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LIST OF SYMBOLS

The main symbols used in this lecture note are included in the following list. When
other symbols have been used, they are defined in the text.

Symbol Meaning Unit(s)
a acceleration m/s’

A cross-sectional area m’

@ Chezy coefficient m'?/s

C. coefficient of contraction .

Cy coefficient of discharge -

D diameter of pipe m

Eu Euler number

Darcy-Weisbach friction factor

Froude number

acceleration due to gravity

pressure head

vertical distance of centroid from liquid surface
head loss due to bend or curve
head loss due to contraction
head loss due to expansion
frictional head loss
head loss due to obstruction
vertical distance of centre of pressure from liquid surface
total energy or head
Nikuradse equivalent sand grain roughness
length of pipe
length of weir
Mach number
Manning roughness coefficient s/m
intensity of pressure N/m’
total pressure force N
power W
wetted perimeter m
discharge per unit width m’/s/m
discharge m’/s
hydraulic radius m
e Reynolds number -
specific gravity -
Slope of the energy line -
time $
u point velocity in the x-direction m/s
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v
v
w

W

W
X
y
z
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shear or friction velocity

point velocity in the y direction
cross-sectional mean velocity

point velocity in the z direction

weight

Weber number

longitudinal coordinate

vertical coordinate

lateral coordinate

elevation head

centroidal distance from the water surface
datum or elevation head

kinetic energy coefficient

momentum coefficient

specific weight

circulation

thickness of viscous or laminar sublayer

stream function

angular velocity/rotation
vorticity

von Karman constant
dynamic viscosity
kinematic viscosity
mass density of fluid
mass density of water
shear stress

potential function

Unit(s)

m/s
m/s
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Chapter 1

FLUID PROPERTIES

L1 FLUID MECHANICS AND ITS BRANCHES

Fluid mechanics s that branch of engineering science which deals with the behavior
of Tuids at rest and m motion. The study takes into account the various properties of fluids
and their effects on the resulting flow patterns, in addition to the forces acting between the
fluid and 1ts boundaries. To explain observed fluid behavier and to predict fluid behavior, the
study and application ol fundamental laws (conservation of mass, energy and momentum) is
essential.

Fluid mechanics may be divided into three branches: (i) fluid statics, which deals
with the cases in which the fluid is at rest and the forces on a fluid element are in equilibrium,
(11) fluid kinematics, which deals with the velocities, accelerations and the pattems of flow
without considering the forces or energies, and (iii) fluid dynamics, which deals with the
motions of fluids with the forces or energies causing them.

1.2 DEVELOPMENT OF FLUID MECHANICS

Until the 19th century, the study of fluids was undertaken essentially by two groups—
mathematicians and engineers. The mathematicians had attempted to obtain solutions of
many problems of fluid motion on purely theoretical basis, assuming an imaginary ideal
(frictionless or non-viscous) fluid. The results of such studies, without consideration of all the
properties of real fluids, although very useful under certain circumstances and conditions, are
of limited practical use. The body of knowledge thus gained is classified under the subject of
hydrodynamics.

On the other hand, engineers (hydraulicians) worked on empirical lines. They tumned
to numerous laboratory tests (experiments) and field observations on fluid flow. From these
data, they developed empirical formulas in order to solve the everyday problems of fluid
flow. This branch of engineering was given the name hydraulics.

Empirical hydraulics was confined largely to water and was limited in scope. With
developments in aeronautics, chemical engineering and the petroleum industry, the need
arose for a broader treatment. It was realized that the two sciences developed by two basic
schools of thought working separately should come together on a common platform for a
common purpose, i.e. there should be close relationship between theory and experiment. In
1904 German Professor Ludwig Prandtl introduced the concept of a boundary layer which
brought together the two independent subjects. Prandtl’s boundary layer theory explained the
differences in the behavior of real fluids as observed by the hydraulicians and the predictions
from the theory of ideal fluids by classical hydrodynamists. The combination of theoretical
methods and experimental observations gave rise to rapid developments in the study of fluid
flow phenomenon in many fields of engineering and this new subject came to be known as
fluid mechanics.



It became clear to such eminent investigators as Reynolds, Froude. Prandtl ang vor
Karman that the study of fluids must be a blend of theory and experimentation. Such wyg the
beginning of the science of Muid mechanics as it is known today. Our modern research and
test facilities employ mathematicians, physicists, engineers and skilled technicians, wha
working in teams, bring both viewpoints in varying degrees to their work.

1.3 HISTORICAL BACKGROUND

The application of Mluid mechanics began in connection with the motion of stong
spears and arrows. Ships with sails were used as early as 3000 B.C. Irrigation systems haw_:
been tound in prehistoric ruins in both Egypt and Mesopotamia. Aristotle (4th century B, C)
studied the motions of bodies in thin media and in voids. Archimedes (3rd century B, C)
formulated the well-known laws of floating bodies.

The Roman aqueducts were build in the 4th century B.C. Leonardo da Vinci ( 145).
1519) correctly described many flow phenomena. Galileo (1564-1642) contributed much ¢,
the science of mechanics.

The Italian school of hydraulics included Gastelli (1577-1644), Torricelli (1608-1647)
and Guglielmini (1655-1710), and ideas concerning the steady flow continuity equation jp
rivers, flow from a container, the barometer and some qualitative concepts of flow resistance
in rivers came from them. In addition to his well-known laws of motion, Newton (1642- 1727)
proposed that fluid resistance is proportional to the velocity gradient and he also made
experiments on the drag of spheres.

The mathematical science of fluid mechanics — hydrodynamics — was introduced by
four 18th century mathematicians: Daniel Bernoulli and Leonhard Euler (Swiss) and Clairayt
and d'Alembert (French). These were followed by Lagrange (1736-1813), Laplace (1749.
1827) and an engineer, Gerstner (1756-1832), who investigated ideas on surface waves.

Experimentalists of the eighteenth century added much. These men included de Pitot,
-who developed a tube for measuring velocities; Chezy, who developed a resistance formula
for open channels; Borda, who performed experiments related to the flow through orifices;
Bossut, who built a towing tank and Venturi, who experimented with flow in changing cross-
sections.

In the 19th century, the Frenchman Coulomb (1736-1806) conducted tests and drew
conclusions regarding flow resistance; the German brothers Ernst (1795-1878) and Wilhelm
Weber (1804-1891) conducted tests on wave motion; the French engineers Burdin (1790-
1873), Fourneyman (1802-1867), Coriolis (1792-1843) and the American engineer Francis
(1815-1892) contributed toward the development of hydraulic turbines; the Scotsman Russel
(1808-1882) conducted tests on waves; the German Hagen (1797-1889), the Frenchman
Poiseuille (1799-1869) and the Sazon Weisbach (1806-1871) did extensive work on pipe
flow; the Frenchman Saint-Venant (1797-1886) contributed to open channel hydraulics; the
Frenchman Dupuit (1804-1866), Bresse (1822-1883) and Basin (1829-1917) and the
Irishman Manning (1816-1897) did extensive work in open channel hydraulics; the
Frenchman Darcy (1803-1858) did work on pipe flow; and the Englishman William Froude
(1810-1879) and his son Robert Froude (1846-1924) did extensive ship model testing.
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i e S 1.1929) in France; Stokes (1819-1903), Lord Rayleigh
] t Britain: Helmholtz (1821-1894) and Kirchoff

(1797-18%6) and Boussinesq (184 |
(1842-1919) and Lamb (1849-1934) in Grea

(1824-1887) in Germany. ‘ _ -
At the end of the nineteenth century. theoretical hydrodynamics, based on Euler's

for an ideal (non-viscous) fluid, had reached a comparatively high level
of development. It did not explain, however, many obgwed effec_ts: such as the pressure dyop
in pipes and thus practicing engineers derelope_d their own empmcaF science of hydraulics.
These two fields - hvdrodynamics and hydraulics - had much too little in common at that
time. In 1904 Prandt] (1875-1953) in Germany introduced the concept mf‘a‘l.*:ound:«.lr‘}r layer, a
thin region adjacent to a boundary, in which the viscous effects were dmrnmant. Thls_ proved
to be the concept which unified modern fluid mechanics: aerodynamics, hydraulics, gas
dynamics and convective heat transfer. It explained the differences in the behavior of rf:al
fluids as observed by hydraulicians and the predictions from the theory of non-viscous fluids
by classical hydrodynamicists. Prandtl is properly considered to be the father of modern
fluid mechanics.

Progress during the 20th century has included both analytical and experimental
studies of boundary layer flow, turbulence structure, flow stability, multiphase flows and heat

transfer in flowing fluids.

equations of motion

1.4 DEFINITION OF A FLUID AND ITS TYPE

A fluid is a substance which is capable of flowing and consists of liquids and gases
and vapors. Liquids possess a definite volume which only slightly changes with temperature
and pressure and are practically incompressible. On the other hand, gases and vapors possess
no definite volume, are easily compressed and their volumes and pressures are easily
susceptible to changes in temperature.

From the viewpoint of mechanics, a fluid is a substance that deforms continuously
under the application of a shear (tangential) stress no matter how small the shear stress may
be. On the other hand, a solid undergoes a definite displacement when subjected to a shear
stress up to a certain limit and regains its original shape and position as soon as the external
shear stress is removed.

The deformations of a solid (Fig. 1.1a) and a fluid (Fig. 1.1b) under the action of a
constant shear force F are considered. In Fig. 1.1a, a the shear force is applied to the solid
thrm_lgh the upper of two plates to which the solid has been bonded. When the shear force F is
applied to the plate, the block is deformed as shown. Provided the elastic limit of the solid

material i's not exceeded, the deformation is proportional to the apphed shear stress, t = F/A
where A is the area of the surface in contact with the plate. ,
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(a) (b)
Fig. 1.1 Behavior of a solid and a fluid under the action of a constant shear force

To repeat the experiment with a fluid between the plates, use a dye marker to outline
fluid element as shown by the solid lines (Fig. 1.1b). When the shear force F 1s applied to th
upper plate, the deformation of the fluid element continues to increase as long as the force |
applicd. The fluid in direct contact with the solid boundary has the same velocity as
boundary itself; there is no slip at the boundary (no-slip condition). The shape of the fly;
element at successive instants of times t, < t; < t;, is shown (Fig.1.1b) by the dashed lipe.
which represent the positions of the dye markers at successive times. The molecules of th
fluid do not regain their original position when the external shear force is removed.

The inability of a fluid to withstand shear stress without deforming continuously -

long as the shear stress remains is the defining characteristics of fluids. Thus, the fluids ma
be defined as substances which cannot sustain a shear stress when at rest. By shear force
meant a force exerted tangentially to the surface on which it acts.

1.5 DENSITY, SPECIFIC GRAVITY AND SPECIFIC WEIGHT

The density or mass density or specific mass of a fluid 1s 1ts mass per unit volume. «
1s given by

M
p=> (1.1)
where p is the density (kg/m’), M is the mass (kg) and V is the volume (m’). The density is
fluid property, since it depends on mass which is independent of location. The density varie
with change of temperature and pressure. The density of pure water at 4°C and at atmospheri
pressure is 1000 kg/m’. The density of sea water having a salinity of 3.3% is 1026 kg/m’.
The specific gravity of a fluid (S) is the ratio of the density of the fluid to the densit

of pure water at 4°C.
The specific weight or weight density of a fluid is the weight per unit volume. It ¢
given by

W _Mg _ :

sk e PE (1.2)



where y is the specific weight (N/m’), W is the weight {I\ri'ij and g is the accelcrationﬁ due to
pravity (= 9.81 m/s’). Specific weight of pure water at 4°C and at mean sea level is 9810
N/m’. |

The specific weight is not a fluid property since it depends on the acceleration .dm? to
oravity which change from place to place on the carth and on the other planets. For llqmds_;,
the effect of small pressure change on the specific weight is practically negligible, but 1t
changes considerably with vanation of temperature. For gases, the temperature as well as the
pressure affect the values of specific weight considerably. Therefore, the specific weight of
pases is always given with respect to some specified temperature and pressure.

Example 1.1
A liquid weighs 29.42 kN and occupies 4 m’. Determine its specific weight, mass

density and specific gravity.

_ W 29.42x1000
Solution Specific weight, » = 7 8 i =7355 N/m’
Mass density, o= L E =749.75 kg / m’
g 9.8l
: 749.55
Specific gravity, S == = 0.74975
1000

1.6 COMPRESSIBILITY
Fluids may be compressed by an extemal pressure applied to a volume of fluid.

Gases, however, are compressed by an external pressure to a much greater degree than
liquids.

The compressibility of a fluid may be defined as the variation of its volume with the
variation of pressure and is inversely proportional to its bulk modulus of elasticity. Consider
that a force is applied to any fluid so that the volume of the fluid V decreases by an amount
AV. The decrease per unit volume is proportional to the force per unit area (i.e. pressure) of
the fluid. So

_-dv
Py
or
dv
sl
s %
or
s P '
K==~ (1.3)

where K is the volume or bulk modulus of elasticity which has the dimensions of pressure,
i.e. force per unit area (N/m?). The value of K for water at any temperature increases with

5



e g & nheric pressure and it increases [;

pressure. At 20°C, it 1s aboul 2.19% 10" N/m™ at atmospheric pthHtll;: th‘ql:;é*f’ Ilnea
O - - — is range of pressure a X

to 2.86x 107 N/m” at a pressure of 1000 atmospheres. In this range of p C

K = (2.19x10" + 6.7p) N/m" (1.4)

where p is the gage pressure in N/m?. Note that 1 atmosphere = 10° .N.i'mz =10" Pa.

Water is about 80 times as compressible as steel. [t has a minimum compressibil;t,,
about 50°C. . |

For most practical problems, water can be considered as 1ncompr3581ble. But in
of water flowing through pipes, when the sudden or larger changes In pressure occur g
water hammer, the compressibility cannot be neglected. |

In fluid mechanics, compressibility is considered mainly when the velocity of flgy,
high enough reaching 0.2 of the speed of sound in the medium.

Example 1.2 -

The decrease in volume of a certain mass of a liquid is Ubs‘erved to be 1/500 of
original volume when a pressure of 5000 kN/m? is applied on it. Find the bulk modulyg
elasticity of the hquid.

Solution Here, AV /V =—1/500, p = 5000 kN/m’

il SUNONEON 5 it® Nt
AVIV  —1/500

1.7 COHESION AND ADHESION

Cohesion and adhesion are properties of fluids which are the two forms of molecu;
attraction. Cohesion is the property of a fluid by which molecules of the same fluid .
attracted. This property enables the liquids to resist tensile stress.

Adhesion is a property of a fluid by which molecules of different liquids are attract
to each other or molecules of a liquid are attracted to another body. This enables the t
different liquids to adhere to each other or to a liquid to adhere to another body.

1.8 SURFACE TENSION

The surface tension is the property of a liquid which enables it to resist tensile stre:
At the interface between a liquid and a gas or between two immiscible liquids, a film
special layer seems to form on the liquid which is capable of resisting a small tensile stre:
This 1s due primarily to molecular attraction between like molecules (cohesion) a
molecular attraction between unlike molecules (adhesion). In the interior of a liquid ¢
cohesive forces cancel, but at the free surface the liquid cohesive forces from below exce:
the adhesive forces from the gas. So there is a tendency for the liquid molecules to be dray
into the interior and for the surface to contract to a minimum area giving rise to ¢

phenomenon known as surface tension. It is designated by o and has the dimensions of for

6



per unit length (N/m). This force is same everywhere on the interface and the force across
any line acts i a direction normal to that line drawn on the interface and in the plane of the

mterface (lig.1.2).

Surface tension ( 0 )
per unit length
of line

Fig. 1.2 Surface tension force on an interface

Surface tension shows a variety of phenomena. It enables water to support small
objects like dust particles, needle, etc. Small insects can alight on and are able to remain on
the top of the water surface. Since the liquid surface has the tendency to contract to a
minimum area, the falling drops of rain water and the soap bubbles become spherical. Surface
tension leads to the phenomenon of capillary rise or fall in a narrow tube.

The surface tension of water in air at atmospheric pressure is about 0.073 N/m at 20°C
and decreases shightly with an increase in air temperature. Surface tension effects are
generally negligible in most engineering situations. However, they may be important in
problems involving capillary rise, the formation of drops and bubbles, the breakup of liquid
Jets and in hydraulic model studies where the model is small.

1.9 CAPILLARITY\M

When a tube of small diameter is dipped in water, the water wets the tube and rises up
in the tube with an upward concave surface (Fig. 1.3a). This is due to the reason that the
adhesion between the tube and the water molecules is more than the cohesion between the
water molecules. But when the same tube is dipped in mercury, the mercury does not wet the
tube and depresses down in the tube with an upward convex surface (Fig. 1.3b). This is due to
the reason that the adhesion between the tube and the mercury molecules is less than the
cohesive forces between the mercury molecules. These properties of adhesion and cohesion
in addition to surface tension result in the phenomenon of capillarity by which a liquid will
rise or fall in a narrow tube when the tube is dipped in the liquid.




.....

-----------------

(a) In water (b) In mercury (c) Contact angle

Fig. 1.3 Capillary rise and fall
Contact angle « between a liquid and a solid is defined 1n th.‘[..“)_(c). It demﬂ_dﬁ
the cleanliness of the surface and the property of the liquid. When the liquid tends to wet

solid surface, the contact angle is less than 90” and capillary rise results (Fig. }],33)_ When
liquid does not wet the solid surface, the contact angle is more than _90 and capill
depression occurs (Fig. 1.3b). The capillary depression may affect the reading of a barom
or manometer using mercury as the gage liquid.

In Fig. 1.3(c), let h be the height of the capillary rise, d is the diameter of the capill
tube, o is the contact angle, o is the force of surface tension and v 1s the specific weight
water. Then, the weight of the water column h which acts downward is balanced by the fo
exerted by the vertical component of the force of surface tension, 1.e.

%dzhx}' —oxrxdcosa

or

h=40';;sa=4crp;n;a | ; . 15

If the. tube is clean, a = 0° for water and about 140° for mercury. For water, taking o = 0°, ¢
0.073 N/m, p =998 kg/m’ and g = 9.81 m/s’, we have

_ 4x0073x1 _2.98x10° 1.6
" 998x9.81xd d " s,

JWhen d=100 mm = 0.10 m, h = 0.293: mm, whend = 10 mm = 0.0l m, h = 2.98 mm ¢
when d = 1 mim = 0.001 m, h =29.8 mm. _

—
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When the diameter of a tube or the head or the depth of flow is not less than 6 mm,
the effect of the surface tension force 1s almost negligible. As we do not encounter such small
dimensions in fluid mechanics, surface tension forces are not considered.

Example 1.3 _ . .
A capillary tube having an inside diameter of 6 mm is dipped into water at 20°C.
Determine the height of capillary rise. Take o = 30° and g = 9.81 m/s".

Solution From Table 1.1, we have for water at 20°C, o = 0.073 N/m and p = 998 kgj’m].

Therefore, we obtain

. docosa _ 4x0.073x cos 30°
ped 998 x 9.81x6x10~°

1.10 VISCOSITY

Of all the fluid properties, viscosity requires the greatest consideration in the study of
fluid flow. Viscosity is derived from the word ‘viscous’, which means sticky or adhesive.
Viscosity can be defined as the property of a fluid by virtue of which it offers resistance to
shear or relative motion of adjacent layers. So the viscosity of a fluid is a measure of its
resistance to flow.

For a highly viscous fluid at low velocities, the fluid flows in parallel layers and for
this type of flow, Newton postulated that the shear stress on an interface tangent to the
direction of flow is proportional to the spatial rate of change of velocity (or velocity gradient)
normal to the flow (Fig.1.4). Mathematically

d
TR - (1.7)

dy dy
where the constant of proportionality p is known as the coefficient of viscosity or dynamic
viscosity or absolute viscosity or simply viscosity. Equation (1.7) is the Newton’s law of
viscosity. The SI units of viscosity are Pa.s or N.s/m’ or kg/m.s. In the CGS system of units,
the unit of viscosity is poise and 1 poise = 0.1

=430x107 m=4.30 mm

N.s/m”. The viscosity of water at 20°C is 1 Y Velgcity
centipoise or 0.001 N.s/m’. i profile
The kinematic viscosity v is defined as the 7
ratio of dynamic viscosity to density, i.¢. -
v=£ (1.8) Ay
P

and its SI units are m%s. In the CGS system of
units, the unit of viscosity is stoke and 1 stoke = 1
cm?/s or 10™ m’/s. ‘

Viscosity is measured by an instrument *
known as viscometer.

T R
— U

Fig.1.4 Velocity profile and velocity gradient




Fluids may be classified as Newtonian and p

¥ o * viscosity, given by Eq.(1.7
Newtonian. The fluids which follow the M;]“ u;n :h{i: i(:iav}tncar {clitinnship bgtw(we;-; ?l
lewtoni: ids. For these tluids g :

known as the Newtonian fluids. For e sl f LETOrHTROH an

' ied shear stress (Fig.1.5) and the resulting 1 and |,
magnitude of applied shear stress (Fig R e N
mn}::mnl. Guscspfnd thin liquids like water, k‘er_uscnt'!a air, C[C-bm;d E(]?‘ 7. are kn?}r:;?]n_ T
fluids which do not follow the Newton's law of viscosity, grven DY ‘q- elne;onﬂ Sol A
nnn-l“w‘rwmnian fluids. Thick, long-chained hydrocaﬁuns ]l'kﬂ SUspensions, solution

" - S be non-Newtonian.
sraphites, solution of polymers, blood, etc. may Ne o
o Some substances which flow only after the application of some finite stress are knoy,
as plastics. An ideal plastic has a definite | |

: : \

vield stress and a constant linear relation of t f
to du/dz (u constant)(Fig. 1.5). A thixotropic
substance, such as printer’s ink, has a
viscosity that is dependent upon the
immediately prior angular deformation of the

substance (Fig. 1.5). ,
An ideal (non-viscous) fluid has no

viscosity. With zero viscosity the shear stress
is always zero, regardless of the motion of the
fluid. An ideal fluid plots as the ordinate in

Fig. 1.5.

] H WY i Juids:
Newtonian and non-Newtonian Fluid

Fig. 1.5 Viscous behavior of fluids

Effect of temperature on viscosity: The viscosity of liquids decreases but that of gase;
increases with the increase in temperature. The viscosity of liquids is mainly due ¢
intermolecular cohesion, which decreases with the increase in temperature. Therefore, th:
viscosity of liquids decreases with the increase in temperature. On the other hand, the
viscosity of gases is mainly due to transfer of momentum of molecules. When temperature is
raised, the molecular activity increases and more transfer of momentum takes place,
Consequently, the viscosity of gases increases with the increase in temperature.,

Effect of pressure on viscosity: The change of pressure does not affect viscosity appreciably
under normal conditions.

Ideal and real fluids: An ideal fluid has no viscosity and surface tension and is
incompressible. No resistance is offered when such a fluid flows. No such fluid exists in
nature. The assumption of ideal fluid helps in simplifying the mathematical analysis. Real
ﬂl.lld"j are those which have viscosity, surface tension and compressibility in addition to its
density. In a real fluid some shear stress will exist and some frictional work will be done.
Since a fluid at rest cannot sustain a shear stress, every fluid acts as an ideal fluid

when it is at rest. Therefore, a fluid (e.g. water) at rest exerts only normal force, which is the
pressure force, on a vessel.
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Example 1.4 ) | . " 2
The specific gravity of water at 20°C is 0.998 and its viscosity is 0.001 N.s/m".
Determine its kinematic viscosity.
Solution For water at 20°C, 1 =0.001 N.s/m? and p=0.998x1000 = 998 kg/m’
_# 000y 0025107 mi /s

M — =

o 998
PROBLEMS AND EXERCISES
1.1 Define Fluid Mechanics. Define the three branches of Fluid Mechanics.
1.2 Define a fluid from the viewpoint of mechanics,

1.3 Define (i) mass density, (i1) specific weight, (iii) absolute viscosity, (iv) kinematic
viscosity, (v) Newtonian fluid, (vi) non-Newtonian fluid, (vii) compressibility/ bulk modulus
of elasticity, (vii1) cohesion and adhesion, (ix) surface tension, and (x) capillarity.

1.4 State Newton’s law of viscosity.

1.5 Explain why the viscosity of a liquid decreases and that of a gas increases with increase in
temperature.

1.6 Explain why oil, when poured on water, spreads into a very thin film on the water
surface.

1.7 Write the values of (i) mass density, (ii) specific weight, (iii) absolute viscosity, (iv)
kinematic viscosity, (v) bulk modulus of elasticity, and (vi) surface tension for water at 20°C.

1.8 A liquid has a viscosity of 0.005 Pa.s and a density of 850 kg/m’. Calculate its kinematic
VISCOSIty.

1.9 A liquid compressed in a cylinder has a volume of 1000 ¢cm® at 1 MN/m? and a volume
0f 995 cm” at 2 MN/m”. What is its bulk modulus of elasticity?

1.10 Calculate the capillary rise/drop in mm in a glass tube of 4 mm diameter when immersed
~ in mercury at 20°C. The surface tension of mercury at 20°C in contact with air is 0.52 N/m,
the contact angle for mercury is 130° and the density of mercury at 20°C is 13550 kg/m’.

[.11 An infinite plate is moved over a second plate on a layer of liquid as shown (Fig. 1.6).
For small gap width d, we assume a linear velocity distribution in the liquid. The liquid

11



gravity is 0.88. Determine (a) the Kinemygy,
he upper plate, (c) the shear stress on the |y,
Iculated in (b) and (¢).

viscosity is 0.65 centipoise and its specific
viscosity of the liquid, (b) the shear stress on t
plate, and (d) the direction of each shear stress ca

y e

J} 1 3'!‘!'\.1'5
T 7 "_}u’ﬂ'?!l'ﬂ{s T
\ 264 u
d=03 | _L J_ Semfs im T

e
| LI
o3t P B S

Fig. 1.6 (Prob. 1.11) Fig. 1.7 (Prob. 1.12) Fig. 1.8 (Prob. 1.13)

1.12 The velocity distribution in a 5 cm radius pipe is given by (Fig. 1.7)

2
=0 l—r— cm/s
25

where r is in cm. Find the shear stress at the pipe wall if the fluid has a viscosity of ,
centipoise. What is the resistance force per km length of pipe due to flow?

I.13 Assuming a velocity distribution as shown in Fig. 1.8, which is a parabola having its
vertex | m from the boundary, calculate the velocity gradient for y =0, 0.25, 0.50, 0.75 and |
m. Also, calculate the shear stresses at these points if the fluid is water at 20°C.

1.14 Show that the relationship between the intensity of pressure p inside a spherical droplet
of radius r and the force of surface tension g is given by

20
Jh——

r
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Table 1.1 Properties of water

Bulk modulus of

Tempe- Density Kinematic viscosity Surface tension
ok o(kg/m’) v (m's)*10° a (N/m) clasticity
T°C) K(N/m))*10°
0 909 87 1.787 0.0757 1.98
| 999 03 1.728 0.0755
b 999.97 1.671 0.0753
3 999,99 1.618 0.0751
4 1000.00 1.567 0.0749
5 999,99 1.519 0.0748 2.03
6 999.97 1.472 0.0747
B 999 8BS 1.386 0.0745
10 999.73 1.307 0.0742 2.09
12 999.52 1.235 0.0740
14 999.27 1.169 0.0737 2.14
16 09§.97 1.109 0.0734
18 998.62 1.053 0.0731
20 998.23 1.002 0.0728 2.19
25 997.08 0.890 0.0720
30 995.68 0.798 0.0712 2.25
35 994.06 0.719 0.0704
40 992.25 0.653 0.0696 2.26
45 990.25 0.596 0.0689
50 988.07 0.547 0.0680 2.26
60 983.24 0.467 0.0661 2.25
70 977.81 0.404 0.0643 2.22
80 971.83 0.355 0.0626 2.17
90 965.34 0.315 0.0607
100 958.38 0.282

0.0589
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Chapter 2

FLUID STATICS

2.1 INTRODUCTION

Fluid statics considers the situations when the fluid is at rest. Hydrostatics deals with
pressure of a hiquid at rest. In a flid at rest there are no shear stresses and, according to
Pascal’s law, the pressure p at a point within the fluid is isotropic, i.e. equal in all directions.
['he direction of pressure s always at right angles to the surface on which it acts.

The pressure is calculated by dividing the normal force by the area. If F represents the
total force on some finite area A, while dF represents the force on an infinitesimal area dA
the pressure or the intensity of pressure or the average pressure is ‘

o Bl
P (2.1)
If the pressure is uniform over the total area, then
F
pe— (2.2)

In SI units, pressure is expressed in N/m’ (Pascal) or kN/m’,

2.2 PASCAL’S LAW

The Pascal’s law states that the pressure at a point in a fluid at rest has the same'
magnitude in all directions. This law is applied in the construction of machines used for large
forces, e.g. hydraulic press, hydraulic jack, hydraulic crane, hydraulic riveter, etc.

> MECHANICS

Figure

Fig. 2.1 Free-body diagram of wedge-shaped particle
15



To prove the Pascal’s law, a small wedge-shaped clcm-::ljlt U'f U;llt ‘:Id::eizﬁ;eg)iezhﬂ Point
(X, y) in a fluid at rest (Fig.2.1). Since there can be no shear _Drf:;:h;ce s htan;,: the
pressure forces acting normal to the three face::; ‘ancll the gl'avﬂ}{ 0 ot weckae inglh Of the
element acting vertically downward. For the equilibrium of the element, € X ang

y directions, the force equations

ZF‘_ =py—-pdssind=0

ox
ZFl, =p,0x—-p dscosd -y 2@ =0

in which py, py and p, are the average pressures on the three faces, y is the specific weight ang
p is its density of the fluid. Using the geometric relations

&sind = oy a&scosl = ox
the above equations simplify to
Xy
p.y-p=0 p_,.fir-P.ﬁf—?—z—-=0

The last term of the second equation is of higher order than the athf:r two terms and
may be neglected. When divided by & and dx, respectively, the equations give

Pe=P, =D . (2.3)

Since 0 is any arbitrary angle and the results are independent of 6, Eq. (2.3) proves that the
pressure is the same in all directions at a point in a static fluid.

2.3 PRESSURE VARIATION IN A STATIC FLUID

Consider the forces acting on an element of fluid at rest (Fig. 2.2). The element has
sides 8x, 8y and 8z in form of a parallelepiped with pressure p at its center (X, y, z). Let the
pressure increases (@ JOp/ox, op/dy and opl/oz along the positive x, y and z directions,
respectively. The forces acting on the element consist of surface forces and body forces. The
forces which are distributed over the entire. mass of the fluid are called body forces. For the
clement considered above, the body force is the gravity force or weight of the fluid element
76x8y57 acting vertically downward from the center of the element. Surface forces are those
which act normal or tangential to a surface. In a static fluid, there is no stress (e.g. shear
stress) tangential to a surface and the only force is the pressure force normal to a surface.

16
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Fig. 2.2 Rectangular parallelepiped element of fluid at rest

The pressure force acting normally on the bottom surface is

(p- éfﬁ)m&

and the pressure force acting normally on the opposite face 1s

i +upc>1

where 0y/2 1s the distance from the center to a face normal to y. Summing the forces acting
on the element in the y direction gives the resulting force in the y direction as

P =fp—§—f%-)ar&~<p+f—;%>&az—ym5z

=P i s
oy

Yoxoz

For the x and z directions, since no body forces act, we will have
Fe-Pass Pe Pass
Ox ) 0z
Since the fluid element is in static equilibrium, the resultant force in any direction
must be zero. So, setting F, = F, = F, = 0 since 5xdydz, which is the volume of the
parallelepiped is not zero, we obtain

?ﬁ=f} ap: : @.:U (2.4)

ox dy -’V Oz
[quation (2.4) indicates that the pressure is independent of x and z and it depends on y alone
and we can replace dp/dy by dp/dy and so

17



2
P . or, dp=—pdy (2.5)
v | | |
; J : “fluid statics. As the onient:
Equation (2.5) is known as the fundamental equation of fluid statics. A orientation of g
clement is chosen arbitrarily, it may be unncluchi that s
1) pressure 1s same at every point in a horizontal plane ( ascal’s »and
i) pressure varies in the y or vertical direction only and it decreases as y increases |
the positive y direction, | o |
For fluids which may be considered homogeneous and Incompressiole, y is constg;
and Eq. (2.5) when integrated gives

p=p==r(y-n) (2.6)

where p is the pressure at an elevation y. For the case of a liquid at rest, itis ccrn'f_enient t
measure distances vertically downward from the free liquid surface. It h 1s the distance
depth below the free liquid surface and if the pressure of air and vapor on the surface j
arbitrarily taken to be zero, Eq. (2.6) can be written as

p=1h 2.7)
or
Pop (2.8)
F g

which 1s the hydrostatic law of variation of pressure, p is the increase in pressure from that ap
the free surface and h is the hydrostatic pressure head measured vertically downward from

the free liquid surface. Equation (2.7) or (2.8) demonstrates that the hydrostatic pressure P
varies with h.

It is obvious that the pressure can be expressed either as a force per unit area p, given
by Eq.(2.7), or as a height of the equivalent liquid column h, given by Eq. (2.8).

Example 2.1
Determine the intensity of pressure of oil of specific gravity 0.75 at a depth of 4 m
below the free surface.

Solution We have, specific weight of oil, y = 0.75x1000x9.81 = 7357.5 N/m’, h=4 m

- Intensity of pressure, p=vh =7357.5x4 = 29430 N/m?

Example 2.2
Determine the height of a water column equivalent to a pressure of 4 kN/m”.

18



ar =

Solution We have, p = 4 kN/m™=4000 N/m’. y = 9810 N/m’

4000
C b= f = il =().41 m

v 9810

2.4 ABSOLUTE AND GAGE PRESSURES

'he pressure measured relative to the local atmospheric or barometric pressure is
known as the gage pressure. This is because practically all the pressure gages (instruments for
pressure  measurcment) register zero when open to the atmosphere and measures the
difference between the pressure of the fluid to which they are connected and the surrounding
air.

When the pressure is sub-atmospheric or less than atmospheric, the gage reads less
than zero. Therefore, sub-atmospheric pressure is referred to as negative gage pressure or
vacuum or suction pressure. A perfect vacuum, where there are no fluid molecules at all.
would correspond to absolute zero pressure.

A pressure measured with the absolute zero as a datum is called the absolute pressure.
Absolute pressure has always positive value. On gage pressure scale, the local atmospheric
pressure is zero. The two scales of pressure measurement, the gage scale and the absolute

scale, are related by

(2.9)

Pabsolute = palmmphcric + Peage

where pgagee May be positive or negative. Figure 2.3 shows the units and scales for pressure
measurement.

2
i [ T .
'j % 2 Standard atmospheric pressure
) olg Local atmospheric pressure
= Negativ
@ suction » Gage pressure
760 mm mercury - .
[l aeata < bair-::'saeter
10.34 m water 2 :
o reading
9 Absolute pressure
=4
| Absolute zero (complete vacuum)

Fig. 2.3 Units and scales for pressure measurement
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the mean pressure at sea level and amounts to 76(

‘he standard atmospheric pressure 1s - aries with alti
HG S : l ; atmospheric pressure varies w ith altitude an

liu or l{}l 325 kN:I[ﬂ: or 10.34 m water. _I-hc . . W
= i . . .» nf changes teorological condi
a given place, varies from time to time because of changes n m?{_] o bqilute ___"0“5‘-
 The. gage pressure is measured by a Bourdon Eﬂg?ab AG=3 t pressure of
bl ; e . arometer.
atmosphere is measured by a mercury barometer or an Ancrol

2.5 MANOMETERS VO o |
Manometers are devices that employ liquid columns to determine pressure

difference in pressure. Manometers are of two types: .
' l. A simple manometer, usually called a piezometer, measures the pressure inapj
or vessel full of liquid. . .

2. Differential manometer measures the difference of pressure between any two po,
on a pipeline or on two different pipes full of liquid.

