38] 

Substituting equation [2.37] with [2.38], we obtain  

0)( '
43

'
32223 =+−+ MbMbca ϕ   [2.39] 
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In the same way, we establish the focus of the third span by  

'
3 3

3 '
4 3 2 2 2

M b
M a c b

φ
φ

= − =
+ −

  [2.40] 

For the first span, we can write the expression giving the focus of the first span 
by   

'

'
1 1 1 1

i i
i

i i i i i

M b
M a c b

φ
φ+ − − −

= − =
+ −

  [2.41] 

In particular, the focus of the second span is  

1 1 1 1

n n
n

n n n n n

M b
M a c b

φ
φ+ − − −

= − =
+ −

  [2.42] 

 From the results [2.34]–[2.41], calculating the moments at the supports is 
carried out as follows  

' '
1n n nM Mφ += −   [2.43] 

If moment Mn+1 is assumed to be positive, moment Mn is the opposite sign.  

Applying equation [2.41] to (n – 1)th span could lead to   

' '
1 1n n nM Mφ− −= −  [2.44] 

Substituting equation [2.43] with [2.44], we obtain  

' '
1 1 1n n n nM Mφ φ− − +=  [2.45] 

In general, we can write the expression of the moment at joint i by using 
relationship [2.45].  

' '
1 1 2 1( 1) .......i i i n n n i nM M Mφ φ φ φ φ+ − − += − = ±   [2.46] 

or  

' '( 1) 1
n

M Mi j nj i
φ= ± Π +=

 [2.47] 
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The moment at support 2 is calculated by   

' '
2 1

2
( 1)

n

j n
j

M Mφ +
=

= ± Π   [2.48] 

To establish the variation of the bending moment at each span, we use the 
equation of three moments [2.24]. 

' '
1( ) (1 ) ( )i i i

i i

x xM x M M
L L+= − − +   [2.49] 

As well as that of the shear force [2.24] which is: 

' '
1( ) i i

i
i

M M
T x

L
++

=  [2.50] 

After calculating the moments at the supports and using relationships [2.49] and 
[2.50], it is possible to draw the bending moment diagram and the shear force 
diagram for the continuous beam (Figure 2.31 and 2.32). 

 
Figure 2.31. Bending moment diagram 

 
Figure 2.32. Shear force diagram 

2.4.2. Right focus method   

In the opposite case, we assume that the bending moment is now applied to  
joint 1 (Figure 2.33).  
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Figure 2.33. Continuous beam under Ms 

The Clapeyron method [2.34] is used to calculate the moments at the support of 
the beam (Figure 2.33).  

Support (n + 1) is a roller of shore, so     

Mn + 1 = 0   

We follow the same procedure described in the section on the left focus.  

i = n – 1,  

' '
1 1 1( ) 0n n n n nb M a c M− − −+ + =  [2.51] 

We define the right focus relative to (n – 1)th span by  

1

1
'

1

'
'

1
−

−

−
− +

=−=
nn

n

n

n
n ca

b
M
Mϕ

   [2.52] 

Hence, we can deduce the moment at joint n   

'
1

'
1

'
−−−= nnn MM ϕ   [2.53] 

Similarly for i = n – 2 

' ' '
2 2 1 2 1 1( ) 0n n n n n n nb M a c M b M− − − − − −+ + + =           [2.54] 

Substituting the expression [2.53] with [2.54], we obtain  

'
2 2 1 2 1 1 1( ) 0n n n n n n nb M a c b Mφ− − − − − − −+ + − =           [2.55] 

In the same way, we establish the focus of the studied span  

1
'

121

2
'

2

'
1'

2
−−−−

−

−

−
− −+

=−=
nnnn

n

n

n
n bca

b
M
M

ϕ
ϕ

                                    [2.56] 
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Generally, for the ith span, we can write  

'
' 1

' '
1 1 1

i i
i

i i i i i

M b
M a c b

φ
φ

+

+ + +

= − =
+ −

          [2.57] 

In particular for the first span, the focus is 

'
' 2 1

1 ' '
1 2 1 2 2

M b
M a c b

φ
φ

= − =
+ −

                                                     [2.58] 

Using the results obtained [2.51]–[2.58], the calculation of the support moments 
is  

'
1

'
1

'
2 MM ϕ−=                                                                       [2.59] 

If moment M1 is assumed to be negative, moment Mn is the opposite sign.  

' ' ' ' ' '
3 2 2 1 2 1M M Mφ φ φ= − = +                                                     [2.60] 

From this result, the support moment i becomes 

'
1

''
3

'
2

'
1

'''
1 ..........)1( MMM iiii ϕϕϕϕϕ ±=−=+                                    [2.61] 

or  

' ' '
1 1

1
( 1)

i

i j
j

M Mφ+
=

= ± Π          [2.62] 

In particular, the moment at support n is written according to the applied moment 
M1 by  

1
' ' '

1
1

( 1)
n

n j
j

M Mφ
−

=
= ± Π          [2.63] 

To establish the variation of the bending moment and the shear force at each 
span, we use the equation of three moments ([2.24] and [2.25]).  

' ''
1( ) (1 ) ( )i i i

i i

x xM x M M
l l+= − − +  
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The shear force is written as 

' ''
1( ) i i

i
i

M M
T x

l
++

=  

The bending moment diagram is shown in Figure 2.34. 

 

Figure 2.34. Bending moment diagram 

Similarly, the bending moment diagram is shown in Figure 2.35. 

 

Figure 2.35. Shear force diagram 

2.4.3. Focus method with loaded bays 

We have described the left and right focus method with no loading applied on 
each span. Only a couple is applied to one end of the continuous beam. We now 
want to extend this method to the analysis of continuous beams with loaded bays. 
Consider a continuous beam with constant inertia (EI), which is subjected to a set of 
external loads, as shown in Figure 2.36.  

 

Figure 2.36. Continuous beam with loaded bays 
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Consider the ith span with the corresponding load (Figure 2.37). Applying the 
Clapeyron method allows us to write  

  

Figure 2.37. Study of the ith span 

We can write the Clapeyron equation [2.34] to the ith span (Figure 2.37).  

' ' ' '
1 1 1 1( )i i i i i i i ib M a c M b M ω− − − ++ + + = −  [2.64] 

Equation [2.40] gives a relationship between the moments of two consecutive 
supports by replacing the index i by (i – 1). 

'
1

'
1 iii MM −− −= φ                                                                      [2.65] 

Substituting equation [2.65] with equation [2.64], we obtain  

''
1

'
111 )( iiiiiiii MbMbca ωφ −=+−+ +−−−          [2.66] 

Using relationship [2.40], we can deduce that 

' ' '
1

1 1
i i i

i i

M M
b

ω
ϕ ++ = −

         [2.67] 

In the same way, we apply the Clapeyron method to the support (i + 1). 

    
' ' ' ''

1 1 1 2 1( )i i i i i i i ib M a c M b M ω+ + + + ++ + + =           [2.68] 

Equation [2.65] allows us to write  

' ' '
2 1 1i i iM Mφ+ + += −           [2.69] 

Substituting equation [2.69] with [2.68], we write  

' ' ' ''
1 1 1 1 1( )i i i i i i i ib M a c b Mϕ ω+ + + + ++ + − =          [2.70] 
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Using equation [2.56] leads to  

' ' ''
1 1'

1 1
i i i

i i

M M
b

ω
ϕ + ++ =             [2.71] 

Resolving the system of equations [2.67] and [2.71] gives the support moments 
of the loaded bay. 

' ' '' '
1'

1 ( )
1

i
i i i i

i i i

M
b

ϕ ϕ ω ω
ϕ ϕ += − +

−
         [2.72] 

'
' ' ' ''

1 1'
1 ( )

1
i

i i i i
i i i

M
b

ϕ ϕ ω ω
ϕ ϕ+ += +

−
          [2.73] 

After determining moments Mi and Mi+1, the moments of the remaining supports 
can now be deduced by simultaneously using the left and right focus method. 

From the relationship [2.65], we can write 

'
1

'
1

'
2 +++ −= iii MM ϕ                  [2.74] 

' ' ' ' ' '
3 2 2 1 2 1i i i i i iM M Mφ φ φ+ + + + + += − =          [2.75]  

Hence 

' ' ' ' ' '
1 2 3 1 1( 1) ....... )n i i i n iM Mφ φ ϕ ϕ+ + + − += ±  [2.76] 

or  

1
' ' '

1
1

( 1)
n

n j i
j i

M Mφ
−

+
= +

= ± Π
          [2.77] 

Now, the left focus method is used to calculate the support moments at the 
supports 1, 2, 3, ……(i – 1). From equation [2.42], we can write  

' '
1 1i i iM Mφ− −= −          [2.78] 
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In the same way,  

'
21

'
12

'
2 . iiiiii MMM −−−−− +=−= ϕφφ          [2.79] 

'
321

'
23

'
3 .. iiiiiii MMM −−−−−− −=−= φϕφφ          [2.80] 

Hence  

'
2321

'
2 ............)1( iiii MM φφϕφ −−−±=           [2.81] 

or  

1
' '
2

2
( 1)

i

k i
k

M Mϕ
−

=
= ± Π

          [2.82] 

The layout of the bending moment diagram due to the effect of the loading 
applied on the ith span is given by Figure 2.38. Moments M'

i and M'
i+1 have been 

evaluated using relationships [2.72] and [2.73] and the rest of the moments can be 
established by the focus method with loaded bays.   

 

Figure 2.38. Bending moment diagram 

The shear force diagram is shown in Figure 2.39.  

 

Figure 2.39. Shear force diagram 
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Finally, the procedure described can be used for all loads applied to each span. 
The final moment at each joint is deduced by the superposition of all the moments 
resulting from each applied loading. 

EXAMPLE 2.2.– Continuous beam under moment M0  

Analyze the beam (Figure 2.40). We assume that the flexural rigidity EI and the 
length of the spans are constant. The goal is to present the moment distribution M4 
along the continuous beam. 

 

Figure 2.40. Given beam 

Equation [2.34] is applied to the beam (Figure 2.40).  

' ' ' '' '
1 1 1 1( )i i i i i i i i ib M a c M b M ω ω− − − ++ + + = −  

Therefore, for i = 2, we have: 

 ' ' '
1 1 2 1 2 2 3( ) 0b M a c M b M+ + + =  

or:  

 ' '
2 1 2 2 3( ) 0a c M b M+ + =   

The focus of the second span is defined by 

4
1

12

2
'
3

'
2

2 =
+

=−=
ca

b
M
Mφ

        

Similarly for i = n – 3, we obtain 

0)( '
43

'
323

'
22 =+++ MbMcaMb  
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The equation that gives 2φ  is introduced in the last relationship, resulting in 

'
3 3

3 '
4 3 2 2 2

4
15

M b
M a c b

ϕ
ϕ

= − = =
+ −

       

Using the previous equations and knowing that M4= -15 kN·m, we can deduce  

' '
3 4

4 4 kN m
15

M M= − = ⋅    

' '
2 3

1 1kN m
4

M M= − = − ⋅  

'
1 0M =  

As the spans are not loaded, the expression of the bending moment is written 
only according to the moments at the end of each span. The bending moment 
diagram is shown in Figure [2.41]. 

 

Figure 2.41. Bending moment diagram 

The shear force diagram is shown in Figure 2.42. 

 

Figure 2.42. Shear force diagram (KN) 
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2.5. Conclusion  

In this chapter, we have presented two ways of analyzing statically indeterminate 
beams: (1) the method of three moments and the Clapeyron method for the analysis 
of single span and continuous statically indeterminate beams and (2) the focus 
method.    

The method of three moments is formulated based on calculating the rotations to 
the right of the beam’s supports.  This method is used for the analysis of single span 
statically indeterminate beams stressed by an external load or a support settlement. 
The successive application of the method of three moments leads to the formulation 
of the Clapeyron method, which can be used to analyze continuous beams. 
Resolving the equations makes it possible to determine the fixed-end and internal 
moments.  

The bending moment as well as the shear force can be expressed at each span of 
the continuous beam by introducing the effects of the statically determinate moment 
and moments at the ends of the span.    

2.6. Problems  

Exercise 1  

Calculate the mechanical constants a, b and c of the following beams, knowing 
that the Young's modulus, E, is constant:  

 

 

 

 

 

 

 

 

I0                                     3I0            

               L                            

I              2I                

L/2             L/2                     

I            2I                   

    L/3            2L/3                 
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Exercise 2  

Calculate support moments of the following beams:  

 

 

 

 

                                                                

– Draw diagrams of the bending moment and the shear force. 

Exercise 3  

Give the moments at the ends of each bar of the following beams: 

                 

           

 

   E, 2I                         

   L/3           2L/3                   

  P                                 

      E, I                         

  2kN/ml                  
           10 kN             

    

 1.5 m    2.5 m            2.5 m                    

   E, I                          

         a                       a/2      

   M0         
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– Draw the bending moment diagram for each beam. 

– Draw the shear force diagram for each beam.   

Exercise 4    

Determine moments in B and C of the beam subjected to support settlement B of 
a quantity Δ  and a concentrated force of 10 kN applied at point A. 

 
–Draw diagrams of the bending moment and the shear force.  

Numerical application:  

E = 200 GPa, I = 5 × 106 mm4 and Δ = 80 mm.   

Exercise 5   

Using the focus method, calculate the moments at the joints of the following 
beams:  

                

 

– Draw diagrams of the bending moment and the shear force for each beam. 
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Exercise 6  

Construct diagrams of the bending moment and the shear force for the following 
beam. Suppose EI is constant.  

                  

 



3 

Method of Forces 

The teaching objectives for the method of forces are as follows: 

− analyzing structures with one or more degrees of static indeterminacy; 

− applying deflection calculation methods; 

– applying the method of forces to the analysis of trusses, beams and frames with 
or without support settlements;   

− listing the benefits and limitations of using the method of forces. 

In this chapter, we present the basics of the method of forces and its 
implementation in the analysis of common structures, such as single and continuous 
beams, frames and trusses. In this method, determining the degree of static 
indeterminacy plays a key role, and so we will give it special attention.    

3.1. Beam with one degree of static indeterminacy 

The degree of static indeterminacy plays a very important role in the analysis of 
statically indeterminate structures using the method of forces. In general, the 
formula for calculating the degree of static indeterminacy is given by:  

f = (3.b + r) – (3.n + k)                                   [3.1] 

Figure 3.1 shows a single span beam that is fixed at support A and is simply 
supported at B. This beam has already been studied using the method of three 
moments (Figure 2.8). 

 

Structural Analysis 2: Statically Indeterminate Structures, 

First Edition. Salah Khalfallah. 

© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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The degree of static indeterminacy of the beam (Figure 2.8) is calculated by 
formula [3.1].     

f = (3.1 + 4) – (3.2 + 0) = 1  [3.2a] 

The given structure is once statically indeterminate. To analyze a statically 
indeterminate structure using the method of forces, we use the following systems. 

– Equivalent system  

The equivalent structure is constructed, in which support reactions are replaced 
by actions whose number must be equal to the number of degrees of static 
indeterminacy of the system. In this case, the simple support B is replaced by an 
equivalent action, which is considered as the vertical reaction VB (Figure 3.1).    

 

 

 

 

Figure 3.1. Equivalent beam 

– Fundamental system 

The fundamental system is obtained by ignoring the support reactions replaced in 
the equivalent structure (Figure 3.2). In this system, the effect of vertical reaction VB 
is neglected. The resulting system is a statically determinate system. 

 

Figure 3.2. Fundamental system 

E,I 
   2L/3   L/3 

  P 

      B  A 

  Y 

 X 

        A 

 VB 
E,I 

   2L/3     L/3 

P 

 B 
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The bending moment expressions (Figure 3.2) are given by:  

( ) 0=xμ                             20
3

≤ ≤x L                                           [3.2b] 

2( ) ( )
3

= − −x P x Lμ           3
2

≤ ≤L x L                                   [3.2c] 

The vertical displacement at point B of the fundamental system using the virtual 
work method is:  

   0

0

( ) ( )= 
L

B
x m x dx
EI

μδ                                                [3.3] 

( )xμ  and m(x) are, respectively, the bending moment of the fundamental system 
(Figure 3.2) and the bending moment due to a unit action applied in the direction of 
the eliminated force (Figure 3.3). In this case, we write:   

m(x) =1.x = x            0 ≤ ≤x L                                [3.4] 

Substituting the expressions [3.2a] and [3.4] in equation [3.3], we obtain:  

 
3

0

2 /3

2( ). 43
81

− −
= = −

L

B
L

P x L x PLdx
EI EI

δ                                         [3.5] 

– Unit system 

Now, a unit force is applied to point B of the free body beam (Figure 3.3).  

 

 Figure 3.3. Unit system 

     E,I 

      L 
   1 

         B 
        
A 

  Y 

 X 
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To calculate the displacement, this time we use the equation of elastic line 
deflection.  

'' ( )( ) = =m x xy x
EI EI

                                                                           [3.6] 

The first and second integration of the differential equation [3.6] allows us to 
write the slope and deflection expressions.  

The slope expression is:  

'
1

1 ²( ) ( )
2

= +xy x c
EI

 

The deflection expression can be deduced by:  

1 2
1 3( ) ( )

6
= + +xy x c x c

EI
 

      The limit conditions (Figure 3.1) are used to calculate the integration constants.  

' ( ) 0= =y x L ,  
2

1 2
= −

Lc  

( ) 0= =y x L ,     
3

2 2
=

Lc  

Finally, the equation of beam deflection is written as: 

31 3 ²( ) ( )
6 2 3

= − +
Lx Ly x x

EI
                                                                [3.7] 

In particular, the vertical displacement at point B is given as: 

3
1 1( 0)

3
= = =B

Ly x
EI

δ                                                                            [3.8] 

Hence, the displacement due to the free body beam VB becomes (VB. 1
Bδ ).  
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Initially, the displacement at point B of the given system is zero. 

0=Bδ                                                                                                      [3.9] 

Applying the compatibility of displacements principle at point B makes it 
possible to write:  

0 1 0= + =B B Bδ δ δ                                                                                  [3.10] 

Substituting the expressions of displacements [3.5] and [3.8] with [3.10], we 
obtain:  

3 34 0
81 3

− + =B
PL L V
EI EI

 

The reaction at support B is:  

4
27

=BV P  

The equilibrium of moments relating to point A gives the fixed moment.   

MA = 5
27

PL  

The variation of the bending moment along the beam is written as: 

M(z)= (z) (1 ) ( )− − +A B
z zM M
L L

μ                                                     [3.11]                                                   

with ,= −z L x   

or,  

M(z) = 2 5 (1 )
3 27

− −P zz PL
L

= 23 5
27 27

−Pz PL           0
3

≤ ≤ Lz  

M(x)= 2 5 4 4(z ) (1 ) Pz
3 3 27 27 27

− − − − = −L zPz P PL PL
L

       
3

≤ ≤L z L       

The variation in shear force is given as: 

(z)(z) = dMT
dz

                                                                                      [3.12]                                                   
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(z) 4(z)
27

= = −dMT P
dz

                             2
3

≤ ≤L x L  

(z) 23(z)
27

= =dMT P
dz

                                10
3

≤ ≤x L  

The results obtained by the method of forces are identical to those obtained by 
the method of three moments (Example 2.1). The diagrams of the bending moment 
and the shear force are shown in Figure 2.10. 

3.2. Beam with many degrees of static indeterminacy 

We analyze the beam in Figure 2.21 knowing that the flexural rigidity (EI) is 
constant along the beam. The beam is stressed by a uniformly distributed load q and 
by a concentrated force P. The beam is analyzed using the Clapeyron method 
(Figure 2.21). 

To analyze the beam, we follow the same procedure, which is established for the 
analysis of beams with a single degree of static indeterminacy.  

The degree of static indeterminacy of the system is:  

f = (3.b + r) – (3.n + k) = (3.1 + 6) – (3.2 + 0) = 3 

– Equivalent system 

We choose an equivalent structure; support 3 is replaced by an equivalent reaction, 
and the fixings 1 and 3 are replaced by fixed moments M1 and M3 (Figure 3.4).  

 

Figure 3.4. Equivalent beam1 

                            
1 All of the figures in this chapter are available to view in full color at www.iste.co.uk/ 
khalfallah/analysis2.zip. 

1 

 P   q 

  L                L/3            2L/3 

                E,I                               E,I 2      3 
 M1 

 M3 

 V3 

www.iste.co.uk/khalfallah/analysis2.zip
www.iste.co.uk/khalfallah/analysis2.zip
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– Fundamental system 

We ignore the effect of reaction V3 and moments M1 and M2. The system thus 
becomes statically determinate. Static analysis of the fundamental system makes it 
possible to express the variation of the bending moment.  

 

Figure 3.5. Fundamental beam 

The expression of the bending moment of the basic system is given by:  

V2=
11
6

P  

( ) 0=xμ                                              20
3

≤ ≤ Lx                             

2( ) ( )
3

= − − Lx qL xμ                           2
3

≤ ≤L x L                 

2 211 10 1( )
6 6 2

= − −x qLx qL qxμ          2≤ ≤L x L  

The diagram of the bending moment of the statically determinate beam is shown 
in Figure 3.6.  

 

   Figure 3.6. Deflection and diagram of the fundamental moment *( ²qL ) 

1 

 P   q 

  L                L/3            2L/3 

                E,I                               E,I 2      3 
 M1 

  x 

   y 

0
1δ

0
2δ

0
3δ

)(xμ

x 
2L                                  L      2L/3                    0 

1
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To calculate the deformations of the fundamental system at joints 1 and 3, we 
use the method of virtual work. The bending moment expressions of the unit 
systems and the fundamental system are necessary. In this concept, a unit force is 
applied alternately to joint 3 (Figure 3.7) and two unit moments are applied, 
respectively, to joints 1 and 3 (Figures 3.8 and 3.9).  

 
 

Figure 3.7. Deflection and bending moment of the first unit system 

The bending moment expressions under the effect of a unit force (Figure 3.8) are 
given by:  

1 ( ) =m x x                              0 ≤ ≤x L      

1 ( ) 2= −m x L x                      2≤ ≤L x L     

In the same way, the bending moment of the beam under the effect of a unit 
moment applied to joint 3 is shown in Figure 3.8. 

2 ( ) 1=m x                             0 ≤ ≤x L      

2 ( ) 2= − xm x
L

                   2≤ ≤L x L     

 

Figure 3.8. Deflection and bending moment of the second unit system 

12δ
y

x 
1 

2 
      
3 
    X1= 1. 

    L 

11δ

13δ

    X2= 1. x 

m1 (x) 

   1 

22δ
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y
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We apply a unit bending moment X3 = 1 to point 1. 

3 ( ) 0.=m x                            0 ≤ ≤x L      

3 ( ) = − xm x
L

                        2≤ ≤L x L    

 

Figure 3.9. Deflection and bending moment of the third unit system 

The displacements of the statically determinate system are given as: 

2 4
0

1 1
0

.1 ( ). ( ) 0.085= = −
L

q Lx m x dx
EI EI

δ μ

2 3
0
2 2

0

.1 ( ). ( ) 0.0913= = −
L

q Lx m x dx
EI EI

δ μ                                                        

2 3
0
3 3

0

.1 ( ). ( ) 0.0116= = −
L

q Lx m x dx
EI EI

δ μ                                                                  

  The displacements at points 1 and 3 of unit systems (Figures 3.7–3.9) are 
calculated as follows:  

2 3

11
0

1 2(2 )²
3

 
 = + − =
  
 
L L

L

Lxdx L x dx
EI EI

δ    

The slope at joints 2 and 1 is:     

2

22
0

1 4(2 )²
3

 
 = + − =
  
 
L L

L

Lxdx dx
EI L EI

δ                        

3 ( ) xm x
L

= −
                        2L x L≤ ≤    

33δ

31δ
32δ

 y 

 x 
1 2 

      
3 

    X3= 1. 
 1 
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2

33
1 ² 7

² 3

 
 = =
  

L

L

Lx dx
EI L EI

δ                                                                

2 2

12
0

1 5(2 )(2 )
6

 
 = + − − =
  
 
L L

L

Lxxdx L x dx
EI L EI

δ                                      

2 2

13
1 2(2 )( )

3

 
 = − − = −
  

L

L

LxL x dx
EI L EI

δ                                               

2

23
1 2(2 )( )

3

 
 = − − = −
  

L

L

Lx x dx
EI L L EI

δ                                                

Applying kinematic conditions to joints 1 and 3, respectively, leads to the 
construction of the following system of equations:  

0
1 1 11 3 12 1 13 0+ + + =V M Mδ δ δ δ                                                        [3.13a] 

0
2 1 21 3 22 1 23 0+ + + =V M Mδ δ δ δ                                                        [3.13b] 

0
3 1 31 3 32 1 33 0+ + + =V M Mδ δ δ δ                                                         [3.13c] 

By substituting the values of the above displacements in the system of equations 
[3.13], solving the system of equations leads to the determination of support reaction 
V1 and moments M1 and M3.   

3
2

3
2

1

0.307

0.09

0.0116

=

= −

=

V qL

M qL

M qL

 

The moments at the joints can thus be calculated using the superposition 
principle of the bending moments of the fundamental system and the unit systems. 

Mij=Mij
0+ . k ij

V m                                                                                  [3.14] 
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or 

0 2
12 12 3 1 3 2 1 3(0) (0) (0) 0.067= + + + =M M V m M m M m qL

0 2
21 21 3 1 3 2 1 3( ) ( ) ( ) 0.116= + + + = −M M V m L M m L M m L qL  

0 2
23 23 3 1 3 2 1 3( ) ( ) ( ) 0.0116= + + + = +M M V m L M m L M m L qL   

0 2
32 32 3 1 3 2 1 3(2 ) (2 ) (2 ) 0.09= + + + = −M M V m L M m L M m L qL  

The diagrams of the bending moment and the shear force are shown, 
respectively, in Figures 2.21 and 2.22.  

3.3. Continuous beam with support settlements   

We analyze the beam of constant flexural rigidity (EI), subjected to the effect of 
support settlement B of quantity 1Δ and that of support C of quantity 2Δ  (Figure 2.24).  

The beam is not stressed by any external load. The moments at the ends of each 
element are due to the settlement of supports B and C.   

1= −ΔBδ  

2= −ΔCδ  

– Unit systems  

To calculate the displacements at points B, C and D, we use the graphical method 
here. We apply a unit force to point B, structure (AD) deforms (Figure 3.10) and 
therefore the displacements at points B, C and D are respectively 11δ , 12δ  and 13δ . 

 
 

 A 

   3@ L      

 B    D   1 
L 

   C 

11δ  
12δ

13δ
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Figure 3.10. Deflections of unit systems 

Applying a unit force at point C generates displacements 21δ , 22δ  and 23δ , 
respectively, at joints B, C and D. Similarly, applying a unit force at joint D 
generates displacements 31δ , 32δ  and 33δ  at joints B, C and D.  

In this case, the displacements are evaluated by the graphical method. They are 
given as:  

3

11
1 2. .( )
2 3 3

= =
LL L L
EI

δ  

3

22
81 22 .2 .( 2 )

2 3 3
= =

LL L L
EI

δ  

3

33
91 23 .3 .( 3 )

2 3
= =

LL L L
EI

δ  

3

12 21
51 5. .( )

2 3 6
= = =

LL L L
EI

δ δ  

3

13 31
81 8. .( )

2 3 6
= = =

LL L L
EI

δ δ  

3

23 32
141 72 .2 .( )

2 3 3
= = =

LL L L
EI

δ δ  

 A 

  3@ L      

 B    D    1 
   2L    C 

21δ
22δ

23δ

 A 

 3@ L      

 B      D    1 
 3L    C 

31δ
32δ

33δ
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The kinematic conditions at joints B and C (Figure 2.24) can be applied.  

11 21 31 1= + + = −ΔB B C DV V Vδ δ δ δ  

12 22 32 2= + + = −ΔC B C DV V Vδ δ δ δ  

13 23 33 0.= + + =D B C DV V Vδ δ δ δ  

By substituting the expressions of the displacements calculated above, we obtain 
the following system of equations:  

3 3 3

1
5 8

3 6 6
+ + = −ΔB C D

L L LV V V
EI EI EI

 

3 3 3

2
5 8 14
6 3 3

+ + = −ΔB C D
L L LV V V
EI EI EI

 

3 3 38 14 9 0.
6 3

+ + =B C D
L L LV V V
EI EI EI

 

Resolving the system of equations 1 22Δ = Δ = Δ  leads to determining the 
reactions of supports B, C and D according to the support settlement. 

326.31= − ΔB
EIV
L

 

311.08= ΔC
EIV
L

 

31.85= − ΔC
EIV
L

 

The expressions of the moment at the ends of each bar are evaluated using the 
principle of superposition. 

Mij = Mij
0+ . k ij

V m                          
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They are given as: 

0
1 2 3 2(0) (0) (0) 9.7= + + + = −AB AB B C D

EIM M V m V m V m
L

0
1 2 3 2( ) ( ) ( ) 7.38= + + + =BA BA B C D

EIM M V m L V m L V m L
L

 

0
1 2 3 2( ) ( ) ( ) 7.38= + + + = −BC BC B C D

EIM M V m L V m L V m L
L

  

0
1 2 3 2(2 ) (2 ) (2 ) 1.85= + + + = −CB CB B C D

EIM M V m L V m L V m L
L

 

0
1 2 3 2(2 ) (2 ) (2 ) 1.85= + + + =CD CD B C D

EIM M V m L V m L V m L
L

 

0.=DCM  

The diagrams of the bending moment and the shear force are shown in  
Figures 2.24 and 2.25, respectively, and the results obtained by the method of forces 
are the same as those obtained by the Clapeyron method.   

3.4. Analysis of a beam with two degrees of static indeterminacy    

We analyze the continuous beam with a cantilever in Figure 2.27. Flexural 
rigidity (EI) is constant for both spans and P = qL.  

The beam presents two degrees of static indeterminacy neglecting the effect of 
the normal force.  In the first place, we build the equivalent system and then replace 
support C and the fixed moment MA with their equivalent forces (Figure 3.11).  

  
 

Figure 3.11. Equivalent beam 

 
 MA 

L                            L                   L/5        
 

P 
 q

B C   D VC 
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In the same way, we build a statically determinate beam (Figure 3.12) and unit 
systems (Figure 3.13). 

– Fundamental beam 

The expressions of bending moment variation of the fundamental system are 
given as: 

( ) = − = −x Px qLxμ                               0
5

≤ ≤ Lx  

1( ) ( )²
2 5

= − − − Lx qLx q xμ                   6
5 5

≤ ≤L Lx                        

            217 187( )
10 50

= −x qLx qLμ                       6 11
5 5

≤ ≤L Lx  

The deflection of the beam is shown in Figure 3.12. 

 

 Figure 3.12. Determinate beam 

– Unit systems 

A unit force is applied sequentially at point C (Figure 3.13) and a unit moment at 
point A (Figure 3.14). 

 

Figure 3.13. First unit system 

y

  x 0
Cδ

0
Aω

L                            L                   L/5         

A

P 

q 

B C 
D

 y

  x 

L                             L                   L/5            

 A 

B C D 1 
1
Aω

 

1
Cδ
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1 ( ) 0=m x                                              0
5

≤ ≤ Lx  

1 ( ) ( )
5

= − Lm x x                                    6
5 5

≤ ≤L Lx                        

1
6 11( ) 2( )
5 5

= − − = −L Lm x x x x           6 11
5 5

≤ ≤L Lx  

We apply a unit moment at joint 1 (Figure 3.14).  

2 ( ) 0=m x                                       0
5

≤ ≤ Lx  

2 ( ) 0=m x                                      6
5 5

≤ ≤L Lx                         

2
1 6 6( ) ( )

5 5
= − − = −L xm x x

L L
      6 11

5 5
≤ ≤L Lx  

 

Figure 3.14. Second unit system 

– Displacement calculation  

11 /5 /5 6 /5 11 /5
0

1 1 1 1
0 0 /5 6 /5
4

1 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

4017
2625

 
 = = + + =
  

−

   
L L L L

C
L L

x m x dx x m x dx x m x dx x m x dx
EI EI

qL
EI

δ μ μ μ μ

 

  y 

x 

  L                             L                L/5          

 A B 
 C 

  D1 
2
Cδ

2
Aω

11 /5 /5 6 /5 11 /5
0

2 2 2 2
0 0 /5 6 /5

3

1 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

3
700

L L L L

A
L L

x m x dx x m x dx x m x dx x m x dx
EI EI

qL
EI

ω μ μ μ μ
 

= = + + = 
 

   
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11 /5 /5 6 /5 11 /5 3
1 2 2 2 2

1 1 1 1
0 0 /5 6 /5

1 1 68( ) ( ) ( ) ( )
75

 
 = = + + =
 
 

   
L L L L

C
L L

qLm x dx m x dx m x dx m x dx
EI EI EI

δ  

 

11 /5 /5 6 /5 11 /5
1

1 2 1 2 1 2 1 2
0 0 /5 6 /5

1 1 20 ²( ). ( ) ( ). ( ) ( ). ( ) ( ). ( )
75

 
 = = + + = −
 
 

   
L L L L

A
L L

Lm x m x dx m x m x dx m x m x dx m x m x dx
EI EI EI

ω

 

      

11 /5 /5 6 /5 11 /5
2

2 1 2 1 2 1 2 1
0 0 /5 6 /5

1 1 20 ²( ). ( ). ( ). ( ) ( ). ( ) ( ). ( )
75

 
 = = + + = −
 
 

   
L L L L

C
L L

Lm x m x dx m x m x dx m x m x dx m x m x dx
EI EI EI

δ

 
The initial conditions of the beam (Figure 3.15) allow us to build the following 

system of equations:    

0 1 2 0+ + =c c c A cV Mδ δ δ                                                                         [3.15a] 

0 1 2 0+ + =A c A A AV Mω ω ω                                                                       [3.15b] 

Resolving the system of equations allows us to deduce vertical reaction VC and 
fixed moment MA. 

