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Chapter 1 - Simple Stresses

Simple Stresses

1. Normal Stress

2. Shear Stress

3. Bearing Stress

4, Thin-walled Pressure Vessel

Normal Stresses

Stress is defined as the strength of a material per unit area of unit strength. It is the force on a member
divided by area, which carries the force, formerly express in psi, now in N/mm2 or MPa.

o= —

A

where P is the applied normal load in Newton and A is the area in mm2. The maximum stress in tension or
compression occurs over a section normal to the load.

Normal stress is either tensile stress or compressive stress. Members subject to pure tension (or tensile
force) is under tensile stress, while compression members (members subject to compressive force) are
under compressive stress.

Compressive force will tend to shorten the member. Tension force on the other hand will tend to lengthen
the member.

Solution to Problem 104 Normal Stress

A hollow steel tube with an inside diameter of 200 mm must carry a tensile load of 400 kN. Determine the
outside diameter of the tube if the stress is limited to 120 MN/m?.

Solution 104
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l P = 400 kN

P=cA

P =0A

where:

P =400 kN = 400000N
o =120 MPa

A = 27rD2-27(100?)
= 27(D?-10000)

thus,
400000 = 120 [ 17(D?-10000)]

400000 = 307D?-300 0007

_ 400000 + 300 0007
- 307

D =119.35mm — answer

D2

Solution to Problem 105 Normal Stress
Strength of Materials 4th Edition by Pytel and Singer

Given:

Weight of bar = 800 kg

Maximum allowable stress for bronze = 90 MPa
Maximum allowable stress for steel = 120 MPa

Required: Smallest area of bronze and steel cables

Solution 105
T P Pet T
L) g L]

5m l 5m

W = 800 kg = 7848 N

By symmetry:
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Por = Py = 1(7848)
P,, = 3924N
P,, = 3924N

For bronze cable:

Por = 0prApr

3924 = 90 A,

A, = 43.6mm® — answer

For steel cable:

P = 0 Ag

3924 = 120 Ay

Ay =32.7 mm? — answer

Solution to Problem 106 Normal Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
Diameter of cable = 0.6 inch
Weight of bar = 6000 Ib

Required: Stress in the cable
Solution 106

f/ =
= [ ¥

‘%

6000 |b
SMc =0
5T +10 ( 33—_4T)
T =2957.131b

= 5(6000)

T=0cA
2957.13 = ¢ [§7(0.6%)]
o =10458.72 psi — answer

Solution to Problem 107 Normal Stress

Strength of Materials 4th Edition by Pytel and Singer
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Given:
Axial load P = 3000 Ib

Cross-sectional area of the rod = 0.5 in?
Required: Stress in steel, aluminum, and bronze sections

Solution 107

Steel Aluminum  Bronze 4|

| ] —
4p = 12 p=3% d

e

+12

For steel:
o At = Pyt
04(0.5) = 12

og = 24 ksl — answer

For aluminum:
a1 A = Py
o, (0.5) = 12

og = 24Kksi — answer

For bronze:
Tpr Apr = Py
Ubr(0-5) = 9

opr = 18Ksi — answer

Solution to Problem 108 Normal Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:

Maximum allowable stress for steel = 140 MPa
Maximum allowable stress for aluminum = 90 MPa
Maximum allowable stress for bronze = 100 MPa

Required: Maximum safe value of axial load P

Solution 108
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Aluminum
A =400 mm? Bronze

“ Steel A = 200 mm?
A = 500 mm? \
£ P 2P
o 4P
" 25m | 20m @ 1.5m

Figure P-108

For bronze:
oAy = 2P
100(200) = 2P
P =10000N

For aluminum:

aPq =P

90(400) = P

P =36000N

For Steel:

oA = 5P

P =14000N

Forsafe P,use P = 10000 N = 10 kN — answer

Solution to Problem 109 Normal Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
Maximum allowable stress of the wire = 30 ksi

Cross-sectional area of wire AB = 0.4 in?
Cross-sectional area of wire AC = 0.5 in

Required: Largest weight W

Solution 109
s Tac

FBD of knot A

For wire AB: By sine law (from the force polygon):

Tag W
sin40°  sin40°
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T s = 0.6527W

0 x5 Asg = 0.6527W
30(0.4) = 0.6527W 0T
W =184 kips Force polygon of

forces on knot A

For wire AC:

Tpe = W
sin60°  sin80°
Tpc = 0.8794W
Tac = 0ac Anc
0.8794W = 30(0.5)
W =17.1Kips

Safe load W = 17.1Kips — answer

Solution to Problem 110 Normal Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:

Size of steel bearing plate = 12-inches square
Size of concrete footing = 12-inches square

Size of wooden post = 8-inches diameter
Maximum allowable stress for wood = 1800 psi
Maximum allowable stress for concrete = 650 psi

Required: Maximum safe value of load P

Solution 110
For wood:

Pw = owAw
P, = 1800[47(8%)]
Py =90477.91b
From FBD of Wood:

P

Py

FBD of Wood
P=P,=9047791b

For concrete:

Pec = ocAc
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P, = 650(122)
P, = 936001h

From FBD of Concrete:

INENENEEERREREREN)
L—‘\,——'-"”\—-—-J

|

FBD of Concrete

P =P.=936001Ib

Safeload P = 90478 Ib — answer

Solution to Problem 111 Normal Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
Cross-sectional area of each member = 1.8 in?

Required: Stresses in members CE, DE, and DF

Solution 111
From the FBD of the truss:

Free Body Diagram of Truss

YM, =0
24R¢ = 16(30)
R = 20K

At joint F:
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Re = 20

Joint F
SF, =0
2DF =20

DF = 331% (Compression)

At joint D: (by symmetry)

2
BD DF =331k
dE 3N

- 4
DE
Joint D

BD = DF = 331¥ (Compression)

FV =0

DE = {BD + iDF

DE = 3(33%) + £(33%)
DE = 40% (Tension)

At joint E:
A DE = 40
BE E
<€ >
: e
. 30k
CE A 4
Joint E
ok, =0
3CE+30=40
CE = 16 (Tension)
Stresses:
Stress = Force/Area
165 _ _
OcE= 7g - 9.26 ksi (Tension) — answer
40 . .
Opg = —= = 22.22ksi (Tension) — answer

=
oo
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w
wlk-

3
9DF T 7

= 18.52 ksi (Compression) — answer

o

Solution to Problem 112 Normal Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
Maximum allowable stress in tension = 20 ksi
Maximum allowable stress in compression = 14 ksi

Required: Cross-sectional areas of members AG, BC, and CE

Solution 112
Ry, =40+ 25 = 65 Ro

Free Body Diagram

18R = 8(25) + 4(40)

Rp = 20%

YF,=0 N
Ry = RD = 20X

Check:

XMy =0

12R,, = 18(R,y) +4(25) + 8(40)
12(65) = 18(20) + 4(25) + 8(40)
780 ft - kip = 780 ft - Kip (oK)

v 40*
For member AG (At joint A): TR_.W

AB

Ray = 65K

Joint A

SF, =0
3 AR =
—=AB =65
AB = 78.12¢
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AG +20 = 24AB

V13
AG = 20.33Tension
AG = 0iansion Pac
20.33 = 20,5

A = 1.17in* — answer

For member BC (At section through MN):

Section through MN

XM =0

_2_ =
6(\/EBC) 12(20)
BC = 72.11 compression

BC = 0 ¢ompression 8¢

72.11 = 14A,;
Agc = 5.15in* — answer

For member CE (At joint D):

Rp = 20

DE

Joint D

>F, =0
2.¢p =
—2-CD =20
CD = 36.06*

$F, =0

- 3cp=-% — 30¢
DE = 2CD = —1.(36.06) = 30

At joint E:
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Joint E

YF, =0
3 FF =

@EF 30
EF = 36.06%

YF,=0
=2 = 2 = k i
CE = \/EEF @(36'06) 20* Compression

CF = o compression
20 = 14A

Acg =143 in®> —s answer

ACE

Solution to Problem 113 Normal Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
Cross sectional area of each member = 1600 mm?.

Required: Stresses in members BC, BD, and CF

Solution 113
B
z 5
n BD
3m
A 3m 4m D
> - o
CD
v N2
60 kN 90 kN :
CF
FBD 01

For member BD: (See FBD 01)
M =0

3(2BD) = 3(60)

BD = 75 KN Tension
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BD = ogpA
75(1000) = 055(1600)
ogp = 46.875MPa (Tension) — answer

For member CF: (See FBD 01)

YMp =0
4(—5CF) = 4(90) + 7(60)

CF = 275.77 KN Compression

CF = JCF A
275.77(1000) = o (1600)
ocg = 172.357 MPa (Compression) — answer

For member BC: (See FBD 02)

60 kN FBD 02
SMp = 0
4BC = 7(60)

BC = 105 kN compression

BC = O-BCA
105(1000) = o5 (1600)
ogc = 65.625 MPa (Compression) — answer

Solution to Problem 114 Normal Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
Maximum allowable stress in each cable = 100 MPa

Area of cable AB = 250 mm?
Area of cable at C = 300 mm?

Required: Mass of the heaviest bar that can be supported

Solution 114
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Tas

A Tus Tc A
A /ﬁ’v:

D
(Cel 9

2m BlmllmC 2m \
- RD
50°

YFy =0
Tpg €0s30° = Ry sin50°
Rp = 1.1305T 55

YF,=0
Tpg SIN30° + Tpg + T + Rp cos50° =W

T,Bsin30° + T + T + (1.1305T ) c0s50° = W

2.2267T)g +To =W
Te = W—2.2267T 5

YMp=0

6(Tag SIN30°) + 4T g + 2T = 3W
1Tpg +2(W—-2.2267T,5) = 3W
2.5466T g = W

Tpg = 0.3927W

Te = W-2.2267T
Te = W—2.2267(0.3927W)
Tc = 0.1256W

Based on cable AB:

Tag = 0asPag
0.3927W = 100(250)
W =63661.83N

Based on cable at C:

T, =0cAc

0.1256W = 100(300)
W =238853.50N

Safe weight W = 63 669.92 N
W =mg

63669.92 = m(9.81)

m = 6490 kg

m = 6.49 Mg — answer

Shear Stress
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Forces parallel to the area resisting the force cause shearing stress. It differs to tensile and compressive
stresses, which are caused by forces perpendicular to the area on which they act. Shearing stress is also
known as tangential stress.

T=—=

A

where V s the resultant shearing force which passes through the centroid of the area A being sheared.

Solution to Problem 115 Shear Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
Required diameter of hole = 20 mm
Thickness of plate = 25 mm

Shear strength of plate = 350 MN/m?
Required: Force required to punch a 20-mm-diameter hole

Solution 115

Puncher }—\

s
—
\/

Punched out } %

20mm g

25 mm thick

20

The resisting area is the shaded area along the perimeter and the shear force V is equal to the punching
force P..

V =7A
P =350[7(20)(25)]
P =549778.7N

P =549.8kN — answer

Solution to Problem 116 Shear Stress

Strength of Materials 4th Edition by Pytel and Singer
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Given:

Shear strength of plate = 40 ksi

Allowable compressive stress of punch = 50 ksi
The figure below:

lP

N

Figure 1-11c
Required:

a. Maximum thickness of plate to punch a 2.5 inches diameter hole
b. Diameter of smallest hole if the plate is 0.25 inch thick

Solution 116

a. Maximum thickness of plate:
Based on puncher strength:

P =0A
P =50[3m(2.52)]
P = 78.1257 Kips — Equivalent shear force of the plate

Based on shear strength of plate:
V=rA > V=P
78.1257 = 40 [ w(2.51) ]

t =0.781inch — answer

b. Diameter of smallest hole:
Based on compression of puncher:

P =0A
P = 50(%Wd2)
P =12.57d? — Equivalent shear force for plate

Based on shearing of plate:
V=7A —-V=P
12.57d2 = 40[ 7d(0.25) ]
d =0.8In — answer

Solution to Problem 117 Shear Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
Force P =400 kN
Shear strength of the bolt = 300 MPa
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The figure below:

P p

Figure 1-11b

Required: Diameter of the smallest bolt

Solution 117
The bolt is subject to double shear.

V =7A
400(1000) = 300[ 2(37d?)]
d =29.13mm — answer

Solution to Problem 118 Shear Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:

Diameter of pulley = 200 mm

Diameter of shaft = 60 mm

Length of key = 70 mm

Applied torque to the shaft =2.5 kN-m
Allowable shearing stress in the key = 60 MPa

Required: Width b of the key

Solution 118
F x g
0.20 m ( @ Y W
3
X iﬁﬂ%&.
T=22KkN-m < >
0.06 m
T =0.03F
2.2 =0.03F
F =73.33kN

V =7A
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__ Resisting area
for shear

FBD of Pin

Where:

V =F =73.33kN
A =70b

7 =60 MPa

73.33(1000) = 60(70b)
b=17.46 mm — answer

Solution to Problem 119 Shear Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
Diameter of pinat B =20 mm

Required: Shearing stress of the pin at B

Solution 119
40 kN

. __,_350 / s
'."
l

(= 1 | \

'£:E |

AT

—— 250 mMm —>!

Figure P-119

From the FBD:

SMc =0

0.25Rg, = 0.25(40sin35°) + 0.2(40 cos 35°)
Rgy = 49.156 kN

YFy=0
Rgy = 40c0s35°
Rgy = 32.766 kN
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Re = y/Ra *+ Rgy
Rg = V/32.7662 + 49.1562

Rg = 59.076 KN — shear force of pin at B

Vg = 73 A — double shear
59.076(1000) = 5{ 2 [17(20%)] }
7 = 94.02 MPa — answer

Solution to Problem 120 Shear Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
Unit weight of each member = 200 Ib/ft
Maximum shearing stress for pin at A =5 000 psi

Required: The smallest diameter pin that can be used at A

Solution 120
For member AB:

5
B Rax
4 ft
Raw A Wae
—_—
PR—
| 2 ft
Ray

A

4 ft
FBD of Member AB

Length, Lyg = V42 + 42 = 5.66 ft
Weight, W,g = 5.66(200) = 11321b
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4Rgy +4Rgy = 2Wyg
4Rg, + 4Ry, = 2(1132)
Rgy + Rgy =566 — Equation (1)

For member BC:

6 ft

BT
1.5 ft Rew

<« 3ft 4RCV

FBD of member BC

Length, Lge = v/32 + 62 = 6.71 ft
Weight, Wge = 6.71(200) = Wge = 13421b

¥M-=0

6Rgy = 1.5Wpc + 3Rpy
6Rgy—3Rgy = 1.5(1342)
2Rgy—Rgy = 671 — Equation (2)

Add equations (1) and (2)

Rgwy * Rgy, = 566 — Equation (1)
Rew — Rgy = 671 — Equation(2)
3Ry, + Ry = 1237

Rgy = 412.331b

From equation (1):
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412.33 + Ry, = 566
Rg, = 153.67Ib

From the FBD of member AB
SF, =0
Ry = Rgy = 412.331b

YF, =0

Rav t Rgy = Wyg
Ru, +153.67 = 1132
Ray, = 978.331b

- /p2 2
Ra=/Raq * Ry

R, = V412.332 + 978.332
Ra = 1061.67 Ib — shear force of pin at A

V =7A
1061.67 = 5000(57d?)
d =0.520in — answer

Solution to Problem 121 Shear Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:

Allowable shearing stress in the pin at B = 4000 psi
Allowable axial stress in the control rod at C = 5000 psi
Diameter of the pin = 0.25 inch

Diameter of control rod = 0.5 inch

Pin at B is at single shear

Required: The maximum force P that can be applied by the operator

Solution 121
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6P = 2T sin10° — Equation (1)

YF,=0
B, = Tcos10°

From Equation (1), T = =
sin10°

3P .
By = (sin10°) cos 10
B, = 3cot10°P

SF, =0
By, = Tsin10°+P

From Equation (1), T sin 10° = 3P

B, =3P +P
B, = 4P

2 —Rp2 2
R%—BH+BV 2 ,
Rg = (3cot10°P)~ + (4P)
R§:305.47P2

Rg = 17.48]
B Equation (2
— H
P = quation (2)

Based on tension of rod (equation 1):

P =3Tsin10°

P =1[5000 x $7(0.5)?]sin10°
P =56.831b

Based on shear of rivet (equation 2):

_4000[ 37(0.25)*]

17.48
P =11.231b

Safeload P = 11.231b — answer
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Solution to Problem 122 Shear Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
Width of wood = W

Thickness of wood = T
Angle of Inclination of glued joint = 6

Cross sectional area = A

Required: Show that shearing stress on glued joint 7 = P sin26 / 2A

Solution 122
N
P 1 e 4
| w p— P
6 »
¥ o -
Shear area, Ao = t(wcsc6)
Shear area, Ashear =twcscd
Shear area, A = A cscéh

shear
Shear force, V = P c0S @

V' = TAgnear
P cosé = 7(Acsch)
_ P sind cosd

A
_ P(2siné cosh)
T 2A
7 =P sin26 / 2A (ok!)

Solution to Problem 123 Shear Stress

Strength of Materials 4th Edition by Pytel and Singer
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Given:
Cross-section of wood = 50 mm by 100 mm

Maximum allowable compressive stress in wood = 20 MN/m?

Maximum allowable shear stress parallel to the grain in wood = 5 MN/m?
Inclination of the grain from the horizontal = 20 degree

Required: The axial force P that can be safely applied to the block

Solution 123

> il
Y
g Wood grain

Based on maximum compressive stress:
Normal force:

N =P cos20°

Normal area:

Ay = 50(100 sec 20°)
Ay = 5320.89 mn?’

N = oAy

P cos20° = 20(5320.89)
P =113247N

P =133.25kN

Based on maximum shearing stress:
Shear force:

V =P sin20°

Shear area:
Ay = Ay
A, = 5320.89 mm?

V =T7A,

P sin20° = 5(5320.89)
P=77786N
P=77.79kN

For safe compressive force, use P = 77.79 KN — answer
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Bearing Stress

Bearing stress is the contact pressure between the separate bodies. It differs from compressive stress, as it
is an internal stress caused by compressive forces.

Op = K
'
P, 5 ' pb
. CO
e ' _)
1
|
1
1
P, .
— b
FATS LTS SIS R Y LTSS
Eaass] e
=
Pb

Solution to Problem 125 Bearing Stress

Problem 125

In Fig. 1-12, assume that a 20-mm-diameter rivet joins the plates that are each 110 mm wide. The
allowable stresses are 120 MPa for bearing in the plate material and 60 MPa for shearing of rivet.
Determine (a) the minimum thickness of each plate; and (b) the largest average tensile stress in the plates.

P : | p
P a— O 110 MM ey
— 20-mm &
P t Jf lt p
Figure 1-12
Solution 125
Part (a):
From shearing of rivet:
P = TArivets

P = 60[%7(202)]
P = 60007 textN

From bearing of plate material:

P =o0,A,
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60007 = 120(20t)
t=7.85mm — answer

Part (b): Largest average tensile stress in the plate:
P =0A

60007 = o[ 7.85(110-20) ]

o = 26.67 MPa — answer

Solution to Problem 126 Bearing Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:

Diameter of each rivet = 3/4 inch

Maximum allowable shear stress of rivet = 14 ksi
Maximum allowable bearing stress of plate = 18 ksi
The figure below:

T ¢
<€ 4in -@ ——
Pl Q} 6} P

7/8in
!

1 1 ,I-T ] l
T L | 8 | 1.1 l\l] ¥
1 P

Figures P-126

)
)

H
P

(
(

Required: The maximum safe value of P that can be applied

Solution 126

Based on shearing of rivets:
P=7A

P =14[4(37)(3)]
P =24.74Kips

Based on bearing of plates:
P = O'bAb

P =18[4()(§)]

P =47.25Kkips

Safe load P = 24.74 Kips — answer

Solution to Problem 127 Bearing Stress

Strength of Materials 4th Edition by Pytel and Singer
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Given:
Load P = 14 kips
Maximum shearing stress = 12 ksi
Maximum bearing stress = 20 ksi
The figure below:

P

l,

Figure 1-11b
Required: Minimum bolt diameter and minimum thickness of each yoke
Solution 127

P

0.5P 0.5P
t t

For shearing of rivets (double shear)

P=7A

14 = 12[ 2(37d?) ]

d = 0.8618 in — diameter of bolt answer
For bearing of yoke:

P =o0,A,

14 = 20[ 2(0.8618t) ]

t = 0.4061 in — thickness of yoke answer

Solution to Problem 128 Bearing Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:
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Shape of beam = W18 x 86
Shape of girder = W24 x 117
Shape of angles = 4 x 3-% x 3/8
Diameter of rivets = 7/8 inch
Allowable shear stress = 15 ksi
Allowable bearing stress = 32 ksi

Required: Allowable load on the connection

Figure 1-13

Solution 128
Relevant data from the table (Appendix B of textbook): Properties of Wide-Flange Sections (W shapes):
U.S. Customary Units
Designation Web thickness
W18 x 86  0.480in
W24 x 117 0.550 in
Shearing strength of rivets:

There are 8 single-shear rivets in the girder and 4 double-shear (equivalent to 8 single-shear) in the beam,
thus, the shear strength of rivets in girder and beam are equal.

— — 1, __(7\2
V = 7A = 15[ in(2)%(8)]
V =72.16kips
Bearing strength on the girder:
The thickness of girder W24 x 117 is 0.550 inch while that of the angle clip L4 x 3% X —g is % or 0.375
inch, thus, the critical in bearing is the clip.
— — 7
P =0,A, =32[£(0.375)(8)]
P = 84kips
Bearing strength on the beam:

The thickness of beam W18 x 86 is 0.480 inch while that of the clip angle is 2 x 0.375 = 0.75 inch (clip
angles are on both sides of the beam), thus, the critical in bearing is the beam.

P =0, A, =32[£(0.480)(4) ]
P =53.76 kips

The allowable load on the connectionis P = 53.76 KIpS — answer

Solution to Problem 129 Bearing Stress
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Strength of Materials 4th Edition by Pytel and Singer

Given:

Diameter of bolt = 7/8 inch

Diameter at the root of the thread (bolt) = 0.731 inch
Inside diameter of washer = 9/8 inch

Tensile stress in the nut = 18 ksi

Bearing stress = 800 psi

Required:

Shearing stress in the head of the bolt
Shearing stress in threads of the bolt
Outside diameter of the washer

Solution 129
d
-/
9/8 in
—>
.......... e
E?é@ ¢ 5/8in

i;—

0.731
e

7/8

Tensile force on the bolt:
P =0A=18[$7({)°]
P =10.82kips

Shearing stress in the head of the bolt:
P 10.82

T —=
A (D))
7 =7.872KSI — answer

Shearing stress in the threads:

P 10.82

7'_—

A m(0.731)(3)

7 =7.538ksi — answer

Outside diameter of washer:

P=0,A,

10.82(1000) = 800{ 47w [d?—(2)?1}
d = 4.3inch — answer
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Solution to Problem 130 Bearing Stress

Strength of Materials 4th Edition by Pytel and Singer

Given:

Allowable shear stress = 70 MPa
Allowable bearing stress = 140 MPa
Diameter of rivets = 19 mm

The truss below:

D

B 6m F
E
C G H
L) L)
4m 4m 4m 4m

A 4

96 kN 200 kN 96 kN

Figure P-130 and P-131

Required:

Number of rivets to fasten member BC to the gusset plate

Number of rivets to fasten member BE to the gusset plate

Largest average tensile or compressive stress in members BC and BE

Solution 130
At Joint C:
BC
AC C CE
96 kN
Joint C
SF, =0

BC = 96 kN (Tension)

Consider the section through member BD, BE, and CE:

&

BD |

S N

?[;/ :

4 '

A 3
» :uF

4 CE
A
Y

Ra 96 kN

Section through BD, BE, and CE
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XM, =0
8(2BE) = 4(96)
BE = 80 kN (Compression)

For Member BC:
Based on shearing of rivets:

BC = 7A Where A = area of 1 rivet x number of rivets, n
_ 1 2
96 000 = 70[ 7(19%)n]
N = 4.8 say 5 rivets
Based on bearing of member:
Where Ap = diameter of rivet x thickness of BC x number of rivets, n
96 000 = 140[ 19(6)n]
N = 6.02 say 7 rivets

use 7 rivets for member BC answer

For member BE:
Based on shearing of rivets:

BE =7A
Where A = area of 1 rivet x number of rivets, n
- 1 2
80000 = 70[ 17(199)n]
n = 4.03 say 5 rivets
Based on bearing of member:
BE = Ub Ab
Where Ap = diameter of rivet x thickness of BE x number of rivets, n
80000 = 140[ 19(13)n]
N = 2.3 say 3rivets

use 5 rivets for member BE answer

Relevant data from the table (Appendix B of textbook): Properties of Equal Angle Sections: SI Units
Designation  Area
L75x75x6 864 mm?

L75x 75 x 13 1780 mm?2
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.

ptsd
t

t = thickness of member
d = diameter of rivet hole

Note:
A = Area — dt

Tensile stress of member BC (L75 x 75 x 6):
_ P _ 96(1000)

A~ 864—19(6)
o =128 Mpa — answer

Compressive stress of member BE (L75 x 75 x 13):
_ P _ 80(1000)

A 1780
o =44.94 Mpa — answer

Solution to Problem 131 Bearing Stress

Repeat Problem 130 if the rivet diameter is 22 mm and all other data remain unchanged.

Solution 131
For member BC:

P = 96 kKN (Tension)

Based on shearing of rivets:
P=7A

96000 = 70[ 7(222)n]
N = 3.6 say 4 rivets

Based on bearing of member:
P =sigma, A,

96 000 = 140[ 22(6)n]
N = 5.2 say 6 rivets

Use 6 rivets for member BC answer

Tensile stress:
_ P _ 96(1000)

A 864-—22(6)
o =131.15MPa — answer

For member BE:
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P = 80 kN (Compression)

Based on shearing of rivets:
P=71A

80000 = 70[ 27(222)n]
n = 3.01 say 4 rivets

Based on bearing of member:
P=0,A,

80000 = 140[ 22(13)n]
N = 1.998 say 2 rivets

use 4 rivets for member BE answer

Compressive stress:

P _ 80(1000)

A 1780
o = 44.94 MPa — answer

Thin-walled Pressure Vessels

A tank or pipe carrying a fluid or gas under a pressure is subjected to tensile forces, which resist bursting,
developed across longitudinal and transverse sections.

TANGENTIAL STRESS (Circumferential Stress)
Consider the tank shown being subjected to an internal pressure P. The length of the tank is L and the
wall thickness is L. Isolating the right half of the tank:

The forces acting are the total pressures caused by the internal pressure [0 and the total tension in the walls
T.

F =pA=pDL

T =0Aa =0 tL

F=2T
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pDL = 2(o, tL)

pD
Oy — =——
b2t
If there exist an external pressure Pq and an internal pressure P;, the formula may be expressed as:
. = (pi o po)D
! 2t

LONGITUDINAL STRESS, 0|
Consider the free body diagram in the transverse section of the tank:

77 mmm T
. -
i >
« )
[ )
‘ y |
[}
' ’
’
’
2
s
- o

)F/'I

/ ‘

The total force acting at the rear of the tank F must equal to the total longitudinal stress on the wall
P = o Aya- Since tis so small compared to D, the area of the wall is close to 7Dt

F=pA=p; D’
P = o 7Dt
YF, =0
Pr=F
o, mDt=p I p?
- 4
_ pD
AT

If there exist an external pressure Pq and an internal pressure Pj, the formula may be expressed as:

o = (pi - po)D
' 4
It can be observed that the tangential stress is twice that of the longitudinal stress.
o, = 20,

SPHERICAL SHELL
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If a spherical tank of diameter D and thickness t contains gas under a pressure of P, the stress at the wall
can be expressed as:

_ (pi o po)D
T T 4

Solution to Problem 133 Pressure Vessel

Strength of Materials 4th Edition by Pytel and Singer

Given:
Diameter of cylindrical pressure vessel = 400 mm
Wall thickness = 20 mm

Internal pressure = 4.5 MN/m?
Allowable stress = 120 MN/m?

Required:

Longitudinal stress

Tangential stress

Maximum amount of internal pressure that can be applied
Expected fracture if failure occurs

Solution 133

Part (a)
Tangential stress (longitudinal section):

Longitudinal Section

F=2T
pDL = 2(otL)

_ pD _ 4.5(400)
7T 0 T 2(20)
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oy = 45MPa — answer

Longitudinal Stress (transverse section):

Transverse Section
F=P
%ﬂ'sz = o,(mDt)
_ pD _ 4.5(400)
~ 4t 4(20)
o, = 22.5MPa — answer

o

Part (b)
D

From (a), 0y = p— and o) = p— thus, o, = 20|, this shows that tangential stress is the critical.

2t 4t
- b
toa (400)
P
120 = —
2(20)
p=12MPa — answer

The bursting force will cause a stress on the longitudinal section that is twice to that of the transverse
section. Thus, fracture is expected as shown.

Expected fracture
when internal
pressure is
increased until
the vessel burst

400 mm
internal
diameter

Solution to Problem 134 Pressure Vessel

Strength of Materials 4th Edition by Pytel and Singer

Given:

Diameter of spherical tank = 4 ft
Wall thickness = 5/16 inch
Maximum stress = 8000 psi
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Required: Allowable internal pressure

Solution 134
Total internal
/" distribution

i area
+ 1 Total wall
% - Tﬁ' pressure, F

Total internal pressure:

P = p(37D?)
Resisting wall:
F=P

oA = p(%ﬂrDz)
o(nDt) = p(%ﬂrDz)

_ D
0= &

8000 = p(4 x 12)

4()
p =208.33psi — answer

Solution to Problem 135 Pressure Vessel

Problem 135

Calculate the minimum wall thickness for a cylindrical vessel that is to carry a gas at a pressure of 1400
psi. The diameter of the vessel is 2 ft, and the stress is limited to 12 ksi.

Solution 135

The critical stress is the tangential stress

_Pb

Oy
1400(2 x 12)
2t

t=1.41in — answer

12000 =

Solution to Problem 136 Pressure Vessel

Strength of Materials 4th Edition by Pytel and Singer

Given:
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Thickness of steel plating = 20 mm
Diameter of pressure vessel = 450 mm
Length of pressure vessel = 2.0 m
Maximum longitudinal stress = 140 MPa
Maximum circumferential stress = 60 MPa

Required: The maximum internal pressure that can be applied
Solution 136

Based on circumferential stress (tangential):

p(DL) = 2(o; Ly)

_ b
e
_p
00 = 2(20)
p = 5.33MPa

Based on longitudinal stress:

SF, =0
F=P
p(37D?) = 0y(xD)

O'I = —
p(450)

140 = —=
4(20)

p = 24.89 MPa

Use p = 5.33 MPa — answer
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Solution to Problem 137 Pressure Vessel

Strength of Materials 4th Edition by Pytel and Singer

Given:

Diameter of the water tank = 22 ft
Thickness of steel plate = 1/2 inch
Maximum circumferential stress = 6000 psi

Specific weight of water = 62.4 o/t

Required: The maximum height to which the tank may be filled with water.
Solution 137

—)T

P |

— T h

o, = 6000 psi = 6000 Ib/in® (12 in/ft)?
o, = 864000 Ib/ft?

Assuming pressure distribution to be uniform:

p =~h =62.4h

F = pA = 62.4h(Dh)
F = 62.4(22)h?
F = 1372.8h?

T = o, A, = 864000(th)
T =864000( x 4)h

T = 36000h
SF =0
F=2T

1372.8h?% = 2(36 000h)
h =52.45ft — answer

COMMENT
Given a free surface of water, the actual pressure distribution on the vessel is not uniform. It varies

linearly from 0 at the free surface to vh at the bottom (see figure below). Using this actual pressure
distribution, the total hydrostatic pressure is reduced by 50%. This reduction of force will take our design
into critical situation; giving us a maximum height of 200% more than the h above.