Simple Manometer or Piezometer: The most elementary manometer, called a piezome
is a vertical glass tube one end of which is open to the atmosphere and _the other enc
connected to the side of the container containing the fluid whose pressure 1s to determi;
(Fig. 2.4a). Liquid rises-in the tube until equilibrium is reached. The pressure is then given
the vertical distance h from the meniscus (open liquid surface) inside the tube to the pc
where the pressure is to be measured, expressed in units of length of the liquid in

capillary rise. If h is the height of liquid column in piezometer tube in m of liquid,
intensity of pressure at A is given by

P, = (2.10)
in N/m?, where y is the specific weight (N/m’) of the liquid.
[t is usual to express the pressure in equivalent head of water. If the specific gravity

the liquid is S, the pressure at A is hS units length of water, i.e.

h, =hS m of water : (2.11)
or

Pi=m, (2.12)

in N/m’, where y is the specific weight of water.
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N
(a) (b) (c)

Fig. 2.4 Simple manometers: (a) Piezometer, (b) U-tube manometer, and (c) U-tube
manometer with a second liquid

Double Column or U-tube Manometer: It is obvious that the piezometer would not work
for negative gage pressure, because air would flow into the cunta.incr through the tube. It is
also ih’fﬁuf:tical for measuring large pressures at A, since the vertical tube would need to be
very large. For measurement of small negative or positive gage pressures in a liquid, a double
column or U-tube manometer (Fig. 2.4b) may be conveniently used. When the gage pressure
is negative, the meniscus comes to rest below A as shown. Since the pressure at the meniscus
is zero gage and since pressure decreases with elevation,

h, =-hS m of water (2.13a)

and
p,=-th, Nm’ , (2.13b)

where S is the specific gravity of the liquid whose pressure is to be measured and v is the
specific weight of water. ;

For greater negative or positive gage pressures, a second liquid of greater specific
gravity is employed (Fig. 2.4c). It must be immiscible in the first liquid, which may now be a
gas. If the specific gravity of the fluid A is S, and the specific gravity of the manometer
liquid is S, the equation for pressure at A may be written thus, starting at either A or the
upper meniscus and proceeding through the manometer,

h,+h,S -hS,=0 or h,=hS, -hS, (2.14a)
and
Py =, (2.14b)

in which hy is the unknown pressure expressed in length units of water and h, and h; are in
length units. If A contains a gas, S is usually so small that h,S, may be ncglected.
The following is a general procedure for solving of all manometer problems:
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the circuit 1s continuous) and write the pressure
bol if it 1s unknown.
om one meniscus to the next

1. Start at one end (or any meniscus if
there in an appropriate unit or in an appropriate sym B.ur

2 Add to this the change in pressure, in the same unit, fr
(plus if the next meniscus is lower, minus il"highn:r?. o

3. Continue until the other end of the gage 1s reached and equatc the expression to the
pressure at that point, known or unknown. _ o

The expression will contain one unknown for a simple manometer or will give ,
difference in pressure for a differential manometer. o

An alternative procedure is to apply the rule: “The pressures of the same liquid at the
same horizontal level of the two limbs of a U-tube are equal.”

Example 2.3 m)(/ -

A U-tube manometer containing Hg (sp.gr.13.6) has its right limb opened to the
atmosphere as shown in the figure. The left limb is full of water and is connected to a pipe
containing water under pressure. Find the pressure of
water in the pipe above atmosphere for the manometer
readings as shown in the figure.

Solution Equating the pressure at 2-3, we have

h, +0.05x1=0.15%x13.6

or,
h =0.15x13.6-0.05x1=1.99 m of water
Sopo=yh, =9.81x1.99=19.52 kN /m*
Example 2.4 \’A/

A U-tube manometer containing Hg (sp.gr.13.6) is
used to measure negative pressure in a pipe containing
water as shown in the figure. The right limb of the
manometer 1s open to the atmosphere. Find the negative
pressure ‘below the atmosphere in the pipe for the
manometer readings as given in the figure.

-

Solution Equating the pressure at 3-4, we have
h +0.02x1+0.05%13.6=0

S ==002x1-0.05%13.6 = -0.70 m of water
=0.70 m of water (vacuum)
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== =981%x0.70 = - 6,867 AN /m-
6.867 kN/m’ (vacuum)

Differential Manometer: A differential manometer (Fig. 2.5) is used to determine the
difference of pressure at two points A and B when the actual pressure at any point in the
system can not be determined. The two points A and B may be in the same pipeline or in two

different pipes.

Fig. 2.5 Differential manometer B Gﬁ,vw

.Application of the procedure outlined above to Fig. 2.5(a) produces

Pi—hy,—hy,+hy,=p, (2.15)
r

Pi—Ps =hy, +hy, —hy, " (2.16)
Similarly, for Fig. 2.5(b),

Pythy, -hy,—hy, = Pg Of p,—pz=-hy, +hyy, + hyy, (2.17)

If the pressures at A and B are expressed in length of the water column, the above
esults can be written, for Fig. 2.5(a), as

h,—hy =hS, +h,S, - h,S, units of length of water (2.18)

similarly, for Fig. 2.5(b)
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ho—h,=-hS +h3,+ k.S,

o iy oa . if W 1 | * 1 i h; '.."I[Cm
in which Si. S> and S; are the specific gravities of the liquids in the sy

Example 2.5 e

In the figure shown, the liquids at A and B are water and the manometer liqui
(sp. gr. = U.SO).H{u] If hy = 30 cm, h, = 20 cm and h; = 60 c¢cm, determine pa -1pﬁt (b)
50 kN/m? and the barometric pressure is 76 cm of Hg (sp.gr.13.6), find the pressure at

of water absolute.

Solution
(a) h‘_‘—(].3X|—[).2X0.3+ﬂ.ﬁ1'|Ehﬁ _hr_
r!
. h,—hy; =03x1+0.2x0.8 ~0.6x1=-0.14 m of water —J:—
i = K
. p-pg=ylh,—hg) = _981x0.14==1373kN/m" ==13T3 N/m~
ps _ 30
(b) hy =% =——=5.097 m of water
y 9.8l

hg (abs) = hg (gage) + 0.76 x13.6 =5.097 + 10.336 = 15.433 m of water
. From (a), ha(abs) = hg(abs) - 0.14=15.433 - 0.14 = 15.293 m of water

Example 2.6

In the figure shown, a closed tank contains 0.6 m of Hg, 1.5 m of water, 2.5 m
of specific gravity 0.75 and air space above the oil. If the pressure at the bottom of the
275 kN/m* gauge, what would be the reading of the gauge A at the top of the tank?

Solution Pressure at E (at bottom of Hg)

= -%-?-i = 28.03 m of water
9.81

Pressure at D (at bottom of water)

= Pressure at E — pressure of 0.6 m of Hg
=28.03-0.6x13.6=19.87 m of water

Pressure at C (at bottom of oil)

= Pressure at D - pressure of 1.5 m of water I —— — £
= 19.87 - 1.5 = 18.37 m of water | |
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*  Sedl ded o

Pressure at B (at bottom of air)
Pressure at C - pressure of 2.5 m of oil
18.37 - 0.75x2.5 = 16.495 m of water

Now, pressurc at A = Pressure at B (= the space is full of air)
- Reading of the pressure gage A at the top of the tank
~ 16.495 m of water = 16.495 x9.81 = 161.82 kN/m?

Manometer Liquid: For measuring high pressures or large pressure differences, a heavy
liquid such as mercury (sp- gr. = 13.57) is employed. For small pressure differences, a light
fluid. such as oil, or even air, may be used. Naturally, the liquid must be one that will not mix
or react chemically with the fluid whose pressure is to be determined.

2.6 HYDROSTATIC PRESSURE FORCE ON SUBMERSED PLANE SURFACES

Total Pressure Force on Submerged Plane Surfaces

Consider a plane surface MN acted upon by a liquid of unit weight y . The surface
makes an angle 6 with the horizontal (Fig. 2.6). Consider the surface MN to be made up of an
infinite number of horizontal strips each
having an area dA and a width dy so small
that the unit (or intensity of) pressure on a
strip may be considered constant. The unit
pressure on a strip at depth h below the
free surface and at distance y from the line
S-S is

p=h=ywsind (2.20)

The total pressure force on the strip is

dP = wsin 0 dA (2.21)

\
and the total pressure force on MN is

Fig. 2.6 Pressure on a plane surface

A
P = ysin 9]‘ ydA (2.22)
0
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From the definition of center of gravity
A

jyaw = Ay (2.23)
0
where ¥ is the distance of the center of gravity of A from the line S-S. Hence,

P=ysinfAy (2.24

Since the vertical depth of the center of gravity below the surface is

A\

P\ L 5 s ;\JE‘}_ > ?\ =+ l l
it follows that TAE gy SO
P=yh4 = (2.26)

where ¥ h represents the unit (or intensity of) pressure at the center of gravity of A.
Thus, the total hydrostatic pressure force on any plane surface is equal to
product of the area of the surface and the unit pressure at its center of gravity.

Total pressure force on a horizontal surface: The total pressure force on a horizo
surface (Fig. 2.7) 1s given by

P=yhA=yh4 (2.27)

?vhere y is the specific weight of the liquid (N/m®), A is the area of the surface (m?) and &
is the depth of the horizontal surface from the free liquid surface (m).

l‘ oF FW‘D: L

:ip.cf-}” C.G.
_l_ \,.‘,_:?‘c"\._ﬁ I"‘- e
A o <
_..'ﬁ
. /,:)gn

g

-

, A .
Fig. 2.7 Horizontal immerged surface Fig. 2.8 Vertical immerged surfac
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Total pressure force on a vertical surface: The total pressure force on a vertical surface
(Fig. 2.8) is given by

P=yhA (2.28)

where y is the specific weight of the liquid (N/m’), A is the area of the surface (m*) and & is
the depth of the center of gravity of the immerged surface from the free liquid surface (m).

Example 2.7 h\/(/

A rectangular tank having a base 5 m long and 2 m wide contains water up to a depth
of 2.5 m. Calculate the total pressure force on the base of the tank. f

' Solution Area of the base of the tank, A = 5x 2 = 10 m?

Depth of the base from the water surface, h =2.5m ——?———/
Specific weight for water, y = 9.81 kN/m’ |

Hence, the total pressure force on the base Lom
P=yhA=981x2.5x10=24525 kN S 1

-Lv“
"—Em~—!!"
Example 2.8

| A circular door of | m diameter closes an opening in the vertical side of a bulkhead,
' which retains sea water. The center of the opening is at a depth of 2 m from the water level.
Determine the total pressure force on the door. Take the specific gravity of sea water as 1.03.

—x
‘ Solution  Area of the door, A = nd*/4 = mx 1%/4 = 0.785 m® Jm
Depth at the center of the door from the water surface, # T 7
= 2‘ m im
Specific weight for sea water, y = 9.81x 1.03 = 10.10 _l_
kN/m’.

Hence, the total pressure force on the door
P=yhA=10.10x2x0.785=15.865 kN

» Example 2.9
Find the total pressure force on a triangular plate whose base is 1 m and altitude is 1.5
'*m as shown in the figure. The plane of the plate is inclined at an angle of 60° to the free
surface of water.
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Solution  Vertical depth of C.G. of the plate from the
water surface

h = 2+§-><I.5xsinhﬂ" =24+0.866 =2.866 m

I 2
Arca of the plate, A = E_x 1x1.5=0.75m

Specific weight for water, y = 9.81 kN/m’
Hence, the total pressure force on the plate

P=yhA=981x2866x0.75=21.09 kN

Center of Pressure of Submerged Plane Surfaces\/\/’/

The 1ntensity of pressure on an immerged surface is not uniform, but increases

towards the lower edge of the surface The The point thmugh which the resultant _pressure f
acts is known as the center of pressure and?&lways expressed in terms of depth from
free liquid surface. - .

The position of the center of pressure of a plane surface subjected to hydros
pressure may be determined by taking moments of all the forces acting on the surface at
some horizontal axis in its plane. In Fig. 2.6, the line S-S may be taken as the axis
moments for the surface MN. Designating by vy, the distance to the center of pressure fi
the: axis of momenls it follows from the definition of the center of pressure that

0
or
A
J- ydP
_ 0
yﬁ = T (2.30)
But, as in the previous article
dP =y ysin0dA (2.31)
and '
P=ysinfAy (2.32)

Substituting Eq.(2.32) in Eq.(2.30), we obtain
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A A
¥ sin F}J-yzd,d J‘ysz ;

i] ] Wt
ysin@Ady Ay S, (25
where Is is the moment of inertia or second moment of area of MN about the axis S-S from
which y is measurcd and Ss is the static moment or first moment of area of MN about the
same axis.

We know from the theory of parallel axis that

Ah’
sin® @
where I, is the moment of inertia about an axis passing through its center of gravity and
parallel to OS (Fig. 2.6), y = distance between the liquid surface and the center of gravity of

the area along MN and h is the vertical depth of the center of gravity of the area from the free
liquid surface. Obviously,

_  h

P sin & G33)

If hy is the vertical depth of the center of pressure of the area from the free liquid
surface, then o N

_}IIrJ =

Io=1,+Ay" =1 + (2.34)

. o desing (1, +45 1,
h,=y,sinf = 3 ] _y sind = ysin @ +—2-sin 8 (2.36)
Since 4 = ysin#, we obtain &Oﬁrg.‘*i% B
T wo ¥ gy b
h, :PH-ESIH e @ & ¥ i (2.37)

The above relationships for h, do not contain any term for specific weight of liquid.
Therefore, the center of pressure will remain the same for all liquids.

In Eq.(2.37), if 6 = 0, then it becomes the case of horizontal plan surface and the
center of gravity and the center of pressure coincide.

For vertical plane surfaces, 0 = 90°, and Eq.(2.37) gives
we: il
h =h+—% 38
r Ah C; |- (2 )
il
R

f)qc\(‘?
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Table 2.1 The center of gravity (C.G.) and the moment of inertia (I) of some surfaces

SI. No Surface C.G. from base Iy mlflh‘ﬂm base
------------------------------------------------------ h bh’ bk’
|. Triangle T 5 . -
h
—b—]
_______ bh’ bh?
2.Rectangle '!\ 3 3 :
]‘
——
- d mﬂ
3.Circle ]‘ . o )
d
From Eq. (2.37), we obtain
-
hp ~h= ;‘E——Sinzg (239)

and since all the quantities on the right side of Eq.(2.39) are positive, so h, -h >0 and

h, > h ,ie. the center of pressure is always below the center r of gravlty of “the area.
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Example 2.10 A rectangular gate which is 2 m wide
and 1.5 m high is in a vertical plane. The water f'Tsm '[
surface coincides with the top of the gate. (a) Find

the force exerted by the water on the gate and the f—2m —y
position of the center of pressure. (b) If the same

arca is immerged vertically downwards, the top side —— '
being at a depth of 3 m below the free surface, find _] F5m
the force exerted by the water on the gate and the e
position of the center of pressure.

aM
-

Solution

(a) Total pressure force, P =y hA
Here, y=9.81 kN/m’, h=1.5/2=0.75mand A =2x 1.5 =3 m>
S P=yhA=981x0.75x3=22.07 kN

This is the force exerted by the water on the gate.
Depth of center of pressure below the free water surface

= i 2112 5
b=k b=0754 2 12 gg50 2515 o 0961 m
P Ah Ah 12x3x0.75
(b) h=3+0.75=3.75m

The force exerted by the water on the gate
P=yh4d=981x3.75x3=110.36 kN
and the depth of center of pressure below the free water surface

. i k] 3
h =h+—-=375+ i i12 =3.75 +—2x—]'5——=3.75 +0.05=3.80 m
P Ah Ah 12x3%3.75

Example 2.11

A trniangular plate of 1 m base and 1.5 m
altitude is immersed in water as shown in the figure.
The plane of the plate is inclined at 30° with the free
surface of water and the base is parallel to and at a
depth of 2 m from the free surface. Find the total
pressure force on the plate and the position of the
center of pressure.

Solution  Total pressure force, P = yhA
Here, vy = 9.81 kN/m’
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5 |
h =2+ —l'l'-sm?n[l“ =2+0.5x 5 =225m

A -;ﬂxl.ﬁzil.?ﬁ m’

L P=yhA=981%x225%0.75=16.55 kN

The position of the center of pressure below the free water surface is given by

— .~ bh/36 ., 1%1.5° i ant
= R sinlf = _~ sin" 8=225 xsin” 30
h,=h+—=sin"@=h+ T sin“8=2 +36x0_75x2.25

!

=2.25+0.014=2.264 m

2.7 FORCES ON SUBMERGED CURVED SURFACES

[n case of a submerged plane surface, the forces acting perpendicularly on 3]
strips have the same directions and form a system of parallel forces. But in cagse ol
submerged curved surface, all the strips do not lie in the same plane and the forces, thq,
perpendicular to their respective strips, do not form a system of parallel forces. Due to ¢
reason, the magnitude of the total force and its point of application (i.e. center of presgy,
cannot be determined easily by the methods explained earlier. However, the same cap
conveniently obtained by calculating the horizontal and vertical components of the resuls;
or total pressure force, which are then combined together to give the total force on the cury
surface.

Consider a curved surface AB immersed in a liquid.
Let BC be the vertical projection and AC be the horizontal
projection of the curved surface (Fig. 2.9). The horizontal
force Py will be the total horizontal pressure force on the
projection BC of the curved surface and will act through the
center of pressure of the surface. The vertical force Py will
be the total weight of the liquid in the portion ABC and will
act through the center of gravity of the volume ABC. Fig. 2.9 Resultant pressure on
: curved surface .

The resultant of Py and Py will be the resultant or total force P acting on the curve
surface, i.e.

. P=\|P} +P} (2.40)

The inclination of the resultant force with the horizontal a is given by

-1 ‘PV

o =tan —
Py

(2.41)
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Example 2.12

(a) Find the total pressure foree acting on the gate per m length, which is a quadrant of
a circular cyhnder of radius 2 m. as shown in the figure. (b) At what angle will it be acting to
the horizontal? (¢) Prove that the resultant foree passes through the hinge C. (d) Give the
reason why the resultant passes through the hinge C.

Solution (a) The honizontal torce Py due to water is the force on
vertical projection of AB, acting at the center of pressure.

Therctfore.

2
P, =yhA= [[J[H]x‘}.HIXEX{EXI] =19620 N

per m length acting at depth

f hh* 112 1x2%/12
h =h+—==h+———=1+—"_"2_
1, o = (Ix2yx] ~ 13333 m

from the free surface.
The vertical component of the resultant pressure force acting on the curved surface is

3

)
2 Xl 1)=30819 N

P.=yV =1000x9.81x(

per m length acting vertically upward through the center of gravity of the volume of water.
Now, the center of gravity of a quadrant of a circle is located at a distance of 4R/31 from B.

4x?2 '
xR AL pedun
37 3z

from B as shown in the figure.
Thercfore, the resultant force acting on the gate

P =P} + B} =19620° +30819% =36534 N

per m length.

(b) The angle which the resultant force makes with the horizontal is

30819

62

a =tan ' ;L = tan tan ' 1.538 = 56.98"
Ir

(¢) The sum of moments of the forces Py and Py about C is
Pyxh,—P, xx=19620x1.3333-30819x0.8488 =~ 0

Therefore, the resultant force passes through C.
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. : . . v cieentlar pate AB and henee pae
(d) The pressure (orees at all points act perpendicular o the cireular gate \B : (\‘f’ v Pas
through the center C. Theretore, the line of action of their resultant passes throug

28 PRACTICAL APPLICATION OF HYDROSTATICS _

In the field of engineering, the principle of hydrostatics is utilized to determine th
hvdrostatic pressure force exerted on a hydraulic structure. The hydraulic structures are sluie
g;.uus, weirs, lock gates, masonry walls, dams, cte. Thus. the study of the subject hydrostatic
18 of much importance while designing all types ot hydraulic structures.

PROBLEMS AND EXERCISES
2.1 State Pascal’s law,

2.2 Derive the expression for pressure in a static fluid and show that the pressure i
independent of x and z, and depends on y only.

2.3(a) Define absolute and gage pressures. What is the relationship between them?
(b) In a neat sketch, show the units and scales for pressure measurement.

2.4(a) Derive the expression for (i) the total pressure force on a submersed plane surface, ang
(11) the center of pressure of a submerged plane surface. *
(b) Explain why the center of pressure is always below the center of gravity of a

submerged area.

2.5 State the use of (i) manometer, (ii) piezometer, (i11) differential manometer, (iv) mercury
barometer, (v) Burdon pressure gage, and (vi) Aneroid barometer.

2.6 State the name of a manometer liquid. What is the criterion for selecting a manometer
liquid?

2.7 Determine the depth of water which will produce a pressure intensity of 100 kN/m®.

2.8 What is the pressure exerted in kN/m® at a point 1 m below the free surface of water (or
by a | m vertical column of water)?

2.9 The atmospheric pressure is 760 mm of Hg (sp. gr. = 13.6). Convert this pressure to (i)
equivalent depth of water, and (ii) kN/m’,

2.10 A cylindrical water tank 10 m in diameter and 15 m high is filled with water. Determine
(1) the intensity of pressure at the bottom of the tank, (11) the total pressure force on the
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bottom, (i) the maximum, the minimum and the average
intensitics of pressure on the vertical wall, and (iv) the total
pressure foree on the vertical wall.

2.11 A U-tubc manometer is connected to a conical vessel as
shown in Fig. 2.10. The reading of the manometer when the
vessel 15 empty is shown in the figure. Find the reading of the
manometer when the vessel is completely filled with water.

Fig. 2.10 (Problem 2.11)

2:12 z_ﬂ. {rflpclf-iifiiui rsurr}fuce shown in Fig. 2.11 is immersed in a liquid of specific gravity 0.8
at an inclination of 30" to the free surface. Find the hydrostatic force on it.

Fig. 2.11 (Problem 2.12) Fig. 2.12 (Problem 2.13)

2.13 A vertical triangular lamina is immersed in water with the side AB coinciding the water
surface as shown in Fig. 2.12. A point D is taken in AC such that
the pressure forces on the two areas ABD and DBC are equal.

Show that AD:AC = 1:+/2 .

2.14 A rectangular gate 6 mx2 m is hinged at its base and inclined
at 60° to the horizontal as shown in Fig. 2.13. The upper end of the
gate is kept in position by a weight W equal to 5500 kg attached as
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veight o
shown. Find the level of water, when the gate begims to fall. neglectng the v of the g
and friction al the horizontal pul|
Fig. 2.13 (Problem 2.14)

2.15 Determane the total pressure T'nm,u acting on the curved gate AB, per m length, u—'lh|c|
the quadrant of a circular cylinder of radius | m as shown in Fig. 2.14. Also, determine
angle which the total pressure force makes with the horizontal.

Wuter Surface Water Surface A/\

- — e —— —

——— e e = =

-

———

i e

Fig. 2.14 (Problem 2.15) Fig. 2.15 (Problem 2.16)

2.16 A tainter gate is subjected to water pressure as shown in Fig. 2.15. Determine
horizontal and vertical pressure forces acting on the face of the gate.

2.17 A roller gate of cylindrical form 3 m in diameter has a span of 10 m (Fig. 2.16). Find

magnitude and direction of the resultant pressure force acting on the cylinder, when it
placed on the dam and the water level is such that it is going to spill.

Water Surface A

' Fig. 2.16 (Problem 2.17) Fig. 2.17 (Problem 2.18)

2 18 The curved face of a dam, retaining water, 1s shaped according to the relationship y

x’/4, as shown in Fig. 2.17. The height of water retained by the dam is 12 m. Find tt
magnitude and direction of the resultant force due to water pressure on the dam.

hdkkkkdk
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Chapter 3

BUOYANCY AND FLOATATION

1.1 INTRODUCTION

A body immersed partially or fully in a fluid expericnces a vertical upward force.
known as the huoyant force. The tendency of a submerged body to rise in a fluid because of
the buoyant force, which opposes the downward force of gravity or weight of the fluid. is
known as buovancy. The magnitude of the buoyant force can be determined by the
Archimedes™ principle.

3.2 ARCHIMEDES’ PRINCIPLE

The Afl-'h'mcd‘-'flpriﬂciple states that when a body is immersed wholly or partly in a
fluid. it is buoyved (or lifted) up by a force equal to the weight of the fluid displaced by the
hsmfr.

Proof: Let a body be immersed in a fluid of constant specific weight y. Divide the body into
a large number of vertical prisms (Fig. 3.1). Consider an elementary vertical prism of cross-
sectional area dA.,

Force acting upward on the bottom of the prism = T ]
= PydA = yhydA (3.1)
R , hy
Force acting downward on the top of the prism
= p,dA = vh dA (3.2)
. Net upward force on the prism b,d A
dPy = y(hy = h))dA = ydV (3.3) Fig. 3.1 Archimedes’ principle

where dV is the volume of the prism.
.. Total upward force or buoyant force

P, = yIdV =V (3.4)

where V is the total volume of the body. Obviously, yV is the weight of the fluid displaced by
the body. Hence, it is proved that the buoyant force is equal to the weight of fluid displaced.
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The buoyant force is vertical and acts through the center of 1—'1'““""}"_ of the displac
Huid. The pomt of application of the buoyant force 1s known as the center of buoyancy.

A body can be made to float (i) by decreasing the weight of the body, the volun
remanning the same (e.g. a submarine), and (1) by increasing the volume of the body. weig
rematning the same (e.g. a ship).

Example 3.1
A block of wood 4 m long, 2 m wide and 1 m deep is floating horizontally in water,

the density of wood is 700 kg/m”, find the volume of water displaced and the position of t}
center of buoyancy.
“Solution  Volume of block =4x2x1 =8 m’

Weight of block = 8x700 = 5600 kg
Now, since the block of wood floats in water, so

Weight of block = weight of water displaced

= density of water xvolume of water displaced

Weight of block 5600
Density of water 1000
Volume of water displaced 5.6

5.6 m'

. Volume of water displaced =

=0.7m

Depth of immersion of the block = -
Sectional area of block 4x2

. Center of buoyancy = 0—21 = 0.35 m from base

Example 3.2
A submarine has a total enclosed volume of 1000 m’. If it weighs 500 tons, calculat
the volume of water to be pumped into the submarine in order that it is submerged.

Solution 'V = 1000 m’, W = 500 tons = 500x 1000 kg =500x1000x9.81 N =
500x9.81 kN=4905 kN (.. 1 ton = 1000 kg)
Upward or buoyant force on the submarine = weight of water displaced
or
Py =yxV=981x1000=9810kN
Since W < Pg, the submarine is floating. The minimum volume of water to be pumpe
so that it may result in sinking of the submarine
9810 —4905 3
= = 500 m

9.81
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1.3 METACENTRIC HEIGHT 1 \7Q
Whenever a body. floating in a liquid, 1s given a small angular dlspl.u.um.nt it starts

oscillating about some point. This point, about which the body starts oscillating, is called the
n fili L'.leﬁll"-
t _(fg‘}_‘) "
tf{\ _.-L
i e o ol ™M
i P ge L~
i}f a j,o"r
r-—-__, _ 8 H "r:l'-') (\“lr ﬂf-"
== wE
— o
1:}1\.1._/
‘ O/l !

! Bss B\ :f k.PB
' {
I |
=3 -
GnMa;nS
(a) (b)

Fig. 3.2 Metacenter

When the floating body is at rest, both the center of gravity G and the center of
buoyancy B lie in the same vertical line (Fig. 3.2). Also, W and Py act through the same
vertical line, but in opposite direction. If the body is slightly tilted by a small angle of heel 0,
the center of gravity remains the same, but the center of buoyancy B will change to B. The
point of intersection M of the original vertical line passing through B and G and the vertical
line passing through the new center of buoyancy B, is called the metacenter. The distance
between the center of gravity G of the floating body and the metacenter M is called the
me!acenmr. height.

The metacentric height of a floating body is a direct measure of its stability. If the_
metacentric height is more, the body will be more stable. The metacentric height of different
ships may vary from 0.3 m to 3.6 m.

— S

3.4 DETERMINATION OF METACENTRIC HEIGHT AND RIGHTING MOMENT

Consider a ship floating in water. Let the ship be given a clockwise rotation through a
small angle 0 (Fig. 3.3). The immersed section has now changed from acde to acd,e,.

The original center of buoyancy B has now changed to a new position B. The
triangular wedge Oam has come out of water, whereas the triangular wedge Ocn has gone
under water. Since the volume of water displaced remains the same, so the two triangular
wedges must have the equal areas.
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Ihe triangular wedge Oam has come out of water, thus

decreasing the force of buoyancy on the left. therefore it [t ’*l
tends to rotate the ship in an anticlockwise  direction, jm i ":“ ~
Similarly, as the triangular f = :r’i__j?:ﬂ"fu iy |:-;
wedge Ocen has pone under water, thus increasing the 7 ff o, R i
force of buoyancy on the right, therefore it again tends to P‘ i Fq[ |
rotate the ship in an anticlockwise direction. So, these two ' L_._f “‘____J‘-n
forces of buoyancy will form a couple which will tend to ; i ~
rotate the ship in an anticlockwise direction about O. If 6 1s W Pe

very small, then the ship may be assumed to rotate about
the metacenter M.

Fig. 3.3 Metacentric height

Let / be the length of the ship, b be the width of the ship and V be the volume of
water displaced by the ship. From the geometry of the figure, we find that
am=cn = 1‘)2_6? (3.5)

where 0 is in radians.

1 b bO h’01

. Volume of wedge of water Oam = —x—x—x/[ = (3.6)
22 2 8
Weiitor B watae atvinter = 12 2 G.7)
where v is the specific weight of water.
The arm of the couple = %b. Therefore,
; b’a1
Moment of the rotating couple = AL x%b= 4 % (3.8)
and 1
Moment of the disturbing force = P, x BB, = y V' x BB, (3.9)
Equating these two moments, we obtain
3
Lf[iszzyxp’xﬂg, (3.10)

Substituting /b* /12 =/ and BB; = BM x0 in the above equation, we get
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B T e = P e

s 10 =yxV x BM x 0
{
BM el
%
where | is the moment of inertia of the plan of the ship about the longitudinal axis passing
through O.
Now, the metacentric height (Fig. 3.2b) is

\ GM = BM + BG E (3.12)

where the + sign is to be used if G is below B and — sign is to be used if G is above B. ;
Equation (3.11) is strictly valid for small angles of heel 8, i.e. when 0 1s up to 10°. The
righting moment is (Fig. 3.2b)

R. M. =W.GM. sin 0 =y.V.GM.0 (3.13)

where 0 15 in radians.

Example 3.3

A ship is 20 m long, 10 m wide and 4 m deep. It has a draft of 2.5 m when floating in
an upright position. The center of gravity of the ship is on the axis of symmetry, 0.5 m above
the water surface. Compute (i) the metacentric height, and (ii) the righting moment, when the
angle of heel 1s 10,

3 3 uM
Solution I = Ll = i 1 =1666.67 m"
12 1o
V =20x10x2.5 = 500m’ * 16 r
|
BM = i == Loahd =333 m Am Zm B 26m
4 500 .
BG=0.5%25+05=125+05=1.75m J ' JL
Inm—bl
Since BM > BG, so G is above B and
GM=BM-BG=333-1.75=1.58m
107

R.M.=y.V.GM.0 = 1000x9.81 x500x I.SSxm—0=]352612.?2 N-m

3.5 CONDITION OF EQUILIBRIUM OF A FLOATING BODY
By equilibrium (or stability) of a submerged or a floating body i1s meant its tendency
either to return to or go away from its original position, when slightly disturbed. Therefore, a
JHody, when slightly disturbed, may or may not return to its original position.
@A submerged or floating body can have three possible conditions of equilibrium (or stability):
)Etablc, unstable and neutral.
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if 1t returns back to ity

Stable equilibrium: A body 1s said o be in a stable equilibrium. 1t
[his happens when the

orieinal position, when 1t 1s given a small angular dmp[uccmcn_ﬂ.
metacenter (M) is higher than the center of gravity (G) of the floating body.

Unstable equilibrium: A body is said to be in an unstable equilibrium, 181 dncs_n(: return
back to its original position, when it is given a small angular displacement. This happens
when the metacenter (M) is lower than the center of gravity (G) of the floating body.

Neutral equilibrium: A body is said to be in a neutral cquiliblriumj if it occupies a new
position and remains at rest in the new position, when it Is given a small angular
displacement. This happens when the metacenter (M) coincides with the center of gravity (G)
of the floating body.

Example 3.4 :

A solid cylinder of 3 m diameter has a height of 3 m. It is made up_nf a material
whose specific gravity is 0.8 and is floating in water with its axis vertical. Find its
metacentric height and state whether its equilibrium is stable, unstable or neutral.

Solution  Depth of immersion of the cylinder = 0.8x3 = 2.4 m '
~. Distance of the center of buoyancy from the bottom of the cylinder

OB = % =12m
and the distance of the center of gravity from the bottom of the cylinder
0G = % =15 m
~BG=0G-0B=15-12=03m
Now, the moment of inertia of the circular section

m® ax3' 8lx
g - = B PLAN
64 64 64 Pt
and the volume of water displaced =
V=2v%32x24=547 m® == G',It A
4 t8
1
sBM=Lo_ 8% _gomp o
V  64x54rx

~ So, the metacentric height
GM =BM -BG =0.234 - 0.3 =- 0.066 m
The — sign indicates that the metacenter (M) is below the center of gravity (G).
Therefore, the cylinder is in unstable equilibrium.
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PROBLEMS AND EXERCISES
3.1 State Archimedes’ principle.
1.2 Define metacenter and metacentric height.
3.3 Derive the equation
BM = l/V
_-1,4 Define the three types of equilibrium or stability and state the conditions for them.

3.5 A rectangular block of 100 emx50 cmx 50 c¢m floats in water with 1/9 of its volume
being out of water. Find the weight of block.

3.6 A wooden block 4 mx1 mx0.5 m and of specific gravity 0.75 is floating in water.
Determine the volume of concrete of specific weight 2500 kg/m”, that
may be placed on the block which will immerse (i) the block
completely in water, and (11) the block and the concrete completely in _
water. PLAN
== By
3.7 A solid cylinder 36 cm long and of 8 cm diameter has a base 1 cm r 1 ¥
thick and of specific gravity 7, as shown in Fig. 3.4. The remaining :
part of the cylinder is of specific gravity 0.5. Determine if it can float
vertically in water.

36cm G_-

L

)

3.8 A rectangular pontoon is 7 m long and 3 m wide. The weight ofthe i
pontoon is 30 tons. Determine the position of the center of gravity 1‘:51*31—
above the base of the pontoon such that it does not overturn in still

water. Take the specific volume of water as 0.1 m*/kN.
' Fig. 3.4 (Problem 3.7)

kEkEkkEE
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Chapter 4
RELATIVE EQUILIBRIUM OF LIQUIDS

4.1 INTRODUCTION _ .

" In the previous chapters, liquids have been assumed to be in equilibrium and at rest
both with respect to the earth and with respect to the containing k—"CHSCI. In this chapter, we
consider the condition when every particle of a liquid is at rest with respect 10 every other
particle and with respect to the containing vessel, but the whole mass. mcludllng Ih? ‘f’ﬂb"sel,
has a uniformly accelerated motion with respect to the earth. The liquid is then in equilibrium
and at rest with respect to the vessel, but it is neither in equilibrium not at rest with respect to
the earth. In this condition, a liquid is said to be in relative equilibrium. Since Fherﬁ IS no
motion of the liquid with respect to the vessel and no movement between the fluid particles
themselves, there can be no friction.

4.2 VESSEL MOVING WITH CONSTANT LINEAR ACCELERATION

Vessel Moving Horizontally

If a vessel partly filled with any liquid moves horizontally along a straight line with a
constant acceleration a, the liquid surface will assume an angle 6 with the horizontal (Fig.
4.1). To determine the value of 0, consider the forces acting on a small mass of liquid M at
any point O on the surface. This mass is moving with a constant horizontal acceleration a and
the force P, producing the acceleration, is the resultant of all the other forces acting upon the
mass. These forces are the force of gravity W, acting vertically downward, and the pressure
of all the contiguous particles of the liquid. The resultant F of all the pressure produced by
these particles of liquid must be normal to the free surface AB. Since force equals mass times
acceleration,

W
P=Ma=—2 (4.1)
b4
and from Fig. 4.1
P=W tan 0 (4.2)

From these two equations, we obtain

tand == 4.3)
g
Fig. 4.1 Vessel with horizontal acceleration
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Since O was assumed (o be anywhere on the surface and the values of a and g are the
e for all points, it follows that tan 0 is constant at all points on the surface, or, in other
AR is a straight e,

The same value of 0 will hold for a vessel moving to the right with a positive
seccleration as fora vessel moving to the left with a negative acceleration or a retardation.

l'o determine the intensity of pressure at any point b at a depth h below the free
curface. consider the vertical forces acting on a vertical prism bb' (Fig. 4.1). Since there 1s no
Jeceleration vertically, the only vertical forces acting arc atmospheric pressure at b', gravity
and the upward pressure on the base of the prism at b. Hence, if the cross-sectional area is
dA. then

words,

ppdA = yhdA + p_.d:f-\

or

P = vh + pa (4.4)
or, neglecting the atmospheric pressure which acts throughout
pv=7vh (4.5)

Therefore, in a body of liquid moving with a horizontal acceleration, the relative pressure at
any point is that caused by the head of liquid directly over the point, as in hydrostatics. In this
case . however, all points of equal pressure lie in an inclined plane parallel to the surface of
the liquid.

In Eq. (4.3), if a =0, tan © = 0. In other words, if a vessel moved horizontally with a
constant velocity, the surface of the liquid would be horizontal.

Example 4.1

An open rectangular tank 4 m long, 2 "'_'r
m wide and 1.5 m deep contains water up to a i \
depth of 1 m. (a) If the tank is moved g:“‘
horizontally parallel to its length with an +5m L
acceleration 3.27 m/s’, calculate the volume of L
water spilled out during the motion. (b) Also,
calculate the forces acting on each end of the

tank and the accelerating force on the fluid
mass.