59
35

=CV qL  

21
140

= −AM qL  

The moments at the ends of each bar are given by: 

 
0 2 2

1 2
11 11 1 1. ( ) . ( ) 0 0 ( 1)( )

6 6 140 140
= + + = + + − − =AB AB C A

L LM M V m M m qL qL
  

 
0 2 2 2

1 2
6 6 17 59 1. ( ) . ( ) ( ) 0
5 5 10 35 70

= + + = − + + = −BA BA C A
L LM M V m M m qL L qL qL

 

 

11 /5 /5 6 /5 11 /5
2 2 2 2 2

2 2 2 2
0 0 /5 6 /5

1 1 1( ) ( ) ( ) ( )
3

L L L L

A
L L

Lm x dx m x dx m x dx m x dx
EI EI EI

ω
 

= = + + = 
 

   
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0 2 2 2
1 2

6 6 17 59 1. ( ) . ( ) ( ) 0
5 5 10 35 70

= + + = − + =BC BC C A
L LM M V m M m qL L qL qL

0 2 2
1 2

1 1( ) . ( ) . ( ) 0 0
5 5 5 5 5

= + + = − + + = −CB CB C A
L L LM M V m M m qL qL

 

0 2 2
1 2

1 1( ) . ( ) . ( ) 0 0
5 5 5 5 5

= + + = + + =CD CD C A
L L LM M V m M m qL qL  

0.=DCM  

The diagrams of the bending moment and the shear force are shown, 
respectively, in Figures 2.27 and 2.28.  

3.5. Analysis of a beam subjected to a moment 

We analyze the beam in Figure 2.40. We assume that the flexural rigidity EI and 
the length of the spans are constant. The purpose of this example is to present the 
distribution of moment MD = M0 along the continuous beam using the method of 
forces. 

– Equivalent system (Figure 3.15)    

 

 

 
Figure 3.15. Equivalent beam 

– Fundamental system (Figure 3.16) 

 
Figure 3.16. Basic beam  

0( )
3

= −
M

x x
L

μ                 0 3≤ ≤x L  

M0=15kN.m  
3@

A
    B   

 
C   E,I    D

  
E,I    E,I   

0
Bδ

0
Cδ

M0 = 15 kN.m 
  
3@L 

A     
B
   

  
C   E,I    D    E,I    E,I   

  VB      VC    
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– Unit systems (Figures 3.17 and 3.18) 

 

Figure 3.17. First unit system 

1
2( )
3

= −m x x                        0 ≤ ≤x L  

1 ( )
3

= −xm x L                       3≤ ≤L x L  

 

 
Figure 3.18. Second unit system 

2
1( )
3

= −m x x                0 2≤ ≤x L  

2 ( ) 2
3

= −xm x L             2 3≤ ≤L x L  

Displacement calculation:  

3 3 2
0 0 0 0

1
0 0

1 1 2 1 10( ) ( ) ( )( ) ( )( )
3 3 3 3 27

 
 = = − − + − − =
  

  
L L L

B
L

M M M L
x m x dx x x dx x L x dx

EI EI L L EI
δ μ  

  
3@L 

A      
B
 

  
C   E,I    D    E,I    E,I   1 

1
Bδ 1

Cδ

                        

  
3@L 

A      
B
 

  
C   E,I    D    E,I    E,I   

1 

2
Bδ 2

Cδ
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3 3 2
0 0 0 0

2
0 0

1 1 1 1 52( ) ( ) ( )( ) ( )( )
3 3 3 3 27

 
 = = − − + − − =
 
 

  
L L L

C
L

M M M Lx m x dx x x dx x L x dx
EI EI L L EI

δ μ  

3 3 3
1 2

1
0 0

1 1 2 1 41( ) ( )² ( )²
3 3 27

 
 = = − + − =
 
 

  
L L L

B
L

Lm x dx x dx x L dx
EI EI EI

δ  

3 3 3
2 2

2
0 0

1 1 1 1 1( ) ( )² ( 2 )²
3 3 3

 
 = = − + − =
 
 

  
L L L

C
L

Lm x dx x dx x L dx
EI EI EI

δ  

 

The kinematic conditions at the initial beam are given by:  

0 1 1 0+ + =B B B C CV Vδ δ δ                                                                          [3.16a] 

0 2 2 0+ + =C B B C CV Vδ δ δ                                                                           [3.16b] 

By substituting the expressions of displacements in the system of equations 
[3.16], we obtain the following system of equations: 

3 3 2
0

41 14 10
27 27 27

+ = −B CL V L V M L                                              

3 3 2
0

14 9 52
27 27 27

+ = −B CL V L V M L  

The support reactions are given as:  

03.68=B
M

V
L

 

011.50= −C
M

V
L

 

The moments at the joints can thus be calculated using the superposition 
principle of the bending moments of the fundamental and unit systems.  

3 2 3 3
2 1

1 2
0 0 2

1 1 2 1 1 1 1 1 14( ). ( ) ( )( ) ( )( ) ( )( 2 )
3 3 3 3 3 3 27

L L L L

B C
L L

Lm x m x dx x x dx x L x dx x L x L dx
EI EI EI

δ δ
 

= = = − − + − − + − − = 
 

   
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0=ABM  

1 2( ) ( ) 1kN.m= + + =BA BA B CM V m L V m Lμ

1 2( ) ( ) 1kN.m= + + = −BC BC B CM V m L V m Lμ  

1 2(2 ) (2 ) 4 kN.m= + + =CB CB B CM V m L V m Lμ   

1 2(2 ) (2 ) 4 kN.m= + + = −CD CD B CM V m L V m Lμ  

15kN.m= −DCM  

In the same way, the bending moment and shear force diagrams are shown in 
Figures 2.41 and 2.42. 

3.6. Analysis of frames  

3.6.1. Frame with two degrees of static indeterminacy 

We analyze the simple frame in Figure 3.19. The method of forces also applies 
to the analysis of plane frames by performing the steps mentioned in simple and 
continuous beam analysis. We must analyze the frame while assuming that the 
flexural rigidity of the column is EI and that of the crossbar is 2EI.  

 

Figure 3.19. Given frame 
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The degree of static indeterminacy of the system is given as: 

f = (3.b + r) – (3n + k) = (3.3 + 5) – (3.4 + 0) = 2 

The system is twice statically indeterminate.  

– Equivalent system 

We substitute support C with a system of equivalent forces (Figure 3.20).   

 

Figure 3.20.  Equivalent frame 

– Fundamental system  

We ignore the effect of support reactions HC and Vc, and thus the system 
becomes statically determinate (Figure 3.21). The expressions of bending moment of 
the statically determinate system are given as:          

Bar (BC)  

1( ) . ²
2

= −x q xμ          

Bar (AB) 

       21( ) .
2

= −x q Lμ
 

 

  q

E,2I           B 

  A 

  C 

   
 E

,I 
   

   
  VC 

HC 
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Figure 3.21. Statically determinate system 

The bending moment diagram of the fundamental system is shown in Figure 
3.22.  

 

Figure 3.22. Bending moment diagram of the fundamental system 

– Unit systems  

Figure 3.23 shows bending moments diagrams due to horizontal and vertical unit 
forces applied at point C along both directions.  
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Figure 3.23. Unit systems 

– Displacement calculation 

Calculating displacements can be done using the graphical method. 

4
0 2

,
1 1( . )( )

2 2 4
 = − − =  

C H
qLLL q L

EI EI
δ  

4
0 3 2

,
91 1 3 1 1( . )( ) ( . ). . )

2 6 4 2 16
   = − + − = −      

C V
qLq L L q L L L

EI EI EI
δ  

3
1

,
1 1 2. .

2 3 3
 = =  

C H
LL L L

EI EI
δ  

[ ]
3

2
,

71 1 2 1. ( ) . .
2 2 3 6

 = + =  
C V

LL L L L L L
EI EI EI

δ  

3
1 2

, ,
1 1. .( ).

2 2
 = = − = −  

C V C H
LL L L

EI EI
δ δ  

The displacements of joint C in the horizontal direction and the vertical direction 
make it possible to write:  

0 1 2
, , , 0+ + =C H C H C C H CH Vδ δ δ  

0 1 2
, , , 0+ + =C V C V C C V CH Vδ δ δ  

The system of equations is constructed by substituting the values of the 
displacements above.  

 
  B 

   A 

  C 
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L 

L    
   B 

  A

C 1 
L              
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1 1 0
4 3 2

− + − =C C
qL H V  

9 1 7 0
16 2 6

− − + =C C
qL H V  

Resolving the system of equations gives the reactions at support A, which are:  

3
40

= −CH qL        

9
20

=CV qL           

The moments at the joints can be deduced by using the principle of 
superposition:  

Mij = 0 + k
ij ij k

k

M m X  

Bar (AB)  

MAB = 0 + k
AB A k

k

M m X =   

        2 21 3 9 1( )( ) ( )
2 40 20 40

+ − + − = −qL qL L qL L qL  

MBA = 2 21 9 1( ) .
2 20 20

− + = −qL qL L qL   

Bar (BC)  

MBC = 2 21 9 1( )
2 20 20

+ − =qL qL L qL  

MCB = 0.   
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The bending moment variations for each bar are given as: 

Bar (AB)  

MAB(x) = 2 21 1( ) (1 ) ( ) (1 ) ( )
40 20

− − + = − −AB AB BA
x x x xx M M qL qL
L L L L

μ   

MAB(x) = 21 3
40 40

−qL qLx   

MAB(0) = 21
40

qL   

MAB(L) = 21
20

− qL   

Bar (BC)  

2 21 1 1( ) ( ) (1 ) ( ) (1 )
2 2 20

= − − + = − − −Bc BC BC BC
x x xM x x M M qLx qx qL
L L L

μ

2 211 1 1( )
20 2 20

= − −BcM x qLx qx qL  

MBC(0) = 21
20

− qL   

MBC(L) = 0.  

Similarly, the shear force and bending moment variations at each bar are given 
as:  

Bar (AB)  

TAB(x) = ( ) 3
40

= −dT x qL
dx

  

Bar (BC)  

BC
11T ( )
20

= −x qL qx  

TBC(0) = 11
20

qL   

TBC(L) = 9
20

− qL  
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Figures 3.24 and 3.25 show the bending moment diagram and the shear force 
diagram, respectively. 

   

 

 

 

Figure  3.24. Bending moment diagram *(
2qL

40
) 

 

Figure 3.25. Shear force diagram *(
2qL

40
) 

3.6.2. Frame with cantilever 

We analyze the frame in Figure 3.26. 

 

Figure 3.26. Frame with cantilever 
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We consider P = q.L for the sake of simplification. 

  Degree of static indeterminacy of the system: 

f = (3.b + r) – (3n + k) = (3.3 + 5) – (3.4 + 0) = 2 

The system is thus twice statically indeterminate.  

– Equivalent system 

We substitute support C with a system of equivalent forces (Figure 3.27).   

   

Figure 3.27. Equivalent frame 

– Basic system 

In this case, we neglect the effect of support reactions HA and VA, and the system 
becomes fundamental (Figure 3.28). 

The expressions of bending moment of the statically determinate system are 
given as:  

Bar (AB)  

( ) 0=xμ          

Bar (BC) 

1( ) ²
2

= −x qxμ        
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Bar (CD) 

3( )
10

= −x Px PLμ  

 

Figure 3.28. Fundamental system 

The bending moment diagram of the fundamental system is shown in  
Figure 3.29. 

 

Figure 3.29. Bending moment diagram of the  

fundamental system *( 1 ²
10

qL ) 

– Unit systems  

Figure 3.30 shows bending moment diagrams due to horizontal and vertical unit 
actions.  
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Figure 3.30. Unit systems 

– Displacement calculation 

Calculating displacements can be done using the graphical method. 

4
0 3 2

,
1 1 3 19( )( ) ( )( )( )

6 10 2 60
 = − − + − − =  

A H
qLLqL L qL L

EI EI
δ  

4
0 3

,
1 1 3 3 17( )( ) ( ²)( )( )

6 4 10 40
 = − + − = −  

A V
qLqL L qL L L

EI EI
δ  

3
1

,
1 1 2 52 ( )( ) ( )( )

2 3 3
 = − − + − − =  

A H
LL L L L L L

EI EI
δ  

3
2

,
1 1 2 4. ( ) . .

2 3 3
 = + =  

A V
LL L L L L L

EI EI
δ  

3
1

,
1 1 1. ( ) . ( )

2 2
 = − + − = −  

A V
LL L L L L L

EI EI
δ  

3
2

,
1 1 1( )( ) ( )

2 2
 = − + − = −  

A H
LL L L L L L

EI EI
δ  

The displacements relative to joint A in the horizontal direction and the vertical 
direction make it possible to write:  

0 1 2
, , , 0+ + =A H A H A A H AH Vδ δ δ  

0 1 2
, , , 0+ + =A V A V A A V AH Vδ δ δ  

 

 

 

 

 
1 

  L 

A 

 B     C E 

    D 

  L -L -L 

A 

 B     C E 

    D 

 EI 

  1 
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The system of equations is constructed by substituting the values of the 
displacements obtained.  

19 5 0
20 3

− − =A AP H V  

17 4 0
40 3

− − + =A AP H V  

Resolving the system of equations gives the reactions at support A. 

1
440

=AH P                 

141
440

=AV P  

The moments at the joints can be deduced by using the principle of 
superposition. 

Mij = 0 + k
ij ij k

k

M m X  

Bar (AB)  

MAB = 0 + k
AB A k

k

M m X = 0 + 0 + 0 = 0  

MBA = 0 + (-L) 1 1( ) 0
440 440

+ = −P PL   

Bar (BC) 

MBC = 0 + (L) 1 1( ) 0
440 440

+ =P PL   

MCB = 5 1 141 80² ( )( ) ( )
10 440 440 440

− + − + = −qL L P L P PL   
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Bar (CD)  

MCD = 3 1 141 8( )( ) ( )( )
10 440 440 440

+ + − = −PL L P L P PL   

MCE = 2 2 880 0
10 10 440

+ + = =PL PL PL   

MDC = 3 141 90 ( )( )
10 440 440

− + + =PL L P PL   

The bending moment expressions of the bars are given as:  

Bar (AB) 

( ) ( ) ( )= +AB AB BA
xM x x M
L

μ = 1 10 0 ( )
440 440

+ − = −xPL Px
L

  

Bar (BC) 

² 1 80( ) (1 ) ( )
2 2 440 440

= − − − −BC
qL qx x xM x x PL PL

L L      

              
2141 1 1 .

440 2 440
Px qx PL= − −  

Bar (CD) 

8 9 8 17( ) (1 ) .( )
440 440 440 440

= − − + = − +CD
x xM x PL PL PL Px
L L

  

Bar (CE) 

1( )
5

= − +CEM x PL Px   

The diagrams of the bending moment and the shear force are shown in  
Figures 3.31 and 3.32. 
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Figure 3.31. Bending moment diagram * (
1

440
PL ) 

Similarly, the expressions which give the shear force of the beam are given as:  

Bar (AB)  

( ) =ABT x 1
440

− P   

Bar (BC)  

141( )
440

= −BCT x P qx  

Bar (CD) 

17( )
440

=CDT x P  

Bar (CE) 

( ) =CET x P   

 

 

A 

  1   B 
C 

      E

   D 

88 

  8 

9 

   80 
  1 
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Figure 3.32. Shear force diagram * ( 1 P
440

) 

3.6.3. Frame with many degrees of static indeterminacy 

We analyze the frame in Figure 3.33 with columns of different lengths. The 
flexural rigidity of the members is assumed to be constant and the frame is stressed 
by a uniformly distributed load of intensity q applied along the horizontal bar.  

 
Figure 3.33. Given frame 

Degree of static indeterminacy of the system 

f = (3.b + r) – (3n + k) = (3.3 + 6) – (3.4 + 0) = 3 

The system is three times statically indeterminate.  

 

 

 A 

   
 -1

 

  B 
 C        E 

   D 

141 
 440 

  299 

   
 1
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0.

3L
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– Equivalent system 

We substitute support D with a system of equivalent forces (Figure 3.34).   

   

Figure 3.34. Equivalent frame 

– Fundamental system 

We ignore the effect of support reactions HD and VD and the effect of bending 
moment MD; the system becomes statically determinate (Figure 3.35). 

 

Figure 3.35. Statically determinate system 

The expressions of bending moment of the statically determinate system are 
given as:  

Bar (DC)  

( ) 0=xμ          

Bar (CB)  

1( ) . ²
2

= −x q xμ          

A 

  q 

 B      C 

    D 

VD 

HD 
MD 

 

 

 
A 

  q 

 B      C 

    D
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Bar (BA) 

21( )
2

=x qLμ  

The bending moment diagram of the fundamental system is shown in  
Figure 3.36.  

 
Figure 3.36. Bending moment diagram of the fundamental system 

– Unit systems  

Figure 3.37 shows the bending moments diagrams due to the application of 
forces in horizontal and vertical directions and a moment in rotational direction.   

– Displacement calculation 

Calculating displacements is carried out using the graphical method. 

4
0 3 2

,
1 1 1 5 5( )( ) ( )( )( )

6 2 2 4 3 5 12
 = − + − + = −  

D H
qLL L L LqL qL

EI EI
δ  

4
0 3

,
1 1 3 1 4 21( )( ) ( ²)( )( )

6 4 2 5 40
 = − + − = −  

D V
qLLqL L qL L

EI EI
δ  

4
0 31 1 1 4 17( ).1 ( ²)( ).1

6 2 5 40
 = − + − = −  

D
qLLqL qL

EI EI
ω

 

 

 

 

 

 

 

 A 

 - 21
2

qL  

 B      C 

    D
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Figure 3.37. Unit systems 

4
1

,
1 1 1 1 3 3 1027( ) ( ) ( )

2 2 2 3 2 2 2 2 2 3 2 10 10 5 3000
 = + + + =  

D H
qLL L L L L L L L L L LL

EI EI
δ  

3
2

,
1 1 2 4 17. ( ) ( )

2 3 5 15
 = + =  

A V
LL LL L L L

EI EI
δ  

1 1 1 4 231. .1 .1.1 .1.1
2 5 10

 = + + =  
D

LLL L
EI EI

ω  

3
2

,
1 1 1 3 3 3 57. ( ) ( ) ( )

2 2 2 2 4 2 10 10 20 100
 = + + =  

D H
LL L L L L L LL L

EI EI
δ  

3
2

,
1 1 13. (1) . (1)

2 10
 = + =  

D V
LL L L L

EI EI
δ  

2
2 1 1 1 1 3 3 259( ) .

2 2 2 2 2 2 2 10 10 200
 = + + + =  

D
LL L L L L LL L

EI EI
ω

 

 

L 

   L  B     C 

    D 
1  A 

 L/2 

 L/2 
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 B     C 

    D 1 

  L/2 

 0.3L 
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 B     C 

    D 1 

1 
1 

1 
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The displacements relative to joint D in the horizontal direction, in the vertical 
direction and following the rotation allow us to write the following equations: 

0 1 2 1
, , , 0+ + + =D H D H D D H D D DH V Mδ δ δ ω  

0 1 2 2
, , , 0+ + + =D H D H D D H D D DH V Mδ δ δ ω  

0 1 2 3 0+ + + =D D D D D D DH V Mω ω ω ω  

By substituting the deflection expressions in the preceding equations and after 
their resolution, we can determine the support reactions at joint D.  

0.133= −DH qL  

0.50=DV qL  

20.0096=DM qL  

The moments at the joints can be deduced by using the principle of 
superposition. 

Mij = 0 .+ k
ij ij k

k

M m X  

Bar (AB)  

     MAB = 0 .+ k
AB A k

k

M m X = 21 3( ) ( 0.125 ) (0.488 )
2 10

qL L qL L qL− + − +

                                                  2 21.(0.0096 ) 0.040qL qL+ = −  

   MBA= 2 2 21( ) ( 0.125 ) (0.488 ) 1.(0.0096 ) 0.065
2 2

− + − + + = −LqL qL L qL qL qL   

Bar (BC)  

  MBC= 2 2 21( ) ( )( 0.125 ) ( )(0.488 ) ( 1)(0.0096 ) 0.065
2 2

+ − − + − + − =LqL qL L qL qL qL  
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      MCB = 2 20 ( )( 0.125 ) 0 ( 1)(0.0096 ) 0.053
2
L qL qL qL+ + − + + + = −   

 
Bar (CD)  

MCD = 2 20 ( )( 0.125 ) 0 ( 1)(0.0096 ) 0.053
2
L qL qL qL+ − − + + − =   

MDC = 2 20 0 0 ( 1)(0.0096 ) 0.0096qL qL+ + + + =   

The variation of the bending moment in each bar is:  

Bar (AB) 

 
Bar (BC)        

1( ) ² 0.065 ²(1 ) 0.053 ²( )
2 2

0.512qL 0.5 ² 0.065 ²

= − − − − =

− −

BC
qLx x xM x qx qL qL

L L
x qx qL  

Bar (CD) 

     
2 2( ) 0.053 ²(1 ) 0.0096 ²( ) 0.053 ² 0.125qL= − − + = − +CD

x xM x qL qL qL x
L L  

Figures 3.38 and 3.39 show the bending moment and the shear force diagrams.  

Similarly, the expressions of shear force are given as: 

Bar (AB) 

         ( ) 0.131= −ABT x qL  

Bar (BC)   

           ( ) 0.512 qL= −BCT x qx  

5 5( ) 0.040 ²(1 ) 0.065 ²( ) 0.040 ² 0.131
4 4AB

x xM x qL qL qL qLx
L L

= − − = −



106     Structural Analysis 2 

 

Figure 3.38. Bending moment diagram * ( 1 qL²
100

) 

Bar (CD) 

           ( ) 0.125qL=CDT x
 

Similarly, the diagram of shear force is given in Figure 3.39. 

 

Figure 3.39. Shear force diagram * ( 1 qL
100

) 

3.6.4. Frame with oblique bars  

We analyze the frame in Figure 3.40 with columns of different lengths. The 
flexural rigidity of the members is assumed to be constant and the frame is stressed 
by a uniformly distributed load of intensity q applied on the horizontal bar.  
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          B 
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      C 

   q
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    0.96 

1 L

-48.8      B 
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        q 

 -1
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50
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Figure 3.40. Given frame 

Degree of static indeterminacy of the system: 

f = (3.b + r) – (3n + k) = (3.3 + 6) – (3.4 + 0) = 3 

The system is three times statically indeterminate.  

– Equivalent system 

We substitute support A with a system of equivalent forces (Figure 3.41).   

   

Figure 3.41. Equivalent frame 

– Fundamental system  

We ignore the effect of support reactions HA and VA and bending moment MA; 
the system is statically determinate (Figure 3.42). 
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Figure 3.42. Statically determinate system 

The bending moment expressions of the statically determinate system are given 
as: 

Bar (AB) 

( ) 0=xμ          

Bar (BC) 

1( ) ²
2

= −x qxμ          

Bar (CD) 

2( ) 2= −x qaμ  

The bending moment diagram of the fundamental system is shown in  
Figure 3.43.  

– Unit systems  

The systems stressed by unit actions applied to the joint A are shown in  
Figure 3.43.  

   A 

B C 

D 

q 
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Figure 3.43. Bending moment diagram of the fundamental system 

 

Figure 3.44. Unit systems 

– Displacement calculation 

The displacement calculation is done by:  

4
0 3 2

,
1 4 1 3( )( 2 ) ( )( 2 )( ) 7

3 2 2
 = − − + − − =  

A H
qaaqa a qa a

EI EI
δ

4
0 3

,
1 4 2( )( ) ( 2 ²)( 2 )(3 ) 16.90

3 3
 = − + − + = −  

A V
qaqa a qa a a a

EI EI
δ

3
0 31 4( )( 1) ( 2 ²)( 2 )( 1) 4.16

3
 = − − + − − =  

A
qaqa qa a

EI EI
ω  

 

   - 22qa  

   A 

B C 

D 

q 

  -  22qa

1 

- 2a  

  

 

- 2a  - 2a

1 

3a a

3a 

4a 

a

1 

-1 
  

 

-1

-1

 -a 



110     Structural Analysis 2 

3
1

,
1 1 2 12 ( 2 )( 2 ) 2 .( 2 )( 2 ) 2 ( )( ) 2 ( )( ) 1.58

2 3 2
 = − − + − − + − − + − − =  

A H
aa a a a a a a a a a a a

EI EI
δ

2
,

3

1 1 2 1 2 1 25 ( )( ) (2 )( ) 2 (2 )( 2 ) 3 2 (3 ) 2 ( )( )
2 3 2 3 2 3

18.610

 = + + + +  

=

A V a a a a a a a a a a a a a a a
EI

a
EI

δ

3 1 5 ( 1)( 1) 2 ( 1)( 1) 2 ( 1)( 1) 5.65 = − − + − − + − − = A
aa a a

EI EI
ω  

3 1 5 ( 1)( 1) 2 .( 1)( 1) 2 ( 1)( 1) 5.65 = − − + − − + − − = A
aa a a

EI EI
ω  

2
,

3

1 1 2 12 ( 2 )( ) 2 .( )( 2 ) 2 ( )( ) 2 ( )( )
2 3 2

7.612

A H a a a a a a a a a a a a
EI

a
EI

δ  = − + − + − + −  

= −

3
,

2

1 1 1 15 ( )( 1) .(2 )( 1) 2 (2 )( 1) 2 (3 )( 1) 2 ( )( 1)
2 2 2

10.07

 = − + − + − + − + − =  

−

A V a a a a a a a a a a
EI

a
EI

δ

3
,

2

1 1 15 ( 2 )( 1) 2 .( 2 )( 1) 2 ( )( 1) 2 ( )( 1)
2 2

8.357

 = − − + − − + − − + − − =  
A H a a a a a a a a

EI

a
EI

δ
 

The deflections at joint D in horizontal, vertical and rotational directions are 
written as:  

0 1 2 3
, , , , 0+ + + =A H A H A A H A A H AH V Mδ δ δ δ  

0 2 2 3
, , , , 0+ + + =A H A H A A V A A V AH V Mδ δ δ δ  

0 3 3 3
, , 0+ + + =A A H A A V A A AH V Mω δ δ ω  

By substituting the deflection expressions, resolving the system of equations 
leads to the determination of actions at joint A.  
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0.133= −DH qL  

0.50=DV qL  

20.0096=DM qL  

The moments at the joints can be deduced by using the principle of 
superposition.  

Mij = 0 .+ k
ij ij k

k

M m X  

Bar (AB)  

MAB = 0 21 3. ( ) ( 0.125 )
2 10

k
AB A k

k

M m X qL L qL+ = − + −
             2 2(0.488 ) 1.(0.0096 ) 0.216L qL qL qL+ + = −  

MBA= 2 2 21 ( 0.125 ) .(0.488 ) 1.(0.0096 ) 0.335
2 2

− + − + + = −LqL qL L qL qL qL   

Bar (BC)  

MBC= 2 2 21 ( )( 0.125 ) ( )(0.488 ) ( 1)(0.0096 ) 0.335
2 2

+ − − + − + − =LqL qL L qL qL qL  

MCB = 2 20 ( )( 0.125 ) 0 ( 1)(0.0096 ) 0.073
2

+ + − + + + = −L qL qL qL   

Bar (CD)  

MCD = 2 20 ( )( 0.125 ) 0 ( 1)(0.0096 ) 0.073
2

+ − − + + − =L qL qL qL   

MDC = 2 20 0 0 ( 1)(0.105 ) 0.105+ + + + =qL qL   

The variation of the bending moment in each bar is:  

Bar (AB) 

 ( ) 0.216 ²(1 ) 0.335 ²( )
5. 5.

= − −AB
x xM x qa qa

a a
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Bar (BC)        

1( ) ² 0.335 ²(1 ) 0.073 ²( )
2 2. 2.

= − − − −BC
x xM x qax qx qa qa
a a

 

Bar (CD) 

( ) 0.073 ²(1 ) 0.105 ²( )
2. 2.

= − − −CD
x xM x qa qa

a a
 

The diagrams of the bending moment and the shear force are shown in  
Figures 3.45 and 3.46, respectively.      

In the same way, the shear force expression is: 

Bar (AB) 

         0.551( )
5

= −ABT x qa  

Bar (BC)       

           ( ) 1.131.= −BCT x qa qx  

Bar (CD) 

           0.032( )
2

= −CDT x qa  

 

Figure 3.45. Bending moment diagram *(qa²) 

                               

A

     B      C 

    D 

    q 

    0.105

  0.073 

0.216 

  0.335 
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Figure 3.46. Shear force diagram *(qa) 

3.7. Analysis of truss  

Trusses can be grouped into three different classes: (1) internally statically 
indeterminate truss systems, (2) externally statically indeterminate truss systems and  
(3) internally and externally statically indeterminate truss systems (Figure 3.47).   

 

Figure 3.47. Different types of truss structures 

Calculation of the degree of static indeterminacy of a truss is given by the 
following formula: 

f = b – (2.n – 3) 

 

  A 

    C 

    q 

 - 
0.

02
26

 

    -0.869 

  1.131 
   

-0
.2

46
4 

 B 

 D 
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The degree of static indeterminacy of each system (Figure 3.47) is presented in 
Table 3.1. Table 3.2 shows the nature of the static indeterminacy of truss systems.  

  System (a) (b) (c) 

b 6 5 6 

2n – 3 5 5 5 

r 3 4 3 

f 1 0 1 

Table 3.1. Degree of static indeterminacy (Figure 3.47) 

System Internal analysis External analysis 
(a) Once statically indeterminate Statically determinate 
(b) Statically determinate Once statically indeterminate 
(c) Once statically indeterminate Once statically indeterminate 

Table 3.2. Nature of static indeterminacy 

3.7.1. Internally statically indeterminate truss 

We analyze the truss system in Figure 3.48. The membrane rigidity (E Ω ) of all 
of the bars is assumed to be constant.  

– External analysis  

Number of unknowns (support reactions) = 3 

Number of static equations = 3 

The system is statically determinate externally.  

– Internal analysis:  

Number of bars: b = 6. 

Number of possible equations: 2n – 3 = 5 

Therefore, the system is once statically indeterminate internally.  
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Figure 3.48. Given truss structure 

To analyze the truss (Figure 3.48), it is necessary to use the same method 
presented during the analysis of beams and frames.  

– Equivalent system 

The given truss is once statically indeterminate internally. It is necessary to 
replace a bar with an equivalent system of force (Figure 3.49), for example  
bar (AC). 

 

 

 

 

 

 

Figure 3.49. Equivalent truss system 

– Fundamental system 

We ignore the existence of bar (AC) in order to obtain the fundamental system 
(Figure 3.50). The system obtained is internally and externally statically determinate; the 
degree of static indeterminacy of the corresponding system can be verified by:  

f = b – (2n – 3) = 5 – (2 × 4 – 3) = 0 

    A 

  B 
      C 

      D  

   L 

    L 

      F2   F1 

      F2 
    F1 

    A 

  B 
       C 

       D  

X  

X  
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To calculate the internal forces in the bars of this structure, we use the method of 
joint equilibrium.  

 

 

  

 

 

 

Figure 3.50. Basic truss system 

– Joint C  

The equilibrium of joint C allows us to write:  

0=
 
F  

F2 +NCB + NCD = 0 

NCB = 0                                             

NCD = -F2  

– Joint B  

The equilibrium of joint B allows us to write: 

0=F  

F1 + NBC + NBA + NBD = 0 

The projection of forces and internal forces along the horizontal and vertical axes is: 

NBD = - 12F  

NBA = F1  

      F2 
    F1 

      A 

  B 
       C 

       D  

C 
F2 

  NCD 

NCB 
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– Joint A  

The support reactions can be deduced using equilibrium equations of the 
fundamental system. 

HA = - F1 

VA = - F1 

The equilibrium of joint A leads to:  

0=
 
F  

HA + VA + NAD + NAB = 0 

The projection of forces along the horizontal and vertical axes gives: 

NAD = 1F  

The internal forces on the bars of the truss structure are grouped in Table 3.3. 

Bar N0 Nature of force  

AB 

AD 

BC 

BD 

CD 

AC 

F1 

F1 

0 

– 2 F1 

–F2 

0 

Traction 

Traction 

Neutral 

Compression 

Compression 

Neutral 

Table 3.3. Forces on the bars of the fundamental system 

 

 

 

  A     HA NAD 

  NAB

    VA 
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– Unit system 

Instead of the eliminated force (Figure 3.50), a unit force is applied (Figure 3.51). 
The forces on the bars of the fundamental truss structure are grouped in Table 3.4.   