Based on actual pressure distribution:
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Pressure
Diagram

<4 R
Ogha
i fOr(e

Total hydrostatic force, F: &
F = volume of pressure diagram o
F = 3(7h?)D = 1(62.4h?)(22) PE F
F = 686.4h2 /2 ii/al h
>M, =0 A : :
2T(hy-F(ih) =0
T=1F

o,(ht) = 3(686.4h?)
_ 30,t _ 3(864000)(3 X 15

h= 686.4 686.4
h = 157.34 ft

Solution to Problem 138 Pressure Vessel

Strength of Materials 4th Edition by Pytel and Singer

Given:

Strength of longitudinal joint = 33 Kips/ft
Strength of girth joint = 16 Kips/ft
Internal pressure = 150 psi

Required: Maximum diameter of the cylinder tank
Solution 138

For longitudinal joint (tangential stress):
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Consider 1 ft length

F=2T

pD =20t
_pb

T ot

33000 _ 21600D
t 2t

D =3.06ft = 36.67in.

For girth joint (longitudinal stress):

F=P

p(%WDZ) = o,(7Dt)
_pb

0'| — 4_t

16000 _ 21600D
t 4t

D =2.96ft=235.56in.

Use the smaller diameter, D = 35.56 In. answer

Solution to Problem 139 Pressure Vessel

Strength of Materials 4th Edition by Pytel and Singer

Given:
Allowable stress = 20 ksi

Weight of steel = 490 Io/ft>
Mean radius of the ring = 10 inches

Required:
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The limiting peripheral velocity.
The number of revolution per minute for stress to reach 30 ksi.

Solution 139

steel ring of
radius R rotating
through its center

~

FBD of Ring in Rotation

Centrifugal Force, CF:

CF =M w?x
where:
M :V_V W :'yﬂRA
g 9 q
w=V/R
X=2R/m
2
CF:’WRA(X) 2R
q R s
2
CI::Z'yAV
g
2T = CF
2vAV?
oA = Y
g
_ Ve
O'__
g

From the given data:

o = 20ksi = (20000 Ib/in?)(12 in/ft)a?
o = 2880000 Ib/ft?

~ = 490 Ib/ft®

490v2
2880000 = 27

v = 435.04 ft/sec — answer

When o = 30ksi,andR = 10in
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_ Ve

g
490v?
2 —_
30000(12%) = ==

v = 532.81 ft/sec

2.81
w = V/R - 53—8
10/12
w = 639.37 rad/sec
_639.37rad  1lrev 60 sec
w p—

X X -
Sec 2rrad  1min
w = 6,105.54 rpm — answer

o

Solution to Problem 140 Pressure Vessel

Strength of Materials 4th Edition by Pytel and Singer

Given:
Stress in rotating steel ring = 150 MPa
Mean radius of the ring = 220 mm

Density of steel = 7.85 Mg/m3
Required: Angular velocity of the steel ring
Solution 140

steel ring of

radius R rotating
/ through its center

FBD of Ring in Rotation

CF = Mw?x

Where:
M = pV = pAnR
X=2R/m

CF = pAmRw?(2R/T)
CF = 2pAR%w?

2T =CF
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20A = 2pAR?w?
o = pR?w?

From the given (Note: 1 N =1Kkg- m/secz):
o =150 MPa

o = 150000000 kg - m/sec? - m?
o = 150000 000 kg/m - sec?

p = 7.85 Mg/m® = 7850 kg/m®
R=220mm=10.22m

150 000 000 = 7850(0.22)? w?
w = 628.33 rad/sec — answer

Solution to Problem 141 Pressure Vessel

Strength of Materials 4th Edition by Pytel and Singer

Given:

Wall thickness = 1/8 inch
Internal pressure = 125 psi
The figure below:

Figure P-141

Required: Maximum longitudinal and circumferential stress
Solution 141

Longitudinal Stress:

p

See dimensions in Fig. P-141,
thickness, t = 1/8 in.

F = pA = 125[ 1.5(2) + 17(1.5)2](12?)
F = 85808.62Ibs
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P=F

o [2(2 x 12)(%;) + (1.5 x 12)(%3)] = 85808.62
o, = 6566.02 psi

o, = 6.57ksi — answer

Circumferential Stress:

F = pA=125[(2 x 12)L +2(0.75 x 12)L]
F = 5250L textlbs

2T =F
2[ o(3)L ] = 5250L
o, = 21000 psi

o, =21 ksl — answer

Solution to Problem 142 Pressure Vessel

Strength of Materials 4th Edition by Pytel and Singer

Given:

Steam pressure = 3.5 Mpa

Outside diameter of the pipe = 450 mm
Wall thickness of the pipe = 10 mm
Diameter of the bolt = 40 mm
Allowable stress of the bolt = 80 MPa
Initial stress of the bolt = 50 MPa

Required:

Number of bolts
Circumferential stress developed in the pipe

Solution 29
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450 mm & —/ Flange

F=0A
F =3.5[$7(430%)]
F =508270.42N

P=F
(OportA) N = 508270.42N
(80-55)[ 37(40%) In = 508 270.42
N = 16.19 say 17 bolts — answer

Circumferential stress (consider 1-m strip):

F = pA = 3.5[430(1000) ]
F = 1505000 N

2T =F
2[ 0,(1000)(10)] = 1505000
oy = 75.25 MPa — answer

Discussion:

It is necessary to tighten the bolts initially to press the gasket to the flange, to avoid leakage of steam. If
the pressure will cause 110 MPa of stress to each bolt causing it to fail, leakage will occur. If this is
sudden, the cap may blow.

Chapter 2 - Strain

Simple Strain
Stress-Strain Diagram
Axial Deformation
Shearing Deformation
Poisson’s Ratio

gD
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6. Statically Indeterminate Members
7. Thermal Stress

Simple Strain

Also known as unit deformation, strain is the ratio of the change in length caused by the applied force, to
the original length.

( ) D —>

where 0 is the deformation and L is the original length, thus € is dimensionless.

Stress-strain Diagram

Suppose that a metal specimen be placed in tension-compression-testing machine. As the axial load is
gradually increased in increments, the total elongation over the gauge length is measured at each
increment of the load and this is continued until failure of the specimen takes place. Knowing the original
cross-sectional area and length of the specimen, the normal stress 0 and the strain € can be obtained. The
graph of these quantities with the stress o along the y-axis and the strain € along the x-axis is called the
stress-strain diagram. The stress-strain diagram differs in form for various materials. The diagram shown
below is that for a medium-carbon structural steel.

Metallic engineering materials are classified as either ductile or brittle materials. A ductile material is one
having relatively large tensile strains up to the point of rupture like structural steel and aluminum, whereas
brittle materials has a relatively small strain up to the point of rupture like cast iron and concrete. An
arbitrary strain of 0.05 mm/mm is frequently taken as the dividing line between these two classes.

Actual Rupture Strength —\
U — Ultimate Strength —\

/\

R Rupture Str enqth

Stress, o

Y Yield Point
E — Elastic Limit

P — Proportional Limit

Y

0 Strain, ¢
Proportional Limit (Hooke's Law)

From the origin O to the point called proportional limit, the stress-strain curve
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is a straight line. This linear relation between elongation and the axial force
causing was first noticed by Sir Robert Hooke in 1678 and is called Hooke’s
Law that within the proportional limit, the stress is directly proportional to
strain or

oxeoro=ke
The constant of proportionality K is called the Modulus of Elasticity E or

Young’s Modulus and is equal to the slope of the stress-strain diagram from
OtoP. Then

Robert Hooke

o =Ee
Elastic Limit
The elastic limit is the limit beyond which the material will no longer go back to its original shape when

the load is removed, or it is the maximum stress that may e developed such that there is no permanent or
residual deformation when the load is entirely removed.

Elastic Limit
The elastic limit is the limit beyond which the material will no longer go back to its original shape when

the load is removed, or it is the maximum stress that may e developed such that there is no permanent or
residual deformation when the load is entirely removed.

Elastic and Plastic Ranges

The region in stress-strain diagram from O to P is called the elastic range. The region from P to R is called
the plastic range.

Yield Point

Yield point is the point at which the material will have an appreciable elongation or yielding without any
increase in load.

Ultimate Strength

The maximum ordinate in the stress-strain diagram is the ultimate strength or tensile strength.
Rapture Strength

Rapture strength is the strength of the material at rupture. This is also known as the breaking strength.
Modulus of Resilience

Modulus of resilience is the work done on a unit volume of material as the force is gradually increased

fromOtoP,inN- m/m>. This may be calculated as the area under the stress-strain curve from the origin
O to up to the elastic limit E (the shaded area in the figure). The resilience of the material is its ability to
absorb energy without creating a permanent distortion.

Modulus of Toughness

Modulus of toughness is the work done on a unit volume of material as the force is gradually increased
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fromOtoR,inN- m/m?3. This may be calculated as the area under the entire stress-strain curve (from O
to R). The toughness of a material is its ability to absorb energy without causing it to break.

Working Stress, Allowable Stress, and Factor of Safety

Working stress is defined as the actual stress of a material under a given loading. The maximum safe stress
that a material can carry is termed as the allowable stress. The allowable stress should be limited to values
not exceeding the proportional limit. However, since proportional limit is difficult to determine accurately,
the allowable tress is taken as either the yield point or ultimate strength divided by a factor of safety. The
ratio of this strength (ultimate or yield strength) to allowable strength is called the factor of safety.

Axial Deformation

In the linear portion of the stress-strain diagram, the tress is proportional to strain and is given by

o =Ee
P )
i =P/Aande = 6/L,then — = E —
sincec = P/Aande =6/ then 3
s PL_ol
~AE  E

To use this formula, the load must be axial, the bar must have a uniform cross-sectional area, and the
stress must not exceed the proportional limit.

If however, the cross-sectional area is not uniform, the axial deformation can be determined by
considering a differential length and applying integration.

le & q
>

I‘

N

(IEEEEN]

7

' dx y
X —>|e—

where A = ty and Y and {, if variable, must be expressed in terms of X.

For a rod of unit mass p suspended vertically from one end, the total elongation due to its own weight is

. pgl?  MgL

2E 2AE
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where p isin kg/m3, L is the length of the rod in mm, M s the total mass of the rod in kg, A is the cross-
sectional area of the rod in mm?, and g = 9.81 m/s°.

Stiffness, k

Stiffness is the ratio of the steady force acting on an elastic body to the resulting displacement. It has the
unit of N/mm.

P
k= —
)

Solution to Problem 203 Stress-strain Diagram

Strength of Materials 4th Edition by Pytel and Singer

Given:
Material: 14-mm-diameter mild steel rod
Gage length = 50 mm

Test Result:

Load (N) Elongation (mm) I(_I\?)ad Elongation (mm)
0 0 46200 1.25

6 310 0.010 52400 250
12600  0.020 58500 4.50
18800  0.030 68 000 7.50
25100  0.040 59000 125
31300 0.050 67800 15.5
37900 0.060 65000 20.0
40100 0.163 65500 Fracture
41600  0.433

Required:

Stress-strain diagram, Proportional limit, modulus of elasticity, yield point, ultimate strength, and rupture
strength

Solution 203

Area, A = 17(14)% = 497 mm?; Length, L = 50 mm

Strain = Elongation/Length; Stress = Load/Area

Load (N) Elongation (mm) Strain (mm/mm) Stress (MPa)
0 0 0 0

6310 0.010 0.0002 40.99

12600 0.020 0.0004 81.85
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18800 0.030 0.0006 122.13

25100 0.040 0.0008 163.05
31300 0.050 0.001 203.33
37900 0.060 0.0012 246.20
40100 0.163 0.0033 260.49
41600 0.433 0.0087 270.24
46200 1.250 0.025 300.12
52400 2.500 0.05 340.40
58500 4.500 0.09 380.02
68 000 7.500 0.15 441.74
59000 12.500 0.25 383.27
67800 15.500 0.31 440.44
65000 20.000 0.4 422.25
61500 Failure 399.51

Stress, o

RS (Failure, 399.51)
US (0.15, 441.74)

\

YP (0.0087, 270.24)

EL (0.0033, 260.49)

PL (0.0012, 246.20)
-

Strain,

Stress-Strain Diagram
(not drawn to scale)

PL = Proportional Limit
EL = Elastic Limit

YP = Yield Point

US = Ultimate Strength
RS = Rupture Strength

From stress-strain diagram:

a. Proportional Limit = 246.20 MPa
b. Modulus of Elasticity
E = slope of stress-strain diagram within proportional limit

246.20

E =205.2 GPa
c. Yield Point = 270.24 MPa
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d. Ultimate Strength = 441.74 MPa
e. Rupture Strength = 399.51 MPa

Solution to Problem 204 Stress-strain Diagram

Strength of Materials 4th Edition by Pytel and Singer

Given:

Material: Aluminum alloy

Initial diameter = 0.505 inch

Gage length = 2.0 inches

The result of the test tabulated below:

Load (Ib) Elongation (in.) Load (Ib) Elongation (in.)

0 0 14000 0.020
2310 0.00220 14400 0.025
4 640 0.00440 14500 0.060
6 950 0.00660 14600 0.080
9290 0.00880 14800 0.100
11600 0.0110 14600 0.120
12600 0.0150 13600  Fracture
Required:

Plot of stress-strain diagram

(a) Proportional Limit

(b) Modulus of Elasticity

(c) Yield Point

(d) Yield strength at 0.2% offset
(e) Ultimate Strength and

(f) Rupture Strength

Solution 204

Area, A = 17(0.505)% = 0.06387 in’; Length, L = 2in
Strain = Elongation/Length; Stress = Load/Area

Load (Ib) Elongation (in.) Strain (in/in) Stress (psi)

0 0 0 0

2 310 0.0022 0.0011 11 532.92
4 640 0.0044 0.0022 23 165.70
6 950 0.0066 0.0033 34 698.62

9290 0.0088 0.0044 46 381.32
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11600 0.011 0.0055 57 914.24

12600 0.015 0.0075 62 906.85
14000 0.02 0.01 69 896.49
14400 0.025 0.0125 71 893.54
14500 0.06 0.03 72 392.80
14600 0.08 0.04 72 892.06
14800 0.1 0.05 73 890.58
14600 0.12 0.06 72 892.06
13600 Fracture 67 899.45
us
A YP
EL .

= PL

o

<

n

. e Strain, -

0.002 offset

PL (0.0055, 57914.24)
EL (0.0075, 62906.85)
YP (0.01, 69896.49)
Us (0.05, 73890.58)
RS (Failure, 67899.45)

From stress-strain diagram:

a. Proportional Limit = 57,914.24 psi
b. Modulus of Elasticity:

57914.24 :
= 0008 - 10,529, 861.82 psi
E = 10,529.86 ksi

c. Yield Point = 69,896.49 psi

d. Yield Strength at 0.2% Offset:
Strain of Elastic Limit = ¢ at PL + 0.002
Strain of Elastic Limit = 0.0055 + 0.002
Strain of Elastic Limit = 0.0075 in/in

The offset line will pass through Q(See figure):
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Required Point YP
6989.64
4992.61

0.002 )40.0()25
Offset Line

Slope of 0.2% offset = E = 10,529,861.82 psi

Test for location:
slope = rise / run

6989.64 + 4992.61

10,529, 861.82 = o
run = 0.00113793 < 0.0025, therefore, the required point is just before YP.
Slope of EL to YP
o, _ 6989.64
e, 0.0025
%1 = 2795856
€1

01
“1 3795856

For the required point:

o _ 499261 +0,

€1
4992.61 +
10529861.82 = = 91
2795856

3.76620, = 4992.61 + 0,
o, = 1804.84 psi

Yield Strength at 0.2% Offset
=EL+ o1

= 62906.85 + 1804.84

= 64,711.69 psi

e. Ultimate Strength = 73,890.58 psi
f. Rupture Strength = 67,899.45 psi

Solution to Problem 205 Axial Deformation

Strength of Materials 4th Edition by Pytel and Singer

Given:
Length of bar = L
Cross-sectional area = A
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Unit mass = p
The bar is suspended vertically from one end

Required:

Show that the total elongation & = ng2 / 2E.
If total mass is M, show that 8 = MgL/2AE

Solution 205

PL
5 —_

AE
From the figure:
d=dd
P =Wy = (pAy)g
L=dy

45 = (pAy)g dy

Given the total mass M

p=M/V = M/AL

M
— . L2
_pol? _ AL Y
I\%EL 2E
_ Mg
0= 2aE *
Another Solution:
PL
"= AE
Where:
P=W = (pAL)g
L=L/2
5 = [ADA(L/2)

AE
§ = pgl?/2E ok
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For you to feel the situation, position yourself in pull-up exercise with your hands on the bar and your
body hang freely above the ground. Notice that your arms suffer all your weight and your lower body fells
no stress (center of weight is approximately just below the chest). If your body is the bar, the elongation
will occur at the upper half of it.

Solution to Problem 206 Axial Deformation

Strength of Materials 4th Edition by Pytel and Singer

Given:

Cross-sectional area = 300 mm
Length = 150 m
tensile load at the lower end = 20 kN

Unit mass of steel = 7850 kg/m3
E = 200 x 10% MN/m?

2

Required: Total elongation of the rod
Solution 206

Elongation due to its own weight: l
5. = PL - 8
1 AE

Where:

P = W = 7850(1/1000)3(9.81)[300(150)(1000)]

P = 3465.3825 N

L = 75(1000) = 75 000 mm w 1
A =300 mm?

E =200 000 MPa

3 465.3825(75 000)

1~ "300(200000)
01 =4.33mm

w s/

w 0sT

Elongation due to applied load:

5, = —
27 AE
Where:

P =20kN=20000N
L =150 m= 150 000 mm

A =300 mm?

W 0sT
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E =200 000 MPa

5. = 20000(150000)
2 300(200 000)
d, =50 mm

Total elongation:
§=6,+06,
6 =4.33+50 =54.33mm — answer

20 kN

Solution to Problem 207 Axial Deformation

Strength of Materials 4th Edition by Pytel and Singer

Given:

Length of steel wire = 30 ft

Load =500 Ib

Maximum allowable stress = 20 ksi
Maximum allowable elongation = 0.20 inch

E =29 x 10° psi

Required: Diameter of the wire

Solution 207

Based on maximum allowable stress:

P

o= —=

20000 = 1500

1 42
47rd

d=0.1784in

Based on maximum allowable deformation:

_PL

500(30 x 12)
2md2(29 x 109)
d =0.1988in

0.20 =

Use the bigger diameter, d = 0.1988 inch

500 Ib

i

4

|
f

30 ft

d

L
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Solution to Problem 208 Axial Deformation

Strength of Materials 4th Edition by Pytel and Singer
Problem 208 page 40

Given:

Thickness of steel tire = 100 mm

Width of steel tire = 80 mm

Inside diameter of steel tire = 1500.0 mm
Diameter of steel wheel = 1500.5 mm
Coefficient of static friction = 0.30

E =200 GPa

Required: Torque to twist the tire relative to the wheel

Solution 208
. 10 mm
1500 mm
" 10 mm
5= PL
AE
Where:
&= (1500.5 - 1500) = 0.57 mm
P=T
L = 1500t mm

A = 10(80) = 800 mm?
E = 200 000 MPa

T (15007)

05T = ¢50(200000)
T =53333.33N

e
!

1500 ,.

10
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p(1500)(80) = 2(53 333.33)
p = 0.8889 MPa — internal pressure

Total normal force, N:

N = p x contact area between tire and wheel
N = 0.8889 x 7(1500.5)(80)

N =335214.92N

Friction resistance, f:

f=puN =0.30(335 214.92)
f=100564.48 N = 100.56 kN
Torque = f x Y2(diameter of wheel)
Torque = 100.56 % 0.75025
Torque = 75.44 KN - m

Solution to Problem 209 Axial Deformation

Strength of Materials 4th Edition by Pytel and Singer

Given:

Cross-section area = 0.5 in?
E =10 x 108 psi

The figure below:

<€ 7000 Ib : : 5000 |b —_—
6000 Ib 4000 Ib

- e
< >

»€ >

3ft 5ft 4 ft
Figure P-209 and P-210

Required: Total change in length

Solution 209

—
6000 |b Py = 6000 Ib

<« 7000Ib —5}(—
6000 |b P, = 1000 Ib

<« 7000 |b F=—> <€ 5000 |§ —>
6000 |b P2 = 4000 |b

P1 = 6000 Ib tension
P2 = 1000 Ib compression
P3 = 4000 Ib tension

PL
0= AE

5:51_52"'53
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_ 6000(3 x 12) _ 1000(5 x 12)  4000(4 x 12)

~ 0.5(10 x 108)  0.5(10 x 10%)  0.5(10 x 105)
0 =0.0696 in (lengthening) — answer

Solution to Problem 210 Axial Deformation

Solve Prob. 209 if the points of application of the 6000-Ib and the 4000-Ib forces are interchanged.

Solution 210

—_— .)(_
4000 |b ) P, = 4000 |b

- 7000 Ib —t}(—
4000 |b P, = 11000 |b

— 7000 |b m—> <5000 |b{ €=
4000 |b P3 = 6000 Ib

P1 = 4000 Ib compression
P2 = 11000 Ib compression
P3 = 6000 Ib compression

PL
° e
5:_5 _52_53

1000(3 x 12)  11000(5 x 12) 6000(4 x 12)

0.5(10 x 108)  0.5(10 x 106) 0.5(10 x 109)
0 =—0.19248in = 0.19248 in (shortening) — answer

Solution to Problem 211 Axial Deformation

Strength of Materials 4th Edition by Pytel and Singer
Problem 211 page 40

Given:

Maximum overall deformation = 3.0 mm
Maximum allowable stress for steel = 140 MPa
Maximum allowable stress for bronze = 120 MPa
Maximum allowable stress for aluminum = 80 MPa
Est = 200 GPa

Eal = 70 GPa

Epr = 83 GPa

The figure below:
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Aluminum
- 3P 4p € —>
P | 2P
om 2.0m 7 15m
Figure P -211
Required: The largest value of P
Solution 211
P;: = P
pe—{ >
‘ Py = 2P
p € = 3P
Py =2P
p < —> 3p 4pe—i|_ >

Based on allowable stresses:

Steel:
Pt = 05t Ag
P =140(480) = 67200N
P =67.2kN

Bronze:
Pbr = Opr Abr
2P = 120(650) = 78000 N
P =39000N = 39kN

Aluminum:
I:)al = Oq Aal
2P = 80(320) = 25600 N
P =12800N =12.8kN

Based on allowable deformation:
(steel and aluminum lengthens, bronze shortens)

o= 5st_5br + 5al
5. P(1000)  2P(2000) 2P (1500)
480(200000)  650(70000)  320(83 000)

— 1 1 3
3_(96000 11375+26560)P

P =84610.99N = 84.61 kN

Use the smallest value of P, P = 12.8 kN

Solution to Problem 212 Axial Deformation

Strength of Materials 4th Edition by Pytel and Singer
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Given:

Maximum stress in steel rod = 30 ksi
Maximum vertical movement at C = 0.10 inch
The figure below:

Figure P-212

Steel
L= 4 ft
A = 0.50 in?
E = 29 x 10° psi
k. A B C
L 2 ft ‘L 3 ft ——

P Y

Required: The largest load P that can be applied at C

Itﬁl? 2 ft B | 3ft Cl

Solution 212

Based on maximum stress of steel rod:
~M, =0

5P = 2P,

P =0.4P,

P =0.40, A

P =0.4[30(0.50)]

P =6Kkips

Based on movement at C:

oy _ 0.1

2 5
dg = 0.041in

P =0.04
E - .
Pi(4x12) 0.04

0.50(29 x 106)
P, = 12083.331b

L

st

uTo
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5P = 2P,
P =0.4P,

P =0.4(12083.33)

P = 4833.331b = 4.83Kips

Use the smaller value, P = 4.83 Kips

Solution to Problem 213 Axial Deformation

Strength of Materials 4th Edition by Pytel and Singer

Given:

Rigid bar is horizontal before P = 50 kN is applied

The figure below:
Figure P-213

7
Steel
Aluminum L=4m
L=3m y A = 300 mm?
é = ;::()Gf:m‘ E = 200 GPa ¥/
= 70 GPa
A B C¢g
Io O OI
i(— 3‘5 m > 2.5 m —)4

Required: Vertical movement of P
Solution 213

Free body diagram:

P
A B

& %)

——— 35m »|<
P =50 kN W

For aluminum:

>Mg =0

6P, = 2.5(50)

P, = 20.83kN
PL

52/@

_20.83(3)10002

al ™ 500(70000)
9y = 1.78 mm
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For steel:

SM, =0
6P, = 3.5(50)
P, = 29.17 kN

PL
0= 2E

29.17(4)10002

O. =
St 300(200000)
0 = 1.94 mm

Movement diagram:

A 3.5 B 2.5 C

y 194-178
35 6

y =0.09 mm

dg = vertical movement of P
g =1.78+y =1.78+0.09

dg = 1.87 mm — answer

Solution to Problem 214 Axial Deformation

Strength of Materials 4th Edition by Pytel and Singer

Given:
Maximum vertical movement of P =5 mm
The figure below:

Figure P-214 y
Aluminum
L=2m
A = 500 mm?
E = 70 GPa
kA 3m 3m B
1= o gl
5 ]
: Steel
L=2m
A = 300 mm?
< E = 200 GPa
-
/9 o ol
b C 3m l 3m D
P

Required: The maximum force P that can be applied neglecting the weight of all members.
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Solution 41

Member AB:

Pal
[[ A 3m T 3m B

FBD and movement diagram of bar AB

3P, = 6P
I:)al = 2Pst
By ratio and proportion:
% _ O
6 3
PL
-l
P_, (2000)
bp=2| A
500(70000)

Og = 87150 Pa 8750 (2Pg;)

0g = 43175P — movement of B
Member CD:
Pe
C 3Im 3m T

FBD and movement
diagram of bar CD

Movement of D:

PL

Op = 0g +0g = AE 43175P
st

5 P,, (2000) 1 p

D™ 300(200 000) @

0p = 73955 Pst

D ~ 22000

SM¢ = 0
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6P, = 3P

P = 3P
By ratio and proportion:
% _ %o
3 -1 6 — 11
Op = 551? = 3(22000Pst)
5P__ Wlpst
= gzom(z")

P =76363.64N = 76.4KN — answer

Solution to Problem 215 Axial Deformation

Strength of Materials 4th Edition by Pytel and Singer

Given:
The figure below:

Figure P-215
Aluminum e
: E = 29 x 10°psi
R 6
E = 10 x 10°psi LE6HR
L=4ft
I Total Weight = W |
1 sle Sl
CO3ft 6 ft 1ft

Required: Ratio of the areas of the rods

Solution 215
Tpal Tps:
{ c [+] o ]
| ; .
F 3N @& i
w
¥M, =0
6P, = 2W
Py =31W
YM, =0
6P, = 4W
P., = 2W
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5stz(sal

PLI _|PL

AE | |AE|,

W x12)  SW(4 x 12)

Ay (29 x 108) A, (10 x 106)
Ay 5W(4 x 12)(29 x 10°)

Aq  1W(6 x 12)(10 x 106)
Aal

— = 3.867 — answer

Ast

Solution to Problem 216 Axial Deformation

Strength of Materials 4th Edition by Pytel and Singer

Given:
Vertical load P = 6000 Ib

Cross-sectional area of each rod = 0.60 in?
E =10 x 10° psi

a=30°

0 =230°

The figure below:

Figure P-216 and P-217

Required: Elongation of each rod and the horizontal and vertical displacements of point B

Solution 216
Pae
B o = 30°
g e=30

P=60001b @&

P,g €0s30° = Py c0os 30°
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Pag = Pgc

YF, =0
P g SIN30° + Py sin30° = 6000
Pas(0.5) + P,5(0.5) = 6000
P,g = 6000 Ib tension
Pgc = 6000 Ib compression

PL
°7hE

_6000(10 x 12)

A8 0.6(10 x 105)
_ 6000(6 x 12)

57 0.6(10 x 109)

DB = §,z = 0.121inch

BE = dgg = 0.072inch

dg = BB’ = displacement of B

B’ = final position of B after elongation

= 0.12inch lengthening — answer

= 0.072inch shortening — answer

) 60°

120° - B

F

Movement of B

Triangle BDB’:

0.12
Cosf3 = —
& Y

B cosf3
Triangle BEB’:
cos(120°-3) =

_0.072
® " co0s(120°-3)

dg = 0

0.072
O
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0.12 _ 0.072
cos3  cos(120°-0)
c0s120° cos3 +sin120° sin3 _
cos 3 -
—0.5+sin120° tan3 = 0.6

1.1
tanf3 = sin 120°

B =51.79°

¢ = 90—(30° + B) = 90°—(30° + 51.79°)
¢ = 8.21°
012

B c0s51.79°
dg = 0.194inch

Triangle BFB’:

0, = B’F = dgsing = 0.194sin8.21°
0, = 0.0277 inch

0, = 0.0023 ft — horizontal displacement of B

0.6

dy = BF =dzcos¢ =0.194 cos8.21°
oy =0.192inch
dy = 0.016 ft — vertical displacement of B

Solution to Problem 217 Axial Deformation

Solve Prob. 216 if rod AB is of steel, with E = 29 x 108 psi. Assume o = 45° and 6 = 30°; all other data

remain unchanged.
/%

; ) 757
. 60°

6 = 30°

Solution 217

d1 0009

P-6000lb '

By Sine Law
Py 6000
sin60°  sin75°
Pag = 5379.451b (Tension)
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Psc 6000

sin45°  sin75°
Pgc =4392.30 Ib (Compression)

PL

AE
_ 5379.45(10 x 12) ) _
dng = 0.6(20 x 10°) == 0.0371 inch (lengthening)

5 - 4392.30(6 x 12)
5 0.6(10 x 10°)

= 0.0527 inch (shortening)

DB = §,5 = 0.0371inch

BE = dge = 0.0527 inch

dg = BB’ = displacement of B

B’ = final position of B after deformation

Movement of B

Triangle BDB’:
~0.0371

B~ cosp

Triangle BEB’:

0.0527
cos(105°-(3) = ——
58

_0.0527
5 c0s(105°-0)
dg = 0p
0.0871 _  0.0527

cosB  cos(105°—3)
c0s105° cos3 +sin105° sin 3

cos 3

= 1.4205
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—0.2588 + 0.9659tan 3 = 1.4205
1.4205 + 0.2588
tang =

0.9659
tan = 1.7386
6 =160.1°

0.0371

B~ C0560.1°
dg = 0.0744 inch

¢ = (45° + 3)-90°

¢ = (45° +60.1°)-90°

¢ =15.1°

Triangle BFB’:

0, = FB’ = g sin¢ = 0.0744 sin15.1°

0, = 0.0194 inch

9y, = 0.00162 ft — horizontal displacement of B

dy =BF =9dgcos¢ =0.0744 cos15.1°
oy = 0.07183 inch
oy = 0.00598 ft — vertical displacement of B

Solution to Problem 218 Axial Deformation

A uniform slender rod of length L and cross sectional area A is rotating in a horizontal plane about a
vertical axis through one end. If the unit mass of the rod is p, and it is rotating at a constant angular

velocity of o rad/sec, show that the total elongation of the rod is pco2 L3/3E.

Solution 218
5= PL
AE
- ® éi G

from the frigure:

. dPXx
ds = AE
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Where:
dP = centrifugal force of differential mass

dP = dM ©? X = (pA dx)w? X

dP = pAo)2 x dx
(pAw?x dx)x
dj = ¥——M8M —
AE )
2 L 2 3
o= ﬂ X2 dx = & X_
E /o E 3],

2

W
== (L0
§ = pw?L3/3E ok!