Solution (a) Volume of water in the tank before it is accelerated = 4x2x1 = 8 m’

Slope of the liquid surface after it is given constant acceleration
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3.27 |

il A
tan &/ = : =
g 28l o | 4 2
= — i —=—m
< . = «lane % half length X =
Risc of water level on the end of the tank = slope xha o 3 2 3
+ 21667 m

; B Py T~ |
“. Water level on the rear end = inttial water level 3

: . O ~ 1.5 m, so a volume of w
This level 1s greater than the height of the tank, i.e. I..bﬁ?lm; imﬁnk il it
will spill out of the tank. Now, as water will be cunlamcd in the e e B 1138
on rear end and the slope of the water surface will remain the same, 1.€.

= ]
Depth of water at frontend = 1.5 - gx 4=0.167m

1.5+0.167 B
~ Volume of water retained in tank = [-2—) x4x2 =6.667m

3
. Volume of water spilled out during the motion = 8 - 6.667 = 1.333 m

- 1.5
(b)  Force on the rear end face, F = y hd = 9.81x T 1.5x2 =22.07 kN

- 0.167
Force on the front end face, F, = y h4 = 9.8] x—-z—x[). 167x2 =0.27 kN

Mass of water remained in the tank = 6.667 x 1000 = 6667 kg

Accelerating force on the fluid mass = M.a = 6667x3.27 = 21 800 N = 21.80 kN

Vessel Moving Upward

Consider the forces acting on a vertical prism of liquid bb' of height h and cros
sectional area dA (Fig. 4.2). The force P, producing the acceleration, is the resultant of all th
forces acting on the prism, consisting of gravity equal to yhdA, acting downward, and th
pressure on the lower end of the filament at b, equal to p,dA, acting upward. Therefore,

P= p,dA - yhdd = Ma = phdAx a = 11994
g
from which
a a
Pa=?'f?+}’f?—=}‘h(!+—-] (4.6)
£ g
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(s shows that the mtensity ”IL. pressure at any point within a =}
auid contamned - a vessel having an upward acceleration a is
preater than the statie pressure by an amount cqual to yha/g.
Evidently, if the aceeleration were downward. the sign of the last

ferm 1n the above expression would become ncgative, i.c
[ 1 M)

py=yh-yh = yh(l- fj) (4.7)
g g

Fig. 4.2 Vessel with vertical acceleration

Now, if a = g, py = 0. So, if a vessel containing any liquid falls freely, the pressure will be
sero at all points throughout the vessel.

Example 4.2 _
An open rectangular tank 8 m long and 5 m wide contains an oil of specific gravity

0.90 up to a depth of 2.5 m. Determine the total pressure force on the bottom of the tank,
when the tank is moving with an acceleration of 4 m/s’, (a) vertically upward, and (b)
vertically downward.

Solution v =10.90x9.81 = 8.829 kN/m’

(a) When the tank 1s moving upward

p=rh(l+2) =8.829x2.5x (1 + —1_) =31.0725 kN / m®
g 9.81

Area of the bottom of tank = 8x5 =40 m*

~. Total pressure force on the bottom = 31.0725x40 = 1242.9 kN
(b) When the tank is moving downward

p=yh(l-2)=8829%2.5% (1 -——) =13.073 kN /m’
g 9.81

~. Total pressure force on the bottom = 13.073 x40 = 522.90 kN

4.3 VESSEL ROTATING ABOUT A VERTICAL AXIS
When the vessel shown in Fig. 4.3 is at rest, the surface of the liquid 1s horizontal and

at mn. The form of the surface resulting from rotating the vessel with a constant angular
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velocity w radians per second about its vertical axis UT IS T"—'I”'Uf’_""“‘”‘i h}' m f):, ' L“ns'dc
the forees acting on a small mass of liquid M, at a, at a distance r from the axis OY,

Since this mass has a uniform  circular v
motion, it s subjected to a centripetal force, C =
Mot which produces an acceleration directed
toward the center of rotation and is the resultant of
all the other forces acting on the mass. These other
torces are the force of gravity, W = Mg, acting
vertically downward, and the pressure exerted by
the adjacent particles of the liquid. The resultant
force F of this liquid pressure must be normal to the
tree surface of the liquid at a.

Designating by 0 the angle between the
tangent at a and the horizontal, we have

dh C Mao'r o'
tanf = —=— =
dr W Mg g

or

dh = dr (4.8)

o
>

A (4.9)

Fig. 4.3 Vessel rotating about a vertical axis

The constant of integration equals zero, because when r equals zero h also equals zero.

Since h and r are the only variables, Eq.(4.9) is an equation of parabola and the liquid
surface is a paraboloid of revolution about the Y axis. As the volume of a paraboloid is equal
to one-half that of the circumscribed cylinder and since the volume of liquid within the vessel

has not changed,

b'b=~b"n = nn’
2

Thus, the point on the axis of rotation drops by an amount equal to the rise of the liquid at the
walls of the vessel.
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viL-d

I'he hincar velocity at ais v = wr. Substituting v for orin Eq.(4.9), we obtain

) (4.10)

A

bove the vertex of the

which means that, any point on the surface of the liquid will rise a |
head is known as the

paraboloid a height equal to the velocity head at that point, and this
('1‘Jrf!‘i,".ifli."::1" headd. .

To determime the relative pressure at any point ¢ at a depth h' vertically bclov_f the
surface at ¢’ consider the vertical forces acting on the prism cc' having a cross-sectional
arca dA. As this prism has no vertical acceleration, 3 F, = 0 and p.dA= y h'dA . Hence,

p.=yh' (4.11)

That is, the relative pressure at any point is that caused by the head of liquid directly over tt-!e
point, as in hydrostatics. Therefore, the distribution of pressure on the bottom of the vessel is
represented graphically by the vertical ordinates to the curve m'b’n’. It also follows that the
total pressure on the sides of the vessel is the same as though the vessel were filled to the
level m'n' and were not rotating.

Example 4.3

An open cylindrical tank 2 m high and 1
m in diameter contains 1.50 m of water. (a)
What constant angular velocity can be attained
without spilling any water? (b) What are the
pressures at the bottom of the tank at the center
and at the walls?

Solution

If no water is spilled out of the tank,
water will be contained at the walls of the tank
up to B. Since the point on the axis of rotation
drops by an amount equal to the rise of the
liquid at the walls of the vessel, we have

y,=AB=05m

Therefore; the x and y coordinates of point B are 0.5 m and | m, respectively, from
the origin. Then
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ar

or

(e".!'~ .
h g
~

<L

flll‘ 3
— x(.5"
2x98]

)
@ = “_’“i'f_' = 78.48
0.5°

o =8.86 rad/s ,
The depth at the center of the tank C is 1 m and at the walls D the depth is 2 m.

~AtC,p=yh=9.81x1000x1 = 9810 N/m?

S AtD, p=yh=9.81x1000x2 = 19620 N/m>
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PROBLEMS AND EXERCISES
4 1 What 1s meant by rclative equilibrium?

4.2 Show that when a vessel moves horizontally with a constant accc[cratllon*rthﬂ Wlﬂtﬂl'
surface assumes a straight Iine, and the points of equal pressure lie on an inclined plane
parallel to the surface of the liquid.

4.3 Show that if a vessel containing any liquid falls freely, the pressurc will be zero at all
points throughout the vessel.

4.4 Show that when a vessel containing a liquid rotates about a vertical axis, the liquid
surface is a paraboloid of revolution, and the point on the axis of rotation drops by an amount
cqual to the nise of liquid at the walls of the vessel.

4.5 An open rectangular tank 3 m long, 2.5 m wide and 1.5 m deep is completely filled tﬂ]th
water. (a) If the tank is moved horizontally with an acceleration of 1.5 m/s", how many liters
of water will spill out of the tank? (b) Find the total force at back and front ends of the tank
after the spilling of the water out of tank.

4.6 A closed rectangular tank 10 m long, 5 m wide and 3 m deep is completely filled with an
oil of specific gravity 0.92. Find the pressure difference between the rear anq f'ro_nl top
corners of the tank, if it is moving with an acceleration of 3 m/s in the horizontal direction.

4.7(a) An open rectangular tank 4 m long and 2.5 m wide contains an oil of specific gravity
0.85 up to a depth of 1.5 m. Determine the total pressure on the bottom of the tank, when the
tank is moving with an acceleration of g/2 mfsz, (i) vertically upward, and (ii) vertically
downward. :

(b) Same as Problem 4.7(a), but now the tank is moving with an acceleration of g m/s’, (i)
vertically upward, and (ii) vertically downward.

4.8 A cylindrical tank 2 m high and 1 m in diameter contains 1.5 m of water. What are the
pressures at the bottom of the tank at the center and at the walls when the tank rotates at a
constant angular velocity of 6 rad/s ?

4.9 A cylinder 15 cm diameter and 37.5 cm long containing water is rotated about its vertical
axis at a speed of 320 rpm so that a portion of water spills out. If the cylinder is brought to

rest, what would be the depth of water in it ?

% % %k kR

51



Chapter 5

FLUID KINEMATICS

S.TINTRODUCTION . i .
Thus. the kinematics of fluids describes the

Kinematics is the geometry of motion. : i
fluid motion (velocity and acceleration of fluid particles) without considering the forceg
explain many flyjg

which caused that motion. Kinematics is important because 1l can
phenomena 1n a simple way.

5.2 DESCRIPTION OF FLUID MOTION _ , _
A fluid consists of an innumerable number of particles, each of which has its owp

velocity and acceleration, which may change both with respect to time and space. So, for 3
complete analysis of fluid motion, it is necessary to observe the motion of th; fluid particleg
at various points and times. Two methods are generally used for the mathematical analysis of

the fluid motion:

1. Lagrangian method: It deals with the study of the flow paitern Gfthg inc.lividua_l particles,
In this method, the path traced by the particle under consideration is studied in detail.

2. Eulerian method: It deals with the study of the flow pattern of all the particles
simultaneously as they pass fixed points in space. In this method, the paths traced by all the
particles at one section and one time are studied in detail.

The general example, to explain both the methods, is the study of movement of g
number of vehicles on a busy road. The Lagrangian method deals with the study of the
movement of only one vehicle through a specified distance. The Eulerian method deals with
the study of movement of all the vehicles on the road at one section and at one instant.

The Eulerian method is commonly used because of its mathematical simplicity
Moreover, in Fluid Mechanics the movement of an individual fluid particle is not of much

importance.

5.3 PATH LINE, STREAM LINE AND STREAMTUBE
Whenever a fluid is in motion, its particles move along certain lines depending upon
the flow conditions. The following lines are considered suitable to describe the fluid motion.

Path Line: The path traced by a single fluid particle in motion is called a path line. Thus, tht
path line shows the direction of the velocity of a particle at successive instant of time.
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Siream Line: The llm:zginury line drawn in the fluid such that the tangent at any point on the
linc indicales 111;_””“””” of velocity of the fluid particles at that point is known as a stream
tine (Fig.3. 1. -L;”“{L‘ at any point the velocity is tangential to the stream line, so the
component of veloeity at right angles to the stream line is always zero. Thus, there can be no
[low occurring across a stream line. No two streamlines can ever cross one another.

streamtube: An element of fluid bounded by a number of stream lines which confine the
fow is called a streamtube (Fig. 5.2). Since the velocity normal to a stream line is zero, SO no
flow can enter or leave the streamtube except at the ends. Therefore, streamtube behaves like
4 solid tube.

STREAM
LINES

Fig. 5.1 Stream lines Fig. 5.2 Streamtube

5.4 GENERAL TYPES OF FLUID FLOW
Flows are classified on the basis of different criteria as follows:

Steady and Unsteady Flows

Flow is said to be steady if the flow parameters like velocity, density, viscosity,
pressure, surface tension, temperature, etc. at a particular position in space do not change
with time. Mathematically, if P denotes a flow parameter, then for steady flow

oP gix '
— =0 for fixed position in space (5.1)

ot
In steady flow, the path lines and the stream lines coincide.
Flow is said to be unsteady if the flow parameters at any particular position in space
change with time. Mathematically, for unsteady flow
oP

g #0 for fixed position in space (5.2)

Uniform and Non-uniform Flows
A uniform flow is one in which the flow parameters at any given instant remain same

at every point in space. Mathematically, for uniform flow
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oP - . (5.3)
() for fixed time

Oy
where s denotes the direction in which flow occurs. etant ok _

A flow 1s said to be non-uniform if the flow parameters at any imnstant change with
distance. Mathematically, for non-uniform flow

or " ;

) for fixed ttme

(A}

(5.4)

Laminar and Turbulent Flows _ o -
A flow in which the viscous forces are strong relative to the inertial forces is known

as laminar flow. When the flow is laminar, the fluid particles appear to move in definite
smooth paths or laminas with only a molecular exchange of momentum. It is a smooth and
regular flow and the velocity of flow is very small.

A flow i which the viscous forces are weak relative to the inertial forces so that the
inertial forces dominate the flow is known as turbulent flow. In turbulent flow, the velocily‘ of
flow is high and the fluid particles move in irregular paths in a random fashion with extensive
mixing due to generated eddies.

Compressible and Incompressible Flows

A flow in which the volume and thereby the density of the fluid change appreciably
during the flow is called a compressible flow. Gases are mostly compressible.

A flow in which the volume and thereby the density do not change appreciably during
the flow is called an incompressible flow. Liquids are generally considered to be
incompressible.

Rotational and Irrotational Flows

A flow in which the fluid particles rotate about their own mass centers while flowing,
I.e. have some angular velocity normal to the plane of motion, is called a rotational flow. A
flow in which the fluid particles do not rotate about their own mass centers while flowing and
retain their original orientations is called an irrotational flow.

One, Two and Three-Dimensional Flows

In a Cartesian (x, y, z) coordinate system, the flow parameters like velocity, pressure,
etc. may have components along all the three coordinate axes. One-dimensional flow is the
one in"which the flow parameters are functions of one coordinate only. In two-dimensional
flow the flow parameters are functions of two coordinates and in three-dimensional flow the
flow parameters are functions of three coordinate directions. It is to be noted that one, two
and three-dimensional flows can be either steady or unsteady, depending upon whether the
flow parameters change with time or not. Thus, if V is the velocity of a fluid particle, it can
be expressed mathematically as follows.
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Steady one-dimensional How: V= f(x) Unsteady one-dimensional flow: V B s
Steady two-dimensional flow: V = f(x,y)  Unsteady two-dimensional flow: V = f{X.}’.E;J
Steady three-dimensional flow:V = {(x,y,z) Unsteady three-dimensional flow:V = f(x,y,zt)

5.5 DIFFERENT TYPES OF DISPLACEMENTS OF FLUID ELEMENTS |

Any fluid element can be translated, rotated or distorted during its C_C'urﬁc..ﬂf p————
Correspondingly, the displacements of fluid elements are called (i) translation, (ii) rotation,
and (1) distortion or deformation.

Translation: The fluid elements move bodily in some direction. For exampl?1 m‘ﬂlow
through pipes of constant diameter, any element of fluid is simply moved from its original
position to another position after some time (Fig. 5.3). A pure translation does not cause any
stress in the element.

A U A} G;
ORIGNAL | C T posimie
POSITION- L Aﬁ’éém
; i TIME dt
C B® ¢
Fig. 5.3 Pure translation of fluid element Fig. 5.4 Pure rotation of fluid element

Rotation: Pure rotation is shown in Fig. 5.4. Here, rotation of AB and AD are in the same °
direction, 1.e. anticlockwise. In pure rotation, no stress is caused in the fluid element.

Distortion or Deformation: The distortion is of two types: (i) angular distortion (Fig. 5.5),
and (11) volume or linear distortion (Fig. 5.6). .

The angular distortion consists of rotations both in the anticlockwise and clockwise
directions (0, is anticlockwise and 0, is clockwise in Fig. 5.5), volume remaining the same. In

volume distortion, volume is changed (Fig. 5.6). In case of distortion of a fluid element, the
stresses are produced in it. ]

e ] I
= ; t—ELEMENT
= / t  AFTER

e / : TIME (t+dt]
i i

: "‘r / ....,

/ ] ELEMENT AT

e ANY TIME ‘¢

Fig. 5.5 Angular distortion of fluid element Fig. 5.6 Volume distortion of fluid element
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5 TAT D VORTICITY _
> RU!!L*\I:{::H:\;T:“ o be rotational if the Mud particles r}ll:IIU i}'"‘““‘ 'ah’-f'“' OWn mg
centers. [ u, v and w are the components of the velocity of a ﬂ_lml particle al d.”y p‘mnt in |
flow in the x, y and z directions, respectively, then the rotation about X, y and z axe N
given by

. “] (5.52)
2\loy oz
P Y T f?*_") (5.5b)
Y2\ 6z ox
o = MO ﬁj} (5.5¢)
To2\ax Wy
where the subscript x for w is used for the rotation about the x-axis, the motion being in the ,
z plane.
The resultant rotation vector @ is given by
c"ri=\fmf + 0! + o’ (5.6)

Vorticity is equal to twice the rotation. Therefore, the vorticity vector designated |,
Q) is given by

Q=2w (5.7)
The three components of vorticity are therefore
Q =2, WC . (5.8a)
' dy 0z
Q, =20, = L (5.8b)
: T gz &
Q, =2, =22 _ (5.8¢)
dx oy
For irrotational flow, the net rotation is zero, i.e. w = 0. This implies that
0=y =m,=0 (5.9)
or
Q=0,=Q,=0 (5.10)

which gives the condition for irrotationality as

B oV [Bd 0w OOk (5.11)

dy 0z 2 x & oy '

The rotation of fluid particles will always be associated with shear stress. Hence,
fluids of more viscosity where shear stress plays an important part are all rotational and fluids
of less viscosity, e.g. water and air, are of irrotational type.

The circulation refers to flow around a closed path. It is denoted by I'. The relation
between vorticity and circulation is given by
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e

| (512)

o (5.13)

) 7
! ey e . ; - — i
e, vortey s the crreulation per umit area. The units of circulation 1s then rad/sxm” = m’/s,

Example 3.1

'he velocity components at a point in a flow in the x, y and z directions are
respectively u =a + by ¢z, v=d-bx -czand w = f + cx - ey, where a, b, ¢, d, e aqd_fure
arbitrary constants. Does 1t represent rotational flow? If so, determine rotation and vorticity.

Solution  The components of rotation are

l(éw Ov) |1
W =—| —-—|==[-e—(-e)} =
‘ zkm- &) 3o tel
l(.ﬂf ow ) i[ |
) =—| ——— |= == - = _
i 2\ 0z  ox ‘ :
(v @
L e
- 2lox oy} 2

0= 0l + @’ + @7 = J0+ () +(=b) =B +¢* radss

Since w # 0. the flow is rotational and w = va” + b* rad/s. Now, since vorticity = 2 x rotation,

S0
Q =20, =0, Q =20 =-2¢c, Q. =2w =-2b

L Q=2w=2vh" +¢* radls

5.7 EQUATION OF STREAM LINE

[n order to know the type of fluid motion, it is required to derive the equation of
stream line. Consider a stream line OA in a two-dimensional flow and let the velocity of a
fluid particle at point O be ¥ having its components u and v in the x and y directions,
respectively (Fig. 5.7). After a time dt, the distance moved by the particle in the x and y
directions will be

udt=dx and vdt=dy
+ Then,
% dx :dy=udt:vdt=u:v
or
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@y _v (5.14) Y

<l

v u
- . » : o S 1 A
[his equation gives the tangent to the stream line at O. It is
known as the equation of the stream line. It can
also bewritten as

—
0

Fig. 5.7 Equation of stream |

udy—vdx=0 | (5.15)

S8STREAM FUNCTION ‘ ‘
[n a two-dimensional flow, the stream function v is a function of x and y such that

-l (5.16)
oy

Loy (5.17)
S

where u and v are the components of velocity ¥ in the x and y directions, respectively,
Putting the values of u and v in Eq. (5.15), we obtain

Eﬁj—dy+é—wdx=0 (3.18)
oy A

Since wy is the function of x and y, the left hand side of this equation 1s equal to the tot
differential dy. Therefore,

dy =0 (5.19)

or
v = constant for a stream line (5.20)

The discharge per unit width between two stream lines will be the difference in tf
values of the two stream functions, i.e.

q=y2 -y, (5.21)
In a two-dimensional flow, the resultant velocity V at any point P(x,y) is given by the relatio

V =\u® +v* (5.22)

Example 5.2

For a two-dimensional flow, the stream function is given by y = 2xy. Calculate th
velocity at the point (3, 6),
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Solution 1w and v are the veloeity components in the x and y dircctions, respectively, then

Y/ )
= ~(2xy)=2x=2x3=6 m/s
N
Ay o = .
‘ ; -—(2x¢)=-2p=-2x6=-12 mis
in f\“'

CThe resultant \Llnuty al the pulnl (3,6) 1s obtained as
V=it +v =67 +(=12)* =13.42 mis

5.9 POTENTIAL FUNCTION | |
Potential function ¢ is a function of x. y and z such that its partial derivative with
respect to displacement in any direction is equal to the velocity component in that direction.
Mathematically,
“‘5' = 96 @ (5.23)
ox m Oz
where u. v and w are the velocity components in the x, y and z directions, respectively.
The relationship between the stream tunction and the potential function for two-

dimensional steady, nrotational and incompressible flow 1s obtained from Egs.(5.16), (5.17)
and (5.23) as follows:

i =

L (5.24)
ox oy
O (5.25)
oy ox

Potential line is a line along which the potential function ¢ is constant, L.e. d¢ =0,

The potential lines are orthogonal to the stream lines as is shown below.
Since .;ﬁ = f(x,y) for steady flow in two dimensions, so

d¢ = ng
x 5y
But along a potential line, d¢ = 0.
E';Ej-rzf,1:‘+@.:;r’y =0
ox oy
or

dy  O¢p 0 u
dx ox dy v
.. Slope of the potential line = - w/v.

Again, i = f(x,y) for steady flow in two dimensions. So
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Cyr s
‘,illll-'f v Y
o\ 'V

4'1"l'|'

But along a steeam hne, oy, 0

~ 'I,,.
Nl T T ‘f’ o= O

Oy o
Rl
- 3 3
v Ay Gy
Al vy v o

. Slope of the stream line v/,

T ;
——x-===I, which shows tha

Ihus, slope of the potential line x slope of the stream line =
VU

the potential Iines and the stream lines are orthogonal, i.c. perpendicular to one another.

Example 5.3

b 3 . . . _'_I‘ :I‘ o1 5l (sl i
A stream function is given by the expression y = 3x° - 3y". Find the velocity

potential,
Solution "= %ﬁf = -fr—(.‘,x: -3y =- 6y
dy oy )
ﬁff a i
VR w3 = A p*) = ik
Ox ox ( 4
Applying Eq.(5.23), we obtain
-?f =u=-0y
ox
LP==6xy+ f,(¥) (1)
and
oF =v=-0x
dy
L p==6x9+ f,(x) (ii)

From (1) and (i), we get
L@ ==6xy+ f(1)+ fr(x)
5.10 ACCELERATION OF FLUID PARTICLES
The acceleration of a fluid particle is the time rate of change of its velocity vector, Let

a be the acceleration at point P(x,y,z), u, v and w are the components of the velocity and a,, ay
and a, are the components of the acceleration in x, y and z directions, respectively. Then,

60



(i (v el (

o . ol 4 il 52(1}
' ot ot elf
and
R (5.27)
11 (v, v,z s the velocity veetor and o s the aceeleration vector, then
ol
il E'l.'ll.'__.lr]I {523]
ot
N,
. oV Vv av av
dV = —-dt+—di+ —dy+-——d= (5.29)
O o dy - Oz
VooV oVide oVdy oV d-
AL AP (5.30)
lt o dxdt ov di 8z di
3V Vde oVdy eVd v oV vV v
e o R ol e et el 5. e (5.31)
o ox At Ovdt Oz dt Ot ox oy 0z
In Cartesian coordinates
cr o ou u
2 + (” =T 'I":— + $1’Tj (5323}
ot ox oy oz
v . 6v v ov <
dl; S + (U = FiMe—o 'W'z‘ ) {3‘321-))
ot ax oy 0z
ow ow  Ow cw
g e e i} (5.32¢)
G| ox ay oz

The above sct of equations indicates that the acceleration can result (i) from change
with time at a given point in space, and (ii) from change in position from one point to
another. The acceleration which is due to change with time at a point is known as the focal
acceleration and is given by the terms du/dt, dv/ o1 and éw/ ot . The acceleration which is
due to change in position is known as the convective acceleration and is represented by the
three terms within the parentheses.

If the local acceleration is zero, the flow is called steady flow. If the convective
acccleration is zero, the flow is called uniform flow. So, in steady uniform flow there 1s no
acceleration.

5.11 FLOW NET

It is a graphical representation of stream lines and potential lines, which are
orthogonal. The stream lines show the direction of flow. The potential lines show the lines
joining the points of equal velocity potential. The flow net can be drawn only for irrotational
flow. It helps in depicting and analyzing the behavior of irrotational flow. Certain flow
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Sirecs nes @

phenomena  which cannot be  casily analvzed by
mathematical means. may be analyzed and studied by
drawmg flow nets, c.g. flow through a Francis water
turbine runner

Consider a flow net where the stream lines arc
diverging as shown in Fig. 5.8. Consider two

Potent:gcl lines
Fig. 5.8 Flow ne,

sections of the flow net 1 and 2. Let d; be the spacing between two stream lines at section |
d> be the spacing between two stream lines at section 2, vy be the velocity of fluid particles g
section | and v, be the velocity of fluid particles at section 2. Since there can be no floy
across the stream lines, therefore the discharge per unit width between two consecutive
stream lines will be equal, 1.¢.

q=dyv; = dsvs (5.33)

[t is clear that the velocity of fluid particles varies inversely with the spacing between
the stream lines, i.c. velocity decreases with increase in stream line spacing and vice versa.

Example 5.4

From a flow net diagram, it was found that the distance between two consecutive
stream lines at two successive sections are 10 mm and 6 mm, respectively. If the velocity at
the first section is 1 m/s, find the velocity at the other section. Also, find the discharge
between the two stream lines.

Solution We have,d, = 10 mm =0.01 m, d; = 6 mm = 0.006 m and vi=1m/s
. Using the relation, d;v; = d,v,, we have

0.0l x1=0.006xv,
or

0.01
0.006

vy = =1.67m/s

The discharge between the streamlines is given by

q=dyv;=0.01x1=0.01 m%s
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PROBLEMS AND EXERCISES

5.1 Describe the two methods which are generally used for the mathematical analysis of fluid

motion. Which one 1s most commonly used and why?

5.2 Write short notes on (1) path line, (i1) stream line, (111) streamtube, (1V) sl_cadyﬂﬂuwﬁ (-v}
unsteady flow, (vi) uniform flow, (vii) non-uniform flow, (viil) Cﬂmp'ﬂllﬁblblt low, (!?::}
rotational flow, (x) rotation and vorticity, (xi) strcam function, (x11) potential function, (x1i1)
potential line. (xiv) local and convective accelerations, and (xv) flow net.

5.3 Show that the stream lines and the potential lines are orthogonal.

: : o oach a2 2 :
5.4 For a two-dimensional flow, the stream function is given by ¢ = 2x” - y". Calculate the
velocity at the point (2,3).

5.5 A stream function is given by the expression y = 2xy. Prove that the flow is irrotational.

5.6 The velocity along a stream line is given by v =25+t + 3. What would be the convective
and local accelerations after | sec whens=2 7

ERERE KR
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Chapter 6

FLUID DYNAMICS

0.1 INTRODUCTION _ _ ; GE
Fluid kinematics deals with the motion of the fluid particles u'nhuul_a;un'micrl_ng t

torces which caused the motion. Fluid dynamics deals with the motion of fluids with y
forces causing the motion.

To describe the fluid motion, a set of equations should be available which can
solved analytically or numerically dpplying appropriate initial and boundary conditions,
three basic equations which describe fluid motion are

1) the equation of continuity based on the principle of conservation of mass, .
11) the equation of encrgy based on the principle of conservation of energy, and
1) the equation of momentum based on the principle of conservation of momentum.

6.2 EQUATION OF CONTINUITY

Discharge and Mean Velocity : _
The volume of fluid passing per unit time across a section of a conduit (a pipe or

channel) 1s known as discharge or volume flow rate. It is generally denoted by Q ap
expressed in m’/s or cumec. Let A be the cross-sectional area of the conduit and V 1s th
cross-sectional mean velocity of flow. Then, the discharge is given by

Q = Cross-sectional area x Cross-sectional mean velocity = AV (6.1)

where A is in m’, V is in m/s and Qisinm’s.

For pipe and channel flows, it is more
convenient to use the cross-sectional mean or ﬂ 7 t
average velocity than the point velocity. When /
the velocity varies over the cross-section of a
conduit, the mean velocity is obtained as
follows. Let v be the velocity of a liquid over the
elementary area dA and V be the mean or
average velocity over the entire cross-section
having an area A. Then, the discharge AQ
through the elementary area AA is given by

AQ =vAA Fig. 6.1 Determination of discharge and mean velocity
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Then, using Eqs.(6.1) and (6.2)

AN (6.3)

A A

%

0

Equation of Continuity for One-Dimensional Steady Flow A |

The equation of continuity is derived from the principle of conservation of mass
which states that in the non-nuclear process matter can neither be created nor destroyed. So,
the mass of fluid per unit time entering the upstream section of a conduit must bc. equal to the
mass of fluid per unit time at the downstream section plus the mass of fluid stored or
accumulated in between the two sections. In a steady flow there cannot be any storage or
accumulation of mass in between the two sections. So, the mass flow rates at the two sections
must be the same. et

Consider the flow of a fluid (e.g. water) ® @
between sections 1 and 2 of a pipe (Fig. 6.2) Let A,
be the cross-sectional area, V, be the mean velocity, .
M, be the mass of fluid entering per unit time, p, is '-—--.._.________-_-_-_-
the mass density and Q; is the discharge at section 1.
The corresponding quantities at section 2 are Az, V2, M, R -
M,, p2 and Qg, respectively. Then, when the flow is ——

steady, according to the principle of conservation of —_'_____‘___‘______....-

M, =M, (6.4)
Fig. 6.2 One-dimensional steady flow through a pipe

Since mass = mass density x volume, so Eq.(6.4) can be written as

P1Q1 = p2Q, (6.5)

which is the general equation of continuity for one-dimensional steady flow. It is the first and

fundamental equation of flow.
For an incompressible fluid (e.g. water), p, = p2. Hence, Eq.(6.5) reduces to

Q=Q; (6.6)
or
A|V] = Asz (67)

Vi/6-4
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Equation (6.6) or (6.7) implics that for stcady one-dimensional incompressible flow
the discharge remains the same at all sections of a conduit, provided fluid is neither injecte

or taken out of 1it.

The equation of continuity, Eq.(6.6) or (6.7), is applicable only when - »/
(1) the flow is steady which is usua Ily the case for most of the pmblcms of fluic

mechanics, _ ——
(2) the density is constant, i.e. the flow is incompressible, which is the case for mog;

problems of hydraulics where compressibility effect is negligible, and
(3) the flow is one-dimensional. All pipe and channel flow problems are solved by

this assu:nption,j;z?sc of simplicity and practical purposes.

Example 6.1 -
Water is flowing through a pipe 10 cm in diameter with an average velocity of 10 m/s,

Compute the discharge in liters/sec. Also, determine the velocity at the other end of the pipe,
if the diameter of the pipe is gradually changed to 20 cm.

Solution Using the relation Q = AV, we obtain

Q= ( fﬂ} x10 = 0.07854 m’ /s = 0.07854x 10° liters/sec = 78.54 liters/sec

Again, using the relation AV, = A,V;, we obtain the velocity at the other end of the

pipe as
( : ) x10
AJV, 100 10

) = =—=25mls
A gfal
41100

Equation of Continuity for One-Dimensional Unsteady Flow

Consider the flow of a fluid in a small length As of a conduit (Fig. 6.3). Let p, A and
V be the mass density, cross-sectional area and the mean velocity at section 1. Now, mass of
fluid entering the control volume in time At

= pAVAL ® @
Aﬁ_% &
and mass of fluid leaving the control ek
volume in time At QAY —— —> ¢AV + ___ (?AV)AS

WW’W

e—— A —

=[;_1AV +6£(pAV)As]Ar i
s
Fig. 6.3 One-dimensional unsteady flow in a conduit
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. Increase of mass in the control volume in time At

) , 0 .
= pAVAL —| pAV + _1--(;:,4 MAs |Ar = ~§(pAV}Mr}.I (1)
(B4 PAY
But increase in mass of the control volume due to storage in time At
3 a8 -
= —i-{ PAAS)AL = —(pA)AsAt (11)
ot ot
., Equating (1) and (i1), we obtain
é 0
—(pA)AsAt = ——(pAV)AsAL
ot os
or
0 0
Z (p) +—(pAV) =0 (6.8)
ot os

which is the equation of continuity for one-dimensional unsteady flow in differential form.
When the flow is steady, d(p4)/0t= 0 and, hence

o
—(pAV)=0
s (pAV)
or pAV = pQ = constant
or PiIAIV] = p2AV, or P1Qi = p2Q2

and when the flow is incompressible, then p; = p, and so
Qi =Q or AVi=AV;

which 1s the same as derived earlier.

Equatmn of Continuity for Three-Dimensional Unsteady Flow

Consider a parallelepiped fluid element (or control volume) in the flow, with sides Ax,
Ay and Az in the x, y and z directions, respectively (Fig. 6.4). Let u, v and w be the
components of velocity of the fluid at the centroid P(x,y,z) of the control volume in the three
directions, respectively. Let p be the mass density of the fluid at time t.

Now, the mass of fluid entering across the face ABCD in time At is

[(pmyazw -2 (putyaz) E]m
Ox 2

and the mass of fluid leaving across the face EFGH in
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7] I
gy
= Y]
— ¥ e
| = % - - /
s -
/ 1s -
v Tip £ L Py li=hemmyes T58 Siemer
; ¥ ._-
{ Ay Sy — —i oals o y— A
Ar 3
Gasn of fead mess of Se ool volame = == A2 dn= w0 B0 = D= 3-Grechoois
c “r i c Ax
L g k™ 4 = o o
= (pmiyic) - — (oSt — A — (ot ) —— (e Ao — i
cr - p. ’ c = - -
L _— = i —i -
= ——( Ay AN
(75 4

S;’srdh"}y,gaénofﬂzjéEmagiiﬁm::aia‘mamj:éemﬂmwmﬂgP
direction is given by
o
==, (Pastyses
Eﬁginﬁfﬂnﬁmofﬁrmuivo}m'ﬁiam&dmmﬂowtﬂ&zdhmisg:i\*m
by
d _
=-—(m}dnlyﬂz&
Toul,@mofﬂmdmssaﬁhecmtrol volume m time At becomes

{afﬂ}‘g‘rﬂf‘)f'—fﬁﬂ Pﬂyﬂzﬁz (1)
ﬂwmmthemassofﬂlecmnulvoimmhm:m;seqmlm
—{ PAXAyAZ)AL = —&-m yAZAL (ii)

Equatmg{n}and (i1), we obtain

op o o
mﬂIAyﬂzﬁf [ (m}+5(;»')+5(w) yAzAL

% )  Ap) , O(pw)
o x ¥y &

=0 (6.9)

This is the equation of continuity for three-dimensional unsteady flow.
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Case 1: Steady flow

For stcady flow the density does not change with time, i.e. dp/at=0. Therefore,

Eq.(6.9) becomes
EFJ‘E,UH_) g a_r"‘!‘li(:rlr) 5 a[p.p) 0 o
x o

Case I1: Steady incompressible flow | .
For steady incompressible flow the density does not change with X, ¥, and t, ie.
op !t =0p/ox=0p/ 0y =0p/dz =0. Therefore, Eq.(6.9) becomes

ou ov ow_, 6.11)
ox dy oz

Case 111: Two-dimensional steady incompressible flow ) o
If the flow is in the x-y plane, then the last term of Eq. (6.11) will not exist, i.e.

velocity component w = 0. Then, the equation of continuity for steady incompressible flow

becomes

N _ (6.12)

x o

Example 6.2 . o
The velocity distribution for a two-dimensional steady incompressible flow is given

by u=Inx’y’ -4 In xt and v = 2y/x + 4 In xt. Show that it satisfies the equation of continuity.

Solution The equation of continuity for two-dimensional steady incompressible flow is
given by

___.+___.=0

ox oy

Ou 0O 1 1 2
Now, — =—(Inx’y* - = P x—xl=———=——
ow > ax(nxy 4In xr) Izyszcy xxfx T

LRl N N

oy oy x x x

ou ov 2 2

So—t—=——+—=0

ox oy X ¥

Hence, the equation of continuity is satisfied.
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6.3 ENERGY EQUATION

Energy in a Fluid Flow

The energy may be defined as the capacity to do work. It manifests in various forms
and it can change from one form to another. The three forms of energy present in fluid flow
are (1) potential energy, (11) pressure energy, and (iii) kinetic energy.