 

Figure 3.51. Unit truss system 

The internal forces due to a unit action applied in the direction of the eliminated 
bar are grouped in Table 3.4. 

Bar n L n.L N° 

1
,A ACδ =

2.i in L
EΩ  

0
,A ACδ =
0. .i i iN n L
EΩ  

AB – 2 /2 L – 2 L/2 F1 

(2 2 2) L
E

+
Ω

 

1

2

(2 2)

2

F L
E

F L
E

− +
Ω

+
Ω

 

AD – 2 /2 L 2− L/2 F1 

BC 2− /2 L 2− L/2 0 

BD 1 2 L 2 L 
– 2 F1 

 

CD 
 

AC 
2− /2 

L 
 

2 L 

2− L/2 

 

2 L 

-F2 

 

0 

Table 3.4. Forces on the bars of the unit system and  
displacement along the diagonal (AC) 

   A 

    B        C 

         D  

1  

1  
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We apply the compatibility condition of the displacement along the diagonal of 
bar (AC); we thus obtain:  

 0 1
, , 0+ =A AC A AC Xδ δ  

The internal force in the bar (AC) can be deduced by: 

0

1= − =AC

AC
X

δ
δ 1 2

2 2 2
2 2 2 2(2 2 2)

+ −
+ +

F F  

The forces on the bars are determined using the superposition of effects principle 
(Table 3.5). 

0= +i i iN N Xn  

Bar N0 n 

N = N0 +X n 

*( 1
4(1 2)+

) 

AB F1 2− /2 (2 2 2)+ F1+F2 

AD F1 2− /2 (2 2 2)+ F1+F2 

BC 0 2− /2 (2 2 2)− + F1+F2 

BD 2− F1 1 (4 2 2)− + F1 2− F2 

CD –F2 2− /2 (2 2 2)− + F1 (3 4 2)− + F2 

AC 0 1 (4 2 2)+ F1 2− F2 

Table 3.5. Forces on the bars of the given structure 

In particular, for F1 = F2 = F, in this case we calculate the normal force and its 
nature for each bar (Table 3.6). 
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Bar 
N = N0 +X.n 

*( 1
4(1 2)+

) N Nature of force 

AB 

AD 

BC 

BD 

CD 

AC 

(3 2 2)+ F 

(3 2 2)+ F 

(1 2 2)− + F 

(4 3 2)− + F 

(5 6 2)− + F 

(4 2)+ F 

0.603 F 

0.603 F 

0.396 F 

0.853 F 

1.396 F 

0.560 F 

Traction 

Traction 

Compression 

Compression 

Compression  

Traction 

Table 3.6. Forces on the bars of the given structure for F = F1 = F2 

The internal forces acting on the bars of the truss structure are shown 
schematically in Figure 3.52. 

 

 Figure 3.52. Normal force diagram *( F ) 
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3.7.2. Externally statically indeterminate truss 

The system (Figure 3.53) is externally statically indeterminate. We assume that 
the membrane rigidity (E Ω ) is constant for all bars. 

 

Figure 3.53. Given truss structure 

– Internal analysis  

Number of bars: b = 5 

Number of equations: 2.n – 3 = 5 

The system is internally statically determinate. 

– External analysis   

Number of reactions: r = 4 

Number of static equations: 3 

The system is statically determinate internally and once statically indeterminate 
externally. 

– Equivalent system  

In the equivalent system, the support reactions are replaced by forces of a 
number equal to that of the degree of static indeterminacy (Figure 3.54). 
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Figure 3.54. Equivalent truss structure 

The construction of the fundamental system is represented in Figure 3.55. 

 

Figure 3.55. Fundamental structure 

The forces on the bars have already been determined and grouped in (Table 3.3). 
The unit system is constructed by applying a unit force in the direction of the free 
body link (Figure 3.56).  

The method of joint equilibrium makes it possible to determine internal forces in 
the bars, due to the application of a unit force, which are:  

1=ADn  

0= = = =AB BC BD CDn n n n  

  X 

F2 
F1 

      A 

    B          C 

        D  

F2
F1 

        A 

    B 
         C 

         D 
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Figure 3.56. Unit truss structure 

– Displacement calculation  

The displacement of point D in the direction (xx) of the fundamental system has 
already been calculated (Table 3.3), which can be evaluated by:  

 0
, =D Xδ

0

Ω N L
E

2= −
Ω

F L
E

 

The displacement of point D in the direction (xx) due to the effect of a unit force 
applied to joint D in the horizontal direction is given in Table 3.7.   

Bar N L n.L 1
,D xxδ =

.n L
EΩ  

AB 
AD 
BC 
BD 
CD 

0 
1 
0 
0 
0 

L 
L 
L 
2 L 
L 

0 
L 
0 
0 
0 

 

Ω
L

E
 

Table 3.7. Horizontal displacement of joint D 

The compatibility condition of the displacement in the direction (xx) of joint D 
must be satisfied.  

 0 1
, , 0+ =D X D X Xδ δ  

1 

F2 
F1 

        A 

    B          C 

         D  
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The compatibility condition of the displacement makes it possible to determine 
the support reaction of point D.  

0
,

21
,

= − = −D X

D X
X F

δ
δ

 

The forces on the bars are calculated using the superposition of effects principle 
(Table 3.8). 

0 1= +i i iN N Xn  

Bar N0 n X.n N Nature of force 

AB 
AD 
BC 
BD 
CD 

F1 

F1 

0 

– 2 F1 
–F2 

0 
1 
0 
0 
0 

0 
–F2 
0 
0 
0 

F1 

F1 – F2 

0 

– 2 F1 
–F2 

Traction  
? 

Neutral 
Compression 
Compression 

Table 3.8. Internal forces on the bars of the given system 

The normal force diagram is represented in Figure 3.57 considering F = F1 = F2. 

 

Figure 3.57. Normal force diagram *(F) 
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3.7.3. Internally and externally statically indeterminate truss 

The superposition of the above systems makes it possible to obtain a truss that is 
once statically indeterminate internally and externally. It is assumed that all of the 
bars have the same membrane rigidity (E Ω ) and we must calculate the forces in the 
bars of the truss structure (Figure 3.58). 

 

Figure 3.58. Given truss structure 

– External analysis 

Number of unknowns (support reactions) = 4 

Number of static equations = 3 

The system is once externally statically indeterminate. 

– Internal analysis 

Number of bars: b = 6 

Number of possible equations: 2n – 3 = 5 

The system is once internally statically indeterminate. 

Hence the system is statically indeterminate once internally and once externally. 

 

- Bar (AC) displays internal static 
indeterminacy. 

- Support D presents external static 
indeterminacy. 

    L 

      A 

     B  C 

D  

F1 

F2 

    L 
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– Equivalent system (Figure 3.59)

Figure 3.59. Equivalent structure 

In the equivalent system, the internal force in bar (AC) and the horizontal 
reaction of support D are substituted by the equivalent forces X1 and X2 in 
sections 3.7.1 and 3.7.2. 

– Fundamental system (Figure 3.60)

Figure 3.60. Fundamental structure 

The forces on the bars of the truss have been determined and grouped in  
Table 3.3.  
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– Unit systems (Figure 3.61)

(a) Unit internal force     (b) Unit external force 

Figure 3.61. Trusses under unit loads 

The compatibility equations for displacements are written as: 

0 1 12
, , 1 , 2 0+ + =A AC A AC A ACX Xδ δ δ  

0 21 2
, , 1 , 2 0+ + =D xx D xx D xxX Xδ δ δ  

knowing that:  

0
, =A ACδ 4 2

2
+−

Ω
FL
E

1
, =A ACδ (2 2 2)+

Ω
L

E

0
, =

ΩD xx
FL
E

δ

1
, =

ΩD xx
L

E
δ

   A 

  B  C 

 D 

1 

 A 

 B  C 

 D 

1 
1
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Displacements 12
,A ACδ  and 21

,D xxδ have been evaluated using the virtual work 
method.  

12
,A ACδ = 21

,D xxδ = 
5 1 2

1

. 2
2=

= −
Ω Ω i i

i
i

n n LL
E E

 

Resolving the system of equations leads to the determination of the normal force 
on bar (AC) as well as the horizontal reaction to support D.  

1
4 0.462

3 4 2
= =

+
X F F  

2 0.673=X F  

The forces on the bars of the unit systems due to X1 = 1 (Figure 3.61(a)) and   
X2 = 1 (Figure 3.61(b)), respectively, are grouped in Table 3.9.  

The internal stresses in the bars of the given truss structure can be deduced using 
the principle of superpostition of effects. 

(0) (1) (2)
1 2= + +i i i iN N X n X n   

Bar N0 X1 n1 

 

X2 n2 

 

N 

 

Nature of  
force 

AB 

AD 

BC 

BD 

CD 

AC 

F 

F 

0 

– 2 F 

–F 

0 

–0.326 F 

–0.326 F 

–0.326 F 

0.462 F 

–0.326F 

0.462 F 

0 

–0.673 F 

0 

0 

0 

/ 

0.674 F 

0 

–0.326 F 

–0.952 F 

–1.327 F 

0.426 F 

Traction 

Neutral   

Compression  

Compression  

Compression 

Traction 

Table 3.9. Internal forces on the bars 
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The internal force diagram is shown in Figure 3.62. 

   

Figure 3.62. Internal force diagram * (F)  

3.8. Conclusion 

In this chapter, we presented the formulation and application of the method of 
forces to analyze the different types of statically indeterminate structures: trusses, 
beams and plane frames.   

The method of forces is based on applying the deflection compatibility method, 
which leads to determining the redundant links whose number must be equal to the 
number of degrees of static indeterminacy of the given structure.  

In the first place, it is necessary to construct the equivalent system in which the 
support reactions or the internal actions must be schematized. Redundant links are 
the unknowns of the problem, which can be determined using the kinematic 
compatibility conditions. Once the actions of redundant links have been evaluated, 
the internal actions can be determined using the superposition of effects principle of 
the statically determinate system on the one hand, and the unit systems on the other 
hand.   
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3.9. Problems  

Exercise 1  

Determine the degree of static indeterminacy of the following structures: 
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Exercise 2   

Determine the unknown indicated for each structure. 
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Exercise 3  

Draw diagrams of the bending moment and the shear force for the following 
beams: 

 

 

 

 

 

 
 

 

 

            E, I                        E, I            

  2kN/ml            10 kN             

  1. m               2.5 m                       2.5 m                                1.5 m       

  10 kN  

           E, I                       
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           E, I                             

    L/3                  2L/3                         

 P=qL      
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 M= ? 
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Exercise 4  

Calculate the moments at the joints of the following frames. 

– Draw diagrams of the bending moment and the shear force. 
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Exercise 5 

Calculate the forces of the following truss systems (E Ω  = constant): 
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Exercise 6  

Evaluate the displacement at point A of the following structures: 
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4 

Slope-Deflection Method 

This chapter hopes to impart the following knowledge: 

– formulating the equations of the slope-deflection method of bars with and 
without support settlements;  

– evaluating fixed-end moments; 

– the notion of the rigidity factor and the transmission coefficient of a bar 
according to the kinematic conditions;  

– implementing the slope-deflection method when analyzing continuous beams 
with and without support settlements, frames with sidesway, frames without 
sidesway and multistory frames.    

First, we present the foundations of the slope-deflection method and then we 
apply them to the analysis of different types of structures such as continuous beams, 
frames with sidesway and frames without sidesway, and with or without support 
settlements.      

4.1. Relationship between deflections and transmitted moments   

The slope-deflection method is based on the description of moments at the ends 
of an element of a structure according to the slopes at the joints and the applied 
loads.  To derive the formulas of this method, consider a structural element (AB) of 
a continuous beam (Figure 4.1). When the beam is stressed by an external load or 
subjected to a support settlement, the element (AB) deforms and generates moments 
MAB and MBA at the ends of the bar (Figure 4.2). It is assumed that the statically 
indeterminate beam has constant flexural rigidity (EI) and length (L). Without 
considering the connection of the beam at its ends and using the superposition of 
effects principle, we can write:  

Structural Analysis 2: Statically Indeterminate Structures, 

First Edition. Salah Khalfallah. 

© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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' ( ) ( )= + +A A A AB A BAM Mω ω θ θ                                                          [4.1a] 

'' ( ) ( )= + +B B B AB B BAM Mω ω θ θ                                                     [4.1b] 

                   

Figure 4.1. Statically indeterminate beam1 

 

Figure 4.2. The moments at the ends of the studied beam 

If the support settlement is taken into consideration (Figure 4.3), the system of 
equations [4.1] is written as 

' ( ) ( )= + + +A A A AB A BA AM Mω ω θ θ β   [4.2a]                                                   
'' ( ) ( )= + + +B B B AB B BA BM Mω ω θ θ β     [4.2b]                                                   

From Figure 4.3, we can say that  

= =A Bβ β β                                                                                          [4.2c] 

The relationships of [4.2] become  

' ( ) ( )= + + +A A A AB A BAM Mω ω θ θ β                                            [4.3a] 

'' ( ) ( )= + + +B B B AB B BAM Mω ω θ θ β  [4.3b] 

                            
1 All of the figures in this chapter are available to view in full color at www.iste.co. 
uk/khalfallah/analysis2.zip. 

q(x) 

EI,L3 A
  MAB 

MBA

www.iste.co.uk/khalfallah/analysis2.zip
www.iste.co.uk/khalfallah/analysis2.zip
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Figure 4.3. Deflection due to support settlement 

The loading applied to element (AB) generates at ends A and B bending 
moments called “fixed-end moments”, denoted as γ  (Figure 4.4) whose expressions 
depend on the applied loading. They can be determined using the method of three 
moments (Chapter 2). In the case of a beam with constant inertia, determining the 
fixed-end moments ABγ  and BAγ  is written as 

' 0+ − =A AB BAa bω γ γ         [4.4a] 

'' 0− + =B AB BAb cω γ γ                                       [4.4b] 

 

Figure 4.4. Fixed-end moment 

The expressions of the slopes at the ends of the fundamental system due to the 
applied load are given as    

' = − +A AB BAa bω γ γ   [4.5a] 

 

EI,L    A B

q(x) 

ABγ

BAγ

   A 
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 By
     Ay

 Bβ
 Aβ

E, I, L
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q(x) 
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'' = −B AB BAb cω γ γ   [4.5b] 

The slopes at joints A and B due to moments MAB and MBA are given as 

'= + − +A A AB BAaM bMω ω β  [4.6a] 

''= − + +B B AB BAbM cMω ω β  [4.6b] 

We substitute the system of equation [4.5] with [4.6]; we obtain the slope 
expressions of the given system. 

= − + + − +A AB BA AB BAa b aM bMω γ γ β   [4.7a] 

= − − + +B AB BA AB BAb c bM cMω γ γ β   [4.7b] 

The system of equations [4.7] is written in the following form: 

− = + − −AB BA A AB BAaM bM a bω γ γ β   [4.8a] 

− + = − + −AB BA B AB BAbM cM b cω γ γ β   [4.8b] 

Resolving the system of equations [4.8] allows us to determine the moments at 
the end joints of the bar (AB).  

² ² ²
+= + + −

− − −AB AB A B
c b b cM

ac b ac b ac b
γ ω ω β  [4.9a] 

² ² ²
+= + + −

− − −BA BA A B
b a b aM

b ac b ac b ac
γ ω ω β    [4.9b] 

The bending moments at the ends of the bar (AB) are expressed according to the 
fixed-end moments, the slopes at joints Aω , Bω  and the support settlement β .  
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4.2. Fixed-end moments  

4.2.1. Bi-hinged beam 

The formulas of the fixed-end moments due to external loading can be deduced 
using the method of three moments (Chapter 2). In this case, we consider a bi-fixed 
support beam subjected to any load (Figure 4.4). The equation of three moments 
makes it possible to write   

' 0+ − =A AB BAa bω γ γ   

'' 0− + =B AB BAb cω γ γ   

The fixed-end moment expressions are given as 

' ''

²
+

=
−

A B
AB

c b
b ac

ω ωγ  

' ''

²
+

=
−

A B
BA

b a
b ac

ω ωγ  

For example, a beam of length L and constant flexural rigidity EI are stressed by 
a concentrated load applied at distance a from support A (Figure 4.5). The slopes at 
the ends of a statically determinate beam are  

' ( )
6

+= −A
Pab L b

EIL
ω  

'' ( )
6

+=B
Pab L a

EIL
ω  

 
Figure 4.5. Bi-hinged beam 
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  a               b= L-a 

BAγ
 

ABγ
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    P 
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Hence the fixed-end moments at A and B are given as  

²
²

=AB
Pab

L
γ  

²
²

= −BA
Pa b

L
γ  

4.2.2. Simply supported beam  

The slope-deflection method equations [4.9] depend on the connection between 
the bar and the external environment. When this connection is a roller or hinge 
(Figure 4.6), which allows for a slope, moment MAB is therefore zero. Equation 
[4.9b] becomes  

 
 

Figure 4.6. Simply supported beam 

The fixed-end moment at joint B is   

'' 3
16

= − = −B
BA PL

c
ωγ  

The fixed-end moments of some beams according to types of loading are given 
in the Appendix.   

4.3 Rigidity factor and transmission coefficient 

Beam (AB) of constant rigidity (EI) and length L is subject to the effect of 
couple MAB (Figure 4.7). The beam is not loaded and the support settlement is 
neglected. We apply the slope-deflection method formula [4.9a].  

²
=

−AB A
cM

ac b
ω  [4.10] 

E, I   A      B 

      P 

    L/2                      L/2 
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Equation [4.10] describes the relationship between the applied couple MAB and 
the slope of joint A. The connection parameter is defined by the rigidity factor and  
written as k. 

²
=

−AB
ck

ac b
    [4.11] 

 

Figure  4.7. Beam subjected to couple MAB 

Substituting the relationship [4.11] with [4.10], we obtain   

=AB AB AM k ω  [4.12] 

In the case of a beam with constant inertia, we have  

a = 2 b = c = 
3

L
EI

  [4.13] 

For a bi-fixed support element, the rigidity factor is given as 

2 2 4
² 2 .2 ² 3

= = = =
− −AB
c b EIk

ac b b b b b L
 [4.14] 

The rigidity factor k represents the distribution of flexural rigidity (EI) along the 
studied element. 

So we can establish the expression of moment MBA due to the effect of the 
transmission of moment MAB using equation [4.9b] (Figure 4.8). 

²
=

−BA A
bM

b ac
ω   [4.15] 

 

 

 
E, I, L 

 A  B 
MAB 



144     Structural Analysis 2 

In another way: 

²
=

−BA A
c bM

b ac c
ω  [4.16] 

 

 

Figure 4.8. Beam subjected to MAB 

Substituting the expression [4.10] with [4.16], we obtain  

=BA AB
bM M
c

 [4.17] 

We conclude that moment MAB transmits to the adjacent end a moment

=BA AB
bM M
c

 

We define the transmission factor by the quantity ABλ which has the expression  

=AB
b
c

λ  [4.18] 

For a beam with constant inertia, the transmission factor is  

1
2 2

= =AB
b
b

λ  [4.19] 

Generally, we can write the expressions of moments at the ends of the joints 
[4.9] by introducing the rigidity factors and the transmission coefficients by  

(1 )= + + − +ij ij ij i ji ji j ij ijM k k kγ ω λ ω λ β   [4.20a] 

(1 )= + + − +ji ji ij ij i ji j ji jiM k k kγ λ ω ω λ β   [4.20b] 

 

 MBA 

E, I, L 

 A  B MAB 
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Particular cases  

– Support B is fixed (Figure 4.9)  

 

Figure 4.9. Beam fixed in B 

Using relationships [4.14] and [4.19], the rigidity factor and the transmission 
coefficient of bar (AB) are given as 

4=AB
EIk
L

   

1
2

=ABλ  

– Support B is a roller (Figure 4.10) 

' ' ' .= +AB AB A AB AB BM k kω λ ω  [4.21] 

 

 

Figure 4.10. Simply supported beam in B 

The index (') is introduced to describe the nature of the beam’s connection with 
the external environment at point B.   

The quantity ' '. .AB AB Bk λ ω  represents the moment transmitted due to the effect of 
MAB. Knowing that this moment is zero means that the effect of the transmission did 
not take place.  This allows us to write  

' 0=ABλ  
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The relationship [4.21] is written as 

' .=AB AB AM k ω  [4.22] 

0=BAM       [4.23] 

It is necessary to evaluate the slope at support A using relationship [4.22] under 
the effect of the applied moment MAB (Figure 4.11). 

 

Figure 4.11. Deformed beam 

The expression of the bending moment becomes  

M(x) = - MAB (1- x
L

)  [4.24] 

Applying a unit moment at support A, we obtain the bending moment variation.   

( ) (1 )= − − xm x
L

  [4.25] 

The expression of the slope Aω using the method of virtual work can be deduced 
by  

0 0

(1 )(1 )( ) ( ) − −
= = = 

L L AB

A AB

x xMM x m x L Ldx dx M a
EI EI

ω    [4.26]               

Using relationships [4.22] and [4.26], we can say 

3= =A
AB A

EIM
a L

ω ω   [4.27] 

 Hence the rigidity factor of the bar (AB) is  

' 3=AB
EIk
L

  [4.28]    

E, I, L 

 A      B 
 MAB    Aω
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Moment MBA is zero, which means that no transmission ' 0=ABλ of the moment 
can be made due to the effect of the applied moment MAB.  

– Support settlement 

The effect of the support settlement can be shown in the formation of moments 
at the ends of the studied beam (Figure 4.12). 

(1 )= − +AB AB ABM k λ β   [4.29] 

(1 )= − +BA BA BAM k λ β   [4.30] 

For small slopes, we can write  

−
≈ = − B Ay ytg

L
β β   [4.31] 

 

Figure 4.12. Support settlement 

We put Δ = −B Ay y  

(1 ) Δ= +AB AB ABM k
L

λ  [4.32] 

(1 ) Δ= +BA BA BAM k
L

λ   [4.33] 
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4.4. Beam analysis  

The steps for continuous beam analysis using the slope-deflection method can be 
grouped into:  

– the identification of unknown joint slopes of a continuous beam, which will 
subsequently be the unknowns of the problem;  

– we calculate the rigidity factors, the transmission coefficients and the  
fixed-end moments of each loaded span;   

– if the support settlement is taken into account, the corresponding slopes are 
also calculated by dividing the relative translation over the length of each span;  

– we write the expressions of moments at the ends of each bar of the continuous 
beam;        

– then, the equilibrium conditions of the bending moments are applied to each 
joint that can be rotated;  

– resolving the system of equations, which has been constructed, makes it 
possible to determine the slopes at the joints;  

– the moments at the ends of each bar of the continuous beam are recalculated 
by substituting the slopes calculated in the previous step in the expression of the 
moment at each end. In this case, we can check the equilibrium of the joints by 
adding up the moments at each joint.       

In general, we formulate the expressions of the bending moment, shear force and 
support reactions. The bending moment is established from the results obtained in 
the last step, while the shear force is evaluated using external loading and the 
moments at the ends of each bar. Applying the equilibrium equations for each bar 
leads to calculating the shear forces. The support reactions are determined using the 
equilibrium of the joints of the structure. 

4.4.1. Single span beam  

The single-span beam was analyzed by the method of three moments  
(Figure 2.8) and then by the method of forces (Figure 3.2).  

– Rigidity factor 

' 3=AB
EIK
L
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– Transmission coefficient 

' 0.=ABλ  

– Fixed-end moments 

To calculate the fixed-end moment ABγ , we use the method of three moments. 

' 0= + + =A A AB BAa bω ω γ γ  

Knowing that 0.=BAγ  and ' 5 ²
81

= −A
PL
EI

ω  

5
27

=AB PLγ  

The expression of the bending moment is  

' ' '= + +AB AB AB A AB AB BM K Kγ ω λ ω  

Substituting the rigidity factor values '
ABK and the transmission coefficient '

ABλ , 
we obtain  

 5
27

=ABM PL  

0.=BAM  

The equilibrium in relation to point A is 

 0.
3

+ − =B AB
PLV L M     

Hence the support reaction at B is 

4
3 27

= − =AB
B

MPV P
L  
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The vertical equilibrium leads to  

23
27

= − =A BV P V P  

Figure 4.14 shows support reactions. 

 

 

 

Figure 4.13. Support reaction *(
P
27 ) and moment *(

PL
27 ) 

 

The beam deflection is given by Figure 4.15. 

 

Figure 4.14. Deformed beam 

4.4.2. Continuous beam  

This involves analyzing the continuous beam (Figure 2.21). We assume that the 
flexural rigidity (EI) is constant. The beam is subjected to a uniformly distributed 
load q and by a concentrated force P. This example is examined using the method of 
three moments (Figure 2.21) and the method of forces (Figure 3.5).   

– Rigidity factors  

4= = = =AB BA BC CB
EIK K K K
L

 

      
B A 

     P 

''
Bω

maxδ

B 
EI   A 

         P 

VB= 4 VA= 23 MA= 5 



Slope-Deflection Method     151 

– Transmission coefficients  

1
2

= = = =AB BA BC CBλ λ λ λ  

– Fixed-end moments 

21
12

= − =AB BC qLγ γ  

4 4 ²
27 27

= =BC PL qLγ  

2 2 ²
27 27

= − = −CB PL qLγ
 

– Unknowns of problem 

In the given structure (Figure 2.21), the slopes at joints A and C are zero. The 
only unknown is the slope at joint B.  

– Equilibrium equations 

Resolving this problem requires one single equation.    

We consider the equilibrium at joint B. 

MB = 0:  MBA + MBC = 0 

– Expressions of moments at the ends  

The formulas that give the moments at the joints of each span are   

² 2
12

= +AB B
qL EIM

L
ω  

² 4
12

= − +BA B
qL EIM

L
ω

 

 



152     Structural Analysis 2 

4 4²
27

= +BC B
EIM qL
L

ω  

2 2²
27

= − +CB B
EIM qL
L

ω  

– Calculation of the slope at joint B  

To calculate slope Bω , we substitute the expressions of moments in the previous 
equilibrium equation. We obtain  

² 4 4 ² 4 0
12 27

− + + + =B
qL EI qL EI

L L
ω  

Hence 
 

37
864

= −B
qL
EI

ω  

– Moments at the ends of bars   

Substituting the expressions of slopes Bω with the expressions giving the 
bending moments, we obtain  

² 2 29 ²
12 432

= + =AB B
qL EIM qL

L
ω  

² 4 50 ²
12 432

= − + = −BA B
qL EIM qL

L
ω  

4 4 50² ²
27 432

= + =BC B
EIM qL qL
L

ω  

2 2 39² ²
27 432

= − + = −CB B
EIM qL qL
L

ω
 

The diagrams of the bending moment and the shear force are shown in Figures 
2.21 and 2.22. 
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Applying the equilibrium equations at each span leads to  

1 192
2 432

−
= + =BA AB

A
M MV qL qL

L
 

(1) 1 237
2 432

−
= + =BA AB

B
M M

V qL qL
L

 

(2) 2 299
3 432

−
= + =CB BC

B
M M PV qL

L
 

(1) (2) 536
432

= + =B B BV V V qL  

133
3 432

−
= + =CB BC

C
M M PV qL

L
 

Figure 4.15 shows the deflection and the support reactions. 

 

 

 

 

Figure 4.15. Deflection of the beam and support reaction 

4.4.3. Continuous beam with cantilever  

We analyze the continuous beam with a cantilever as shown in Figure 2.27. 
Flexural rigidity (EI) is constant for both spans.  

– Rigidity factors  

12 21 23 32
4= = = = EIK K K K

L  

 

 P=qL 
  q 

192 536 133 
39 29 

 Reaction*( ) and moments *( ) 432
qL 2

432
qL
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– Transmission coefficients  

12 21 23 32
1
2

= = = =λ λ λ λ  

– Fixed-end moments 

For simplification reasons, we put P = qL. 

23 32
1 . ²

12
= − = q Lγ γ  

– Equilibrium equations 

To analyze the given beam (Figure 2.27), it is necessary to build a system of 
equations which allows the slopes of joints 2ω  and 3ω  to be quantified.  

The equilibrium of the beam allows us to write    

M21 + M23 = 0 

M32 + 0.
5

=PL  

– Slope-deflection method equation 

The direct application of the slope-deflection method and the use of formulas, 
which give the moments at the joints of each span, result in 

12 2
2= EIM

L
ω  

21 2
4= EIM

L
ω  

23 2 3
1 4 2. ²

12
= + +EI EIM q L

L L
ω ω  

32 2 3
1 2 4. ²

12
= − + +EI EIM q L

L L
ω ω
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– Calculating slopes at joints  

The equilibrium equations established at joints 2 and 3 are written as 

  
3

2 38 2
12

+ = −
qL

EI
ω ω  

3

2 3
²2 4

12 5
+ = −

qL PL
EI EI

ω ω  

The resolution of the equation leads to calculating the slopes  

3

2
1

280
= −

qL
EI

ω  

3

3
23

840
= −

qL
EI

ω  

– Moments at the ends of bars   

Substituting the expressions of slopes 2ω  and 3ω  with the expressions of 
moments, we obtain  

12
1 . ²

140
= −M q L  

21
1 . ²
70

= −M q L  

23
1 4 46 1. ² . ² . ² . ²

12 280 840 70
= − − =M q L q L q L q L  

32
1 2 96 1. ² . ² . ² . ²

12 280 840 5
= − − − = −M q L q L q L q L  

The results obtained are identical to those obtained in Chapters 2 and 3. 

From the shear force diagram (Figure 2.29), we can evaluate the support 
reactions of the beam, which are:   

R1= 3
140
− qL     
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R2= 47
140

qL     

R3= 236
140

qL     

The diagram of the support reactions and deflection is represented in Figure 
4.16. 

 

 

 

Figure 4.16. Support reactions: load (* 1 qL
140

) and moment (* 1 qL²
140

) 

4.4.4. Beam with support settlements 

Determine the support reactions and calculate the moments at the ends of each 
bar of a continuous beam subjected to support settlements B and C of 1Δ  and 2Δ
using the slope-deflection method (Figure 2.24).  

Draw the bending moment diagram for 1 22Δ = Δ .  

The unknowns of the problem are effectively the slopes Bω  and Cω .  

– Rigidity factors  

4= = = =AB BA BC CB
EIK K K K
L

 

3=CD
EIK
L

 

– Transmission coefficients  

1
2

= = = =AB BA CD CDλ λ λ λ  

' 0=CDλ  

  q 
 P 

4δ
        3                              47                              236                 

1       
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– Fixed-end moments 

No external load is applied along the beam, so fixed-end moments are zero.  

– Equilibrium equations 

The equilibrium of the beam is written as 

MBA + MBC = 0 

MCB + MCD = 0 

– Slope-deflection method equation 

Applying the slope-deflection method equations for each span, we obtain  

1
2 6= −AB B

EI EIM
L L

ω β  

1
4 6= −BA B

EI EIM
L L

ω β  

2
4 2 6= + −BC B C

EI EI EIM
L L L

ω ω β  

2
2 4 6= + −CB B C

EI EI EIM
L L L

ω ω β  

3
3 3= +CD C

EI EIM
L L

ω β  

0=DCM  

Knowing that 1 2
1

2Δ Δ
= − = −

L L
β , 1 2 2

2
Δ − Δ Δ

= =
L L

β and 2
3

Δ
=

L
β , the new 

expressions of the bending moments at the ends of each bar are given as 

2
2 12

²
= + ΔAB B

EI EIM
L L

ω  
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2
4 12

²
= + ΔBA B

EI EIM
L L

ω  

2
4 2 6

²
= + − ΔBC B C

EI EI EIM
L L L

ω ω  

2
2 4 6

²
= + − ΔCB B C

EI EI EIM
L L L

ω ω  

2
3 3

²
= − ΔCD C

EI EIM
L L

ω
 

– Calculating slopes at joints  

Applying the equilibrium equations to joints B and C, we deduce the following 
system of equations:  

 28 2 6 Δ
+ =B C L

ω ω  

22 7 9 Δ
+ = −B C L

ω ω  

Resolving the system of equations leads to evaluating the slopes at joints:   

215
13

Δ
= −B L

ω  

221
13

Δ
=C L

ω  

– Moments at the ends of bars   

The moments at the ends of each bar are as follows 

2
126
13 ²

= ΔAB
EIM
L

 

2
96
13 ²

= ΔBA
EIM
L
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2
96
13 ²

= − ΔBC
EIM
L

 

2
24
13 ²

= − ΔCB
EIM
L

 

2
24
13 ²

= ΔCD
EIM
L

 

The diagrams of the bending moment and the shear force are shown, 
respectively, in Figures 2.25 and 2.26.

 
From the shear force diagram (Figure 2.26), we can evaluate the support 

reactions.  

RA = 23
222
13

ΔEI
L

    

RB = 23
222
13

− ΔEI
L

+ 2 23 3
120 342( )
13 13

− Δ = − ΔEI EI
L L

 

RC = 23
144
13

ΔEI
L

    

RD = 3
24
13

− ΔEI
L

    

The bending moment diagram is shown in Figure 4.17. 