Solution to Problem 219 Axial Deformation

A round bar of length L, which tapers uniformly from a diameter D at one end to a smaller diameter d at
the other, is suspended vertically from the large end. If w is the weight per unit volume, find the elongation
of o the rod caused by its own weight. Use this result to determine the elongation of a cone suspended
from its base.

Solution 219

_PL
AE
For the differential strip shown: diameter, D

§=ds J
P = weight carried by the strip = weight of segment y e
L=dy

A = area of the strip

J

For weight of segment Y (Frustum of a cone):

P =wVy

From section along the axis:

diameter, d


http://www.novapdf.com
http://www.novapdf.com

Section along the
axis of the bar

Volume for frustum of cone

V = irh(R*+r? +Rr)

Vy = Inh [1(x+d)? + 1d2 + L(x + d)(3d) ]
Vy = Sy [(x+d)? +d? + (x + d)d]

P =Law[(x+d)?+d+(x+d)d]y
P =Saw[x*+2xd+d?+d?+xd+d*]y
P:1—127rw[x2+3>;d+3d2]y
7w [(D—d 3d(D —d
T2 [( L2) v (L ly

+ 3d3] y
Area of the strip:

B 2
A =32m(x+d)? = z (—DLdy+d')

4
Thus,

PL
5_E 2

mw [(D—d)? ,  3d(D-d) 5
o 12[ ¥ y2 + 3 y+3d°| ydy

7 (D-d ,2
Z<Ty+d) E
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— )2 _
©—d° ,, 3O-d . 3d21
o 4w L2 L
ds = y dy
12E | (D-d? ,,2dD-d) . , J
z Yt YT
(D —d)?y? + 3Ld(D — d)y + 3L2d?
, L2
ds = — I
3E | (D —d)?y2+2Ld(D —d)y + L2c? J
L2
w [ (D —d)2y2 +3Ld(D — d)y + 3L2d2}
3E | (D —d)2y2 + 2Ld(D — d)y + L2d?

Leta=D—-dandb = Ld
[ 2y/2 2
w [acy +3aby+3b] dy

y dy

do = 3E | a2y2 + 2aby + b?

w [a%y? +3aby + 3b? a]
= — X —|ydy
3E [(ay)* +2(ay)b +b*> @
3y/3 2y2 2
a5 = [y +3(a‘y-)b + 3(ay)b dy
3aE (ay + b)?
o _ W [[(ay)®+3(ay)’b + 3(ay)b® + b>] — b°
do = dy
3aE (ay + b)?

dé

The quantity (ay)® + 3(ay)2b + 3(ay)b? + b3 is the expansion of (ay + b)®

5o W [@ bR

~3aE | (ay +h)?

r 3 3

dé = hd (ay+b) — b ] dy

33\/5 |(ay +b)?  (ay +b)?
s WV 3 -2
dé 3aE [ (ay + b) —b°(ay + b) =] dy

W L
5= s | Ly +b)~bay +b)* 1y

3akE J,
s W [@y+b? bay+b)?)’
~ 3aE 2a -a .

2 3 qL

5 = w [(ay +Db) N b

3a2E 2 ay+bj,
__w 1 LA B PP
" 3a2E { [2(aL+b) +aL+b] [2b "B
__ W Ja 2 > 5,
6_3a2E{2(aL+b) PTETI
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w [ (aL +b)3 + 2b3 — 3b%(aL + b)}

3a2E | 2(aL +b)
_w [(aL)® +3(aL)?b + 3(aL)b? + b® + 2b® — 3ab’L — 3b3
~ 6a2E aL+b

5o W "a3L3 + 3a2bL.2
" 6a2E| aL+b

Note that we leta = D—d andb = Ld

w [(D—d)3L3 + 3(D—d)?(Ld) L2]

~ 6(D—d)2E (D—d)L + Ld
s W (D-d)L3 [(D — d)? + 3d(D—d)]
- 6(D—d)2E { LD-Ld + Ld }
. wL®  [(D—d)?+ 3d(D—d)]
6(D—d)E | LD
5= wL®  [D?-2Dd + d? + 3Dd-3d?
- 6(D-d)E | LD ]
5o WL [D?+Dd-2d’
“6(D-dE| LD }
5= WL [D(D+d)-2d’
“6(D-d)E| LD ]
5= wL® [D(D +d) wLd  [2d?
" 6(D-d)E | LD ] - 6(D-d)E {LD]
wL?(D+d)  wL?d?
d = — answer

6E(D-d) 3ED(D-d)

Foracone:D = Dandd =0

5= wL?(D+0)  wL?(0?)
- B6E(D-0) 3ED(D-0)
_wL?
— ——— — answer

6E

Shearing Deformation

Shearing Deformation

Shearing forces cause shearing deformation. An element subject to shear does not change in length but
undergoes a change in shape.
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[ —

The change in angle at the corner of an original rectangular element is called the shear strain and is
expressed as

Os

L

The ratio of the shear stress 7 and the shear strain -y is called the modulus of elasticity in shear or
modulus of rigidity and is denoted as G, in MPa.

T
G=-
Y
The relationship between the shearing deformation and the applied shearing force is
5o VLl
° AG G

where V is the shearing force acting over an area As.

Poisson’s Ratio

When a bar is subjected to a tensile loading there is an increase in length of the bar in the direction of the
applied load, but there is also a decrease in a lateral dimension perpendicular to the load. The ratio of the
sidewise deformation (or strain) to the longitudinal deformation (or strain) is called the Poisson’s ratio and
is denoted by 1. For most steel, it lies in the range of 0.25to 0.3, and 0.20 for concrete.

Ex Ex

)

where Ey is strain in the x-direction and €y and € are the strains in the perpendicular direction. The
negative sign indicates a decrease in the transverse dimension when £y is positive.

Biaxial Deformation

If an element is subjected simultaneously by ensile stresses, o'y and oy, in the X and Y directions, the
strain in the X direction is O’X/E and the strain in the Y direction is Uy/E. Simultaneously, the stress in
the Y direction will produce a lateral contraction on the X direction of the amount —/ €y or —/ O'y/E.

The resulting strain in the X direction will be
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Ey = ——UV— 0O o
T E E X 1— 12
and
Jy Oy or (gy + Vex)E
Ey = — —V— oy =
YT E E y 1—12

Triaxial Deformation

If an element is subjected simultaneously by three mutually perpendicular normal stresses oy, 0y, and
Oz, which are accompanied by strains €y, Ey, and £, respectively,

1
Ex = E [UX_V(Uy'l'Uz)]

1
Ey = E [oy—v(ox+07)]

1
€z — E [UZ_V(O'X+0y)]

Tensile stresses and elongation are taken as positive. Compressive stresses and contraction are taken as
negative.

Relationship Between E, G, and v
The relationship between modulus of elasticity E, shear modulus G and Poisson’s ratio v is:
E

C= 2ae

Bulk Modulus of Elasticity or Modulus of Volume Expansion, K

The bulk modulus of elasticity K is a measure of a resistance of a material to change in volume without
change in shape or form. It is given as

E o

=312 " aviv

where V' is the volume and AV is change in volume. The ratio AV/V is called volumetric strain and
can be expressed as

AV o 3(1-2w)
V K E

Solution to Problem 222 Poisson's Ratio


http://www.novapdf.com
http://www.novapdf.com

A solid cylinder of diameter d carries an axial load P. Show that its change in diameter is 4Pv / nEd.

Solution 222
Y
-~ o L w! o x
Oxji)‘<— —;«O—X/Z l 3y/2

[ o

Solution to Problem 223 Triaxial Deformation

Strength of Materials 4th Edition by Pytel and Singer

Given:
Dimensions of the block:
x direction = 3 inches
y direction = 2 inches
z direction = 4 inches
Triaxial loads in the block
x direction = 48 Kips tension
y direction = 60 kips compression
z direction = 54 Kips tension
Poisson's ratio, v = 0.30

Modulus of elasticity, E = 29 x 106 psi
Required:

Single uniformly distributed load in the x direction that would produce the same deformation in the y
direction as the original loading.

Solution 223
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For triaxial deformation (tensile triaxial stresses):
(compressive stresses are negative stresses)

€y = E[Uy_V(Ux+UZ)]

P 48 .
oy = A_))/(Z = L@ = 6.0Kksi (tension)
P 60 .
oy = ATyz = AE = 5.0Kksi (compression)
P 54 .
o, = ATZy = 2(—3) = 9.0Kksi (tension)
1

- ~ 5000 — 0.30(6000 + 9000
= 59 % 105 | ( )]
gy ==3.276 x 104

Ey Is negative, thus tensile force is required in the x-direction to produce the same deformation in the
y-direction as the original forces.

For equivalent single force in the x-direction:
(uniaxial stress)

29 x 106
oy = 31666.67 psi
Px
= — =31666.67
Ox %) 31666.6
P, = 253 333.33 b (tension)
Py = 253.33Kips (tension) — answer

~0.30 ( x ) = _3.276 x 107

Solution to Problem 224 Triaxial Deformation
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Problem 224

For the block loaded triaxially as described in Prob. 223, find the uniformly distributed load that must be
added in the x direction to produce no deformation in the z direction.

Solution 224

€z = E [UZ_V(UX+Uy)]

Where

ox = 6.0 ksi (tension)

oy = 5.0 ksi (compression)
oz = 9.0 ksi (tension)

= —— [9000-0.3(6000-5000
= 35108 ( )l

g, =2.07 x 107

€z IS positive, thus positive stress is needed in the x-direction to eliminate deformation in z-direction.

The application of loads is still simultaneous:
(No deformation means zero strain)

1
Ey = E [Jz _V(Ux+0y)] = O
o, = v(ox + oy)
oy = 5.0 ksi (compression)
oz = 9.0 ksi (tension)

9000 = 0.30(ox—5000)

ox = 35000 psi

O addeg T 6000 = 35000
added _
2() =29000

P.dgeq = 232000 1Ib

P.ddeqd = 232 Kips — answer

Solution to Problem 225 Biaxial Deformation

A welded steel cylindrical drum made of a 10-mm plate has an internal diameter of 1.20 m. Compute the
change in diameter that would be caused by an internal pressure of 1.5 MPa. Assume that Poisson’s ratio
is 0.30 and E = 200 GPa.

Solution 225

oy = longitudinal stress
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_ pD _ 1.5(1200)
YT 4 T Ta(10)
oy = 45 MPa

ox = tangential stress

_ pD _ 1.5(1200)

YT 20T 200)
oy = 90 MPa
_ Ox Oy
Ex = E v E thickness,

t=10 mm

_ 0 L 4
=~ 200000 -\ 200000
ey =3.825 x 107

_AD
‘SX__

D
AD = £, D == (3.825 x 1074)(1200)

AD = 0.459mm — answer

Solution to Problem 226 Biaxial Deformation

A 2-in.-diameter steel tube with a wall thickness of 0.05 inch just fits in a rigid hole. Find the tangential
stress if an axial compressive load of 3140 Ib is applied. Assume v = 0.30 and neglect the possibility of
buckling.

0.05%;. 20" . 005"
Solution 226 @
gy

Ox

ex=—-v—=0 3140 Ib
E "E 1
where o i
ox = tangential stress o S Y
oy = longitudinal stress ] E
oy =Pyl A=3140/ (n x 2 x 0.05) S = X

oy = 31,400/ psi 7007,

ox = 0.30(31400/7)
ox = 9430/ psi
oy = 2298.5psi

Solution to Problem 227 Biaxial Deformation
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Problem 227

A 150-mm-long bronze tube, closed at its ends, is 80 mm in diameter and has a wall thickness of 3 mm. It
fits without clearance in an 80-mm hole in a rigid block. The tube is then subjected to an internal pressure
of 4.00 MPa. Assuming v = 1/3 and E = 83 GPa, determine the tangential stress in the tube.

Solution 227
Longitudinal stress: /"’@%
— pD - 4(80) b Diameter, D = 80 mm
Oy — at - 4(3) %bzg//.g/i Thickness, t = 3 mm
’,-"f‘- H .
The strain in the x-direction is: f 1 iX0'mm
Ex = E v Ey =0 oo N
_ . / Rigd Block
Ox = V Oy = tangential stress X
— 1,80
Ox — '3(?)

oy = 8.89 MPa — answer

Solution to Problem 228 Biaxial Deformation

A 6-in.-long bronze tube, with closed ends, is 3 in. in diameter with a wall thickness of 0.10 in. With no
internal pressure, the tube just fits between two rigid end walls. Calculate the longitudinal and tangential

stresses for an internal pressure of 6000 psi. Assume v =1/3 and E =12 x 108 psi.

Solution 228
o o

e= 22—y 2=0
E E

Ox = V 0y = 0 — longitudinal stress
Oy = Oy — tangential stress

t=0.10in Y
__PD _ 6000(3) I B
t™ 2t T 2(0.10) !

3ing

OO

o, = 90000 psi — answer

ARRERRRORRRRW

of :I/O'y:%(goOOO) L=6in
o, = 30000 psi — answer

Statically Indeterminate Members

When the reactive forces or the internal resisting forces over a cross section exceed the number of
independent equations of equilibrium, the structure is called statically indeterminate. These cases require
the use of additional relations that depend on the elastic deformations in the members.


http://www.novapdf.com
http://www.novapdf.com

Solution to Problem 233 Statically Indeterminate

A steel bar 50 mm in diameter and 2 m long is surrounded by a shell of a cast iron 5 mm thick. Compute
the load that will compress the combined bar a total of 0.8 mm in the length of 2 m. For steel, E = 200
GPa, and for cast iron, E = 100 GPa.

Solution 233
PL
"= AE

= 5cast iron = 5steel =0.8mm

— I:)cast iron(zooo) —
[ £7(602 — 502)](100 000)
Peast iron = 110007 N
I:)steel (2000) —
[ 47(502)](200 000)
P = 500007 N

Bearing Plate

cast iron Cast Iron,

t=5mm

ww 000z

steel —

YR, =0 _ dSteeI Bar
_ =50

P = I:)cast iron + I:)steel o

P =110007 + 500007

P =61000r N

P =191.64kN — answer

Solution to Problem 234 Statically Indeterminate

Problem 234

A reinforced concrete column 200 mm in diameter is designed to carry an axial compressive load of 300
kN. Determine the required area of the reinforcing steel if the allowable stresses are 6 MPa and 120 MPa
for the concrete and steel, respectively. Use Eco = 14 GPa and Est = 200 GPa.

Solution 234
deo =0 =0
PL _(PL
AE ) \AE/
(O'L) B (aL)
E co E st
ook o4l

14000 200000
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1000, = 7o

When o, = 120 MPa
1000, = 7(120) 200
0c = 8.4 MPa > 6 MPa (not ok!)

When Oco — 6 Mpa 300 kN
100(6) = 7o 5
oy = 85.71 MPa < 120 MPa (ok!) 7

Use 6co = 6 MPa and ost = 85.71 MPa

YF, =0
P, + Pco = 300 ¥
05t At + 0co Aco = 300

85.71Ast +6 [%W(ZOO)Z—Ast] = 300(1000)

79.71A + 60 0007 = 300000

A, = 1398.9 mm? — answer

Solution to Problem 235 Statically Indeterminate

A timber column, 8 in. X 8 in. in cross section, is reinforced on each side by a steel plate 8 in. wide and t
in. thick. Determine the thickness t so that the column will support an axial load of 300 kips without
exceeding a maximum timber stress of 1200 psi or a maximum steel stress of 20 ksi. The moduli of

elasticity are 1.5 x 108 psi for timber, and 29 x 108 psi for steel.

Solution 235

t 8 t
> ——> €
t A AL TSI

5steel = 5timber

(U_L) = <U_L> 1 4
8| /¥ 7

E steel E timber 1 ?

Jsteell— — Obronze t: e

1'5Osteel = 29atimber

When 6timber = 1200 pSI

1.50¢ = 29(1200)
Osieel = 23200 psi =23.2 ksi > 20 Kksi (not ok!) 5

—
EERSEERERREESERESERLE
1

)

. 1

1

J i

1

1

TTIITLI

When Gsteel = 20 ksi
1.5(20 x 1000) = 290 mper
Tiimper — 1034.48 psi < 1200 psi (ok!)

Use osteel = 20 ksi and otimber = 1.03 Kksi
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YF, =0

|:steel + I:timber =300

(0 A)steel + (0 Atimper = 300
20[4(8t)] +1.03(82) = 300
t=0.365 in — answer

Solution to Problem 236 Statically Indeterminate

A rigid block of mass M is supported by three symmetrically spaced rods as shown in Fig. P-236. Each
copper rod has an area of 900 mmz; E = 120 GPa; and the allowable stress is 70 MPa. The steel rod has

an area of 1200 mm2; E = 200 GPa; and the allowable stress is 140 MPa. Determine the largest mass M
which can be supported.

> & 2 -

e M
Copper Steel Copper
160 mm 240 mm 160 mm
A sz

/ %

Z %4

/ ¢

/ 7

0

Figure P-236 and P-237

Solution 236

ool _ o4l

120000 200000
100 =90

When ost = 140 MPa
Oco — 1—0(140)
0w =126 MPa > 70 MPa (not ok!)

When o¢o = 70 MPa
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2(70)
77.78 MPa < 140 MPa (ok!)

Use 6co = 70 MPa and o5t = 77.78 MPa

Ot

Ot

Yk, =0

2P + Py =W

2(000 Aco) + oyt Ay = Mg

2[70(900)] + 77.78(1200) = M (9.81)
M =22358.4 kg — answer

Solution to Problem 237 Statically Indeterminate

In Problem 236, how should the lengths of the two identical copper rods be changed so that each material
will be stressed to its allowable limit?

Solution 237

Use 6¢o = 70 MPa and ost = 140 MPa
deo = Oyt
oL oL
E co E st
70Le, _ 140(240)

120000 200000
Lo = 288 mm answer

Solution to Problem 238 Statically Indeterminate

Problem 238

The lower ends of the three bars in Fig. P-238 are at the same level before the uniform rigid block
weighing 40 Kips is attached. Each steel bar has a length of 3 ft, and area of 1.0 in.2, and E = 29 x 10° psi.

For the bronze bar, the area is 1.5 in2and E = 12 x 10° psi. Determine (a) the length of the bronze bar so
that the load on each steel bar is twice the load on the bronze bar, and (b) the length of the bronze that will
make the steel stress twice the bronze stress.

Figure P-238

Bronze
Steel Steel

W = 40 kips

m SNSSSSS

A
A
L

2 ft 2 ft
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Solution 238

(a) Condition: Pst = 2Ppr Ps: P Ps
SFy =0 ! I,
2P, +P,, =40 e 8
2(2P,,) +P,, = 40 ESREERRN SRR
Py = 8Kips
P, = 2(8) = 16 kips
6br = 5st

PLY _(PL

AE br ) AE st

8000L,, 16000 (3 x 12
1.5(12 x 105) ~ 1.0(29 x 109)
Ly, = 44.69in

L,, =3.72ft — answer

(b) Condition: 6st = 20pr

SF, =0

2P, +P,, =40

Z(USt Ast) Y Abr =40

2[ (2o ) A 1 + o Ay = 40
40,,(1.0) + 0y, (1.5) = 40
Opr = 1.27 ksl

oy = 2(7.27) = 1454 ksi

5br = 5st
ok _ (ot
E br E st
7.27(1000) L,, _ 14.54(1000)(3 x 12)

12 x 1068 29 x 106
L, =29.79in
L, =2.48ft — answer

Solution to Problem 239 Statically Indeterminate

The rigid platform in Fig. P-239 has negligible mass and rests on two steel bars, each 250.00 mm long. The
center bar is aluminum and 249.90 mm long. Compute the stress in the aluminum bar after the center load
P = 400 kN has been applied. For each steel bar, the area is 1200 mm2 and E = 200 GPa. For the
aluminum bar, the area is 2400 mm2 and E = 70 GPa.
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>
) = )

g g
A
Figure P-239

Solution 239

777777777 \ lo.m
%) g e 1
-
5y = 6, +0.10
oL olL
9 = (2= 401
(E s - 0.10

[
04(250)  0,,(248.90)

= +0.10
200000 ~ 70000
0.001250,, = 0.003570, +0.10

oy = 2.8560, + 80

lP=400kN

|

T T—

YR, =0

2P + P, = 400000

204 A + 0, Ay = 400000

2(2.8560, +80)1200 + 0,(2400) = 400 000
9254.40,, + 192 000 = 400 000

o4 = 22.48 MPa  — answer

Solution to Problem 240 Statically Indeterminate
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Problem 240

Three steel eye-bars, each 4 in. by 1 in. in section, are to be assembled by driving rigid 7/8-in.-diameter
drift pins through holes drilled in the ends of the bars. The center-line spacing between the holes is 30 ft in
the two outer bars, but 0.045 in. shorter in the middle bar. Find the shearing stress developed in the drip
pins. Neglect local deformation at the holes.

Solution 240

Middle bar is 0.045 inch shorter between holes than outer bars.

Greatly Exaggerated
Position of Holes

5m>3 6:l.ll&l

Poulﬂ

1.0

P et 7 1.0
m—) I////////// 1.0

0.045

YF, =0
IDmid = 2|:)outer
50uter + 5mid =0.045

& + & = 0.045

AE quter AE mid

Pouter(30 % 12) | Pig(30 x 12-0045) _ o

[1.0(4.0) ]E [1.0(4.0)]E e
360P, . + 359.955P, .., = 0.18E

360P, ., + 359.955(2P, ) = 0.18E
(For steel: E = 29 x 10° psi)

1079.91P,;r = 0.18(29 x 10°)
Pouer = 4833.741b

outer

P, = 2(4833.74)
P,y = 9667.481b

Use shear force V. = P g

Shearing stress of drip pins (double shear):

\Y 9667.48

TE—= ———
2
A 20 ()
7 =8038.54 psi — answer
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Solution to Problem 241 Statically Indeterminate

As shown in Fig. P-241, three steel wires, each 0.05 in.2 in area, are used to lift a load
W = 1500 Ib. Their unstressed lengths are 74.98 ft, 74.99 ft, and 75.00 ft.

(@) What stress exists in the longest wire?

(b) Determine the stress in the shortest wire if W =500 Ib.

Solution 241

Let L1 =74.98 ft; Lo = 74.99 ft; and L3 = 75.00 ft

Part (a) w

Bring L1 and L2 into L3 = 75 ft length: ERRMOD 2NN

(For steel: E = 29 x 10° psi)

_PL
~ AE
For L1:
P, (74.98 x 12
(75-74.98)(12) = 2498 x12)
0.05(29 x 10°)
P, =386.771b
For Lo:
P,(74.99 x 12
(75-74.90)(12) = 2439 X 12)
0.05(29 x 10°)
P, = 193.36Ib

Let P = P3 (Load carried by L3)

P + P (Total load carried by L)
P + P (Total load carried by L1)

$F, =0
(P+P)+(P+Py)+P =W
3P +386.77 +193.36 = 1500
P =306.62lb = P,

_ P, _ 306.62

3T A 005
o3 = 6132.47psi — answer

Part (b)

From the above solution:
P1+ P2 =580.13 Ib > 500 Ib (L3 carries no load)
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Bring L1 into L = 74.99 ft

PL
)= —
AE P,(74.98 x 12
(74.99-74.98)(12) = L7498 x 12)
0.05(29 x 106)
P, = 193.381b

Let P = P2 (Load carried by L)

P + P1 (Total load carried by L1)

YF,=0

(P +Py)+P =500
2P +193.38 = 500
P =153.311b

P +P, = 153.31 + 193.38
P +P, = 346.691b

_P+P, _ 346.69

TTA 005
o =6933.8 psi — answer

Solution to Problem 242 Statically Indeterminate

The assembly in Fig. P-242 consists of a light rigid bar AB, pinned at O, that is attached to the steel and
aluminum rods. In the position shown, bar AB is horizontal and there is a gap, A =5 mm, between the
lower end of the steel rod and its pin support at C. Compute the stress in the aluminum rod when the lower
end of the steel rod is attached to its support.

0.75m 1.5m
< >
A o 3
§ A il
Steel Aluminum
A = 250 mm? L=2m
E = 200 GPa A = 300 mm’

E =70 GPa

}
&l A

s £ SGARE

Figure P-242

Solution 242
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¥My=0
0.75P, = 1.5P
Pst - 2|:)al
Ot Ast - 2(O-aIAaI)
204 Aal

ASt

_ 2[0,4(3000]

T

O-St = 240&'
5aI = 5B

By ratio and proportion:
0p _ g
0.75 1.5
6, = 0.505
8, =0.56,

A = 0g +0p
5 =4 +0.50,

_ 04(2000-5) +05 [ 0, (2000) ]
- 250(200000) | 300(70000)
5=(3.99 x 107) o+ (4.76 x 107°) o

o4 = 105000-0.8379 0

o, = 105000-0.8379(2.4 o)
3.010960, = 105000

oy =34872.6 MPa — answer

Ogt =

Solution to Problem 243 Statically Indeterminate

A homogeneous rod of constant cross section is attached to unyielding supports. It carries an axial load P
applied as shown in Fig. P-243. Prove that the reactions are given by R1 = Pb/L and Rz = Pa/L.
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Ri €= —— s €« R;

e~ a >¢—— b —j

<~ L

Figure P-243

Solution 243

- L=a+b
SF, = < ;

R, =P-R, Ry <€ —>r f(-—Rz

(pL) (pL) R e &
R b’ Ry S &,

R,a= (P-R,)b
R,a=Pb-R,b
R, (a+b)=Pb
R,L=Pb

R, = Pb/L ok

R, = P—Pb/L

_P(L-b)

L
R, = Pa/L ok

Solution to Problem 244 Statically Indeterminate

A homogeneous bar with a cross sectional area of 500 mm? is attached to rigid supports. It carries the
axial loads P1 = 25 kN and P2 = 50 kN, applied as shown in Fig. P-244. Determine the stress in segment
BC. (Hint: Use the results of Prob. 243, and compute the reactions caused by P1 and P2 acting separately.
Then use the principle of superposition to compute the reactions when both loads are applied.)

4A B C D

P: PZ
0.60 m 1.20m 0.90 m

Figure P-244

— 270 M ——

—>25 =50 kN
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Solution 244 oL ol N
0.60m  1.20m 0.90 m

From the results of Solution to Problem 243:

R, = 25(2.10)/2.70 gy T o

Rl = 19.44KkN i 25

R, = 50(0.90)/2.70

0.60 m 2.10m
R, =16.67 kN R“‘_‘A (l:—> D(__R

|50 kN
Ra=R; +R; I 1.80 m " 0.90m
R, =19.44 + 16.67

R, = 36.11 kN 25 kN

For segment BC

Pec +25 =R,
Pgc + 25 = 36.11
Pgc = 11.11kN

_ Pge _ 11.11(1000)

78T A T T 500
ogc = 22.22 MPa — answer

Solution to Problem 245 Statically Indeterminate

The composite bar in Fig. P-245 is firmly attached to unyielding supports. Compute the stress in each
material caused by the application of the axial load P = 50 Kips.

Steel
Aluminum A=20in?
A=125in* E =29 x 10° psi
21 E =10 x 10° psi
15 in "7 10in ¥®

Figure P-245 and P-246

Solution 245
EFH =0 R(l__ —> 50 (_Rz
R, + R, = 50000 | '
R, =50000-R, =% T omn |
Ry
5al = 5st =9 <« = R

ERE 5
AE /a4 AE J Ra _’{:‘ ‘_RZ
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R,(15) _  R,(10)
1.25(10 x 108) ~ 2.0(29 x 106)
R, = 6.96R,

R, = 6.96(50 000-R,)
7.96R, = 348000
R, = 43718.59 Ib

R, 43718.59

Tt Ay 20
oy = 21859.30 psi — answer

Ast

R, = 50000—43718.59

R, = 6281.41 Ib
_ R, _ 628141
9al = AT 7105

al

o4 = 5025.12 psi — answer

Solution to Problem 246 Statically Indeterminate

Referring to the composite bar in Problem 245, what maximum axial load P can be applied if the
allowable stresses are 10 ksi for aluminum and 18 ksi for steel.

Solution 246
Ogp = 0q =0 =8 =l
(0 L) _ (0 L> =
E "\ E " 15im . 10
t a
7 (10) _ g (15) .
29 x 106~ 10 x 106 = 2l
Ogt = 4.35 Tal Tl :)H R,
. —>{ —

When 64 = 10 ksi
oy = 4.35(10)
o = 43.5 ksi > 18 Ksi (not ok!)

When ost = 18 ksi
18 =4.350,
oy = 4.14 ksi < 10 Ksi (ok?)

Use 631 = 4.14 ksi and ost = 18 ksi

SF, =0
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P=R;+R,

P =0y Ay + 0y Ay

P =4.14(1.25) + 18(2.0)
P =41.17 kips — answer

Solution to Problem 247 Statically Indeterminate

The composite bar in Fig. P-247 is stress-free before the axial loads P1 and P2 are applied. Assuming that
the walls are rigid, calculate the stress in each material if P17 = 150 kN and P2 = 90 kN.

Aluminum Steel Bronze
A =900 mm?| A = 2000 mm?| A = 1200 mm?
E =70 GPa E = 200 GPa E = 83 GPa
= v { B
== _m_ =

je—— : PP

500 mm 250 mm 350 mm

Figure P-247 and P-248

Solution 247
From the FBD of each material shown: e 150 kn _ 9OKN B R,
0, is shortening T ] —
Jg; and Oy, are lengthening | i r— "
R2 = 240—R1 500mm 250 mm 350 mm
I:)al = Rl R; oo Ry
P, = 150-R, —>

— — _ Oy <>
P, =R, = 240-R,

W

_ 150 - R; <= —

Ogy = Ogt + Opy 150 - R,

(PL) _(PL) +<PL) oo
L R it .
AE Ja \AE/ 4 \AE/y 240 - R, <>

Ry(500) _ (150-R,)(250)  (240-Ry)(350)
900(70000) _ 2000(200000)  1200(83 000)

]1.26 000 1_ 1600000 7ZI. 992000

= 800
(6_13 + 8_30 + W76)Rl = 555 (150) + 9_;6(240)
R, = 77.60 kN

P, =R, =77.60kN

P, = 150—77.60 = 72.40 kN
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P, = 240-77.60 = 162.40 kN
oc=P/A

o, = 77.60(1000)/900
04 = 86.22 MPa — answer

oy = 72.40(1000)/2000
og = 36.20 MPa — answer

o = 162.40(1000)/1200
opr = 135.33MPa — answer

Solution to Problem 248 Statically Indeterminate

Solve Problem 247 if the right wall yields 0.80 mm.

Solution 248

Aluminum Steel  Bronze
P
«— <ok |

150 kN :
»< >

500 mm 250 mm 350 mm

—_— —
0.8 mm

C

R: 3 <Ry
O >

-
150,000 - Ry (—i

—
Ll 150,000 - R,
8a

— e
Spe — 0.8

5al = 5st + (5br + 0-8)
PL PL PL
— ) =(—=) +(—=) +0.38
AE/, \AE/, \AE/,
R,(500) _ (150000-R,)(250) , (240000-R,)(350)

900(70000) ~  2000(200 000) 1200(83 000)
R, _ 150000-R;  7(240000Ry)

126000 1600000 1992000

&Ry = 555(150000 — R,) + 4= (240 000-R,) + 1600
(55 * 55 + 555)R1 = 505(150 000) + 52 (240 000) + 1600

R, =143854 N = 143.854 kN

0.8

L
996
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P, =R, = 143.854kN

P, = 150-R; = 150-143.854 = 6.146 kN

P,r = R, = 240-R; = 240 — 143.854 = 96.146 kN
oc=P/A

o, = 143.854(1000),/900
oy = 159.84 MPa — answer

oy = 6.146(1000)/2000
oy = 3.0/3MPa — answer

opr = 96.146(1000)/1200
opr = 80.122 MPa — answer

Solution to Problem 249 Statically Indeterminate

There is a radial clearance of 0.05 mm when a steel tube is placed over an aluminum tube. The inside
diameter of the aluminum tube is 120 mm, and the wall thickness of each tube is 2.5 mm. Compute the
contact pressure and tangential stress in each tube when the aluminum tube is subjected to an internal
pressure of 5.0 MPa.