Potential energy: This energy in a fluid exists by virtue of its position or elevation with
respect to a horizontal datum. If a body of fluid weighing W kg is z meters above the datum,
its potential energy will be W.z m-kg or m-N. Thus, a body of fluid having unit weight (i.e.
W = | kg) and z meters above datum has potential energy of z m-kg/kg or m-N/N or simply z
m. Therefore, z is called the potential or elevation or datum head, i1.e. the potential or

elevation or datum head is z meters of fluid.

Pressure energy: It is the energy possessed by a fluid by wrrue of its existing pressure. If a
particle of a fluid is under a pressure of p kg/m” or N/m’, then the pressure energy of the
particle will be p/y m-kg/kg or m-N/N or simply m, when ¥ is the specific weight of the fluid.
Therefore, p/y is called the pressure head, i.e. the pressure head is p/y m of fluid.

Kinetic energy: It is the energy possessed by a fluid particle by virtue of its velocity. If every
particle of a fluid mass M moves with uniform velocity V, then the kinetic energy will be
““MV?. Since the weight W = Mg, the kinetic energy in terms of W will be WV f2g For a
unit weight, the kinetic energy is V?/2g m-kg/kg or m-N/N or simply m. Therefore, V fZg 1S
known as velocity or kinetic energy head, i.e. the velocity or kinetic energy head is V fZg m

of fluid.

Total energy or head of a fluid particle in motion: The total energy of a fluid particle in
motion is the sum of its potential energy, pressure energy and kinetic energy. Mathematically,
2
Total energy, H =z + £ ;/— m-kg/kg or m-N/N (6.13a)
Vo 4E
and the total head of a fluid particle in motion is the sum of its potential energy head,
pressure head and kinetic energy head. Mathematically,
y? :
Total head, H=z+£+§- m of fluid (6.13b)
— Finig

Frictional loss of head: Every real fluid has some viscosity. It resists the relative motion of

flowing fluid. During the flow of real fluids, the viscosity and turbulence consume a fraction
of energy which takes the form of heat or thermal energy. This form of energy is not
reversible and is not recoverable as useful energy, though it slightly raises the fluid
temperature. It 1s a loss of useful energy due to viscosity and turbulence of real fluid. It is
therefore called frictional loss of head and denoted by hy.
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vample o3 "3 5 ke/em”
Woater s flowang through a pipe 7 em in diameter under a pressure of 3. ]\11“»_'“ and
lovity of 13 ms. Neglecting friction, determine the total head, 1f the pipeis 7

% N & ITXCAN WEL

o FOON & \‘:-".'.'...:‘-‘l .'.:‘i'».‘

Slution O SNL PIESIUNS, P = 3.5 Kgoem™ =3.5x10" kg'm
Velocuy of water, V=1.5m's
Datumhead,.z=Tm
Specific weight, ¥ = 1000 kg/m’

p ¥ 3‘5xlﬂ‘+ 157 - 42.12 m of water

. Total head. H=-+2 3+ =74
2 1000 2x 9.8l

w
']

7~

Bernoulli’s Equation o

Daniell Bernoulh (1700-1782), a Swiss mathematician, presented an equ_:ftmn in h;s
ook entitled Hydrodunamica in 1738. This equation is known as the Bemaulh‘s equation
and can be stated as follows: “In a steady flow of frictionless incompries_s_féff fluid, the total
energy remains constant.” MathénT;iu.:_E]_Tj?__ T

=+ 2, L constant (6.14)

y 28

where, z = potential energy, p/y is the pressure energy and v?/2g = kinetic energy.

A similar but more general statement of Bernoulli’s equation derived from the general
energy equation is: “/n a steady flow of frictionless incompressible fluid, t he sum of elevation,
pressure and velocity heads remains constant at every section, provided energy is neither
added nor taken out by external source.”

Another statement of Bernoulli’s theorem as derived from the Euler equation is: “/n a
steady flow of frictionless incompressible fluid, the sum of elevation, pressure and velocity
heads remains constant along a stream line, provided energy is neither added nor taken out
by external source.”

Proof: Consider the steady flow of a
frictionless incompressible fluid flowing
through a pipe as shown in Fig. 6.5. Take two
sections AA and BB of the pipe. Assume that
the pipe is running full and the flow 1s
continuous between the two sections. Suppose
z, is the elevation of AA above the datum, p; is
the pressure at AA, V, is the velocity of liquid
at AA and A, is the area of the pipe at AA. Let
Z3, P2, Va2, and A, are the corres-

ponding values at BB.

Fig. 6.5 Derivation of Bernoulli’s equation
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Let the liquid between the two sections AA and BB move to 4’4" and B'B’ through
very small lengths df  and dl,. This movement of the liquid between AA and BB is
equivalent to the movement of the liquid between AA and A'A" to BB and B'B’, the
remaining liquid between A4°A4" and BB remaining unaffected. _

Let W be the weight of liquid between AA and A'A". Since the flow is continuous, so

W=y Adl, =y Ad,

Al Al e (6.15)
Y
Work done by pressure at AA in moving the liquid to A'A’
= Force x distance = p, A dl,
and work done by pressure at BB in moving the liquid to B'B’
= —pyAydl,
Minus sign is taken as the direction of p; is opposite to that of p.
.. Total work done by the pressure = p, A,dl, — p,A,dl,= p,Adl, —p,Adl,
W .
= Adl\(p, - p,) = ?(P: - p,) (using Eq. (6.15)) (6.16)
Loss of potential energy
=W(z, -z,)
and gain in Kinetic energy
w2 W
2g 2g
Since, loss in potential energy + work done by pressure = Gain in kinetic energy, so
Wiz -2+ g, ~p =] L B
I 2 y 1 2 23' zg)
or
2 2
gomg bl J5 K
y v 28 2g
or
VJ! 2
z,+£‘-+—'=z B0 (6.17)
r 2g y 28
or
z+p+V1 constant 6.18
£ 1
r 2 bk

which proves the Bemnoulli’s equation.
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gimitations ol the Bernoulli’s equation: The Bernoulli’s equation has the follow:
mItations:

(1. Flow is steady.

\’ 2. Fluid 1s meompressible, i.e. the mass density is constant.

" 3. Fluid is non-viscous, i.e. frictional losses are zero.

W 4. Velocity 1s uniform over the section.

e . : , _
\ 5. Lxcept the gravity and pressure forees, no other forces are involved.

Euler's Equation of Motion _

Leonhard Euler (1707-1788), a Swiss mathematician, gave an cquall?n for steady
flow of a non-viscous (frictionless) fluid along a stream line based on Newton's $EC0ﬂd |_ﬂw
of motion. This is known as the Euler’s equation of motion. The integration nflti'us equation
gives the Bernoulli’s equation in the form of energy per unit weight of the flowing fluid. The
Euler’s equation is based on the following assumptions:

I. Flow is steady.

2. Fluid is incompressible, i.e. the mass density is constant.

3. Fluid 1s non-viscous, i.e. frictional losses are zero.

4. Velocity is uniform over the section. .

5. Except the gravity and pressure forces, no other force or energy is involved.

6. Flow is along a stream line.

Let us consider a fluid element of cross-sectional area AA and length As on arstreant]
line in a steady non-viscous (frictionless) flow (Fig. 6.6). Then there can be only two kinds o

“,]J DA

Harizental

Fig. 6.6 Forces on a fluid element

force in any chosen direction s; that due to pressure gradient, 1.e. -(p/0s)AsAA and that due
to the weight of the element, i.e. (yYAsAAsinB) or -(yAsAA) 0z/0s, where z is the vertical
height above datum and vy is the specific weight of the fluid. Let p be the mass density of
mthe fluid and a, be the acceleration in the s direction. Then. according to Newton’s second law
*éﬂf motion, in any direction, force = mass x acceleration, we have
p-
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. AsAA — yAsAA E’_I: | pASAA )r; .
s ox L
= {J.r:+y:)-v- o =0 (6.19)

m v
(A

Now, from the theory of partial differentiation, we can

or

write
LA S L (6.20)
dt SOt Os
When the flow is steady, ¢V/ct = 0 so that
il
a = VUT
[AY
and Eq. (6.19) becomes
) V
£ thamde gl so (6.21)

as Os ) |
which is the one-dimensional Euler equation of motion and was first developed by Euler in

1750.
Equation (6.21) can be integrated directly to give

p+yz +%,¢::n‘f’2 = constant

or

Vl
H=z+2+7_ _ constant (6.22)
? 2g 2 5
which is the Bernoulli equation. The Bernoulli expression (z + p/y + V/2g) in general varies

from one stream line to another but remains constant along a stream line in steady non-
viscous (frictionless) flow.

Kinetic Energy Coefficient
In deriving the Bernoulli’s equation, the velocity has been assumed to be uniform

over the entire cross-section and the mean or average velocity for the cross-section is used to
compute the velocity or kinetic energy head. Owing to non-uniform velocity distribution in a
cross-section, the kinetic energy of flow computed from the cross-sectional mean velocity is
generally less than its actual value. To get the actual kinetic energy of flow, the kinetic
energy based on the mean velocity is multiplied by the coefficient a, known as the kinetic
energy coefficient or the kinetic energy correction factor or the Coriolis coefficient.
Referring to Fig. 6.1, the kinetic energy of flow passing AA per unit time is equal to

I 2_P3M
2

where p is the mass density of water. Therefore, the total kinetic energy of flow passing the
cross-section is equal to
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-

where A is the total arca of the cross-section. The total kinetic energy based on the mean

velocity V and corrected for the non-uniform distribution of velocity is
2 i
Evia

2

X

Equating the above two quantities and reducing

[\-‘La"/l
- (6.23)
Vid |
The kinetic energy cocfficient is always positive and never less than unity.
uniform velocity distribution in the cross-section, @ = 1. In all other cases, ¢ > 1 and the
further the velocity distribution departs from uniform, the greater the coefficient becomes.
The effect of turbulence is to make the flow more uniform in the cross-section. Theret. re. the
value of a is higher for laminar flow than for turbulent flow.
For turbulent flow, the numerical value of a does not normaily exceed 1.10 and one

can assume « = | without any appreciable error. For laminar flow in « straight circular pipe, a
="

@& =

For

When the kinetic energy coefficient a is incorporated, the velocity or kinetic energy
head becomes

.}

V—
a e
2g
where V is the cross-sectional mean velocity, and the Bernoulli’s equation takes the form
z,+&+a,£:zz+‘gz+a3£ (6.24)
Y 2g Y 2g
Example 6.4

The velocity distribution in a turbulent flow in a pipe is given by Prandtl’s one-
seventh power law

117
LA 1 (6.25)
max rl'.'
where y is the distance from the pipe center and rp is the pipe radius. Determine the kinetic
energy coefficient a.

.
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Solution The mean velocity Vs expressed by Eq. (6.3) as

S U : L = Fe o2 h
¥ s ' wid = — |1‘.3 Wy = — | Vvdy = I VVinax )
.:5 = :'- - Fo K "o -.‘ b "o
Put rp — v = h so that — dv = dh. When v = 0. h = rp and when y = ro. h = 0. S0, we get
8. R ‘\: B i)
2 ™ | : AT 1 W 72 T
V== (= v Lo (~dh) = —=mmf | (ny = dh
> R no\f)
f y' T 5 %! L -
:‘_ 1 ‘ p= &V [ 1 : 15 - A
=TV | [ b Tdh= | (! T -
o \h/) % n \Nh/) o
.y 0 \}r YT RN oy I'- VY [T W \'
==l I 5 - .
a L"n;‘ L "8/7 15 1}, rn o\r) L S 15 )
I: -
:21?_1‘ r(:‘ ?x 4 =:1_.9 -
Iy 120 60
Then
- 1 (60 1 %, (r-y)
a= JJ-SdA—' 1x—]x - jvm‘ L2l x2nvd
AV " 3 o, \49 Ve 4 5 J
3 n
2 60 1 ¢
=3 oy x - XJ{"{, = } ]r’dy
Iy 49 e -

Putrp - y = h so that — dy = dh. When y = 0, h = rp and when y = ry, h = 0. So, we obtain

3 0 i I
a="27){'6_0) x_sle_:x hs?(?'n—h)hdh):——z?x(é—ﬂ x%x (r, )R " dhn
nooor r, \ 49 5 o

r, \49 5
3 - ,,o 3 1077 17/7 \'o
= ML pa R N () PN
rn \49) 77 ke \49) r, 10/7 17/7),

2 60 3 1707 17/7 3 1717
=_1__x[—] i JIH L M- =2x 2 x0__x7x f
n\49) "R 100 17 49) R0

0

3

=2>~{§2 xi?—= 1.058
49 170 g

Example 6.5

~ The diameter of a pipe changes from 20 cm at a section 5 m above datum to 5 cm at a
section 3 m above datum. The pressure of water at the first section is 5 kg/cm®. If the velocity

of flow at the first section is | m/s, determine the intensity of pressure at the second section.
Neglect losses.
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Solution  Arca of the pipe at section |

/s 7z (20Y
aoe Byt Bl BT _ w0

4 4 L1100 100
Arca of the pipe at section 2
A. = 4 % d; ;“'ilr]a] =—E—m'1

4\ 00 ) 1600 B i 1

Velocity at section 1, V= | m/s e S

Pressure at section 1, py = 5 kg/em? = 5x 10° kg/m’
Elevation of pipe center at section 1,7, =5m
LElevation of pipe center at section 2, 7, =3 m
Specific weight of water, y = 1000 kg/m’

We know, AV, = A,V,
V
v =L: T X]xlﬁﬂ{]
A, 100 T
Applying the Bernoulli’s equation between sections | and 2

=16 m/s

“I+p'+ '_::rj-1-"[:'3 i}
vy 28 Ty 2g
or
4 3 2
5, 510 1 il

+ =3+——+
1000 2x9.81 1000 2x9.81

~ p, =(55.051 - 16.048)x 1000 = 39003 kg/m’

Energy Equation for One-Dimensional Steady Flow

According to the principle of conservation of energy, the total energy at the upstream
section | must be equal to the total energy at the downstream section 2 plus the frictional loss
of energy hy between the two sections (Fig. 6.7), i.e.

H =H,+h,
ar :
2 p Vf
2+ a2 =z, + 22 4, 22 4k, for pipe flow (6.26a)
4 28, " ¥ ag
and
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A V] (6.26b)

o+t =z, +h +a,—+h, for channel flow
ind h; and hy.are the depths of flow

g ° T2
where a; and a; are the kinctic energy coefficients ¢ ' e
' - 26) 1s known as the energy cquation fo,

sections | and 2, respectively (Fig. 6.7b). Equation (6.
onc-dimensional steady flow. 0 ©

i “--;.E I
]
PEommqler\l

& :
! _ 7y
Y il ___D_q[u_"m@e_-___;l Li'f\/ 1 Datum _Line

(a) Pipe flow

(b) Channel flow

Fig. 6.7 Definition sketch for the energy equation

Each term in the energy equation represents energy in m-kg/kg or m-N/N or simply
m. The expression of energy in this form is particularly convenient for dealing with problems
in pipes and channels. :

The loss of energy may also be due to other reasons, like the presence of bends,
contractions, expansions, flow past submerged bodies, etc. and has to be included in the
energy equation when such a loss is encountered.
Hydraulic and Energy Grade Lines :

The pressure head p/y can be determined at each section along a conduit runni
rise in them. The height of the top of the liquid column measured from the center of the
conduit shall represent the pressure head p/y and from the datum it will represent the sum of
the elevation head and pressure head, i.e. z + p/y, which is known as the piezmetric head. The
line joining the piezometric heads is known as the hydraulic grade line (briefly written as
HGL). T e SR S R

Similarly, the sum of the three heads, i.e. z + ply + szzg, represents the total energy
or head H at a section. The line joining the total energy or head is known as the total ener
line (briefly written as T.E.L.) or the energy grade line (briefly written as E.G.L.). The total
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head 1s indicated by a Pitot tube, i.e. the line joining the liquid levels in the Pitot tube 1s the

wotal energy line or total grade line..
The total energy line lies above the hydraulic grade line and the
these two lines is the velocity head aV/2g,

distance between

Head and Power

Each term of the Bernoulli or energy equation is called a head
encrgy per unit weight having units of m-kg/kg or m-N/N or simply m. Power
(he rate of doing work. It is designated by P and obtained by multiplying the head H by the

weight of liquid per second, Le.

and represents the
is defined as

P=WH =yQH ( in m-N/s or Joule/s or W) (6.27)

In ST units, power 1s measured in Watt (W), which is equal to one Joule per second.
Horse power is a measure of power in MKS units and is equal to 75 m-kg/s.

. Gt O (6.28)
75

Example 6.6

A 15 HP pump working with 80% efficiency is discharging crude oil (sp. gr. = 0.90)
to the overhead tank shown in the figure. If losses
in the whole system is 1.5 m of flowing fluid, find

' -EL 250m
the discharge. E

Solution  Applying the energy equation between ‘
nane b [ =
v V2 [
IA+&+_A+Hﬁrﬂﬂp=zﬂ+“lp_s+_8+h,l,[.ﬂ ____}__‘___Lf_ati?gk_{.-_qm
4 2g y 2 == ==

where Hpump 1s the head supplied by the pump to .

the flow and h o_g 18 the losses between A and B.
Here, pg/y = 0 since the pressure at B is atmospheric. Further, ¥ /2g and ¥, 5128

are neghgible and hj g = 1.5 m.
The specific weight of oil, y = 0.9x 1000 = 900 kg/m’.

.'.-4+ii§-‘gg+(}l+.‘a"m =25+0+0+1.5
900 e
or
Hpump = 26.5 — 9 = 17.5 m of crude oil

Now, HP of pump = 15 and efficiency of the pump = 80%
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" Energy supplied by the pump to the flow system

y OH
f\gﬂln., !f r — r_E‘ _l.l'_’rwu.-
75

oar

900x 0 x17.5

15%0.80 =12 [P

2=
75
75
. Q:" XIz"=ﬂ.05?1m}fS
900 x17.5

Example 6.7

A turbine T draws water from a reservoir through a 1 m diameter pipe and dischargeg
through another pipe of the same diameter into tailrace B. The head loss from the headrace A

to the turbine 1s found to be 10 times the
velocity head in the pipe and that from
the turbine to the tailrace B is only 0.5
time. If the discharge is 1 cumec, (a)
calculate the pressure heads at inlet and
exit of the turbine, (b) compute the
power given up by the water to the
turbine in HP and kW, and (c) draw the
hydraulic grade line and the energy
grade line.

Solution Diameter of the pipe, d =1 m
.. Area of the pipe,

A=Za? =Z 12 0785 m?
4 4

. Velocity of flow in the pipe, V =

 ¥? 1273

el = =(0.0826 m
2g  2x98l

ELIS0 Wl s B e
=5 G- a-120-526m
FEER TR
i 55008
-’ EGL &
~ HG.L s
M =4313Im
IMETRE PIPE TURBINE :
g ¢
EL 105m _ 1
%l-}ﬂﬁ.rn |
f
R T H
HGL, 8
ll‘
|
==——=1273mls

A 0.785

(a) Applying the energy equation between A and 1, the inlet to the turbine

7

P Vi
Yy 2g -

Z,+

2

=z, +~L+—"1 4p
Zg 1 A=i

where h; 4. is the head loss between A and i. Water in the reservoir is taken stationary. So, V
= 0. Also, the pressure at the water surface in the reservoir is atmospheric. So, ps = 0.
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VkL-d

P,
Y

SA50+040 =105+ H].[.]H.?ﬁ +10x0.0826

P,

y

150~ 105 - 0.9086 = 44.0914 m of water

Applying the energy equation between e, the exit of the turbine, and B
%! 2
p, F, ) V
Zo 1 =Z, 4-—"r—#+i+h
Yy 2g Yy 2g
where hy ¢ 1s the head loss between e and B. In the tailrace water is taken
0. Also, the pressure at the tailrace water surface is atmospheric. So, ps = U-

105+ 22 10,0826 = 10040+ 0+ 0.5 0.0826

¥

d

le-8
stationary. So, Vg

ar

Pe - 100.0413 — 105.0826 = - 5.0413 m of water
y

(b)  Applying the energy equation between A and B

. y?
Z +£i+—"-H,- =2, +&+"€”+hu-ﬂ
y 28 Y

where h; 4.5 is the total head loss in the system being equal to the sum of the losses from A to
i and from e to B. Since the turbine T exists between A and B, a head Hr is extracted by it
from the system.
5 150+0+0-H, =100+0+0+10.5x0.0826
or
Hy= 150 - 100.8673 = 49.1327 m of water
yOH, 2 1000 x1x49.1327 — 655 HP
75 75
= yQH, =9.81x1000x1x49.1327 W = 482 kW
(c) The hydraulic grade line (HGL) and the energy grade line (EGL) have been drawn in the
figure which are self-explanatory. Note that p./y is negative, so HGL is below the center line
of pipe.

.. Power =

6.4 MOMENTUM EQUATION

Linear Momentum Equation
The fundamental principle of dynamics is the Newton’s second law of motion which

states that “The time rate of change of momentum is proportional to the applied force and
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takes place in the direction of force.” More precisely, this statement may be Writlen as “The
resultant extemal force Fy acting on a particle of mass m along any direction X is equal to the
time rate of change of lincar momentum of the particle in the same direction > o

Momentum of a body is the product of its mass and velocity. Let the change iy
velocity in moving fluid mass m in time dt be dV. Since the velocity has changed, the
momentum will also change.

" Change of momentum = m.dV
and

; . dV
Time rate of change of momentum = m?
{

Then, according to the Newton’s second law of motion, dynamic force applied in the x.
direction = Rate of change of momentum in the x-direction, 1.e. :

) (6.29)
' dt

where the suffix x denotes the component in the x-direction. This equation is known as the

linear momentum equation and can be written as

F. dt=mdV, (6.30)

The left hand side of this equation is the product of force and the time increment during
which it acts. This is known as the impulse of applied force. The right hand side is the
resulting change in momentum. Equation (6.30) is known
as the impulse-momentum equation which states that “The
impulse is equal to the resulting change in the momentum
of the body.”

Figure 6.8 shows a steady flow of any fluid
through a conduit. Consider the fluid mass enclosed
between sections | and 2 as a free body. If F,, F, and F,
are the components of the resultant force F and V,, V, and
V; are the components of the velocity in the x, y and z
directions, respectively, then

Fig. 6.8 Control volume with inflow and outflow

F, = Change of momentum in the x-direction '

= mass x change of velocity in the x-direction

=pOV.,-V,) (6.31a)
F,=pOW,,~V,) (6.31b)
F,=p0V.-V,) (6.31c)

as the mass per second entering and leaving is pQ = p,Q, = p,0,.
The resultant force acting on the fluid body is

FuJFi+FI+F (6.32)
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lFor a two-dimensional flow in the x-y plane, I, = 0 and we get

R=yfF}+F; (6.33)
and 11 the resultant force F makes an angle 0 with the horizontal, then
I
§'=Hn" — (6.34)
2

]

Viomentum Coefficient :
Owing to non-uniform velocity distribution in a cross-section, the momentum of flow
computed from the cross-sectional mean velocity 1s generally less than its actt{al_‘-’ﬂluc- To
et the actual momentum, the momentum based on the mean velocity is multiplied by the
coctticient B, known as the momentum coefficient or the momentum correction factor or the
Soussinesq coefficient, which is analogous to the energy coefficient o (Art. 6.3). -
Referring to Fig. 6.1, the momentum of flow passing AA per unit time 15 pvAA x Vv =

M AA. Therefore, the total momentum of flow passing the cross-section per unit time 1s
equal to

4
pj'vsz
b

The total momentum based on the mean velocity V and corrected for the non-uniform
distribution of velocity is BpV>A so that
A
[viaa
_D (6.35)
< VA

The momentum coefficient, like the energy coefficient, is always positive and “evFﬁ
less than unity. For uniform velocity distribution in the channel section, o = p=1. In a'i:l
other cases, a > B > 1. For turbulent flow, the numerical value of [ does not normally EX‘E‘ET_]
1.04 and one can assume B = 1 without any appreciable error. For laminar flow in a straight
circular pipe, p = 4/3. ;

When the momentum coefficient  is incorporated, the momentum or the impulse
momentum equation should be modified and written, for example, as

F_r = )GQ()BZV.\'I = !Gl V.\'I) (6‘36}

Example 6.8 _ _
For the velocity distribution given in Example 6.4, determine the momentum

coefficient f.

. 4
Solution We have as in Example 6.4, the mean velocity, V' = o Voo
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I l 1 . f \? n 1 " ' |
g o , J- vidAa = | x( 4 II x J. Vo [ fo ) | % 2apdy
V sy wne e fo J

AV m;

2 (60Y 1 % -
=—=X|— | Xx—=x|(r,-¥) " ydy
Yo {“}J a J: .
h so that — dy = dh, When y = 0, h = rg and when y = rp, h = 0. So, we get

Put =Y
2 : £ s 0’ | p 27
.[f = .‘}. \{[{_ﬂi] X_}!." xjh_ / :[J‘” . h)(—ﬂﬁf) e 2, x({} ]J , —— x jl:.f"n —h:lh d}?
n o \49/) " no\49) o
: 5 2 911 17 2o
2 60 0 % o e 2 (6[}} 1 { h h J
=—X|— | x—==x|(rh"" -h"Ydh =—=XxX|—| X=5mX\ W55 Tz
ry (49} " J;( ’ ry \49 B "9/7 16/7),
T R O . IR
e \49) 7L 9 16 49) " 144
=2x% o x—42 =1.020
49 144

Example 6.9 . ;
Derive the expression for the normal force when a jet of water strikes a stationary flat

plate. 1

Solution When a jet of water with a velocity V strikes a

stationary flat plate normally (Fig. 6.9), the force on the plate is
equal to the rate of change of momentum of the jet. The jet leaves ey, r

the plate tangentially so that all its momentum in a direction normal
to the plate is destroyed. Hence, the normal force on the plate is Water Jet ‘

F=p0V-0)=p0V = pAV?

where A is the cross-sectional area of the jet.

Plale

Fig. 6.9 Jet striking a flat plate
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PROBLEMS AND EXERCISES

| Derive the equation of continuity for (i) one-dimensional steady flow, and (if) three-
Y

“mcn:uunnl unsteady How.

» 2 Describe the three forms of energy present in fluid flow. Why is the term ‘head used for
em? Why do you mean by frictional loss of head? |
 State the Bernoullt's theorem and write it mathematically. Prove this theorem and write

f. . ; |
limitations of this thecorem?

the

».4 Denve the Euler equation and state the assumptions of this equation.

5.5 Why are the kinetic energy and the momentum coefficients used? Derive expressions for

fhem.

56 What do you mean by HGL and TEL?

. . *
»7 A pipe AB branches into two pipes C and D as shown

o Fig. 6.10. The pipe has diameter of 45 cm at A, 30 ¢m at
.20 em at C and 25 cm at D. Determine the discharge at '
A if the velocity at A is 2 m/s. Also, determine the velocity at B and D, if the velocity at C is
im’s. Fig. 6.10 (Problem 6.7)

»8 The velocity distribution for a two-dimensional incompressible flow is given by
X v

LS W =y
Ly xt+y

Show that it satisfies the equation of continuity.

|59 Given that u = 2x* + 2xy and v = 2yz’ + 37%, find the component of velocity in the z-
direction so that the equation of continuity for an incompressible flow is satisfied.

6.10 A pipe 300 m long has a slope of 1 in 100 and .
apers from | m diameter at the higher end to 0.5 m
i the lower end, as shown in Fig. 6.11. Quantity of
water flowing is 5400 liters/minute. If the pressure o
it the higher end is 0.7 kg/m?, find the pressure at {g _
the lower end. Neglect losses. -

Datum Line

Fig. 6.11 (Problem 6.10)
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6.11 In a pipe the velocity varies lincarly from ) at the pipe wall to maximum at the center

o PR o

the pipc Determine the kinete energy coefficient o and momenturm coefficient p.

6.12 Figure 6,12 shows a sharp-crested weir in a rectangular channel. If the discharge p,
- i Py - o

unit width of the weir 15 4 m*/s. estimate the energy loss due to the wer and force on the we,

plate for the submerged flow condition as shown.

@

N
im i

Tm 1.5m

Fig. 6.12 (Problem 6.12) Fig. 6.13 (Problem 6.13)

6.13 The inlet and exit angles of a ski-jump spillway (Fig.6.13) are 45° and the flow over j,
has a velocity of 25 m/s and a depth of 0.5 m. Neglecting all losses, estimate the maximyp,
elevation of the outflow trajectory. Also, compute the horizontal and vertical forces on th
spillway as a result of the change in the flow direction. Assume unit width.

6.14 In Example 6.9, if the jet of water strikes the plate normally and leaves the pla

normally, what would be the normal force on the plate?
*EEFEEF
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Chapter 7
DIMENSIONAL ANALYSIS AND SIMILITUDE

7.1 INTRODUCTION |

In modern hydraulic engineering, several new problems are met by the CREIEES
which generally pertain to the design, construction and cfficient working of various types of
hvdraulic structures and machines. Some of these problems may be easily solved by .tht‘:
mathematical analysis. [However, there arc some problems for which a purely theoretical
mvestigation fails to yield a practical and workable solution due to their complex nature, and
it 1s thus necessary to rely on experimental results. The solution of such complex problems is
considerably simplified by the use of dimensional analysis.

It is not possible to carry out experiments on full size dams, rivers, channels or
hdraulic machines such as turbines and pumps because it is very costly. For the sake of
cconomy and convenience, it is essential that small scale models be made for the prototypes
for the purpose of testing. So, certain laws of similarity must be observed in order to ensure
that model results can be applied to the prototypec,

7.2 DIMENSIONAL ANALYSIS

Dimensional analysis is a mathematical technique which deals with the dimensions of
physical quantities involved in the phenomenon. Each physical phenomenon can be
expressed by an equation giving relationship between different quantities. In general, any
vaniable present in a physical phenomenon is a dimensional quantity. Dimensional analysis
helps us to determine a convenient arrangement of quantities or variables in a physical
relationship. This is accomplished by forming a number of non-dimensional groups out of a
given number of dimensional quantities so that variables can be reduced. These days the
dimensional analysis is widely used in research work for developing design criteria and also
for conducting model test.

The use of dimensional analysis can be summarized as follows:

. Tt helps to find whether an equation of any flow phenomenon is rational or not. The
equation is called rational if it is dimensionally homogeneous. This is to say that dimensional
analysis can be applied only when a phenomenon can be expressed by a dimensionally
homogeneous equation.

2. The relationship between various physical quantities in an equation, governing a
particular flow phenomenon, can be known.

3. It helps the reduction of a number of variables involved in a flow phenomenon with

| which the performance of experiments becomes easy.

4. Rational formula for the flow phenomenon can be derived.

5. It helps in making suitable smaller-sized models in which experiments can be
performed to predict the performance of prototypes.

6. Dimensional analysis, on the whole, facilitates planning of reliable scientific
experiments.
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7.3 FUNDAMENTAL AND DERIVED QUANTITIES _

In the MLT system, there are only three fundamental quantitics: mass, Ilcngth ang
time. They are represented by the letters M, L and T, respectively. All other quantitics "sU,Lh as
arca, volume, velocity, aceeleration, foree, energy, power, ele. are cul_lcld derived quantitics,
because they can be expressed i terms of the above fundamental f:]uzmllllﬂﬁ- |

Some engineers prefer to use force instead of mass as hma_t:{ma‘:n{ui quantity as the
former is casy to measure. The system is then represented by FL.].' bon_‘lc of the deriveg
quantities are given in Table 7.1 in terms of the fundamental quantitics of both systems, [

this lecture note, we use the MLT system.

Table 7.1 Dimensions and units of some physical quantities

SI. Quantity & SI Dimension In Dimension in
No. symbol unit MLT system FLT system

l.  Length (/) m L L

Z Area (A) m- b L]

3. Volume (V) m’ L2 L

4. Time (1) - S T T :

5. Velocity (V) m/s LT LT

6.  Acceleration (a) m/s’ 5 g LT'2

7. Gravitational acceleration(g) ~ m/s’ LT LTl'

8.  Frequency (N) /s T i

9.  Discharge (Q) m¥s LT LT
10.  Force (F)/Weight (W) N MLT? F

11.  Power (P) W ML*T? ELT"
12.  Work/Energy (E) N-morJ ML*T? EL,

13.  Pressure (p) N/m®>  ML'T? FL?
14. Mass (M) kg M FT’L
15. Mass density (p) kgm* ML’ Frt
16.  Specific weight (y) N/m’  ML’T? FL*
17.  Dynamic viscosity () N-s/m’> ML'T" .. FIL?
18.  Kinematic viscosity (v) m?’/s LT LT
19.  Surface tension (o) N/m MT? FL'
20.  Shegr stress (1) N/m? ML 'T? FL?
21.  Modulus of elasticity (K) N/m®>  ML'T? FL*
22.  Angular velocity (w) rad/s T s i
23.  Torque (T) N-m MLT? FL
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- 4 DIMENSIONAL HOMOGENEITY |

' An cquation is called dimensionally homogeneous if the dimensions have identical
powers o both sides. Such an equation is also known as a rational equation. A dimcnsjnna][y
homogEeneous cquation would L‘ﬁh‘{_‘ntiﬂ”}-’ be independent of the system of units (i.e. Sl
vetrie or Enghsh) Letus consider the most common cquation of hydraulics

0~ AV

|‘n|m'n.~ait‘ln.'1| ly.

So. both sides of the cquation have the same dimensions. Therefore, the equation is
dimensionally homogeneous or rational.

The principle of dimensional homogeneity can be used (i) to determine the dimension
of a physical quantity, (i1) to check the dimensional homogeneity of an equation, and (iii) to
change the cocfficient of an equation while using it in other systems of units.

7.5METHODS OF DIMENSIONAL ANALYSIS

Dimensional analysis enables the mathematical formulation of a physical
phenomenon when the variables which are involved in the phenomenon are known. The
methods of dimensional analysis enable us to combine the variables involved into compact
non-dimensional groups and obtain a functional relationship between them. There are two
methods of dimensional analysis:

|. Rayleigh’s method

2. Buckingham’s method, generally known as Buckingham’s r-theorem.

Rayleigh’s Method

This method was originally proposed by Lord Rayleigh in 1899. In this method, the
dependent variable is expressed as a function of the exponents (or powers) of the independent
variables. The dependent variable is one for which information is required, whereas the
independent variables are those which govern the variation of the dependent variable. If y is
the dependent variable and x,, X3, X3, ...... are the independent variables involved in a
physical process, then the functional relation may be written as

¥=JUr X )

Where a, b 0.0 are the exponents or powers of X;. xs, X3, ...... , respectively The values
fa,b, c, ..... are obtained using the principle of dimensional homogeneity.
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Example 7.1

If the capillary rise (h) depends upon the specific wel

liquid (o) and the radius of the tube (r), show that
\

A
\Yr")
Solution Let the functional relationship be
hoe y* atr (1)

Substituting the respective dimensions in (1), we get

L oc (MLT *)".(MT *)" (L) (i)

ght (y), surface tension of yj

Now, for dimensional homogeneity, equating the powers of M. L and T on both sides of (j

we get
for M, 0=a+b (i11)
for L, =-2a+c (1v)
for T, 0=-2a-2b (v)

From (iii), we get a=-b
From (iv), weget c=1+2a=1- 2b

Now. substituting the values of aand ¢ in (i), we get

b h -2b
hoe yto'r

o J h o i
or, hocr z or, —o|—5
yr r yr

. The functional relationship may be expressed as

) o)
r JE yr

Example 7.2

Derive a rational formula for pipe flow having given the following quantities affecti
the fjlow p_hcnnmcnon: F is the boundary friction force, p is the viscosity, p is the m:
density, V is the velocity of flow, D is the pipe diameter and k is the surface roughness.
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.5"|"|im-. Assuming that F = f{u, p, V, D, k) (1)
F ot ol YO DN R (11)
or. dimensionally
MLT = oc (ML'T )Y (ML (LT 'Y (L) (L) (i11)

Liquating indices of M, L and T on both sides, we get

For M, l=a+b (1v)
For L, | =-a-3b+c+d+e (v)
For T, -2=-a-c¢ (vi)
From (iv), wehave b=1-a (vil)
From (vi), wehave c¢=2-2a (vii1)

From (v), we have d=1+a+3b-c-e=I1+a+3-3a-2+a-e¢
=2 —a - e (substituting for b and c) (ix)

Eliminating b, ¢ and d from (ii), we have

Foc ()" (p)" (V)™ (D) (k)"
ar

F o szDz{@} (k! D)*
1

or

£ = & k
pV:D* "\ pVD'D

The non-dimensional quantity pVD/ is the Reynolds number, Re, which is the ratio
between inertia and viscous forces and k/D is the relative roughness. Thus, the above
equation becomes a rational equation.