 

Figure 4.17. Support actions: reactions * ( Δ23
1 EI

13 L ) and moments * ( Δ22
1 EI

13 L ) 

A B C    D 

144 342 222 
126 
L          24 
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4.4.5. Beam subjected to a moment 

We analyze the beam in Figure 2.30 using the slope-deflection method. We 
assume that the flexural rigidity EI and the length of the spans are constant. The 
purpose of this example is to present the distribution of moment M4 = 15 kN·m 
along the continuous beam using the slope-deflection method. 

– Rigidity factors 

21 34
3= = EIK K

L
 

23 32
4= = EIK K

L
 

– Transmission coefficients
 

21 34
3= = EI

L
λ λ  

23 32
4= = EI

L
λ λ  

– Calculation of moments
 

The beam is extended (Figure 2.40) by length L5 = 0 (Figure 4.18). 

12 0=M  

21 2
3= EIM

L
ω  

23 2 3
4 2= +EI EIM

L L
ω ω  

 
Figure 4.18. Beam extension 
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 32 3 2
4 2= +EI EIM

L L
ω ω

 

34 3 4
4 2= +EI EIM

L L
ω ω  

43 3 4
2 4= +EI EIM

L L
ω ω

 

45 0.=M  

– Joint equilibrium 
 

Joint 2  

21 23 0+ =M M  : 2 37 2 0.+ =ω ω  

32 34 0+ =M M  :  2 3 42 8 2 0.+ + =ω ω ω  

43 45 0+ = −M M M  : 0
3 42 4+ =

M L
EI

ω ω  

Resolving the previous equations leads to the determination of the slopes of 
joints 2–4. 

 Knowing that: 

2 3
2
7

=ω ω  

0 3
4 4 2

= −
M L

EI
ωω  

Hence  

0
3

7
90

= −
M L

EI
ω
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and consequently,  

0
2 45

=
M L

EI
ω  

0
4

13
45

=
M L

EI
ω  

12 0=M  

0
21 2

3 1kN.m
15

= = =
MEIM

L
ω  

0
23 2 3

4 2 1kN.m
15

= + = − = −
MEI EIM

L L
ω ω  

0
32 3 2

44 2 4kN.m
15

= + = − = −
MEI EIM

L L
ω ω  

34 3 4 0
4 2 4 4 kN.m

15
= + = =EI EIM M

L L
ω ω  

43 3 4 0
2 4 15kN.m= + = =EI EIM M

L L
ω ω  

45 0.=M  

The diagrams of the bending moment and the shear force are shown in Figures 
2.41 and 2.42, respectively. We associate the moments at the ends of each bar 
(Figure 4.19). 

 

Figure 4.19. The moments at the ends of each beam 
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Applying the equilibrium equations at each span leads to: 

21
1

1= =
MV

L L
 

(1) 21
2

1−
= = −

MV
L L

 

(2) 23 32
2

5+
= − = −

M M
V

L L
 

(1) (2)
2 2 2

6= + = −V V V
L

 

(2) 23 32
3

5+
= =

M M
V

L L
 

(3) 34 34
3

19+
= =

M M
V

L L
 

(2) (3)
3 3 3

24= + =V V V
L

 

34 34
4

19+
= − = −

M M
V

L L
 

Figure 4.20 shows the nature of the deflection and the support reactions.
 

 
Figure 4.20. Deflection of the beam and support reaction*(

1
L

) 
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4.5. Analysis of frames    

The slope-deflection method is a widely used tool in indeterminate structure 
analysis. For structures subjected to vertical loads, the axial deflections have a weak 
or very weak influence. For this reason, they are neglected in the calculation.   

In literature, frames are grouped into two categories: (1) frames without 
sidesway and (2) frames with sidesway. 

4.5.1. Frame without sidesway    

4.5.1.1. Simple frame 

We analyze the simple frame in Figure 3.25 using the slope-deflection method. 
Flexural rigidities and geometric dimensions are shown in the figure.  

– Rigidity factors 

4= =AB BA
EIK K
L

 

6=BC
EIK
L

 

– Transmission coefficients
 

     1
2

= =AB BAλ λ  

     0=BCλ  

– Fixed-end moments
 

   21
8

=BC qLγ  

–  Moments at the ends of bars 
 

2=AB B
EIM
L

ω  
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4=BA B
EIM
L

ω  

26 1 6
8

= + = +BC BC B B
EI EIM qL
L L

γ ω ω  

0=CBM  

– Joint equilibrium 
 

Joint B 
 

0+ =BA BCM M   

24 6 1 0
8

+ + =B B
EI EI qL
L L

ω ω  

The slope at joint B is  

31
80

= −B
qL
EI

ω  

The values of the moments at the ends of each bar are given as: 

22 1
40

= = −AB B
EIM qL
L

ω  

24 1
20

= = −BA B
EIM qL
L

ω  

2 26 1 6 1
8 20

= + = + =BC BC B B
EI EIM qL qL
L L

γ ω ω  

0=CBM  
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Figure 4.21. The Column (AB) 

or for bar (AB):  

/ 0= BM  : 0− − =A AB BAT L M M  

3
40

=AH qL  

3
40

= −BT qL  

This time we consider bar (BC):  

/ 0= BM   : 1 ² 0
2

+ − =C BAV L M qL   

9
20

=CV qL  

/ 0= CM  : 1 ² 0
2

− − =B BAT L M qL  

11
20

=BT qL  

BAM  B 

  A 

  L 

ABM  
 VA 

 NB 

 HA 

 TB 
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Figure 4.22. The bar (BC) 

The diagrams of the bending moment and the shear force are shown in Figures 
3.30 and 3.31. 

These results allow us to deduce the support reactions. 

11
20

= =B BV T qL  

3
40

= − = −C AH H qL  

In the same way, the deflection and the support reactions can be shown in Figure 
4.21. 

 

Figure 4.23. Deflection of the beam, support reaction*(
qL
40

) and moment (
2qL

40
) 

   q 

  B 

  L 

  C 

   HC 

  VC 

NB 

  TB 
  MB 

 

 

 

   q 

  B 

  A 

  C 

 6 

 6 

 22 

 18 

 1 
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4.5.1.2. Multiple span frame    

 Calculate the moments at the joints of the frame (Figure 4.24) and draw 
diagrams of the bending moment and shear force of the frame.  

 

Figure 4.24. Symmetrical frame 

– Equilibrium equations 

The equilibrium equations of the joints, which can be rotated, are given as 

MB = 0 

MC = 0 

In another way, we can write   

MBA + MBC + MBF = 0 

MCB + MCD + MCE = 0 

– Expressions of moments 

We have P = qL. 

The fixed-end moments of each span are given by  

3 3 . ²
16 16

= − = −BF PL q Lγ  

0= =AB BAγ γ  
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1 ²
12

= − =BC CB qLγ γ  

3 3 ²
16 16

= =CE PL qLγ ,   0=ECγ  

0= =CD DCγ γ  

The expressions of the moments at the ends of each bar can be formulated using 
the advantage of the structure’s symmetry ( = −B Cω ω  ). 

0=ABM  

3=BA B
EIM
L

ω  

1 8 4 1 4² ²
12 12

= + + = +BC B C B
EI EI EIM qL qL
L L L

ω ω ω  

3 3²
16

= − +BF B
EIM qL
L

ω  

0=FBM  

– The unknowns of the problem   

Substituting the expressions of the moments described above with equilibrium 
equations of the joints, we can obtain the slope of joint B. 

  
3

96.
=B

qL
EI

ω  

– Moments at the ends of bars   

Substituting the expressions of slopes Bω  and Cω  with the expressions of the 
moments at the ends of each bar, we get  

3 1 ²
32

= = =BA CD B
EIM M qL
L

ω  
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1 4 1² ²
12 8

= = + =BC CB B
EIM M qL qL
L

ω  

3 3 5² ²
16 32

= = − + = −BF CE B
EIM M qL qL
L

ω  

The bending moment and shear force expressions are given as 

Bar (AB) 

( ) ( ) (1 ) ( )= − − +AB AB AB BA
x xM x x M M
L L

μ = 1 1²( )
32 32

=xqL qLx
L

  

                     (0) 0=ABM  

                    1( ) ²
32

=ABM L qL  

Bar (BC) 

1 1 1 1 1 1 1( ) ² ²(1 ) ²( ) ² ²
2 2 8 8 2 2 8

= − − − − = − −BC
x xM x qLx qx qL qL qLx qx qL
L L

 

                           1(0) ²
8

= −BCM qL  

                           1( ) ²
8

= −BCM L qL  

Bar (BF) 

0
2

≤ ≤ Lx  

1 5 11( ) ²( )
2 32 32

= − =BF
xM x qLx qL qLx
L

              

                   (0) 0=BFM  

          11( ) ²
2 62

=BF
LM qL  
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2
≤ ≤L x L  

1 1 5 1 21( ) ² ²( ) ²
2 2 32 2 32

= − − = −FB
xM x qL qLx qL qL qLx
L

 

                           11( ) ²
2 64

=FB
LM qL  

                           5( ) ²
32

= −FBM L qL  

The bending moment diagram is shown in Figure 4.25.   

 

Figure 4.25. Bending moment diagram * (
1 qL²
32

) 

In the same way, the distribution of the shear force is given by  

Bar (AB) 

( )( )( ) +
= = +AB AB BA

AB
d x M MdM xT x

dx dx L
μ = 1

32
qL   

Bar (BC) 

1( ) . .
2

= −BCT x q L q x  



172     Structural Analysis 2 

1(0)
2

=BCT qL
 

1( )
2

= −BCT L qL  

Bar (FB) 

0
2

≤ ≤ Lx  

11( ) .
32

=FBT x q L  

2
≤ ≤L x L  

21( ) .
32

= −FBT x q L  

Bar (CD) 

1( )
32

= −CDT x qL  

Bar (CE) 

0
2

≤ ≤ Lx      

     21( )
32

=CET x qL  

2
≤ ≤L x L  

21( )
32

= −CET x qL
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Figure 4.26. The Column (AB) 

Bar (AB)  

/ 0= BM  : 0− =A BAH L M  

1
32

=AH qL  

1
32

=BAT qL  

The shear force diagram is shown in Figure 4.27.
 

 

Figure 4.27. Shear force diagram * (
1 qL
32

) 

 

BAM  

  B 

  A 

  L 

 VA 

 NB 

 HA 

BAT
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This time we consider bar (FB). 

/ 0= BM  : 0+ − =F BFV L M PL  

11
32

=FV qL  

/ 0= yyF  : 0+ − =BF FT V P  

21 21
32 32

= =BFT P qL
 

 

Figure 4.28. Bar (FB) 

Hence  

21
32

=AV qL  

1
32

= =F BAH T qL  

Finally, the deflection and support reactions acting on the frame are plotted in 
Figure 4.29. 

 

 

 

    P 

  F 

  2@L/2 

  B 
  HF 

 VF 

  NB 

  TBF   MBF 
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Figure 4.29. Deflection of the beam and support reactions *(
qL
32

) 

4.5.1.3. Frames with support settlement 

Determine the moments at the joints and plot the diagrams of the bending 
moment and shear force due to a settlement of support B of a quantity Δ . It is 
assumed that the axial deformation of bar (BC) is neglected; the settlement Δ of 
support C causes a settlement of joint B of the same quantity (Figure 4.30). This 
settlement causes the bars to incline and AB and BD are AB’ and DB’ in the 
deformed configuration. This settlement generates a slope on the bars; this slope is 

negative and Δ= −
L

ψ . 

Using the adopted sign convention, we associate a negative slope ( −ψ  ) with bar 
AB and a positive slope ( 'ψ ) with bar BD (Chapter 1). 

Applying the slope-deflection method means we can calculate the moments at 
the joints of the given frame.  

2 6= −AB B
EI EIM
L L

ω ψ  

4 6= −BA B
EI EIM
L L

ω ψ  
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3 3 '= −BD B
EI EIM
L L

ω ψ  

4=BC B
EIM
L

ω  

2=CB B
EIM
L

ω  

0.=DBM  

Knowing that '= −ψ ψ  

3 3= +BD B
EI EIM
L L

ω ψ  

The equilibrium of joint B is written as 

0= BM : 11 3 0− =B
EI EI
L L

ω ψ  

This relationship allows us to deduce the slope at joint B, which is  

3
11

= +Bω ψ  

 

Figure 4.30. Frame under support settlement 
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The expressions of moments at the ends in relation to the settlement of support B 
are 

60
11

= −AB
EIM
L

ψ  

54
11

= −BA
EIM
L

ψ  

42
11

=BD
EIM
L

ψ  

12
11

=BC
EIM
L

ψ  

6
11

=CB
EIM
L

ψ  

0=DBM  

Substituting the value of the slope due to the settlement at support C, the 
moments at the ends of the bars become  

60
11 ²

= ΔAB
EIM
L

 

54
11 ²

= ΔBA
EIM
L

 

42
11 ²

= − ΔBD
EIM
L

 

12
11 ²

= − ΔBC
EIM
L

 

6
11 ²

= − ΔCB
EIM
L

 

0=DBM  
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The bending moment expressions are given as  

Bar (AB) 

60( ) (1 )
11 ²

= − Δ − +AB
EI xM x
L L

54 ( )
11 ²

ΔEI x
L L

 

Bar (BC) 

12( ) (1 )
11 ²

= Δ −BC
EI xM x
L L

6 ( )
11 ²

− ΔEI x
L L

 

Bar (BD) 

42( ) (1 )
11 ²

= Δ −BD
EI xM x
L L

 

The shear force expression of each element is given by  

3 3 3
60 54 114

1111 11
= Δ + Δ = ΔAB

EI EI EIT
L L L

 

3
42
11

= − ΔBD
EIT
L

 

12 6 18
11 11 11

= − Δ − Δ = − ΔBC
EI EI EIT
L L L

 

Figure 4.31 plots the bending moment diagram.  

   

 

 

 

 

 

Figure 4.31. Bending moment diagram* ΔEI
11L²

 

  A 
    B 

    C 

    D 

54             

60               12           

42             

   6            
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Similarly, Figure 4.33 shows the variation of the shear force of the frame.
 

The equilibrium of bar (AB) allows us to write  

/ 0= BM  : 0− − =A AB BAV L M M  

3
114
11

= ΔA
EIV
L

 

3
114
11

= − ΔBA
EIT
L

 

 

 

 

 

Figure 4.32. Bar (AB) 

 

 

 

 

Figure 4.33. Shear force diagram *( Δ3
1 EI

11 L
) 
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  B     HA 
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   TBA 
   MBA 

  MAB 

   Δ
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      D 

     42         

   114         

  - 18          
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Now we consider bar (CB). 

/ 0= BM  : 0− − =C AB BAH L M M   

3
18
11

= ΔC
EIH
L  

 Figure 4.34. Bar (CB) 

Hence, 3
18
11

= = ΔBA C
EIT H
L

 

Bar (BD)  

/ 0= DM  : 0+ =BD BDT L M  

3
42
11

= − ΔBD
EIT
L

 

 

 

BAM   B 

  C 

VC

 NB 

 HC 

BAT

CBM
 

BAM   B 

  C 

   L 

VC

 NB 

 HC 

BAT

CBM
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Figure 4.35. Bar (BD) 

Hence; 3
42
11

= − = ΔD BD
EIV T
L

 

We can deduce that  

3
156
11

= − − = ΔC BD BA
EIV T T
L

 

The deflection and support reactions acting on the frame at the joints are 
represented in Figure 4.36. 

 

Figure 4.36. Deflection, fixed moments * ( 2
1 El Δ

11 L
) and support reactions of frame 

and support reactions *( 3
1 El Δ

11 L
) 

HD 

     L 

  D 

  NBD   TBD 

  VD 

  MBD 
   Δ

   B 
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4.5.2. Frames with sidesway    

The slope-deflection method expressions can be applied to the analysis of 
statically indeterminate frames subjected to horizontal displacements. In general, 
axial deformations in frame elements are neglected. In previous sections, we studied 
frames without sidesway, which are characterized by the following:   

– the joints of the frame are considered fixed; 

– the frame’s geometry and loading are symmetrical.    

The horizontal displacement of the frames is due to the non-symmetry in 
geometry or the non-symmetry of the applied loading or the effect of a horizontal 
force.  

To analyze frames with sidesway, consider frame (Figure 4.37). In this case, the 
horizontal load P causes a horizontal displacement Δ  of the frame in the direction 
of force’s application. In this case, we must take into account the angular rotation β
of columns (AB) and (CD) due to horizontal displacement Δ . The horizontal bar 
(BC) can be translated without angular rotation.     

The effect of the horizontal force can be expressed by neglecting the vertical 
actions, which generates moments at the ends of the vertical bars.   

 

Figure 4.37. Frame with sidesway 
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Column (AB) 

4 1 6(1 ) (1 )
2

= − + = − + = −AB AB AB
EI EIM k
h h

λ β β β   [4.34a] 

4 1 6(1 ) (1 )
2

= − + = − + = −BA BA BA
EI EIM k
h h

λ β β β   [4.34b] 

Column (CD) 

' ' 3 3(1 )= − + = − = −CD CD CD
EI EIM k
h h

λ β β β   [4.35a] 

0=DCM   [4.35b] 

4.5.2.1. Frames with cantilever    

We use the slope-deflection method to analyze the frame shown in Figure 3.26. 
We assume that EI is constant for each span and P = q.L. 

– Equilibrium equations 

The equilibrium of the frame allows us to write the following equilibrium equations: 

MB = 0 

MC = 1 1 ²
5 5

− = −PL qL  

In another way, we can write 

MBA + MBC = 0 

MCB + MCD = 1 ²
5

− qL  

– Fixed-end moments  

0= =AB BAγ γ     

1 ²
12

= − =BC CB qLγ γ  

0= =CD DCγ γ  
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– Moments at the ends of bars 

0=ABM  

3 3= −BA B
EI EIM
L L

ω β  

1 4 2²
12

= + +BC B C
EI EIM qL
L L

ω ω  

1 2 4²
12

= − + +CB B C
EI EIM qL
L L

ω ω
 

4 6= −CD C
EI EIM
L L

ω β  

2 6= −DC C
EI EIM
L L

ω β  

– Rotation of displaced joints  

Substituting the expressions of moments at the ends of bars with the equilibrium 
equations, we get  

3
7 2 3

12
+ − = −B C

qL
EI

ω ω β                                                                                         

372 8 6
60

+ − = −B C
qL
EI

ω ω β   

The equilibrium of displaced joints allows for the construction of two equations 
with three unknowns, Bω , Cω  and β .  It is necessary to introduce an additional 
equation such as that of the overall equilibrium of the structure.  

The horizontal force causes a displacement in the horizontal direction producing 
a vertical bar rotation. The horizontal bar is considered as a diaphragm element, 
which undergoes a translation in its plane without rotation.  

The horizontal equilibrium of the entire structure is written as  

TAB + TDC = 0 
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The horizontal reactions or shear stresses TAB and TDC of the vertical elements 
can be calculated due to the internal actions of each bar. 

– Column (AB) 

The equilibrium of bar (AB) allows us to write   

0= BM  : 0− =BA ABM T L  

= BA
AB

MT
L

 

 

 

 

 

 

 

Figure 4.38. Bar (AB) 

Substituting the value of MBA, we find  

3 3
² ²

= −AB B
EI EIT
L L

ω β  

In the same way, we can deduce the horizontal reaction in bar (CD).  

0= CM : 0+ − =CD DC DCM M T L  

+
= DC CD

DC
M M

T
L

 

6 12
² ²

= −DC C
EI EIT
L L

ω β
 

 VA 

MBA 

 TAB 

TBA 

A  

 B 

 NBA 
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Figure 4.39. Bar (DC) 

Substituting the values of TAB and TDC in the relationship of the horizontal 
equilibrium, we obtain the following relationship.   

2 5 0+ − =B Cω ω β         

Resolving the equations, which give the slopes, leads to calculating the 
unknowns of the problem, which are  

3
0.636= −B

qL
EI

ω  

3
1.160= −C

qL
EI

ω      

3
0.60= −

qL
EI

β  

– Moments at the ends of bars   

After determining the rotations of the displaced joints, the expressions of 
moments at the ends of each bar are  

0=ABM  

3 3 0.00228 ²= − = −BA B
EI EIM qL
L L

ω β  

VD

  MCD 

   TBC 
    MDC 

TCD 

      D 

C 
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1 4 2² 0.00228 ²
12

= + + =BC B C
EI EIM qL qL
L L

ω ω  

1 2 4² 0.182 ²
12

= − + + = −CB B C
EI EIM qL qL
L L

ω ω  

4 6 0.0183 ²= − = −CD C
EI EIM qL
L L

ω β  

2 6 0.0205 ²= − =DC C
EI EIM qL
L L

ω β  

Finally, we find that the results obtained by the method of forces (Figures 3.31 
and 3.32) are in line with those obtained by the slope-deflection method.   

Support reactions can be deduced by the following:  

Bar (AB)  

/ 0= BM  : 0− =A BAH L M  

32.28.10−=AH qL  

 
Figure 4.40. Bar (AB) 

 

 

 

 

 

 

BAM  B 

  A 

  L 

 VA 

 NB 

 HA 

BAT
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Bar (DC)  

/ 0= CM  : 0− + =D CD DCH L M M   

32.28.10−= −DV qL  

/ 0= yyF  : 0.+ − =A DV V P  

/ 0= DM  : 21 0.
2 5

− + − =A DC
LV L qL P M  

0.32=AV qL  

0.32 0.68= − =DV P qL qL  

 
Figure 4.41. Bar (DC) 

Finally, the deflection and support reactions acting on the frame are presented in 
Figure 4.42. 

 

CDM C 

  D 

  L 

 VD 

 NC 

 HD 

CDT

MDC 
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Figure 4.42. Deflection of frame, fixing moment *(qL²) and support reactions*(qL) 

4.5.2.2. Frames with columns of different lengths   

We re-analyze the frame shown in Figure 3.33 using the slope-deflection 
method. We assume that the flexural rigidity of the members is constant. The 
applied loading causes the frame to deform as shown in Figure 4.43. 

The angular rotations of columns (AB) and (CD) are given as 

= =AB BAβ β β  

 

 

Figure 4.43. Deformed frame 

    A 

 P 
  q

 B C

      
D  2.28 10-3 

 0.32 
   2.28 10-3 

 0.68 

   0.0205 

8
5CD DCβ β β= =
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The expressions of the moments at the joints are given by 

 

 

 

 

 

 

The equilibrium of joints B and C allows us to write  

MBA + MBC =0 

 

MCB + MCD =0 

 

The horizontal equilibrium of the structure is written as 

TAB + TDC = 0 

The shear forces TAB and TDC of the vertical elements can be deduced by: 

– Extracting element (AB). 

 

 

5 15
2 2AB B
EI EIM
L L

ω β= −

5 15
2BA B

EI EIM
L L

ω β= −

CBBC L
EI

L
EIqLM ωω 24²

12
1 ++=

CBCB L
EI

L
EIqLM ωω 42²

12
1 ++−=

8 96
5CD C

EI EIM
L L

ω β= −

4 96
5DC C

EI EIM
L L

ω β= −

3159 2
2 12B C

qL
EI

ω ω β+ − = −

31.962 12
5 12.B C

qL
EI

ω ω β+ − =
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The bar (AB) is in equilibrium; we can write  

0= BM  

4( ) 0
5

+ − =AB BA ABM M T L  

4
5

+
= AB BA

AB
M MT

L
 

 

 

 

 

Figure 4.44 

Substituting the values of MAB and MBA, the shear force in bar (AB) is written as  

75 75
8 ² 4 ²

= −AB B
EI EIT
L L

ω β  

– In the same way, we can deduce the horizontal reaction in bar (CD). 

0= CM  

( ) 0
2

+ − =CD DC DC
LM M T  

2

+
= DC CD

DC
M M

T L
 

MBA 

 TAB 

 MAB 

  TBA 

A 

B 
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24 384
² 5 ²

= −DC C
EI EIT

L L
ω β

 

 

Figure 4.45. Bar (DC) 

We substitute the values of TAB and TDC in the relationship of the horizontal 
equilibrium.  

75 191124 0
8 20

+ − =B Cω ω β  

Resolving the equations leads to the determination of the slopes at joints B and C.   

3
0.0102= −B

qL
EI

ω  

3
0.0118=C

qL
EI

ω              

3
0.002=

qL
EI

β   

Substituting the slopes Bω , Cω  and β  with the bending moment expressions, 
we obtain  

5 15 0.0403 ²
2 2

= − = −AB B
EI EIM qL
L L

ω β  

5 15 0.0659 ²
2

= − = −BA B
EI EIM qL
L L

ω β  

MCD 

       MDC 

 TCD 

 D 

C 

TBC 

  L/2 
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1 4 2² 0.0659 ²
12

= + + =BC B C
EI EIM qL qL
L L

ω ω  

1 2 4² 0.0567 ²
12

= − + + = −CB B C
EI EIM qL qL
L L

ω ω  

8 96 0.0567 ²
5

= − =CD C
EI EIM qL
L L

ω β  

4 96 0.0096 ²
5

= − =DC C
EI EIM qL
L L

ω β  

The diagrams of the bending moment and the shear force are shown, 
respectively, in Figures 3.38 and 3.39.  

To calculate support reactions, consider bar (AB).  

/ 0= BM  : 4( ) 0
5

− − =A BA BA
LH M M  

 

 

 

 

 

 

 

Figure 4.46. Bar (AB) 

In the same way, we take bar (CD) into account.  

/ 0= CM  : 0
2

− − =D CD DC
LH M M   

0.1327AH qL=

BAM   B 

  A 

  L 

 VA 

 NB 

 HA 

BAT

 ABM
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/ 0= AM  : 23 1 0
10 2

− + − − =D D DC AB
LV L V M M qL  

 

 

Figure 4.47 shows the deflection and the support reactions acting on the frame.  

 

 

 

 

 

 

Figure 4.47. Deflection of frame, fixed moments *(qL²) and support reactions *(qL) 

4.5.2.3. Frames with oblique columns  

We analyze the frame with oblique bars shown in Figure 3.40 using the  
slope-deflection method knowing that it has already been studied using the method 
of forces. The given frame has inclined bars and has displaced joints. To analyze it 
using the slope-deflection method, it is necessary to calculate the slope due to the 
horizontal displacement of the frame.  

The unknowns of the problem are the slopes Bω , Cω  and the displacement .Δ  

– Fixed-end moment  

 

0.1326DH qL=

0.49DV qL=

0.51AV qL=

².
3
1 aqCBBC =−= γγ

    A 

      q 

  B  C 

    D 

  0.1326   0.51 

  0.49 

  0.1326 

  0.0403 

  0.0096 
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Due to the geometrical non-symmetry of the frame, its deflection is shown in 
Figure 4.48.  

The slopes of the different elements due to displacements of the joints (Figure 
4.48) are given as 

1'
2cos

Δ Δ Δ= = = =AB
AB AB AB

BB
aL L L

β
α

 

2

cos
Δ Δ Δ= = =DC
DC DC aL L

β
ψ

 

 

Figure 4.48. Deformed frame 

 1 1' ' ( ) 3
4

+ Δ + Δ= = =BC
BC BC

B B C C tg tg
aL L

α ψβ  

The direct application of the slope-deflection method gives the moments at the 
ends of each bar.  

 

 

Δ−=−=
²5

3
5

2
5

6
5

2
a

EI
a

EI
a

EI
a

EIM BABBAB ωβω

Δ−=−=
²5

3
5

4
5

6
5

4
a

EI
a

EI
a

EI
a

EIM BBABBA ωβω
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– Equilibrium equations   

The equilibrium of displaced joints B and C gives the following relationships:  

 MBA + MBC = 0 

MCB + MCD = 0 

313.788 0.908
3

Δ+ + = −B C
qa

a EI
ω ω  

314.828 1.992
3

Δ+ − =B C
qa

a EI
ω ω  

The third equilibrium equation can be obtained by considering the horizontal 
equilibrium of the frame.  

TAB + TDC = 0 

MAB + MBA – TAB (2a) + VAa =0  

or  

.
2

+ −
= AB BA A

AB
M M V aT

a
 

1 4 2 6²
3 2 2 2

1 2 9²
3 4 ²

BC B C BC

B C

EI EI EIM qa
a a a

EI EI EIqa
a a a

ω ω β

ω ω

= + + − =

+ + + Δ

1 2 4 6²
3 2 2 2

1 2 9² .
3 4 ²

CB B C CB

B C

EI EI EIM qa
a a a

EI EI EIqa
a a a

ω ω β

ω ω

= − + + − =

− + + + Δ

Δ−=−=
²2

6
2

4
2

6
2

4
a

EI
a

EI
a

EI
a

EIM CCDCCD ωβω

Δ−=−=
²2

6
2

2
2

6
2

2
a

EI
a

EI
a

EI
a

EIM CDCCDC ωβω



Slope-Deflection Method     197 

3
3 3

25 ² 5
= − Δ − A

AB B
VEI EIT

a a
ω

 

 

 

 

 

 

 

Figure 4.49. Bar (AB) 

Similarly for bar CD, we can deduce that  

 MCD + MDC + VD.a– TDC a = 0  

or 

.+ +
= CD DC D

DC
M M V a

T
a

 

3
6 12
2 ² 2

= − Δ +DC C D
EI EIT V
a a

ω  

 

 

 

 

 

Figure 4.50. Bar (DC) 

MCD 

MDC 

 TCD 

     D 

 C 

TBC 

 a 

    VD

 NC 

    VA 

 2a 

MBA 

 TAB 

 MAB 

TBA 

     A 

 B 

 NB
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The third equation obtains the equilibrium of bar (BC). 

 
Figure 4.51. Beam (BC) 

 

MBC + MCB + 2qa² – 2 VA.a = 0 

3
2 ² 3 3 9

2 2 ² 2 ² 4
+ +

= = + + + ΔCB BC
A B C

M M qa EI EI EIV qa
a a a a

ω ω  

0= yF : VA + VD = 2qa 

3
3 3 9
2 ² 2 ² 4

= − − − ΔD B C
EI EI EIV qa
a a a

ω ω   

By substituting the values of reactions VA and VD with the expressions giving the 
shear forces, TAB and TDC, we get  

30.591 0.75 2.466
² ² 2

= − − Δ −AB B C
EI EI EI qaT
a a a

ω ω  

Similarly,   

31.5 2.742 10.735
² ²

= − + − ΔDC B C
EI EI EIT qa
a a a

ω ω  

310.909 1.993 13.202
2

Δ− + − = −B C
qa

a EI
ω ω

 

 

MCB 

     
MBC 

VA
  C 

    q 

VD 

HC  HB 
  B 

0= CM
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The rotations of displaced joints and the horizontal displacement become 

3
0.137= −B

qa
EI

ω  

3
0.125=C

qa
EI

ω              

4
0.067Δ =

qa
EI

 

The slopes of the bars can be deduced by  

 

  

  

Substituting the values of slopes Bω , Cω  and Δ with the bending moment 
expressions, we obtain the moments at the ends of bars.  

 

 

 

 

 

EI
qa

aAB

3

0335.0
2

=Δ=β

EI
qa

aDC

3

067.0=Δ=β

EI
qa

aBC

3

050.0
4
3 =Δ=β

²216.0
²5

3
5

2 qa
a

EI
a

EIM BAB −=Δ+= ω

²335.0
²5

3
5

4 qa
a

EI
a

EIM BBA −=Δ−= ω

²335.0
²4

92²
3
1 qa

a
EI

a
EI

a
EIqaM CBBC =Δ+++= ωω

²073.0.
²4

92²
3
1 qa

a
EI

a
EI

a
EIqaM CBCB −=Δ+++−= ωω
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The bending moment and shear force moment variation can be found in the 
corresponding section established by the method of forces. 

Applying the procedure allows us to determine the support reactions, which can 
be used in the same way and lead to the results, as shown in Figure 4.52. 

 

Figure 4.52. Deflection of frame, fixed moments *(qa²) and support reactions *(qa) 

4.5.2.4. Multistory frame  

Wed determine the moments at the joints and plot the diagrams of the bending 
moment and shear force of a multistory frame, as shown in Figure 4.53, using the 
slope-deflection method. 

 

Figure 4.53. Multistory frame 

²073.0
²2

6
2

4 qa
a

EI
a

EIM CCD =Δ−= ω

²105.0
²2

6
2

2 qa
a

EI
a

EIM CDC −=Δ−= ω
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Under the effect of the horizontal force P and load q, the frame is deformed as 
shown in Figure 4.54. 