Solution 249

127.6
0.05 mm €

9 | 125.1 X
- Steel Tube, B
S t=25mm I 122.6 N
3 122.5

| Aluminum,

iz t=25mm

Center line of
aluminum at
first contact
with the steel

Internal pressure of aluminum tube to cause
contact with the steel:

oL
w=(%)
al E o

7(122.6-122.5) =

o, = 57.143 MPa

D
PiB 57143
2t

p,(120)
2(2.5)

P, = 2.381 MPa — pressure that causes aluminum to contact with the steel, further increase of

o, (122.57)
70000

= 57.143
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pressure will expand both aluminum and steel tubes.

Let pc = contact pressure between steel and aluminum tubes

FBD for p > 2.381 MPa

2P, +2P, =F
2P + 2P, =5.0(120.1)(1)
P + Py = 300.25 — Equation (1)

The relationship of deformations is (from the figure):

Deformation of steel

X <. 5
s \
6 LN

t:uz_s el \T Deformation of aluminum

127.6 —>
Geometric relation of deformations

5y = 127.66

0 =6,/127.6

5y = 12250

5, = 122.5(5,,/127.6)
5, = 0.96 6,

PL PL
(E)al =09 (E)st

Py (1225m) _ o [ Py (127.6)
2.5(70000) 2.5(200 000)
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P, = 0.35P; — Equation (2)

From Equation (1)
P, +0.35P,, = 300.25

P, = 222.41N
P, = 0.35(222.41)
P, =77.84N

Contact Force

Fc = pc(125.1)(1)

Fc+2P,=F
Pc(125.1)(1) + 2(77.84) = 5(120.1)(1)
pc = 3.56 MPa — answer

Solution to Problem 250 Statically Indeterminate

In the assembly of the bronze tube and steel bolt shown in Fig. P-250, the pitch of the bolt thread is p =

1/32 in.; the cross-sectional area of the bronze tube is 1.5 in.2 and of steel bolt is 3/4 in.2 The nut is turned
until there is a compressive stress of 4000 psi in the bronze tube. Find the stresses if the nut is given one

additional turn. How many turns of the nut will reduce these stresses to zero? Use Epr = 12 x 106 psi and
Est = 29 x 10° psi.

ITTTITTTITITTTISTITSIITISTISSSS

i W— - —

ILLIISS VL LTLIIL LTI LLTILILLIILS

< >

L=40in.
Figure P-250
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Solution 250

— P, — >
Pst - Pbr . i | im
Aoy =P, 0o e el [
st & st br “br P —

For one turn of the nut:

-1
6st+5br_§

(0 L) N (a L) 1
E st E br 32
0(40) + Zbr (40 i
29 x 106 12 x 108 32
Oy + oy, = 22656.25
20, + Boy, = 22656.25

o = 9129.72 psi
oy = 2(5129.72) = 10259.43 psi

Initial stresses:
ope = 4000 psi
oy = 2(4000) = 8000 psi

Final stresses:

op = 4000 +5129.72 = 9129.72 psi — answer
o = 2(9129.72) = 18259.4 psi — answer

Required number of turns to reduce opr t0 zero:

9129.72
n= 512072 1.78 turns

The nut must be turned back by 1.78 turns

Solution to Problem 251 Statically Indeterminate

The two vertical rods attached to the light rigid bar in Fig. P-251 are identical except for length. Before
the load W was attached, the bar was horizontal and the rods were stress-free. Determine the load in each
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rod if W = 6600 Ib.

Figure P-251 BI°

PERERIRES

2 kW L F
4ft 4 ft 2 ft
[w]
Solution 251
EI\/lpin support =0

4P, + 8P = 10(6600)

P, +2Pg = 16500 — equation (1)

By ratio and proportion

op _ Og
4 8
n = 0.505
PL
— ) =05 PL
AE ), AE ),
P,(4) ~ 0.5Pg(4)
AE ~ AE
P, = 0.75P;

From equation (1)

0.75Pg + 2P = 16500
Pg = 6000 Ib — answer

P, = 0.75(6000)
P, =4500 Ib — answer

Solution to Problem 252 Statically Indeterminate
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Problem 252

The light rigid bar ABCD shown in Fig. P-252 is pinned at B and connected to two vertical rods. Assuming
that the bar was initially horizontal and the rods stress-free, determine the stress in each rod after the load
after the load P = 20 kips is applied.

o<
Steel
L=3ft
hy < A=0.5 in? 3
. 4ft " E = 29 x 10° psi
B! C
A /O 9 D
Aluminum ; P
L=4ft e 2ft —>e— 2ft —>
A =0.75in? ’
E = 10 x 10° psi
e8s Figure P-252
Solution 252
¥Mg =0

4P, + 2P = 4(20000)

4'(O-al Aal) + Zast ASt = 80 OOO
4[04(0.75)] +2[ 54(0.5)] = 80000
30, + o0 =80000 — equation (1)

§ S . 2' L
b _ b

2 4
5st =056 al
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o st(3) _ { Oal (4) ]
——— =05 —/—/—/—
29 x 106 10 x 108

- 29
Ogt = Tal

From equatlon 1)

30, + 2o, = 80000

Oq = 16 216.22 psi
oy = 16.22 ksi — answer

Ogt = & (16 22)
= 31 35 ksi — answer

Solution to Problem 253 Statically Indeterminate

As shown in Fig. P-253, a rigid beam with negligible weight is pinned at one end and attached to two
vertical rods. The beam was initially horizontal before the load W = 50 kips was applied. Find the vertical
movement of W.

Bronze
A=2in? e
E =12 x 10° psi Steel
A=0.5in?
E =29 x 10° psi -~
L=3ft L=10ft
- < 3ft
i@ ]
Bl d
T e— gt He— 4ft —>
Figure P-253 W |
Solution 253
EI\/Ipin support =0

3P, + 12P = 8(50 000)
3Py, +12P,;, = 400000 — Equation (1)
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Ot _ Obr
12 3
5st = 4(Sbr

PLY _,(PL
(E)st_ (E>br
P4(10) 4[ Por(3) }

0.5(29 x 108) [ 2(12 x 106)
P, = 0.725P,,

From equation (1)

3P, + 12(0.725P,,) = 400 000
P,, = 34188.03Ib

5 - (PL) _ 34188.03(3 x 12)
" \AE /. 2(12 x 109)
8 = 0.05131in

5W - 5br

Check by dst:
P, = 0.725P,, = 0.725(34 188.03)
Py = 24786.32Ib
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5 - (PL) _ 24786.32(10 x 12)
st — -
st

AE 0.5(29 x 108)
8, = 0.2051in

8 212
5W = §5st

Sy = £(0.2051)
5, = 0.1368 in — okt

Solution to Problem 254 Statically Indeterminate

As shown in Fig. P-254, a rigid bar with negligible mass is pinned at O and attached to two vertical rods.
Assuming that the rods were initially stress-free, what maximum load P can be applied without exceeding
stresses of 150 MPa in the steel rod and 70 MPa in the bronze rod.

2m 1.5m 1.5m
(@)
® fO\ )
l p aa Bronze
Steel — —/ A = 300 mm?
A = 900 mm? E =83 GPa
E = 200 GPa & L=2m
L=15m
Figure P-254

Solution 254

XMy =0

2P = 1.5P + 3Py,

2P = 1.5(0g Ag) + (o Apy)

2P =1.5[04(900)] + 3[ 0y, (300)]
2P = 13500 + 9000},

P =6750 + 4500,
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- S
) 2 Jab.
Obr _ Ost
3 15
5br = 253t

(). (%),

op = 0.62250;

When o, = 150 MPa
opr = 0.6225(150)
opr = 93.375MPa > 70 MPa (not ok!)

When oy, = 70 MPa
70 =0.62250
o4 = 112.45 MPa < 150 MPa (ok!)

Use o = 112.45 MPaand op,, = 70 MPa
P = 6750 + 4500,

P =675(112.45) + 450(70)

P =107403.75N

P =107.4KkN — answer

Solution to Problem 255 Statically Indeterminate

Shown in Fig. P-255 is a section through a balcony. The total uniform load of 600 kN is supported by three
rods of the same area and material. Compute the load in each rod. Assume the floor to be rigid, but note
that it does not necessarily remain horizontal.
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Figure P-255

7 Y

«—— 3m —>

Solution 255

0g = 0¢ * 0,

d, = dg—0c

9 _ 0

6 2

9, =39,

0p = 0c +0;

Op = 0dc + 390,

Op = 0¢c +3(0g—0c)
i =3 & —2 &
AE / , AE AE ) -

PAS) | 3Pg(6) _ 2Pc(6)

AE AE AE
P, = 3.6Pg—2.4P-. — Equation (1)

SR, =0

P, + Py +P. = 600
(3.6Pg—2.4P.) + Py + P = 600
4.6Pg—1.4P; = 600 — Equation (2)

M, =0
4P, + 6P, = 3(600)

’ 600 kN
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PB = 450_1-5PC — Equation (3)

Substitute Pg =450 — 1.5 Pc to Equation (2)
4.6(450-1.5P;)—1.4P. = 600
8.3P; = 1470

Pc =177.11 KN — answer

From Equation (3)
Py = 450-1.5(177.11)
Pg = 184.34 KN — answer

From Equation (1)
P, = 3.6(184.34)-2.4(177.11)

P, =238.56 KN — answer

Solution to Problem 256 Statically Indeterminate

Three rods, each of area 250 mm?, jointly support a 7.5 kN load, as shown in Fig. P-256. Assuming that
there was no slack or stress in the rods before the load was applied, find the stress in each rod. Use Est =

200 GPa and Epr = 83 GPa.

7.5 kN Figure P-256
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Solution 256

2.75
C0S25° =
br
L, =3.03 m
2
Ste
S
® P @
Por B Py 2.75m
Joint A= . ¥
7.5kN—5]
¢..1 _-® Position of Joint A
A’%\,\ after elongation
SF, =0

2P,, c0s25° + P, = 7.5(1000)

P, = 7500—-1.8126P,,

o Ay = 7500—-1.81260,, Ay,
04(250) = 7500—1.8126 [ 7, (250) ]
oy = 30-1.81260,, — Equation (1)

1)
c0s25° =

st
5y, = 0.90635,

(U—L) 20.9063<0—L>
E br E st

o (3.03) 04(2.75)
3 =0.0963 200
opr = 0.34140,, — Equation (2)

From Equation (1)
o = 30-1.8126(0.34140,)

o = 18.53 MPa — answer

From Equation (2)
oy, = 0.3414(18.53)

opr = 6.33 MPa  — answer
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Solution to Problem 257 Statically Indeterminate

Three bars AB, AC, and AD are pinned together as shown in Fig. P-257. Initially, the assembly is stress
free. Horizontal movement of the joint at A is prevented by a short horizontal strut AE. Calculate the
stress in each bar and the force in the strut AE when the assembly is used to support the load W = 10 kips.

For each steel bar, A =0.3 in.2 and E = 29 x 10° psi. For the aluminum bar, A = 0.6 in2 and E = 10 x 10°

psi.

80 wnuiwnjy 4

Figure P-257

Solution 257

10
c0s40° = —; L,z =13.05 ft
I—AB

c0s20° = —; L,p =10.64 ft

YF,=0
Pag C0s40° + P, + Pyp €0520° = 10(1000)

dpg = €0S840°9,c = 0.76600 - ‘A8

PLY) =o7660 (P&
AE ) g AE /

P,g(13.05) —0.7660[ Pac (10) }

0.3(29 x 108) 0.6(10 x 109)
Pag = 0.8511P,: — Equation (2)

10 ft

>



http://www.novapdf.com
http://www.novapdf.com

6AD = C082005AC = 093975AC L,"L l

(z8) =057 (¢
AE /) o AE / ¢

P,5(10.64) _0-9397[ Pac (10) ]

0.3(29 x 108) 0.6(10 x 106)
Pap = 1.2806P,: — Equation (3)

Substitute Pag of Equation (2) and Pap of Equation (3) to Equation (1)
0.7660(0.8511P,¢) + Pc +0.9397(1.2806P,:) = 10000
2.8553P,. = 10000

P,c = 3502.23textlb

From Equation (2)
P, = 0.8511(3502.23)

Pas = 2980.75 Ib

From Equation (3)
P, = 1.2806(3502.23)

P.o = 4484.96 Ib

Stresses:

o=P/A

o = 2980.75/0.3 = 9935.83 psi — answer
opc = 3502.23/0.6 = 5837.05 psi — answer
opp = 4484.96/0.3 = 14949.87 psi — answer

YFy =0

Pag + Pap SIN20° = P,g sin40°

Pae = 2980.75 sin 40°—4 484.96 sin 20°
Py =382.04 Ib — answer

Thermal Stress

Temperature changes cause the body to expand or contract. The amount 5T, is given by
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5T = OéL (Tf—Ti) = &L AT

where (x is the coefficient of thermal expansion in m/m°C, L is the length in meter, Ti and Tf are the
initial and final temperatures, respectively in °C. For steel, @ = 11.25 x 107® m/mec,
If temperature deformation is permitted to occur freely, no load or stress will be induced in the structure.

In some cases where temperature deformation is not permitted, an internal stress is created. The internal
stress created is termed as thermal stress.

For a homogeneous rod mounted between unyielding supports as shown, the thermal stress is computed
as:

deformation due to temperature changes;

5: = aL AT
deformation due to equivalent axial stress;
s = PL_ol
PTAE  E
857 = 0p
oL
LAT = —
@ E
oc=EaAT

where o is the thermal stress in MPa, E is the modulus of elasticity of the rod in MPa.

If the wall yields a distance of X as shown, the following calculations will be made:

% %
. ] V"%
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0 =X+ dp
oL
LAT =x+ —
@ E

where o represents the thermal stress.

Take note that as the temperature rises above the normal, the rod will be in compression, and if the
temperature drops below the normal, the rod is in tension.

Solution to Problem 261 Thermal Stress

A steel rod with a cross-sectional area of 0.25 in? is stretched between two fixed points. The tensile load
at 70°F is 1200 Ib. What will be the stress at 0°F? At what temperature will the stress be zero? Assume a =

6.5x 1076 in/(in-°F) and E = 29 x 108 psi.

Solution 261

For the stress at 0°C:

1200 Ib e

- or: Ot

e——— L —
0 = 01+ 0g
oL PL
_ = + —

ke L (AT) i AE
oc=aE (AT) + E
12

o = (6.5 x 107%)(29 x 10°)(70) + %

o =17995psi = 18 ksi — answer

For the temperature that causes zero stress:
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]

1200 IbfT

1200 Iy

o 2
«-— L —>

5T:63t PL
L(AT)= —
aL (AT) PAE
Q(AT):E

1200
6.5 x 1076)(T—70) =
(65 10)(T=70) = 53529 x 109

T =95.46°C — answer

Solution to Problem 262 Thermal Stress

A steel rod is stretched between two rigid walls and carries a tensile load of 5000 N at 20°C. If the
allowable stress is not to exceed 130 MPa at -20°C, what is the minimum diameter of the rod? Assume a =
11.7 pm/(m-°C) and E = 200 GPa.

Solution 262
5
I SOOONQ‘—)__
5000 Nl PIGEN -
u or Sa 2

— L —

0 =07+ g

%L =alL (AT) ;AP\_I;

oc=aE (AT) + E

130 = (11.7 x 1075)(200 000)(40) + S'iﬂ
A= 2009 137.36 mm"2

36.4
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smd? = 137.36
d=13.22 mm — answer

Solution to Problem 263 Thermal Stress

Steel railroad reels 10 m long are laid with a clearance of 3 mm at a temperature of 15°C. At what
temperature will the rails just touch? What stress would be induced in the rails at that temperature if there
were no initial clearance? Assume o = 11.7 um/(m-°C) and E = 200 GPa.

Solution 263
d=3mm
o —
3 __ .
@ 10 m 8 = 3mm

Temperature at which 61 = 3 mm:

5: = aL(AT)

op = aL(Ti—T)

3= (11.7 x 107%)(10 000)(T; - 15)
T; =40.64°C — answer

Required stress:

§=6;

%L =aL (AT)

o = (11.7 x 107%)(200 000)(40.64—15)
o =60 MPa — answer

Solution to Problem 264 Thermal Stress
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Problem 264

A steel rod 3 feet long with a cross-sectional area of 0.25 in.2 is stretched between two fixed points. The

tensile force is 1200 Ib at 40°F. Using E = 29 x 108 psiand a = 6.5 x 106 in./(in.-°F), calculate (a) the
temperature at which the stress in the bar will be 10 ksi; and (b) the temperature at which the stress will be
zero.

Solution 264

(a) Without temperature change:

3

I 1200 Ib ;;

1200 Iy e
I . 0T) st
P 1200
= _= —=/4
N T 800 psi

o = 4.8ksi < 10Ksi

A drop of temperature is needed to increase the stress to 10 ksi. See figure above.

0 =07+ dg
ol PL
- = + —
g - L (AT) PAE
oc=aE (AT) + A
1200
10000 = (6.5 x 107°)(29 x 108)(AT) + 5oE

AT =27.59°F

Required temperature: (temperature must drop from 40°F)

T =40-27.59 = 12.41°F — answer

(b) From the figure below:

o1
I 1200 Ib%

1200 Ib
3

e~ L —
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PL

— = a L (AT

AE a L (AT)
P = CYAE (Tf _TI)

1200 = (6.5 x 107°)(0.25)(29 x 10°)(T;—40)
T; = 65.46°F — answer

Solution to Problem 265 Thermal Stress

A bronze bar 3 m long with a cross sectional area of 320 mm? is placed between two rigid walls as shown
in Fig. P-265. At a temperature of —20°C, the gap A = 25 mm. Find the temperature at which the

compressive stress in the bar will be 35 MPa. Use o = 18.0 x 1076 m/(m-°C) and E = 80 GPa.

)

Figure P-265
Problem 265
or=0+A
LN
S
L=3m \i p
I_t_i(—
A= Z.OSWn
aL(AT) = % +2.5
) 35(3000)
6 — +
(18 x 10°%)(3000)(AT) = “Zooms= +2.5
AT =70.6°C
T =70.6-20

T =50.6°C — answer
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Solution to Problem 266 Thermal Stress

Calculate the increase in stress for each segment of the compound bar shown in Fig. P-266 if the
temperature increases by 100°F. Assume that the supports are unyielding and that the bar is suitably
braced against buckling.

Aluminum Steel

A=20in’ A=1.5im

E = 10 x 10° psi E = 29 x 10° psi
a=128x10%°F a=6.5x10"%/F

=S4 10in 5in |
Figure P-266
Problem 266
0t =aLAT
Omsty Orean
Lol
Ost | Bal
s 15 in d

Sr ey = (6.5 x 1076)(15)(100)
01y = 0.00975

Or @y = (12.8 x 107°)(10)(100)
87y = 0.01281n

Ost + 0q = O sty + O7(a)
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PL PL
=) 4 (=) =0.00975 +0.0128
(AE)st (AE )al

where P = P = P,
P (15) N P (10)

= 0.02255
1.5(29 x 106)  2(10 x 109)
P =26691.84 psi
_ P
o A26 691.84
Oy = T = 17794.56 psi — answer
26 691.84 .
0q = ————— =13345.92psI — answer

2.0

Solution to Problem 267 Thermal Stress

At a temperature of 80°C, a steel tire 12 mm thick and 90 mm wide that is to be shrunk onto a locomotive
driving wheel 2 m in diameter just fits over the wheel, which is at a temperature of 25°C. Determine the
contact pressure between the tire and wheel after the assembly cools to 25°C. Neglect the deformation of
the wheel caused by the pressure of the tire. Assume o = 11.7 pm/(m-°C) and E = 200 GPa.

Solution 267

PL
E —CYLAT

P=aATAE
P = (11.7 x 107°)(80-25)(90 x 12)(200000)
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P =138996 N

F=2P

pDL = 2P

p(2000)(90) = 2(138996)
p = 1.5444 MPa — answer

Solution to Problem 268 Thermal Stress

The rigid bar ABC in Fig. P-268 is pinned at B and attached to the two vertical rods. Initially, the bar is
horizontal and the vertical rods are stress-free. Determine the stress in the aluminum rod if the
temperature of the steel rod is decreased by 40°C. Neglect the weight of bar ABC.

Figure P-268 w—

o S;eel Aluminum ]
HL=09m L=12m]
1A = 300 mm? A = 1200 mm’ [

1 E = 200 x 10° N/m?

E = 70 x 10° N/m?

j o = 11.7 um/(m->C) a = 23 um/(m->C) |

B
Jo\

al—e

e 0.6 m —k

1.2M —m—m—m—yl

Solution 268

Contraction of steel rod, assuming complete freedom:

5T (st) =« L AT

St = (11.7 x 107)(900)(40)

O1ry = 0.4212mm

The steel rod cannot freely contract because of the resistance of aluminum rod. The movement of A

(referred to as doA), therefore, is less than 0.4212 mm. In terms of aluminum, this movement is (by ratio
and proportion):
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~ﬁ B
2y | a5 Xgme e
1| st e— <
) A “‘f ----------- ) oa]
T . N — {
I e
_ v
- A Sh S otmeae T =
e == |

5T (st)_ast =0. 55al

PL PL
0.4212- | — =05 —
(AE > st (AE > al

P,:(900 P, (1200

04210 90 5[ Pal1200)
300(200 000) 1200(70000)

28080-P; = 0.4762P,, — Equation (1)

XMz =0
0.6P = 1.2P,
P, = 2P, — Equation (2)

Equations (1) and (2)
28 080-2P,, = 0.4762P,,

P, = 11340N
P, 11340
% = AL T 1200

oy = 9.45 MPa — answer

Solution to Problem 269 Thermal Stress
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Problem 269

As shown in Fig. P-269, there is a gap between the aluminum bar and the rigid slab that is supported by
two copper bars. At 10°C, A = 0.18 mm. Neglecting the mass of the slab, calculate the stress in each rod

when the temperature in the assembly is increased to 95°C. For each copper bar, A = 500 mmz, E =120
GPa, and a = 16.8 pm/(m-°C). For the aluminum bar, A = 400 mm2, E =70 GPa, and a = 23.1 pum/(m-°C).

Ry
- A
aF
. = . £
2 = 2 £
e E 53 2
o 23 ) ~
X
L

Figure P-269

Solution 269

Assuming complete freedom:

01 = aLAT

01 (o) = (16.8 x 107)(750)(95-10)
O1(c) = 1.071 mm

Ot @y = (23.1 x 107)(750-0.18)(95-10)
01 (ay = 1.472mm

LFinaI Position Sray A

¢ —
—y
Initial Position

From the figure:
01 @ly=%a1 = 91 (co) T dco

PL PL
1472-( — ) =1071+( —
(5e), =2 (),
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2F (750-0.18)

1.472-

400(70000)
0.401 = (6.606 x 1075) F
F =6070.37N

P, = F = 6070.37 N
P, = 2F = 12140.74N

=1.071+

F (750)

500(120 000)

oc=P/A

O = 6(2_)70'37 = 12.14 MPa — answer
12140.74

oA a0 30.35 MPa — answer

Solution to Problem 270 Thermal Stress

A bronze sleeve is slipped over a steel bolt and held in place by a nut that is turned to produce an initial
stress of 2000 psi in the bronze. For the steel bolt, A = 0.75 in2, E=29x108 psi, and a = 6.5 x 1078

in/(in-°F). For the bronze sleeve, A= 1.5 in2, E=12x10° psiand o = 10.5 x 107 in/(in-°F). After a
temperature rise of 100°F, find the final stress in each material.

Solution 270

|

'S

DY

SLLSLLLSLLLLLSLLSILSSLSSS SIS /[///—
\
/////1/{‘11// ITLLSLTSSSIESSISSSS

Before temperature change:
Por = e Apr

P,, = 2000(1.5)

Ppr = 3000 Ib compression

L ————>

Steel Bolt
Bronze Sleeve
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e Y

Q:e Gioe
(P2 2T I I —
Chbr

YFy=0

P, = Py, = 3000 Ib tension
oy = Py /A = 3000/0.75
o = 4000 psi tensile stress

L
0= E
2000L
a=o, = ﬂ = 1.67 x 107*L shortening
T il
b=0dy= 59 % 108 =1.38 x 1072L lengthening

With temperature rise of 100°F: (Assuming complete freedom)
01 =aLAT

1o = (10.5 x 1078)L (100)

drpr = 1.05 x 1073L > a

57 = (6.5 x 1075)L (100)
Sy = 6.5 x 1074L

Spr—a = 1.05 x 1073L-1.67 x 107*L
S7pr—a = 8.83 x 1074L

Srg+ =65 x 1074L +1.38 x 10™4L
S+ =7.88 x 104L

Orpr—@ > Opgt + D (see figure below)

Final
Position
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(STbr_a_CI =b+ 5Tst +C

L P
(1.05 x 103L)~(1.67 x 107L)- (%) = (1.38 x 107L) + (6.5 x 107L) + (K
br
L p.L
(8.83 x 104L)— —O'—_ = (7.88 x 107L) + t
12 x 106 0.75(29 x 10°)

Pbl’ — Pst
1.5(12 x 10%)  0.75(29 x 106)
PS'[ =20 6625_12083Pbr — Equation (1)

9.5 x 1074~

YF, =0
P, = P&t — Equation (2)

Equations (1) and (2)
P, = 20 662.5-1.2083P,,
P, = 9356.74 b
P,, = 9356.741b

o=P/A
9356.74 :

Opr = = 6237.83 psSI compressive stress answer
9356.74 .

o= 975 12475.66 psi tensile stress answer

Solution to Problem 271 Thermal Stress

A rigid bar of negligible weight is supported as shown in Fig. P-271. If W = 80 kN, compute the
temperature change that will cause the stress in the steel rod to be 55 MPa. Assume the coefficients of
linear expansion are 11.7 um/(m-°C) for steel and 18.9 um/(m-°C) for bronze.
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Figure P-271 and P-272 [

Bronze
L=3m
Steel A = 1300 mm?
L=15m E =83 GPa

A = 320 mm’
_ < 1m->| E=200GPa

P> e

———25m —— < 1.5m —>

[w]

Solution 271

Stress in bronze when 65t = 55 MPa

M, =0

4P, + P, = 2.5(80000)

40,,(1300) + 55(320) = 2.5(80 000)
o, = 35.08 MPa

P Por
= im 1 1\
H 3
I A 2.5m T 1.5m i

W = 80,000 N

. e —— Sw
oT(st) + Ogt “’J-_ J

Sritey + O

By ratio and proportion:
Orsy T 9st _ Or(ory T Obr

1 4
O7(sty + Ost = 0.25 [O7(pry + Oy |

oL oL
Lo (%) —0as [aLan, « (%) |

55(1500)
-6
(11.7 x 107°)(1500)AT + 5000

0.01755AT +0.4125 =0.014175AT +0.317
AT =-28.3°C

=0.25 [(18.9 « 107)(3000)AT +

35.08(3

83 00!
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A temperature drop of 28.3°C is needed to stress the steel to 55 MPa.  answer

Solution to Problem 272 Thermal Stress

For the assembly in Fig. 271, find the stress in each rod if the temperature rises 30°C after a load W = 120
kN is applied.

Solution 272

XM, =0

4P, + P, = 2.5(80000)

40,,(1300) + 0(320) = 2.5(80 000)
16.250, + o = 625

oy = 625-16.250,,, — Equation (1)

Figure P-271 and P-272 e
Bronze
L=3m
Steel A = 1300 mm?
E="15m E =83 GPa
A = 320 mm’
< 1m ->] E=200GPa

J: :

«——25m ——f— 1.5m —>

[w]

e—]_ J -
= e A ow
oTsy) + B
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Orsy T st OT(ory T Opr
1 4
O7(sty + Ost = 0.25 [ 07 (pry + Oy |

oL oL
Ly () ~025 [wramy + (2) ]

1500
(11.7 x 107°)(1500)(30) + Z&() 000) =0.25 [(18.9 x 107°)(3000)(30) +

0.526 5+ 0.007 50 = 0.42525 + 0.009 040y,
0.007 50,—0.009 040y, = -0.101 25

0.007 5 (625-16.250,,)-0.009 040, = -0.101 25
4.687 5-0.121 8750,,—0.009 040, = -0.10125
4.788 75 = 0.1309150,

opr = 36.58°C answer

Tbr (30‘
83 00!

oy = 625-16.25(36.58)
oy = 30.58 deg; C answer

Solution to Problem 273 Thermal Stress

The composite bar shown in Fig. P-273 is firmly attached to unyielding supports. An axial force P = 50
kips is applied at 60°F. Compute the stress in each material at 120°F. Assume o = 6.5 X 107° in/(in-°F) for
steel and 12.8 x 1078 in/(in-°F) for aluminum.

Aluminum Steel

A=2in? A=3in’

E = 10 x 10° psi E =29 x 10° psi

& s R -

I 1 - P "
15in "~ 10in F

Figure P-273 and P-274

Solution 273
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07 = (L AT)y
5r = (12.8 x 1075)(15)(120-60)
57y = 0.01152inch

5T|:3|:|
R '
—> [T e— R
15in T_. Bal

Final Position s 2

1 Smay
R + 50,000 :

<— 10 in —>

5T(st) = (aLAT)g
o1y = (6.5 x 1075)(10)(120-60)
7y = 0.0039inch

O1 @y =0a1 = Is—07 (st)
PL PL
0.01152-( — | = — ) —0.0039
(AE ) al (AE ) st
100 224-6.525R = R + 50 000-33 930
84154 = 7.525R
R =11183.251bs

P, =R =11183.25Ibs
P, = R +50000 = 61 183.25 Ibs

- P
o All 183.25
oy = ———— =5591.62psi answer
61 183.25 :
0y = ——=— =20394.42 psi answer

3
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Solution to Problem 274 Thermal Stress

At what temperature will the aluminum and steel segments in Prob. 273 have numerically equal stress?

Solution 274

Oal = Ogt

Rl _ (50 OOO—Rl)

2 3

3R; =100 000-2R,

R, =20000 Ibs

R, "

- — Ry
15in 'm

Final Position —2/4|
50,000 — R, —
—_—
O t—l Sriat)
10 in —

PL
5= —

AEZO 000(15
= 20000015 _ 4 415inch
2(10 x 109)

5 = (50000 —20000)(10)
o 3(29 x 10°6)

=0.00345inch

Oa=07 a1y = st + Ot (sp)

0.015-(12.8 x 107)(15) AT = 0.00345 + (6.5 x 1076)(10) AT
0.01155 =0.000257 AT

AT =44 94°F

A drop of 44.94°F from the standard temperature will make the aluminum and steel segments equal in
stress. answer
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Solution to Problem 275 Thermal Stress

A rigid horizontal bar of negligible mass is connected to two rods as shown in Fig. P-275. If the system is
initially stress-free. Calculate the temperature change that will cause a tensile stress of 90 MPa in the brass
rod. Assume that both rods are subjected to the change in temperature.

e
Figure P-275 Brass
L=2m
A = 1200 mm?
E = 100 GPa
- a = 18.7 um/(m-°C)
*
M o ]
2 i
[€ 3m >t 2m >
Copper
L=3m
A = 1500 mm’
E = 120 GPa
a = 16.8 um/(m-°C)
)

Solution 275

EI\/Ihinge support =0
5Pbr_3PCO = O

50br Abr_SJCO ACO =0
5(90)(1200)—30¢(1500) = 0
Oco — 120 MPa
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oL
- E90(2000)
or = {gooop oM
_ 120(3000) _
@~ 120000

5T(co)_500 _ 5br_5T(br)
3 5
507 (o) =90co = 305 =307 (pr)
5(16.8 x 107°)(3000) AT-5(3) = 3(1.8)-3(18.7 x 107°)(2000) AT
0.3642 AT =204
AT =56.01°C drop in temperature answer

Solution to Problem 276 Thermal Stress

Four steel bars jointly support a mass of 15 Mg as shown in Fig. P-276. Each bar has a cross-sectional area

of 600 mm?. Find the load carried by each bar after a temperature rise of 50°C. Assume a = 11.7
um/(m-°C) and E = 200 GPa.