Buckingham’s Method or Buckingham’s n-Theorem

This method was originally proposed by Edgar Buckingham in 1915. The Rayleigh’s
method of dimensional analysis becomes cumbersome when a large number of variables are
involved. In order to overcome this difficulty, the Buckingham’s method may be
conveniently used. It states “If there are n variables in a dimensionally homogeneous
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equation, and if these variables contain m fundamental dimensions, they may be grouped iny
n-m non-dimensional independent parameters.”

Mathematically, if a variable x; depends upon a number of independent variables x
X1, Xd. ... Xn, the functional equation may be written as

X, = (ﬁ(,\-? 1 ¥y Lygseeena X, )
where ¢ is a function. This equation may be written in its general form as
LX) 25, X5, X350y X, ) = 0

where / is another function.
If m,,7,,7,,... represent dimensionless groupings of the variables X, Xz, X3, ...,

x, with m dimensions involved, then according to Buckingham’s 7 - theorem, an equation o
the form

il gt =0 (7.1)
exists, where F is still another function.

The steps of the Buckingham’s method are as follows:

|. Write the functional relationship with the given data.

2. Then write the equation in its general form.

3. Now choose m repeating variables and write separate expression for each 7-term
Each 7-term will contain the repeating variables and one of the remaining variables. Th
repeating variables are written in exponential form.

4. Use the principle of dimensional homogeneity to find out the values of th
exponents or powers by obtaining simultaneous equations.

5. Now substitute the values of the exponents or powers in the 7 -terms.

6. After the 7-terms are determined, write the functional relation in the require
form.

The following points must be considered while selecting the repeating variables:

. The number of repeating variables should be equal to m, the number o
fundamental dimensions.

2. The repeating variables should not be dimensionless and the repeating variable:
among themselves should not form a dimensionless number.

" 3. Independent variables should, as far as possible, be selected as repeating variables.

Generally, the repeating variables selected are p, V' and /, i.e. the first repeatin;

variable will represent the fluid property, the second will represent the flow characteristic
and the third will represent the geometrical characteristics of the body.
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Example 7.3
Obtain the rational formula of Example 7.2 by using Buckingham’s 7 -theorem.

Solution  Let the functional relationship be

F= a0V D. k)
Ihe above relationship can be written in its general form as

Sl Fsit, sV iDk) =0
A little consideration shows that in the above equation the fundamental dimensions are three.
Thus, m = 3. Since n = 6, so there willbe n — m = 6 - 3 = 3 7 -parameters. Taking V, D and p

as repeating variables, we get

o =V".Dh pt

or
o= (LT 'Y (L) x(ML*)" x(MLT *)= M"L°T"
For M, 0=¢ +1 or, ¢;=-1
For T, 0=-a,-2 or, a=-2
For L, O=a,+b, -3¢ +1 or, by =-2
W =VID p  F e f' ” (i)
VD
Similarly,
o S L
or
MOLT® = (LT ") x(L)™ x (ML) x(ML'T ')
For M, 0=cy+l or, c2=-1
ForT, O0=-a;-1 or, a=-1
For L, 0=a,+by-3¢c-1 or, by=-1
%, =V D" ot et (if)
2 P -H VD :
Similarly,
7y =Va.Dh p k
or

MOLYT? = (LT Y % (L)Y x (ML7)™ x (L)

For M, 0=c¢; or, ¢3=0
For T, 0= - a3 or, a3=0
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Forl., O=01Fby=3¢4 ) or. Iy |

ki (5
i =V Ln'k (111)
d D
So. the tunctronal relationship can be written as
i F - _
L (iv)
pev-D- pVD D
or
F - )
—— = f M ‘E (v)
pViD* '\ pvD' D)

Example 7.4 :

The pressure drop Ap in a pipe depends upon the mean velocity of flow (V), length of
pipe (1), diameter of pipe (D), viscosity of fluid (p), average height of roughnlcss elr::mems
(k) and mass density (p). By using Buckingham's x-thcorem, obtain a dimensionless
expression for Ap.

Solution (a) Let the functional relationship be

Ap= [V, 1.D,uk, p)
The above equation can be written in its general form as
S(Ap V1D, k, p) =0

A little consideration shows that in the above equation the fundamental dimensions are three,
Thus, m = 3. Since n = 7, so there will be n —m = 7 - 3 =4 7 -parameters. Taking V, D and p
as repeating variables, we get

x =V D" p% Ap

or
7, = (LT ") x (L) x(ML?)" x(ML'T *)=M"LT°
For M, O=c¢ +1 or, ¢ =-1
For T, 0=-a,-2 or, a=-2
For L, O=a.+b|—3c|—l or, b =0
s =V3iD.p' Ap= &P! (i)
pV
Similarly,
g, =V= D%p"]
or

MOURT = (LT Vo s (L) ML) %(L)
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For M, =%
For T, 0 =-a
For L., 0=ay+by-3¢, +1

gy =¥.D" gl :

or, ¢=0

or, ity - 0

0or, h'__1 = - |
(1)

(ML) x(ML'T ")

or, c¢y=-1

or, ay=-1

or h3 =r
(111)

)
Similarly,
g = D" 7
or
MOL'TY = (LT "y w(LY™ »
For M, 0=cy+ 1
For T, )=- dy - |
For L, 0=a;+by-3c;-1
= B Ve Ve L
| P /Dy
Lastly,
z, =V D" pt k
or
MPL'T® =(LT Y { LY (ML *)* %(L)
For M, 0=rcy
For T, 0=-a,
For L, 0=as+bg-3cy+1

__ k
Z =D prk =

or, ¢4=0

or, a;=»0

or, bs=-1
(iv)

So, the functional relationship can be written as

. e
oV D VDp' D
/ k
or, ap-, = F’; (_:is_}
i) D pVD D
I e -k
: Ap=pV’® Fy(—,——,—
or p=p '(D VD D)

7.6 MODEL TESTING

Since the beginning of the twentieth century, the engineers have started a new and
scientific method to predict the performance of their structures and machines before they are
made and installed. This is done by preparing models and testing them in the laboratory, so as
to form some opinions about the working and behavior of the proposed structures, after their

(v)

(vi)
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completion or actual installation. The full-sized structure whose model is prepared 1s known
as prototvpe. A model (or phyvsical model or scale model) is a reproduction (or replica) of the
prototype, generally small-scale, but may be large or geometrically distorted.

The principal advantages of model testing are:

1. The behavior and working details of a hydraulic structure or machine can be easily
predicted by performing experiments on its model.

2. If the hydraulic structure or machine is made directly, then in case of failure, it ig
very difficult to change its design. Moreover, 1t 1s very costly to build the same. Thus, making
a model and testing it in the laboratory results in the saving of human labor and material.

3. With the help of model testing, a number of alternative designs can be studied,
Finally the most economical, accurate and safe design may be selected.

4. In case when an existing structure is not functioning properly, its defects can be
detected and rectified by model testing. :

5. Sometimes, it is very difficult to design a particular portion of a complex structure
or machine. In such cases the model testing becomes absolutely necessary t0 ascertain the
safety and reliability of that particular portion of the prototype.

Following are the fields where the application of the model testing 1s of great use:

(a) Water power engineering

(1) Turbines and pumps
(ii) Hydraulic structures like dams, weirs, spillways, canal falls, etc.
(b) [rrigation engineering
(1) Flood control
(i1) River training
(iii) Investigation of silting and scouring in rivers, irrigation canals, etc.
(c) Design of ships, harbors, etc.
(d) Design of aeroplanes for compressible flow.

7.7 HYDRAULIC SIMILARITY OR SIMILITUDE

In order to have a complete idea about the construction and working of a hydraulic
structure or machine, it is very essential that the model should represent its prototype
completely and fully in all respects. The similarity between the prototype and its model is
known as hydraulic similarity or hydraulic similitude.

There are three kinds of similarities which a model should possess in order that it may
reproduce the behavior of its prototype: (i) geometric similarity, (ii) kinematic similarity, and
(1i1) dynamic similarity.

Geometric Similarity

It is similarity of shape between the model and the prototype. The model must be an
exact replica of the prototype, i.e. identical in shape but different in size. The geometric
similarity is said to cxist between the model and the prototype if the ratios of all the
corresponding linear dimensions are equal and all the identical angles are same in both cases.
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Let Ly, By and D, are the length, width and depth of the prototype and‘ Ly, Bm anc_:l Dy,
are the corresponding values for the model, The scale ratio (L) is the ratio of the linear
dimension of the model to that of the prototype. If the geometric similarity exists between the
model and the prototype, then
L, _85,_D, (7.2)

L B D

4 " "

L =

Similarly, the area ratio (A,) between the model and the prototype

k

5 _{f} _ [H_] 2(2@] o (1.3)
LJ' . Bﬂ Dp '
and the volume ratio (V) between the model and the prototype
1 1 3
() (2]
'{‘n B,ra ‘Dp
Kinematic Similarity
It is the similarity of motion. The kinematic similarity is said to exist between the
model and the prototype if the ratio of the corresponding velocities of the fluid particles at the
corresponding points in the model and the prototype is the same. Similarly, the ratio of
accelerations of the fluid particles in both cases should also be the same. Further, the
direction of flow at the corresponding points should be the same.
Let V,, and V3, are the velocities of the fluid particles in the prototype at points | and
2, respectively, and V), and Vy,, are the corresponding values for the model. Now, if the

kinematic similarity exists between the model and the prototype, then the velocity ratio (V)
of the model and the prototype

V, = Vi om _Vom (7.5)
le VZp le

Dynamic Similarity

It is the similarity of forces. But the geometric and kinematic similarities are
necessary for dynamic similarity. The dynamic similarity is said to exist between the model
and the prototype if the ratios of the corresponding forces acting at the corresponding points
in the model and the prototype are equal.

Let F,, and F,, are the forces acting in the prototype at points 1 and 2, respectively,
and F|, and F,, are the corresponding values for the model. Now, if the dynamic similarity
exists between the model and the prototype, then the force ratio (F;) of the model and the
prototype

m

' F

Q F( e JFrm - F]m e 'F!m = (?6)
> Ip sz FJ-P
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A model which satisfies all the above conditions 1s known as a c:rmap_a"efc.’{y,-' .?':'m:'far and
true model. In practice, however, it is not possible to achieve complete similanty In a mode|,
It is. therefore, common to consider only those forces which are predominant in g
phenomenon and design the model such that the same forces influence thc_ﬂow phenomenop
in the model also. The effect of other forces which are insignificant IS c1lh!.:r neglected o
taken care of by introducing correction factors based on experiments or experience.

7.8 TYPES OF MODELS
All the models may be broadly classified into the following two types:
1. Undistorted model
2. Distorted model

Undistorted Model: A model is said to be undistorted when the horizontal apg
vertical scale ratios (model distance: prototype distance) are same. An undistorted model is
geometrically similar to its prototype. The prediction of an undistorted model js
comparatively easy and the model results can be easily transferred to the prototype as the
basic condition of geometric similarity is satisfied.

Distorted Model: A model is said to be distorted when the vertical and horizontal
scale ratios are different. The distorted model does not have true or complete geometric
similarity. For example, models of rivers, harbors, reservoirs, etc. have very large horizontal
dimensions, as compared to vertical ones. If a model of such a prototype having a complete
geometrical similarity is made, then the depth of water in such a model becomes so small that
it cannot be accurately measured. To overcome this difficulty, the vertical scale of the mode]
is increased relative to the horizontal scale.

The prediction of a distorted model is relatively difficult, and the results of the models
being distorted cannot be easily transferred to the prototype, as the basic condition of
geometric similarity is not satisfied.

7.9 DIMENSIONLESS OR NON-DIMENSIONAL NUMBERS

When a fluid is in motion, some forces are always involved in the phenomenon of
flow. But there are always one or two forces, which dominate other forces, and they govem
the flow of the fluid and keep it in motion. The following forces are important in fluid
motion:

1. Inertaa force 2. Friction or viscous force
3. Gravity force 4. Surface tension force
5. Pressure force 6. Elastic force

Since the inertia force always exists in the phenomenon of fluid flow, the conditions
of dynamic similarity are always studied considering the ratio of the inertia force and any of £
the remaining forces. Obviously, every ratio will be a dimensionless or non-dimensi&nME
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number. Some of the most important numbers are (i) Reynolds number, (ii) Froude number,
(ii1) Weber number, (1v) Euler number, and (v) Mach number. A

Reynolds Number
The Reynolds number (Re) is the ratio of inertia force and viscous force, 1.€.

_Inertia force  Mass x acceleration M x LI T? M

Re = = =
Viscous force  Shear stress x area rx A u dv % A
dz
o 4T /
— _.{ ‘;'_Il]'"'}:'-____ - p == [L T)"[" - EI_‘ (‘-'v = [,U{p] (T'T)
e ! x [ 2 H ulp v

where V = a characteristic velocity, L = a characteristic length and v is the kinematic
viscosity of the fluid.

The non-dimensional ratio VL/v is named as Reynolds number (Re) in the honour of
Osborne Reynolds (1842-1912), a British scientist and mathematician. Reynolds number is a
measure of the magnitude of the viscous force relative to the inertial force. The smaller is the
Reynolds number the greater will be the relative magnitude of the viscous force and vice
versa.

In a type of flow in which only the viscous force plays an important role relative to
the nertia force and the effect of other forces is insignificant, dynamic similarity is said to
exist between the model and the prototype when the Reynolds number for the model and the
prototype 1s the same. Flow of an incompressible fluid in a pipe with a low velocity and
groundwater flow are some of the examples where viscous force may be predominating.

Example 7.5

The performance of a ship was predicted by making its model and testing it in a wind
tunnel. The length of the prototype was 350 m and its model was 10 m long. The v for air 1s
1.25 times that of water. The velocity of air around the model in the wind tunnel was
measured as 35 m/s. Find the velocity of actual ship in water if the model has dynamic
similarity with the prototype and the flow is governed by Reynolds law.

Solution  Here, L, =350 m, Ly, = 10 m, vy, = 1.25v,, Vip = 35 m/s

We know, for dynamic similarity between the model and the prototype, the Reynolds
number of model and prototype should be equal.
; VFLP V.l

m e m

v, v,
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v
LV, =—Lx Iﬁ’-’—x V l— -£>< 15=08m/s

2 mo =
* v, L, 1.25 350

Froude Number ‘ o
The Froude number (Fr) is the square root of the ratio of inertia f

force, i.e. - S—
E J Inertia force J Mass x Inertial acceleration J M xa .
r= = . —1

a
Mass x Gravitational acceleration Mxg g

orce and gravity

Gravity force

=\[ﬂ_ :\/WT)E :\/E:L (7.8)
g gl Vel gL

. ¥
where V = a characteristic velocity, L = a characteristic length and g (= 9.81 m&”) is the
acceleration due to gravity.

The non-dimensional ratio V/4/gL is named as Froude number (Fr) in the honour of

William Froude (1810-1889), a British scientist who first applied it to the practical problems
of the resistance of ships and floating bodies. Froude number is a measure of the magnitude
of the gravity force relative to the inertial force. The smaller is the Froude number the greater
will be the relative magnitude of the gravity force and vice versa.

If the gravity force is the predominating force relative to the inertial force in the
model and the prototype and the effect of other forces is negligible, dynamic similarity is said
to exist between the two when the Froude number for the model and the prototype is the
same. This is the case when the flow occurs with a free surface as in an open channel.

Example 7.6
A channel model 250 mm deep is discharging water with a velocity of 1.5 m/s. Find

the velocity of water in the channel 4 m deep, if the model has dynamic similarity with its
prototype and the flow is governed by Froude law.

Solution Depth of water in the model, hy, = 250 mm = 0.25 m

Depth of flow in the prototype, hy =4 m

.. Scale ratio,L, = hy = 025 _1 L,

. 4 16 L,
L L
S— =-1— or, —L£=16
L, 16 L

Vm = 1.5 m/s, g, = gm (since the model and the prototype are in the same place)
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We know, for dynamic similarity between the model and the prototype, the Froude

r of model and prototype should be equal.

numbe
I/.n” = Vm
JeLy  V8aln
- 2
| & ” L , =
'V'VJ': |_-l " [.nyxir:ﬁx\ﬁﬁxl-szﬁmfﬁ
g. VL,
Weher Number .
The Weber number (We) is the ratio of inertia force and surface tension force, 1.€.
- Inertia force ~ Mass x acceleration
Surface tension force Surface tension force per unit length x Length
L) 2 3 l b 2
=p£. kLT =,('1L 5§ _PLILIT) :pLV (7.9)
C".L o) o o

where o is the force of surface per unit length.

The Weber number (We) is in the honor of Moritz Weber (1871-
Berlin. The force of surface tension becomes important when the diameter of a tube is small
(i.e. a capillary tube) and when the depth of flow or the head is small (less than 5 mm). In
these cases, dynamic similarity is said to exist between the model and the prototype when the

Weber number for the model and the prototype is the same.

1951), Professor of

Euler Number
The Euler number (Eu) is the square root of the ratio of inertia force and pressure

force, 1.e.

Ey = J Inertia force J Mass x Inertial acceleration _ pL’ xLIT?

Pressure force "\ Intensity of pressurex Area - px L’
ol o i
p p p plp

(Eu) is in the honour of Leonhard Euler (1707-1783). If the
the model and the prototype, dynamic similarity
and the prototype is the

The Euler number

pressure force is the predominating force in
is said to exist between the two when the Euler number for the model
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same. Practical applications of the Euler number are water hammer in penstocks of
hydropower plants and discharge coefficients of orifices, mouthpieces and sluice gates, etc,

Example 7.7 .

A spillway model is to be built to a geometrically similar scale of 1/50 across a flume
of 60 cm width. If the negative pressure in the model is 20 cm, what is the negative pressure
in the prototype? Is it practicable?

Solution L.=1/50, pn=20cm=02m

We know, for dynamic similarity between the model and the prototype, the Froude
number of model and prototype should be equal.

%

m

¥,
-‘- £ -
th n I‘,u ‘th m"{‘m

Vv L
e - /&x /J—:ﬁxmzﬁo
Ve Em L,

Now, in order to have dynamic similarity for pressure, the Euler number for the mode|
and for the prototype should be equal, i.e.
4 V

P m

" Ip./p, PP

V
oF: /ﬂ= fﬂxizﬁxﬂfsc):\/m

v L
P

or

=50  p,=p,x50=02x50=10m

The negative pressure of 10 m as obtained is not practicable, as cavitation will occur
at this pressure.

Mach Number
It is the square root of the ratio of inertia force and elastic force, i.e.
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[ nertia force Mass x Inertial acceleration pl’ x LIT
f —- _ - = - = e ——
\" Llastic force \I KxL

' 3 e ey [t
\_."I'ﬂf' S pr{_L Ty’ _ \/_;:_V_-__ vV (7.11)
K VK K JKip

I'he Mach number is in the honor of Emst Mach (1838-1916), Professor of Physics of
paaguay. [ndealing - with - compressible fluids, elastic forces are important. The
compressibility cffect becomes significant when Mach number of the flow is greater than
about 0.2, 1t the elastic force is the predominating force in the model and the prototype,
dynamic similarity is said to exist between the two when the Mach number for the model and
Iht‘ prototype 1s the same.

M
Elastic stress x Area

Example 7.8
An airfoil moves at 650 km/hour through still air at 20°C. If the elastic stress and
density of air at this temperature are 21 kg/cm’ and 0.126 kg/m’, find the Mach number.

Solution  Here, V = 650 km/hour = M =180.6 m/s

60 x 60
K =21 kg/em® = 21x 10" kg/m?, p=0.126 kg/m’
4 180.6

= = =0.14
JKp  21x10°70.126

PROBLEMS AND EXERCISES
7.1 Define (1) dimensionally homogeneous/rational equation, (ii) prototype, and (iii) physical
model or scale model or model, (iii) scale ratio, (iv) undistorted model, and (v) distorted
model.
7.2 Describe the Rayleigh’s method and the Buckingham’s method of dimensional analysis.
7.3 Describe the three kinds of similarities a model should possess.
74 Define the following dimensionless numbers and derive expressions for them based on
dimensional analysis: (i) Reynolds number, (ii) Froude number, (iii) Weber number, (iv)

Euler number, and (v) Mach number.

1.5 Check the dimensional homogeneity of the following equations:
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(@) Q =C,a\2gH (b) S = ut +4.905¢°

7.6 Show that the resistance (R) to the motion of a sphere of diameter (_D] falling with a
uniform velocaty (V) through a real fluid of density (p) and viscosity (p) is given by

= oD |
R_pDVf[pVD]

7.7 The discharge (Q) through a horizontal capillary tube depends upon the pressure drop per
unit length (Ap//), the diameter (D) of the tube and the viscosity (1) of the fluid. Find the
form of the equation.

7.8 A model of an airship was tested in deep water. The length of the model was 10 m and it
has a speed of 25 m/s which was measured in water. Determine the speed of th»f-, gcmalnsized
ship in air when its length is 250 m. Assume that the kinematic viscosity of air is 13 times
that of water. The flows are dynamically similar and the flow is governed by Reynolds law.

7.9 In an open channel, water is flowing at a depth of 2 m. It suddenly forms a jump at a
certain point and the depth increases from 2 m to 3.3 m. The velocity of water at 2 m depth is
10 m/s. Another channel was built in which a similar jump was formed. The depth of water in
the new channel in which the flow is dynamically similar according to Froude law is 8 m,
Calculate the velocity of water in it. Find also the height of the jump in the second case.

7.10 An aeroplane model of scale ratio 1:30 is tested in water, which is 50 tirpes more
viscous and 800 times more dense than the air. If the pressure drop in the model during test is
23 kgr‘cmz, find the pressure drop in the prototype.

kkkdkdk
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Chapter 8
FLOW THROUGH PIPES

8.1 INTRODUCTION

A pipe is a closed conduit, generally of circular cross-section, used to carry water or
any other Muid. In hydraulics, pipes are commonly understood to be conduits of circular
cross-section which flow full and the flow is under pressure. City water and gas mains in
which flow occurs under pressure are examples of pipes. But if the pipe does not flow full, as
is the case of sewer pipes, drainage tiles and culverts, the flow is not under pressure and in
such a case the atmospheric pressure exists inside the pipe. The flow is then similar to that of
an open channel. In this chapter, we shall consider the flow in the pipes under pressure only.

In Chapter 6, the basic equations of fluid flow were derived with the assumption that
the flmd was 1deal, i.c. non-viscous. But in nature, there is no fluid which has zero viscosity.
The fluids having viscosity are known as practical or real fluids. Due to the presence of
viscosity, real fluids differ from non-viscous ideal fluids. By the action of viscosity, the
energy supplied to the flowing fluid is converted to thermal energy. The dissipation of energy
so caused is a loss of useful energy. Thus, in flow of a real fluid some loss of head takes
place.

In this chapter, we consider pipe flow wherein viscous action can be considered to
pervade the entire flow. Pipe flow is of great significance in our technology and will always
be significant as long as we transport fluid. Also, much valuable experimentation has been
performed in pipe flow which has rather general significance. QOur first step then is to
examine flow in which viscous effects are significant.

8.2 LAMINAR AND TURBULENT FLOWS

Depending on whether the viscosity is dominating or not, the flow of a real fluid is
found to be of two types, viz. laminar and turbulent. The limiting conditions which determine
whether is flow is laminar or turbulent were first investigated experimentally by Osborne
Reynolds in 1883. Reynolds apparatus (Fig. 8.1) consists of a tank containing water and a
small tank containing dye. A horizontal glass tube, 1.5 m long and 5 cm in diameter, is fitted
to the tank through which water can flow. The flow through the glass tube can be regulated
by adjusting the regulating valve. A dye injection arrangement is fitted in the main tank.

{a)

Eﬁhss Tube W”é{ ®) T S
) RN e p a i
, A
:
> Fig. 8.1 Reynolds experiment 8.2 Dye thread in Reynolds experiment
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The water in the tank is allowed to stand for several hours to allow it to come 1o rest
The outlet valve of the glass tube is then slightly opened. Then a jet of dye, having the Same
specific weight as that of water, is allowed to enter at the center of the glgss tube. It will b,
seen that a fine thread of dye is carried by the flowing water as shown in Fig. 3,2(3),_ The dye
thread will move so steadily that it will be hardly seen to be in motion. Such a flow is knowp
as laminar or stream line flow.

I we slowly go on increasing the velocity of water through the glass tube, we see thy
a stage will come when the dye thread will start becoming irregular and then_bre.’:_lklng up ag
in Fig. 8.2(b). The velocity of flow at which the dye thread starts becoming irregular i
known as the lower critical velocity. If we still go on increasing the velnc:lry of water through
the glass tube, we see that the length of the dye thread in the glass tube will start decreasing
and ultimately a stage will come when the entire dye thread will disappear (Fig. 8.2¢). The
velocity at which the whole dye thread is diffused, is known as the upper crin'cgf velocity
Beyond the upper critical velocity the dye will mix up with water thereby showing violent
mixing of water particle in the glass tube. Such a flow is known as turbulent frlow..

Reynolds found that the nature of flow in closed conduits depends primarily upon the
characteristic dimension of the conduit, the velocity of flow and the density gnd the viscosily
of the fluid. By grouping these variables, Reynolds determined a non-dimensional quantity or
parameter denoted by pVL/u. Later on it was known as the Reynolds number after the
founder’s name.

In case of flow through pipes the characteristic linear dimension L is taken as the
diameter of pipe d and the characteristic velocity V is taken as the average velocity. Hence,
the Reynolds number is written as

Re=214 _Yd 8.1

7, v
where v (= wp) is the kinematic viscosity.

Reynolds number is very useful in predicting whether the flow is laminar or turbulent

and for finding the friction factor f in order to determine the frictional loss of head accurately.

Reynolds after carrying out a series of experiments found that flow in a circular pipe is
always laminar when Re < 2000 and is always turbulent when Re > 4000.

The laminar flow occurs when velocity of flow is small and viscous forces are
predominant. It is smooth and regular and thus also known as stream line flow. There is
practically no influence of fluid particles of one layer over those of the adjacent layers.
Diffusion or mixing at molecular level may occur, but macroscopic movement of fluid
elements from one layer to another does not occur, Velocity at any point remains nearly
constant in magnitude and direction. Such flow rarely occurs in pipes and channels.

When the flow is turbulent the fluid particles no longer move in layers or laminas.
Violent mixing of fluid particles takes place due to which they move in chaotic and random
manner. As a result, the velocity at any point varies both in magnitude and direction from
instant to instant. Flow in pipes and channels are mostly of this type.

106

F-14/8



Frictional resistance is proportional to the mean velocity of flow when the flow 1s
iaminar and to the square of the mean velocity when the flow is turbulent. _

[t has been found experimentally that when a laminar flow changes nto 2 :
dow. it does not change abruptly. But there is a transition between the two types of flow. For
asual cases of uniform flow through circular pipes, the flow is-assumed to change erm
jaminar to turbulent for Re between 2000 and 4000 and this region is called the transition
-one. Thus, if Re < 2000, flow is laminar and if Re > 4000 flow is turbulent in circular pipes
n usual conditions of flow and surface roughness. A velocity at which the laminar f]-()w
stops. 1.¢. flow enters from laminar to transition zone is known as the lower critical ve]nc:ty,
A velocity at which turbulent flow starts, i.c. flow enters from transition zone to turbulent is
known as the upper critical velocity.

turbulent

Fxample 8.1 ‘
An oil having kinematic viscosity of 21.4 stokes is flowing through a pipe of 300 mm
diameter. Determine the type of flow, if the discharge through the pipe is 15 liters/sec.

Solution  We have, v=21.4 stokes = 21.4 cm%/s = 21.4x 107 m*/s
Diameter of pipe, d = 300 mm = 0.30 m
. Area of pipe, 4 = %di = %x 0.30% =0.0707 m’
Discharge, Q = 15 liters/s = 0.015 m’/s

. Velocity of flow, V = -Q - S

A 0.0707
The Reynolds number of the flow is given by

Re:ﬁ-wzgg_ﬁ

v 214x10°
As the Reynolds number is less than 2000, the flow is laminar.

=0.212 m/s

83 VELOCITY DISTRIBUTION IN LAMINAR AND TURBULENT FLOWS

Velocity distribution curves for a circular pipe
. are shown in Fig. 8.3. When the flow is laminar, the
velocity varies along any diameter as shown by curve A.
The velocity is zero at the pipe walls and increases
gradually until the maximum velocity is reached at the
pipe center. In this case the velocity varies as the
ordinates of a paraboloid of revolution and the maximum
velocity V. at the center of the pipe is twice the average
velocity.

Fig. 8.3 Velocity distribution in straight pipe

107



When the flow g turbulent

I‘.i L ‘{.. i 4 N . u . f :
}:.L ; The velocity is practically zero at the pipe walls, but 11
short distance from the w: 3

e : alls than in laminar flow. Throughout the cen les Tiih
mixmg resulting from turbulence tends to equalize the velocities of the particies. [urbuleng,

increases with Reynolds number. So, the velocity distribution becomes more uniform a5 the
Reynolds number Increases, Tests |{wc shown that the ratio of the average to maximyp,
x'ulncit;‘f (V/Vy) in a pipe of circular cross-section varies with the Reynolds number g,
approximately as shown in the following table.

: . - ter, as indicate
the velocity distribution curves are more flat oo d iy
icreases more rapidly for 4

tral zone, however, 1,

Re VIV,

< 1700 0.50
2000 0.55
3000 0.71
5000 0.76
10000 0.78
30000 0.80

= 100000 0.81

8.4 LOSS OF HEAD

Loss of head in m of fluid, meaning loss of energy expressed in m-kg/kg or m-N/.
occurs in any flow of fluid through a pipe. The loss is caused by: (1) pipe friction along the
straight sections of pipe of uniform diameter and uniform roughness, and (2) changes in
velocity or direction of flow. Losses of these two types are ordinarily referred to respectively
as major losses and minor losses,

Major Loss: This is a continuous loss of head, hy, assumed to occur at a uniform rate along
the pipe as long as the size and quality of pipe remain constant, and is commonly referred to
as the loss of head due to pipe friction.

Minor Losses: These consist of

I. A loss of head, h,, due to contraction of cross-section. This loss is caused by a
reduction in the cross-sectional area of the stream and the resulting increase in velocity. The
contraction may be sudden or it may be gradual. The loss of head at the entrance to a pipe
from a reservoir is a special case of loss due to contraction.

2. A loss of head, h,, due to enlargement of cross-section. This loss is caused by an
increase in the cross-sectional area of the stream with resulting decrease in velocity. The
enlargement may be either sudden or gradual. The loss of head at the outlet end of a pipe
where it discharges into a reservoir is a special case of loss of head due to enlargement.

3. A loss of head, h, caused by obstructions such as gates or valves which produces a
change in cross-sectional area in the pipe or in the direction of flow. The result is usually a
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sudden increase or decrease in velocity followed by a more gradual return to the original

veloerty.

4. A loss of head, hy, caused by bends or curves in pipes, in a .
occurs in an equal length of straight pipe. Such bends may be of any total deflection angle as
well as any radius of curvature. Occasionally, as in a reducing elbow, the loss due to the bend
is superimposed on a loss due to change in velocity. ‘ .

If the symbol H 1s used to designate all losses of head in a pipe line in which there is
steady continuous flow, then

ddition to the loss which

H=hp+ he + he + by + hy (8.2)

In a long pipe the major loss of head is due to friction in the pipe only. The minor
losses are small compared to the friction and can be neglected altogether. But in the case of a
short pipe, the minor losses, as compared to the friction loss, are of appreciable magnitude
and must be included. :

Strictly speaking, there is no hard and fast rule to define a long pipe. But a pipg is
generally termed as a long pipe when its length is more than 1000 times its diameter, and it is
termed as a short pipe if its length is less than 1000 times its diameter.

8.5 FRICTIONAL LOSS WITH LAMINAR FLOW: HAZEN-POISEUILLE
EQUATION

Figure 8.4 represents a longitudinal section and a cross-section of a straight horizontal
circular pipe of constant diameter d in which a fluid of uniform specific weight y is moving
from left to right with steady laminar motion. Consider a circular cylinder of fluid, abcd, of
length L extending from section |1 where the pressure is p; = yh, to section 2 where the
pressure has decreased to p; = yh,. The difference in total pressure force on the two ends of
the cylinder is thus '

y(h —h)my* = yh, 7y* (8.3)
It 1s considered that the cylinder is in equilibrium between this pressure difference and

the shear resistance exerted by the surrounding fluid on the curved surface of the cylinder.
From the definition of viscosity, the unit shear stress on this surface is

A3

since for each increment dy in distance from the pipe axis, there is a decrease dv in velocity.
The total shear force on the surface of the cylinder is thus
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Longitudinal section
Fig. 8.4 Laminar flow in a pipe
dy
Equating Eqs.(8.3) and (8.4) leads to a simple differential equation
",
dv=- d 8.5
T ydy (8.5)
Integrating
2
S (8.6)
4L u
When y =d/2, v = 0. Therefore
dZ
C = #y
16Lu
Substituting this value in Eq. (8.6), we get
}'hf dz 2 |
vV=——"-|— gt ) (8?}
4Ly 4

This equation gives the velocity v at any distance y from the pipe axis. The discharge
through the ring of width dy is

dQ = vx2nydy
Substituting the value of v from Eq, (8.7)

dQ=2xfi{£y~y3]aﬁe (8.8)

: “4Lu\ 4
Integrating between the limits y =0 and y = d/2, we obtain
h,d*

i 1281 p

or the loss of head, substituting pg for y and v for p/p

(8.9)
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128040 128040 12819 (3.10)
! H}dd fl:f)'_gd1 ﬂgdd

Since
) =2 d
¢ 4
where V is the cross-sectional mean velocity, we get
" ZSZL»:V (8.11)
gd”

Equation (8.11) was first determined experimentally by Hagen in 1839 and
simultaneously by Poiscuille in 1840 and it is usually known as the Hazen-Poiseuille
equation. It indicates that in laminar flow the loss of head is proportional to the first power 1?1‘
the mean velocity. It was experimentally determined that Eq. (8.11) gives correct result. It is
mostly used for the experimental determination of fluid viscosity by measuring the loss of
head in a pipe of length L. Equation (8.11) can be written for the fluid viscosity as

U= yh_f'd- _ y(hy - hz)dz " (p, - Pz)dz (8.12)
32LV 32LV 2LV : '
Equation (8.7) shows that the velocity distribution along the diameter is parabolic, the:
maximum velocity being at the center of the pipe (y = 0) and having the value

h,gd*
p, =22 (8.13)
16Lv
Also, rearranging Eq. (8.11)
h, gd?
S (8.14)
32Lv
From the last two equations, we get
V.=2V (8.15)
Example 8.2

In a laboratory experiment, a crude oil is flowing through a pipe of 50 mm diameter
with a velocity of 1.5 m/s. During this experiment, a pressure difference of 180 N/mm? was
recorded from two pressure gages 8 m apart. Find the viscosity of the flowing oil.

Solution  Given, diameter of pipe, d = 50 mm = 0.05 m
Velocity of 0il, V = 1.5 m/s
Pressure difference, p; — p2 = yhy= 180 N/mm? = 180 x.l(}f' N/m’*
Length of the pipe, L=8 m
_thd' 180x10° % 0.05°

s T =1171.88 N.s/m?
2LV I2x8x1.5
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8.6 FRICTIONAL LOSS WITH TURBULENT FLOW: DARCY-WEISBACH
FORMULA

The following discussion applics to all liquids and approximately to gases when the
pressure anp 1S not more than 10 percent of the initial pressure. Consider a straight pipe of
internal diameter d in which a fluid is flowing at a mean velocity V. Let the loss of head in
length L be denoted by hy.

_ Certain general laws based upon observation and experiment appear to govern fluid
friction in pipes and are expressed in all the generally accepted pipe formulas. These laws
briefly stated are:

I Frictional loss in turbulent flow generally increases with the roughness k of the
pipe.

2. Frictional loss is directly proportional to the area of the wetted surface, or to ndL.

3. Frictional loss varies inversely as some power of the pipe diameter, or as 1/d*.

4. Frictional loss varies as some power of the velocity, or as Vv~

5. Frictional loss varies as some power of the ratio of viscosity to density of the fluid,
or as (Wp)".

Combining these factors, a rational equation for loss of head due to pipe friction for
any fluid can be written in the form

h, =K'>ckxﬂzzﬂ.x-l—xV”x(£J
x p

:[x-m[ﬁ) ]xix o (8.16)
o) | @

where K'is a constant of proportionality and m = x - 1.