 

Figure 4.54. Deformed frame 

 The kinematic unknowns are the six unknowns of the problem posed, which are

Bω , Cω , Dω , Eω , 1Δ and 2Δ . The displaced joints can turn with rotations Bω , Cω , 

Dω , Eω  and under the effect of horizontal loads F1 and F2, the frame can move in 

the horizontal direction of 1Δ and 2Δ . The horizontal displacement 2Δ is 
considered to be the relative displacement of the second level with respect to the 
first level characterized by displacement 1.Δ  

– Fixed-end moments  

1 . ²
12

= − =BE EB q Lγ γ  

– Slopes of columns  

1Δ
= = = = −AB BA FE EF L

β β β β  

2 1Δ − Δ
= = = = −BC CB ED DE L

β β β β
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– The moments at the ends of each beam  

1
2 6 2 6

²
= − = − ΔAB B AB B

EI EI EI EIM
L L L L

ω β ω  

1
4 6 4 6

²
= − = − ΔBA B BA B

EI EI EI EIM
L L L L

ω β ω  

24 2 1
12

= + +BE B C
EI EIM qL
L L

ω ω  

2
4 2 6 4 2 6

²
= + − = + − ΔBC B C BC B C

EI EI EI EI EI EIM
L L L L L L

ω ω β ω ω

2
2 4 6 2 4 6

²
= + − = + − ΔCB B C CB B C

EI EI EI EI EI EIM
L L L L L L

ω ω β ω ω

4 2= +CD C D
EI EIM
L L

ω ω  

2 4= +DC C D
EI EIM
L L

ω ω  

2
4 2 6 4 2 6

²
= + − = + − ΔDE D EC DE D E

EI EI EI EI EI EIM
L L L L L L

ω ω β ω ω

2
4 2 6 4 2 6

²
= + − = + − ΔED E D ED E D

EI EI EI EI EI EIM
L L L L L L

ω ω β ω ω

1 4 2. ²
12

= − + +EB E B
EI EIM q L
L L

ω ω  

1
4 6 4 6

²
= − = − ΔEF E EF E

EI EI EI EIM
L L L L

ω β ω  

1
2 6 2 6

²
= − = − ΔFE E EF E

EI EI EI EIM
L L L L

ω β ω  

– Joint equilibrium  

Joint B:  MBA + MBC + MBE = 0 

Joint C:  MCB + MCD = 0 

Joint D:  MDC + MDE = 0 
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Joint E:  MEB + MED + MEF = 0 

The equations, which give the slopes, are written as   

3
1 2 112 2 2 6 6

12
Δ Δ

+ + − − = −B C E
qL

L L EI
ω ω ω  

22 8 2 6 0.Δ
+ + − =B C D L

ω ω ω  

22 8 2 6 0.Δ
+ + − =C D E L

ω ω ω  

3
1 2 12 2 12 6 6

12
Δ Δ

+ + − − =B D E
qL

L L EI
ω ω ω  

The number of equations equals 4 with 6 unknowns; however, it is necessary to 
provide two additional equations to solve the given problem. To achieve this goal, 
we consider the horizontal equilibrium at the base of each level.   

TBC + TED = P 

and 

TAB + TFE = P 

In the same way, we can deduce the shear forces at the base of each column by 
using  

0= BM  

 0= EM  

 0= CM   

and 0= DM  

+
= AB BA

AB
M MT

L
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Figure 4.55. Column (AB) 

Using the last equation makes it possible to deduce the shear force expressions at 
each level. 

– Level 1  

13
6 12

²
= − ΔAB B

EI EIT
L L

ω  

13
6 12

²
= − ΔFE E

EI EIT
L L

ω  

– Level 2  

23
6 6 12

² ²
= + − ΔBC B c

EI EI EIT
L L L

ω ω  

23
6 6 12

² ²
= + − ΔED E D

EI EI EIT
L L L

ω ω  

Substituting the shear force expressions with the horizontal equilibrium 
relationships, we obtain two additional equations.  

2 ²4
6

Δ
+ + + − =B C D E

PL
L EI

ω ω ω ω  

       VA 

MBA 

    TAB 
MAB 

TBA 

A 

B 
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1 ²4
6

Δ
+ − =B E

PL
L EI

ω ω  

Resolving the equations obtained makes it possible to evaluate the slopes at the 
displaced joints, namely:  

3
0.077= −B

qL
EI

ω , 
3

0.043= −C
qL
EI

ω , 
3

0.048= −D
qL
EI

ω , 
3

0.06= −E
qL
EI

ω ,           

4

1 0.076Δ = −
qL
EI

,          
4

2 0.1Δ = −
qL
EI

      

The moments at the ends of bars have the following expressions: 

2
1

2 6 0.30
²

= − Δ =AB B
EI EIM qL
L L

ω  

2
1

4 6 0.146
²

= − Δ =BA B
EI EIM qL
L L

ω  

21 4 2. ² 0.343
12

= + + = −BE B E
EI EIM q L qL
L L

ω ω  

2
2

4 2 6 0.197
²

= + − Δ =BC B C
EI EI EIM qL
L L L

ω ω  

2
2

2 4 6 0.267
²

= + − Δ =CB B C
EI EI EIM qL
L L L

ω ω  

24 2 0.267= + = −CD C D
EI EIM qL
L L

ω ω  

22 4 0.267= + = −DC C D
EI EIM qL
L L

ω ω  

2
2

4 2 6 0.267
²

= + − Δ =DE D E
EI EI EIM qL
L L L

ω ω  

2
2

4 2 6 0.257
²

= + − Δ =ED E D
EI EI EIM qL
L L L

ω ω  
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21 4 2. ² 0.475
12

= − + + = −EB E B
EI EIM q L qL
L L

ω ω  

2
1

4 6 0.218
²

= − Δ =EF E
EI EIM qL
L L

ω  

2
1

2 6 0.336
²

= − Δ =FE E
EI EIM qL
L L

ω  

The moments at the ends of each bar mean we can draw the bending moment and 
shear force diagrams using  

 ( ) ( ) (1 ) ( )= − − +AB AB AB AB
AB AB

x xM x x M M
L L

μ  

( )( ) +
= +AB AB BA

AB
AB

d x M MT x
dx L

μ
 

The bending moment diagram is shown in Figure 4.56. 

 

Figure 4.56. Bending moment diagram *(qL2) 
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And the shear force diagram is shown in Figure 4.57. 

 

Figure 4.57. Shear force diagram *(qL) 

The deflection of the frame and the support reactions are shown schematically in 
Figure 4.58. 

 

Figure 4.58. Deflection and support reactions 

    D 

      q                   

   P         

0.446 

 0.864 
0.336 

C 

A 

 B E 

F 

 1.864 

 0.554 
 P 
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4.6. Conclusion   

In this chapter, we have shown the formulation of the slope-deflection method 
for analyzing beams and plane frames.  The method is based on the formulation of 
the expression of the moments at the ends of each bar. This expression is a function 
of the slopes of the ends of the bar and the slope due to the support settlement if it is 
taken into consideration. 

The slope-deflection method is a very powerful tool for analyzing beams without 
and with support settlements. Furthermore, it is often used to analyze frames without 
sidesway and with sidesway, and with and without support settlements.  

Finally, the slope-deflection method allows us to analyze:  

– continuous beams with and without cantilever; 

– beams with support settlements; 

– frames without sidesway and frames with sidesway; 

– frames with support settlements; 

– frames with oblique columns and of different lengths;   

– multistory frames.  

4.7. Problems  

Exercise 1  

Calculate the fixed-end moments of the following beams: 

 

 

 

 

 

 

 

           EI, L                   

  q     

           E, I                 

        2@L/2               

P      

10 kN/mL         

         E, I                       

  5 m             
              E, I               

     L/6          L/3                   

M0      
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Exercise 2  

Calculate the moments at the ends of each element of the following structures: 

 

Exercise 3  

Calculate the moments at the ends of each bar of the following frames: 

Draw diagrams of the bending moment and the shear force for each frame.  
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Exercise 4   

Calculate the moments at the joints of each frame and draw diagrams of the 
bending moment and shear force.  

 

 
 

Settlement of support B of 75 mm. 

Settlement of support B ( Δ ) and load q.   

Settlement of support B of 80 mm and load q = 2.5 kN/mL.   

Exercise 5   

Calculate the moments at the joints of each frame. 

Draw diagrams of the bending moment and the shear force. 

 

 

B    E,I                     E,I            O   O 

   L                     L            
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             4 m                              5 m                    

   
   

   
   

   
3.

5 
m

   
   

   
   

   
 

E, I      

 2.5 kN/mL 

E, I      

        2*(L/2)                 

   
   

   
   

L 
   

   
   

   
   

   
   

   
   

  E,I                   q 

 P= q.L    P 
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5 

Moment-Distribution Method 

The teaching objectives for this chapter are as follows: 

– identifying the law of distribution of moments around a joint; 

– applying the moment-distribution method to: 

- the analysis of continuous beams with and without support settlements; 

- the analysis of frames with and without sidesway; 

   - the analysis of simple and multistory frames with and without support 
settlements;  

– using this method in practice. 

First, we present the basic concepts of the moment-distribution method. Second, 
we discuss the application of this method in the analysis of continuous beams, and 
frames with and without displaced joints.     

5.1. Hypotheses of the moment-distribution method 

To establish the moment-distribution method, it is necessary to consider the 
following hypotheses:  

1) only the bending deflections are taken into account, axial and shear 
deflections due to the normal and shearforces are neglected; 

2) the flexural rigidity of each bar is assumed to be constant.  

 

Structural Analysis 2: Statically Indeterminate Structures, 

First Edition. Salah Khalfallah. 

© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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5.2. Presentation of the moment-distribution method  

5.2.1. Distribution of a moment around a rigid joint      

We consider moment MA applied around a rigid joint A (Figure 5.1). Moment 
MA is distributed among the bars passing through joint A.  

Applying the slope-deflection method to the structure (Figure 5.1), we get:  

=AB AB AM k ω                                                                                           [5.1] 

'=AC AC AM k ω   [5.2] 

=AD AD AM k ω   [5.3] 

'=AE AE AM k ω    [5.4] 

 

Figure 5.1. Distribution of nodal moment MA 

The equilibrium joint A allows us to write  

MA = MAB + MAC + MAD + MAE             [5.5] 

Equation [5.5] is written in the general form 

1=

=
n

A Ai
i

M M
       [5.6] 

where n is the number of bars passing through joint A. 
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We deduce the slope at joint A by  

' '= = = =ACAB AD AE
A

AB AC AD AE

MM M M
K K K K

ω                                                              [5.7] 

The slope at joint A can also be written as 

' '
+ + +

= =
+ + + 

AB AC AD AE A
A

AB AC AD AE

M M M M M
K K K K K

ω                                          [5.8] 

with ' '= + + + AB AC AD AEK K K K K  

Taking equations [5.7] and [5.8] into account, we deduce the contribution of the  
distributed moment to each bar by the following expressions: 

=


AB
AB A

KM M
K

                                                                [5.9] 

In the same way, the moment returning to each bar is deduced by  

'
=


AB
AC A

KM M
K

      [5.10] 

=


AD
AD A

KM M
K

        [5.11] 

'
' =


AE

AE A
KM M

K
        [5.12] 

We conclude that moment MA is distributed between the elements in proportion 
to the rigidity factors of the bars. 

The distribution factor of a bar is defined by the quotient of the rigidity factor of 
the bar and the sum of the rigidity factors of all the bars. It is written as 

 =


ij
ij

K
r

K
       [5.13] 
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For example, the distribution coefficient of bar (AD) is  

=


AD
AD

Kr
K

 

We state that  

' '
+ + + = + + +

   
ACAB AD AE

AB Ac AD AE
KK K Kr r r r

K K K K
       [5.14] 

with ' '= + + + AB Ac AD AEK K K K K  

Hence, the sum of the distribution coefficients is equal to unit, 1.= r  

This implies that the distribution of the moment around a joint is perfect.  

Relationships [5.9–5.12] are written as follows:  

=AB AB AM r M  [5.15] 

=AC AC AM r M               [5.16] 

=AD AD AM r M                  [5.17] 

' =AE AE AM r M                  [5.18] 

Relationships [5.15–5.18] describe the distribution of the nodal moment MA in 
the bars passing through joint A. 

5.2.2. Distribution procedure 

The first stage of the distribution of moments is to consider that the structure  
is a set of bi-fixed bars where each member must be studied individually. The 
moment-distribution method is an iterative procedure, in which the joints have the 
freedom to rotate but this rotation movement is temporarily blocked by imaginary 
clamps.   
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After applying external actions or a support settlement, fixed-end moments occur 
at the ends of each bar. When these moments arise, it generates an imbalance in the 
structure at the joints, which causes their rotations.           

In a general way, we consider a bar (ij) stressed by any load q(x) or subjected to 
a support settlement creating fixed-end moments ijγ and jiγ  at ends i and j of the bar 

(Figure 5.2). 

 

Figure 5.2. Loading or support settlement1 

The clamps placed at joints i and j exert moments ijγ and jiγ  on the bar. 

Conversely, the bar generates moments at the ends of the bar i and j.  

= −i ijM γ  

= −j jiM γ    

The moment-distribution method is established as below. 

– Stage 1  

- Distribution of moments 

We release the clamp at joint i, the moment = −i ijM γ  must be distributed in all 

the bars passing through joint i. 

 (1) .= −ij ij ijM r γ   

                            
1 All of the figures in this chapter are available to view in full color at www.iste.co.uk/ 
khalfallah/analysis2.zip. 

www.iste.co.uk/khalfallah/analysis2.zip
www.iste.co.uk/khalfallah/analysis2.zip
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- Transmission  

The moment of joint i of expression (1) = −ij ij ijM r γ  transmits at joint j a moment 

equal to  

(1) = −ji ij ij ijM rλ γ  

We state that joint i is in equilibrium. 

– Stage 2  

- Distribution of moments 

After the transmission of moment (1)
ijM , the resulting moment at joint j exerted by 

the clamp at joint j on bar (ji) is  

(2) = −j ji ij ij ijM rγ λ γ  

Conversely, the bar (ji) acts on clamp j by a moment equal to ( (2)− jM ). 

Now, we block joint i with a clamp and we release joint j, the moment (2)− jM

must be distributed between the bars passing through joint j.  

(2) (2)( ) ( )= − = − −ji ji j ji ji ij ij ijM r M r rγ λ γ  

- Transmission  

The resulting moment at the end (ji) of the bar transmits to joint i a moment 
equal to 

(2) (2) ( )= = − −ij ji ji ji ji ji ij ij ijM M r rλ λ γ λ γ  

In this case, joint j is in equilibrium and the moment exerted by clamp i on the 
bar (ij) becomes 

(3) (1) (1) (2)= + +i i ij ijM M M M  
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or 

(3) = −i ij ij ijM rγ γ ( )− −ji ji ji ij ij ijr rλ γ λ γ  

The above iterations of equilibrium and transmission can be repeated until the 
moments released after removing the clamps become rather negligible. Finally, the 
final moment at each end is calculated by the sum of all the moments obtained 
during the various iterations. Although the quality of the obtainable results depends 
on the number of iterations chosen, for this reason, it is called an iterative method.      

5.3. Continuous beam analysis  

Analyze the beam (Figure 2.21) using the moment-distribution method. The 
value of the flexural rigidity (EI) is assumed to be constant along the beam.  

– Rigidity factors 

 4= =AB BA
EIK K
L

 

       
4= =BC CB

EIK K
L

               

– Transmission coefficients 

 1
2

= =AB BAλ λ  

           
1
2

= =BC CBλ λ  

– Distribution factors 

4 1
4 4 2

= = =
++

BA
BA

BA BC

Kr
K K

 

'

'
4 1

4 4 2
= = =

++
BC

BC
BA BC

K
r

K K
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– Fixed-end moments 

The fixed-end moments of loaded bars (AB) and (BC) are  

1 ²
12

= − =AB BA qLγ γ  

5 5 ²
27 27

= =BC PL qLγ  

The moment-distribution method is illustrated in Table 5.1.  

No. of 
iteration Joints A B C 

 Bars  AB BA BC CB 
 

R  1
2

 
1
2

  

 ²( )
108
qLγ  9 -9 16 -8 

      1 Equilibrium  –7/2 –7/2  
Transmission –7/4   –7/4 

 
M

²( )
108
qL

 29/4 –25/2 25/2 –39/4 

Table 5.1. Equilibrium and transmission of moments. For a color version  
of this table, see www.iste.co.uk/khalfallah/analysis 2.zip 

The results have already been obtained using the slope-deflection method 
(section 4.4.2) by the method of forces (section 3.2) and by the method of three 
moments (section 2.3.1). The moment-distribution method converges in this case, 
since no moments remain to be redistributed after the first iteration.  

5.3.1. Beam with support settlement 

We analyze the continuous beam using the moment-distribution method  
(see Figure 2.24) due to the settlement at supports 2 and 3 of 1Δ  and 2Δ ( 1 22Δ = Δ ). 
The beam has a constant flexural rigidity (EI).   

7
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The support settlement generates fixed-end moments that are at the ends of  
bar (ij) which are given by 

. . (1 )= + + − +ij ij ij i ij ij j ij ij iM k k kγ ω λ ω λ β  

. . (1 )= + + − +ji ji ji j ji ji i ji ji jM k k kγ ω λ ω λ β  

The fixed-end moments due to the settlement at supports 2 and 3 are  

1
12 21 12 12 12 12

6 6(1 ) ( )Δ
= = − + = − − = ΔEI EIK

LL L
γ γ λ β  

23 32 23 23 23 1 22
6(1 ) ( )= = + = − Δ − ΔEIK
L

γ γ λ β  

34 43 34 34 34 22
6(1 )= = − + = − ΔEIK
L

γ γ λ β  

Knowing that it is possible to write 1Δ according to 2Δ , the fixed-end moments 
become 

12 21 22
12= = − ΔEI

L
γ γ  

23 32 22
6= = ΔEI
L

γ γ  

34 43 22
6= = − ΔEI
L

γ γ
 

Applying the moment-distribution method consists of calculating:   

– Rigidity factors 

12 21 23 32
4= = = = EIK K K K

L  
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– Transmission coefficients 

21 23 32
1
2

= = =λ λ λ      

– Distribution factors 

21
21

21 23

4 1
4 4 2

= = =
++

Kr
K K

 

23
23

21 23

4 1
4 4 2

= = =
++

K
r

K K
 

32
32

32 34

4 4
4 3 7

= = =
++

K
r

K K
 

 34
34

32 34

3 3
4 3 7

= = =
++

K
r

K K
 

The implementation of the moment-distribution method is described in Table 5.2.   

No. of 
Iteration Joint 1 2 3 4 

 Bars 1-2 2-1 2-3 3-2 3-4 4-3 

 R  1
2

 
1
2

 
4
7

 
3
7

  

 γ  2 2 –1 –1 –1/2  

1 
Equilibrium  –1/2 –1/2 6/7 9/14  

Transmission –1/4  3/7 –1/4  0 

2 
Equilibrium  –3/14 –3/14 1/7 3/28  

Transmission –3/28  1/14 –3/28  0 

 Equilibrium  –1/28 –1/28 3/49 9/196  

 M 23/14 35/28 –35/28 –29/98 29/98 0 

Table 5.2. Moments at joints * 2
6EI( Δ )
L²
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Table 5.3 shows a comparison between the results obtained from using the 
moment-distribution method and the slope-deflection method. 

Joint 1 2 3 4 

Bars 1-2 2-1 2-3 3-2 3-4 4-3 

Moment-
distribution 

method 
9.8571 7.500 –7.500 –1.7755 1.7755 0 

Slope-deflection 
method 9.6923 7.3846 –7.3846 –1.8461 1.8461 0 

Convergence rate 98.32% 98.46% 98.46% 96.17% 96.17% 100% 

Table 5.3. Comparison between the slope-deflection  

and moment-distribution methods 2
EI( Δ )
L²

  

The distribution process is continued by adding another iteration; the moments at 
the joints are presented in Table 5.4. 

No. of  
iteration Joint 1 2 3 4 

 Bars 1-2 2-1 2-3 3-2 3-4 4-3 

 R  
1
2

 
1
2

 
4
7

 
3
7

  

 γ  2 2 –1 –1 –1/2  

1 
Equilibrium  –1/2 –1/2 6/7 9/14  

Transmission –1/4  3/7 –1/4  0 

2 
Equilibrium  –3/14 –3/14 1/7 3/28  

Transmission –3/28  1/14 –3/28  0 

3 
Equilibrium  –1/28 –1/28 3/49 9/196  

Transmission –1/56  3/98 –1/56  0 

 Equilibrium  –3/196 –3/196 1/98 3/392  

 M 91/56 121/98 –121/98 –119/392 119/392 0 

Table 5.4. Moments at joints after three iterations * 2
6EI( Δ )
L²
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Table 5.5 summarizes the comparison between the results obtained using the 
slope-deflection method and the moment-distribution method after three iterations.   

No. of 
iteration Joint 1 2 3 4 

 Bars 1-2 2-1 2-3 3-2 3-4 4-3 

After  
2 iterations 

Moment-
distribution 

method 
9.8571 7.500 –7.500 –1.7755 1.7755 0 

After  
3 iterations 

Moment-
distribution 

method 
9.75 7.4081 –7.4081 –1.8214 1.8214 0 

 
Slope-

deflection 
method 

9.6923 7.3846 –7.3846 –1.8461 1.8461 0 

 

Convergence 
rate 

 

After  
two 

iterations 
98.32% 98.46% 98.46% 96.17% 96.17% 100% 

After  
three 

iterations 
99.40% 99.68% 99.68% 98.66% 98.66% 100% 

Table 5.5. Comparison between the slope-deflection and  

moment-distribution methods* 2
EI( Δ )
L²

. For a color version of this table,  

see www.iste.co.uk/khalfallah/analysis 2.zip 

We find that after the third iteration of the distribution of moments, the results 
are very satisfactory compared with those of the slope-deflection method.   

5.3.2. Beam with cantilever 

We use the moment-distribution method to analyze the beam (Figure 2.27). The 
cantilever beam was analyzed by the method of three moments (section 2.3.3) and  
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the slope-deflection method (section 4.4.3). The flexural rigidity (EI) is assumed  
to be constant along the beam. The moment-distribution method is carried out by 
establishing the calculation steps. 

– Rigidity factors  

12 21
4= = EIK K

L
 

23
4= EIK

L
 

– Transmission coefficients  

12 21
1
2

= =λ λ  

23 0=λ  

– Distribution factors
 

21
21

21 23

1
2

= =
+

Kr
K K  

23
23

21 23

1
2

= =
+

K
r

K K
 

– Fixed-end moments 

For simplification reasons, we assume that P = qL. 

23 32
1 . ²

12
= − = q Lγ γ  

Concentrated force P (Figure 2.27) generates a moment at joint 3 equal to 
5

PL . 
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No. of  
iteration Joint 1 2 3 

 Bars 1-2 2-1 2-3 3-2 3-4 

 r  
1
2

 
1
2

 1  

    5 -5 12 

1 
Equilibrium  –5/2 –5/2 –7  

Transmission –5/4  –7/2 –5/4  

2 
Equilibrium  7/4 7/4 5/4  

Transmission 7/8  5/8 7/8  

 Equilibrium  –5/16 –5/16 –7/8  

 M –3/8 –17/16 17/16 –12 12 

Table 5.6. Moments at joints of a cantilever beam *
2qL( )

60
 

Table 5.7 shows the convergence rate of the moment-distribution method in 
relation to the slope-deflection method. The convergence rate varies between 80% 
and 100% for results taken after two calculation iterations.  

Joint 1 2 3 

Bars 1-2 2-1 2-3 3-2 3-4 

Moment-
distribution 

method 
–0.00625 –0.0177 0.0177 –0.20 0.20 

Slope-deflection 
method –0.0071 –0.0142 0.0142 –0.20 0.20 

Convergence rate 88% 80.22% 80.22% 100% 100% 

Table 5.7. Convergence rate and moment-distribution method (qL²) 

γ
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To achieve very satisfactory results, it is necessary to continue the iterative 
process until the convergence rate is respected.  

5.3.3. Beam subjected to a moment  

We reanalyze the beam shown in Figure 2.40. We assume that the flexural 
rigidity EI and the length of the spans are equal. 

– Rigidity factors  

21
3= EIK

L
 

23 32 34
4= = = EIK K K

L
 

– Transmission coefficients  

21 0=λ
 

23 32 34
1
2

= = =λ λ λ  

– Distribution factors
 

21
21

21 23

3
7

= =
+

Kr
K K  

23
23

21 23

4
7

= =
+

K
r

K K
 

21
32

21 23

1
2

= =
+

Kr
K K  

23
34

21 23

1
2

= =
+

K
r

K K
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The purpose of this exercise is to present how moment M0 = 15 kN·m is 
distributed along the beam (1-4) using the moment-distribution method. 

No. of 
iteration Joint 1 2 3 4 

 Bars 1-2 2-1 2-3 3-2 3-4 4-3 

 r  
3
7

 
4
7

 1
2

 
1
2

  

1 
Equilibrium      1 

Transmission     1/2  

2 
Equilibrium    –1/4 –1/4  

Transmission   –1/8    

3 
Equilibrium  3/56 4/56    

Transmission 0   2/56   

4 
Equilibrium    –1/56 –1/56  

Transmission   –1/112    

 Equilibrium  3/784 4/784    

 M(M0)  45/784 –45/784 –13/56 13/56 1 

Table 5.8. Distribution of shore moment  

Table 5.8 shows the distribution of a shore moment at the joints of a continuous 
beam using the moment-distribution method. The comparison between the results 
obtained by this method and the slope-deflection method is presented in Table 5.9.  
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Joint 1 2 3 4 

Bars 1-2 2-1 2-3 3-2 3-4 4-3 

Moment-
distribution 

method 
0 0.861 –0.861 –3.4821 3.4821 15 

Slope-
deflection 
method 

0 1 –1 –4 4 15 

Convergence 
rate 100% 86.10% 86.10% 87.05% 87.05% 100% 

Table 5.9. Comparison between the slope-deflection  
and moment-distribution methods 

The convergence rate varies between 86.10% and 100%. It should be noted that 
the convergence rate depends on the number of iterations used.  

5.4. Analysis of frames  

5.4.1. Frame without sidesway  

5.4.1.1. Single span frame 

We reanalyze the simple frame (Figure 3.19) using the moment-distribution 
method. The flexural rigidities of bars (AB) and (BC) are, respectively, (EI) and 
(2EI).   

– Rigidity factors 

4= =AB BA
EIK K
L

 

3 (2 ) 6= =BC
E I EIK

L L  

– Distribution factor 
 

2
5

= =
+
BA

BA
BA BC

Kr
K K
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3
5

= =
+
BC

BC
BA BC

K
r

K K  

– Transmission coefficients
 

          
1
2

= =AB BAλ λ  

         0=BCλ  

– Fixed-end moments
 

   21
8

=BC qLγ  

No. of 
iteration Joint A B C 

 Bars AB BA BC CB 

 r  
2
5

 
3
5

  

 
2

( )
8

qLγ    1  

1 
Equilibrium  –2/5 –3/5  

Transmission –1/5   0 

 M(
2

( )
8

qL
 –1/5 –2/5 2/5 0 

 M( 2( )qL  –1/40 –1/20 1/20 0 

 
Slope-

deflection 
method 

–1/40 –1/20 1/20 0 

 Convergence 
rate 100% 

Table 5.10. Frame analysis using the moment-distribution method 
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5.4.1.2. Multiple span frame 

We reanalyze the symmetrical frame whose mechanical and geometrical 
characteristics are shown in Figure 4.24.  

– Rigidity factor  

' ' ' ' 3= = = =BA CD CE BF
EIK K K K
L

 

8= =BC CB
EIK K
L

 

– Transmission coefficients 

 ' ' ' ' ' ' 0= = = = = =AB BA BC CB CD DCλ λ λ λ λ λ  

 
1
2

= =BC CBλ λ  

– Distribution factors 

'

' ' '
3 3

3 3 8 14
= = = = = =

+ ++ +
BA

BA BF CD CE
BA BC BF

Kr r r r
K K K

 

      ' '
8

14
= = =

+ +
BC

BC CB
BA BF BC

K
r r

K K K
 

– Fixed-end moments 

The fixed-end moments of loaded bars are 

1 . ²
12

= − =BC CB q Lγ γ  

3 . ²
16

= −BF q Lγ  

3 . ²
16

=CE q Lγ  
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The equilibrium and the transmission of the iterations are grouped in Table 5.11. 

Joint B C 

Bars BA BF BC CB CE CD 

r 
3

14
 

3
14

 
8

14
 

8
14

 
3

14
 

3
14

 

. ²( )
48

q Lγ   –9 4 –4 9  

Equilibrium 15/14 15/14 40/14 –40/14 –15/14 –15/14 

Transmission   –20/14 20/14   

Equilibrium 60/196 60/196 160/196 –160/196 –60/196 –60/196 

Transmission   –80/196 80/196   

Equilibrium 240/2744 240/2744 640/2744 –640/2744 –240/2744 –240/2744 

M
. ²( )

131, 712
q L  4020 –20,676 16,656 –16,676 –4,020 20,676 

M (q.L²) 0.0305 –0.1569 0.1264 –0.1264 –0.0305 0.1569 

M(q.L²) 

Slope-
deflection 

method 

0.0312 –0.1562 0.125 –0.125 –0.0312 0.1562 

Convergence 97.75% 99.55% 98.89% 98.89% 97.75% 99.55% 

Table 5.11. Analysis of frame without sidesway. For a color version  
of this table, see www.iste.co.uk/khalfallah/analysis 2.zip   

Table 5.11 also shows the convergence rate of the moment-distribution method. 
This rate is fairly convergent, varying between 97.75% and almost 100%. 

5.4.1.3. Frame subjected to a support settlement 

We use the moment-distribution method to reanalyze the frame subjected to a 
support settlement (Figure 4.30). The flexural rigidity of the bars is constant and 
their lengths are equal. Support C has a value of .Δ  
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– Distribution factors  

4 4
4 4 3 11'

= = =
+ ++ +

BA
BA

Ba BC BD

Kr
K K K

 

4 4
4 4 3 11'

= = =
+ ++ +

BC
BC

Ba BC BD

K
r

K K K
 

3 3
4 4 3 11'

= = =
+ ++ +

BD
BD

Ba BC BD

Kr
K K K

 

– Fixed-end moments  

6 6
²

= = − = ΔAB BA
EI EI
L L

γ γ ψ  

3 3
²

= − = − ΔBD
EI EI
L L

γ ψ  

Implementing the moment-distribution method to analyze frames subjected to a 
support settlement is shown in Table 5.12. 

Joint  A B C D 

Bars  AB BA BC BD CB DB 

R  4/11 4/11 3/11   

γ  6 6  –3   

Equilibrium  –12/11 –12/11 –9/11   

Transmission –6/11    –6/11  

M 60/11 54/11 –12/11 –42/11 –6/11 0 

Table 5.12. Analysis of frame with support settlement * EI( Δ)
L²

. For a color  

version of this table, see www.iste.co.uk/khalfallah/analysis 2.zip    
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In the same context, a comparison of the results obtained is given in Table 5.13. 
In this case, a perfect convergence of the moment-distribution method is observed.    

Joint A B C D 

Bars AB BA BC BD CB DB 

Moment-
distribution 

method 
60 54 –12 –42 –6 0 

Slope-deflection 
method 60 54 –12 –42 –6 0 

Convergence 
rate 100 % 

Table 5.13. Comparison between the slope-deflection  

and moment-distribution methods* EI( Δ).
11L²

 For a color version of this table,  

see www.iste.co.uk/khalfallah/analysis 2.zip 

5.4.2. Frame with sidesway 

5.4.2.1. Frame with cantilever 

We reanalyze the frame with cantilever (Figure 3.26) using the moment-
distribution method. We assume that the flexural rigidity (EI) is constant and that  
P = q.L. 

– Rigidity factors 

   
3=BA

EIK
L

 

   
4= =BC CB

EIK K
L

 

   4= =CD DC
EIK K
L  
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– Transmission coefficients 

   0.=BAλ
 

   
1
2

= = = =BC CB CD DCλ λ λ λ  

– Distribution factors 

 

 

 

To analyze frames with sidesway, we use the superposition principle. The  
structure shown in Figure 3.26 can be divided  into two systems: (1) the system of 
fixed joints (Figure 5.3) and (2) the system of displaced joints (Figure 5.6). Both 
systems were analyzed separately. At the end of the analyses, the effects are 
superimposed to evaluate the final answer.  

The fixed joint structure is obtained by adding an artificial (imaginary) support 
to joint C to block horizontal movement. In the same way, the displaced joint 
structure is obtained by releasing the structure or the frames from the displacement; 
the previously blocked support is suspended.   

In the first system, the external loads are applied to the frame and the moments at 
the joints are calculated using the steps of the moment-distribution method in the 
usual way.  

After determining the moments at the joints, the reaction to the imaginary 
support can be calculated by the frame’s overall equilibrium. In the second system, 
the frame is stressed by the reaction of the artificial support in the opposite direction 
(Figure 5.6). Finally, the values of the moments at the ends of each bar add up to the 
values of the moments at the joints, which have already been calculated in the first 
phase.  

3 3
3 4 7

BA
BA

BA BC

Kr
K K

= = =
+ +

4 4
4 3 7

BC
BC

BA BC

Kr
K K

= = =
+ +

1
2CB CDr r= =
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In this context, it is also possible to use an indirect approach, assuming that a 
force is applied at the imaginary support in the opposite direction to the support 
reaction (Figure 5.7), causing an arbitrary displacement 'Δ .  

The fixed-end moments obtained because of the displacement 'Δ  are distributed 
using this method. After determining the moments, the reaction to the imaginary 
support can be calculated using the equation of the frame’s overall equilibrium.  