Figure P-276 15 Mg

Solution 276

h=1L,sin45°
h=1L,sin60°
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h=h

L, sin45° =L, sin60°
L, = 1.2247L,

01 = 0 sin45°

d, = 0 sin60°

0, _ 6sin45°
5, 0sin60°
5, = 0.8165,

P.L P.L
L, AT + 21 =0.81 L AT + 222
al, AE 0865[(12 AE

—6 PlLl — -6 I32"2
(11.7 x 10™°)L,(50) + 600(200 000) = 0.8165 [(11.7 x 107°)(50) + Gm
70,200L, + P,L; = 0.8165(70, 200L, + P,L,)
(70,200 + P,)L, = 0.8165(70, 200 + P,)L,
(70,200 + P,)1.2247L, = 0.8165(70, 200 + P,)L,
1.5(70, 200 + P,) = 70,200 + P,
P, =1.5P; + 35,100 — Equation (1)

YF, =0

2(P, sin45°) + 2(P, sin 60°) = 147.15(1000)

P, sin45° + P, sin60° = 72,575

P, sin45° + (1.5P, + 35,100) sin60° = 72,575 W = 15 Mg
0.7071P, + 1.299P, + 30,397.49 = 72,575 e

2.0061P, =42,177.51
P, =21,024.63N
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P, = 1.5(21, 024.63) + 35, 100
P, = 66,636.94 N

Pr=Pp =P; =21.02KN answer
Pg = Pc = P, = 66.64 KN answer

Chapter 3 - Torsion

Torsion

1. Torsion

2. Flanged Bolt Couplings

3. Torsion of Thin-Walled Tubes
4. Helical Springs

Torsion

TORSION

Consider a bar to be rigidly attached at one end and twisted at the other end by a torque or twisting
moment T equivalent to F x d, which is applied perpendicular to the axis of the bar, as shown in the figure.
Such a bar is said to be in torsion.

TORSIONAL SHEARING STRESS,

For a solid or hollow circular shaft subject to a twisting moment T, the torsional shearing stress t at a
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distance p from the center of the shaft is

T Tr

where J is the polar moment of inertia of the section and r is the outer radius.

For solid cylindrical shaft:
J= ?% D*
16T
Tmax — =% l

For hollow cylindrical shaft:

d

= T (D4 gt
J =55 (D~ d)
~ 16TD
7- m ———
" (DA - d%)

< Q.
0

ANGLE OF TWIST

The angle 6 through which the bar length L will twist is
TL
6 = — inradians
JG

where T is the torque in N-mm, L is the length of shaft in mm, G is shear modulus in MPa, J is the polar
moment of inertia in mm4, D and d are diameter in mm, and r is the radius in mm.

POWER TRANSMITTED BY THE SHAFT

A shaft rotating with a constant angular velocity o (in radians per second) is being acted by a twisting
moment T. The power transmitted by the shaft is

P=Tw=2xTf

where T is the torque in N-m, f is the number of revolutions per second, and P is the power in watts.

Solution to Problem 304 Torsion

A steel shaft 3 ft long that has a diameter of 4 in is subjected to a torque of 15 kip-ft. Determine the
maximum shearing stress and the angle of twist. Use G = 12 x 108 psi.
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Solution 304

_ 16T _ 16(15)(1000)(12)
D3 7(43)
Tmax = 14.3 KSI answer

Tmax

TL
6 = o dfrac15(3)(1000)(12%) 5 m(44)(12 x 10°)

6 = 0.0215rad
6 = 1.23° answer

Solution to Problem 305 Torsion

What is the minimum diameter of a solid steel shaft that will not twist through more than 3° in a 6-m
length when subjected to a torque of 12 kN-m? What maximum shearing stress is developed? Use G = 83
GPa.

Solution 305

TL
Te
30 (L) _12(6)(1000%)
180° 3—127Td4 (83 000)
d = 113.98 mm answer

_ 16T _ 16(12)(10002)
7‘ — pu—
T qdd 7(113.989)
Tmax = 41.27 MPa answer

Solution to Problem 306 Torsion
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Problem 306

A steel marine propeller shaft 14 in. in diameter and 18 ft long is used to transmit 5000 hp at 189 rpm. If G
=12 x 10° psi, determine the maximum shearing stress.

Solution 306

- P _ 5000(396000)
2t 27(189)
T =1667337.51b - in

_ 16T _ 16(1667337.5)

S odd w(143)
Tmax = 3094.6 psi answer

Tmax

Solution to Problem 307 Torsion

A solid steel shaft 5 m long is stressed at 80 MPa when twisted through 4°. Using G = 83 GPa, compute
the shaft diameter. What power can be transmitted by the shaft at 20 Hz?

Solution 307

TL
"7 36
40 < ™ ) _T(5)(1000)
180° 3—127rd4(83 000)
T =0.1138d*

_ 16T

Tmax — WF 4

80 = 16(0.1138%)
md3

d = 138 mm answer
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P
T =50

4 =
0.1138d 27(20)

P =14.3d* = 14.3(1384)

P =5186237285N - mm/sec
P =5186237.28W

P =5.19 MW answer

Solution to Problem 308 Torsion

A 2-in-diameter steel shaft rotates at 240 rpm. If the shearing stress is limited to 12 ksi, determine the
maximum horsepower that can be transmitted.

Solution 308

Tmax 3

16T
12(1000) = 9

T =18849.561b - in

P
T=__
2nf
P (396 000
1884956 = ——
8849.56 27(240)

P =71.78hp answer

Solution to Problem 309 Torsion

Problem 309

A steel propeller shaft is to transmit 4.5 MW at 3 Hz without exceeding a shearing stress of 50 MPa or
twisting through more than 1&dig; in a length of 26 diameters. Compute the proper diameter if G = 83
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GPa.

Solution 309
T = P _ 4.5(1000000)
2t 27(3)

T =238732.41N-m

Based on maximum allowable shearing stress:

a 16T
Tmax — 5
wd3
16(238 732.41)(1000)
50 =
wd3
d =289.71 mm

Based on maximum allowable angle of twist:

_IL
~JG
10 ( T ) _238732.41(26d)(1000)
180° 4 7d4(83000)
d = 352.08 mm

Use the bigger diameter, d = 352 mm answer

Solution to Problem 310 Torsion

Show that the hollow circular shaft whose inner diameter is half the outer diameter has a torsional strength
equal to 15/16 of that of a solid shaft of the same outside diameter.

Solution 310

Hollow circular shaft:

161D
Tmax—hollow ~ m - ( , d = 14D
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B 16TD QJ)‘_L
Tmax—hollow — T[D— (%D)"’]
16TD

W(% D4)
16°T
Tmax—hollow — W

Tmax—hollow

Solid circular shaft:

16T —
Tmax-solid ~— ﬁ "

_ 15[ 16T
Tmax-solid — E 157TD3 o
Tmax-solid ~ %55 X Tmax-hollow OK!

Solution to Problem 311 Torsion

An aluminum shaft with a constant diameter of 50 mm is loaded by torques applied to gears attached to it
as shown in Fig. P-311. Using G = 28 GPa, determine the relative angle of twist of gear D relative to gear
A.

Figure P-311 —

1100 N-m

Problem 311
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800 N-m 1100 N-m 900 N-m 600 N-m

— — —] e
D 2m & 3m B 2m A

gooNm || 0 T
LU .

MO
—300 N-m

_TL
JG
Rotation of D relative to A:

1
9D/A = E YTL

1
O/ = 800(2)-300(3) + 600(2) ] (10002

oA~ I (50%(28000) [800(2)-300(3) (2)1(1000%)
Op/a = 0.1106 rad

‘9D/A = 6.34° answer

Solution to Problem 312 Torsion

A flexible shaft consists of a 0.20-in-diameter steel wire encased in a stationary tube that fits closely
enough to impose a frictional torque of 0.50 Ib - in/in. Determine the maximum length of the shaft if the
shearing stress is not to exceed 20 ksi. What will be the angular deformation of one end relative to the

other end? G = 12 x 10° psi.

Solution 312
16T Steel Wire
Tmax — —a i
e 02"
7T(OZO)B Stationary Tube
T=1071Ib-In
L T

~ 0.501b - infin
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_ 10xlb-in

~ 0.501b - infin
L = 207in = 62.83in

o= TL
JG
If0=d0, T=0.5Land L=dL

1 207
0= — oL)dL
/de JG/O (0.5L) d

27
o= [05'-2] L [0.25(20m)2-0.25(0)?]
0

2 - 3G
_ 10072
+m(0.20%)(12 x 106)
6 = 0.5234rad = 30° answer

Solution to Problem 313 Torsion

Determine the maximum torque that can be applied to a hollow circular steel shaft of 100-mm outside
diameter and an 80-mm inside diameter without exceeding a shearing stress of 60 MPa or a twist of 0.5
deg/m. Use G = 83 GPa.

Solution 313

Based on maximum allowable shearing stress:

~ 16D
(D4 —d4)

6o~ _16T(100)
(1004 — 804

T = 6955486.14 N - mm

T =6955.5N -m

Tmax

Based on maximum allowable angle of twist:

TL
0= —
JG
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0.50( T )_ T (1000)

180°/  L7(100* - 80%)(83000)
T =4198282.97N - mm
T =4198.28N-m

Use the smaller torque, T =4 198.28 N-m answer

Solution to Problem 314 Torsion

The steel shaft shown in Fig. P-314 rotates at 4 Hz with 35 kW taken off at A, 20 kW removed at B, and
55 kW applied at C. Using G = 83 GPa, find the maximum shearing stress and the angle of rotation of gear
A relative to gear C.

55 mm ¢ 65 mm ¢

e————— 4m —ffj— 2m —>f

Figure P-314
Solution 314
P
T= o
~35(1000)
To= ———~ =_13926N -
AT @ 392.6N-m
—20(1000)
Tp= —— =-795.8N.
B~ 2n(d) m
55(1000)
= =2188.4N -
8~ 2n(4) 88.4N-m

Relative to C:
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1392.6 N-m 795.8 N-m 2188.4 N-m
| ] |—>
A 4m B 2m C

1392.6 N-m

2188.4 N-m

16T

T, -

- 8 392.6)(1000

- 1601392.6)1000) _ /) 53 ppq
(553)

16(2188.4)(1

- = 1O2188AA000) _ 1 oo pipa

7(653)

S Tmax = Tag = 42.63 MPa answer

TL
0= —

(&

L

J
0 = 1 1392.6(4) N 2188.4(2)
A€ 83000 | Ln(55%)  Lr(65%
@A/C =0.104 796585 rad
QA/C = 6.004° answer

Onc =

Dl-

(10002)

Solution to Problem 315 Torsion

A 5-m steel shaft rotating at 2 Hz has 70 kW applied at a gear that is 2 m from the left end where 20 kW
are removed. At the right end, 30 kW are removed and another 20 kW leaves the shaft at 1.5 m from the
right end. (a) Find the uniform shaft diameter so that the shearing stress will not exceed 60 MPa. (b) Ifa
uniform shaft diameter of 100 mm is specified, determine the angle by which one end of the shaft lags
behind the other end. Use G = 83 GPa.

Solution 315
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___ —20(1000) _
Ta=Te= o G =-159L55N-m
70(1000)
or) - 07042 m

~30(1000)
A0 - _2387.32N -
27(2) m

Tg =

Tp =
~20 kW +70 kW -20 kW -30 kW

L.\ B C D
2m 15m 1.5m
i i i i

1 I
1 3978.87 N-m !

2387.32 N-m E

—1591.55 N-m

Part (a)

16T

Tmax
wd3

_16(1591.55)(1000)
B wd3
d=51.3mm
_16(3978.87)(1000)
- o3

d =69.6 mm
_16(2387.32)(1000)
B wd3

d =58.7mm

For AB 60

For BC 00

For CD 60

Use d = 69.6 mm answer

Part (b)
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JG .
1
O /n = —1591.55(2) + 3978.87(1.5) + 2387.32(1.5) ] (10002
o= T ronaa00) | 2 (15) (1.5)1(10002)
0/ = 0.007 813 rad

HD/A = 0.448° answer

Solution to Problem 316 Torsion

A compound shaft consisting of a steel segment and an aluminum segment is acted upon by two torques as
shown in Fig. P-316. Determine the maximum permissible value of T subject to the following conditions:
Tst < 83 MPa, 131 <55 MPa, and the angle of rotation of the free end is limited to 6°. For steel, G = 83 GPa
and for aluminum, G = 28 GPa.

Steel 2T Aluminum
50mm@ ™\ 40 mm @ "T\
{ §)
900 mm 600 mm
Figure P-316
Solution 316
= 2l T
900 mm —>‘<— 600 mm —>
[T
T
3T

Based on maximum shearing stress Tmax = 16T / nd®:

Steel
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_ 16(3T)

— =83
ST (509
T =679042.16 N - mm
T =679.04N-m
Aluminum

16T
= =55

Tal T T (409)
T =691 150.38N - mm
T =691.15N-m

Based on maximum angle of twist:

TL TL
0= — + [ —
(%), (%),

- ( T ) _ 3T(900) T (600)

180° =m(504)(83000)  z7(40%)(28 000)
T =757316.32N - mm
T =757.32N-m

Use T = 679.04 N-m answer

Solution to Problem 317 Torsion

A hollow bronze shaft of 3 in. outer diameter and 2 in. inner diameter is slipped over a solid steel shaft 2
in. in diameter and of the same length as the hollow shaft. The two shafts are then fastened rigidly together

at their ends. For bronze, G = 6 x 108 psi, and for steel, G = 12 x 108 psi. What torque can be applied to
the composite shaft without exceeding a shearing stress of 8000 psi in the bronze or 12 ksi in the steel?

Solution 317

| Hollow Bronze j

Steel Core

D=3in,d=2in D=2in
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93t = Hbr

TL\ _ /TL
(E>st ) (ﬁ)br
stL — Tbr
Lr(24)(12 x 108)  -L7(34 —24)(6 x 106)
Tst — Tbr
192 x 106 390 x 106

— Equation (1)

Applied Torque = Resisting Torque
T =T, + T, — Equation (2)

Equation (1) with Tst in terms of Tpr and Equation (2)
192 x 106
= Tbr + Tbr

390 x 106
T,, = 0.6701T

Equation (1) with Tpr in terms of Tst and Equation (2)
390 x 10°
T=Tg+

T
192 x 106 ™'
T, = 0.3299T

Based on hollow bronze (Tpr = 0.6701T)

[ 16TD
T = —————————
" m(DA—d%) |,
16(0.6701T)(3)
8000 =
(34 —2%)

T =50789.321b - in
T =4232.441b - ft

Based on steel core (Tst = 0.32997T):

_ {16TD]
’7" —
max 7'('D3 o
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1000  16(0:3298T)
m(23)

T =57137.181b-in
T =4761.431b - ft

Use T = 4232.44 Ib-ft answer

Solution to Problem 318 Torsion

A solid aluminum shaft 2 in. in diameter is subjected to two torques as shown in Fig. P-318. Determine the
maximum shearing stress in each segment and the angle of rotation of the free end. Use G = 4 x 106 psi.

200 Ib-ft
Y e
v
— g ‘\./ 800 Ib-ft
2 ft —>fe 3ft -
Figure P-318
Solution 318
200 Ibft 800 Ib-ft
f:": «—I _»I
kol 3
800 Ibft
600 Ib-ft
16T
Tmax — ——=
D3

For 2-ft segment:
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_ 16(600)(12)

Tmax2 = () = 4583.66 psi answer

For 3-ft segment:

16(800)(12) .
Tmax3 — W = 6111.55psI answer
TL
Q= —
JG
0= i YTL
JG 1
0= 600(2) + 800(3) 1 (122
T 1 20 + 80031 (2)
6 =0.0825rad

6 = 4.73° answer

Solution to Problem 319 Torsion

The compound shaft shown in Fig. P-319 is attached to rigid supports. For the bronze segment AB, the
diameter is 75 mm, t <60 MPa, and G = 35 GPa. For the steel segment BC, the diameter is 50 mm, t < 80
MPa, and G = 83 GPa. Ifa=2mand b = 1.5 m, compute the maximum torque T that can be applied.

Figure P-319 and P-320

Solution 319
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2m + 1.5m —

-+

A B C

A‘ Bronze | Steel }
J \
Tor T Ta

M =0
T =T, + Ty — Equation (1)
‘9br = Qst

TL _(TL

G/, \JG

Ty ((1000) ~ " Ty(1.5)(1000)
Sm(754)(35000) & 7(504)(83000)
Ty = 1.6011T,; — Equation (2a)
Ty = 0.6246T,, — Equation (2b)

16T

Tmax — ——5
D3

Based on tphr < 60 MPa
16T
60 —_ br

~ 7(753)
T, =4970097.75N - mm
Ty =4.970KN - m — Maximum allowable torque for bronze

T, = 0.6246(4.970) — From Equation (2b)
T =3.104kN - m

Based on tphr < 80 MPa
80 = 16T,
~ 7(509)
T =1963495.41N - mm
Ty = 1.963KN - m — Maximum allowable torque for steel
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Ty = 1.6011(1.963) — From Equation (2a)
Tpr =3.142KkN - m

Use Tpr = 3.142 KN-m and Tst = 1.963 kN-m
T =3.142 + 1.963 — From Equation (1)
T =5.105kN - m answer

Solution to Problem 320 Torsion

In Prob. 319, determine the ratio of lengths b/a so that each material will be stressed to its permissible
limit. What torque T is required?

Solution 320

From Solution 319:
Maximum Tpr = 4.970 KN-m
Maximum Tst = 1.963 KN-m

gbrzest

Ly (It

JG br_ JG st

4.973a(1000%) _  1.963b(1000%)

£m(75%)(35000) & (50¢)(83000)
b/a=1.187

T= Tbr max + Tst max
T =4.970+ 1.963
T =6.933kN - m answer

Solution to Problem 321 Torsion
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Problem 321

Atorque T is applied, as shown in Fig. P-321, to a solid shaft with built-in ends. Prove that the resisting
torques at the walls are T1 = Th/L and T2 = Ta/L. How would these values be changed if the shaft were

hollow?

a e b —
N T T“r T2 N
( e
L -
Figure P-321

Solution 321

XM =0
T =T,+T, — Equation (1)

6, =0,

TL\ _ /TL
(55)," ().
T.a _Tyb
JG ~ G
T, = gTz — Equation (2a)

a
T, = b T, — Equation (2b)

Equations (1t)iand (2b):
T = Tl + B Tl
T = T,b Jtr) T,a
_(b+a)T,
— LTl
b
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Equations (1) and (2a):

b
T = aT2+T2
T = T,b+T,a
a
T = (b+a)T,
_ LTz
T a
T2 :Ta/L ok!

If the shaft were hollow, Equation (1) would be the same and the equality 61 = 02, by direct investigation,
would yield the same result in Equations (2a) and (2b). Therefore, the values of T1 and T2 are the same
(no change) if the shaft were hollow.

Solution to Problem 322 Torsion

A solid steel shaft is loaded as shown in Fig. P-322. Using G = 83 GPa, determine the required diameter of
the shaft if the shearing stress is limited to 60 MPa and the angle of rotation at the free end is not to
exceed 4 deg.

A
NS
25m —>|<— 2.5m —>| L

Figure P-322

Solution 322

Based on maximum allowable shear:

16T

Tmax — ——=
D3
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750 N-m 1200 N-m

2
2.5m —>’-> 25 m ‘.‘
1200 N-m

e

For the 1st segment:

2
50 - 450(2.5)(10002)

D3
D =181.39 mm

For the 2nd segment:

2
60 = 1200(2.5)(10002)

wD3
D =251.54 mm

Based on maximum angle of twist:

TL
T
9—iZTL

JG

m 1
4° = 450(2.5) + 1200(2.5) ] (10002
(755) T p@aoon) [ PPRD) + 1200291 (1000%)

D =51.89 mm

Use D = 251.54 mm answer

Solution to Problem 323 Torsion

A shaft composed of segments AC, CD, and DB is fastened to rigid supports and loaded as shown in Fig.
P-323. For bronze, G = 35 GPa; aluminum, G = 28 GPa, and for steel, G = 83 GPa. Determine the
maximum shearing stress developed in each segment.
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Te = 300 Nm Tp =700 N-m

5=
: C Aluminum D
= A Bronze
TA [
™ 50 mm ¢ |
E |
Figure P-323

Solution 323

Stress developed in each segment with respect to Ta:

Te = 300 Nm Tp =700 N-m

Ta

The rotation of B relative to A is zero.

5 =0
L

(®%),, =
3G g

TA(2)(10002) N (T, —300)(2)(1000?) N

. ( A Bronze C Aluminum D Steel B )
Ta I Ts
A 25mm ¢ \T7 =g v 25mmé A
e—-2'm > 2m > 2.3 m>—»

TA = 1000
Ta—300

(T, —1000)(2.5)(1000) _

L7(25)(35000)  47(504)(28 000)

2T 4 N 2(T,—300) N 2.5(T, —1000) _

(254)(35)  (50%)(28) (25%)(83)
6T, , o~ 300 20(T,—1000) _
35 28 75 20 20 000 i
T, + AT, — 2+ 27, - 200 -

83
8527
8 620TA 251.678

To=34297/N-m

L 7(25%)(83000)
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M =0
T, + Ty = 300 + 700
342.97 + Ty = 1000
Ty = 657.03N - m

T, = 342.97N - m
T, = 342.97-300 = 42.97N - m
T,, = 342.97-1000 = —-657.03N - m = —T; (ok!)

_ 16T

Tmax — F

Tor = 16(342.97)(1000) = 111.79 MPa answer
m(253)

Ty = 16(42.97)(1000) = 1.75MPa answer
(503)

Tyl = 16(657.03)(1000) = 214.16 MPa answer
7(25%)

Solution to Problem 324 Torsion

The compound shaft shown in Fig. P-324 is attached to rigid supports. For the bronze segment AB, the
maximum shearing stress is limited to 8000 psi and for the steel segment BC, it is limited to 12 ksi.
Determine the diameters of each segment so that each material will be simultaneously stressed to its

permissible limit when a torque T = 12 kip-ft is applied. For bronze, G = 6 x 108 psi and for steel, G = 12

x 10° psi.

Figure P-324
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Solution 324
_ 16T

D3
For bronze:

8000 = 16Te

3
7rDbr

Tor = 5007DZ Ib - in

Tmax

For steel:

16T
12000 =

3
7TDSt

Ty = 7507DE b - in

M =0

Tbr + Tst =T

Ty + T = 12(1000)(12)

Tpr + T = 1440001b - in

5007TD|§’r + 7507TDS’r = 144000

Dgr =288/m + 1.5D§’t — Equation (1)

ebrzgst
T_L) _(IL
JG br— JG st
Tbr(6) - Tst(4)

57D (6 x 106) = 7DA(12 x 106)
Tbr — Tst

Dgr 3th
3 3
5007TDblr _ 7507rDst
Dg 3D4
r st

D, = 0.5D,,

T = 12 kipft
£\
\ Bronze ‘ Steel
\
,Tm 6 ft B 4ft
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From Equation (1)

D] =288/m —1.5(0.5D,)°

D,, = 288/

Dy, = 4.26in. answer

D, = 0.5(4.26) = 2.13in. answer

Solution to Problem 325 Torsion

The two steel shaft shown in Fig. P-325, each with one end built into a rigid support have flanges rigidly
attached to their free ends. The shafts are to be bolted together at their flanges. However, initially there is
a 6° mismatch in the location of the bolt holes as shown in the figure. Determine the maximum shearing

stress in each shaft after the shafts are bolted together. Use G = 12 x 108 psi and neglect deformations of
the bolts and flanges.

2.0 in. dia. == 1.5in. dia.

727%:
AN}

< | k—
6.5 ft 3.25ft

Figure P-325

Solution 325

—_— (o]
Hof 6.5 shaft + Hof 3.25 shaft — 6

(TL) N (TL) —6°< T )
JG of 6.5 shaft JG of 3.25 shaft 180°

T (6.5)(122) s T(325)(12) =
5m(24)(12 x 108)  £7(1.5%)(12 x 108) 30
T =817.321Ib - ft



http://www.novapdf.com
http://www.novapdf.com

_ 167

Tmax — 3
16(817.32)(12 ]
TOf 6.5 shaft = 6(87T 23 )( ) = 624386 pSI answer
16(817.32)(12) _
Tof 3.25' shaft — ~(15%) = 14 800.27 psi answer

Flanged bolt couplings

In shaft connection called flanged bolt couplings (see figure), the torque is transmitted by the shearing
force P created in he bolts that is assumed to be uniformly distributed. For any number of bolts n, the
torque capacity of the coupling is

T

/\

/}\

2
T=PRn=%TRn

If a coupling has two concentric rows of bolts, the torque capacity is

where the subscript 1 refer to bolts on the outer circle an subscript 2 refer to
bolts on the inner circle. See figure.

For rigid flanges, the shear deformations in the bolts are proportional to their radial distances from the
shaft axis. The shearing strains are related by

N
Rl RZ
Using Hooke’s law for shear, G = 7/-y, we have
- _T2 o P1/A — Py/A,
G1R1 GZR2 GlRl GZRZ
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If the bolts on the two circles have the same area, Al = Az, and if the bolts are made of the same
material, G; = G, the relation between P and P, reduces to

P, _ Py

Rl 2

Solution to Problem 326 | Flanged bolt couplings

A flanged bolt coupling consists of ten 20-mm-diameter bolts spaced evenly around a bolt circle 400 mm
in diameter. Determine the torque capacity of the coupling if the allowable shearing stress in the bolts is
40 MPa.

Solution 326

T = PRn = A7Rn = 7d?7Rn

T = 27(20%)(40)(200)(10)

T =80000007 N - mm

T =87 kN -m=25.13KkN - m answer

Solution to Problem 327 | Flanged bolt couplings

Problem 327

A flanged bolt coupling consists of ten steel ¥2-in.-diameter bolts spaced evenly around a bolt circle 14 in.
in diameter. Determine the torque capacity of the coupling if the allowable shearing stress in the bolts is
6000 psi.

Solution 327

T = PRn = A7Rn = Zmd?7Rn

T = 37(1/2)%(6000)(7)(10)

T = 262507 Ib - in

T =2187.571b - ft = 6872.231b - ft answer
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Solution to Problem 328 | Flanged bolt couplings

A flanged bolt coupling consists of eight 10-mm-diameter steel bolts on a bolt circle 400 mm in diameter,
and six 10-mm-diameter steel bolts on a concentric bolt circle 300 mm in diameter, as shown in Fig. 3-7.
What torque can be applied without exceeding a shearing stress of 60 MPa in the bolts?

Solution 328

For one bolt in the outer circle:
P, =Ar= ”(102) (60)
P, = 15007 N

Figure 3-7

For one bolt in the inner circle:
Pl _ I:)2

R, R,

15007 _ P,

200 150
P, = 11257 N

T =P;Rin; +P,R5N,

T =15007(200)(8) + 11257(150)(6)

T =3412,500r N - mm

T =3.41257 kN - m=10.72kN - m answer

Solution to Problem 329 | Flanged bolt couplings

Problem 329

A torque of 700 Ib-ft is to be carried by a flanged bolt coupling that consists of eight %2-in.-diameter steel
bolts on a circle of diameter 12 in. and six Y2-in.-diameter steel bolts on a circle of diameter 9 in.
Determine the shearing stress in the bolts.

Solution 329


http://www.novapdf.com
http://www.novapdf.com

P, _ P

Rl RZ
ATl _ ATZ
6 45

7, =0.757;

T =P;Ryn; +P,RyN,

700(12) = 37m(1/2)?7,(6)(8) + 3m(1/2)7,(4.5)(6)
8400 = 371, +1.68757(0.757;)

8400 = 13.47;

T, = 626.87 psi — bolts in the outer circle answer
T, = 0.75(626.87) = 470.15 psi — bolts in the inner circle answer

Solution to Problem 330 | Flanged bolt couplings

Determine the number of 10-mm-diameter steel bolts that must be used on the 400-mm bolt circle of the
coupling described in Prob. 328 to increase the torque capacity to 14 KN-m

Solution 330

T =P,Ryn; +P,R,N,
14(1000%) = 15007(200)n, + 11257(150)(6)
N, = 11.48 say 12 bolts answer

Solution to Problem 331 | Flanged bolt couplings

A flanged bolt coupling consists of six ¥2-in. steel bolts evenly spaced around a bolt circle 12 in. in
diameter, and four ¥-in. aluminum bolts on a concentric bolt circle 8 in. in diameter. What torque can be

applied without exceeding 9000 psi in the steel or 6000 psi in the aluminum? Assume Gst = 12 X 108 psi
and Gy = 4 x 10° psi.
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Solution 331

T= (PRn)st + (PRn)aI

T = (ATRn)g + (ATRN)y

T = 37(1/2)°74(6)(6) + 37(3/4)75(4)(4)
T =2.2577, + 2.2577

T =2.257(14 + 7,) — Equation (1)

(&), (&
(2% 109(0) _ (@ % 109(4)

Tst = %Tad — Equation (2a)

Ta = 7, — Equation (2b)

Equations (1) and (2a)

T= 2.257T(—g’7'a| +7,) = 12.37577,
T =12.3757(6000) = 742507 Ib - In
T =233.26kip - in

Equations (1) and (2b)

T = 2.25m(7y + %74) = 2.7577y

T = 2.257(9000) = 24 750~ Ib - in
T =77.75Kkip - in

Use T = 77.75 Kip-in answer

Solution to Problem 332 | Flanged bolt couplings

In a rivet group subjected to a twisting couple T, show that the torsion formula T = Tp/J can be used to

find the shearing stress t at the center of any rivet. Let J = ZApZ, where A is the area of a rivet at the
radial distance p from the centroid of the rivet group.
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Solution 332

The shearing stress on each rivet is P/A

T=Tp/J

Where:
T =PRn
p=R

J = ¥Ap% = AR%n

_ PRn(R)

7—_ —_—
AR?n
_P
T — A oK!

This shows that 7 = T,O/J can be used to find the shearing stress at the center of any rivet.

Solution to Problem 333 | Flanged bolt couplings

A plate is fastened to a fixed member by four 20-mm-diameter rivets arranged as shown in Fig. P-333.

Compute the maximum and minimum shearing stress developed.