The effect of viscosity and density of water on loss of head at usual flow velocities is
so small that it can be neglected. If there is any little effect, it could be easily included in a
general coefficient. So, if we substitute K for the quantity in brackets in Eq.(8.16), the base
formula for loss of head in pipe flow can thus be stated as

L

h, :'Kd"' V" (8.17)

A determination of K, m and n is necessary for practical application of Eq. (8.17) to
flow problems. Chezy in 1775 pointed out that the loss of head in the flow of water in
conduits varied approximately as the square of the mean velocity. About the middle of the
nineteenth century, Darcy, Weisbach and others, accepted Chezy’s value of 2 for n, further
modified Eq.(8.17) by proposing a value of 1 for m, and divided and multiplied Eq.(8.17) by
2g, so that

2

L V
h, =(K %2 —X— 4
p =K x2g)x X (8.18)

By substituting the friction factor f for ( K x2g), we obtain
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h, =f 4 (8.19)

d2g
liquation (8.19) 1s the well-known pipe formula, known as the Darcy-Weisbach formula. It 1S
i a1 very convenient form sinee it expresses the loss of head in terms of the velocity head in
the pipe. Morcover, it is dimensionally correct since f is dimensionless, L/d is a ratio and hy
and \-"‘"Eg arc both expressed in units of length.
Liquation (8.19) is frequently written as

\n, T \ (8.20)

d2g
This equation is known as the Fanning equation. The Fanning friction factor /" is one-fourth
of the Darcy-Weisbach friction factor f. -

The limitations of the Darcy-Weisbach formula are: V’C/

I. The loss of head with turbulent flow varies not only as the square of the mean
velocity, but as some power varying from 1.7 to 2 or more depending on the roughness of the
pipe. This discrepancy must be taken care of by varying the value of f.

2. Since V = Q/A = Q/(nd*/4), for a given Q, fand L, the loss of head by the Darcy-
Weisbach formula varies inversely as the fifth power of the diameter. Tests have shown that
the actual variation is closer to the 5.25 power and that the exponent of din the formula
should be close to 1.25. Again the discrepancy is taken care of by varying the value of f.

The friction factor must therefore be a function of velocity and diameter as well as of

the pipe roughness and of the viscosity and density of the fluid.

Remarks

I. For a given velocity of flow, the value of f decreases as the diameter of pipe
increases. This decrease of f is due to the decrease in relative roughness k/d of the material in
the pipe wall.

2. Some kinds of pipe become rougher with age with resulting increase in f. This
possibility is usually taken care in design by increasing the value of f for new pipe by a
certain percentage. The increase in f for cast iron or steel pipe may be 50% to 100% after
some years of service. However, wood pipe and asbestos cement pipe have shown little or no
increase in f E.l.ftE:E many years of service.

Example 8.3
Find the loss of head due to friction in a pipe of 1 m diameter and 15 km long. The
velocity of water in the pipe is 1 m/s. Take f = 0.020 and neglect minor losses. Use the

Darcy-Weisbach formula.

Solution We have,d=1m,L=15km= 15000 m, V=1 m/s, f=0.020
LF: 1500{}){ 1?
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8.7 SMOOTH AND ROUGH PIPES

Nikuradse Equivalent Sand Grain Roughness (k) + through pipes whj,

Nikuradse in 1933 conducted a series of experiments Ciod tow Hr[ti 15' tprél s =
were artificially roughened by gluing sand grains of Llﬂl'ﬁ“"_n d'ﬂmcm_r'[ Lc:ncl;'ori::f [h_e
concept of equivalent sand grain roughness (k) as standard for all mh_:,r1 };;Zﬂ;wwr . E nerlss
clements. The ratio k/d of the equivalent sand grain roughness to the pipe di B
as the relative roughness. Ti '

Table 8.1 gives the values of equivalent sand grain roughness for different pip,
materials.,

Table 8.1 Equivalent sand grain roughness (k) for various pipe materials

SL. No.  Pipe material k(mm)
I Glass 0.0003
2 Wrought iron, steel 0.046
3. Asphalted cast iron 0.12
4. Galvanized iron 0.15
5 Cast iron 0.26
6 Concrete 0.30- 3.0
7 Riveted steel 0.90 - 9.0

The above values correspond to the material in new and clean condition. As the pipe
becomes older, the roughness increases due to COITOSION.

Laminar Sublayer
Even in turbulent flow there exists next to the wall of the pipe a very thin layer in

which the flow is laminar. This layer is known as the laminar or viscous sublayer. The
thickness of this layer is given by

% = 11.6v
: u*
where u* =,/z/ p i[s the shear or friction velocity and 1 is the shear stress on the pipe wall.

(8.21)

Hydraulically Smooth and Rough Boundaries

A pipe is said to be hydraulically smooth if the height of the roughness elements is
less than the thickness of the laminar sublayer (k < ), i.e. the roughness elements are well-
covered by the laminar sublayer. In such a case, variations in relative roughness k/d do not
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et the value of the friction factor £ On the other hand, if the height of the roughness
sJements are g‘l”c;i!cr than the thickness of the laminar sublayer (k > ¢,), their presence affects
Jie amount of turbulence and hence the value of f and the pipe is said to be hydraulically
ough. As the height of the roughness elements k increases or the thickness of the laminar
aiblayer decreases with mcereasing Reynolds number, the turbulence increases to a maximum
L‘H‘l at which itis said to be “fully developed”.

8 DETERMINATION OF FRICTION FACTOR f
paminar Flow

.thn the flow 1s Iqrninar, the Hazen-Poiseuille equation, Eq. (8.11), applics.
lquation (8.11) can be put in the Darcy-Weisbach form by multiplying numerator and

denominator by 2V and replacing Vd/v by the Reynolds number Re. Thus,

6LV

Tl
' “Red 2g (522
jrom which it 1s apparent that, for laminar flow
.64
/= Re (8.23)

Equation (8.23) indicates that when the flow is laminar, the loss of head depends on Re, but is
independent of the roughness of the pipe.

Turbulent Flow

When the flow 1s turbulent, the value of f depends not only on the Reynolds number,
but also on the relative roughness of the pipe. Blasius was the first to give an empirical
quation for finding the friction factor f, as early as 1913, based on his experimental work on
hydraulically smooth pipe in turbulent flow. The formula developed by Blasius that is valid
upto about Re = 10° is given by |

0.3164
Fe— (8.24)

Re
Studies by Prandtl and von Karman led to the following equations for determining f

lor the two extreme conditions of flow in pipes.

For smooth pipes

1 Re
_ﬁ = 2]0@( 2;/;} (8.25)
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For rough pipes
d) (8.26)

1
= =2log|37%
V/ ?3[ k)

These equations are regarded as great scientific uch"f‘fﬂm-en.t '{li;elhiiol:jwtia?cf:

venfied by EXperiment for pipes of all sizes and for difﬁ:rem Illqu:d:‘, p ntyﬂ‘f 05 SIE

turbulent flow in pipes which are hydraulically smooth, fis mdcpf:!j Eand Moo

roughness and is a function of the Reynolds number only. On the_o[l::.:l deqvel{')ped :

flow 1n PipES which are hydraulically rgugh and mrbUIL‘nCEIlS u };’mcss 4

independent of the Revnolds number and depends only on the relatwe roug re i;:m "
Between these two limiting conditions of flow, there 1s 2 transition reg

White and Colebrook developed the following formula for f for use with commert:lal pipes:

. mg[J-_ L 251 =
ﬁ 3.7d Reﬁ ;

The transition region merges at one end into the smooth pipe flow b
zone of fully developed turbulence.

Example 8.4 . | . e

A discharge of 900 liters per minute of water takes place 1n a P‘Ffe ljfchm "1‘1 ‘&rr“h?t‘
and having a roughness height of 0.07 cm. Determine the friction factor t by the Whik
Colebrook formula. Take v = 10" m?s.

Solution ~ We have, Q = 900 liters/min = 0.015 m’/s, d = 15 cm = 0.15 m, k = 0.07 cm
0.0007 m, V = Q/A = 0.015/(xx0.15%4) = 0.85 m/s, v = 107 m’/s, Re = Vdv
0.85x0.15/10°° = 127500

Now, the White-Colebrook formula is

.- —2log k + £l
Jr 37d " ReyS
or
1 0.0007 251
— = -2 log + ——
N7 3.7x0.15 127500,/ f
or
' 5
LI log{ﬂ.{]{]l% ¥ M]
st V7

The value of f is determined by trial. Assume values of f and compute L.H.S. and R.H.S. Th
value of f for which L.H.S. = R.H.S. is the required value of f.
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0.010 10 5.673
0.020 7.071 5.708
0.030 5774 5.724
0.031 5.680) 5.725
0.0305 3725 5.725

. The friction factor, = 0.031.

£.9 STANTON AND MOODY DIAGRAMS

- As already  stated, leurads'c conducted a series of experiments on smooth and
aiificially roughened pipes by gluing sand on the interior pipe surface. The results of
Nikuradse are gencrally plotted showing the variation of f against the Reynolds number on
jogarithmic scale (Fig. 8.5). The plot of friction factor against the Reynolds number on a log-
log chart 1 called a Stanton diagram, |

Prﬂm Fig. 8.5, 1t is Ub_VIUHS_ that Nikuradse’s data cover both laminar and turbulent

anges. For Re < 2300, there is a simple relation between f and Re, given by Eq.(8.23) and
completely independent of roughness. On log-log paper, the f-Re relationship is a straight
ine.

i

2 T
|
HIEERIREiI P
s — = - d W
005 B = —
= = ko L
=% =4 Hqa 612
0 7 ==
¥ - - k 1
3 a -
=~ D03 Ny
5 - =% k _ 1
-~ Smooth L
3 cunve = : 52
— = 1
F s == P
== = .
e T Ha "o
0.015 T s & T
l T R T T R 73 4563
10? 0t - R 10* 10¢
# e
;

Fig. 8.5 Nikuradse’s data for artificially roughened pipe flows
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T o lhef turbulent part of the plot, after the transition region, all I-Lju.ghmhg-wwesz
{I.nlm.ldunt with the Sﬂ‘lmllll—pipc curve. Later. cach curve departs from the 5|‘n{‘}0t P1pe cy
M @ Sequence such that the greater thc. rt)LIgl;ncs:«'. the earlier the departurc. T‘hat par.t of 4
curve coincident with the smooth-pipe curve is called the smooth-pipe zone of flow. Note
after passing the smooth-pipe zone, cach curve eventually flattens L0 d straight Im_e par".‘”’”
the abscissa. Here the friction facto‘r fis independent of the RCY“”]dS' number. This region
cach curve is called the rough-pipe zone of flow. Thus, each curve except that oF the aitig
pipe goes through three zones of flow, the position and extent of each zone depending on
roughness of the pipe. ;

Nikuradse data have been developed for artificial conditions of rot_lghness. There
the question of how well this type of roughness approximates actual conditions of roughn
as found in real situations. Moody in 1944 has constructed one of the most convenient chg
for determining friction factors in clean, commercial pipes. This chart is also a Stant
diagram and expresses f as a function of relative roughness and the Reynolds number
shown in Fig. 8.6.
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Fig. 8.6 Moady diagram
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.10 OTHER f’wwmlu.ns

(Chezy Formula

Using hylL = S and d = 4R, where S is the slope of the encrgy grade line (Fig. 8.7)

presenting the loss of head per m of pipe and R (=A/P) is the hydraulic radius, the Darcy-

weisbach formula, Eq.(8.19), can be put
i the form Iz;m —_———————
En
f N T8 gradien; o
= -?{,L' '.f\”’{ 87 Ly vl
| j = \Il --fl- L'l . (: i 8} ¥ %“Hc = _____?

Substituting a cocfficient C for ,Um . 13
we obtain L._\ : .

v =CJRS (8.29)

Fig. 8.7 Frictional loss in pipe

This formula for velocity of flow in terms of the hydraulic radius of a conduit and
slope of the energy grade line is called the Chezy formula. The Chezy coefficient C is a

function of the same variables as the Darcy-Weisbach friction factor f and the Chezy formula

' is therefore subject to same defects as noted in Art. 8.6 for the Darcy-Weisbach formula.
|

' Manning Formula

The Manning formula is one of the best-known open channel formulas and is
commonly used for pipes. In the form of Eq.(8.29), the Manning formula is

I 37 12
V=—R"S (8.30)
where n is the roughness coefficient.

- Hazen-Williams Formula

This well-known formula has been mostly used by water works and irrigation
engineers. This formula is

¥ =025, RIS 505 (8.31)
This formula was designed for the flow of water in both pipes and open channels, but is used
mostly for pipes.

Example 8.5

~ Water flows through a pipe 200 mm in diameter and 60 m long with a velocity of 2.5
m’s. Find the head lost in friction by using the Chezy formula, assuming C = 55 m'?/s.
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soluti =25 mis,C=55m"s
Solution We have, d - 200 mm - 020 m, L= 60m. V =2.5m/s. €

d 020
R = = =0.05m
d i

From the Chezy formula V = C /RS , we have
2.5=55xJ0.05x S

2.5
S=—"—=0.04113
357 x0.05

- The head loss, hy= Sx L = 0.04113x60 = 2.48 m of water

8.11 MINOR LOSSES

Loss of Head due to Contraction: It is given by

ho— K (8.32)
‘ ‘2g : "
where K. is an empirical coefficient and V is the velocity in the smallcr_ pipe (Fig. 8.8}, M
value of K. depends on V and the ratio of the smaller to the larger diameter. This Jo
usually taken to be equal to

= 0_5£; (8.33)

2g

Fig. 8.8 Sudden contraction in pipe

The loss of head at the entrance to a pipe from a reservoir is also taken to be the sane

Loss of Head due to Enlargement: It is usually given by

_AF=0)
=

h

[

(8.34)
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v is the velocity in the smaller pipe, V, is the velocity in the larger pipe (Fig. 8.9).
(8.34) 15 known as the Carnot or Borde equation, The loss of head at the outlet to a
which discharges mto a reservoir or into the atmosphere is usually taken to be equal to

M .
i I
| i (8.35)

24

|.1.IIL‘|"1

v is the veloerty in the pipe.
here ¥ '

Fig. 8.9 Sudden enlargement in pipe

Loss of Head due to Obstructions: The loss of head in pipes due to gates, valves and other
| phstructions is given by

V.’.
h, =K, = (8.36)

where V is the mean velocity in the pipe. The coefficient K, depends on the size of
hstruction compared to the diameter of the pipe.

Loss of Head due to Bends: This loss of head is usually expressed as a function of the
velocity head in the pipe, i.e.

VZ

h =K, — (8.37)

2g
The value of the coefficient Ky, varies with the ratio of the radius of curvature of the bend r to
the pipe diameter d, the roughness of the surface in the bend and the Reynolds number. If the
| flow is turbulent, the effect of variation in Reynolds number is not of much practical
"_Tltmpurtance and in that case K is a function of r/d and the roughness of the bend.

gE:ample 8.6
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s a4 water tank at
A Pipe 60 m long and 15 cm in diameter !HFU””LTUIL:! :Ii']tl:c water level lr(:ntf} o
tlows freely into (he atmosphere at the other end. The -!?CIEI?[('UHJ £ = 0.040. [)me“;.tp
2.6 m above the center of the pipe. The pipe is horizont -;m o be considered, ™
discharge through the pipe in liters/sec, if all the minor losscs ¢ ;

2.6 m, f=0.040

Solution  We have, L= 60 m, d = 15em=0.15m, H= freely into the atmoq

3 . ischarges
Since the pipe is connected to a water tank an.d disc ]ar%cmunl loss ot the oug."
there are contraction loss at the entrance and a sudden ‘3”‘ ]ir ement loss is give %
contraction loss is given by h, = 0.5V%/2g and the sudden enlarg | n by

\":-”2& where V is the velocity of water through the pipe.
S H = [_!:L__ s ¥ _1(_[£+ 1.5)
d2g 2¢ 2g 2g  d
or
V.'!
26=——(0.04x-22 4 1.5)
2x9.81 5
2 2.
o /- 6X2X981:2915
17.5
"V =1.7073 m/s

Q=AV = _;‘I x0.15% x1.7073 = 0.0302 m’ /s = 30.2 liters/sec

PROBLEMS AND EXERCISES
8.1 What do you mean by lower critical velocity and upper critical velocity?

8.2 How can you physically identify whether the flow in a pipe or channel is laming
turbulent?

8.3 Draw the velocity distribution curves at the cross-section of a pipe for laminar
turbulent flows and state the type of velocity variation.

8.4 Why does the loss of head occur in pipe flow? Describe the different types of losses
occur in pipe flow.

8.5 Derive the Hazen-Poiseuille equation for laminar flow in a pipe. Using this equati
show that the maximum velocity is twice the mean velocity.

8.6 Derive the Darcy-Weisbach formula for turbulent flow in a pipe. What are the limitatio
of this formula? State the SI unit(s) of the friction factor f.
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¢ 7 What is a Stanton diagram? Draw the Stanton diagram based on Nikuradse’s data and
8 i’t un the different plots of this diagram.

gy Wrte short notes on (i) laminar flow. (ii) turbulent flow, (iii) laminar or viscous
cublayer. (V) hydraulically smooth boundary, and (v) hydraulically rough boundary.

¢ 9 An oil of specific gravity 0.85 is flowing through a pipe of 5 cm diameter at the rate of 3
liters/see. Find the type of flow, if the viscosity of the oil is 3.8 poises.

10 A pipeline 30 1n diameter and 320[} m long is used to pump 50 kg per second of an oil
uhmu specific weight 1s 950 ke/m’ and whose kinematic viscosity is 2.1 stokes. Find the

head loss.

g.11 Show that the energy coefficient a and the momentum coefficient p for laminar flow in
pipe are equal to 2 and 4/3, respectively.

8.12 The difference of heads between two ends of a pipe, 250 m long and 300 mm in
diameter, is 1.5 m. Taking f = 0.04 and neglecting minor losses, calculate the discharge
flowing through the pipe. Use the Darcy-Weisbach formula.

8.13 A concrete pipe 20 cm in diameter and having k = 0.06 cm carries water at the rate of
0.02 m’/s. Determine the friction factor f by the White-Colebrook formula. Take v = 10°
2
m’/s.

8.14 Determine the friction factor f by the White-Colebrook formula when a riveted steel
pipe 10 cm in diameter carries water at a velocity of 6 m/s, k = 0.3 mm and v =10 m?/s.

8.15 A town having a population of 100000 is to be supplied with water from a reservoir 5
km apart and it 1s stipulated that one half of the daily supply of 150 liters per head should be
delivered in 8 hours. What must be the size of the pipe to furnish the supply, if the head
available is 12 m? Take C = 45 m'"?/s in the Chezy formula.

khkkhkik
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Chapter Y
PIPE FLLOW PROBLEMS

.1 INTRODUCTION . e

A pipe line is made of small lengths of pipes of uniform or different dlanjlﬂtcr51 Joined
together with the help of pipe fittings such as couplings, flanges, reducers, hendh‘.{']bﬂws and
pipe junctions. Pipe fittings like valves and sluices are employed for [hIE‘: rcg}llatmn of flow,
Long pipes are used to convey different kinds of fluids such as water, oil, gas, etc. For water
supply installations, pipe line is meant to distribute water from one reservoir to one or more
TCSCIVOITS.

9.2 PIPES IN SERIES , .

Figure 9.1 represents a system of pipes of different lengths and diameters Conveying
liquid from one reservoir to another. Such a pipe line is called a compﬂ’dn_d p1pe Of PIpes in
series. As the pipes are in series, the discharge through them will be continuous. rAssummg
the liquid at rest in both reservoirs, the difference H in elevation of free surfaces 1s the total
head producing discharge. The losses of head, as indicated by the drops In t_he SHergy
gradient are successively: h¢;, due to contraction at entrance at A; hp, due .10 friction in pipe
I: heo, due to contraction to smaller pipe at B; hp, due to friction in pipe 2; hei, due to
enlargement to larger pipe at C; hp, due to friction in pipe 3; and hey, due to enlargement at
outlet at D. Therefore,

S i3 F_fL’i'g ____________ I
e e 4 En
& Lh, ———
h
Iz ﬁ.,!: - ﬁh\i H
zS hl H:n:lraulic lent —; hl:‘ E
Grﬂdi&ﬂt £y ,':-.—_.—.__:r—._'
hm .y_- ,I ﬁ" I_
l l 2g ‘n J‘.E
Datumy_4——— — ———=—=—=2= —————w-t——— D-

Fig. 9.1 System of pipes connecting two reservoirs

The hydraulic gradient is at a distance V?/2g below the energy gradient at all points in
the three pipes. Since pipe 2 is smaller than pipe 1, the velocity head is greater and the
hydraulic gradient is farther below the energy gradient. With the enlargement at C, however,
the velocity head becomes less, resulting in a rise in the hydraulic gradient at that point.
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In most I1}-‘fzil‘illll1"-3 problems the major pipe friction losses hyy. hp and hg in Eq.(9.1)
constitute most ﬂf_ the total _hc;ld H, and the minor losses are mostly so small as to be
nculi;uhlc. [f the [“PL‘l IC”{Elh 15 about 500 pipe diameters, the error resulting from neglecting
minor losses will ordinanily not exceed 5 per cent, and if the pipe length is 1000 diameters or
more, the effect of minor losses can usually be considered negligible. However, if it is desired
(o include these losses, a solution may be obtained first neglecting them and then correcting
e results by including them.

Figure 9.2 shows a simplified diagram of flow through a pipe line of different
diameters In series connecting two reservoirs. Minor losses are negligible and only the
hydraulic gradient 1s shown. The flow is assumed to be continuous and steady. Two common
problems which arise are:

I. Sizes and lengths of pipe and Q given, to find the total loss of head.

This problem can be solved as follows. The total loss of head is given by

H =hy +hg ey

LV L,V LV}

s f bl g A3 9.2
ha2g a2, 8 e (9.2)

. LY b L Q* 1 80* /L
S " S :f —_——= e =
nce / d 2g d 2gA’ 'fd 2g (md*14) n'gd’ y thetefors
sl ol
H= 8? /i L4+ /s =+ "Gf} (9.3)
g\ d d, d,

Fig. 9.2 Pipe lines of different diameters in series

Now, if the coefficient of friction is the same for all the pipe;,, then Eqs.(9.2) and (9.3)
become

2 2 VZ
H = L LIVL + L.‘!Vl + LJ 3 (9_4)
2g\ d, d, d,

and
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BRI &y k& (9.5)
I , L =T = |
anp\d d d)

: ol Juded if considerable,
respectively. The minor losses can be computed and imcluded if considers

Eoxanmple 9.1

A S5 em pipe takes offabruptly from a large tank, runs 8 m, m_u] then *-‘Kpﬁndﬂ_ahﬂ‘lplly
(0 10 em dinmeter, again runs 45 m, and then discharges directly into the open air with 4
velocity of 1.5 m/s. Compute the necessary height of water surface above the point of
discharpe. Take £, 0.024 and ;  0.026. Include the minor losses.

Solution  We have,d; ~Sem = 0.05m, Ly =8m,d; = 10ecm=0.10m, L =45m, V; =
1.5 m/s, 1) = 0,024, £, = 0.026
Now, height of water surface above the point of discharge = total head loss
v’ "'1 VII " {VI - V#_)_:r_ + f .’E?_ ;E_ + [/21

“H =0.5=—+ | L (1)
2g d d, 2g 2g ' d, 2g 2g
Since the flow is continuous, Q = AV, = AV,
- 2 diy, = * dv,
4 4 -
2 2
¥, =v,| L2 =|.5x[ﬂ'mJ =6mls
d, 0.05
S From (1), we have
6’ 8 6’ (6~1.5) 45  1.5° 1.5
H =0.5 —— +0.024 + +0.026 % X +
“2%981 005 2x981 . 2x9.81 0.10 2x9.81  2x9.8]

=0.917 +7.045 + 1.032 + 1.341 + 0.115 = 10.45 m of water

2. Allowable losses of head and lengths and sizes of pipes given, to find Q.
Four different methods of solution of this problem using Eq. (9.4) or (9.5) are as
follows, .
i) Trial solution: Assume a Q. Compute loss of head in each pipe by formula or
diagram and add the losses, Compare with the allowable loss and revise Q in proper
direction. Repeat until satisfactory check is obtained.
s

i) Algebraic solution: Write ISZ— for each pipe, assuming values of f and
g

cquating sum of the terms to the allowable head loss. Express all ve]ocity' heads in terms of
velocity head in one of the given sizes of pipes. Solve for the velocity head and velocity.

Compute the velocities in the other pipes. Look up proper f's and check total loss of head.
Revise solution if necessary.
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[is method is adapted to the condition in which minor losses are appreciable since
(hev can also be expressed in terms of the velocity head and included in the equation. The
minor loss coefticients selected for the first solution may also need revision.

i) Equivalent-length solution: Reduce the overall length of compound pipe to an
cquivalent Iength of some sclected diameter. With this selected diameter and computed
cquivalent length, determine Q for the given loss of head. Using this Q, check summation of
losses in the Tine. A pipe diagram is of much assistance in the application of this method.

iv) Equivalent-diameter solution: Reduce the different sizes of pipe in series to an
equivalent diameter of the given overall length. With this diameter and length, determine Q
from the given loss of head. Using this Q, check summation of losses in the line. A pipe
diagram 1s of much assistance in the application of the method.

Example 9.2

A pipeline 40 m long is connected to a water tank at one end and discharges freely
into the atmosphere at the other end. For the first 25 m of its length from the tank, the pipe is
|5 cm in diameter and its diameter suddenly enlarges to 30 cm. The height of water level in
the tank is 8 m above the center of the pipe. Considering all losses of head which occur,
determine the rate of flow. Assume f = 0.020 for both the pipes.

Solution Wehave, L=40m,L,;=25m,d,=15¢cm=0.15m,L,=40-25=15m,d; =
30cm=030m,H =8 m, f=0.020
The total head loss is given by
v} L ¥ L A% , ¢ L v, Vz

H=05-"+ o S :
2g f'd 2g 2g *d, 2g 23 ®
Since the flow 1s continuous, Q = AV, = A,V,
%dﬁVI = %dzlyz
_ 5 :
.-..V1 :V'r f.r_l :V;){(.@J =4V—,
B " 1015 :
. From (1), we have
2 2 2 2 2
gutseiia) yogopce 22 LMAE GVl Lopone B LB LT
2g 0.15 2g 2g 030 2g 2g

8V 53.33V7 Sv}r WV} V) 7233}
+ + ==
2g 2g 2¢ 2g¢ 2¢ 2g

i ,/M —1473 m/s
7233

L Q=AY, =1’£-x0.30’ x1.473=0.104 m* /s
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9.3 EQUIVALENT PIPES

Two pipe systems are said to be equivalent whcrl the same
same discharge in both systems. We have, for the first pipe

1 G A d 2¢ ° | ‘-’4"| ELL’(JTdf / 4)? T gdl

and for the second pipe
80/, ©.7)
B ngd, .
For the two pipes to be equivalent, hy = hyp for the same discharge Q. So, equating Eqs.(9.6)
and (9.7), we have after simplifying

head loss produces the

h

f2

J4 _ 4L (9.8)
&

shyep [dl JS (9.9)
) fi\d,

which determines the length of the second pipe to be equivalent to the first pipe.

Example 9.3 ‘ _
Replace 300 m of 250 mm diameter pipe (f = 0.020) with an equivalent length of 150

mm diameter pipe (f = 0.018).

Solution We have, L, = 300 m, d; = 250 mm = 0.25 m, f; =0.020, d, = 150 mm = 0.15 m, f,
=0.018
From Eq. (9.9), we have

a. Y 0.020 (0.15Y
LzzL‘_ji._z =300x = x(’ ] =259 m
fi\d 0.018 \0.25

Therefore, 25.9 m of 150 mm diameter pipe is equivalent to 300 m of 250 mm
diameter pipe.

Obviously, a compound pipe may be replaced by a pipe of uniform diameter and of
the same length as that of a compound pipe, such that the loss of head and discharge are the
same in both the cases. The new pipe of uniform diameter is called equivalent pipe and its
diameter is called equivalent size of the pipe.

Let Ly, L; and L; be the lengths and d,, d; and d; be the diameters of the three pipes of
a compound pipe. Assume that the three pipes have the same friction factor f as that of the
compound pipe. Then, the total head loss in the compound pipe is given by

Lo Vr LV B o A L
H=f_l;+f_n__3._+f_3_3_=8_%i _L5+£25_+_; (9.10)
d3g “d2g ‘d2 weg\d d d) -
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If L is the length and d 18 the diameter of the equivalent pipe that would give the same
Jischarge for the same head loss due to friction, then total head loss in the equivalent pipe

8O /L
. 9.11)
x°ed
where L = Ly + Ly + Ly = length of the equivalent pipe. Equating Egs.(9.10) and (9.11) and
simplifying, we have
L * = * = (9.12)

b d} cf; d.

L:quation (9.12) gives the uniform diameter of an equivalent pipe which has the same
length, same head loss and same discharge as the compound pipe.

It is also sometimes required to determine the length L of a pipe of uniform diameter

d which is available for use to replace the compound pipe. To have the same discharge and

same loss of head due to friction, the length of such a pipe would be

L. Ly AL

L=d’|+t+—F+—= (9.13)
[a-* i

Remember that in this case, L# L, + Ly + L.

1 .

Example 9.4 |
A compound pipe line is made up of pipes 45 cm in diameter for 900 m, 37.5 cm n

diameter for 450 m and 30 cm in diameter for 300 m. (a) It is required to be replaced by a
pipe of uniform diameter. Find the diameter of the new pipe, assuming the length to remain
the same. (b) If we want to replace the compound pipe with a pipe of 40 cm diameter, what
would be the length of this pipe?

Solution We have, d; =45e¢m=0.45m,L; =900 m, d,=37.5cm =0.375m, L, =450 m,
d3=30cm=030m, L; =300 m
(a) L=L;+L;+L;=900+450+300=1650m
Using the equation
L & L @
& d d d
we obtain
1650 900 450 300

= + +
d* 045 0375 030°

=232911

145
d=[213259?1] =03716 m=37.16 cm

% (b) d=40cm

4

ViILL
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& & k)
L E=df| Sha sty
da d dl)

U] b 3-“”;-]—[1.[)It]24>< 232911 =2385.01 m
0.45° 0375 0.30

9.4 PIPES IN PARALLEL -
A combination of two or more pipes connected as in Fig. 9.3, s0 that the flow jg

divided among the pipes and then is joined 1

again, is a parallel-pipe system. In series . ——

pipes. the discharge is same in all the A 2 B
pipes and head losses are cumulative. But — - — n
in parallel pipes, the head losses are the 3

same and discharges are cumulative.

Fig. 9.3 Parallel pipe system

To solve a problem involving parallel-pipe system, the following two conditions must
be satisfied:

I. The head loss in each parallel pipe is the same, i.e. hy = hp = hg.

2. The discharge in the main line is equal to the sum of the discharges in the parallel
lines, i.e. Q = Q, + Q2+ Q.

A mathematical determination of the division of flow can be made by use of the
Darcy-Weisbach formula

LV? B8Q°fL
d2g ngd

dSr"‘
Q= :rf ‘/—

-

(9.14)

so that

(9.15)
If only two branchf:s | and 2 are in parallel, then for a given h¢

I dl 5/2 ; Lz
(e

[f the diameters and the lengths of the two branches are known and the friction factors
are known or assumed, then Eq. (9.16) can be expressed as

0, =FQ, (9.17)
where F is a known quantity. Moreover,
0=0,+0, (9.18) i
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where Q is the discharge through the approach or the exit pipe. With Q known or assumed,
simultancous solution of Eqs.(9.17) and (9.18) gives Q) and Q,. Then, using these
discharges. head losses in pipes | and 2 can be computed. These must be equal. If the
computations do not show them equal, the discharges should be adjusted by tnal until
reasonable agreement 1s obtained.

This method can be extended to any number of branches in parallel. For example,
with three branches in parallel as in Fig. 9.3, it is possible to develop the relations

0,=FQ and @g,=FQ (9.19)
which can be combined with the equation
P=0 +0, +0, (9.20)

to obtain the flow 1n each of the three parallel branches.

Two types of problems with parallel-pipe system generally arise:

1. Having given the lengths and the diameters of all the pipes and the allowable
head loss, to determine Q.

This type is, in effect, the solution of simple pipe problems for discharge, since the
head loss is known. These discharges are added to determine the total discharge.

Example 9.5

In Fig. 9.3, L, = 900 m, d, = 300 mm, f; = 0.021, L; = 600 m, d; = 200 mm, f; =
0.018, Ly = 1200 m, d; = 400 mm, f5 = 0.019 and the head loss between A and B 1s 6.62 m.
Determine the discharge.

Solution We have, hy =hp = hg = 6.62 m. From Eq.(9.6), we obtain for pipe |

e T e
n=his =h= 2 TR T
d, Eg d, 2g(md; /4) 7 gd,
or
h : d; 2 3
By, B R, =J6.62xn x9.81x0.30° _ oo s
8f.L, 8§x0.021x900
Similarly,
h,,xnx’ d; 2 .
0, = | A ¥B Xa%d; =\/6.62m x9.81x020° _ o ion )
i 81.L; 8x0.018x 600
h " d: 2 J
0, = e TE =J6.62xrr s L =0.1897 m’ /s
8f,L, 8x0.019x1200

Q=0 +0,+0,=0.1015 +0.0487 + 0.1897 = 0.3399 m’/s
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2. Having given the total discharge Q and the diameters and the lengths of ¢,

pipes, to find the distribution of flow and the head loss. ——
This type of problem is more complex, as neither the head loss nor ischarge fo,

ollows.
any pipe is known. Two methods of solution of this problem are as f¢

Method 1 Algebraic solution
| Determine the division of flow in the branches

discharges Q2 and Qs in terms of Q,.Then, using Eq. (9.20

Q, can be obtained.
2. Compute the head losses hp, hp and hg. The loss

should be equal.

in parallel. To do so, express the
). determine Q. From Qy, Q, apg

of head in the parallel brancheg

Method 2 Trial solution
|. Assume a discharge Q] through pipe .

2. Determine /), using the assumed discharge.
3. Using k), , determine O, and Q;.
4. The given total discharge Q is split up among the three pipes in the same proportion
as 0/, Q5 and Q;,i.e.
o _ 0
ZQQ! QZ_ZQQ QE—ZQ
where ZQ =0/ +0,+0; .

5. Check the correctness of these discharges by computing hg, hp and hp.

(9.21)

Example 9.6
In Fig. 9.3, L; = 900 m, d, = 300 mm, f; = 0.021, L, = 600 m, dz—ZOOmm f, =

0.018, L3 = 1200 m, d; = 400 mm and f; = 0.019. For a discharge of 0.34 m a"s determine the
flow through each pipe and the loss of head between A and B.

Solution hy Method 1 We have from Eq (9 16)

512
_ if_ ozo 0021 J%O:o.aso
L, 030 0013 600

Q 04809,
Sirmlarly
040 oozlx‘j%o e
030 0.019 1200
3 —l 869'9, (||)

Since Q=0 +0Q, +0,, we have
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0.34 = Q; +0.480Q, + 1.869Q, = 3.3490Q,
0.34
20 =——=0.1015m"/,
73349 e
Then
Q, =0.480x0.1015=0.0487 m’ /5

and

O, =1.869%0.1015=0.1897 m' /s

Using Eq.(9.6), we have

hll :.”'3 5

rogd, 77 %x9.81x0.30°
So, the head loss between A and B is 6.62 m.

=6.62m

Solution by Method 2 Assume Q] =0.085 m’/s. Then, using Eq.(9.6)
. = BOU AL _ 8x0.085x0.021x900
n’gdy 7% x9.81x0.30°
.. For pipe 2, we get

=4.643 m

0 - hy xn* xgxd; =\f4.643><;r"x9.81x0.205 ET
] 8/,L, 8x0.018x 600
and for pipe 3, we obtain
&1L 8x0.019x%1200

The total discharge for the assumed condition is
Q! + Q. + Q) =0.085+0.0408 + 0.1589 = 0.2847 m’ /s
But the total discharge is 0.34 m’/s. So correcting the discharges in proportion, we

obtain
0.085

" 0.2847
0.0408

= 02847
0.1589

' 70,2847 |
Now, check the values of hg, hp and hg using Eq.(9.6).

0, x0.34=0.1015 m’ /s

x0.34 =0.0487 m’ /s

0,

x0.34=0.1898 m’ /s
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_BQI/L, _Bx0.1015°x0021x900 ¢ c)

.II = " = g

T g3 77 x9.81%0.30

p 80:/:L, _8x0.0487° x0.018x600 _ o
" mlgd] 7% x9.81x0.20°

e 80; /,L, :@591‘1393-‘ xﬂ.ﬂle{lzﬂO ERin
" nigd) 7* x9.81x0.40

It is seen that the loss of head in the three branches is almost the same.

Note: Method | seems to be better than method 2.

9.5 PIPE NETWORKS

City water supply distribution systems are constructed in the form of many loops,
branches and junctions, more or less complicated in arrangement. Such a system is called a
network. The methods we have so far considered are not suitable for solving complicated
pipe network problems. An important advance in the solution of pipe network problems was
made by Hardy Cross, who developed a method of successive approximations by which the
distribution of flow in a pipe network can be determined.