Finally, a correction will be made on the arbitrary value that is already associated 
with the displacement value 'Δ . The correction coefficient is deduced by applying 
the horizontal equilibrium. 

0 'Δ+ =  base base xT k T F   [5.19] 

where 0 baseT  and 'Δ baseT are, respectively, the shear forces at the base of the 

frame without and with sidesway.  

The relationship [5.19] allows us to determine the correction coefficient by  

0

'Δ

−
= 


x base

base

F T
k

T
  [5.20] 

The final moment at joint i can be obtained using the sum of the moments.   

0 'Δ= +i i iM M kM   [5.21] 

where 0 ', Δ
i iM M are, respectively, the moment at joint i of the frame without and 

with sidesway.   

– Frame without sidesway (Figure 5.3) 

The fixed-end moments due to load q are  

21
12

= − =BC CB qLγ γ  

The moments due to the equilibrium and distribution of moments are presented 
in Table 5.14. 
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Figure 5.3. Frame without sidesway 

Joint A B C D 
Bars AB BA BC CB CD DC 

r  
3
7

 
4
7

 1
2

 
1
2

  

2.( )
12

q Lγ    1 –1   

Equilibrium  –3/7 –4/7 –7/10 –7/10  
Transmission 0  –7/20 –2/7  –7/20 
Equilibrium  21/140 28/140 1/7 1/7  

Transmission 0  1/14 1/10  1/14 
Equilibrium  –3/98 –4/98 –1/20 –1/20  

M 2( )qL  0 –0.0257 0.0257 –0.1493 –0.0506 –0.0232 

Table 5.14. Frame without sidesway. For a color version of this table,  
see www.iste.co.uk/khalfallah/analysis 2.zip   

We extract element (AB) 

0= BM  

Imaginary or  

artificial support. 

R 

    A 

         P 
   q 

                    L                          L/5            

  B    C

     D 

  E 

   
   

  L
   

   
   

   

2.4 
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0+ − =AB BA ABM M T L  

 

Figure 5.4. Column (CB) 

= BA
AB

MT
L

 

Substituting the values of MAB and MBA, we find  

0.0257= −ABT qL  

The horizontal reaction of bar (CD) is deduced using   

      0= CM  

. 0+ − =CD DC DCM M T L  

+
= DC CD

DC
M M

T
L

 

0.0738= −DCT qL  

0( ) 0.10+ = −AB DCT T qL  

BAM  

  B 

  A 

  L 

 VA 

 NB 

 HA 

BAT  
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Figure 5.5. Column (CD) 

The exponent (°) indicates that the calculated forces are from a frame without 
sidesway. 

The horizontal equilibrium of the frame is 

(TAB + TDC)° – R = 0 

R = (TAB + TDC)° = 0.10= − qL  

– Frame with sidesway 

In this area, there are two different methods. 

- Direct method 

The fixed-end moments due to the displacements of the columns (Figure 5.6) 
are  

6= = −CD DC
EI
L

γ γ β  

3= −BA
EI
L

γ β  

Applying the moment-distribution method leads us to evaluate the moments at 
the ends of each bar of the frame with sidesway (Table 5.15). 

      VD 

  MCD 

  TDC 
MDC 

TCD 

D 

     C 
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Figure 5.6. Frame with sidesway – direct method 

Joint A B C D 

Bars AB BA BC CB CD DC 

r  
3
7

 
4
7

 1
2

 
1
2

  

γ   –3   –6 –6 

Equilibrium  9/7 12/7 3 3  

Transmission 0  3/2 6/7  3/2 

Equilibrium  –9/14 –6/7 –3/7 –3/7  

Transmission 0  –3/14 –3/7  –3/14 

Equilibrium  9/98 6/49 3/14 3/14  

M 0 –111/49 111/49 45/14 –45/14 –33/7 

Table 5.15. Frame with sidesway *( EI β
L

) 

 

 R 

    A 

  B     C

     
D 

β  

  E 

β  

 β β
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The shear forces at the base of the frame are calculated as follows.  

The equilibrium equation in relation to point B:  

. 0− =BA ABM T L  

111
49 ²

= = −BA
AB

M EIT
L L

β  

The same procedure is applied to bar (CD):  

. 0+ − =CD DC DCM M T L  

111
14 ²

+
= = −DC CD

DC
M M EIT

L L
β  

The horizontal equilibrium of the frame (Figure 5.3) allows us to write:   

0.+ + =AB DCT T R  

111 111 0.10 0
49 ² 14 ²

+ + =EI EI qL
L L

β β  

It leads to the evaluation of the slope of the frame’s columns.  

3
39.81.10−= −

qL
EI

β  

Table 5.16 groups the final moments at the ends of each bar of the given frame. 

Joint A B C D 

Bars AB BA BC CB CD DC 

M 2( )qL  0 –0.0257 0.0257 –0.1493 –0.0506 –0.0232 

MD ( )EI
L

β  0 –111/49 111/49 45/14 –45/14 –33/7 

 
3

39.81.10−= −
qL
EI

β  

MD(qL²) 0 0.0222 –0.0222 –0.0315 0.0315 0.0462 
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M° ( ²)qL  0 –0.0257 0.0257 –0.1493 –0.0506 –0.0232 

M. (final) 
3(10 * ²)− qL  0 –3.50 3.50 –117.76 –19.10 23.05 

Table 5.16. Moments at joints of frame 

- Indirect method 

The fixed-end moments using an optional displacement 'Δ (Figure 5.7) are  

3= −BA
EI
L

γ β    

 
6= = −CD DC

EI
L

γ γ β  

We deduce a relationship between the fixed-end moments due to the effect of the 
displacement 'Δ , a relationship which must be established between the fixed-end 
moments. 

: : 1: 2 : 2=BA CD DCγ γ γ  

A fixed value must be assigned to the fixed-end moment. For example: 
100=BAγ  unit of moment. Therefore, 200= =CD DCγ γ  unit of moment. 

 

 

 

 

 

 

Figure 5.7. Frame with sidesway – indirect method 

'Δ 'Δ

    A 

  B      C 

   D  β

  E 

β

β β
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The moments at the ends of each bar are given in Table 5.17. 

Joint A B C D 

Bars AB BA BC CB CD DC 

r  
3
7

 
4
7

 1
2

 
1
2

  

γ   100   200 200 

Equilibrium  –300/7 –400/7 –100 –100  

Transmission 0  –50 –200/7  –50 

Equilibrium  150/7 200/7 100/7 100/7  

Transmission 0  50/7 100/7  50/7 

Equilibrium  –150/49 –200/49 –50/7 –50/7  

MD 0 75.51 –75.51 –107.142 107.142 157.142 

Table 5.17. Moments of a frame with sidesway   

The horizontal reactions of supports B and D can be deduced by  

75.51= =BA
AB

MT
L L

 

264.284+
= =DC CD

DC
M M

T
L L

 

' 339.80( )Δ+ =AB DCT T
L

 

Hence 

0 '( ) ( ) 0Δ+ + + =AB DC AB DCT T k T T  

339.800.10 ( ) 0− =qL k
L

 



244     Structural Analysis 2 

The correction constant is given by 

42.94 10 . ²−= ×k qL  

Table 5.18 groups the moments at the ends of each bar using the indirect method.  

Joint  A B C D 

Bars  AB BA BC CB CD DC 

M 2( )qL  0 –0.0257 0.0257 –0.1493 –0.0506 –0.0232 

MD 0 75.51 –75.51 –107.142 107.142 157.142 

K 2.94 × 10–4 qL2 

MD 

(10-4.qL2) 
0 222.0 –222.0 –315.0 315.0 462.0 

M0 2( )qL  0 –0.0257 0.0257 –0.1493 –0.0506 –0.0232 

M(q.L²) 0 –0.0035 0.0035 –0.1808 –0.0191 0.023 

Table 5.18. Moments of a frame with sidesway   

The two methods can be indifferently applied to the analysis of frames with 
sidesway.  

5.4.2.2. Frame with columns of different lengths 

We reanalyze the frame (Figure 3.33) with columns of different lengths using the 
moment-distribution method. The mechanical and geometrical characteristics are 
given in the figure. The analysis of structures with displaced joints is carried out in 
two steps: (1) the structure with fixed joints and (2) the structure with displaced 
joints.  

– Frame without sidesway  

The joints of the frame are blocked vis-à-vis the horizontal displacement by 
means of a roller. The frame thus becomes a frame without sidesway. 
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Figure 5.8. Frame without sidesway 

– Rigidity factor 

5= =AB BA
EIK K
L

 

4= =BC CB
EIK K
L

 

 
8= =CD DC

EIK K
L

 

– Distribution factors 

5 5
5 4 9

= = =
++

BA
BA

BA BC

Kr
K K

 

      4 4
4 5 9

= = =
++

BC
BC

BA BC

K
r

K K
 

      1
3

=CBr  

     D 

        L             

   B 

A 

       C 

   
 3

L/
10

   
   

   
L/

2 
   

   
   

   
   

 

E, I        

     q 

Imaginary 
support 
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      2
3

=CDr        

– Fixed-end moments 

²
12

= − =AB BA
qLγ γ  

The steps of the moment-distribution method are described in Table 5.19.  

Joint A B C D 

Bars AB BA BC CB CD DC 

R  
5
9

 
4
9

 
1
3

 
2
3

  

2.( )
12

q Lγ    1 –1   

Equilibrium  –5/9 –4/9 1/3 2/3  

Transmission –5/18  1/6 –2/9  1/3 

Equilibrium  –5/54 –4/54 2/27 4/27  

Transmission –5/108  1/27 –2/54  2/27 

Equilibrium  –5/243 –4/243 2/162 4/162  

M( ²qL ) –0.027 –0.0557 0.0557 –0.070 0.070 0.034 

Table 5.19. Moments of a frame without sidesway   

The horizontal reactions at supports A and D of a frame without sidesway are  

5( ) 0.1034
4

+
= = −AB BA

AB
M MT qL

L
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2( ) 0.208+
= =DC CD

DC
M M

T qL
L

 

0( ) 0.1046+ =AB DCT T qL  

– Frame with sidesway  

We release the frame (Figure 5.8) to horizontal displacement. The vertical 
columns (AB) and (DC) are horizontally displaced Δ (Figure 5.9). The fixed-end 
moments are 

15.
2

= = −d d
AB BA

EI
L

γ γ β   

We have  

5
4
Δ= −
L

β  

2' Δ= −
L

β  

Hence  

8'
5

=β β  

 

Figure 5.9. Frame with sidesway 

     D 

B 

A 

C 
Δ  Δ

β  

'β
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12. 96.'
5

= = = −d d
CD DC

EI EI
L L

γ γ β β  

A relationship between fixed-end moments can be deduced as follows: 
 

: : : 1:1: 2.56 : 2.56=d d d d
AB BA CD DCγ γ γ γ

 
Applying the moment-distribution method is presented in Table 5.20.

 
Joint A B C D 

Bars AB BA BC CB CD DC 

R  
5
9

 
4
9

 
1
3

 
2
3

  

dγ  1 1   2.56 2.56 

Equilibrium  –5/9 –4/9 –2.56/3 –5.12/3  

Transmission –5/18  –1.28/3 –2/9  –2.56/3 

Equilibrium  6.4/27 5.12/27 2/27 4/27  

Transmission 3.2/27  1/27 2.56/27  2/27 

Equilibrium  –5/243 –4/243 –2.56/81 –5.12/81  

M 0.8407 0.6610 –0.6610 –0.9381 0.9381 1.781 

Table 5.20. Moments of a frame with sidesway   

The horizontal reactions at supports A and D of a frame with sidesway are  

5( ) 1.8771
4

+
= =AB BA

AB
M MT

L L
 

2( ) 5.438+
= =DC CD

DC
M M

T
L L

 

7.315( )+ =d
AB DCT T

L
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Therefore  

0( ) ( ) 0+ − + =d
AB DC AB DCT T k T T  

0( )
( )

+
= −

+
AB DC

d
AB DC

T T
k

T T
0.0143 ²= − qL  

Table 5.16 groups the moments of the joints of the given frame.  
 

Joint  A B C D 

Bars  AB BA BC CB CD DC 

M0(qL²) –0.0231 –0.0557 0.0557 –0.070 0.070 0.034 

K –0.0143 qL2 

MD 0.8407 0.6610 –0.6610 –0.9381 0.9381 1.781 

M(q.L²) –0.035 –0.0651 0.0651 –0.0566 0.0566 0.0085 

Table 5.21. Moments at joints of given frame   

5.4.2.3. Frame with oblique columns  

Using the moment distribution method, calculate the moments at the ends of the 
bars of the frame (Figure 3.40), which have already been analyzed by the method of 
forces (section 3.6.4) and the slope-deflection method (section 4.5.2.3). 

 
– Frame without sidesway (Figure 5.10)

 
- Rigidity factor 

     4
5

= =AB BA
EIK K

a
 

     2= =BC CB
EIK K
a
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    4
2

= =CD DC
EIK K

a  

- Transmission coefficient
 
1
2

= = = =BA BC CB CDλ λ λ λ
 

– Distribution factors 

      0.472= =
+
BA

BA
BA BC

Kr
K K

 

      0.528= =
+
BC

BC
BA BC

K
r

K K
 

      0.414=CBr  

      0.586=CDr  

 
Figure 5.10. Frame without sidesway 

      The fixed-end moments are given as  

²
3

= − =BC CB
qaγ γ  

 
 q

    
A 

       a                         2a                        a           

  
B 

    
C 

    
D 

   
   

  2
@

a 
   

   
   

EI= constant  
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The moments at the ends of bars of the frame without sidesway are presented in 
Table 5.22. 

Joint A B C D 

Bars AB BA BC CB CD DC 

r  0.472 0.528 0.414 0.586  

²( )
3

qaγ    1 –1   

Equilibrium  –0.472 –0.528 0.414 0.586  

Transmission –0.236  0.207 –0.264  0.293 

Equilibrium  –0.0977 –0.1093 0.1093 0.1547  

Transmission –0.0488  0.0546 –0.0546  0.0773 

Equilibrium  –0.0258 –0.0288 0.0226 0.0320  

M –0.2848 –0.5955 0.5955 –0.7727 0.7727 0.3703 

Table 5.22. Moments of a frame without sidesway * qa²( )
3

  

The horizontal equilibrium of the frame without sidesway allows us to write:   

MAB + MBA – TAB (2a) + VA.a = 0  

or  

.
2

+ −
= AB BA A

AB
M M V aT

a
 

0.1467
2

= + A
AB

VT qa  

In the same way, we consider bar CD:  

MCD + MDC + VD.a – TDC a =0  

.+ +
= CD DC D

DC
M M V a

T
a  
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Figure 5.11. Column (AB) 

.+ +
= CD DC D

DC
M M V a

T
a

 

0.381= +DC DT qa V  

 

Figure 5.12. Column (DC) 

VA 

   2a 

MBA 

TAB 

MAB 

TBA 

A 

B 

 NB 

MCD 

MDC 

TCD 

D 

C 

TBC 

   a 

VD 

NC 



Moment-Distribution Method     253 

Consider Bar (BC):
 

  
 

Figure 5.13. Horizontal bar (BC) 

We write the sum of moments relating to point C.
 

0= CM : –MBC + MCB – 2qa² +2 TBC.a = 0 

2 ² 0.915
2

− +
= =CB BC

BC
M M qa

T qa
a  

0= yF : TBC + TCB = 2qa 

 2 0.912 1.085= − =CBT qa qa qa
 

0.915= =A BCV T qa
 

1.085= =D CBV T qa
 

0( ) 0.1467 0.381 0.863
2

+ = + + + = −A
AB DC D

VT T qa qa V qa
 

– Frame with sidesway (Figure 5.14)
 

The deflection (Figure 5.14) allows us to calculate the slopes at bars (AB) and 
(CD). 

 
1'

2cos
Δ Δ Δ= = = =AB

AB AB AB

BB
aL L L

β
α

 

2

cos
Δ Δ Δ= = =DC
DC DC aL L

β
ψ

 

 

 

 

MCB 

MBC VA 

B C 

q 

VD 
HC 

HB 
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 1 1' ' ( ) 3
4

+ Δ + Δ= = =BC
BC BC

B B C C tg tg
aL L

α ψβ  

 

 

 

 

 

 

 

Figure 5.14. Frame with sidesway 

The fixed-end moments due to the frame’s horizontal displacement are  

3 5.(1 )
5 ²

Δ= = − + = −d d
AB BA AB BA AB

EIK
a

γ γ λ β  

9.(1 )
4 ²

Δ= = − + =d d
BC CB BC CB BC

EIK
a

γ γ λ β  

(1 ) 3 2.
²

Δ= = − + = −d d
CD DC DC CD DCK EI

a
γ γ λ β  

The proportionality between the fixed-end moments relative to the displacement 
of the frame is  

3 5 3 5: : : : : 1 : 1 : : : 10 : 10
4 4

= − − − −d d d d d d
AB BA BC CB CD DCγ γ γ γ γ γ  

The moment-distribution method of joints allows us to build the table of the 
moment-distribution method (Table 5.23). 

    A 

 B   C 

    D 

             Δ

        Δ

 ABβ

B' 

 DCβ

 BCβ
   C' 

    C1 1  Δ

2 Δ
     B1 

 ψ

 α
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Joint A B C D 

Bars AB BA BC CB CD DC 

r  0.472 0.528 0.414 0.586  

γ  –1 –1 1.677 1.677 –3.162 –3.162 

Equilibrium  –0.320 –0.360 0.615 0.870  

Transmission –0.160  0.3075 –0.18  0.435 

Equilibrium  -0.145 –0.162 0.075 0.106  

Transmission –0.073  0.0375 –0.081  0.053 

Equilibrium  0.017 0.020 –0.033 –0.048  

M –1.233 –1.482 1.482 2.138 –2.138 –2.674 

Table 5.23. Moments of a frame with sidesway   

We apply the same method of a frame with sidesway to calculate (TAB +TDC)d. 

MAB + MBA – TAB (2a) + VA.a = 0  

2
+ −

=d AB BA A
AB

M M V aT
a

 

1.358
2

= − −d A
AB

VT
a

 

In the same way, we consider bar CD.  

 MCD + MDC +VD.a – TDC a =0  
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+ +
=d CD DC D

DC
M M V a

T
a

 

4.812= − +d
DC DT V

a
 

 

Figure 5.15. Shear forces of the bar (BC) 

We consider bar (BC). 
 

0= CM : (2 ) 0− − + =d
BC CB BCM M T a  

2
+

=d CB BC
BC

M M
T

a
 

1.81=d
BCT

a
 

0 : 0= + = d d
y BC CBF T T   

 1.81= −d
CBT

a
  

We can deduce that  

( ) 0+ =d
A DV V  

The shear force at the base of bar (AB) is given as

 
1.358 3.168

2
= − =d A

AB
VT

a a
 

   TBC   TCB 

MCB 

MBC 
B C 

HB 

    HC 
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4.812 6.622= + =d
DC DT V

a a
  

We know that  

0( ) ( ) 0+ + + =d
AB DC AB DCT T K T T  

0( ) 0.863 0.0882 ²
(9.788 / )( )

+
= − = =

+
AB DC

d
AB DC

T T qaK qa
aT T

 

Table 5.24 shows the moments of the joints of the displaced frame. 

Joint  A B C D 

Bars  AB BA BC CB CD DC 

M
²( )

3
qa

 –0.2848 –0.5955 0.5955 –0.7727 0.7727 0.3703 

MD –1.233 –1.482 1.482 2.138 –2.138 –2.674 

K 0.0882 qa2 

M(q.a²) –0.203 –0.330 0.330 –0.069 0.069 –0.112 

Table 5.24. Moments of given frame   

5.4.2.4. Multistory frame  

In Chapter 4, we presented the analysis of multistory frames using the  
slope-deflection method. In the same way, the moment distribution approach can be 
applied to the analysis of multistory frames with several horizontal displacements. In 
this case, the moment-distribution method must go through several phases, namely 
(1) the analysis of the frame without sidesway and (2) the analysis of the frame with 
sidesway, which depends on the number of possible horizontal displacements.  

In the first part, the displacements of the levels are assumed to be blocked by 
imaginary supports (Figure 5.16). The moments at the ends of each bar, M0, are 
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calculated by the moment-distribution method due to applying external loads and 
support reactions, R1, R2 and R3, which can be calculated using the equilibrium of 
the frame.     

In the second part of this analysis, we remove the support of the first level, the 
frame displaces 1Δ due to the effect of reaction –R1. In this case, we calculate the 

moments at the ends of the bars due to the displacement 1Δ . 
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Figure 5.16. Multistory frame 

This procedure is repeated for the displacements 2Δ and 3Δ , which are due  to 
reactions R2 and R3. The moments at the ends of the bars are calculated by a 
superposition of the moments calculated for four cases studied. The expression that 
gives the bending moment at each end is calculated using the principle of 
superposition of already calculated moments.  

Mij = Mij
0+

3

1=
 k

ij
k

M [5.22]   

– Frame with two levels

We reanalyze the frame given in Figure 4.53, which has already been studied by 
the slope-deflection method (section 4.5.2.3).  

– Frame without sidesway (Figure 5.17)

Joint D is blocked by a roller preventing the horizontal displacements of the 
different levels.  

- Rigidity factors 

4==ij
EIK
L
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- Transmission coefficients 

     
1
2

=ijλ  

 

Figure 5.17. Frame without sidesway 

- Distribution factors 

1
3

= = = = = =BA BC BE EB EF EDr r r r r r  

      
1
2

= = = =CB CD DC DEr r r r    

- Fixed-end moments 

21 1
12 12

= − = =BE EB qL PLγ γ  

- Moment distribution method (Table 5.25)  
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The results obtained in the table above show that  

(TAB + TFE) N.F = 0 

– Frame with sidesway   

We release support D and calculate the moments at the ends of the bars due to 
the displacement effect Δ . The multistory frame is therefore subjected to force (–R) 
applied at point C (Figure 5.18). 

The fixed-end moments due to displacement Δ are given as 

4 1 6(1 )
2 ²

= = = = − + = −AB BA EF FE
EI EI
L L

γ γ γ γ β β  

The moments at the ends of each bar can be calculated using the moment-distribution 
method.   

The optional moments are assigned to bars corresponding to the expression of 
the slope of each bar, as fixed-end moments, which are: 

 : : : : : : : 1:1:1:1:1:1:1:1=AB BA BC CB EF FE ED DEγ γ γ γ γ γ γ γ  

 

Figure 5.18. Frame with sidesway due to displacement Δ  

The moments at the ends of bars of the frame with sidesway are presented in 
Table 5.26.  
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The horizontal equilibrium of the frame allows us to write  

(TAB + TFE) Δ  = 55 193 1 5232( )
72 432 216

+ =
L L

 

By writing the equilibrium equation in relation to a section passing through 
points A and F.  

(TAB + TFE)N.F+ k (TAB + TFE) Δ  = P 

The correction parameter is  

k = 0.413 PL 

Now, the moments at the ends of the bars can be deduced using the following 
equation:  

0 Δ= +ij ij ijM M kM  

For example: 

0 7 55( ) 0.413 . 0.299
12 36 72

Δ= + = − + =AB AB AB
PLM M kM PL PL  

0 11 125( ) 0.413 . 0.1729
12 144 288

Δ= + = − + =CB CB CB
PLM M kM PL PL  

The diagram of the bending moment is shown in Figure 4.56 and the diagram of 
the shear force is shown in Figure 4.57.  

5.5. Conclusion  

In this chapter, we have shown the steps of the moment-distribution method for 
analyzing beams and plane frames.  

The procedure for analyzing beams and plane frames without sidesway consists 
of distributing the fixed-end moments due to the applied loads or to a support 
settlement accompanied by a transmission of moments. In the case of beams and 
frames with sidesway, analyzing structures using the slope-deflection method is 
carried out in two phases. The first phase consists of analyzing the fixed joint  
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structure by blocking the horizontal displacements of the structure by adding 
imaginary supports. Then, we continue the steps of the method until the values of 
moments at the ends of each bar are low enough.     

In the second phase of analyzing the displaced joint structure using the  
moment-distribution method, the moments at the ends of each bar are calculated by 
applying the reaction of the imaginary support in the opposite direction. The 
structures move in this direction. The horizontal displacement of the structure 
induces fixed-end moments at the ends of each structural element. The fixed-end 
moments are distributed and they are transmitted in the same way as for frames 
without sidesway.  

Lastly, the final moments at the ends of each bar are superimposed between the 
moments of the frame without sidesway and the moments of the frame with 
sidesway.      

5.6. Problems  

Exercise 1  

Calculate the support reactions and draw diagrams of the bending moment and 
the shear force for the following beams:  

   

 

Exercise 2  

Calculate the moments at the ends of each bar and deduce the support reactions 
of the following structures:   
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Exercise 3  

Calculate the moments at the joints of each frame. Draw diagrams of the bending 
moment and the shear force for each frame.  
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Exercise 4 

Calculate the moments at the joints of each frame. Draw diagrams of the bending 
moment and the shear force for each frame.  
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Exercise 5   

Calculate the moments at the joints of each frame. Draw diagrams of the bending 
moment and the shear force. 
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Exercise 6  

Calculate the moments at the joints of each frame due to the support settlement 
of value .Δ  Draw diagrams of the bending moment and the shear force. 
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6 

Influence Lines of Statically  
Indeterminate Structures 

The teaching objectives for this chapter are as follows:   

– the distinction between influence lines for statically determinate and statically 
indeterminate structures; 

– the variation of support reactions and internal actions of a statically 
indeterminate structure subjected to a moving force; 

– the establishment of influence lines;   

– the knowledge of the positions and extreme stresses which can lead to 
dimensioning of the elements.   

In this chapter, we present the basics of establishing an influence line based on a  
unit force moving along the statically indeterminate structure. With regard to this subject, 
we evaluate the influence lines of statically indeterminate beams, frames and trusses.   

6.1. Introduction 

The influence line of a structure is a curve, which shows the variation of an 
action (a support reaction, a shear force, a bending moment, etc.) due to the effect of 
a load moving along this structure. In general, the intensity of this moving force is a 
unit force. The study of influence lines of statically indeterminate structures is 
identical to that of statically determinate structures. The procedure for establishing 
influence lines involves calculating the value of the structural response for different 
positions of the applied unit load. In this case, they are generally curves, whereas in 
statically determinate structures they are straight lines.  

Structural Analysis 2: Statically Indeterminate Structures, 

First Edition. Salah Khalfallah. 

© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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To construct the influence line of a support reaction or an internal action of a 
statically indeterminate structure, we must use one of the statically indeterminate 
structural analysis methods (Chapters 2–5). In this chapter, we will use different 
statically indeterminate structural analysis methods to study the influence lines of 
beams, frames and truss structures.         

6.2. Influence lines of beams 

For simplification reasons, we study the influence lines of the internal actions 
and support reactions of a beam, which is once statically indeterminate and then 
twice statically indeterminate. Using the same concept, the analysis presented can 
easily be extended to beams with several degrees of static indeterminacy.  

6.2.1. Beam with one degree of static indeterminacy 

Consider the continuous beam (Figure 6.1) and draw the influence lines of the 
support reaction RB and bending moment MD.   

The beam is stressed by a unit force with a variable position defined by the 
distance x measured from support A (Figure 6.1).  

 

Figure 6.1. Continuous beam with one degree of static indeterminacy1 

To determine the influence lines of support reaction RB, it is necessary to 
formulate the expression of RB according to position x of the unit force. In this case, 
the method of forces steps must be rigorously applied to achieve this objective. We 
therefore apply the method of forces steps.  

– Equivalent structures 

We substitute support B with reaction RB (Figure 6.2).   
                            
1 All of the figures in this chapter are available to view in full color at www.iste.co. 
uk/khalfallah/analysis2.zip. 

A C

1.  

B E
x

  

www.iste.co.uk/khalfallah/analysis2.zip
www.iste.co.uk/khalfallah/analysis2.zip
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Figure 6.2. Equivalent beam 

– Fundamental structure 

We ignore the redundant force RB to construct the fundamental structure. The 
structure obtained is a statically determinate structure (Figure 6.3).  

 

Figure 6.3. Fundamental beam 

The unit force generates a deflection of the fundamental beam (Figure 6.4), 
which makes it possible to calculate the displacement of point B particularly, written 
as 0( )B xδ  (the exponent (0) is introduced to show that the studied structure is zero 
times statically indeterminate or fundamental).     

 

 

 

Figure 6.4. Deflection of the fundamental beam 
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We apply a unit force in the place of the redundant connection. This action 
generates a deflection of beam (AE) (Figure 6.5) and in particular 1

Bδ  at point B (the 
exponent (1) is introduced to highlight that the studied system is unitary).  

 

Figure 6.5. Deflected unit system 

Initially, the vertical displacement of support B is zero.  

0Bδ =    

Applying the superposition principle allows us to write  

0 1( ) . 0B B B Bx Rδ δ δ= + =                                                                         [6.1] 

Using relationship [6.1], it is possible to calculate the redundant reaction.    

0

1

( )B
B

B

xR δ
δ

= −                                                                                             [6.2] 

The relationship [6.2] describes the support reaction at joint B according to 
different positions of the unit force. In addition, it allows us to construct the 
influence line of this reaction by scanning the different positions of the unit force. 

In the same way, the influence lines of the bending moment at point D can be 
obtained. In this case, it is necessary to calculate the reaction VA or VC using the 
static equations. From Figure 6.6, the expression of the bending moment at the 
section passing through the point D is given by  

( , ) . .( ) 1.( )A B BM x R R x xα α α α= + − − −                                      [6.3]   

where α  is the abscissa of point D and Bx is the abscissa of point B. 

 

A 
C

1 
B D E 

1
Bδ
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Figure 6.6. Bending moment at point D 

The influence line is established by calculating ( , )M xα  in the different regions 
of beam (AE). 

EXAMPLE 6.1.–  

Construct the influence lines of support reaction RB, shear force TD and bending 
moment MD of the beam (Figure 6.7) with constant EI. 

 

Figure 6.7. Beam with cantilever 

To vary the statically indeterminate structural analysis methods, we use the 
slope-deflection method in this exercise.  

We consider first the moving forces in different regions of application. 

0 x a≤ ≤  (Figure 6.8) 

 

Figure 6.8. Unit force on cantilever (AB) 
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The unit force generates a bending moment at joint B, which is equal to  

( )BAM a x= − −   

Similarly, the moment in the sections of bar (BC) is  

( )BCM a x= −  

We apply the slope-deflection method. 

BC BC B BC BC CM K Kω λ ω= +  

Knowing that 0Cω =   

BC BC BM K ω=  

The slope of joint B can be deduced by  

( ) 3 ( )
4 4
3

BC
B

BC

M a x a a x
EI EIK
a

ω − −= = =  

The fixed-end moment can be deduced using the slope-deflection method.  

CB CB CB BM K λ ω=  

or  

4 1 3 ( ) 1 ( )
3 2 4 2CB
EI a a xM a x
a EI

−= = −  

We take the equilibrium of forces relating to point C. 

( )3 (4 )B CBR x a M a x= + −  

By substituting the value of MCB, the expression of the reaction at support B 
becomes  

3( )
2 2B

xR x
a

= −  
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The shear force TB(x) and bending moment MC(x) expressions are  

1( ) ( ) 1
2 2D B

xT x R x
a

= − = −  

( ) ( )(3 a) (4 )
2 2C B
a xM x R x a x= − − = −  

4a x a≤ ≤  (Figure 6.9) 

 

Figure 6.9. Unit force on span (BC) 

We apply the Clapeyron method to determine the moment at fixed-end C.   
'' 0C C BC CBbM cMω ω= − + =  

The moment at fixing point C is  

''
C

CBM
C

ω
= −

 

Knowing that '' ( )(4 )(2 )
6 (3 )C

x a a x a x
EI a

ω − − +=  and C= a
EI

=   

( )(4 )(2 )
18 ²CB

x a a x a xM
a

− − += −  

The reaction at support B, the shear force TD and the bending moment MC can be 
deduced using the equilibrium equations. 

( )3 (4 )B CBR x a M a x= − + −  

By substituting the expression of MCB, the expression of the reaction at support B 
is  

3

4 ( )(4 )(2 )( )
3 3 54B

x x a a x a xR x
a a

− − += − −  

A   C

1 

  B D
      a              a                        2a 

x
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To evaluate the shear force, we distinguish two cases according to the position of 
the applied force.  

2a x a≤ ≤      

3

1 ( )(4 )(2 )( ) ( ) 1
3 3 54D B

x x a a x a xT x R x
a a

− − += − = − −  

2 4a x a≤ ≤      

3
4 ( )(4 )(2 )( ) ( )
3 3 54D B

x x a a x a xT x R x
a a

− − += = − −
 

and  

( )(4 )(2 )
18 ²CB

x a a x a xM
a

− − += −
 

The diagrams of the influence lines of reaction RB of the bending moment of the 
section passing through point C and the shear force of the section passing through 
point D are shown in Figures 6.10–6.12. 