Solution 333

_Tp
=P

J

sl MM T I O IMITs,
14 kN T
Figure P-333



http://www.novapdf.com
http://www.novapdf.com

Where:

T = 14(1000)(120) = 1680000 N - mm
J = DAp? = $7(20)? [ 2(40?) +2(120?)]
J = 32000007 mm*

Maximum shearing stress (p = 120 mm):

~1680000(120)

Tmax = 35000007
Tmax = 20.05 MPa answer

Minimum shearing stress (p = 40 mm):

~ 1680 000(40)

Tmin = 32000007
Toin = 0.68 MPa answer

Solution to Problem 334 | Flanged bolt couplings

Six 7/8-in-diameter rivets fasten the plate in Fig. P-334 to the fixed member. Using the results of Prob.
332, determine the average shearing stress caused in each rivet by the 14 kip loads. What additional loads
P can be applied before the shearing stress in any rivet exceeds 8000 psi?
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P
14 kips
_.) —— ~

>

& o
& ®
G

T Y

R

;4 kips

ur |
3
=
o
v
w
w
by
=

Solution 334

Without the loads P:
_Tp
J

T

P
- 14 kips

Where:
T = 14(10) = 140Kip - in

p=/13in
J = XAp? = in(3)? [4(V13) + 2(2)?] = 36.08in"

_ 140v14

Tmaximum — 36.0
_140(2)
Teninimum — W

= 14.0 ksianswer

= 7.76 ksi answer
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With the loads P, two cases will arise:

1st case (P < 14 Kips)
T =10(14)-6P = (140-6P)Kip - in
T

S,
J
8000 = (140-6P)(1000)(v/13)
36.08
80.05 = 140-6P

P = 10.0 kips answer

2nd case (P > 14 kips)

T =6P-10(14) = (6P-140) kip - in
_Tp

==

J
_ (6P —140)(1000)(v/13)
8000 = 36.08

80.05 = 6P — 140
P = 36.68 kips answer

Solution to Problem 335 | Flanged bolt couplings

The plate shown in Fig. P-335 is fastened to the fixed member by five 10-mm-diameter rivets. Compute
the value of the loads P so that the average shearing stress in any rivet does not exceed 70 MPa. (Hint:
Use the results of Prob. 332.)
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Figure P-335

Solution 335

Solving for location of centroid of rivets:

AXg = Xax

Where

A = (80 + 160)(80) = 9600 mm°

a, = a, = a, = 3(80)(80) = 3200 mm°
X; = X3 = 3(80) = 80/3mm

X, = £(80) = 160/3mm

9600X = 3200(80/3) + 3200(160/3) + 3200(80/3)

Xg =320/9mm

r, = 1/(320/9)2 + 802 = 87.54mm
r, = 1/(80 — 320/9)2 + 402 = 59.79 mm

J = BAp? = {m(102)(2r? + 25 + X2)

J = 17(10%) [2(87.54) + 2(59.79)? + (320/9)?]
J = 1864565.79 mm*

T = (120 + 100)P = 220P

The critical rivets are at distance r1 from centroid:

80

80
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Tp

T=—
220P (87.54
Lo 220P(87.54)

~ 1864565.79
P =6777.14 N answer

Torsion of thin-walled tube

The torque applied to thin-walled tubes is expressed as

[_Center Line wall
t ]

T =2Aq

where T is the torque in N-mm, A is the area enclosed by the center line of the tube (as shown in the
stripe-filled portion) in mm2, and q is the shear flow in N/mm.

The average shearing stress across any thickness t is
T
2At

T =

~ | O

Thus, torque T ca also be expressed as

T = 2Atr

Solution to Problem 337 | Torsion of thin-walled
tube
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Problem 337

A torque of 600 N-m is applied to the rectangular section shown in Fig. P-337. Determine the wall
thickness t so as not to exceed a shear stress of 80 MPa. What is the shear stress in the short sides?
Neglect stress concentration at the corners.

L—BOmm—»I

Figure P-337

Solution 337

T = 2Atr

Where:

T =600N-m=600000N - mm
A = 30(80) = 2400 mm?

7 = 80 MPa

600 000 = 2(2400)(1)(80)
t = 1.5625 mm answer

At any convenient center O within the section, the farthest side is the shortest side, thus, it is induced with
the maximum allowable shear stress of 80 MPa.

Solution to Problem 338 | Torsion of thin-walled
tube

A tube 0.10 in. thick has an elliptical shape shown in Fig. P-338. What torque will cause a shearing stress
of 8000 psi?
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I 6in.

Figure P-338

Solution 338

T = 2Atr

Where:
A = wab = ©(3)(1.5) = 4.57 in?

;@ T
2b=3
b—is
| |

T =0.10in
7 = 8000 psi

T =2(4.57)(0.10)(8000)
T =22619.471b-in
T =22.62Kip - in answer

Solution to Problem 339 | Torsion of thin-walled
tube

A torque of 450 Ib - ft is applied to the square section shown in Fig. P-339. Determine the smallest
permissible dimension a if the shearing stress is limited to 6000 psi.
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t=0.10in.

— v —]

— 2

Figure P-339

Problem 339

T = 2Atr

Where:

T =4501b - ft = 450(12) Ib - in
A = a?

7 = 6000 psi

450(12) = 2a%(0.10)(6000)
a=2.12in answer

Solution to Problem 340 | Torsion of thin-walled
tube

A tube 2 mm thick has the shape shown in Fig. P-340. Find the shearing stress caused by a torque of 600

N-m.
6‘:mm 10 %

<— 80 mm —>
Figure P-340
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Solution 340

T = 2Atr

Where:

A = 7(102) + 80(20) = 1914.16 mm?

t=2mm

T =600N-m=600000N - mm

600000 = 2(1914.16)(2)
7 = 78.36 MPa answer

Solution to Problem 341 | Torsion of thin-walled

tube

Derive the torsion formula T = Tp / J for a solid circular section by assuming the section is composed of a
series of concentric thin circular tubes. Assume that the shearing stress at any point is proportional to its

radial distance.

Solution 341

T = 2Atr

dT = 27(p?)dp (T‘“—?Xp)
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r
T = 27T7'max [,0_4]r
r 41,

T

Tmax = T and it follows that Tmax = Tp ok!

Helical Springs

When close-coiled helical spring, composed of a wire of round rod of diameter d wound into a helix of
mean radius R with n number of turns, is subjected to an axial load P produces the following stresses and
elongation:

The maximum shearing stress is the sum of the direct shearing stress t1 = P/A and the torsional shearing
stress t2 = Tr/J, with T = PR.

_ ., __P  16PR
T=T1t71,=
L2 /4 dd

_16PR ([,
(- IR
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This formula neglects the curvature of the spring. This is used for light spring where the ratio d/4R is small.

For heavy springs and considering the curvature of the spring, a more precise formula is given by: (A.M.
Wahl Formula)

T

_16PR /4m—-1 N 0.615
© ad® \4m-—4 m

where mis called the spring index and (4m — 1)/(4m — 4) is the Wahl Factor.

The elongation of the bar is

_ 64PR®n

g Gd4

Notice that the deformation & is directly proportional to the applied load P. The ratio of P to d is called the
spring constant k and is equal to

Springs in Series

For two or more springs with spring laid in series, the resulting spring constant k is given by

WA -
ky k2
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1/k=1/k +1/k, +...

where k1, k,... are the spring constants for different springs.

Springs in Parallel

For two or more springs in parallel, the resulting spring constant is

iy
k=K +ky+...
Solution to Problem 343 | Helical Springs

Determine the maximum shearing stress and elongation in a helical steel spring composed of 20 turns of
20-mm-diameter wire on a mean radius of 90 mm when the spring is supporting a load of 1.5 kN. Use Eq.
(3-10) and G = 83 GPa.

Problem 343
_16PR /4m—1 + 0.615 Equation (3-10)
— H )
Tmax d3 dm—4 m ;
Where:

P=1.5kN = 1500 N; R =90 mm
d =20 mm; n = 20 turns
m = 2R/d = 2(90)/20 = 9
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Tmax

_16(1500)(90) ( 4(9) -1 N 0.615)
w(203) 4(9) -4 9
Tmax = 99.87 MPa answer

64PR3n 3 64(1500)(903)(20)
Gd4 83 000(20%)
6 =105.4mm answer

o=

Solution to Problem 344 | Helical Springs

Determine the maximum shearing stress and elongation in a bronze helical spring composed of 20 turns of
1.0-in.-diameter wire on a mean radius of 4 in. when the spring is supporting a load of 500 Ib. Use Eq.

(3-10) and G = 6 x 10° psi.

Solution 344
_16PR fam=1 0615) o ionc-10)
— H )
Tmax d3 Adm—4 m !
Where

P=5001Ib; R=4in
d=1in; n= 20 turns
m=2R/d=2(4)/1=8

16(500)(4) [ 4(8)—1 0.615
Tmax — +
m(13) 49) -4 8
Tmax = 12060.3 psi = 12.1ksi answer

_ 64PR3n _ 64(500)(4°)(20)
Gd4 (6 x 106)(1%4)
6 = 6.831In answer
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Solution to Problem 345 | Helical Springs

A helical spring is fabricated by wrapping wire 3/4 in. in diameter around a forming cylinder 8 in. in
diameter. Compute the number of turns required to permit an elongation of 4 in. without exceeding a

shearing stress of 18 ksi. Use Eq. (3-9) and G = 12 x 108 psi.

Solution 345
_16PR d .
Tmax = 7 1+ Aﬁ — Equation (3-9)
18000 = 16P(4) {1+ 3/—4]
7(3/43) 4(4)
P =356.071b
5 = 64PR3n
- Gd4

4= 64(356.07)(4%)n
(12 x 106)(3/4)3
n = 13.88say 14 turns answer

Solution to Problem 346 | Helical Springs

Compute the maximum shearing stress developed in a phosphor bronze spring having mean diameter of
200 mm and consisting of 24 turns of 200-mm diameter wire when the spring is stretched 100 mm. Use
Eq. (3-10) and G = 42 GPa.

Solution 346
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_ 64PR3n

J
Gd*

Where
0 =100 mm; R =100 mm
d =20 mm; n = 24 turns

G =42 000 MPa
64P (100%)24
42000(20%)
P =437.5N

Tmax

_16PR (4m -1 N 0.615

P m—2 po >—>Equation(3-10)
T _

Where
m = 2R/d = 2(100)/20 = 10

16(437.5)(100) [ 4(10)—1 0.615
Tmax — +

w(203) 4(10) -4 10
Tmax = 31.89 MPa answer

Solution to Problem 347 | Helical Springs

Two steel springs arranged in series as shown in Fig. P-347 supports a load P. The upper spring has 12
turns of 25-mm-diameter wire on a mean radius of 200 mm. The lower spring consists of 10 turns of
20-mm diameter wire on a mean radius of 75 mm. If the maximum shearing stress in either spring must not
exceed 200 MPa, compute the maximum value of P and the total elongation of the assembly. Use Eq.
(3-10) and G = 83 GPa. Compute the equivalent spring constant by dividing the load by the total
elongation.
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A

Solution 347

_16PR /4m -1 N 0.615
Tmax = = 3 \ Am—4 m

For Spring (1)

Figure P-347

) —s Equation (3-10)

200 = 16P(100) {4(8)—1 . 0.615]
T(25%) |48)-4 8
P =5182.29N

For Spring (2)

200~ 1BP(75) [4(7.5)~1 0615
7(20%) |4(75)-4 75
P =3498.28 N

Use P = 3498.28 N answer

Total elongation:

§=0,+0,

5o (64PR3n> . (64PR3n)
Gd* /| Gd* /,

_ 64(3498.28)(100%)12  64(3498.28)(75°)10

83000(25%) 83
6 =153.99 mm answer

000(204)

Spring (1)
n = 12 tums

d=25mm [72)

R =100 mm Og" g

m = 2(100)/25 = 8 0y B
® o

Spring (2) el 4g

n = 10 tuns §=Ea
d=20mm LR

R =75 mm

=
m = 2(75)/20 = 7.5 >
-]
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Equivalent spring constant, Kequivalent:

P 3498.28
Kequivatent = 5 = 5399
Kequivalent = 22.72 N/mm answer

Solution to Problem 348 | Helical Springs

A rigid bar, pinned at O, is supported by two identical springs as shown in Fig. P-348. Each spring consists
of 20 turns of 3/4-in-diameter wire having a mean diameter of 6 in. Determine the maximum load W that
may be supported if the shearing stress in the springs is limited to 20 ksi. Use Eq. (3-9).

y - v 7
44 Figure P-348 %
= =
- 2 0 il
2 o\ B :
w
2 ft e Gt — 3t —>
Solution 348
_ 16PR 1+ d Equation (3-9)
= -\ i
e iR !
3/4
7(3/4)3 4(3)
P =519.751b

For this problem, the critical spring is the one subjected to tension. Use P2 = 519.75 Ib.
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Py A P.=519.75b

L2 ol o 4t 5 3ft I
i | i w
3 r S “\:(_)
—|= L
51 — 52
2 4
8, = 36,
64P,R%n 1 <64P2R3n)
Gd4 2\ Gd
P, = 3P, = 3(519.75)
P, = 259.875Ib
¥Mg =0
W = 2P, + 4P,

TW = 2(259.875) + 4(519.75)
W =371.251b answer

Solution to Problem 349 | Helical Springs

A rigid bar, hinged at one end, is supported by two identical springs as shown in Fig. P-349. Each spring
consists of 20 turns of 10-mm wire having a mean diameter of 150 mm. Compute the maximum shearing
stress in the springs, using Eq. (3-9). Neglect the mass of the rigid bar.

Figure P-349 Yz %
t = =
3 o o ol
le >)e < 5|
" 2m ' 2m 2m |

10 kg
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Solution 349

PlT
1&@ = 5
E 2m : 2m l 2m

W = 10(9.81) = 98.1 N

EMat hinged support =0
2P, + 6P, = 4(98.1)
2(3P,) + 6P, = 4(98.1)
P, =58.86 N

P, = 1(58.86) = 19.62N

= 16PR 1+ d Equation (3-9)
= — ) - B
T 3 R q

For spring at left:
16(19.62)(75) [ 10 ]
Tmax1 ~ 1+ —H
w(103) 4(75)
Toaxt = (- 44 MPa answer

For spring at right:
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_16(58.86)(75) 1+ 10
maz T r(109) 4(75)
23.232 MPa answer

Solution to Problem 350 | Helical Springs

As shown in Fig. P-350, a homogeneous 50-kg rigid block is suspended by the three springs whose lower
ends were originally at the same level. Each steel spring has 24 turns of 10-mm-diameter on a mean
diameter of 100 mm, and G = 83 GPa. The bronze spring has 48 turns of 20-mm-diameter wire on a mean
diameter of 150 mm, and G = 42 GPa. Compute the maximum shearing stress in each spring using Eqg.
(3-9).

Figure P-350 7
== Phosphor
§§ Bronze
7% 7
Steel => :ﬁ Steel §
= im § 2m =
B P T
| 50 kg ]

Solution 350
T 1
l |
io1m EO.Sml 1.5m
; W= 5%)(9.8 ) =490.5 N ;
Sl “’"-':_'_'LESEJ:""}é‘ﬁ""""""'i53

P, +P,+P;=490.5 — Equation (1)

$M, =0
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P, (1) + P4(3) = 490.5(1.5)
P2 + 3P3 =735.75 — Equation (2)

0 =01 _ 03— 04
1 3
8, = 205 + 46,
64P,(50%)(24) 1 [ 64P4(75%)(48) s 2 [ 64P,(50%)(24)
83000(104) "3 [ 42 000(20%) ] §[ 83 000(10%) ]
830 P2 8960 P3 415P1
166P2 1792 Ps + & Pl — Equation (3)

From Equation (1)
P, = 490.5-P,—P,

Substltute Pl to Equatlon 3

1%6 P2 1792 Ps + 981(4910 55— P2 P3)
166P = 1792P 16683 P2 5P3)

_ 981 1045
166P2 166 148 736P3) — Equation (4)

From Equation (2)
P, = 735.75-3P; = £E - 3P,

Substitute P2 to Equation (4)
5 (2943 — 981 1045
150 o~ 3P) = 1o P3)

166 148736
1045 )P — 981 _ 14715
148 736 166773 T 166 664
P, = 195.01N

P, = 735.75-3(195.01) = 150.72N
P, =490.5-150.72-195.01 = 144.77 N

_16PR [, d
Tmax — 3 IR
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For steel at left:

_ 16(144.77)(50) [, 10
Tmaxt = T 0) [ 4(50)

] = 38.709 MPanswer

For steel at right:
_16(150.72)(50) [“ 10

Tmax2 ~ 7T(103) @

] = 40.300 MPanswer

For phosphor bronze:

" 16(195.01)(75)
Tmas = 009

20
[l + @] = 9.932 MPanswer

Chapter 4 - Shear and Moment in Beams

Definition of a Beam

A beam is a bar subject to forces or couples that lie in a plane containing the longitudinal section of the
bar. According to determinacy, a beam may be determinate or indeterminate.

Statically Determinate Beams

Statically determinate beams are those beams in which the reactions of the supports may be determined by
the use of the equations of static equilibrium. The beams shown below are examples of statically
determinate beams.
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Cantilever Beam

Simple Beam

w (N/m) . 1

& =

Overhanging Beam

Statically Indeterminate Beams

If the number of reactions exerted upon a beam exceeds the number of equations in static equilibrium, the
beam is said to be statically indeterminate. In order to solve the reactions of the beam, the static equations
must be supplemented by equations based upon the elastic deformations of the beam.

The degree of indeterminacy is taken as the difference between the umber of reactions to the number of
equations in static equilibrium that can be applied. In the case of the propped beam shown, there are three
reactions R1, R2, and M and only two equations (XM = 0 and XFy = 0) can be applied, thus the beam is
indeterminate to the first degree (3—2 =1).
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19 w (N/m)

Propped Beam M
Ry Rz

ml“HIHWZ(N/m)

7
V.

AN

Fixed or Restrained Beam

Py M P,
o (N/m.)y]]]llﬂ[l]]]:z (N/m) 1 ~ 1
7 FI = 1
— e L L

Continuous Beam

Types of Loading

Loads applied to the beam may consist of a concentrated load (load applied at a point), uniform load,
uniformly varying load, or an applied couple or moment. These loads are shown in the following figures.

w (N/m)

!

= A = -

Concentrated Loads Uniform Load
w (N/m) M
-~
I | =)
- > A s I
Uniformly Varying Load Applied Couple

Shear and Moment Diagrams

Shear and Moment Diagrams
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Consider a simple beam shown of length L that carries a uniform load of w (N/m) throughout its length
and is held in equilibrium by reactions R1 and R2. Assume that the beam is cut at point C a distance of x
from he left support and the portion of the beam to the right of C be removed. The portion removed must
then be replaced by vertical shearing force V together with a couple M to hold the left portion of the bar in
equilibrium under the action of R1 and wx.

L Al A A Al i

The couple M is called the resisting moment or moment and the force V is called the resisting shear or
shear. The sign of V and M are taken to be positive if they have the senses indicated above.

INSTRUCTION:

Write shear and moment equations for the beams in the following problems. In each problem, let x be the
distance measured from left end of the beam. Also, draw shear and moment diagrams, specifying values at
all change of loading positions and at points of zero shear. Neglect the mass of the beam in each problem.

Solution to Problem 403 | Shear and Moment
Diagrams

Problem 403

Beam loaded as shown in Fig. P-403. See the instruction.
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30 kN 50 kN

Y

&> %

1 3m 2m
Figure P-403

Solution 403
From the load diagram:
SMg =0
5R,, + 1(30) = 3(50)
Rp = 24 kN
5Rg = 2(50) + 6(30)
Rg = 56 kN

30 kN Segment AB:

= My =-30xkN-m

30kN Segment BC:

7% | Vec=-30+56

A

Vo = 26 kN
Tm -' Mpc = —30x + 56(x-1)

Rg = 56 kN MBC = 26X—56 kN -m

X ——>  Segment CD:
l30 kN 50 kNl . Vcp =-30 + 56-50
A %\ 4 VCD = —24 kN
el | Mcp = —30X + 56(x—1)-50(x4)
e Mcp = ~30x + 56¥-56-50x + 200

Mcp = —24% + 144 kN - m
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. B l C D
To draw the Shear Diagram: Load Al—rm i -
Diagram N _;é;_
1. In segment AB, the shear is \i l \]()
uniformly distributed over the im | 3m T
segment at a magnitude of —30 kN.

2. Insegment BC, the shear is

uniformly distributed at a i
magnitude of 26 kKN. _Shear

3. In segment CD, the shear is Diagram |
uniformly distributed at a —30 kN i —24kN

magnitude of —24 kN.

To draw the Moment Diagram:

. Lo Moment i
1. The equation Mag = -30x is linear,  piagram . : -

atx=0, Mag=0andatx=1m, \/
Mag = -30 kN-m.
2. Mpc = 26x —56 is also linear. At x —30 kN-m
=1m, Mpc =-30 kN-m; at x =4 m, Mpc = 48 kN-m. When Mgc = 0, x = 2.154 m, thus the

moment is zero at 1.154 m from B.
3. Mcp =-24x + 144 is again linear. At x =4 m, Mcp = 48 kN-m; at x =6 m, Mcp = 0.

Solution to Problem 404 | Shear and Moment
Diagrams

Beam loaded as shown in Fig. P-404. See the instruction.

2000 Ib
l M = 4800 Ibft
B
A =% D
A l A
3ft T 6 ft T 3ft
RA RD
Figure P-404

Solution 404

M, =0
12R,, + 4800 = 3(2000)
Ry = 1001b
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SMp = 0
12R, = 9(2000) + 4800
R, = 1900 Ib

Al L Segment AB:

to] Vg = 190010

Ra = 1900 Ib Mg = 1900x1b - ft

Segment BC:
|‘_3ﬁ_i2000 b Vg =1900-2000
A[f VBC =-1001b
< J
Re = 1900 be ' Mg = 1900x-2000(x-3)

Mge = 1900x—2000x + 6000

Segment CD:
e Vep = 1900-2000

3ft -} 6 ft |
AIIe OF ilj Vg = -1001b

f Mot = 1900x-2000(x-3)-4800
PSR Mcp = 1900x—2000x + 6000-4800

2000 lbl M = 4800 Ib-ft
B Cw
A“ . | A D | oad
To draw the Shear 3ft ‘|—|< 6 ft \’IL/ 3ft Diagram
Diagram; Ry =1900 Ib ! ' Rp =100 Ib
! 1900 Ib i | f
1. At segment AB, the shear is i |
uniformly distributed at 1900 Ib. ; -
2. A shear of —100 Ib is uniformly i | gi':;:am
distributed over segments BC and :
CD. | i -1001b ! |
To draw the Moment | 5700 Ibft § §
i . | 5100 Ib-ft
D Iag ram. Moment

300 Ibft : Diagram

1. Mag =1900x is linear; at x = 0,
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Mag = 0; at x = 3 ft, Mag = 5700 Ib-ft.

2. For segment BC, Mpc = —100x + 6000 is linear; at x = 3 ft, Mpc = 5700 Ib-ft; at x = 9 ft, Mpc =
5100 Ib-ft.

3. Mcp =-100x + 1200 is again linear; at x = 9 ft, Mcp = 300 Ib-ft; at x = 12 ft, Mcp = 0.

Solution to Problem 405 | Shear and Moment
Diagrams

Beam loaded as shown in Fig. P-405. See the instruction.

l 10 kN/m
RITEFR R R RN NN RN Y
A ;lﬁB - A

FiFigure P-405

Solution 405

YM, =0

10R. = 2(80) + 5[10(10)]
R = 66 kN

“M; =0

10R, = 8(80) + 5[10(10)]
R, = 114kN

10kN/m  Segment AB:

A[I 1] ]{ Vpg = 114-10x kN
t x Mg = 114x-10x(x/2)
R, = 114 kN MAB = 114X—5X2 KN - m

80 kN Segment BC:

<"le 10um Vg = 114-80-10x
FTTTTTTTT
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A‘&Jr¢¢¢+¢t¢¢ VBC_34 —10xkN
v —| Mge = 114x-80(x-2)—10x(x/2)

S Mgc = 160 + 34x-5x2 kN - m
80 kN
To draw the Shear Diagram: e
0 Graw e shear Hlagram: RITERRRRRRRRNN NN R N
1. For segment AB, Vag = 114 — 10x is T$ C A Diagram
linear; at x = 0, Vag = 14 kN; at x = 2 2m+7 i
Ra = 114 kN Rc = 66 kN

m, Vag = 94 kN. : :
2. VBc = 34 - 10x for segment BC is :

linear; at x =2 m, Vec = 14 kN; at x = ' 04 kN

10 m, Vec = -66 kN. When Vgc =0, -
x = 3.4 mthus Vgc = 0at 1.4 m from
! ' : ear
3 i - e E Diagram
To draw the Moment Diagram: i 217.8 kKN-m 66 kN:
1. Mag = 114x - 5x% is a second degree . :
curve for segment AB; at x = 0, MaB i ;
=0;atx =2 m, Mag = 208 kN-m. | i Moment
: : Diagram

2. The moment diagram is also a second
degree curve for segment BC given by
Mpgc = 160 + 34x — 5x2; atx=2m, Mgc =208 kN-m; at x =10 m, Mgc = 0.

3. Note that the maximum moment occurs at point of zero shear. Thus, at x = 3.4 m, Mgc = 217.8
KN-m.

Solution to Problem 406 | Shear and Moment
Diagrams

Beam loaded as shown in Fig. P-406. See the instruction.

l 60 Ib/ft ¥
RITFRRRRRRRRRRRNNRNS
;: aft ’!B 8 ft C{R; 6 ft

195 Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)
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Solution 406

M, =0
12R. = 4(900) + 18(400) + 9[(60)(18)]
R = 17101b

12R, + 6(400) = 8(900) + 3[60(18)]
R, =6701b

60 Ib/ft  Segment AB:

» Vg = 670-60x Ib
) _)‘ M,g = 670x-60x(x/2)

Ry = 670 Ib MAB = 67OX—30X2 Ib - ft

900 Ib Segment BC:
<4 sopm  Vge = 670-900-60x
U] ] Ve =-230-60xIb
A Mg = 670x-900(x—4)-60x(x/2)

g = 2
R, = 670 Ib Mgc = 3600-230x-30x“ Ib - ft
I X | Segment CD:
. Vep = 670 + 1710-900-60x
v 60 Ib/ft CD :
RERERRERRRRRAN Vep = 1480-60x Ib
L B A Mcp = 670x + 1710(x-12)-900(x—4)—60x(x/2)
stiofe—sr——] M) = 16920 + 1480x-30x2 b - ft

Ra =670 |b Rc=17101b

900 Ib 400 Ib
. v 60 Ib/ft J,
To draw the Shear Diagram: l H, l l l l l l l l l l l l l -
A A Y k. x
1. VaB =670 — 60x for segment AB is L . B : CA D Diagram
linear; at x =0, VA= 670 Ib; at x = 4 R ep— . —
ft, VaB = 430 Ib. RA:= 670 Ib Rc=17101b

2. For segment BC, Vec = —-230 — 60X is 67'0 b 760 Ib

also linear; at x= 4 ft, Vac = —470 Ib, 430 Ib 400 Ib
at x = 12 ft, Vigc = ~950 Ib. ‘\‘
3. Vcp = 1480 — 60x for segment CD is . Sy

| ' Nianram
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raange wanes

again linear; at x = 12, Vcp = 760 Ib;
at x = 18 ft, Vcp = 400 Ib.

To draw the Moment Diagram: SRR =

1. Mag =670x — 302 for segment AB is
a second degree curve; at x = 0, MaB
=0; at x = 4 ft, Mag = 2200 Ib-ft.

2. For BC, Mpc = 3600 — 230 — 307, is
a second degree curve; at x = 4 ft,
Mpgc = 2200 Ib-ft, at x = 12 ft, Mpc =
-3480 Ib-ft; When Mpc = 0, 3600 —
230x — 30x° = 0, x = —15.439 ft and
7.772 ft. Take x = 7.772 ft, thus, the moment is zero at 3.772 ft from B.

3. For segment CD, Mcp = -16920 + 1480x — 30%2 is a second degree curve; at x = 12 ft, Mcp =
-3480 Ib-ft; at x = 18 ft, Mcp = 0.

Moment
Diagram

—3480 Ibft

Solution to Problem 407 | Shear and Moment
Diagrams

Beam loaded as shown in Fig. P-407. See the instruction.

Figure P-407 30 kN/m
A ‘[ [‘H I I'I l 1 D
A B| C|
< 3m € 2m ‘|’1m>
RA RD

Solution 407

M, =0
6Rp, = 4[2(30)]
Rp = 40 kN

SMp =0
6R, = 2[2(30)]
R, = 20kN
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A Segment AB:
E « —| Vg =20kN

Re=20kN M, = 20xkN - m

30kN/m  Segment BC:
’ sms[]]] Vg =20-30(x-3)
4 | Vge = 110-30x kN
Ry = 20 kN " Mg = 20x-30(x-3)(x-3)/2
Mgc = 20%-15(x=3)2 kN - m

30 kN/m Segment CD:
» — I— Vep = -40kN
Ry = 20 kN "1 M¢p = 20x-30(2)(x-4)
I« % I Mep = 20x—60(X—4) kN - m
30 kN/m

A ‘[I'IIIII]' DLo.a(‘l

To draw the Shear A i 3| o AC>|<1 m4 Diagram

Diagram: R, = 20 kN : Ro = 40 kN

1. For segment AB, the shear is
uniformly distributed at 20 kN. .
>

Shear

2. VBc = 110 — 30x for segment BC; at x i ' Diagram
=3m,Vec=20kN; atx=5m, Vec E 0.67 rﬁ\_
=40 kN. For Vec =0, x = 3.67 mor : b —40 kN !
0.67 m from B. : P i 5
3. The shear for segment CD is uniformly E : : e :
distributed at —40 kN. 5 cokmi SSETKNM ¢

: o kN~m§ Moment

To draW the Moment E ' Diagram

Diagram:

1. For AB, Mag =20x; at x=0, Mag =0; at x =3 m, Mag = 60 kN-m.

2. Mpc =20x —15(x - 3)2 for segment BC is second degree curve; at x =3 m, Mpc = 60 kN-m; at x =
5m, Mgc = 40 kN-m. Note: that maximum moment occurred at zero shear; at x = 3.67 m, Mgc =
66.67 kKN-m.

3. Mcp = 20x — 60(x — 4) for segment BC is linear; at x =5m, Mcp =40 kN-m; at x =6 m, Mcp = 0.
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Solution to Problem 408 | Shear and Moment
Diagrams

Beam loaded as shown in Fig. P-408. See the instruction.

30 kiN/m 20 kN/m

AVVV\VV\ ¥ lIIIVVVllD
A B = A
<—2m—+— 2m —»It— 2m —>

Ra Ro
Figure P-408

Solution 408

XM, =0

6Rp = 1[2(50)] + 5[2(20)]

Rp = 50kN

6R, = 5[2(50)] + 1[2(20)]

Ra = 90kN

S0kN/m  Segment AB:
Vg = 90-50x KN

© Mpg = 90x-50x(x/2)
= Myg = 90x-25x2 kN - m

RA =90 kN

50 kN/m Segment BC:

! Vge = 90-50(2)
[

L _B,l i Vpc =-10kN
2m _
Ra = 90 kN MBC - 90X—2(50)(X_1)

. | Mgc =-10x+100kN-m

50 kN/m 20kN/m  Segment CD:
P
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AYEYYAY VY Y Vg = 90-2(50)-20(x—4)

T 2m e 2m | Vep = —20x + T0kN
W 8 | Mcp = 90%-2(50)(x—1)-20(x-4)(x-4) /2

Mcp = 90x—100(x—1)-10(x—4)?
Mcp = —10x% + 70x—60 kN - m

A Y l I I I Yy I I 1 D
To draw the Shear e - N 3 ;?:;'ram
. . [€—2:m 2m 2:m-—>»
Diagram: R=o0kN | T Ro=s0kN
. 190 kN : : -
1. Vag =90-50xis linear; at x =0, VBC : | :
=90 kN:; at x=2m, Vec =-10 kN. | ' '
When Vag =0, x = 1.8 m. ' : ' Shear

2. Ve = -10 kN along segment BC. G
3. Vcp=-20x + 70 is linear; at x = 4 m,
Vcp =-10kN; atx =6 m, Vcp =-50

kN. \ Moment

+ Diagram

To draw the Moment
Diagram:
1. MaB =90x — 25x is second degree; at x =0, Map = 0; at x =1.8 m, Mag =81 kKN-m; at x =2 m,

MADB = 80 kN-m.
2. Mpc =-10x + 100 is linear; at x =2 m, Mgc = 80 kN-m; at x =4 m, Mgc = 60 KN-m.