Consider an elementary loop A in a general network of pipes, as illustrated in Fig. 9.4,
The arrowheads indicate direction of flow. The
following two conditions must be satisfied for the
solution of pipe network problems.

. At any junction the total inflow must be ! a )
equal to the total outflow. ; A 1 1

2. The loss of head due to flow in a clockwise
direction around a loop must be equal to the loss of > >
head due to flow in a counterclockwise direction. Thus Y ‘
in Fig. 9.4, the loss of head in pipes ab and bc must be - =
equal to the loss of head in pipes ad, de and ec.

- -

Fig. 9.4 Pipe network

A flow may be assumed in each pipe of the loop which will meet the first condition.
Such assumed flow would meet condition 2 only by good luck. The computed loss of head in
the clockwise flow will not ordinarily be equal to the loss of head in counterclockwise flow.
Hardy Cross developed the following method of computing a correction to the assumed flow
that would tend to equalize the loss of head in the two directions.

For a given size, length and roughness of pipe, the loss of head varies as some power
of the discharge, or

h, = KQ" (9.22)
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Ihe values of K and n depend on the formula used. For the Darcy-Weisbach formula, it can
be shown that
= (9.23)
ngd

and

n=2 (9.24)

[t the symbols Y. and ¥ .. denote the summation ufquaniltleq in the clockwise and
anticlockwise directions, respectively. In any elementary loop A, the loss of head in
clockwise flow is the sum of the losses in all pipes in which flow is clockwise around the
loop, and can be expressed as

y.hr=Y.KQ." (9.25)
Likewise, the loss of head in counterclockwise flow can be expressed as
Yec e = Yee KQcc" (9.26)

As pointed out above, the first assumed direction of flow will ordinarily not result in
equality of Y. hy and Y. hr Assuming Y. hyto be larger, the positive quantity given by the
expression

ZL‘ K-'Q-:ﬂ‘ - ZI:C KQccn
represents the “error” of the loss of head. It is desired to determine the amount of the flow
correction AQ which, when subtracted from Q. and added to Qc, will equalize the head
losses in the two directions, and satisfy the condition

2 K(Qc-AQ)" = Tee K(Qeet AQ)' (9.27)

Expanding the quantities in parenthesis by the binomial theorem and retaining only
the first two terms

Y K(Q"- nQ:"'AQ) = Yee K(Qee™ nQec™'AQ) (9.28)
Solving for AQ, we obtain
Y k0 - .KO" i

M WRES W)

From Eq.(9.22), dividing by Q

h
KQ™' = o ) (9.30)
0
Using Egs.(9.25), (9.26) and (9.30) into Eq. (9.29), we get
h :
AQ = —* “h" Z“’}‘; (9.31)
ISR
[Z Q 2 0
Example 9.7

Determine the distribution of flow in the pipe network shown in Fig. 9.5(a). The flows
are 1n liters/sec. Use the Hardy Cross method. :
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Solution

0 9
1o o
@0 o o=\ b s
’é‘\‘ @ _ : & 25
k=2 N4 K=3
% d A
= 5 e 30 25
\5 - K=2 4 Mgy 7
(a) Pipe network (b) First approximation of flow
| =Y \YRF 1o
@0 - \B 57 i \O a 5 b
2558 i
, it Y1675 YEe e
= 2vae = RS e = e— < R
\5 ol X 15 g E E
(c) Corrected flow after first adjustment (d) Corrected flow after second adjustment

Fig. 9.5 for Example 9.7

An assumption of the flows in all pipes is made as shown in Fig. 9.5(b) such that the
total inflow equals the total outflow at each junction. With n = 2 and the given K-values and
using Eq.(9.22), the loss of head in the pipes in a clockwise direction and in a
counterclockwise direction is computed for the loops A and B and the sum of the losses in
cach direction is determined. The quantity hy/Q is also computed for all pipes in each loop
and summed up. Equation (9.31) is then used to determine AQ for each loop. The
computations are shown in a table in which the clockwise losses are shown first for each
loop.

The corrections are then applied to the flows of Fig. 9.5(b). If the clockwise losses
exceed the counterclockwise losses, the algebraic sum of their difference is positive and the
clockwise flow must be reduced by an amount AQ and the counterclockwise flow increased
by the same amount. Pipe ad is common to two loops and therefore requires a double
correction. The corrected flow after the first adjustment is shown in Fig. 9.5(c). A second
computation using the corrected flows is then made and the corrected flow after the second
adjustment is shown in Fig. 9.5(d). The process is repeated till the corrections become
negligible in amount.
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First adjustment

L.oop A | Loop B
ppe K Assumed Q h=KQ' h/Q | Pipe K AssumedQ hi= KQ* h¢Q
ab | |5 225 15 | ad 4 26.43 2794.18 105.72
bd 3 25 1875 75 | e e
------ 1 2794.18
2100 |
| ac 2 15 450 30
ad 4 30 3600 120 | cd 2 30 1800 60)
__________ ' REOpRCIEey ———
3600 210 | 2250 19572
l
2100 = 3600 o
ag=2 36 157 | QQ:Z?Q‘L]S 2250=+l.39
2x210 2x195.72

e e T G R ———— LD L ke d S e d e 5 s L S S e ——

__________________________________________________________________

----------------------------------------------------------------------------------------------------------------

ab 1 18.57 34484 1857 | ad 4 2574 2650.19 102.96
bd 3 28.57 2448.73  85.71 —memm

—memmmeem 2650.19

2719551

ed 2 3139 1970.66  62.78

|

|

|

| ac 2 1639 537.26 32.78
ad 4 2504 250801 100.16 |
|

2508.01  204.44 | 2507.92 19852
] :
AQ = 2793.57 —2508.01 4070 | ~2650.19 —2507.92 — 4036

2% 204.44 T 2x198.52

9.6 BRANCHING PIPES CONNECTING RESERVOIRS AT DIFFERENT

ELEVATIONS: THE THREE-RESERVOIR PROBLEM
In Fig. 9.6, A, B and C are three reservoirs connected by pipes 1,2 and 3. A condition

=
€ of steady flow with constant reservoir levels is assumed. Let L), di, Q, and V, represent
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respectively the length, diameter, discharge and mean velocity for pipe I, and the samg
symbols with subscripts 2 and 3 represent the corresponding terms for pipes 2 and 3. Assumg
that reservoir A supplies reservoirs B and O so that Q Q: + Qs hfuny problems with
branching pipes connecting reservolrs arise. Methods of solving three of these problems are
outhined.

I. Having given the lengths and diameters of all pipes and elevations of the three
reservoirs, to determine Q, Q; and Q;. ) ]

This problem can be solved analytically. Using the Darcy-Weisbach formula, from
Fig 9.6

Tl .
z,~Zg=Hy=h, +h; = fi EI‘_'I_"‘ fq == (9.32)
d 2g "~ d,2g
and
fmze = Ho=hythy = [ D0 939
| d2¢ "'d, 2g

where 7. zs and z¢ are the elevations of the water surfaces in the reservoirs A, B and C
above datum, respectively.

Stk X e 8 i

Fig. 9.6 Branching pipes connecting three reservoirs

Also, since Q, = Q; + Q;, we have
dVv,=d;V,+d;V, (9.34)

With Hg, He, the lengths and diameters of all pipes known, the above three equations can be
solved simultaneously for Vy, V; and V3.
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2. Having given the lengths and diameters of all pipes, Q and the elevations ,OI
water surfaces in reservoirs A and B, to determine the elevation of water surface in
servoir C. -
Fese; Using Q. determine hyy. the head loss in pipe 1. Then, hp = Hy - hn, the hc"f‘_j .lmﬁ, n
pipe 2. using which Q> can be determined. Then Q3 = Q) - Qa, With Qs, the hcgd IJM A pipe

v can be computed and the elevation of water surface in reservoir C can be obtained.

3. Having given the lengths of all pipes, the elevations of water surfaces in all
reservoirs, Qy and the diameters of two pipes d; and d,, to determine ds.

Determine hyy. Q> and Qy as for case 2. Then with Qs and hg = He - hp known,
compule ds.
Example 9.8 ; 5 3

A 60 cm pipe is supplied with water from a reservoir A (Fig. 9.6), and at a point P itis
divided nto two branches of 45 ¢m and 30 ¢cm diameter, which discharge into reservoirs B
and C. respectively. Length of 60 ¢m pipe is 600 m, length of 45 cm pipe is 900 m and length
of 30 em pipe is 450 m. The surface levels in A, B and C and the level at P are 30, ,2]’ 15 and
24 m above datum, respectively. Find the velocity of flow and discharge in each pipe. Take f
= 0.028. Neglect losses other than due to friction.

Solution We have,d;=60cm=0.60m,d, =45cm=0.45m,d; =30cm =0.30m, L, =
600m, L, =900 m, Ly =450 m, zy =30 m, zg= 2l m,zc=15mandzp =24 mand f=
0.028. Referring to Fig. 9.6

LV LV
Hy=z,—zy3=h, +h,, '—‘f_l_l“‘*_rféz_ 3
d2g " d,2g
3 qu
or, 30-21=0.028 x 600 X & +0.028 % 900 X 2
0.60 2x9.8l 0.45 2x9.81
VE 1‘3
o,  GegEL ysga
2g 2g
"V, =4/3.153-0.50 (i)
. X P y2
Agan, H, =z, -z, =h, +;;” :jff‘i_'+f£é._3_
d 2g " d,2g
2 V!
or. 30-15=0.028 600 X d +0.028 x 450 X 4
0.60 2x9.8I 0.30 2x9.8I
or, 15=2800 L4005
2g 2g
¥, =4[7.007 - 0.6670; (ii)

Since Q) =Q,+ Q3 or dV, =d}V, +d;V,, we have
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0.60° xV, = 0.45% x ¥, +0.30" xV,
ar

036V, =0.2025,/3.153-0.5V," +0.09,/7.007 - 0.667V;’
By trial, we obtain

V=142 m/s
Then

V, = J,%.ISJ—[}.SXI.@] =1.46 m/s
and :

V, =7.007-0.667x1.42° =2.38 m/s
Therefore, we obtain

Q, = i}xﬂ.ﬁu-‘ K 1.4%= 040 1

0, = Exmsf X146 =023 # 15

0, =%><ﬁ.3|:12 x2.38=0.17 m’ /s

Check: Q, + Q3 =023 +0.17 = 0.40 m/s = Q,

140




PROBLEMS AND EXERCISES
g 1 State when two pipe systems are said Lo be equivalent.
9 2 What do you mean by equivalent pipe?

0 3 State the conditions of discharges and head losses when the pipes arc (1) connected
eries, and (1) conneceted m parallel.

9.4 What 1s a pipe network? State the two conditions which are to be satisfied for solving a
pipe network problem.

9.5 Describe the Hardy Cross method to determine the distribution of flow in a pipe network,

0.0 Suppose vou want to increase the discharge through a long pipe conveying water from
one reservolr o another reservoir under the same head of water. [How can you do it?

9.7 Water 1s discharged from a tank to another tank having 30 m difference of water levels
through a pipe 1200 m long. The diameter of the first 600 m length of the pipe is 400 mm. for
the next 400 m length of the pipe is 300 mm and for the remaining length of the pipe is 250
mm. Find the discharge through the pipe system, taking into consideration the frictional
losses only. Assume f= 0.020.

9.8 A 50 mm pipe takes off abruptly from a large tank, runs 20 m and then expands abruptly
to 100 mm diameter, again runs for 30 m and then discharges directly into the open air. The
discharge through the pipe system is 10 liters/sec. Compute the necessary height of water
surface above the point of discharge. Take f, = 0.020 and f> = 0.024. Include the minor losses.

9.9 (a) Replace 500 m of 200 mm diameter pipe (f = 0.016) with an equivalent length of 100
mm diameter pipe (f = 0.020).

(b) A compound pipe consists of three pipes connected in series. The first pipe is 900 m
long and 45 cm in diameter. The second pipe is 450 m long and 40 c¢m in diameter. The third
pipe is 300 m long and 30 cm in diameter. Find the equivalent length of a pipe which has a
uniform diameter of 50 cm to replace the compound pipe.

(¢) If the compound pipe of Problem 9.9(b) is to be replaced by a pipe of uniform diameter
but of the same length, find the diameter of the equivalent pipe.

9.10 Two pipes are connected in parallel between two reservoirs as shown in Fig. 9.7 with

length Ly = 2400 m, d; = 1.2 m, f; = 0.026, L, = 2400 m, d; = | m and f> = 0.019. Find the
total discharge, if the difference in water surface elevations in the two reservoirs 1s 3.5 m.
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Fag. 9.7 (Problem 9.10)
2000m of 5ocm
9.11 If the head loss from A to Bin Fig. 9.8 - 1 —
is 4 m. determine the total flow. Take f =
0.020 for both the pipes.

V.12 The discharge of the pipe system 2 >

shown i Fig. 9.9 s 0.50 m'/s. Determine A Room of 3o0em B
the head loss from A to D. Take f = 0.020

!;: u“ihc p:;)es, _ Fig. 9.8 (Problem 9.11)

700m of 30 cm
2 —

1000 m of F0em 500m of 20cem )
A 1 —» B A == C 5 == D

Bcem of 4doem
A —

Fig. 9.9 (Problem 9.12)

9.13(a) Two reservoirs having a difference of water levels of 15 m as shown in Fig. 9.10 are
connected by a pipe 200 mm in diameter and 3000 m long. Calculate the discharge through
the pipe in liters per minute. Take f = 0.024 and neglect all losses other than that due to
fniction.

(b) If a parallel line 300 mm in diameter and 1200 m long is connected to the last 1200 m

of the pipe line to increase the discharge to the lower reservoir, calculate the increase in
discharge in liters per minute due to the addition of the parallel line.
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Fig. 9.10 (Problem 9.13)

014 Usig the Hadry Cross method, determine the
flows m the network shown in Fig. 9.11. The flows
are 1 liters/sec.

015 Three reservoirs A, B and C are connected by a
pipe system as shown in Fig. 9.6. Find the discharge
in each pipe if £ = 0.027. Pipe AP is 800 m long and
00 mm in diameter, pipe PB is1000 m long and 400
mm in diameter and pipe PC is 500 m long and 300
mm n diameter. The surface levels in A, B and C and
the level at P are 32, 22, 18 and 25 m above datum,

respectively.
kkkikEkEk
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Chapter 10

FLUID MEASUR FMENT

10.1 INTRODUCTION : 2

Fluid measurements include the determination of pressurc, veloeity. discharge, shock
waves, density gradients, turbulence and viscosity. There arc many ways these measurements
may be taken, c.g. direct, indirect, gravimetric, volumetric, clectronic, clectromagnetic and
optical. Direct measurements for discharge consist in the determination of the w_lumc or
weight of fluid that passes a section in a given time interval. Indirect methods ‘nfdlscharge
measurement require the determination of head, difference in pressurc, or w:locltly at several
points in a cross-section and, with these, computing the discharge. The most precise methods
are the gravimetric or volumetric determinations, in which the weight or volume 1s measured
by weight scales or by a calibrated tank for a time interval that is measured by a stop watch.

10.2 PITOT TUBE
A bent L-shaped glass tube with both ends open, similar to Fig. 10.1, is called a Pitot

tube. after the French scientist Henry Pitot ( 1695-1771). It is used for measuring the velocity

of flow at a point in a pipe or strcam. When the :

tube is first placed in a moving stream with one _ 'I

end facing the current, the liquid enters the tube

until the liquid surface rises a distance equal to ) : J'-li

e

h due to pressure exerted by the flowing liquid.
Let point 1 be in the undisturbed stream far —

B e ———

20

enough upstream so that the velocity here is not i f [ e
affected by the presence of the tube. Let point 2 H

be on the axis of the tube and at the same ht |
elevation as point 1. As the liquid particle Y\ - N——

moves from 1 to 2, its velocity is gradually \9 L M
reduced from v at | to practically zero at 2.

Fig. 10.1 Pitot tube
Applying the energy equation between points 1 and 2, the elevation heads being
cqual. and neglecting losses

0+H +2—=0+(H+h)+0
2g
or

v=12gh (10.1)
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Hence. the velocity head vi/2g at | is transformed into pressure head at 2, and because
i increascd pressure |Insidc the tube, a column of head v*/2g is maintained inside the tube
e the free liquid surlace outside. By measuring the rise of liquid h in the tube, we can
(he veloaity of flow at poimnt 1.
Ihe velocity obtamed by Eq.(10.1) 18 often multiplied by a coefficient ¢, known as

ab
find oul

e Pitot tube cocfficient, such that

(10.2)

s cocfhicient takes into account the error due to turbulence and energy losses. The
sumerical value of this cocfhicient varies from 0.95 to 1.0.

The Pitot tube method is one of the most accurate methods of finding the velocity of
Jow in a pipe or in an open channel.

The Pitot tube can be used to measure the velocity of water in an open channel a
4 10 a closed pipe. For an open channel, a simple Pitot tube, explained above, will serve the
purpose. However, for a closed pipe in which the water is flowing under pressure, it 1s
necessary to measure the static pressure p also. Then the velocity head will be equal to the
iotal Pitot tube reading minus the static pressure head. The static pressure head is measured
by inserting another L-shaped tube with its end pointing towards the flow downstream (Fig.
1 10.2a). The water will be drawn in this tube due to static pressure. If now the tubes are
connected by an inverted U-tube manometer, the difference of water height h will give the
velocity head. Such an arrangement is known as Pitot meter or Pitot static tube. The static
| pressure can also be measured by inserting the other end of the inverted U-tube to the pipe, as

shown in Fig. 10.2(b).

s well

INVERTED .
U-TUBE

— — m— —

e m— — E— — S — — ———

—— —— e — W S— S ——

— e — — — W— — —— —

- S | e — ey Wt s e ==—

—— —— =
- (a)

Fig. 10.2 Pitot tube in a pipe

MG
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Example 10.1

A Pitot tube is placed in water as shown in Fig. 10.1
a height of 10 em above the water surface outside the tube. C
upstream ot the tube,

and the liquid rises n the tupe o
alculate the velocity of stregp,

Solution  Tlere, h = 10 cm = 0.10m
The velocity of the stream upstream of the tube 15
v=2gh = J2x9.81x0.10 = 1.40 m/s

/

10.3 VENTURIM E'I‘ER“'W

Venturimeter is widely used for measuring discharge through a pipe, especially large
discharges. It was invented by an American engineer, Clemens Herschel, in 1887 and wag
named by him in honor of the original discoverer of the principle involved, G. B. Venturi, ap
Italian philosopher.

A Venturimeter (Fig. 10.3) in its simple form consists of (1) a short converging cone
BC connected to the approach pipe at the inlet end B, (ii) a cylindrical throat CD, and (iii) a
oradually diverging cone DE connected to the pipe at the outlet end E. The Venturimeter may
be horizontal, vertical or inclined, but it is generally kept horizontal. The Venturimeter must
run full and it should be preceded by a straight length of pipe of not less than 5 to 10
diameters of pipe to reduce most of the turbulence in order to get accurate results. In order to
avoid the tendency of fluid to separate at the throat due to increase in velocity and decrease in
pressure, the ratio of the throat diameter to pipe diameter should be Y to %, the most suitable
value being % to %. The length of the divergent cone is made equal to 3 to 4 times the length
of the convergent cone to reduce the frictional loss of head caused by turbulence as the
velocity is reduced. When the frictional losses are of least consideration, the Venturimeter
can be made with convergent and divergence angles up to 3 0" and 14°, respectively. The size
of a Venturimeter is expressed in terms of inlet and throat diameters, €.g. a 30 cmx 10 cm
Venturimeter fits a 30 cm diameter pipe and has a throat of 10 cm diameter.

(a) Inclined Venturimeter (b) Horizontal Venturimeter with differential manometer

Fig. 10.3 Venturimeter
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( V. prand z; represent the mean velocity, pressure and elevation, respectively, at
the inlet. Let Vs, pa and 7, represent the corresponding quantities at point 2 in the
rting energy equation between points | and 2, neglecting friction and assuming

Le

“1”1[ | IH

Ihru;l[. W _ ]
iform veloeity m cach cross-section, we get
1 3 7
i', j,' V rd
= < Ilr}l t+ : = I + f - + '—E— (l()“})
Ty Ty 2
or
I..'\- II } f 3 }1
I N L e L (10.4)
28 2g \ ¥ R

This equation shows that the increase in kinetic energy is equal to the decrease in
memial energy, a statement which has been called the Venturi principle. The df:crcas.‘e n
sotential energy is the difference in levels of liquid in piezometer tubes connected to the inlet
snd throat, It 18 commonly measured by means of a U-tube or differential manometer
connecting inlet and throat (Fig. 10.3b). Two piezometer tubes inserted at the inlet and throat
may also serve the purpose (Fig. 10.3a).

Now, applying the equation of continuity between sections 1 and 2

Q=A4V, = 4,V, (10.5)
Combining Egs.(10.4) and (10.5), the velocity at either section 1 or 2 can be obtained. With
the area known, the theoretical discharge Q, can be computed. For example, if we compute
V5, then from Eq.(10.5)

4

Vo W} (10.6)
2g 2g\ A4,
and combining Egs.(10.4) and (10.6), we obtain

A
v, =—" fZgh (10.7)

so that
AA,
0, = 4,V, —=.\[2gh (10.8)
Al - 45
where ;
hz(z, +&]-[zz +P1) (10.9)
y ) ¥
When the Venturimeter is horizontal, z, = zs, and
=Ll 22 (10.10)
Yy v

Here, h is known as the Venturi head and represents the difference in pressure heads.
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Ihe actual discharge Q of a Venturimeter w 11 be less than the theoretical discharge Q,
given by Eq.(10.8) owing to the non-uniform distribution of velocity over the pipe section g
well as friction and other losses. The theoretical discharge 1s therefore multiplied by 4
correction factor Cy. less than unity. to get the actual discharge Q. or

Q=C,xQ, (10.11)

The correction factor Cy is known as the meter coefficient or the discharge coefficien
It is best determined by measuring the actual flow Q through the Venturimeter by volume ¢,
weight, computing the theoretical flow Q, from the manometer reading and the meter
dimensions and computing the ratio of Q to Q.. The value of Cq is affected by the ratio of A,
to A.. velocity, kinematic viscosity of fluid flowing and the roughness of the mnner surface of
the Venturimeter. However, the coefficient of a standard Venturimeter has a fairly constant
value between 0.96 and 0.99.

| ) _ :
[n Eq.(10.8), the facto —%:Jlg [ is constant for a particular Venturimeter and
Aﬁ . A;, . ;

is generally known as Venturimeter constant.

Venturimeters are usually installed in an approximately horizontal position. However,
for a given discharge the difference between the clevations of the liquids in the two
piezometers (Fig. 10.3a) or the differential manometer reading (Fig. 10.3b) will be the same
regardless of whether the meter is horizontal or inclined. Since it is assumed that the
discharge remains the same, the increase in kinetic energy and likewise the decrease in
potential energy must also remain unchanged regardless of the position of the meter.

Example 10.2 .JL/

A horizontal Ventuimeter having a throat 10 cm in diameter is installed in a 30 cm
pipe and is used for measuring the flow of oil of specific gravity 0.9. The oil-mercury
differential manometer shows a gauge difference of 20 cm. Calculate the actual discharge in
liters per sec if the meter coefficient is 0.98.

Solution We have, d; = 30 cm = 0.30 m, d; = 10 ¢cm = 0.10 m, Specific gravity of oil =
0.9, Pressure difference = 20 cm, C4 = 0.98
Area at inlet, A, =%x = % x0.30% =0.071 m*

Area at throat, A, =i4r-><a’32 :%x{llﬂ! =0.0079 m’

Difference in pressure head, h = 20 cm of mercury

| - 20 136 o 202 m oFuil
N\ H 100" 0.9

Y,

YA

F

}ﬁ'. \ =

-
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{, . [ {},!']7] x[l{l{]?‘}'
L

¢ = =\ 2gh e 9.81x2.822
JAT = A, vO.071° - 0.0079°
0.0588 m'/s = 58.80 lters/see
=0, %0, =0.98x58.80 =57.63 liters/scc
04 ORIFICE
N i rlp[]ﬂ"
An orifice 1s an upu]mu i the wall of a vessel through which a liquid flows, The

al purposc of an oritice is the measurement of flow. The orifices are classified according
 their size, shape, shape of the upstream end and discharge condition as follows.

a) Size : Small and large orifices
b) Shape : Circular, rectangular, square and triangular orifices
¢) Shape of the upstream end: Sharp-edged and rounded or bell- mouthed orifices
d) Discharge condition : Freely discharging and drowned or submerged orifices

Theoretical Velocity

Consider a vessel fitted with a vertical rounded orifice discharging water into the
amosphere under a head of H as shown in Fig. 10.4. The upper surface of the liquid in the
vessel is also exposed to the atmosphere.

The liquid particles, in order to flow out through the orifice, move towards the orifice
from all directions. Because of the inertia of these particles, they cannot make abrupt changes
n their directions to reach the orifice and they
therefore follow curvilinear paths that cause the jet to
contract for a short distance after leaving the orifice.
The section C-C where contraction of the jet is
maximum 1s known as the vena contracta. For a

sharp- edgcd orlf'cc the véna contracta i IS found tot be

pressure is atmospheric and the velocity {}f_llql.ud is
maximum. Obviously, there is no contraction of the
jet beyond the vena contracta,

Fig. 10.4 Discharge from orifice

Since liquid particles at different elevations discharge through a vertical onfice under
different heads, their velocities are not the same. In orifice flow, however, velocity is
ordinarily taken as the velocity due to mean head H. The mean velocity thus obtained is
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represented by the symbol Vi, while the mean x—ulnciw In tl_u: cimnnclqﬂ? 'Tl["_r:}fﬂ;"flhq‘*;ill‘-‘dl [t]he
velocity of approach, is represented by V. Considering points | and 2 as Shown B S
and applying the energy equation between them, we obtam

y: oy’ W

. e B e 10.12)
A o0 L P (
H + -
or
T =
I.
Vo ||2£.' i Xa (10.13)
f M L 2}:
If the cross-sectional area of the vessel is large compared to the area of the orifice, the

velocity of approach becomes negligible, and |
‘Uar = J2gH \ (10.14)

[n Eq.(10.13) the quantity in brackets and in Eq.(10.14) the quantity H represent the
total head producing flow. Equation (10.14) indicates that the theoretical velocity of
discharge from an orifice, i.e. the velocity which would exist if there were no loss of head, 1s
the velocity acquired by a body falling freely in a vacuum through a height equal to the total
head of the orifice. This principle, discovered by Torricelli in 1644, is known as the
Torricelli’s theorem.

Example 10.3

A water main gives a pressure reading of 490 kN/m’. Find the theoretical rate at
which water in it is escaped through a circular orifice 2.5 cm in diameter.

Solution We have, p = 490 kN/m’, Diameter of orifice, d = 2.5 cm = 0.025 m
We know that, p = yH
~H=£= i =49.59 m of water
y 9.8l
Theoretical velocity of flow through the orifice
V, =\[2gH =J2x9.81x49.59 =31.30 m/s

.. Theoretical rate of flow at which water is escaped through the orifice

D = ARV =%xu.0253 x31.30=0015m’/s

Coefficient of Velocity

The actual velocity of the orifice jet at the vena contracta is less than the theoretical
velocity, because of the frictional resistance that occurs as the liquid enters and passes
through the orifice. The ratio of the actual mean velocity V of the jet at the vena contracta to
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the heoretical velocity Viat the vena contracta that would oceur without friction 1s called the
oelficient ol velocity and 1s designated by C,. Thus,
k

& :. and  V=CV (10.15)

Ihe value of C, varies from 0.95 to 0,99, the average value being 0.97. The value of
¢, eencrally mereases with the head under which the flow takes place.

Coefficient of Contraction

The ratio of the cross-sectional arca of the jet at the vena contracta to the area of the
orifice 1s called the cocflicient of contraction. If a and A represent respectively the CrOss-
scctional arca of the jet at the vena contracta and the area of the orifice and Ce is the
coellicient of contraction, then

c = or a=C.A (10.16)

C T , |

The theoretical value of C, is n/(m + 2) = 0.61 1, but in practice its value varies 'fr-:}l_'n
0.61 t0 0.69, depending on the size and shape of the orifice and available head of the liquid
under which the flow takes place. An average value of C. is about 0.64.

Theoretical and Actual Discharges _
If V, be the theoretical velocity given by Eq.(10.14) and A be the cross-sectional area
of the orifice, then the theoretical discharge through the orifice is given by

O, = AV, = AJ2gH (10.17)

On the other hand, if V be the actual mean velocity of the jet at the vena contracta, the actual
discharge through the orifice 1s given by

O=ul (10.18)
Since a = C.A and V = C,V,, the above equation becomes
Q=C AxCV, =C.AxC,J2gH =C.C,A\2gH (10.19)

It is usual to replace the product C.C, with a single coefficient Cy, ca[led_ the
coefficient of discharge. The equation for the actual discharge of a fluid through an orifice
thus becomes

} Q=C,A4\2gH = CJQJ - (10.20)
e —==lis
Coefficient of Discharge .
The ratio of the actual discharge through an orifice to the theoretical discharge 1s

known as the coefficient of discharge Cy, 1.€.
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- Actual discharge () (10.21)

" Theoretical disch arge (),
and comparing Egs.(10.19) and (10.20), we obtain

10.22°
\i C,.=CLC \ ( )

The value of Cy varies with the values of C, and. €. I_I xiﬂf'%d[mmh&?g }:0 0.6
depending upon the shape and size of the orifice. the head uflllquad under w lLl.l the ﬂu,_‘,
takes place. the approach conditions and the viscosity of the fluid. An average value of Cyi
about 0.62.

Head Lost in an Orifice ‘ o
Orifice flow is no exception to the general rule that ﬂl.?ld motion 15 alway
accompanied by an expenditure of energy. For use in hydraulic engineering problems, th,
loss of energy due to flow through an orifice is conveniently expressed in two ways: (1) as
function of the velocity head, and (2) as a function of the total head.
| Consider a fluid to be discharged from an orifice under a total head of H. Th
velocity of flow is ¥ = C_\/2gH . from which the original head
| Ve
Cf 2g |
The head remaining in the jet is the velocity head V?/2g. So, the lost head Ho = original heac
— remaining head, or

Hu:H——I:=-IT£—E;= ],—l L (10.24)
2¢ C/2g 22 \C, )2g
2. From Eq.(10.23), the velocity head in the jet

(10.23)

—=CH (10.25)
2g
Therefore, the lost head
D:ﬁ_;’_"=H_c3H:(1_c3;H (10.26)
g

The ratio of the loss of head in an orifice to the head of water available at the exit of
the orifice is called the coefficient of resistance C,, i.e.

B Loss of head in the orifice ~ H,

" Head of water available at the exit of the orifice Vi g
Using Eq.(10.24), we obtain

(10.27)
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\C: )28 I
e S (10.28)

| Determination of Orifice Coefficients
(ermination of lhlc coefficient of discharge Cy: The cocfficient of discharge
value to the engineers. From Egs. (10.17) and (10.21), we get
Actual discharge )
. AL CHEHE QL __Q (10.29)
! Theoretical discharge (), AJZgH
The simplest muthndl of determining Cy4 is by measuring the actual discharge through
\ arca of the orifice and the total head, and then using Eq.(10.29).

s aenti
: 5,N-mull

is of preatest

he O fice,

(2) Determination of the coefficient of velocity C,: The coefficient of velocity C,
ained from the equation

V
C, =1 (10.30)
2eH
if the velocity of the jet at the vena contracta V and the total head H are determined. The
celocity of the jet at the vena contracta can be computed from the area of the jet and the
neasured discharge Q. It can also be determined with fair accuracy with a Pitot tube or by the

rdinate method presented below.

The Coordinate Method of Determining C‘,W/
Figure 10.5 represents a side view of a jet from an orifice. The jet at the vena

contracta is traveling horizontally with a velocity V. The f

force of gravity causes the jet to move downward. Let x and y

be the coordinates of any other point P in the jet. Neglecting

Jir resistance, the horizontal component of the jet velocity is 4

constant with the time t, from which 3 T
x=W Jet

The jet has a downward acceleration which conforms to the P

law of falling bodies from which

i

y==gt’
2
Eliminating t between the above two equations Fig. 10.5 Determination of C, by
coordinate method
i
X = (10.31)
g .

= which is the equation of a parabola with its vertex at the vena contracta. It is thus obvious that

S the path of a jet from a vertical orifice is a parabola.
> Solving Eq.(10.31) for V, we get
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e (10.32)
V= >

Now, the theoretical velocity of jetis
v = 2gH
(10.33)

r
X
- The coefficient of velocty, €, = —= I— —
-~ The coethicient of ve \ % \J;l}.mj{

(3) Determination of the coefficient of cqnlraction C.: The coefficient
contraction may be found by measuring the area of the jet at the vena contracta, and then |
dividing the same by the area of the orifice, 1.¢.

Area of the jet at the vena contracta _ d (10.34)
Area of the orifice A

Coefficient of contraction, C, =

It is often difficult to locate the vena contracta exactly and measure the area ofthej,
at the vena contracta accurately. Therefore, it is recommended that the coefficient |
contraction C¢ be determined using the relation

c

C =—2%
3 C],

(10.35)

Example 10.4

A 60 mm diameter orifice is discharging water under a head of 9 m. Calculate th

actual discharge in liters per second and actual velocity of the jet at the vena contracta, if C,
0.62 and C, = 0.96.

Solution Given,d=60mm=0.06 m, H=9m, C4=0.62,C,=0.96
Area of the orifice, 4 = %x d? = %x 0.06* = 0.00282 m’

The theoretical discharge through the orifice is

O, = AJ2gH =0.00282x/2x9.81x9 = 0.0375 m’ / s = 37.50 liters /sec
. The actual discharge through the orifice is

Q=C,0 =0.62x0.0375=0.02323 m’ / s = 23.23 liters / sec

The theoretical velocity of the jet at vena contracta

V,=y2gH =v2x9.81x9 =13.29 m/s
. The actual velocity of the jet at vena contracta

V=CV =09x13.29=12.76 m/s
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. o m ].h’_‘ 1"-5 . ) . ~ . )
Exa I\\';,[cl' flows through a circular orifice 2.5 cm in diameter in the side of a tank. The

anstant head of water above the center of the orifice is 75 cm. The coordinates of the center
'Ihalnc.nT'thc jet are 30 cm hurnzlnntally from the vena contracta and 3.2 cm vertically below the
e of S 'I".E"“ discharge from the orifice is 1.186 liters/sec. Find the orifice
cocfficients Cy. Cv and C.

Golution Given, d=25ecm=0.025m H=75cm= 0.75 m, x =30 cm =0.30 m,
) y=32cm= 0.032 m, Q = 1.186 liters/sec = 0.001 186 m*/s

= T . T 7 1
Arca of the orifice, 4= 3 id* = y % 0.025° =0.000491 m~

)
Coefficient of discharge, C, = £ Q@  _ 0.001186

= =0.63
O, AJ2gH 0.000491x/2x9.81x0.75

; : i 0.30°
Coefficient of velocity, C, :\j al =‘j 0

4yH  V4x0.032x0.75
Coefficient of contraction, C, = & = 0_6_3 =0.65
C, 097

Time of Emptying a Vessel through an Orifice

[f water is flowing out of a vessel or tank through an orifice at the bottom or side of a
tank, the free surface of water in the vessel will vary resulting in variation of head on the
orifice and thus the rate of flow will also vary with time. The time required for the water to
fall from level 1 to level 2 (Fig. 10.6) can be determined as follows.

Let A, be the uniform cross-sectional area of the vessel, H; be the initial head, H; be
the final head and t be the time required to bring the level from 1 to 2.

At some instance, let the head on water be h. The theoretical velocity of water through
the orifice at this instant 1s

v=12gh (10.36)

In time dt, let the water level fall by an amount dh. So, during
this interval, a volume of water A,dh leaves the vessel and the
orifice discharges a volume of water equal to Qdt. Thus,

A (~dh) = Q.dt
ar
di = -2 g (10.37)
Q

Fig. 10.6 Vessel with an orifice at the bottom

The negative sign is used because the head decreases as the time increases.
If A is the cross-sectional area of the orifice, then
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0 =C,A\2gh 1D3q(il‘].38]
where Cy 18 the coefficient of discharge. Therefore, from Egs. (10.37) and (10.38), we obt,

dr =~ —I--Fi— —h (10‘39)

C,Ay2 g’
| s B : . . .
The time t required to bring the water level from | to 2 1s obtained by integrating
above equation between the limits H, to H, 1.e.

H, 3 i B!

' 'f] ;1 A 172 1 J
== [ et [hrdn = { ]
gf ifﬁ 2¢ C,A g;[ C,A2g\1/2 ),

J—(F ) M(Qﬁ/;'ﬁ) (1040)

The time required for completely emptying the vessel or tank is obtained by pyy
H, =0 1n Eq.(10.40), i.e.