 

Figure 6.10. Influence line of reaction RB 

 

Figure 6.11. Influence line of shear force TD 
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Figure 6.12. Influence line of bending moment MC*(a) 

6.2.2. Beam with two degrees of static indeterminacy  

Draw the influence lines of support reactions RB and RC and moment MA of 
beam (AC) assuming that the flexural rigidity (EI) is constant.  The beam is stressed 
by a moving unit load (Figure 6.13).  

  
Figure 6.13. Beam with two degrees of static indeterminacy 

To quantify reactions RB and RC and fixed-end moment MA of the beam  
(Figure 6.13), we follow the procedure established for analyzing beams with a single 
degree of static indeterminacy using the method of forces.   

The degree of static indeterminacy of the system is given by 

f = (3·b + r) – (3·n + k)                                                                          [6.4]  

f = (3·1 + 5) – (3·2 + 0) = 2 

– Equivalent system 

Supports B and C are substituted by equivalent support reactions VB and VC 
(Figure 6.14).  

 

Figure 6.14. Equivalent beam 
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– Fundamental system 

We ignore the effect of support reactions VB and VC, and the system becomes 
statically determinate (Figure 6.15). 

  

Figure 6.15. Fundamental beam 

0 ≤ ≤ xα  

( , ) ( )x xμ α α= − −                                                            [6.5a]                               

2≤ ≤x Lα        

( , ) 0xμ α =                                                                              [6.5b]                     

The deformation of the elastic line method in regions ( 0 ≤ ≤ xα ) and  
( 2≤ ≤x Lα ) allows us to formulate displacement expressions at points B and C. 

The general expression of the vertical displacement of the cantilever at any 
section defined by α  is  

0 ≤ ≤ xα  

0 31( , ) ( 3 ²)
6

x x
EI

δ α α α= −                                                       [6.6a] 

2≤ ≤x Lα                                       

0 1. ²( , ) ( 3 )
6

xx x
EI

δ α α= −                                                                   [6.6b] 

In particular, we calculate the displacements at point B ( ). 

 

 

determinate (Figure 6.15).

A   B C
       L                                      L

x 1
 Y 

  x 

Lα =
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                                                                         [6.7a] 

                  

                                                                 [6.7b] 

Similarly, we calculate the displacement at point C ( ).  

 

                                                                      [6.8a]  

                                      

                                                                     
[6.8b]

 

– Unit systems (Figures 6.16 and 6.18)  

The unit systems and the bending moment diagrams are shown, respectively, in 
Figures 6.16–6.19.  

 

Figure 6.16. First unit system 

The bending moment of a statically determinate beam (Figure 6.16) is given by 

                        0 2x L≤ ≤                                                   [6.9]      

The bending moment diagram is shown in Figure 6.17. 
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Figure 6.17. Diagram of moment m1(x)  

We apply a unit moment X2 =1 at point B (Figure 6.18). 

 

Figure 6.18. Second unit system 

The variation of the bending moment and the corresponding diagram is shown in 
Figure 6.19. 

                                                            [6.10]  

      

 

 

 

Figure 6.19. Diagram of moment m2(x)  

The displacements at points B and C of the unit systems in Figures 6.16 and 6.18 
are calculated using the graphical method.   

The displacements at points B and C are  
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2 3 3CC
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The compatibility conditions of the displacements at points B and C (Figure 
6.20) are applied, and we obtain  

 

Figure 6.20. Displacements at points B and C 
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The displacements of the system given at points B and C are written as 

                                                             [6.11a] 

                                                               [6.11b] 

The support reactions VB and VC can be deduced after resolving the system of 
equations ([6.11a] and [6.11b]).  

 

           

                           

The support reactions are    

      

 

                                      

 

 

The support reactions become     
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The influence lines of support reactions VB and VC are shown in Figure 6.21. 

 
Figure 6.21. Influence lines of reactions RB and RC 

The influence line of the bending moment at fixing A is  

 

with 

      

 

By substituting the support reactions values, the fixed-end moment expression 
becomes 
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with  

       

 

The expression of the fixed-end moment is  

 

The influence line of the fixed-end moment is shown in Figure 6.22. 

 

Figure 6.22. Influence line of moment MA 

6.3. Influence lines of frames  

Draw the influence lines of fixed-end moment MC and shear force TC of the 
frame (Figure 6.23(a)) using the moment-distribution method. The given frame has 
displaced joints, so it is necessary to add a support at joint B to make it fixed joint 
(Figure 6.23(b)). We assume that the flexural rigidity (EI) is constant.  
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Figure 6.23.  a) Given frame and b) frame without sidesway 

– Rigidity factors 

         

                       

 – Transmission coefficients 

         

         

– Distribution factors 
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– Fixed-end moments 

    

 

The method of distribution of moments is presented in Table 6.1. 

Joints A B C 

Bars AB BA BC CB 

r  
  

 

 
  x -(L-x) 

Equilibrium  
3
7
x−  4

7
x−   

Transmission 0   
2
7
x−  

M ( )( )
²

x L x
L
−  0 

3
7
x−  3

7
x  5 7

7
x L−  

Table 6.1. Moments at the ends of bars 

The influence line of moment MC is shown in Figure 6.24.  

The bending moment expression of bar (CB) is given as 

  

where  is the bending moment of bar (CB), which is considered statically 
determinate. We can distinguish  
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Figure 6.24. Influence line of bending moment MC *( L
448

)  

 

 

 

 

 

 

The shear force expressions are deduced from the bending moment expressions. 
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The influence line of shear stress TC is shown in Figure 6.25. 

  

Figure 6.25. Influence line of shear force TC*( 1
112

) 

6.4. Influence lines of trusses  

For truss systems, we distinguish three categories of structures that depend on 
the degree of static indeterminacy. They are (1) internally statically indeterminate 
truss systems, (2) externally statically indeterminate systems and (3) internally and 
externally statically indeterminate systems (Figure 6.26). 

The degree of static indeterminacy of a truss system is given by the following 
formula: 

f = b – (2·n – 3) 

Table 6.2 groups the calculation of the degree of static indeterminacy of each 
truss system (Figure 6.26) and Table 6.3 shows the nature of the static 
indeterminacy of truss systems.  
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  System (a) (b) (C) 

b 6 5 6 

2n – 3 5 5 5 

r 3 4 3 

F 1 0 1 

Table 6.2. Degrees of static indeterminacy 

 
Figure 6.26. Statically indeterminate truss structures. a) Internally statically  

indeterminate; b) externally statically indeterminate; c) externally and internally  
statically indeterminate 

System Internal analysis External analysis 

(a) Once statically 
indeterminate Statically determinate 

(b) Statically determinate Once statically 
indeterminate 

(c) Once statically 
indeterminate 

Once statically 
indeterminate 

Table 6.3. Different static indeterminacy 
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6.4.1. Internally statically indeterminate truss 

Draw the influence lines of bars (BC) and (BD) of the truss system (Figure 6.27) 
knowing that all the bars have constant membrane rigidity (E Ω ). The load is 
moving on joints B and C.  

– External analysis  

Number of unknowns: 3 

Number of static equations: 3 

The system is externally statically determinate.  

– Internal analysis  

Number of bars: b = 6. 

Number of equations: 2n – 3 = 5 

Therefore, the system is once internally statically indeterminate (Figure 6.27). 

 

 

 

 

 

 

Figure 6.27. Given system 

Truss system analysis of Figure 6.27 requires the application of the method of 
forces (Chapter 3).  
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 B       C 

      D  

  L 
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 1  1 
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– Equivalent system 

In the equivalent truss system, it is necessary to replace bar (AC) with an 
equivalent force (Figure 6.28). 

  

Figure 6.28. Equivalent system 

– Fundamental system 

We ignore the existence of bar (AC) to obtain the fundamental system (Figure 
6.29). Then we apply a unit action to joint B and joint C alternatively.  

 

  

 

 

 

 

Figure 6.29. Basic system 

The method of joint equilibrium is used to calculate the forces on the bars of the 
fundamental structure (Figure 6.29).  
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– Case 1: Unit moment is at joint B  

- Joint C  

 

F2 +NCB + NCD = 0 

NCB = 0 

NCD = 0  

 

 

 

Figure 6.30. Equilibrium of node C 

- Joint B   

The equilibrium of joint B allows us to write  

 

 

 

 

 

Figure 6.31. Equilibrium of joint B 

The projection of internal forces along the axes gives 
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NBA + NBD  +1 = 0 

 This leads to  

NBC = 0 

NBA =-1 

- Joint A  

The support reactions can be deduced using equilibrium equations of the 
fundamental system. 

HA = 0 

VA = +1 

The equilibrium of joint A leads to  

 

 

 

 

 

Figure 6.32. Equilibrium of joint A 

HA + VA + NAD + NAB  = 0 

The projection of forces along the horizontal axis gives  

NAD = 0 

The forces on the bars of the truss structure are grouped in Table 6.4. 

2
2

 = 0F

  A     HA  NAD

  NAB

      VA 
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Bar 
 

Nature of force  

AB 

AD 

BC 

BD 

CD 

–1 

0 

0 

0 

0 

Compression 

Neutral 

Neutral 

Neutral 

Neutral 

Table 6.4. Internal forces on the bars of the fundamental system 

– Case 2: Unit moment is at joint C  

- Joint C   

NCB = 0 

NCD = –1. 

 

 

 

 

Figure 6.33. Equilibrium of joint C 

- Joint B   

The equilibrium of joint B leads to   

 

NBD = NBA = 0 
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Figure 6.34. Equilibrium of joint B 

- Joint A  

Similarly, the force on bar (AD) is also zero.   

NAD = 0 

The forces on the bars of truss structures when a unit force is applied at joint C 
are presented in Table 6.5. 

Bar Nature of force  
AB 
AD 
BC 
BD 
CD 

0 
0 
0 
0 

–1 

Neutral 
Neutral 
Neutral 
Neutral 

Compression 

Table 6.5. Internal forces on the bars of the fundamental system 

- Unit system analysis 

Instead of the ignored force (Figure 6.29), we apply a unit force in the direction 
of the removed bar (Figure 6.35).  

 
Figure 6.35. Unit system 
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The forces on the bars of truss structures when a unit force is applied at joints A 
and C alternatively are presented, respectively, in Tables 6.5 and 6.6. 

Similarly, the internal force on the bars of the system (Figure 6.35) due to a unit 
action applied in the direction of the removed bar is presented in Table 6.6.   

Bar  Nature of force  

AB 

AD 

BC 

BD 

CD 

AC 

– /2 

– /2 

/2 

1 

/2 

1 

Compression  

Compression 

Compression  

Traction  

Compression 

Traction  

Table 6.6. Internal forces on the bars of the unit  
system due to a unit action applied along the axis (AC) 

The displacement of bar (AC) is calculated when a unit force is applied to joint 
B. Applying the compatibility condition of the displacement along the diagonal 
(AC) makes it possible to write:  

  

The force in bar (AC) is  

 

with 
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We apply the same method to calculate the displacement at bar (AC) when a unit 
force is applied at joint C.  

  

The force on bar (AC) under an applied unit force is    

 

 

 

 

The influence line of the internal force on bar (AC) (Figure 6.36) when a unit 
force is successively applied between joint B and C is: 

 

 

 

 

 

Figure 6.36. Influence line and normal force on bar (AC)*(
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6.4.2. Externally statically indeterminate truss 

Draw the influence lines of support reaction RL and normal force NDE of the truss 
structure (Figure 6.37).  is constant and the unit force is assumed to be moving 
on the joints of the lower membrane. 

 

Figure 6.37. Given truss 

– External analysis  

Number of unknowns (support reactions) = 4 

Number of static equations = 3 

The system is once externally statically indeterminate.  

– Internal analysis:  

Number of bars: b = 25 

Number of possible equations to write: 2n – 3 = 2×14 – 3=25 

The structure is statically determinate internally. 

We choose the method of forces to analyze and evaluate the influence lines of 
the truss structure (Figure 6.37).  

– Equivalent system 

The given truss system is once statically indeterminate externally. We must 
replace the support reaction with an equivalent force, for example support reaction 
RL (Figure 6.38). 
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Figure 6.38. Equivalent structure 

– Fundamental system 

We ignore the support reaction replaced in the equivalent structure to obtain the 
fundamental system (Figure 6.39). Then we apply a unit action to joint N and joint J 
successively.  

 
 

 

 

Figure 6.39. Fundamental structure 

– Case 1: A unit force is applied to joint N (Figure 6.40).  

 

 

 

Figure 6.40. Unit force at joint N 
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The forces on the bars of the structure (Figure 6.40) are obtained by the method 
of joint equilibrium (Figure 6.41).  

 

Figure 6.41. Force on the bars due to a unit force applied at joint N*(1/24) 

We apply a unit force at point M. The internal forces on the bars are shown in 
Figure 6.41. 

 

Figure 6.42. Force on the bars due to a unit force applied at joint M*(1/24) 

The unit force is applied successively to points L, K and J. The forces obtained 
in the bars for each case are represented in Figures 6.43–6.44. 

 

Figure 6.43. Force on the bars due to a unit force applied at joint L (1/24) 
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Figure 6.44. Force on the bars due to a unit force applied at joint K (1/24) 

 

Figure 6.45. Force on the bars due to a unit force applied at joint J*(1/24) 

The influence lines of support reactions RL and RI are given in Figure 7.46. 

 

Figure 6.46. Influence lines of support reactions RL and RI 

In the same way, it is possible to draw the influence line of the internal force on 
bar (DE) by taking the value of the internal force for the different application cases 
of the unit force going from joint N to joint J (Figure 6.47).  
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Figure 6.47. Influence line and internal force on bar (DE) 

6.5. Conclusion 

In this chapter, we have presented the establishment of influence lines of support 
reactions and/or of internal actions of statically indeterminate structures, such as 
trusses, beams and plane frames.  

The influence lines of support reactions and/or internal actions can be deduced 
by using one of the statically indeterminate structural analysis methods: the method 
of three moments, the slope-deflection method, the method of forces or the  
moment-distribution method. 

The influence lines of support reactions and/or internal actions can be established 
by applying a moving unit action. The response obtained gives the support reaction 
and/or internal action, which describes the influence line. 

The study of influence lines allows the designer to highlight the position of the 
force that can be applied, leading to extreme stresses. This makes it possible to 
minimize the dimensions of the cross sections of the structures.     

6.6. Problems  

Exercise 1  

Determine the influence lines of support reaction RA of the following beams. EI 
is constant for all structures. 
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Exercise 2  

Determine the influence lines and shear force relating to A and the bending 
moment MB for the structures in Exercise 1.  

Exercise 3  

Determine the influence lines of the support reaction RA and internal force N1 of 
bar 1 for the following trusses. We assume that the unit load is moving on the joints 
of the upper membrane and E  is constant.   
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Exercise 4  

Draw the influence lines of reaction RA and bending moment MB of the 
following frames:  

 

 

 

 

 

 

 

 

 

 

 

 

Exercise 5  

Draw the influence lines of reaction RA and bending moment MB and shear force 
TB of the following beam (EI is a constant): 

 
Use the slope-deflection method, the method of forces and the moment-

distribution method. 
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Redo this exercise for the following beam: 

 
 

Exercise 6  

Draw the influence lines of reaction RA, bending moment MB and shear force TB 
of the following frames: use the slope-deflection method, the method of forces and 
the moment-distribution method. EI is a constant. 

 

                                                                    

 

 

 

 

Exercise 7  

Draw the influence lines of support reactions RA and RB and normal forces N1 
and N2 of the following truss structures:  
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Exercise 8  

Draw the influence lines of reaction RA and bending moment MA according to 
the stiffness of spring Ks of the following beam:  

 

Redo the same study for the following continuous beam.   

 

   E, I               

     L              

1.            

 A          Ks   
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Statically Indeterminate Arch Analysis 

After studying this chapter, the reader will be able to:  

– distinguish between types of arch; 

– comprehend the advantages of arch constructions; 

– analyze statically indeterminate arches under different loads; 

– analyze statically indeterminate tied arches;  

– distinguish and analyze arches with any funicular geometry;  

– construct influence lines of arches. 

In this chapter, we present the fundamental concepts of statically indeterminate 
arch analysis. Based on geometry, three categories of arches have been studied:  
(1) semicircular arches, (2) parabolic arches and (3) tied arches. In another way, 
proceeding from the connection between arches and the external environment, two 
families of arches are the subject of this analysis: bi-hinged arches and fixed arches. 
Finally, to show the variation of internal and external actions under a moving load, the 
influence lines of internal and external actions have been widely established.  

7.1. Introduction 

The use of arches in construction is very ancient, dating back to the Roman 
period. They have been used in the construction of bridges as elements resistant to 
the loads of vaults and slabs; their use is justified by their structural importance and 
by their high mechanical efficiency.  

From a structural point of view, arches can bear very significant compression 
forces and considerably reduce the bending effect. Initially, they were built using 
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stones or voussoirs. Then, toward the 18th Century, they were transformed into 
carved stones. Nowadays, arches are constructed of steel, reinforced concrete or 
prestressed concrete and can withstand strong compression and traction stresses. 
They are intended to be the main elements of very long bridges.   

7.2. Classification of arches 

Statically indeterminate arches are classified according to their connection with the 
external environment. In general, they are grouped into three categories: (1) three-
hinged arches, (2) bi-hinged arches and (3) fixed arches. Statically determinate arches 
are in the first category, while statically indeterminate arches are in the second and 
third categories. The support reaction can be determined by one of the analysis 
methods of statically indeterminate structures presented in Chapters 2–5 (Figure 7.1). 

      
Figure 7.1. Statically indeterminate arches1 

In the same way, it is possible to classify the arches according to their rise or 
funicular shape. In this case, we distinguish overbowed arches, arches with an 
average rise and arches with a significant rise (Figure 7.2). 

                            
1 All of the figures in this chapter are available to view in full color at www.iste.co.uk/ 
khalfallah/analysis2.zip. 

      

           Three-hinged arch                                              Bi-hinged arch 

      

                Bi-fixed arch                                       Arch with one fixed side  

 P 

 P  P 

 P 
 Joint 

www.iste.co.uk/khalfallah/analysis2.zip
www.iste.co.uk/khalfallah/analysis2.zip
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Figure 7.2. Classes of arch 

7.3. Semicircular arch under concentrated load 

We analyze the bi-hinged semicircular arch, which is subjected to a concentrated 
force of intensity P applied at distance a from support A (Figure 7.3). We assume 
that the flexural rigidity (EI) is constant.  

 

 Figure 7.3. Semicircular arch under concentrated load 

The arch (Figure 7.3) is once statically indeterminate. To analyze it, we use the 
method of forces (Chapter 5).  

    a                2R-a 
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P
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Equivalent and fundamental systems (Figure 7.4) 

 
Figure 7.4. (a) Equivalent system and (b) fundamental system 

The displacement at point A of the given system is null.   

   [7.1] 

Using the superposition principle of effects allows us to write  

                                 [7.2] 

 and  are the horizontal displacements at point A, respectively, of the 
fundamental (Figure 7.4(b)) and unit systems (Figure 7.5). 

The support reaction at point A of the fundamental system can be deduced by  

 
[7.3]

 

The expressions of the bending moment of the fundamental system are given as 

       

                                    
[7.4a]

 

   

                                                        
[7.4b]

 

 

 

 

 

 

                       (a)                                                                    (b) 

C

  P   

A B 

 R 

   a            2R-a 

HA  1θ  

C

 P  

A  B 

 R 

  a            2R-a 

 1θ  

P P 

0Aδ =

0 1 0A A AHδ δ+ =

0
Aδ 1

Aδ

(1 )
2A
aV P
R

= −

0 x a≤ ≤

( ) (1 )
2
ax P x
R

μ = −

2a x R≤ ≤

( ) (1 )
2
xx Pa
R

μ = −

P P
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The expression of the bending moment of the unit system (Figure 7.5) is  
given as   

       

                                           [7.5] 

 

Figure 7.5. Arch under a unit action 

This time, we use the principle of virtual work to calculate the displacements.  

                                     [7.6]  

                   [7.7] 

S is the curvilinear length of the arch. 

Substituting equations [7.4] and [7.5] with relationships [7.6] and [7.7],  
we obtain  

   
       [7.8]

 

1

0

1 ²
s

A y ds
EI

δ = 
             

[7.9] 

Knowing that (1 cos )x R θ= − , siny R θ=  and ds Rdθ= , equations [7.8] and 
[7.9] are written as 

0 2x R≤ ≤

( )m x y= −

y

  

A B 

R 

  a            2R-a 

HA 

( )xμ
 

0

0

( ) ( )s

A
x m x ds
EI

μδ = 

1

0

²( )s

A
m x ds

EI
δ = 

2
0

0

1 (1 ) ( ) (1 )( )
2 2

a R

A
a

a xP x y ds Pa y ds
EI R R

δ
 

= − − + − − 
 

 
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1

0

0

1
(1 ) (1 cos )( sin )

2A

a
P R R Rd

EI R

θ

δ θ θ θ= − − −
 
 
  



1

1 (1 )( sin )
2EI
xPa R Rd
R

π

θ
θ θ + − −  

  

[7.10]

 

Alternatively, it is written as  

0
3 2

1 1 1 1(1 )(cos ² ) ( cos ² )
2

1 12cos 1 cos
2 2 2 2A

a
R

PR PaR
EI EI

δ θ θ θ θ= − −
 − − + + + 
       

or  

0
3

1 1 1(cos ² 2cos 1) 2 cos
2A

PR a
EI R

δ θ θ θ= −  − + + 
  

[7.11]
 

3
1

0

1 ² sin ² .
2A

RR Rd
EI EI

π πδ θ θ= =
                          

[7.12]
 

Substituting equations [7.11] and [7.12] in equation [7.2], we obtain the 
expression that gives the horizontal reaction at joint A. 

1 1 1(cos ² 2cos 1) 2 cosA

P aH
R

θ θ θ
π

=
 − + + 

                           
[7.13]

 

The reaction at support B can be deduced by   

1 1 1(cos² 2cos 1) 2 cosB A
P aH H

R
θ θ θ

π
 = − = − − + + 

  [7.14] 

The variation of the bending moment is given as  

0 x a≤ ≤        

1 1 1

( ) (1 )(1 cos )
2

(cos² 2cos 1) 2 cos sin

A A
aM x V x H y PR
R

PR a
R

θ

θ θ θ θ
π

= − = − −

 − − + +                                   
[7.15a]
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2a x R≤ ≤  

1 1 1

( ) ( ) (1 cos )
2

(cos² 2cos 1) 2 cos sin

A A
PaM x V x H y P x a

P a
R

θ

θ θ θ θ
π

= − − − = +

 − − + +                               
[7.15b] 

In the same way, the variation of the shear force is  

1θ θ≤  (Figure 7.6)  

( ) sin cosA AT V Hθ θ θ= −                   [7.16] 

The shear force can also be written another way. 

1 1 1

( ) (1 )sin
2

(cos² 2cos 1) 2 cos cos

aT P
R

P a
R

θ θ

θ θ θ θ
π

= −

 − − + +      
[7.17a]

 

1 1 1(0) (cos ² 2cos 1) 2 cosP aT
R

θ θ θ
π
 = − − + + 

 

 
 

 

 

Figure 7.6. Section x≤ ≤0 a  

 (Figure 7.7) 

The shear force expression in this section is given as  

( ) sin cos sinA AT V H Pθ θ θ θ= − −  

1θ θ π≤ ≤

1 1 1 1 1 1( ) (1 )sin (cos ² 2cos 1) 2 cos cos
2
a P aT P
R R

θ θ θ θ θ θ
π
 = − − − + + 

  VA 
θ  

HA 

( )T θ
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or 

  1 1 1( ) ( )sin (cos² 2cos 1) 2 cos cos
2
a P aT P
R R

θ θ θ θ θ θ
π
 =− − − + + 

 
 [7.17b]

 

     
1 1 1 1 1 1( ) ( ) sin (cos ² 2 cos 1) 2 cos cos

2
a P aT P
R R

θ θ θ θ θ θ
π
 = − − − + + 

 

1 1 1( ) (cos ² 2cos 1) 2 cosP aT
R

π θ θ θ
π
 = − + +   

 

 

 

 

Figure 7.7. Section  ≤ ≤1θ θ π  

The normal force at section  (Figure 7.8) is given as 

( ) cos sinA AN V Hθ θ θ= − −    
[7.18]

 

or  

1 1 1( ) (1 )cos (cos² 2cos 1) 2 cos sin
2
a P aN P
R R

θ θ θ θ θ θ
π
 = − − − − + + 

    [7.19] 

 

 

Figure 7.8. Section  x≤ ≤0 a  

10 θ θ≤ ≤

VA 

HA 

( )T θP 

1θ
 θ

θ

VA 

HA 

( )N θ



Statically Indeterminate Arch Analysis     317 

    (0) (1 )
2
aN P
R

= − −  

1 1 1 1 1 1( ) (1 )cos (cos² 2cos 1) 2 cos sin
2
a P aN P
R R

θ θ θ θ θ θ
π
 = − − − − + + 

 

 (Figure 7.9) 

( ) cos sin cosA AN V H Pθ θ θ θ= − − +  

1 1 1( ) ( ) cos (cos ² 2cos 1) 2 cos sin
2
a P aN P
R R

θ θ θ θ θ θ
π
 = − − + +            

1 1 1 1 1 1( ) ( )cos (cos ² 2cos 1) 2 cos sin
2
a P aN P
R R

θ θ θ θ θ θ
π
 = − − + +   

( ) ( )
2
aN P
R

π = −
 

  

 

 

 

 

Figure 7.9. Section  ≤ ≤1θ θ π  

Numerical application 

1
2

a
R

= , 
1 3

πθ = ,  
1

1cos
2

θ =  and 
1

3sin
2

θ =  

AH P=         
BH P= −   

 

1θ θ π≤ ≤

θ

VA 

HA 

( )N θ

1θ

P 
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0.75AV P=   
0.25BV P=

 

The bending moment expressions are given as:   

0 x a≤ ≤        
( ) (0.75 0.75cos sin )M x PR θ θ= − −       

 0θ = :  (0) 0.M =  

4
πθ = : (0) 0.487M PR= −  

  1θ θ= : 
1( ) 0.491M PRθ = −      

2a x R≤ ≤  
( ) (0.25 0.25cos sin )M x PR θ θ= + −   

 1θ θ= :  1( ) 0.491M PRθ = −  

2
πθ = :  ( ) 0.75

2
M PRπ = −          

3
4
πθ = : 3( ) 0.633P

4
M Rπ = −          

θ π= :             ( ) 0.M π =

The variation of shear force for 10 θ θ≤ ≤ is given as  

( ) sin cosA AT V Hθ θ θ= −    
Or, ( ) 0.75 sin cosT P Pθ θ θ= −            

(0)T P= −  

( ) 0.176T Pθ = −  

1( ) 0.149T Pθ =  
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1θ θ π≤ ≤  
( ) sin cos sinA AT V H Pθ θ θ θ= − −  
( ) 0.25 sin cosT P Pθ θ θ= − −  

Hence 

1( ) 0.716T Pθ = −  

( ) 0.25
2

T Pπ = −
 

3( ) 0.53
4

T Pπ =
 

( )T Pπ =  
In the same way, the variation of the normal force is given as   

( ) cos sinA AN V Hθ θ θ= − − 0.75 cos sinP Pθ θ= − −   

0θ = : (0) 0.75N P= −  

4
πθ = :

 
( ) 1.237
4

T Pπ = −
 

1θ θ= : 1( ) 1.082N Pθ = −  

1θ θ π≤ ≤   
( ) cos sin cosA AN V H Pθ θ θ θ= − − + = 0.25 cos sinP Pθ θ−  

1θ θ= : 1( ) 0.582N Pθ = −  

2
πθ = :

 
( )
2

N Pπ = −
 

3
4
πθ = :

 
3( ) 0.883
4

N Pπ = −
 

θ π= : ( ) 0.25N Pπ = −  
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The diagrams of the bending moment, the shear force and the normal force are 
shown, respectively, in Figures 7.10–7.12.  

 

Figure 7.10. Bending moment diagram (*PR) 

 

Figure 7.11. Shear force diagram *(P) 

 

Figure 7.12. Normal force diagram *(-P) 
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7.4. Parabolic arch under concentrated load 

We analyze the parabolic arch in Figure 7.13. We assume that the flexural 

rigidity (EI) is constant and the Cartesian equation is 2 ²
²

h hy x x
L L

= − .  

 

 

 

 

Figure 7.13. Parabolic arch 

Analysis of the arch (Figure 7.13) requires the use of the method of forces. The 
fundamental system leads to determining the displacement  (Figure 7.14(a)) and 

the unit system allows us to calculate the displacement  (Figure 7.14(b)).  

 
                               a)                                                       b) 

Figure 7.14. Fundamental and unit arches 

The horizontal displacement at point A of the initial system is 0.   

    

This relationship is written in the following form:  

  

0
Aδ

1
Aδ

 

 

(a)                                                                  (b) 

 
A B 0

Aδ
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   h 
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1
Aδ

 

   h 

   B 

0Aδ =

0 1 0A A AHδ δ+ =

  P 
   h 
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 and  are the displacements of the fundamental system (Figure 7.14(a)) 
and the unit system (Figure 7.14(b)). 

The support reaction at point A of the fundamental system is given as 

(1 )
2A
aV P
L

= −
   

The expressions of the bending moment of the fundamental system are given by  

0 x a≤ ≤      ( ) (1 )
2
ax P x
L

μ = −    

2a x L≤ ≤   ( ) (1 ) ( ) (1 )
2 2
a xx P x P x a Pa
L L

μ = − − − = −     

The expression of the moment of the unit system is given by  

0 2x L≤ ≤      
2

2( ) (2 )h hm x y x x
L L

= − = − −    

The displacement calculation is carried out using the method of virtual work. 

0

0

( ) ( )s

A
x m x ds
EI

μδ = 
        

           
1

0

²( )s

A
m x ds

EI
δ = 

         
      

By introducing the expressions of the bending moments, we obtain  

2
0

0

1 (1 ) ( ) (1 )( )
2 2

a L

A
a

a xP x y dx Pa y dx
EI L L

δ
 

= − − + − − 
 

 
              

       
0

0

1
(1 ) (2 )

2
²

²

a

A

a
P x dx

EI L
h hx x
L L

δ = − − −
 
 
 


21 (1 )(2 ²)

2 ²
L

aEI
x h hPa x x dx
L L L

 − − −  
 

 
 
 

0
Aδ 1

Aδ
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This can also be written as  

3

3
2 ² 10 ( )
3 3 ² 12

aPahL a
A EI L L

δ = − − +
   

1

0

1 ²
s

A y ds
EI

δ = =
2

2

0

1 16 ²(2 ²)
² 15

L h h h Lx x dx
EI L L EI

− =
           

We obtain the horizontal reaction using the compatibility equation of 
displacements at point A.  

3

3
5 1 ² 1(1 )
8 2 ² 8A

aPa aH
h L L

= − +
  

The expression of the bending moment is given by 

0 x a≤ ≤        
3

3
15 2 1 ² 1( ) (1 ) ( )(2 ²)

2 16 3 3 ² 12 ²A A
aa Pa a h hM x V x H y P x x x

L h L L L L
= − = − − − + −

  

(0) 0.M =  
3 4 5

3 5
4

14 5 ² 5 5 5( ) ( ) (1 )
8 8 ² 8 32 64A A

a a aa aM a V a H y x a Pa
L L L L L

= − = = − + + − +
 

2a x L≤ ≤  
3

3
15 2 1 ² 1( ) ( ) (1 ) ( )(2 ²)

2 16 3 3 ² 12 ²A A
aa Pa a h hM x V x H y P x a P x x x Pa Px

L h L L L L
= − − − = − − − + − + −

3 4 5

3 5
4

14 5 ² 5 5 5( ) (1 )
8 8 ² 8 32 64

a a aa aM x a Pa
L L L L L

= = − + + − +
 

( 2 ) 0.M x L= =  

Numerical application  

To interpret the obtained results, we consider . a L=
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2A
PV =

   

25
64A

PLH
h

=
 

0 x L≤ ≤        

9 25 ²( )
32 64A A

xM x V x H y Px P
L

= − = − +
  

(0) 0.M =  

7( )
64

M L PL=
 

2L x L≤ ≤  

41 25 ²( ) ( )
32 64A A

PxM x V x H y P x a Px PL
L

= − − − = − + +

7( )
64

M x L PL= =
 

( 2 ) 0.M x L= =  

The bending moment diagram of the arch is shown in Figure 7.15. 

 

  

 

 

Figure 7.15. Bending moment diagram *(PL) 
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  h
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0 x L≤ ≤        

( ) 9 25( )
32 32

dM x xT x P P
dx L

= = − +
  

9(0)
32

T P= −
 

1( )
2

T L P=
 

2L x L≤ ≤  

41 25( )
32 32

xT x P P
L

= − +
                                                           

1( )
2

T x L P= = −
 

9( 2 )
32

T x L P= =
 

The shear force diagram is shown in Figure 7.16. 

 

 

 

 

 

Figure 7.16. Shear force diagram *(P) 

We cut the arch at an angle (Figure 7.17). 
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The variation in normal force is  

( ) cos sinA AN V Hθ θ θ= − − 25cos sin
2 64
P PL

h
θ θ= − −  

(0)
2
PN = −

 

25( )
2 64

PLN
h

π = −
 

 

 

 

Figure 7.17. Section ≤ ≤0 x a  

The symmetry of the beam makes it possible to deduce the shear force diagram 
(Figure 7.18). 