3. Mcp = —10x2 + 70x — 60; atx =4 m, Mcp =60 kN-m; at x =6 m, Mcp = 0.

Solution to Problem 409 | Shear and Moment
Diagrams

Cantilever beam loaded as shown in Fig. P-409. See the instruction.

Figure P-409
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Solution 409

Segment AB:

Wo
A‘IIIVIl VAB:_Wox

|(_X_,| Mg = —WoX(X/2)

MAB = —2wx?
Lo Segment BC:
A vyvyvvyvvyB > VBC:—WO(L/Z)
—— 12 —>] Vi = —%WOL
* ' Mpgc = -Wo(L/2)(x-L/4)

Wo \‘
ALY Load
- Diagram
. B C ,
To draw the Shear Diagram: e Sleam S |
1. VaB = —Wpx for segment AB is linear; at x = 0, VaB ' , :
= 0;atx = L/2, VAR = —¥awoL. : i ool
. . _ : i Diagram
2. At BC, the shear is uniformly distributed by —2wgL. i '
: P —Lwl |
To draw the Moment Diagram: 2 ’ ;
Moment
1. MaB = —%wox? is a second degree curve; at x = 0, -1 wol? T
Mag = 0; at x = L/2, Mag = -1/8 wolL.2. ~2 w2

2. Mpc = —Yawglx + 1/8 W0L2 is a second degree; at x
= L/2, Mac = -1/8 woL%; at x = L, Mgc = -3/8 woL%.

Solution to Problem 410 | Shear and Moment
Diagrams

Cantilever beam carrying the uniformly varying load shown in Fig. P-410. See the instruction.
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AT
g 2 171 Iﬂiﬁ

.8

| 1
€ - N

Figure P-410

Solution 410
y _ Wo
X WL
0
= —X
Y= 1
1 Fx t—"?x
Fy = XY W Wo
F _ 1 X WO X) I er’v-vfl l _y __________
X = ev L F e— L=

Fy = = X2

L
Shear eq\Lll\z;ltion:
V =—2x2

2L
Moment equation:

1 /w
_ lyE — 0
M = —2xFy = — 3% (i xz)
_ Vo
6L
T111h

To draw the Shear Diagram: =X il B

1. V=-wp x% | 2L is a second degree curve; at x =0, V : ;

=0;atx=L,V=-"2wglL. :
i Shear
. ! Di
To draw the Moment Diagram: | 2 degree —" iagram

1 1
-3 Wl 1

L ——> Diagram

1. M=-wp x3/ 6L is a third degree curve; atx =0, M = i

0; atx:L,M:—1/6W0L2. \ |
Moment
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— \1 Diagram

Solution to Problem 411 | -1 wi?
Shear and Moment Diagrams

Cantilever beam carrying a distributed load with intensity varying from wo at the free end to zero at the
wall, as shown in Fig. P-411. See the instruction.

OI l 1 v [ l Iﬂlxl\\r'%"»- i::“
Figure P-411
Solution 411
Y W
L=% L
0
=—(L—x
y=—1(L=%
Fi3x(Wo ) LW
1 W, w-_lﬁé’&
F1: =X |:W0__(I—_X):| ) ?
2 L b \ Z
1 Wo ¥ y v v v_y ______ T
Flz—x[wo—woL——x] L-x
a\l L e— X 4>|
Fo=—>x%
17 2L

W
F, =Xy =X [TO (L—x)}
F, :%(Lx—xz)

Shear equation:
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W W
v=-5{F2=—§E%—-fam—x%
V == =2 %% — WoX + — X

2L L
:ixz—wox

Moment equation:
- 2 1

M =—2x (ﬁ x2) —ZX [% (Lx—xz)]

Wo 2o S, . W S

2
M=-—x3-—x2+—2x3
3L 2 2L

_ Wo , W g
M=—o 2, Wo
2 * Tl

To draw the Shear Diagram:

1. V= wox%/2L — wox is a concave upward second degree
curve;atx=0,V=0;atx=L, V=-1/2wglL.

To draw the Moment diagram:

1. M= —wox2/2 + W0X3/6L is in third degree; at x =0, M = 0;

atx=L, M=-1/3wol2.

Solution to Problem 412 |
Shear and Moment Diagrams

Beam loaded as shown in Fig. P-412. See the instruction.

(( .

L >
Load Diagram ‘

2’1®\

I Shear Diagram —3 w.l
3’M
-3 w,l?

Moment Diagram
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800 Ib/ft

. LIl Idlidll

N L CA |
A 5 |
Ry 2 ft 4 ft Re 2ft

Figure P-412

R

Solution 412

M, =0
6R. = 5[6(800) ]
Rc = 4000 Ib

SM¢ =0
6R, = 1[6(800) ]
R, = 8001b

A‘[k ¢ Segment AB:

x| V5 =800lb
RA:BOO Ib MAB = 800X|b ¢ ft

800 Ib/ft

Alr‘_th_)lm—l
 —

Ra = 800 Ib

Mg = 800x-400(x-2)2 Ib - ft

800 Ib/ft

\ o TTTIIITITY
(-

Ra = 800 Ib = 4000 |b

i

X >

Mep = 800X + 4000(x—6)-400(x-2)2 Ib - ft

To draw the Shear Diagram:

Segment BC:

Vge = 800-800(x-2)
Vge = 2400-800x Ib
Mg = 800x-800(x-2)(x-2),/2

Segment CD:

Vep = 800 + 4000-800(x-2)

Vcp = 4800-800x + 1600

Vep = 6400-800x Ib

Mcp = 800X + 4000(x-6)-800(x—2)(x-2) /2

800 Ib/ft

lllllllllllll,mad

Ar

CA D | Diagram
2t ,,‘ 4ft N 2ft—>|
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1. 800 Ib of shear force is uniformly distributed
along segment AB.

2. VBc = 2400 - 800x is linear; at x = 2 ft, VBC
=800 Ib; at x = 6 ft, VBc = —2400 Ib. When
VBc =0, 2400 — 800x = 0, thus x = 3 ft or
VBc =0 at 1 ft from B.

3. Vcp = 6400 — 800x is also linear; at x = 6 ft,
Vcp = 1600 Ib; at x =8 ft, Vgc = 0.

To draw the Moment Diagram:

1. Mag = 800x is linear; at x =0, Mag = 0; at
x = 2 ft, Mag = 1600 Ib-ft.

2. Mpc = 800x — 400(x — 2)2 is second degree
curve; at x = 2 ft, Mpc = 1600 Ib-ft; at x = 6

R, = 800 Ib Re = 4000 Ib
! 8001b ! 1600 Ib \
" l Shear

1 Diagram

2000 Ib-ft

E Moment
' Diagram

ft, Mpc = -1600 Ib-ft; at x = 3 ft, Mc = 2000 Ib-ft.
3. Mcp = 800x + 4000(x — 6) — 400(x — 2)2 is also a second degree curve; at x = 6 ft, Mcp = -1600

Ib-ft; at x = 8 ft, MCD = 0.

Solution to Problem 413 | Shear and Moment

Diagrams

Beam loaded as shown in Fig. P-413. See the instruction.

100 Ib/ft

HHHHHHHHH -1200I|bft

LDV A

= 2 1 4ft

Re

Fialis

3

Figure P-413

Solution 413

Mg =0
6R. = 1200 + 1[6(100) ]
Re = 3001b

Mg = 0
6Rg + 1200 = 5[ 6(100) ]
Rg = 3001b
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100 Ib/ft  Segment AB:

Vs = -100x1b
Myg = —100x(x/2)
My = —50x2 b - ft

18

100 lb/ft Segment BC:

Ve =-100x + 300 Ib
J Mge = —100x(x/2) + 300(x-2)
>

Mge = -50x2 + 300x-600 Ib - ft

RB = 300 Ib

100 Ib/ft Segment CD:

e LWLV v = -100(6) + 300

A

B C Vep =-3001b
e 2 ft >fe— 4ft —»l CD
Rs = 300 Ib | Mcp = -100(6)(x-3) + 300(x-2)
e x Mcp = -600x + 1800 + 300x—600
Mcp =—-300x + 1200 Ib - ft

100 Ib/ft Segment DE:

LT llm”’“ Vpe = —100(6) + 300

AB DV Vpe =-3001b
2 ftofe—— 4t ———w 1: ->|
‘ s 3 v | Mp. = ~100()(x3) + 1200 + 300(x—2)
X —

Mpe = —600x + 1800 + 1200 + 300x—600
Mpe = —300x + 2400 Ib - ft

100 Ib/ft
_ M ERER RN RRRR N 1 v
To draw the Shear Diagram: Ae
2ftofe—— 4ft —>|+ 1">¢ 1'>] Diagram
1. VaB =-100x is linear; at x =0, VaB = Fa = ‘300 b ' RE = 300 Ib
0; at x = 2 ft, Vag = -200 Ib. |
2. Vec = 300 - 100x is also linear; at x = : ) 'b
2ft,VBc=1001Ib;atx =4 ft, VBc = —
-300 Ib. When Vgc =0, x =3 ft, or m x Diagram
Vgc =0 at 1 ft from B. |
3. The shear is uniformly distributed at 5 -300 b |

-300 Ib along segments CD and DE.
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To draw the Moment
Diagram:

300 bfty !
: ~ \ Moment

Diagram

—200 Ibft

1. Mag = —50x2 is a second degree curve;
-150 Ibft

at x=0, Mag = 0; at x = ft, MaB =
—-200 Ib-ft.

2. Mpc = -50x% + 300x — 600 is also
second degree; at x = 2 ft; Mpc = -200
Ib-ft; at x = 6 ft, Mpc = —600 Ib-ft; at X
= 3 ft, Mpc = -150 Ib-ft.

3. Mcp =-300x + 1200 is linear; at x = 6 ft, Mcp = —600 Ib-ft; at x = 7 ft, Mcp = —900 Ib-ft.

4. Mpe =-300x + 2400 is again linear; at x = 7 ft, Mpg = 300 Ib-ft; at x = 8 ft, Mpe = 0.

—900 Ib-ft

Solution to Problem 414 | Shear and Moment
Diagrams

Cantilever beam carrying the load shown in Fig. P-414. See the instruction.

e
L

Figure P-414

Solution 414

2kN/m  Segment AB:

8 ol Mg =-2¢(¢/2)

3m —»‘ Segment BC:
FlL F2 o L 2

2kN/m d| - MTY : -2 E
IR ) y=i2)
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'(— 2m —;>|<—x—2—)’

F, = 2X

F, = 3(x-2)y
F,=30-2) [§(x—2)]
F, = 1(x-2)?

Vec = -F1—F

Mgc = —(x/2) Fl—% (x=2)F,
Mgc = —(x/2)(2x)-3(x-2) [ 3(x-2)?]
Mg = —X*—§(x-2)?

To draw the Shear Diagram:

1. Vag=-2xis linear; at x =0, Vag=0; at x =2 m,
VaB = -4 kN.

2. VBc=-2x-1/3 (x— 2)2 is a second degree curve; at
x=2m,Vec=-4kN; at x=5m; Vgc = -13 kN.

To draw the Moment Diagram:

1. MaB = —x? is a second degree curve; at x =0, MaB =

0;atx=2m, Mag = -4 kN-m.
2. Mgc =-x°-1/9 (x- 2)3 is a third degree curve; at x =
2m, Mgc =—-4 kN-m; at x =5 m, Mpc =-28 kN-m.

gttty

2m

ol
. 3m

C

Load Diagram

i
—4 kN

12" degree

Shear Diagram
)

—13 kN

3" degree

Solution to Problem 415 | Shear and Moment

Diagrams

Cantilever beam loaded as shown in Fig. P-415. See the instruction.

—28 kN-m
Moment Diagram
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Figure P-415

20 kN/m

IRRARARRARAN)

=
€ 3m

Solution 415

20 kN/m Segment AB:

WL Vg = —20xkN
N ] Mg =-20x(x/2)

20 kN/m Segment BC:

-4—3m—>|

>
>

S Ve =—-20(3)
Vg =—60kN
Mgc = —20(3)(x-1.5)

CA
2m —f<— 2 m

40 kN

Mg = —60(x~1.5) kN - m

20 kN/m Segment CD:

LT

—= =

Vep = —20(3) + 40
V.D = -20kN
Mep = —20(3)(Xx-1.5) + 40(x-5)

Lol

. X >l Mcp = —60(x-1.5) + 40(x-5) kN - m

To draw the Shear Diagram

1. VaB = -20x for segment AB is linear; at x =
0,V=0;atx=3m,V=-60kN.

2. VB¢ =-60 kN is uniformly distributed along
segment BC.

3. Shear is uniform along segment CD at —20
KN.

To draw the Moment Diagram

1. Mag = —10x2 for segment AB is second
degree curve; at x =0, MaAp=0; at x=3 m,

20 kN/m

ARRRRARRAANY

B
R

Load Dlagram |

2m —fe— 2 m —>

CA D

40 kN :

20N !

Shear Diagram

—60 kN

\

—210 kN-m

Moment Diagram =250 kN-m
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Mag = -90 kN-m.
2. Mpc =-60(x — 1.5) for segment BC is linear;
atx=3m, MBC =-90 kN-m; at x =5 m,
Mgc =-210 KN-m.
3. Mcp =-60(x — 1.5) + 40(x — 5) for segment CD is also linear; at x =5 m, Mcp = -210 KN-m, at X =
7m, Mcp = -250 KN-m.

Solution to Problem 416 | Shear and Moment
Diagrams

Beam carrying uniformly varying load shown in Fig. P-416. See the instruction.

il

Ry Figure P-416 o
Solution 416
F=121lw, —
— 2/3L ‘51/3 L 2Mp, _1 0
11Tl e LRy =3LF
-.W'T:-IIIII I[I[ R1=%(—%LWO)
‘:— L 4:‘ Rl = %LWO
Ry R
ZMRl =
LR, = 2LF
R, =5 (5Lwe)
R, = 1Lw,
y _Wo
X L
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A y:%x
— ;
" F, = lyy = 1 (_
X = 3XY = 4x (0 X
Fv = —X
2L
V:Rl_FX
W,
V = 2lwg ixz
M = R x-Fy (1x)
M = ZLwoX — —x2(1x)
M—lLWox—%x3

To draw the Shear Diagram:

V = 1/6 Lwo — Wox%/2L s a second degree curve; atx =0,V =
1/6 Lwo =Ry at x = L, V=-1/3 Lw® = -Ry; If ais the

location of zero shear from left end, 0 = 1/6 Lwo — Wox>/2L, X
=0.5774L = a; to check, use the squared property of parabola:

a%IR1 = L%(R1 + Ry)
a2/(1/6 Lwo) = L2/(1/6 Lwo + 1/3 Lwo)

a2 = (1/6 L3wo)/(L1/2 Lwo) = 1/3 Ly
a=05774L

To draw the Moment Diagram:

M = 1/6 LwgXx — wox3/6L is a third degree curve; atx =0, M =
O;atx=L,M=0;atx=a=0.5774L, M = Mmax.

Mimax = 1/6 Lwio(0.5774L) — Wo(0.5774L)3/6L
Mumax = 0.0962L 2w — 0.0321L 2w,
Mumax = 0.0641L%wq

Solution to Problem 417 | Shear and Moment

IS

»
>

L

A

>
>

Load Diagram

1
a —>
1
1

Shear Diagram

My i

Moment Diagram
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Diagrams

Beam carrying the triangular loading shown in Fig. P-417. See the instruction.

Figure P-417

Solution 417

By symmetry:
— — 171 -1

Y o
X L/2
_2W,
YT
2W
F = %Xy = %x (To) et Load Diagram Re
F=toy e

N

V- Rl_F i i\\
1 Wo | Shear Diagram

<
I
|
-
=
|
><N

<
1
Ry
[N
T
ﬂ
—~~
wl—=
Na

! i
| = LWo

1,2
WLWO

Moment Diagram
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W,
M = ZLWoX — (TO x2) (3%)

To draw the Shear Diagram:

V =Lwo/4 - woleL is a second degree curve; at x =
0, V=Lwo/4; at x = L/2, V = 0. The other half of the
diagram can be drawn by the concept of symmetry.

To draw the Moment Diagram

M = LwoX/4 — wox3/3L is a third degree curve; at x =0, M = 0; at x = L/2, M = Lowo/12. The other half
of the diagram can be drawn by the concept of symmetry.

Solution to Problem 418 | Shear and Moment
Diagrams

Cantilever beam loaded as shown in Fig. P-418. See the instruction.

I
@
=3
=
- A
3

lzom M
AI
P

Figure P-418

)

—
el

2m —f ot

¢

Solution 418

20 kN Segment AB:

v Mg =-20xkN-m

lzo kN M=80kNm  Segment BC:
[ {2 ) . Vg =—20kN
A

My = —20x+ 80KN - m

e am J
|
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lzo kN M = 80 kN-m

To draw the Shear A

B
Diagram: “—. & Nk o

1. VaB and Vpc are equal and

constant at —20 kN.

| —20 kN
To draw the Moment ! :

Diagram: ’
—40 kN-m

1. MaB =-20x is linear; when x =
0, Mag = 0; when x =4 m,
Mag = -80 kN-m.

—80 kN-m

"% Load

Diagram

Shear
Diagram

Moment
Diagram

2. Mpc =-20x + 80 is also linear; when x =4 m, Mgc = 0; when x =6 m, Mgc = -60 kN-m

Solution to Problem 419 | Shear and Moment

Diagrams

Beam loaded as shown in Fig. P-419. See the instruction.

270 Ib/ft

A [l il H 5
e on 8 f

Rl Rz
Figure P-419

Solution

810 Ib
— 4ft —> Sft —>

1 il
o 4

Rl RE

A
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M =0
9R, = 5(810)
R, = 4501b

M, =0
9R, = 4(810)
R, = 360 Ib

A

1 270 Ib/ft

F = 22.5x2

Vag = Ri—F

Mpg = Ryx—F (3)

Mpg = 450%-22.5%%(%X)

M,g = 450x-7.5x* Ib - ft

Y

a1t lﬂ.{lﬂh

M

Al
% 6t

Ry =450 1b

B

>

€ X

Y

Segment AB:
y 270

X 6
y = 45x

F = 3xy = 3X(45X)

Segment BC:
Vg = 450-810

Mg = 450x-810(x—4)
Mgc = 450x-810x + 3240
Mgc = 3240-360x b - ft
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To draw the Shear Diagram: . ﬂ 270 ojtt
{rﬂ/lﬂfﬂqﬂlI

1. VaB = 450 — 22.5x is a second degree A e
curve; at x = 0, Vag = 450 Ib; at x = 6 ft, 1 =8 4 PR _4
Vag = -360 Ib. R, = 450 Ib R, =360 Ib

2. Atx=a,VaB =0, ! Load Diagram i
450 - 22.5x2 = 0 -
22.5x° = 450 I_\ ! :

x% =20 : =
x =20 i

|
L

To check, use the squared property of
parabola.

a2=20
a=120

a%/450 = 62/(450 + 360) §
3. VBc =-360 Ib is constant. i

To draw the Moment Diagram: el S

1. MaB =450x - 7.5x for segment AB is third
degree curve; atx =0, Mag=0; at x = V20, Mag = 1341.64 Ib-ft; at x = 6 ft, Mag = 1080 Ib-ft.
2. Mpc = 3240 - 360x for segment BC is linear; at x = 6 ft, Mpc = 1080 Ib-ft; at x = 9 ft, Mpc = 0.

Solution to Problem 420 | Shear and Moment
Diagrams

A total distributed load of 30 Kips supported by a uniformly distributed reaction as shown in Fig. P-420.
See the instruction.

W = 30 kips

Y W N y k. YyYyvy

A AAAAAAA AAAAAMA AAAAAN AAAA

e sl r — Sl an o)

Figure P-420
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Solution 420

W = 30 kips

w Ib/ft

r Ib/ft

L—4ﬂ ‘L 12 ft >!‘ 4ft—>|

w = 30(1000) /12
w = 2500 Ib/ft

SF, =0
R=W

20r = 30(1000)
r = 1500 Ib/ft

.. First segment (from 0 to 4 ft from left):

—
A A A A Vl = 1500X
r=1500/f M, = 1500%(x/2)
M, = 750x?

2500 Ib/ft  Second segment (from 4 ft to mid-span):

V, = 1500x-2500(x—4)

—— AL TGO

r = 1500 Ib/ft
anal M, = 1500x(x/2)-2500(x—4)(x-4) /2
- M M, = 750x2—1250(x-4)>2

To draw the Shear Diagram:

1. For the first segment, V1 = 1500x is linear;
atx=0,V1=0; at x =4 ft, V1 = 6000 Ib.

2. For the second segment, V2 = 10000 —
1000x is also linear; at x = 4 ft, V1 = 6000
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Ib; at mid-span, x = 10 ft, V1 = 0. 25 Ib/ft
3. For the next half of the beam, the shear

diagram can be accomplished by the concept

of symmetry. ; 2 2 ]

AAAAAAA A A A * T*AAAAAAAAAA h A
15
1

A
00 |b/ft
T B )

To draw the Moment Diagram: I«—4ft—>|<— = 4,L_4&_,|

1. For the first segment, M1 = 750% is a
second degree curve, an open upward
parabola; atx =0, M1 =0; at x =4 ft, M1 =
12000 Ib-ft.

2. For the second segment, Mz = 7502 —

1250(x - 4)2 is a second degree curve, an
downward parabola; at x = 4 ft, M2 = 12000
Ib-ft; at mid-span, x = 10 ft, M2 = 30000
Ib-ft.

; Load Dlaqram

6000 Ib

l
I
l
l
|
|
1
'
1
|
'

& 6ﬁ: _):
1

Shear Diagram
| —6000 Ib

30,000 Ib-ft

12,000

12,000 Ib-ft

Moment Diagram

3. The next half of the diagram, from x = 10 ft to x = 20 ft, can be drawn by using the concept of
symmetry.

Solution to Problem 421 | Shear and Moment
Equations

Write the shear and moment equations as functions of the angle 6 for the built-in arch shown in Fig.
P-421.

Solution 421

For 0 that is less than 90°
Components of Q and P:

Qx =Qsind
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Qy = Qcosf

Py = P sin(90°-6)
Py =P (sin90° cosf—cos90° sinf)

P, =P cosd

Py = P cos(90°-0)
P, = P (cos90° cosé + sin90° sin6)
Py =P sind

Shear:

V =3F

V =Qy-Py

V =Qcosf-P sinf answer

Moment arms:

dQ =Rsind

dp = R-Rcoséd
dp = R(1-cosb)

Moment:

M = Z:Ivlcountercloc:kwise
M = Q(dq)-P (dp)
M = QR sin#-PR(1-cos6) answer

->M

clockwise

For 0 that is greater than 90°

P e A /v Components of Q and P:
3 it v 4 ; Qx = Qsin(180°-0)
: <+ e | Qx = Q(sin180° cos 6—cos 180° sin )
< v/?<180° —:6 QX = Q COSQ
Q -180° — 6 ;
/“‘/ e !
g —9Q° %VP
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Qy = Qcos(180°-0)
Qy = Q(cos180° cosd + sin 180° sin §)
Qy =-Qsind

Px = P sin(6-90°)
Px = P(sin# cos90°—-cos A sin 90°)
Py = —P coséd

Py = P cos(6-90°)
Py = P(cosf cos90° + sin g sin90°)
Py =P sing

Shear:
V = %F,

V =—(-Qsin#)-P sind
V =Qsinf-P sinf answer

Moment arms:

dy = Rsin(180°-9)

do = R(sin 180° cos 6#—cos 180° sin #)
do =Rsiné

dp = R + Rcos(180°-6)

dpr = R+ R(c0s180° cosé + sin 180° sin )

dp, = R-Rcosé
dp = R(1-cosf)

Moment:

M = EI\/Icounterclockwise
M = Q(dq)-P (dp)
M = QR sin#-PR(1-cos6) answer

->M

clockwise
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Solution to Problem 422 | Shear and Moment
Equations

Write the shear and moment equations for the semicircular arch as shown in Fig. P-422 if (a) the load P is
vertical as shown, and (b) the load is applied horizontally to the left at the top of the arch.

Figure P-422

Solution 422

YMc =0
2R(R,) =RP
Ra =3P

For 0 that is less than 90°

Shear:

Vg = R, c08(90°—0)

Vg = 3P (c0s90° cosd + sin90° sin6)
Vag = %P sin@ answer

Moment arm:
d = R-Rcosé
d = R(1-cos6)
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Moment:
Mag = Ra(d)
Mag = %PR (1-cosf) answer

For 0 that is greater than 90°

Components of P and Ra:

« = P sin(6-90°)
Py = P (sin & cos 90°-cos A sin90°)
P, =—-P cosé

Py = P cos(6-90°)
Py = P (cosf cos90° + sinfsin90°)
Py =P sind

Ry, = R, sin(6-90°)
Rax = 3P (sin 6 cos90°— cos 6§ sin 90°)
Ra = —3P cosd

Rpy = Ra€0s(6-90°)
Ry, = 3P (cosf cos90° + sinf'sin90°)
Rpy = 3P siné

Shear:
Vee = XFy
Vee = Rpy—Py

Vge = 3P sin6-P sinf
Ve = —%P Sin@ answer

Moment arm:

d = R cos(180°-6)
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d = R(cos180° cosé + sin 180° sin #)
=-Rcosf

Moment:

IleC = EMcounterclockwise_zMclockwise
Mgc = 3P (R-R cos6)-P (-R cos )
Mgc = 3PR—3PR cosf + PR cosd
Mgc = 3PR + PR cosf

Mgc = %PR (1 +cosf) answer

Relationship Between Load, Shear, and Moment

The vertical shear at C in the figure shown in previous section (Shear and Moment Diagram) is taken as
where R1 = Ry =wL/2

_wL

V. = WX
¢ 2

The moment at C is

wL X

MC—(ELMC)—ZTX_VVX<§)
wLx — wx
M= — — —
C 2 2

If we differentiate M with respect to x:

dM WL dx ) dx
dx 2 dx 2 dx
M _ i — WX = shear
dx 2 -

thus,
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Thus, the rate of change of the bending moment with respect to x is equal to the shearing force, or the
slope of the moment diagram at the given point is the shear at that point.

Differentiate V with respect to x gives

dv

a =0—w

thus,
dv _
v Load

Thus, the rate of change of the shearing force with respect to x is equal to the load or the slope of the
shear diagram at a given point equals the load at that point.

Properties of Shear and Moment Diagrams

The following are some important properties of shear and moment diagrams:

1. The area of the shear diagram to the left or to the right of the section is equal to the moment at that
section.

The slope of the moment diagram at a given point is the shear at that point.
3. The slope of the shear diagram at a given point equals the load at that point.

N

4. The maximum moment occurs at the point of zero shears. This is in
reference to property number 2, that when the shear (also the slope of \ o4
the moment diagram) is zero, the tangent drawn to the moment ~—~——
diagram is horizontal.
5. When the shear diagram is increasing, the moment diagram is
concave upward. —
6. When the shear diagram is decreasing, the moment diagram is / \
concave downward.

Sign Convention

The customary sign conventions for shearing force and bending moment are represented by the figures
below. A force that tends to bend the beam downward is said to produce a positive bending moment. A
force that tends to shear the left portion of the beam upward with respect to the right portion is said to
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produce a positive shearing force.

Positive Bending Negative Bending
— —
I I
Positive Shear Negative Shear

An easier way of determining the sign of the bending moment at any section is that upward forces always
cause positive bending moments regardless of whether they act to the left or to the right of the exploratory
section.

INSTRUCTION:
Without writing shear and moment equations, draw the shear and moment diagrams for the beams
specified in the following problems. Give numerical values at all change of loading positions and at all

points of zero shear. (Note to instructor: Problems 403 to 420 may also be assigned for solution by
semi-graphical method describes in this article.)

Solution to Problem 425 | Relationship Between
Load, Shear, and Moment

Beam loaded as shown in Fig. P-425. See the instruction.

160 kN 30 kN
A 4
|
A A
2m 4m f1m
Ry R,

Figure P-425
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Solution 425

6R, = 2(60) + 7(30)
R, = 55 kN

M =0
6R, + 1(30) = 4(60)
R, = 35kN

60 kN 30 kN
B

To draw the Shear Diagram: ¥ oA

2m 4m 1m
R.1=35kN

1. VaA=R1=35kN

2. VB = Va + Area in load diagram — 60 kKN
VB =35+0-60=-25kN :

3. Vc = VB + areain load diagram + R» /KN | |
Vc=-25+0+55=30kN 130 kN

4. Vp = V¢ + Area in load diagram — 30 kN
Vp=30+0-30=0

i Load Diagram

To draw the Moment Diagram: : e

1. MA=0 : i Shear Diagram

2. MB = Ma + Area in shear diagram
Mg =0 + 35(2) = 70 kKN-m 70 kN-m

3. Mc = Mg + Area in shear diagram E 5 :
Mc =70 — 25(4) =-30 kN-m : | ;
4. Mp = Mc + Area in shear diagram ' i '

Mp = —30 + 30(1) = 0 \/

Moment Diagram —30 kN-m

Solution to Problem 426 | Relationship Between
Load, Shear, and Moment

Cantilever beam acted upon by a uniformly distributed load and a couple as shown in Fig. P-426. See the
instruction.
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5 kN/m

A

2m 2m 1m Se————

Figure P-426

Solution 426

S kN/m

M = 60 kN-m
1 ¥ vy vy yyyB c D 1

To draw the Shear Diagram Al G
2m 2m im
Load Diagram ! '

d
A\ I

1. Vao=0

2. VB = VA + Area in load diagram
VB =0-5(2)
VB =-10 kN

3. Vc = VB + Area in load diagram
Vc=-10+0
Vc =-10 kN

4. Vp =V + Area in load diagram
Vp=-10+0
Vb =-10kN

i —10 kN
Shear Diagram

20 kN-m

To draw the Moment Diagram

1. MA=0 2™ deg
2. Mg = MA + Area in shear diagram —10 kN-m
Mg = 0 — %(2)(10) 1 deg
Mg = -10 kN-m Moment Diagram
3. Mc = Mg + Area in shear diagram
Mc = -10 - 10(2)
Mc =-30 kKN-m
Mc2 =-30+ M =-30+ 60 = 30 kKN-m
4. Mp = Mc2 + Area in shear diagram
Mp = 30 — 10(1)
Mp =20 kKN-m

—30 kN-m

Solution to Problem 427 | Relationship Between
LLoad, Shear, and Moment

Beam loaded as shown in Fig. P-427. See the instruction.
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800 Ib
100 Ib/ft

Y Y Y Y VY Y YYYYY Y YV Y A A Y

A\l A
) 9ft 3ft
Ry R
Figure P-427
Solution 427
>Mc =0
12R, = 100(12)(6) + 800(3)
R, =8001b
YM, =0
= 800 Ib
, =
9 ft 3ft
R; =800 Ib R; = 1200 Ib
. i d Di i i
To draw the Shear Diagram i S
1800 Ib

1. VA=R1=8001b

2. VB = VA + Area in load diagram
Vg =800 - 100(9) ' ,
VB =-100 Ib ! i
VB2 =-100 — 800 = -900 Ib ; :

3. Vc = VB2 + Area in load diagram |
V¢ =-900 - 100(3)

Ve =-1200 Ib : E
4. Solving for x o Shear Dl:agram : —1200 |bE
x /800 = (9 - x) /100 ' | : !
100x = 7200 — 800x ; E !
x =8 ft : : :
3200 Ibft' . i
3150 Ibft

To draw the Moment Diagram

1. MA=0 é/
2. My = Ma + Area in shear diagram :

Mx = 0 + %2(8)(800) = 3200 Ib-ft; Shear Diagram
3. M = Mx + Area in shear diagram

y
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Mg = 3200 - %2(1)(100) = 3150 Ib-ft

4. Mc = Mg + Area in shear diagram
Mc = 3150 — %2(900 + 1200)(3) =0

5. The moment curve BC is downward parabola
with vertex at A’. A’ is the location of zero shear
for segment BC.

Solution to Problem 428 | Relationship Between
LLoad, Shear, and Moment

Beam loaded as shown in Fig. P-428. See the instruction.