24,H, (10.41)
C,A2g

Example 10.6 _ _
A cistern of cross-sectional area 1 m” contains water 4 m deep. A circular orifice

mm in diameter is provided at its bottom. Find the fall of water level after 2 minutes. Take
=0.60.

] =

Solution A,= 1 m’, H; =4 m, Dia. of orifice, d = 60 mm = 0.06 m, t = 2 min = 120 sec, C
0.60

Area of the orifice, A = gxdz = % % 0.06> = 0.002827 m”
Using Eq.(10.40), we obtain

oo 2xIxWA-JE,)  4-2fm,

0.60x 0.002827x~/2x9.81  0.0075

or.
09=4-2/H, or .[H, =4‘2°'9=|.55
*H;=240m
. Fall in water level=H, ~-H,=4-240=1.60 m
10.5 MOUTHPIECES

It has been determined experimentally that if a short pipe is fitted to an orifice, it wi
increase the discharge through the orifice by increasing the value of the coefficient
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Jischarge: Hlu‘h__ a4 pipe, “’I‘“-“"F_ length 1s gcncratl_ly more than 2 times the diameter of the
orifice and s fitted to the orifice uxtcrn:_llly or mternally is known as a mouthpicce. The
mouthpicees are L.‘fu.d (0 terease .thc discharge by making them run full of water and
pereasing the coclficient of u.'nnln_zclmn.

The mouthpieces are classified based on the position, shape and nature of discharge as

follows: , :
a) Position - External and internal mouthpieces
pleces

b) Shape : Cylindrical, convergent and convergent-divergent mouthpieces
¢) Nature of discharge: Mouthpieces running full and running free

External Mouthpiece

The discharge through an orifice may be increased by fitting a short tube or pipe of
sufficient length to the outside of the orifice as shown in Fig. 10.7. Such a tube or pipe which
is attached externally to an orifice is known as the external mouthpiece. We know that the
vena contracta occurs one-half diameter of the orifice away from the outlet of the orifice. If
an external mouthpiece is fitted to the orifice and it has a length more than half the diameter,
then the vena contracta will occur inside the mouthpiece.
The minimum length of the mouthpiece is 2 to 3 times
the diameter of the orifice. The jet will diverge after the
vena contracta and thus the mouthpiece will be full with
water, which makes the coefficient of contraction as
unity. The coefficient of velocity is about 0.85 and hence
the coefficient of discharge will be 0.85.

Fig. 10.7 External mouthpiece

Let V be the velocity of the liquid at outlet and V. be the velocity of the liquid at the
vena contracta. Assuming that the coefficient of contraction is 0.62, we have

a=C.A4=0.624 (10.42)
As the flow is continuous, we have
aV, = AV | (10.43)
Combining the above two equations, we have
V. = - (10.44)
a 062

We see that the jet after contracting at section 1-1, suddenly enlarges at section 2-2.
Due to this sudden enlargement, there will be a loss of head

Codl
2 o "V] 2
W-F) _\bec - 0375/~ (10.45)

2g 2g 2g
Applying the energy equation between A and B, we have

h

[
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g=Yin =Y 0375 <1375 (10.46)

_ 2¢  ° 2¢ 2¢r 2y
or

D ol
V= J-?*‘-”- = 0.855,/2¢H (10.47)

L33

We know that the theoretical velocity at the outlet

v = 2l

. Coefficient of velocity, C, =

_— — e =

Theoretical um"m:h; . .J:?l gfl

Actual velocity 0.855y28H _ ) oss (10.48)

For finding the discharge through the external mouthpiece, we first detef;mllne t
coefficient of discharge for the mouthpiece. Considering section 2-2, the coefficient
discharge

C,=C, xC =0855%1=0.855 (10.49)

This shows that the coefficient of discharge has cnnsidf—:rably increased by fitting ;
external mouthpiece. The discharge through the mouthpiece is given by

Q=C,A4\2gH =0.8554,/2gH (10.50)

It has been experimentally found that there is some loss of head at the entrance to tt
mouthpiece, depending upon the type of orifice. This loss of head sometimes reduces tt
coefficient of discharge up to 0.82. But for all practical purposes, the value of Cy 1is taken :
0.855.

The coefficient of discharge for an external mouthpiece also depends on its lengtt
The coefficient of discharge will decrease with the increase in length due to greater friction;
resistance 1n the mouthpiece. The following table shows the decrease in the coefficient
discharge with increase in the length of the mouthpiece.

Length of mouthpiece 3d 5d 10d 25d 50d

Coefficient of discharge 0.81 0.79 0.77 0.71 0.64

Example 10.7

Find out the discharge from a 100 mm diameter external mouthpiece, fitted to th,
sides of a large vessel, if the head over the mouthpiece is 4 m.

Solution Given,d=100mm=0.10m, H=4m
Area of the mouthpiece, A = %aﬂ = %x 0.10% = 0.007854 m>
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© Discharge from the mouthpieee
0 = 0.8554y2g1 = 0.855x0.007854 % 1/2x9.81x4 = 0.0595 m’ / s

nal or Borda’s Mouthpicce

A mouthpicee having its end projecting into the liguid, 1.c. inside the vessel 1s known
as an internal or re-entrant or inward-projecting mouthpicce (Fig. 10.8). It 1s also known as
(he Borda's mouthpicee after the French scientist Jean Charles Borda who showed that the
coefficient of contraction for such a mouthpicce for an ideal fluid is 0.50.

Inter

-

(a) Running free (b) Running full
Fig. 10.8 Borda’s mouthpiece

If the jet after contraction expands but does not touch the sides of the mouthpiece, it is
said to be running free (Fig. 10.8a). But if the jet after contraction expands and fills up the
whole mouthpiece, it is said to be running full (Fig. 10.8b). It has been found expernimentally
that, if the length of the mouthpiece is less than 3 times its diameter, it will run free. But if the
length of the mouthpiece is more than 3 times its diameter, it will run full. The coefficient of
discharge will be different in the two cases.

(1) Mouthpiece running free: With reference to Fig. 10.8a, let H be the head of
liquid above the mouthpiece, a be the area of the contracted section, A be the area of the
mouthpiece and V be the velocity of the jet at the contracted section.

Now, pressure of the liquid in the mouthpiece, p =y and the force acting on the

mouthpiece -
= pressure x area = YHx A = yHA (10.51)

Mass of hiquid flowing per sec
= paV
. Momentum of the flowing liquid per second
= Mass xvelocity = paV xV = palV'? : (10.52)

Since water is initially at rest, initial momentum = 0 and therefore the change of
momentum
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paV . (10.33)

According to Newton's second law of motion, the foree 1s cqual to the rate of ch:a.ngE
of momentum. Therefore, equating Lgs. (10.51) and (10.53), we get

aV -

yHA = paV~ or HA = — (o y=p8)
y
or

y? p? y?
XA= 27 (.. for an ideal fluid, H = — )

2g g 2g
A=2a

-. Coefficient of contraction, C_ = % = 21 =0.5 (10.54)
a

For an ideal fluid, the coefficient of velocity, C, = 1. So, the coefficient of discharge

C,=C,xC.=1x0.5=0.5 (10.55)
L Q=C,AJ2gH =054\2gh (10.56)

Equation (10.56) gives the actual discharge through a Borda’s mouthpiece when running free

(2) Mouthpiece running full: With reference to Fig. 10.8b, let V. be the vglocity 0
the jet at the vena contracta and V be the velocity at the outlet. Since the flow is continuous

aV, = AV
or
o (10.57)
a

We have seen earlier that the coefficient of contraction for the Borda’s mouthpiece i
0.5. Therefore, substituting a/A = 0.5, we obtain

V=2V (10.58)

The"jet after passing through section 1-1 suddenly enlarges at section 2-2. Therefore
there will be a loss of head due to sudden enlargement, given by

. W=7y QF-vy B
‘ 2g 2g 2g

(10.59)
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Vile

\pplying (he encrgy equation between points A and B, we get

¥

) 1 JI I’ 2 | I.-' L V
i e
ft 2¢ ' 28 2¢ g
¥ =g (10.60)

Actual discharge, Q:AJ;;E. But the theoretical discharge, Q, = A,/2gH .

[herefore, the cocfficient of discharge

o 5 Actual cé";.*.‘r.'.:"rilrgﬁ L A %ff_ B | b
" Theoretical disch arge AJZgH .JE

L Q=C,A2gH =0.7074\2gH (10.61)

Equation (10.61) gives the actual discharge through a Borda’s mouthpiece when running full.

We see that the coefficient of discharge of an internal mouthpiece is less than that of
an external mouthpiece. The reason is that in the case of external mouthpiece the liquid
particles have to deviate through a maximum angle of 90°. But in the case of internal
mouthpiece, the liquid particles have to deviate by as much as 180°. Due to more angle of
deviation of the liquid particles, the contraction of the jet is more in the case of internal
mouthpiece than that in the case of external mouthpiece. So, the coefficient of contraction C,
and the coefficient of discharge Cq4 for an internal mouthpiece are less than those for an
external mouthpiece.

We also see that the discharge is more when a mouthpiece 1s running full than the
discharge when a mouthpiece is running free. This is because when a mouthpiece is running
full, negative pressure is created at the vena contracta which increases the discharge.

Example 10.8
A Borda’s mouthpiece of 100 mm in diameter discharges water under a head of 4 m.

Find the discharge through the mouthpiece, when the mouthpiece is (a) running free, and (b)
running full.

Solution Wehave,d=100mm=0.1m, H=4m
Area of the mouthpiece, A4 = %d"‘ = %x 0.10? = 0.007854 m’

(a) When the mouthpiece is running free

0=054,2gH =0.5x0.007854x2x9.81x 4

=0.0348 m’/s
(b) When the mouthpiece is running full

0=0.70742gH =0.707x0.007854 x /2 x9.81x 4
= 0.0492 m’/s
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10.6 FLOW THROUGH NOZZLES

Introduction _ _

A nozzle is a tapering mouthpiece, fitted to the outlet end n{ a pipe. It 1s gtﬂ*fm"}'
used to have a high velocity of water, as 1t converts the total head (_11 water 1nto velocity op
kinetic head. A high velocity of water is required in fire fighting, mning ““d pOwer
developments. Nozzles are used at the end of hose pipes and in some forms L_}i turbines, Ag
the pressure of the jet issuing from the nozzle is atmospheric, the wholr.f 0_1 the Cnergy is
kinetic. The loss of energy in the nozzle itself is small compared with the frictional loss in the
pipe to which the nozzle is fitted and may be neglected.

Velocity of Water through a Nozzle _ _
Consider a nozzle BC fitted at the end of a pipe AB through which water is ﬂc:n_wmg
(Fig.10.9). Let L, d and f are the length, diameter and friction factor for the pipe AB, V 15 the
velocity of water in the pipe AB, v is the velocity of water through the nozzle, D is the
diameter of the nozzle and H is the total head of water under which the flow takes p!ace.

A B ¢

_ , T i
2 -—a—- = for— et T L?
i,

‘ . L ,

Fig. 10.9 A nozzle

Then, the area of the pipe AB is
f=Zgt (10.62)
4

and the area of the nozzle at C is

T
=—D’ 10.63
s ( )
Since the flow is continuous, the discharge
O=AV =av or, V=£} (10.64)
We know that the loss of head due to friction in the pipe AB
LV?
hy =f—— 10.65
' d2g 4 )

and the loss of head due to velocity at outlet
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1.1
= (10.66)
Assuming that the minor losses are negligible and the total available head of water is
lost while flowing through the pipe and the nozzle, we can write
1 = Loss of head due to friction + Loss of head due to velocity at outlet

.
=h, + 7 (10.67)
Using Egs.(10.64) and (10.65), Eq. (10.67) becomes
LY L [a*v? viooW? L a
H=f=—4—=f e S reioenih] -
Td2g 2g d.lg{ /rJ 2g Zg[f XAEJ’J o

2gH
- (10.69)

d" A
Equation (10.69) gives the velocity of water through a nozzle.

Example 10.9
A pipe 3.2 km long and 90 cm in diameter is fitted with a nozzle of 20 cm diameter at

the discharge end. Find the velocity of water through the nozzle if the head of water is 50 m.
Take f = 0.024 for the pipe.

Solution Here,L=32km=3200m,d=90cm=0.90m,D=20cm=0.20m, H=50m,
f=0.024

Area of the pipe, 4 = %dz . %x 0.90% = 0.6362 m*

Area of the nozzle, a = %Dl =-}x 0.20% =0.0314 m*

Using Eq.(10.69), we obtain
v= ziH = 2“2'28{:;5% =683 m/s
1+ f 2% 140.024x " —x——
d A 0.90 " 0.6362°

Transmission of Power through a Nozzle
We know that the kinetic energy of the jet through the nozzle

AR
2g
. Power available at the outlet of the jet
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)2 _ 7
f’f--}ﬁg}- h.p. (.. 1 h.p. = 75 m-kg/s) (10.70)
2¢ %75
Using Eq.(10.67), we obtain
Y e (10.71)
Zq_ 4
. Power transmitted through the nozzle is given by
A<l (10.72)
75
Ry LV - (10.73)
75 dlg
and using Eq.(10.64)
2 .2
pto¥y M [aV hip. (10.74)
75 2gd\ A°

Efficiency of Power Transmission through a Nozzle
We know that power available at the outlet of the nozzle

p-12”
2g %75

and power available at the inlet of the pipe

. L

75

. Efficiency of power transmission
v’
= Power available at the outlet of the nozzle _2gx75 _ v _ H-h, (10.75)
Power available at the inlet of the pipe YOH  2gH H '
75

Example 10.10

Water 1s supplied to a hydro-electric plant at the rate of 500 liters/sec under a head of
250 m through a pipeline 3.2 km long and 500 mm in diameter. The pipeline ends in a nozzle
of diameter 200 mm. Find the power that can be transmitted and the efficiency of power
transmission, if f for the pipe is 0.040.

Solution ~ We have, Q = 500 liters/sec = 0.50 m*/s, H =250 m, L = 3.2 km = 3200 m, d =
500 mm =0.50 m, D =200 mm = 0.20 m, f = 0.040

Area of the pipe, 4= —Ed’ =i:-x 0.50% = 0.1963 m>
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.50

velocity of water through the pipe, ¥V == = ———=2547T m/s
oo gh the pipe A 0.1963
i 0 _
hy =t ) 0.040 x ) % —2—-5—%3— = 84.6526 m of water
d 2y 0.50 2x9.8l]

Using Eq.(10.72), the power that can be transmitted is given by
WH —h ) 1000%0.50 x (250 - 84.6526)

P = e —

75 75
and the efficiency of power transmission is given using Eq.(10.75) by

H~h, 250 -84.652¢
_ = £ 6326 _ 6614 = 66.14%

H 23(

=1102.32 h.p.

n =

Condition for Maximum Transmission of Power
The power transmitted will be maximum when dP/dv = 0. From Eq.(10.68), we have

2,2
dr _d ;mv e #L i |
dv  dv ng A

or,
i |
LAp.. Hv——-—j@-'—-xu —||=0
dv| 75 2gd  A*
or,
{ 1 a*v?
H -3 == x— ]-_-
\2gd A
or,
2
H-3 fﬁy—]— [V:Eﬁ]
d2g A
or, '
2
H"‘3h; =0 h}r_fiy_.
d2g
sy =% (10.76)

This means that the power transmitted through the nozzle is maximum when the loss
of head due to friction in the pipe is equal to 1/3 of the total supply head.

Example 10.11
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A pipe 75 mm in diameter and 250 m long has a nozzle of 25 mm in diameter fitted 4
the discharge end. If the total head of water is 40 m, find the maximum power transmitted,
Take f = 0.040.

Solution Here.d=75mm=0.075m, L=250m, D =25mm = 0.025m H=40m, f=
0.040

Area of the pipe, A= %d: = Z 0.075° = 0.0044 m’

We know that for maximum transmission of power, the loss due to friction is 1/3 of -
the total head.
H 40

.III =—=—m
3
Now,
90 L N 5 L
h'. :f——:j_-._—Q :
d2g d 2gA
or,
A oo i
3 0.075 2x9.81x0.0044
from which we obtain Q = 0.0061 m*/s. Now, using Eq.(10.72)
40
1000 x 0.0061 x (49 - —J
H-h
gl 3/ 2217 hp.
75 75

Water Hammer

If water, flowing in a long pipe, is suddenly brought to rest by closing the valve, its
momentum is destroyed which causes a very high pressure on the valve. This high pressure is
followed by a series of pressure vibrations. These pressure vibrations set up noises in the
pipe, known as knocking. Such a knocking is often heard in the water pipes of ordinary
dwelling houses if the tap is turned off quickly. The sudden rise of pressure has the effect of
hammering action on the walls of the pipe, and thus is known as the water hammer.
Sometimes, the water hammer is so high that it may even burst the pipe. It is thus obvious
that the valves of the pipelines should always be closed gradually.
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(0.7 % LIRS y

ription
yeseriptio _ |
e A weir (Fig. 10.10) 1s an overflow structure built across an open channel to measure

Weirs may be rectangular, triangular, trapezoidal, circular, parabolic or any other
Ihe edge or top surface with which the flowing liquid comes in contact IS
st of the weir. Classified with reference to the form of the crest, weirs may be
charp-crested or hroad-crested. The .L;h;u]}-crlcstcd weir has a sharp upstream cdgc so formed
(hat the liquid I passing touches only a line. The broad-crested weir has either a sharp
am cdge or a crest so broad that the liquid in passing comes in contact with a surface.

[he flow over a weir may be cither free or submerged. If the water surface
Jownstream from the weir is lower than the crest, the flow is free. If the downstream water
wrface is higher than the crest, the flow is submerged.

(e [low.
pepular form.
:L'IH'ICi{ the ¢ri

ups! e

Water surface Drop-down curve

S Nappe
— e
Crest® |
% Weir
; plate
2 4 |
: a
Channel bed” = — -

Fig. 10.10 Flow over a sharp-crested weir

The overflowing stream is termed the nappe. The nappe of a sharp-crested weir i
contracted at its underside by the action of the vertical component of velocity just upstream
from the weir. This is called vertical or crest contraction. If the sides of the weir also have
sharp upstream edges so that the nappe is contracted in width, the weir is said to have end
contractions. A weir having its width (transverse to the flow) equal to the width of the
channel, so that only vertical contraction of the nappe takes places, is called a suppressed or
full-width weir. When the width of the weir is less than the width of the channel so that the
nappe contracts both in the vertical and lateral directions, the weir is termed a contracted
weir.

There is a downward curvature of the surface of the liquid in the vicinity of the weir
which is called the drop-down curve. The vertical distance H between the liquid surface and
the crest of the weir, measured far enough upstream to be beyond the drop-down curve, is
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called the head, and the mean velocity in this channel is called the velocity of approach. The
height P of the weir is the vertical distance of the crest above the bottom of the Fha““c]"

Typical path lines of flow over a sharp-crested weir are shown in Fig. 10.10. The
paths are approximately parallel until they reach a point about 6 times the head upstrelam
from the weir. From this point they gradually curve upward to pass over the crest. There 1s a
dead water region at the corner just upstream of the weir. .

The crest of a sharp-crested weir is not necessarily knife-edged. In practice, he erest
length of 1 mm to 2 mm in the direction of flow is provided and the downstream end is
beveled at an angle of 45° to 60°. In this -
case, the flow springs clear of the weir body - —

downstream of the weir and an air pocket is I

formed beneath the nappe from which airis WV B
continuously removed by the overflowing - 'i‘
jet. As the flow continues, the pressure in P

the air pocket falls below the atmospheric
pressure and the nappe is depressed. For

FrrrrTTiéisrsrrrrsy

flow measurement, the atmospheric pressure SrrrerrrTrTIITeTn
is maintained 1n the air pocket through the
provision of air vents (Fig. 10.11). Fig. 10.11 Free flow overa rectangular

sharp-crested suppressed weir
Rectangular Sharp-Crested Suppressed Wéir .m;"f\/
Free flow: Consider a rectangular sharp-crested weir spanning the full width b of a

rectangular channel as shown in Fig. 10.11. It is assumed that the flow does not contract as it
passes over the weir and the pressure is atmospheric across the whole section AB. The

velocity at any depth h below the energy line is equal to J2gh and the discharge through an
elementary strip of thickness dh is given by

dQ = b~[2gh dh (10.77)

The total discharge Q is then

H+V?12g 2 Vz‘,‘-s p? 13
- 0=bJ2g [Vhdn =Z\2gb||H+—| -|>= (10.78)
: 3 2g 2g
- ¥iilg. ¥
5 VZ 1.5 V2 1.5]
22 fgerts| 14X - 10.79
o (1+3gz) (s e

where
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0
h(H + P)

s the lppm ach velocity.
The effect of flow contraction is taken into account by a coefficient of contraction C..

y = (10.80)

Then

RN 1.5
Q:;’.(; LQhHRMIJr;;;;] _[EEEJ ] (10.81)
Inl[ﬂdmmb a discharge coefficient Cy, Eq.(10.81) can be written in a more compact form as
| Q= _c N2g bH " \h (10.82)
whc.rl.

C, =C, (10.83)

p2 \" | 2\
4 — | -
2gH 2gH

[f the Reynolds number of the flow is sufficiently high and the upstream depth H is at
least 0.11 m so that the surface tension and viscosity effects are negligible, then C4 becomes
independent of the Reynolds and Weber numbers and depends only on the ratio H/P. The
variation of C4 for rectangular sharp-crested weirs is given with satisfactory accuracy using
the well-known Rehbock formula

Cq=0.611+0.08 H/P (10.84)

which 1s valid for H/P < 5.
When P becomes very large, C4 becomes equal to 0.611. Since in this case V*/2gH
becomes negligibly small, Eq.(10.83) shows that C, also becomes equal to 0.611. -

Example 10.12
A rectangular sharp-crested weir spanning the full width of a rectangular channel 2 m
wide i1s 1 m high. Compute the discharge over the weir under an upstream head of 0.75 m.

Solution  Rectangular channel,b=2m,P=1m, H=0.75m
Ca=0.611+0.08H/P = U 611+0.08x0.75/1 = 0.671

——C'.J bH'S = xﬂﬁ?IXJ2x981x2x{}'}'5”—25?4m /s

Submerged flow: The discharge over a broad-crested weir is affected by the tailwater level
T downstream of the weir if it is above the weir crest. Such a flow is called a submerged flow.

Yige
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Under submerged ¢op

. _ the submergence ratjg

ditions, the discharge over the weir depends on

and ig pive : ;
His Even by the Villemonte equalton
P4 0 iKsg

0, =¢ t_t.”e\l (10:85)
H

where Q is the free-flow
the head-discharge re)
weirs, n = 2.5,

To ensure free flow
must be kept a few centime

_dischargu under head H; (Eq.(10.82) and n is the exponent ot“ head in
ationship Q = kH", For rectangular weirs, 0 = 1.5 and for triangular
over a broad-crested weir, the water level downstream of the weir
ters below the weir crest.

Rectangular Sharp-Cresteq Contracted Weir X
- In a contr;ff.:h:d weir (Fig.10.13), the effective width of the weir (transverse to the
direction of flow) is reduced and js given by the well-known Francis formula

B.=B-0.1nH (10.86)

where B is the width of the weir and n is the number of end contractions. The discharge
equation for a contracted weir may be developed in the same way as for a suppressed weir,
However, Kindsvater and Carter (1957), based on their extensive experimental investigation,
modified the theoretical equation so that it would apply to all rectangular sharp-crested weirs

regardless of whether they are suppressed or contracted. The equation for discharge over a
sharp-crested weir is

-

TSR

r
1
[ O

Fig. 10.12 Submerged sharp-crested weir | Fig. 10.13 Weir with end contractions
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0=5Ci\28 BH, (10.87)

where Cac is the effective cocefficient of discharge and B, and H. are the effective width and
head of the weir, and
. -
e ) (10.88)
e (10.89)
- (10.90)

where the parameters Ky and K, represent the combined effects of viscosity and surface
ension on the flow. Usually K, 1s taken to be equal to 0.001 m. The parameters K, K, and
K, which depend on B/b, are given in Table 10.1.
Table 10.1 Values of K, K; and K}, for broad-crested weirs
(Kindsvater and Carter, 1957)

B/b K, Kz Kh(]'l'l)

1.0 0.602 0.0750  -0.0009
0.9 0.599 0.0640  0.0037
0.8 0.597 0.0450  0.0043
0.7 0.595 0.0300  0.0041
0.6 0.593 0.0180 0.0037
0.5 0.592 0.0110  0.0030
04 0.591 0.0058  0.0027
03 0.590 0.0020  0.0025
0.2 0589 -0.0018 0.0024
0.1 0588  -0.0021 0.0024

Example 10.13
Compute the discharge over a sharp-crested contracted weir 1 m wide and 1 m high
set in a rectangular channel 2 m wide if the head over the weir is 0.75 m.

Solution Wehave,b=2m,B=1m,P=1m,H=0.75m, K;=0.00l m
AL
b 2

~. From Table 10.1, K; = 0.592, K, = 0.0110 and Ky = 0.0030 m
t O K+ sz% ~0.592 +0.0110x 2" = 0.60025
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Be=B+K..
Hc - I].?- Ko =1 +0.0030 = 1.0030 m
e=H+K,= 075 +0.001 =0.751 m

2 s
L= S =115
X 3 Cue \&HB,.H,,' ’ = %x 0.60025x /2% 9.81x1 0030%0.751

=1.161 m’/s

Triangular Weirs

i J::L tlrjangular weir is also known as the V-
- rsure 10.14 represents a triangular weir

over which a liquid is flowing. The measured head, 1.e. ' th

14 __'_.,_._l——‘-'___-u —
L—-—;— E FEET T VT

.

e hC‘ighItluthll:c liquid surface above the apex of the
weir 1s H. ¢ sides mak :
ey ¢ equal angles with the :
From the geomet t the
: ry of the figure, we find that Apex o
the width of the weir at the water surfgace Notch
=2H tan 0/2 Fig 10.14 Triangular or V-notch weir

Considering an elementary horizontal strip of thickness dh and at a distance h from
the water surface. Obviously, the width of the strip

=2(H - h) tan 6/2 (10.91)

and the area of the strip

=2(H —h) tan 6/2 x dh (10.92)
Neglecting the velocity of approach and the friction loss, the theoretical velocity of water
through the strip is /2gh and the theoretical discharge is

dQ, = HH—h)tangxdhx,,'JZgh (10.93)

The total discharge over the entire weir may be obtained by integrating the above
equation between the limits 0 and H.

. H
= IZ(H — h) tang 2gh dh= %ng Ian%h"m (10.94)
o
Introducing a discharge coefficient Cq, the actual discharge
5
0=-=C, {z_g;an§H~-s (10.95)

The most common a_rggle: of a triangular weir is 90° for which C4 = 0.60. Hence, the
formula for discharge becomes

Q=141TH* . (10.96)
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0.14 - .
F"'mp:: :ight-a:‘lgled triangular weir is used to measure the discharge in an open channel. If

jepth of water 15 200 mm, calculate the discharge over the weir in liters per sec. Assume
i
We have, 0 =90°, H = 200 mm = 0.20 m, C4 = 0.62
Q= %C.f J2g tan g H* = % x 0.62%2x9.81 x tan 45" x 0.20*° m’ /s

=0.0262 m’/s = 26.2 liters/sec

\nll]"ﬂn
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PROBLEMS AND EXERCISES

10.1 What 1s the yge

| hich a Pitot tube works?
How can a Pitot tuhe

of a Py ' . , L

hi ' Pitot tube? What is the basic principle on W
- e ' 0 a "
€ used to obtain the velocity head in a closed pipe:

7 Wihat 1¢ N i y > .
10.2 What 1s the use ofay enturimeter? State the pl‘il‘li:ip]ﬂ on which a Venturimeter works.

10.3 What is the use of an orifice? State the principle on which an orifice works.

10.4 What do you mean by the coefficient of contraction. the coefficient of velocity and the

mmi‘,m}: of dlschargc of an orifice? What are their ranges of values and the average values?
Describe how €an you determine them experimentally.

ID.SI How does a mouthpiece increase the discharge of an orifice? Show that the coefficient
of discharge for an external mouthpiece is 0.855.

10.6 Wbat i? a Borda’s mouthpiece? Show that the coefficient of discharge for a Borda’s
mouthpiece 1s (1) 0.50 when running free, and (ii) 0.707 when running full.

10.7 Explain why (i) the coefficient of discharge for an external mouthpiece is more tl?an that
of an intenal mouthpiece, and (ii) the discharge is more when a mouthpicce is running full
than the discharge when the mouthpiece is running free.

10.8 What is a nozzle? State its uses. Derive the condition for maximum transmission of
power through a nozzle.

10.9 What‘is li?tf: use of a weir? What is the difference between (i) sharp-crested and broad-
crested weirs, (ii) free and submerged weirs, (jii) suppressed and contracted weirs?

10.10 What do we get from (i) the Rehbock formula, (ii) the Villemonte formula, (iii) the
Francis formula, and (iv) the Kindsvater and Carter formula?

10.11 Derive the formula for theoretical discharge over a triangular or V-notch weir.

10.12 A Pitot tube is placed in water as shown in Fig. 10.1 and the velocity of stream

upstream of the tube is 2 m/s. How much the water will rise in the tube above the free water
surface?

10.13 A submarine moves horizontally in sea and has its axis 15 m below the surface of
water. A Pitot tube properly placed just in front of submarine and along its axis is connected
to the two limbs of a U-tube containing Hg. The difference in Hg level is found to be 17 cm.
Find the speed of the submarine, if the density of Hg is 13.6 and that of sea water is 1.026.
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014 Calculate the flow of water in liters/sec through a 40 emx15 em horizontal
;L. rimeter, when the differential gauge connected to the inlet end of the meter and its
;1:::.“ shows 25 cm of Hg. Assume the discharge coefficient as 0.98.

015 A Venturimeter having a throat diameter of 15 cm is cnnr_lcci‘ad to a 30 cm diameter
L',,i‘.; amning full of water. It is laid in an inclined position. An inclined IU-tubc manometer
<ith measuring liquid of specific gravity 0.6 is used to measure pressure difference. Calculate
e rate of flow in the pipe if the reading given by the manometer is 30 cm and the losses
hetween inlet and throat is 0.2 time the velocity head in the pipe.

1016 A circular orifice 4 cm in diameter is discharging water under a head of 3 m. Compute
1) the theoretical discharge through the orifice, (ii) the actual discharge through the orifice,
(i) the theoretical veloeity of the jet at the vena contracta, (iv) the actual velocity of the jet at
the vena contracta, and (v) the diameter of the jet at the vena contracta. Take C. = 0.64 and
C. = 0.97 for the onfice.

10.17 A circular orifice 4 cm in diameter is discharging water under a head of 6 m. The
sctual discharge through the orifice is 516 liters per minute. The coordinates of the center line
" ofthe jet are 120 cm horizontally and 6.40 cm vertically below the center line of the orifice.
Compute the orifice coefficients C, C, and Cy.

10.18 A swimming pool 10 m long and 6 m wide holds water to a depth of 1.25 m. If the
water is discharged through an opening at the bottom of the pool of an area 0.23 m’, find the
nme taken to completely empty it. Take Cq=0.62.

10.19 The actual discharge through an external mouthpiece 9 cm in diameter, fitted to the
sides of a large tank, is 60 liters/sec. Determine the head over the mouthpiece.

10.20 Calculate the coefficient of discharge C,4 for an internal mouthpiece running full taking
(. equal to 0.64 and considering the only loss is due to sudden enlargement.

10.21(a) An external mouthpiece of 5 cm in diameter discharges water under a head of 5 m.
Find the discharge in liters/sec.

(b) A Borda’s mouthpiece of 5 cm in diameter discharges water under a head of 5 cm.
Find the discharge in liters/sec when the mouthpiece is (i) running free, and (i1) running full.

10.22 A pipe 100 mm in diameter and 1 km long is fitted with a nozzle 25 mm in diameter at
its discharge end. The total head of water is 50 m and the friction factor for the pipe is 0.030.
Determine (i) the velocity of flow through the nozzle, (ii) the velocity of flow through the
pipe, (iii) the power that can be transmitted, (iv) the efficiency, (v) the maximum power that
can be transmitted, and (vi) the efficiency for the maximum power transmission.
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ANSWERS TO THE PROBLEMS

h.”'p[l."'l' |
| o923 ke m' (1) 979264 Nim' (i) 0.001 Nos/m®  (iv) 1002 10" m/s
[L}\E[l \m (vi) 00728 N'm
..'«.mlﬂ m-'s 1.9 200 M’\i'm: 110 -2.52 mm

| W D740 m s (D) 0.65 Nim® (€) 0.65 N/m”  (d) On the upper plate in the negative
|
| A , . iy ; i
dircetion md on thelower plate in the positive x direction
1> - 0.004 N'm™ (in the negative x direction), 1.256 N

13dudy - 0O, 1.5.3. 45,6 /sand t=0,0.0015, 0.003, 0.0045, 0.006 me
Chapter P

“10.19 m of water 2.8 981 kN/m’ 2.9(1) 1034 m nf'walf.r (11) 101.40 kN/ m’

lL‘H” 14715 KN/m° (i) 11557 kN (iii) Pmax = 147.15 kN/m’, Priin = 0; Pave = 73.57 kN/m"
(1v) 34,670 kN

" 11 42.90 cm 2.12 7.46 m of water 2.13 45m 2.14 60.04 kN
115 4.205m 2.16 znt} kg, 49"57"  2.17 Py = 25000 kg, Pv = 7140 kg
18 37220 ke, 519527 219 90863 kg (891.2 kN), 37°36'
“hapter 3
5222.22kg 36(1)02m*  (i)033m’
_,' GM = - 0.95 m, Cannot float vertically (unstable equilibrium) 3.8 1.236 m
Chapter 4 ,
43(a) 1720 liters ~ (b) 27.59 kN, 13.26 kN 4.6 2.815 ky’m
J_Tta]gi) 187.62 kN, (11) 62.54 kN (b)(1) 250.155 kN, (11) 0 4.8 12.46 kN/m’, 16.97
KN‘'m”
192141 m
Chapter 5
34 10m/s 5.5 Irrotational 5.6 16 m/s’, | m/s
Chapter 6
670318 m'/s, 4.5 m/s, 10.86 m/s 6.9 o=-4d4xz-2yz - 22313 + f(x.y,t)
6.10 10,000 kg/m® (1 kg/em®)  6.11 2.70, 1.50 6.12 0.34 m of water, 5.92 kN
613 15.93 m, 0, 44194 N 6.14 2pAV’
Chapter 7

" 5 (a) Dimensionally homogeneous  (b) Not dimensionally homogencous
77 Q=C(ApMDYp) 78 13m/s 79 20m/s, 532m 7. 10 0.00082 kg/em?

wive A
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Chapter 8

8.9 Laminar 810 18276 m 812 66.4 hters/sec
8.13°0.027 814 0.026 &15 4em

Chapter 9

9.70.206 m'/s 98 12.659 m 9.9(a) 12.50m (b) 675547 m  (¢)37.72 em
.10 226 m's 911 028 m's 9.12 20.51 m 9.13(a) 170430 liters/min (b) 445 5,
liters/min '
9.14 After the second adjustment  59.08 m’/s and 1.97 m ‘s clockwise and 41, 922 m
anticlockwise in the first loop and 31.22 m’/s clockwise and 197 m'/s and 43 .89 m a;
anticlockwise in the second loop 915 Q, =0.54m’/s, Q=042 m /s and Q1 = 0.12 1} s

Chapter 10

10.1229¢m  10.13 23 km/hour  10.14 0.137 liters/sec 10.15 27.8 liters/sec
10.16(1) 0.009641 m’s (i) 0.0060 m¥s (i) 7.67m/s  (iv) 744 m/s (V) 3.2¢m
10.17 C.=0.65,C, =097, Cy= 063 10.18 212sec  10.19 6.205m 10.20 0.87
10.21(a) 16.63 liters/sec (b)(1) 9.73 liters/sec (ii) 13.75 liters/sec

10.22(1) 7.048 m«"s (1) 0.4405 m/s (iii) 2.170 h.p. (iv) 5.06% (v) 3.644 h.p. (vi) 28.44%,
10.23 2.039m™s 1024 1.934m’s 1025 2657.67 liters/minute

wkkuwkkd
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VvRE 201 Fluid Mcechanies (4 hours/week)

Development and scope of Muid mechanies. Fluid properties. Fluid
aties. Kinematies of Huid flow. Fluid flow concepts and basic equations-
ontinuity equation. Bernoulli's cquation, energy equation, momentum equation
nd torees i HQuid flow. Similitude and  dimensional  analysis.  Steady
wcompressible Tow i pressure conduits. Laminar and turbulent flows. General
quation tor Tuid friction. Empirical cquations for pipe flow. Minor losses in
yipe Now. Fluid measurement: Pitot tube, orifice, mouthpiece, nozzle,

Venturimeter, weir. Pipe Tow problems - pipes in series and parallel, branching
Vpes, pipe networks.
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