 

 

 

 

 

Figure 7.18. Shear force diagram 

7.5. Semicircular arch under distributed load 

Calculate the support reactions and draw diagrams of the bending moment, shear 
force and normal force of a semicircular statically indeterminate arch of radius R 

θ
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N( ) θ
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0.50 P  0.50 P 
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and constant flexural rigidity (EI) along the arch. An arch is stressed by a uniformly 
distributed load of intensity q (Figure 7.19).  

 

Figure 7.19. Semicircular arch under uniform load 

The fundamental and unit arch structures are shown in Figures 7.20 and 7.21. 
Point A is displaced from  in the fundamental system and from  in the unit 

system.  

 

Figure 7.20. Deflected fundamental system 

 
Figure 7.21. Deflected unit system 
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The horizontal displacement at point A of the given structure is given as   

0 1 0A A AHδ δ+ =   
[7.20]

 

Support reaction A of the fundamental system is deduced by 

4A
qLV =

                           
[7.21]

 

The expression of the bending moment of the fundamental system is given by 

0 2x R≤ ≤   ( ) ²
2
qx qRx xμ = −  

 [7.22]

The expression of the bending moment of the unit system is given by  

0 2x R≤ ≤      ( ) sinm x R θ= −                      [7.23]    

By substituting relationships [7.22] and [7.23] with [7.20], we obtain the 
horizontal displacement of point A of the fundamental system.  

0

0

( ) ( )s

A
x m x ds
EI

μδ = 
                        [7.24] 

or 

0

0

1 ( ²).( sin )
2A
qqRx x R Rd

EI

π

δ θ θ= −
                        [7.25] 

with (1 cos )x R θ= −  

4
0 2

3A
qR
EI

δ =
                          [7.26] 

Similarly, the horizontal displacement at point A of the unit structure is given as 

1

0

²( )s

A
m x ds

EI
δ = 

                        [7.27]  

3 3
1

0

sin ²
2

R

A
R Rd

EI EI
θ πδ θ= =

 
                                [7.28]
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By substituting [7.26] and [7.8] with relationship [7.20], we obtain the horizontal 
displacement of joint A by  

0

1
4
3

A
A

A

qRH δ
δ π

= − =
                                                                      [7.29] 

And the horizontal reaction at joint B is deduced by   

4
3B A

qRH H
π

= − = −
                        [7.30] 

The expression of the bending moment is  

0 2x R≤ ≤        

1 1 4( ) ² ²
2 2 3A A

qRM x V x qx H y qRx qx y
π

= − − = − −
   

[7.31]

0 θ π≤ ≤  

1 4 sin² 4( ) ²(1 cos ) ²(1 cos )² sin ²( sin )
2 3 2 3

qRM qR qR R qR θθ θ θ θ θ
π π

= − − − − = −
  [7.32]  

          
sin² 4( ) ²( sin )

2 3
M qR θθ θ

π
= −

  
[7.33]

The bending moment diagram of the arch is shown in Figure 7.22. 

 

Figure 7.22. Bending moment diagram *( qR² ) 
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The variation of the shear force can be deduced by carrying out the radial 
equilibrium for each section defined by the angle θ (Figure 7.23). 

0
( ) sin cos sin .A AT V H q Rd

θ
θ θ θ θ θ= − −                                  

  [7.34] 
Alternatively, the shear force is written as 

4( ) (sin cos cos 1)
3

T qRθ θ θ θ
π

= − + −
   [7.35] 

 

 

 

 

 

Figure 7.23. Shear force 

The shear force diagram can be obtained by taking into account the symmetry of 
the arch (Figure 7.24). 

 

Figure 7.24. Shear force diagram *( qR² ) 

Finally, the normal force at the section defined by  (Figure 7.5) is given by 

0
( ) cos sin cos .A AN V H q Rd

θ
θ θ θ θ θ= − − +                         

 [7.36]
 

0.114

0.144

-0.424 

-0.086

q 

0.424 

0.086-0.114
  0.144 

θ

q 

θ

VA = qR 

HA 

( )T θ
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4( ) ( cos sin sin )
3

N qRθ θ θ θ
π

= − − +
                                       [7.37]

 

 

 

 

 

 

Figure 7.25. Normal force 

The shear force diagram is shown in Figure 7.26. 

 

Figure 7.26. Shear force diagram *( qR ) 

7.6. Parabolic arch under distributed load 

An arch of constant flexural rigidity (EI) is defined by the equation

. It is stressed by a uniform load of intensity q distributed along 
length L (Figure 7.27).  

 

q 0.576 

-1 

-0.30 -0.30

-0.704 

0.149 

-0.704 

0.149

 -1 

2 ²
²

h hy x x
L L

= −

q

θ

VA = qR 

HA 

( )N θ
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Figure 7.27. Parabolic arch under uniform load 

We construct the fundamental (Figure 7.28) and unit (Figure 7.29) systems.  

The fundamental system leads to determining the displacement 0
Aδ  and the unit 

system allows us to deduce the displacement 1
Aδ .  

 

 

 

Figure 7.28. Basic structure  

 

 

 

Figure 7.29. Unit structure 

The horizontal displacement at point A of the given system is given as  

0 1 0A A AHδ δ+ =   

 

q 

   h 

      2@ L     

   h 

   A B 

 q 

 
0
Aδ

1 
    h 

   
1
Aδ
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The support reaction at point A of the fundamental system is given by 

4A
qLV =

   

The expressions of the bending moment of the fundamental system are  

0 x L≤ ≤    ( )
4

qLx xμ =    

2L x L≤ ≤  
5 ² ²( ) ( )²

4 2 4 2 2
qL q qL qx qLx x x L xμ = − − = − −                                        

The expression of the bending moment of the unit system is given by  

0 2x L≤ ≤      
2( ) ( ²)

²
h hm x y x x

L L
= − = − −    

The displacement calculations are carried out using the method of virtual work. 

0

0

( ) ( )s

A
x m x ds
EI

μδ = 
   

1

0

²( )s

A
m x ds

EI
δ = 

   

The introduction of the equations above makes it possible to obtain  

2
0

0

1 2 5 ² ² 2( ²) ( )( ²)
4 ² 4 2 2 ²

L L

A
L

qL h h qL qx qL h hx x x dx x x x dx
EI L L L L

δ
 

= − − − − − − 
 
 

2
1

0 0

1 1² ²
s L

A y ds y dx
EI EI

δ = = 
   

0
39

40A

qhL
EI

δ = −
  

2
1 2

0

1 16 ²(2 ²)
² 15

L

A
h h h Lx x

EI L L EI
δ = − =
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The compatibility equation of the displacements at point A makes it possible  
to calculate  

0

1
27 ²

128
A

A
A

qLH
h

δ
δ

= − =
  

The expression of the bending moment is  

0 x L≤ ≤  

27 ²( ) (2 ²)
4 128 ²A A

qL qL h hM x V x H y x x x
h L L

= − = − −
  

27 11( ) ²
128 64

M x qx qLx= −
 

2L x L≤ ≤  

( )² 37 53 1( ) ² ²
2 128 64 2A A

q x LM x V x H y qx qLx qL−= − − = − + −
 

The bending moment diagram of the arch is shown in Figure 7.30. 

 

 

 

 

 

Figure 7.30. Bending moment diagram *( qL²
512

) 

0 x L≤ ≤        

( ) 27 11( )
64 64

dM xT x qx qL
dx

= = −
  

q 

    20     17 
    47 
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11(0)
64

T qL= −
 

1( )
4

T L qL=
 

2L x L≤ ≤  

37 53( )
64 64

T x qx qL= − +
 

1( )
4

T x L qL= =
 

21( 2 )
64

T x L qL−= =
 

The shear force diagram is shown in Figure 7.31. 

 

 

 

 

Figure 7.31. Shear force diagram *(
qL
64 ) 

The normal force at any section (Figure 7.32) is given by  

( ) cos sinA AN V Hθ θ θ= − −
27 ²cos sin

4 128
qL qL

h
θ θ= − −  

0θ =   (0)
4

qLN = −  

2
πθ =

  
27( )

2 128
N qLπ = −

 
 
 

16 

21 11  
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Figure 7.32. Normal force ≤ ≤ π0 θ
2

 

2
π θ π≤ ≤  (Figure 7.33).  

 

 

 

Figure 7.33. Normal force ≤ ≤π θ π
2

 

Knowing that the curve of the arch 1( )
''(x)y

ρ θ =  and ''(x)y is the second 
derivative of the deflection: 

/2

( ) cos sin cos . ( ).A AN V H q d
θ

π

θ θ θ θ ρ θ θ= − − − 
 

27 ² ²( ) cos sin (sin 1)
4 128 2

qL qL qLN
h h

θ θ θ θ= − − + −
 

27 ²( )
2 128

qLN
h

π = −
 

² ²( ) ( 2)
4 4

qL qL qL hN
h h L

π = − = −
 

θ

VA 

HA 

N( ) θ

q 

        x                    

θ

VA 

HA 

N( ) 
θ
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Figure 7.34. Normal force diagram 

7.7. Semicircular arch fixed under concentrated load 

A semicircular arch fixed at one end and simply supported at the other is stressed 
by a concentrated load P applied at a distance R from the left support (Figure 7.35). 
Knowing that the flexural rigidity (EI) is constant along the arch, we draw the 
diagram of the bending moment using the different statically indeterminate 
structural analysis methods. 

 

 

 

  

 

Figure 7.35. Arch fixed at an end 

To enrich the structural analysis, this time we use three distinct methods: (1) the 
method of three moments, (2) the method of forces and (3) the slope-deflection 
method.   

– Method of three moments   

The initial slope at joint B (Figure 7.32) is 0. 

0Bω =                        [7.38] 

 

 

 

 

 

P 

0.25qL ² ( 2 )
4
qL h

h L
−

2 7
1 2 8

q L

P 

 2R 
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The equation of three moments makes it possible to write  

'' 0B B A BaM cMω ω= − + =                  [7.39]  

where a and c in the relationship [7.39] are the mechanical constants of the arch and 
 is the slope at point B of the fundamental system.   

Knowing that MA = 0, moment MB has the expression   

''
B

BM
c

ω= −                    [7.40] 

To calculate the displacement , we use the method of virtual work. 

''

0

( ) ( )s

B
x m x ds
EI

μω = 
                         [7.41]  

with 

( )
2

Pxxμ =
  

0
2
πθ≤ ≤

                      [7.42a] 

( )
2

Pxx PRμ = −
  2

π θ π≤ ≤
                                                [7.42b]      

The expression of the bending moment of the unit system (Figure 7.36) is  
given by  

0 θ π≤ ≤      ( )
2
xm x
R

=                                   [7.43] 

Integrating the relationships [7.42] and [7.43], the slope is given by 

2
''

0

1 . (P ).
2 2 2 2

R R

B
R

P x P xx dx R x dx
EI R R

ω
 

= + − 
 
 

  [7.44a]           

''
Bω

''
Bω

''
Bω
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/2
''

0 /2

1 ² 1 cos ² 1 cos(1 cos ) (1 cos )
2 2 2 2B

PR PRd d
EI

π π

π

θ θω θ θ θ θ
 − −= − + + 
 
 

   
  [7.44b]

 

'' ² ( 2)
4B
PR

EI
ω π= −

 
[7.44c]

   

 

 

 

 

   

Figure 7.36. Unit system 

The mechanical constant c is given in polar coordinates by  

0 0

1 1 ²(1 cos )² 3( )² ( ) .
4 ² 8

L x R Rc dx R d
EI L EI R EI

π θ πθ−= = = 
                       

[7.45]
 

'' (2 4)
3

B
B

PRM
C
ω π

π
−= − = −

                                                    
[7.46]

 

The variation of the bending moment at each interval is given by  

0 x R≤ ≤  

(4 2 ) 1 cos( ) (1 cos )
2 3 2

PR PRM π θθ θ
π
− −= − +

  
                      [7.47a]

  

2R x R≤ ≤  

(4 2 ) 1 cos( ) (1 cos )
2 3 2

PR PRM π θθ θ
π
− −= + +

   
               [7.47b]

    

 

1 

  2R 

R 

A 
B 



340     Structural Analysis 2 

The bending moment diagram is shown in Figure 7.37. 

 

Figure 7.37. Bending moment diagram (*PR) 

– Method of forces  

The fundamental structure is shown in Figure 7.38. 

 

 

 

 

 

Figure 7.38. Fundamental arch   

( ) 0.xμ =                            0 x R≤ ≤   

( ) ( ) cosx P x R PRμ θ= − − =        2R x R≤ ≤    

The unit system is shown in Figure 7.39. 
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2R x R≤ ≤
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0
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Figure 7.39. Unit system 

0 2x R≤ ≤      ( ) 1. (1 cos )m x x R θ= = −  

The initial structure (Figure 7.35) is defined by  

0Aδ =   

Using the superposition of effects principle allows us to write  

0 1 0A A A AVδ δ δ= + =   

The displacement calculation is carried out using the principle of virtual work.  

0

0

( ) ( )s

A
x m x ds
EI

μδ = 
   

0

/2

1 cos . (1 cos ). .A PR R R d
EI

π

π

δ θ θ θ= −
 

3
0 (1 )

4A
PR
EI

πδ −= +
 

1

0

²( )s

A
m x ds

EI
δ = 

3

0

31 ²(1 cos )²
2

RR Rd
EI EI

π πθ θ= − =
 

The reaction at support A is written as 

0

1
A

A
A

V δ
δ

= − 4
6

Pπ
π
+=

 

1 
2R 

R 

B 
1
Aδ  
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The rotational equilibrium leads to the calculation of MB. 

.2B AM V R PR= −  

or  

4 2
3BM PRπ
π

−=
 

The expression of the bending moment is written as 

( ) ( ) ( )AM x x V m xμ= +  

The variation of the bending moment at each interval is given by  

0 x R≤ ≤  

4( ) (1 cos )
6

M PRπθ θ
π
+= −

   

2R x R≤ ≤  

4( ) (cos (1 cos ))
6

M PR πθ θ θ
π
+= + −

  

The bending moment diagram is established by varying the angleθ  of 0 to  
(Figure 7.40). 

 

 

 

 

               

Figure 7.40. Bending moment diagram (*PR) 
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– Slope-deflection method  

The slope-deflection method provides the fixed-end moments at the ends of a  
bar by  

(1 )AB AB AB A AB AB B AB AB ABM K K Kγ ω λ ω λ β= + + − +                    
[7.48]

 

(1 )BA BA BA B BA BA A BA BA BAM K K Kγ ω λ ω λ β= + + − +                      
[7.49]

 

In this case 0Aω =  and 0Bω ≠ , the kinematic conditions to consider are 

0.ABM = , 0.BAλ = , 0.Bω =  and 0.AB BAβ β= =  

Hence,  

BA BAM γ=    

Using the method of three moments makes it possible to write   

'' 0B B AB BAa cω ω γ γ= − + =       
                [7.50]

 

The fixed-end moment BAγ  is deduced by  

''
B

BA c
ωγ = −

   
                [7.51]

 

Equation [7.51] is similar to the result obtained using the method of three 
moments [7.46].  

Variations of the shear force and the normal force can be deduced by carrying 
out the radial and orthoradial equilibrium for each section defined by an angleθ . 

0
2
πθ≤ ≤ (Figure 7.41) 

4( ) sin sin
6AT V Pπθ θ θ
π
+= =
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4( ) cos cos
6AN V πθ θ θ
π
+= − = −

 

 

 

 

 

 

Figure 7.41. Section ≤ ≤ π0 θ
2

 

 (Figure 7.42) 

4 5( ) sin sin sin
6AT V P Pπθ θ θ θ
π

−= − =
 

5 4( ) cos cos cos
6AN V P Pπθ θ θ θ
π
−= − + =

 

 

Figure 7.42. Section  ≤ ≤π θ π
2  

 

2
π θ π≤ ≤

 

 

 

 

 

 P 
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( )T θ  

( )N θ

θ
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( )T θ
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The variation of the shear force and the normal force are shown in Figures 7.43 
and 7.44. 

 

Figure 7.43. Shear force diagram *(P) 

 

Figure 7.44. Normal force diagram *(P) 

7.8. Statically indeterminate tied arch 

A tie (DB) is associated with a semicircular arch (ABC). The arch is stressed by 
a force applied at point C (Figure 7.45). We assume that the flexural rigidity (EI) 
and membrane rigidity (E ) are constant. We must: 

– calculate the tension in the cable (DB); 

– draw diagrams of the bending moment and the shear force;   

– deduce the vertical displacement at point C. 

P 

 R 

A  B 

0.267 
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Figure 7.45. Tied arch 

This type of structure requires the method of forces to be used for its analysis. 
The fundamental system and the unit system are presented, respectively, by  
Figure (7.46) and Figure (7.47).  

 

 

 

 

 

Figure 7.46. Fundamental system 

 

 

 

 

 

Figure 7.47. Unit system 
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The horizontal displacement of hinge B is null.    

0H
Bδ =    

Using the superposition principle, the horizontal displacement at point B can be 
broken down into the following 

0 1 11( ) 0B BD B BTδ δ δ+ + =   
The expressions of the bending moment of the fundamental system (Figure 7.46) 

are given by 

0 2x R≤ ≤      ( ) (1 cos )x PRμ θ= − −    
Similarly, the expression of the bending moment of the unit system (Figure 7.47) 

is given by 

2R x R≤ ≤      ( ) (1 cos )m x R θ= − −    
The horizontal displacement at point B of the fundamental system is given as 

0

0

( ) ( )s

B
x m x ds
EI

μδ = 
   

3
0 3

2

1 (1 cos )² ( 1)
2B
PRPR d

EI EI

π

π

δ θ θ π= − = −
  

In the same way, the horizontal displacement at joint B of the unit structure 
is given as 

1

0

²( )s

B
m x ds

EI
δ = 

/2 3 3

0

(1 cos )² ( 7 3 )
4

R Rd
EI EI

π θ πθ− − += =
 

11
B

R
E

δ =
Ω  

The tension in cable (BD) can be deduced by  

3
0

31 11

1
2

(3 7)
4

B
BD

B B

PR
EIT
RR

E EI

π
δ

δ δ π

−

= − = −
+ + −

Ω   
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or 

1
3 72( ² )

4

BDT PIR

π
π

−= − −+
Ω    

The reaction at support D can be deduced by  

1
3 72( ² )

4

D BDH T PIR

π
π

−= − = −+
Ω  

The expression of the bending moment is given by 

2
πθ ≤

       

( ) ( ) ( ) (1 cos )BDM T m PRθ μ θ θ θ= + = − −  

         (0) (0) 0.M μ= =  

       
( ) ( )
2 2

M PRπ πμ= = −
 

2
π θ π≤ ≤

 

( ) ( ) ( ) (1 cos )BDM T m PRθ μ θ θ θ= + = − −  

( ) ( )
2 2

M PRπ πμ= = −
 

1( ) ( ) ( ) 2 3 72( ² )
4

BDM T m PR PRIR

ππ μ π π π
−= − = − − −+

Ω  

The bending moment diagram is shown in Figure 7.48. 
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Figure 7.48. Bending moment diagram 

In the same way, the expression of the shear force can be deduced by  

2
πθ ≤

       

( ) sinT Pθ θ=  

     ( ) 0.T θ =  

    ( )T Pθ =  

2
π θ π≤ ≤

 

( ) sin cosBDT P Tθ θ θ= −  

  ( )T Pθ =  

  

1( ) 3 72( ² )
4

BDT T PIR

ππ π
−= = −+

Ω  

The shear force diagram is shown in Figure 7.49. 
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Figure 7.49. Shear force diagram 

7.9. Arch with many degrees of freedom 

A bi-hinged semicircular arch is stressed by a uniformly distributed load of 
intensity q. It is assumed that the flexural rigidity (EI) is constant and analysis of this 
arch is required (Figure 7.50).  

 

 

 

 

Figure 7.50. Bi-fixed arch 

The fundamental and the unit systems are plotted, respectively, on Figure 7.51 
and Figure 7.52.    

 

 

 

 

Figure 7.51. Deflected fundamental arch  
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Figure 7.52. Arch under unit actions 

The displacements at joint A for the given arch (Figure 7.50) are 

0x
Aδ =       [7.52a] 

0y
Aδ =            [7.52b] 

0Bω =                       [7.52c] 

 The displacements at joint A can be written as 

            
0

1 11 21 1 0x
A A A AH V Mδ δ δ δ ω= + + + =                      [7.53a] 

0
2 21 22 2 0y

A A A AH V Mδ δ δ δ ω= + + + =                                 [7.53b] 

0
31 32 3 0A A A AH V Mω ω δ δ ω= + + + =                          [7.53c] 

Resolving the system of equations [7.53] leads to removing the degrees of static 
indeterminacy of the structure.  

R 

 
1 

12δ
11δ
  1ω  
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1

22δ

21δ

 2ω
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 3ω

31δ
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The expression of the bending moment of the fundamental arch (Figure 7.51) 
is given by 

1 1( ) ² ²(1 cos )²
2 2

x qx qRμ θ= − = − −                             [7.54] 

1 ( ) 1. sinm x y R θ= − = −                                     [7.55a] 

2 ( ) 1. (1 cos )m x x R θ= = −                                     [7.55b] 

3 ( ) 1.m x = −                                                     [7.55c] 

The displacements calculation is done by the method of virtual work. 

0

( ) ( )s
i j

ij

x m x
ds

EI
μ

δ =                            [7.56] 

The displacements at point A of the statically determinate structure are given as                 

0 1
1

0

( ) ( )s x m x ds
EI

μδ = 
4

0

41 1 ²(1 cos )²( sin )
2 3

qRqR R Rd
EI EI

π

θ θ θ= − − − =
 

0 2
2

0

( ) ( )s x m x ds
EI

μδ = 
4

0

1 1 5²(1 cos )² (1 cos )
2 4

qRqR R Rd
EI EI

π πθ θ θ= − − − =−
  

0 3

0

( ) ( )s x m x ds
EI

μω = 
3

0

31 1 ²(1 cos )²( 1)
2 4

qRqR Rd
EI EI

π πθ θ= − − − =
  

The displacements of the unit systems can be evaluated by  

2 3 3
1

11
0 0 0

( ) 1 ² sin ² . sin ² .
2

s m x R Rds R Rd d
EI EI EI EI

π π πδ θ θ θ θ= = = =  
   

2 3 3
2

22
0 0 0

( ) 31 ²(1 cos )². (1 cos )²
2

s m x R Rds R Rd d
EI EI EI EI

π π πδ θ θ θ θ= = − = − =  
2

1 23

0 0

( ) 1 ( 1) .
s m x Rds Rd

EI EI EI

π πω θ= = − = 
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3
1 2

12
0 0

( ) ( ) 21 sin . (1 cos )
s m x m x Rds R R Rd

EI EI EI

π

δ θ θ θ= = − − = − 
 

2
1 3

13
0 0

( ) ( ) 21 sin .( 1)
s m x m x Rds R Rd

EI EI EI

π

δ θ θ= = − − = 
 

2
2 3

23
0 0

( ) ( ) 1 (1 cos )( 1)
s m x m x Rds R Rd

EI EI EI

π πδ θ θ= = − − = − 
 

We construct the system of equations by  

4 3 3 24 2 2 0
3 2 A A A
qR R R RH V M
EI EI EI EI

π+ − + =
        [7.57a] 

4 3 3 25 2 3 0
4 2A A A

qR R R RH V M
EI EI EI EI

π π π− − + − =
                        [7.57b] 

3 2 23 2 0
4 A A A

qR R R RH V M
EI EI EI EI

π π π+ − + =
                                [7.57c] 

Resolving the system of equations [7.57] leads to evaluating the redundant 
reactions.  

0.56AH qR=  

AV qR=  

20.106AM qR= −  

Now, it is possible to analyze the statically indeterminate arch by the variation of 
the bending moment, the shear force and the normal force (Figure 7.53). 

0 θ π≤ ≤  

1( ) ²
2A A AM x V x H y M qx= − + −
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With (1 cos )x R θ= −  and siny R θ=  

2²( ) (1 cos ² ) 0.56 ² sin 0.106.
2

qRM x qR qRθ θ= − − +
 

The variation of the shear force can be deduced by carrying out the radial 
equilibrium for a section defined by the angle θ  (Figure 7.53). 

 

 

 

 

 

 

Figure 7.53. Section ≤ ≤0 θ π  

π0
2

θ≤ ≤
 

0
( ) sin cos sin .A AT V H q Rd

θ
θ θ θ θ θ= − −     

Alternatively, the shear force is written as 

( ) (sin 0.44cos 1)T qRθ θ θ= + −          

In the same way, the normal force of a section defined by a slope θ  is  
(Figure 7.53) 

0
( ) cos sin cos . ( cos 0.44sin )A AN V H q Rd qR

θ
θ θ θ θ θ θ θ= − − + = − +  

The internal actions diagrams are shown in Figures 7.54–7.56. 
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Figure 7.54. Bending moment diagram *( 2qR ) 

 

Figure 7.55. Shear force diagram *( qR ) 

 
Figure 7.56. Normal force diagram *( qR ) 

Figure 7.51. Bending moment d
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7.10. Influence lines of statically indeterminate arch 

7.10.1. Influence lines of bi-hinged arch 

Determine the influence lines of the horizontal reaction at joint A, the vertical 
reaction of support B and the internal actions of the arch (Figure 7.57) in relation to 
any section. We assume that the flexural rigidity (EI) is constant. The unit force 
moves along the arch.   

 

 

 

 

 

 

Figure 7.57. Bi-hinged arch under concentrated load 

The horizontal reaction at support A is given by relationship [7.13]. Especially 
for P = 1, the expression of the reaction becomes  

1 (1 cos ² )AH θ
π

= −
     

The rotational equilibrium makes it possible to deduce vertical reaction VB. 

1 (1 cos )
2BV θ= −

 

The expressions of the bending moment depend on the locus of the moving force 
and the position of the section.  

xα ≤  (Figure 7.58)     
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Figure 7.58. Concentrated force ≤α x  

1 1 1

( ) 1.( )

(1 cos )(1 cos ) (1 cos ² )sin (cos cos )
2

A AM x V x H y x
R R R

α

θ θ θ θ θ θ
π

= − − − =

− − − − − −
             

xα ≥   (Figure 7.59) 

 

Figure 7.59. Concentrated force  ≤α x  

1 1( ) (1 cos )(1 cos ) (1 cos² )sin
2A A
R RM x V x H y θ θ θ θ

π
= − = − − − −

 

The influence lines of support reactions and internal actions are shown in  
Figures 7.60 and 7.61, respectively.   
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Figure 7.60. Influence line of reaction HA 

 

 

 

 

     

Figure 7.61. Influence line of support reaction VB 

The previous expressions give the variation of the bending moment, which 
represents the influence lines of the bending moment by any section 1θ . To plot the 
influence lines of the bending moment, it is necessary to position this section. For 

example 1 2
πθ = . 

In this case, the bending moment expressions are: 

xα ≤  ( 1θ θ≤ )     

( ) (0.1817 0.5cos 0.318cos² )M Rθ θ θ= − +       
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xα ≥   ( 1θ θ≤ ) 

( ) (0.1817 0.5cos 0.318cos² )M Rθ θ θ= − +  

The influence line of the bending moment in relation to the defined section

1 2
πθ = is shown in Figure 7.62.  

 

   

 

 

 

Figure 7.62. Influence line of a bending moment *(R) in relation to 1
πθ =
2

 

The influence lines of internal actions are shown in Figures 7.63 and 7.64. 
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 1 1
1 1( ) (1 cos )cos (1 cos² )sin
2

N θ θ θ θ θ
π

= − + − −
 

 

 

 

 

 

 

 

Figure 7.63. Influence line of a shear force in relation to 1
πθ =
2

 

 

 

 

 

 

 

Figure 7.64. Influence line of a normal force in relation to 1
πθ =
2

 

7.10.2. Influence line of fixed-end arch 

We determine the influence lines of the vertical reaction of support VA, bending 
moment MB and the bending moment in relation to point C of the arch (Figure 7.65). 
We assume that the flexural rigidity (EI) is constant. The applied unit force moves 
along the arch.   
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Figure 7.65. Arch fixed at an end 

We apply the method of forces to calculate reaction VA. 

The horizontal displacement at point A of the initial system is 0.  

0H
Aδ =     

Using the superposition of effects principle leads to 

0 1 0A A AVδ δ+ =   
0
Aδ  and 1

Aδ are the vertical displacements at point A, respectively, of the 
fundamental and unit systems. We construct the fundamental system ignoring the 
effect of reaction VA (Figure 7.66). 

 

 

 

 

      
Figure 7.66. Fundamental system 
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The expressions of the bending moment of the fundamental system are given by 

0 x α≤ ≤        ( ) 0.xμ =    

2x Rα ≤ ≤      1( ) (cos cos )x Rμ θ θ= − −                                          

Similarly, the expression of the bending moment of the unit system is shown in 
Figure 7.67. 

0 2x R≤ ≤       1( ) (1 cos )m x R θ= −    

 

 

 

 

Figure 7.67. Unit system 

The displacements are calculated using the method of virtual work.   
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By introducing the bending moment expressions of the fundamental and unit 
systems, we obtain  
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Hence, the vertical reaction VA becomes 

[ ]1 ( )(1 2cos ) 2 in sin 2
3AV sπ θ θ θ θ
π

= − + + +
        

The expression of the fixed-end moment is given by 

(2 ) (2 )B AM V R R α= − −  

or 

2 cos (1 cos ) 2 in sin 2
3 2 2B

RM sπ π θ θ θ θ θ
π
 = − − − + + +    

The bending moment at point C is expressed as  

0
2
πθ≤ ≤

       

( ) 1.( ) ( cos ).A AM V R R V Rθ α θ= − − = −    

2
π θ π≤ ≤

   

( ) AM V Rθ =                                          

The influence lines of reaction VA and fixed-end moment MB are shown in 
Figures 7.68 and 7.69.   

 

 

 

 

 

Figure 7.68. Influence line of reaction VA 
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Figure 7.69. Influence line of fixed-end moment MB*(R) 

Finally, the influence line of the bending moment at point C is shown in  
Figure 7.70.   

 

 

 

 

 

Figure 7.70. Influence line of a bending moment in relation to 1
πθ =
2

*(R) 

Finally, we note that these results are identical to those obtained in the previous 
sections. It is possible to calculate fixed-end moment MB of relationship [7.46] and 
vertical reaction VA by applying the method of forces (section 7.7) replacing force P 
with a unit force.  

7.11. Conclusion 

In this chapter, we have presented in detail the methodology for analyzing 
statically indeterminate arches. In this context, semicircular arches, parabolic arcs 
and tied arches are the objects of analysis.  

A 

1 

 0.028 
B 

0.046 

0.204 0.414 
0.361 

      0.315 

0.118 

α

A 

1 

 0.063 

B 

0.153 

0.256 0.150 

0.379 
0.09 

0.029 

α  



Statically Indeterminate Arch Analysis     365 

In general, the arches studied are statically indeterminate and the method of 
forces is widely used. In the same concept, we also used the method of three 
moments, the slope-deflection method and the moment-distribution method. 

 This study was used to master the analysis methodology of semicircular arches, 
parabolic arches and tied arches. The internal actions and their diagrams are 
developed according to the angle of the curve. The diagrams of internal actions 
make it possible to derive the extreme values and consequently the dimensioning of 
the cross-sections of the arches.  

In this chapter, only arches with constant inertia have been used; in practice, 
arches with variable inertia are widely seen and they are studied in the same way.   

The last part of this chapter details the influence lines of internal and external 
actions of arches subjected to a unit force moving along the arch.       

7.12. Problems  

Exercise 1  

Determine the support reactions of the following semicircular arches. We assume 
that EI is constant. 
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Exercise 2  

Determine the support reactions of parabolic arches of equation 

, where L and h are, respectively, the length and height of the 

arch. EI is constant. 

 

Exercise 3  

Calculate the fixed-end moment of the following arches. EI is a constant and 
 for parabolic arches.  
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Exercise 4  

Determine the variations in the internal actions of the following arches. EI is  
a constant. 

 

Exercise 5  

Determine the variations in the internal actions. EI is a constant and
.
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Exercise 6  

Determine the variations in the internal actions and draw their diagrams. EI is a 
constant. 

 

Exercise 7  

Determine the variations in the internal actions and draw their diagrams. EI is a 

constant and . 
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Exercise 8  

Determine the variations in the internal actions and draw their diagrams. EI is a 
constant. 

Calculate the tension in the spring and deduce the displacement at its end. 

Calculate the tension in the cable of the following structures. 

 

Exercise 9  

Draw the influence lines of external actions mentioned for each arch stressed by 
a moving unit load. 

 
Draw the influence lines of internal actions relating to point C for each example.
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Appendix  

A.1. Standard structural deflections 

The beams have a constant flexural rigidity EI and a length L. 

Structure Deformation  
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A.2. Fixed-end moments  

The beam  ABγ  
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