10 kN/m
25 kN-m
4\ ¥ YV Y Y Y Y Y VY Y Y Y YYYYVYYYYYY Y
| i | F |
> > > >
1m im 3m 2m
R, R,
Figure P-428

Solution 428

5R, = 50(0.5) + 25
R, = 10kN

M, =0
5R, + 25 = 50(4.5)
R, = 40 kN

To draw the Shear Diagram

1. VA=R1=10kN
2. VB = VA + Area in load diagram
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Ve =10+ 0=10kN

Mg = 0 + 1(10) = 10 kKN-m
Mg2 = 10 — 25 = —15 KN-m

2. MB = Ma + Area in shear diagram
3. Mc = Mg + Area in shear diagram |

10 kN/m | S0 kn
3. Vc = VB + Area in load diagram 25 kN-m
Vc=10+0=10kN A — L\ AAAAAAARR AAAAAAAAR
4. Vp = V¢ + Area in load diagram A B:l’) - e = = ]
Vp = 10 - 10(3) = -20 kN BT = T
Vp2=-20 + R2 = 20 kN ! _ !
5. VE = Vp2 + Area in load diagram Fallin EN — e !
VE=20-10(2) = 0 : : : Load Diagram i i
6. Solving for x: i i | !
x/10=(3-x)/20 i | i 20 kN | ;
20x = 30 — 10x L 10kN :
x=1m j
To draw the Moment Diagram 5 5 5
x=1m i
1. MA=0 : g i

i 10
Mc = -15 + 1(10) = -5 kN-m /
4. Mx= Mc + Area in shear diagram '
Mx = -5 +%2(1)(10) = 0
5. Mp = My + Area in shear diagram
Mp = 0 — %2(2)(20) = —20 kN-m
6. Mg = Mp + Area in shear diagram
Mg =-20+%(2)(20)=0

=20 kN-m

Moment Diagram

Solution to Problem 429 | Relationship Between

LLoad, Shear, and Moment

Beam loaded as shown in Fig. P-429. See the instruction.

100 Ib

120 Ib/ft

120 Ib/ft

Al

YYYN Y

b€

A A

2 ft >« 2 ft >l
Ri RZ

Figure P-429

2 ft —
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Solution 429

SMc =0
4R, +120(2)(1) = 100(2) + 120(2)(3)
R, = 1701b

M, =0
4R, = 120(2)(1) + 100(2) + 120(2)(5)
R, = 4101b

100 Ib
; 120 Ib/ft 120 Ib/ft
To draw the Shear Diagram Y
. -
1. VA=R1=1701b AA B cl D
2. VB = Va + Area in load diagram f«— 2 ft —>le— 2t 2 ft —>
VB =170-120(2) =-70 b Ri=1701b Rz =4101b

VB2=-70-100=-1701Ib

| Load Diagram
3. Vc = VB2 + Area in load diagram :

X
120.42 b ft:
To draw the Moment Diagram :
1. MaA=0 i
2. My = Ma + Area in shear diagram
My =0+ (17/12)(170)
Myx = 1445/12 = 120.42 Ib-ft
3. MB = My + Area in shear diagram
Mg = 1445/12 - %> (2 - 17/12)(70) —240 |b-ft
Mg = 100 Ib-ft Moment Diagram
4. Mc = Mp + Area in shear diagram
Mc = 100 - 170(2) = -240 Ib-ft
5. Mp = Mc + Area in shear diagram
Mp = -240 + % (2)(240) =0

Vc=-170+0=-170Ib E 2401b |
_ 1170 Ib ;
Vco =-170 + Ry ;
Vc2=-170+410=2401b :
4. Vp = V2 + Area in load diagram i ;
Vp =240 -120(2) =0 = = :
5. Solving for x: ! ina 5
x/170=(2-X)/ 70 Y e | -amb 5
70x = 340 — 170x . ' . '
x=17/12 ft = 1.42 ft { g :
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Solution to Problem 430 | Relationship Between
Load, Shear, and Moment

Beam loaded as shown in Fig. P-430. See the instruction.

1000 Ib 2000 Ib
¥ 400 b/t 3 200 /Rt
I\ YYYY YYVYYYVYYYYYYY
|, l\‘ A
Y 10ft 10 ft
Ry Rz
Figure P-430
Solution 430
XMy =0
20R; = 1000(25) + 400(5)(22.5) + 2000(10) + 200(10)(5)
R, =50001b
SM; = 0
20R, + 1000(5) + 400(5)(2.5) = 2000(10) + 200(10)(15)
R, = 2000 Ib
1000 Ib 2000 Ib
To draw the Shear Diagram ) i y OB
YYYVYYYY B C YYVYYVYYYVYYYYY
1. Va =-1000 Ib Al N A
2. VB =VAa + Area in load diagram; Vg = -1000 ——>le— 10 ft _>|<_ 10 ft _D>
— 400(5) = -3000 Ib; Vg2 = —3000 + R1 = - ftRx — . Y
2000 Ib

3. Vc = Vg2 + Area in load diagram; V¢ = 2000 Ll D'agr,am

+ 0= 2000 Ib; Vc2 = 2000 — 2000 = 0 ! :
4. Vp = V2 + Area in load diagram; Vp =0 + | i 20001b
200(10) = 2000 Ib i
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To draw the Moment Diagram ﬂ)w
1. Ma=0 100016 Y _3000 1b

2. MB = Ma + Area in shear diagram
Mg = 0 — %2 (1000 + 3000)(5)
Mg = —-10000 Ib-ft

3. Mc = Mg + Area in shear diagram 10000 Ib-ft ;
Mc = -10000 + 2000(10) = 10000 Ib-ft
4. Mp = Mc + Area in shear diagram .(S_ﬂ,.

Mp = 10000 — ¥ (10)(2000) = 0 .

Shear Diagram

—2000 Ib

5. For segment BC, the location of zero moment
can be accomplished by symmetry and that is
5 ft from B.

6. The moment curve AB is a downward
parabola with vertex at A’. A’ is the location

—10000 Ib-ft

of zero shear for segment AB at point outside Moment Diagram

the beam.

Solution to Problem 431 | Relationship Between

LLoad, Shear, and Moment

Beam loaded as shown in Fig. P-431. See the instruction.

50 kN 20 kN/m 40 kN

Yy b 10 kN/m

gunn I
A‘ 7m 'A‘ 3m—>|

Rl R2
Figure P-431

Mg =0
7R, +40(3) = 5(50) + 10(10)(2) + 20(4)(2)
R, = 70kN

M, =0
7R, = 50(2) + 10(10)(5) + 20(4)(5) + 40(10)
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R, = 200 Ib

sokN [ 4™ ] s

I
i 20 kN/m
To draw the Shear Diagram 2m Bll gww‘ intwarad | P 1
1. VA=R1=70kN llllvllwr\\mvrrvvvl‘l’llllll
2. VB = Va + Area in load diagram AA D -
VB =70 - 10(2) = 50 kN «<—— 5m <—2m~$—3m—>|
VB2=50-50=0 Ry = 70 kN R, =200 Ib
3. Vc = Vg2 + Area in load diagram - - Load Diagram

Vc = 0-10(1) = -10 kN
4. Vp = VC + Area in load diagram |

Vp = —10 — 30(4) = ~130 kN 's0
Vp2=-130 + R2 '
Vpp = 130 + 200 = 70 kN :

5. VE = Vp2 + Area in load diagram; Vg =
70 -10(3) =40 kN
VE2=40-40=0

70 kN

- - E--_----

|/

To draw the Moment Diagram

1. Ma=0
2. MB = Ma + Area in shear diagram
Mg =0 +% (70 + 50)(2) = 120 KN-m
3. Mc = Mg + Area in shear diagram
Mc =120 - %2 (1)(10) = 115 KN-m
4. Mp = Mc + Area in shear diagram
Mp = 115-% (10 + 130)(4)
Mp = -165 kN-m
5. Mg = Mp + Area in shear diagram
Mg =-165 + % (70 + 40)(3) =0
6. Moment curves AB, CD and DE are
downward parabolas with vertices at A’,
B’ and C’, respectively. A’, B’ and C’
are corresponding zero shear points of segments AB, CD and DE.
7. Solving for point of zero moment:
all0=(a+4)/130
130a = 10a + 40
a=1/3m

y/(x+a)=130/(4 +a)
y=130(x + 1/3) / (4 + 1/3)
y =30x +10

Mc = 115 kN-m
Mzero = Mc + Area in shear
0=115-% (10 + y)x

(10 + y)x =230

(10 + 30x + 10)x = 230
30x% + 20x — 230 =0
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3x% + 2x—23=0
X=246m

Zero moment is at 2.46 m from C

Another way to solve the location of zero moment is by the squared property of parabola (see Problem
434). This point is the appropriate location for construction joint of concrete structures.

Solution to Problem 432 | Relationship Between
LLoad, Shear, and Moment

Problem 432

Beam loaded as shown in Fig. P-432. See the instruction.

el 40 kN/m
l M = 120 kN-m
) YYYYYYYYYY YYVYY o\‘
|, A A
! lm‘< 3m >‘lm‘ﬁlm’
Ry . R,
Figure P-432
Solution 432
SMg =0
5R, + 120 = 6(60) + 40(3)(3.5)
R, = 132kN

5R, + 60(1) = 40(3)(1.5) + 120
R, = 48 kN
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60 kN

40 kN/m
To draw the Shear Diagram l M = 120 kN-m
\ YYVYVYYVYVYVY LA D‘\_ .
1. VA = —60 kN A'}' B C 4 T'E
2. VB = VA + Area in load diagram Y =y T 1 m" 1 m’
VB =-60+ 0 =-60 kN R, = 132 kN R, =48 kN

Ve2=VB+R1=-60+132=72kN

3. Vc = Vg2 + Area in load diagram
Ve = 72 — 3(40) = —48 kN

4. Vp = V¢ + Area in load diagram
Vp=-48+0=-48 kN

5. VE = Vp + Area in load diagram
VE=-48+0=-48 kN

VE2=VE+R2=-48+48=0 \
6. Solving for x: P

XxX=18m

Load Diagram

72 kN

1
'
[}
1
'
'
'
|
[
'
[}
1
I
[}
1
|

2. MB = Ma + Area in shear diagram
Mg = 0-60(1) = -60 kN-m 4.8 kN-m |
3. Mx= Mg + Area in shear diagram N

Mx = -60 + %2 (1.8)(72) = 4.8 KN-m —24 kN-m
4. Mc = Mx + Area in shear diagram

2 (e : ! E i\ —48kN |
28/X7§ 2 1(63 _ ;(%)i 48 3_60 kN: Shear l?iagram | :
Xx=18m ! 5 : : :

To draw the Moment Diagram P : E ]
1. MA=0 i i ; 48 kN-m E

Mc=4.8-%(3-1.8)(48) = -24 kKN-m —60 kN-m
5. Mp = Mc + Area in shear diagram —72 kN-m
Mp = -24 — %2 (24 + 72)(1) = =72 kN-m Moment Diagram

7 Mp2 =-72 + 120 = 48 KN-m y of
6. Mg = Mp2 + Area in shear diagram
Me=48-48(1)=0
The location of zero moment on segment BC can be determined using the squared propert
parabola. See the solution of Problem 434

Solution to Problem 433 | Relationship Between
Load, Shear, and Moment

Overhang beam loaded by a force and a couple as shown in Fig. P-433. See the instruction.
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750 Ib

To draw the Moment Diagram

3000 Ib-ft
A 4
A o/l y
e )
2ft ! 3ft 2 ft
R1 R2
Figure P-433
Solution 433
YXMc=0
5R; +2(750) = 3000
R, =3001Ib
¥M, =0
5R, + 3000 = 7(750)
R, =4501b
750 Ib
. 3000 Ib-ft
To draw the Shear Diagram P~ L I
I |

1. Va=R1=300Ib “‘A B.I(/ C)T‘ D Diagram

2. /B = Va + Area in load diagram 2t 3ft 2ft
VB =300+ 0=3001b . B = |

3. Vc = VB + Areain load diagram ; ; | |
Ve =300 + 0=2300 Ib 5 ; 7501b
Vc2=Vc+R2=300+450=7501b ; : —_—

4. Vp = Vicz + Area in load diagram ' : o
Vp=750+0=750 Diagram
Vp2=Vp-750=750-750=0 ; :

600 Ibft

Moment
Diagram

1. MaA=0

2. M = Va + Area in shear diagram
Mg = 0 + 300(2) = 600 Ib-ft
Mp2 = Vg - 3000
Mp2 = 600 — 3000 = —2400 Ib-ft

3. Mc = Mg + Area in shear diagram
Mc = -2400 + 300(3) = -1500 Ib-ft

4. Mp = Mc + Area in shear diagram
Mp =-1500 + 750(2) = 0

—2400 Ib-ft
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Solution to Problem 434 | Relationship Between
LLoad, Shear, and Moment

Beam loaded as shown in Fig. P-434. See the instruction.

Solution 434

Mg =0

60 kN
20 kN/m 2
M = 120 kN-m
YYYYYYYYYYYYYY ﬂ
| | )
A
8 )? < \)F »
2m 2m 2m 2m
R, R

Figure P-434

6R, + 120 = 20(4)(6) + 60(4)

R_1=100\, \text{kN}

SMg = 0

6R, = 20(4)(0) + 60(2) + 120

R, = 40kN

To draw the Shear Diagram

1. VA=0

2. VB = VA + Area in load diagram

VB = 0 - 20(2) = —40 kN

VB2 =VB+ R1=-40+ 100 = 60 kN]
3. Vc = VB2 + Area in load diagram

Vc =60-20(2) = 20 kN
Vc2 =Vc-60=20-60

=-40 kN

4. Vp = V2 + Area in load diagram

AAA

Y YYYYYY Y Y

Ry=100kN |
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. LU RIN

VD = —40 + 0 = -40 kN |

—40 kN

VE2=VE+R2=-40+40=0 —40 kN

Shear f)iagram

To draw the Moment Diagram

1. MA=0
2. MB = Ma + Area in shear diagram
Mg = 0 — % (40)(2) = —40 KN-m
3. Mc = Mg + Area in shear diagram
Mc = —40 + % (60 + 20)(2) = 40 KN-m
4. Mp = Mc + Area in shear diagram
Mp = 40 — 40(2) = -40 kN-m

(——3—'x—> i
i«—> 80 kN-m
vIm

5. VE = Vp + Area in load diagram :
VE =40 + 0 = -40 kN \I
; 40 k- - 50 kN-m}

Mp2 =Mp + M =-40 + 120 = 80 KN-m
5. Mg = Mp2 + Area in shear diagram ; 41 =

Me = 80 - 40(2) = 0 . —40 kN-m —40 kN-m
6. Moment curve BC is a downward parabola with

vertex at C’. C” is the location of zero shear for Moment Diagram

segment BC.
7. Location of zero moment at segment BC:

By squared property of parabola:

3-x)2/50=32/(50 + 40)

3-x=2.236

x =0.764 m from B

Solution to Problem 435 | Relationship Between
Load, Shear, and Moment

Beam loaded and supported as shown in Fig. P-435. See the instruction.

20 kN 40 kN
10 kN/m v i m -
P N|
v AAAAAAAAAR Y ’|
A \A\AAA\}A:
2m 2m 1m Wo
Ry
Figure P-435

Solution 435
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XMz =0
2w, (5) = 10(4)(0) + 20(2) + 40(3)
W, = 16 KN/m

EI\/Imidpoint of EF — 0
5R, =10(4)(5) + 20(3) + 40(2)
R, = 68kN

To draw the Shear Diagram

1. MA=0
2. MB = Ma + Area in load diagram
Mg =0-10(2) =-20 kN
Mp2 + Mg + R1 = -20 + 68 = 48 kN
3. Mc = Mgy + Area in load diagram
Mc = 48 — 10(2) = 28 kN
Mc2=Mc-20=28-20=8kN
4. Mp = Mc2 + Area in load diagram
Mp=8+0=8KkN
Mp2 =Mp-40=8-40=-32 kN
5. Mg = Mp2 + Area in load diagram
Mg =-32+0=-32 kN
6. MF = Mg + Area in load diagram
ME = -32 + wo(2)
Mp=-32+16(2)=0

To draw the Moment Diagram

1. MaA=0

2. MB = Ma + Area in shear diagram
Mg = 0 - (20)(2) = —20 KN-m

3. Mc = Mg + Area in shear diagram
Mc =-20 + % (48 + 28)(2)
Mc = 56 kKN-m

4. Mp = Mc + Area in shear diagram
Mp =56 + 8(1) = 64 kN-m

5. Mg = Mp + Area in shear diagram
Mg = 64 — 32(1) = 32 KN-m

6. MF = Mg + Area in shear diagram
Mg =32 -%(32)(2) =0

20 kN 40 kN
10 kN/m v im, 2m
AAAA YYYVVVYYY Y F
A B g D EM M
e >« < >
2m 2m im W, = 16 kN/m

—32 kN
Shear Diagram

o
©
95.2 kN-m

=20 kN-m
Moment Diagram

7. The location and magnitude of moment at C’ are determined from shear diagram. By squared

property of parabola, x = 0.44 m from B.
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Solution to Problem 436 | Relationship Between
Load, Shear, and Moment

A distributed load is supported by two distributed reactions as shown in Fig. P-436. See the instruction.

440 Ib/ft
4& YYVYYVYYVYVYY \VVVVI\ Y 2ﬁ
!\AUU\ AAAAAA 8 & AAA
Ry = w, Ib/ft R; = w; Ib/ft
Figure P-436
Solution 436
EIVlmidpoint of CD ~ 0
4w, (11) = 440(8)(5)
w, = 400 Ib/ft
EI\/Imidpoint of AB ~ 0 e
2W2(11) = 440(8)(6) " 4ft AAAAAAARAARAARARAR A 2ft
W2 = 960 Ib/ft ¥ AAAAR B 8ft CAA AAA D
R; = 400 Ib/ft Rz = 960 Ib/ft
' :  Load Diagram ' :
| 1600 b; § i
To draw the Shear Diagram /\
1. VA=0 ! ' ]

2. VB = VA + Area in load diagram |
VB = 0 + 400(4) = 1600 Ib :
3. Vc = Vg + Areain load diagram i
Ve = 1600 — 440(8) = —1920 Ib i
4. Vp = V¢ + Area in load diagram 5
Vb = -1920 + 960(2) = 0 §

| -1920 b
Shear Diagram

5. Location of zero shear:
x /1600 = (8 —x) /1920
x = 40/11 ft = 3.636 ft from B

6109.1 |bft

To draw the Moment Diagram ft

O S RS SRS

1. Ma=0
2. M = Ma + Area in shear diagram Moment Diagram
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Mg = 0 + %2 (1600)(4) = 3200 Ib-ft

3. Mx= Mg + Area in shear diagram
My = 3200 + %2 (1600)(40/11)
Mx = 6109.1 Ib-ft

4. Mc = My + Area in shear diagram
Mc = 6109.1 — %2 (8 — 40/11)(1920)
Mc = 1920 Ib-ft

5. Mp = Mc + Area in shear diagram
Mp = 1920 - %2 (1920)(2) = 0

Solution to Problem 437 | Relationship Between
LLoad, Shear, and Moment

Cantilever beam loaded as shown in Fig. P-437. See the instruction

1000 Ib 400 Ib/ft
A
“oh 2t T 4ft
500 Ib
Figure P-437
1000 Ib 400 Ib/ft
| } ll Load
l‘A B C D] Diagram
Y 2f T aft L4
5 500 Ib : ;
SOIUtion 437 ‘ Shear
| S Diagram
To draw the Shear Diagram
1. VA=-1000Ib
2. VB =VAa + Areain load diagram
VB =-1000 + 0 =-1000 Ib Moment
VB2 = VB + 500 = ~1000 + 500 K-
VB2 =-500 Ib
3. Vc = VB2 + Area in load diagram
Vc =-500+0=-5001Ib
4. Vp = V¢ + Area in load diagram
Vb = -500 — 400(4) = -2100 Ib

-8200 Ibft

To draw the Moment Diagram
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1. Ma=0

2. M = Ma + Area in shear diagram
Mg = 0 — 1000(2) = —2000 Ib-ft

3. Mc = Mg + Area in shear diagram
Mc = -2000 - 500(2) = -3000 Ib-ft

4. Mp = Mc + Area in shear diagram
Mp = -3000 - %2 (500 + 2100)(4)
Mp = -8200 Ib-ft

Solution to Problem 438 | Relationship Between
Load, Shear, and Moment

The beam loaded as shown in Fig. P-438 consists of two segments joined by a frictionless hinge at which
the bending moment is zero. See the instruction.

200 Ib/ft
4 Y Y L A A
[
A
21 | aft
Ry
Figure P-438
Solution 438
200 Ib/ft \
200 Ib/ft
) 4 ) ) IY Yy Y Y Y 1‘
[ A BA H C .‘
Y ) - >« < > )
< < 2 ft 4 ft 2ft Y
2ft 4ft i Ry=9001b E |
. i | Load Diagram :
My, =0 { S001bf
4R, = 200(6)(3) ; \ | i
R, = 9001b : N :
x=25ft 300 b}
—400 b i i

700 Ib;

Shear DiaQram
i

225 Ibft

To draw the Shear Diagram

1. VaA=0 :
2. VB =VAa + Area in load diagram ,

VB =0-200(2) =400 Ib —400 Ib-ft

VB2 = VB + R1 =-400 + 900 = 500 Ib
3. VH =Vp2 + Area in load diagram

VH =500 - 200(4) = -300 Ib

Moment Diagram  —1000 Ibft
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4. Vc = VH + Area in load diagram
Vc =-300-200(2) =-700 Ib
5. Location of zero shear:
x /500 = (4 -x)/300
300x = 2000 — 500x
x=25ft

To draw the Moment Diagram

1. MA=0

2. MB = Ma + Area in shear diagram
Mg = 0 — % (400)(2) = —400 Ib-ft

3. Mx= Mg + Area in load diagram
My = —400 + % (500)(2.5)
My = 225 Ib-ft

4. MH = My + Area in load diagram
MH = 225 — %4(300)(4 — 2.5) = 0 ok!

5. Mc = MH + Area in load diagram
Mc = 0-% (300 + 700)(2)
Mc = -1000 Ib-ft

6. The location of zero moment in segment BH can easily be found by symmetry.

Solution to Problem 439 | Relationship Between
Load, Shear, and Moment

Problem 439

A beam supported on three reactions as shown in Fig. P-439 consists of two segments joined by
frictionless hinge at which the bending moment is zero. See the instruction.

4000 Ib 400 Ib/ft

‘V Hlnge k. Yy Y ¥y N YVYyY

[ (o]
A L A A

aft | af | aft 10 ft
Ry R, Rs
Figure P-439
Solution 439
M, =0
4000 b H
l e BR1 = 4000(4)
au R; =2000 Ib
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| aft | 4Rt [ XM, =0
R, 8V,, = 4000(4)

V,, = 2000 1b
Ve=20000b 400 Ib/ft XMp =0
_ 10R, = 2000(14) + 400(10)(5)
Jg*'"ge s : R, = 48001Ib
H cA DA
I aft 10 ft YMy =0
- ® 14R, + 4(4800) = 400(10)(9)
R, = 12001b

4000 Ib 400 |b/ft
. Y Hinge YYVYVYVYVYVVYY
To draw the Shear Diagram o)
Ar B H| cA DA
1. Va=0 aft | 4ft | 4ft | 10 ft
2. Vg =2000Ib Ry = 2000 Ib Rz = 4800 Ib R; =12001b
Vg2 = 2000 — 4000 = -2000 Ib : : Load Diagram
3. VH=-2000 Ib ; ; | :
4. V¢ =-2000 Ib —— 2800 Ib

V¢ =-2000 + 4800 = 2800 Ib i

5. Vp = 2800 — 400(10) = -1200 Ib :

6. Location of zero shear: i
x / 2800 = (10 — x) / 1200
1200x = 28000 — 2800x
x=7ft

—-1200 b

-2000b ', _7f >

'
i
: Shear Diagram
|
|
|

E

Ma=0 i ;

Mg = 2000(4) = 8000 Ib-ft

My = 8000 —4000(2) =0 : i

Mc = -400(2) f

Mc = -8000 Ib-ft

5. My =-800 + % (2800)(7)
My = 1800 Ib-ft

6. Mp = 1800 —%2(1200)(3)
Mp=0

7. Zero M is 4 ft from R2

Moment Diagram H
i i 1800 Ib-ft

To draw the Moment Diagram

~owbdeE

—-8000 Ib-ft

Solution to Problem 440 | Relationship Between
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LLoad, Shear, and Moment

A frame ABCD, with rigid corners at B and C, supports the concentrated load as shown in Fig. P-440.
(Draw shear and moment diagrams for each of the three parts of the frame.) See the instruction.

L2

Figure P-440

Solution 440
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Member AB Member BC

P P 1
PL/2 1 1
R R C PL/2 |}
] g " - I
A8 L2 1A 3 z ) ‘
i (] | o o
P | ! 3 ‘. -
! Load Diagram ; o = g o g L2
‘ ] 5 N I
i i ! a Q = I
i i 1 — ] ] 1
v : 1 3 B !
| T Kl/ PL/2 §
E Shear Diagram : P
’ : | Member CD
|/ 1 lp —
1 (
s . C L ojf
PL/2 ) 1 l {
Moment Diagram 1 )
........................... PL/2 Load Diagram I—ﬁ
i |
Shear i
Diagram |
_P

PL/2 : i
’\ E Moment
\] Diaq ram |

Solution to Problem 441 | Relationship Between
Load, Shear, and Moment

A beam ABCD is supported by a roller at A and a hinge at D. It is subjected to the loads shown in Fig.
P-441, which act at the ends of the vertical members BE and CF. These vertical members are rigidly
attached to the beam at B and C. (Draw shear and moment diagrams for the beam ABCD only.) See the
instruction.
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Figure P-441 F

2m

10 kN
/
~4 3

|<—2m P 2m
A |B L

2m—-‘
D

&

Solution 441

10 kN
.
3

Ll

£
2m
’G—Zm —-‘<— 2m 2m—>‘
A B C D
i 2m I
i|  14kN
EL >
"\8kN
e 2 'm €« 2m —>fc— 2 m —>
A 14kN IB 6 kN C D! R,y = 20 kN
‘g A é;:
28 kN-m 12 kN-m
Ra=0 Rov = 8 kN
M, =0
6R, +12 +8(2) = 28
Ry=0

$M, =0

Feu = 14 kN to the right

Mg = 14(2)
Mg = 28 KN - m counterclockwise

Fer = £(10)
Fcy = 6 kN to the right

Foy = 4/5(10)
Fcy = 8 kN upward

Mc = Fcn(2) = 6(2)
Mc = 12 kN - m clockwise
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6Rpy + 12 = 28+ 8(4)

Rpy = 8kN
SF, =0
Rpy = 14+6
Rpy = 20kN
ASKN
’1— 2m €« 2 m —>fe— 2 m —>
: A 14kN ,IB 6 kN | C DIl Rpy = 20 kN
To draw the Shear Diagram & & — oH
L \
1. Shear in segments AB and BC is 28 kN-m 12 kN-m
5 i/ego_ 8 Ra=0 Load Diagram Roy = 8 kN
3. Vp =V + Area in load diagram - . .
Vp=8+0=8kN | : i 8kN !
Vb2 = VD - Rpv

Vp2=8-8=0

Shear Diagram

To draw the Moment Diagram

1. Moment in segment AB is zero
2. Mg =-28 kN-m
3. Mc = Mg + Area in shear diagram -16 kN-m
Mc=-28+0=-28 KN'm -28 kN-m
Mc2=Mc + 12 =-28 + 12 Moment Diagram
Mc2 =-16 KN-m
4. Mp = Mc2 + Area in shear diagram
MD =-16 + 8(2)
MD=0

Solution to Problem 442 | Relationship Between
LLoad, Shear, and Moment

Beam carrying the uniformly varying load shown in Fig. P-442. See the instruction.
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So

-,m-ﬂ‘l'I'ITmUH

Wo

A

Y

Ry

lution 442

2 Lw,

2/3L 1/3L

.8

>

Wo

k.ﬂ-v-ﬂ‘t’l'lﬂ TH

k.
A

A

e L

Ri1

R,

To

-1
- §LWO

draw the Shear Diagram

1. VA=R1=1/6 Lwg
2. VB =Va + Area in load diagram

Vg =1/6 Lwg —1/2 Lwg
Vg =-1/3 Lwg
Location of zero shear C:

—

Rz

By squared property of parabola:
x% | (1/6 Lwo) = L2 / (1/6 Lwo + 1/3 Lwo)

6x2 = 212
x=L/3

L

Figure P-442

LR, = %L(%LWO)
— lLWO

176

YMg, =0
LR, = £L (5Lwo)

— ]

Rz

The shear in AB is a parabola with vertex at A, the

starting point of uniformly varying load. The load in
AB is 0 at A to downward wo or —wg at B, thus the
slope of shear diagram is decreasing. For decreasing
slope, the parabola is open downward.

To draw the Moment Diagram

Ma=0

Mc = Ma + Area in shear diagram

Mc = 0 + 2/3 (L/N3)(1/6 Lwo)

Mc = 0.06415L°Wo = Mimax

Mg = Mc + Area in shear diagram

- i T WQ
-rffl.lvl/ll‘lllvll
AK 7
L
R; = 1/6 Lw, R = 1/3 Lw,

i Load Diagram i
1/6 Lw, i

5 c! |

e—x=L/\3—

Shear Diagram
E -1/3 Lw,

My = 0.064150%w,

Moment Diagram
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Mg = Mc - A1 (see figure for solving Aj)

A,

Figure for solving A,

-1/3 Lwo |}

For A1:
A1 = 1/3 L(1/6 Lwo + 1/3 Lwo) - 1/3 (L/N3)(1/6 Lwo) — 1/6 Lwo (L — L/N3)

A1 = 0.16667L %W — 0.03208L %W, — 0.07044L 2wo
A1 = 0.06415L 2w,

Mg = 0.06415L 2w — 0.06415L%wp = 0

4. The shear diagram is second degree curve, thus the moment diagram is a third degree curve. The
maximum moment (highest point) occurred at C, the location of zero shear. The value of shears in
AC is positive then the moment in AC is increasing; at CB the shear is negative, then the moment in
CB is decreasing.

Solution to Problem 443 | Relationship Between
Load, Shear, and Moment

Beam carrying the triangular loads shown in Fig. P-443. See the instruction.

Wo
3 J A

ra >

L2 : L2
Rl R2

Figure P-443

Solution 443
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By symmetry:
R, =R, = i(lLWo)

% 2
Wo
To draw the Shear Diagram . m\
/ﬂ v YYYVYYYY v
— — AA B C A
1. VA—R1—1/4LW(_) _ VY — Lf2 —>
2. VB = VA + Area in load diagram
Ry = Va Lw, Rz = Va Lw,

VB =¥ Lwo — % (L/2)(wo) = 0 .
! Load D ,
3. Vc = VB + Area in load diagram 1 L-w cod Diagras

Ve = 0 Y% (L/2)(Wo) = —¥4 Lwo T

4. Load in AB is linear, thus, VB is second degree or i |
parabolic curve. The load is from 0 at A to wg (Wo is '
downward or —wWp) at B, thus the slope of Vag is ! \_J

decreasing.
5. VBc is also parabolic since the load in BC is linear. The

: . e _L
magnitude of load in BC is from —wp to 0 or increasing, 5 Shear [:)'agr rax e
thus the slope of Vg is increasing. i -, |
' FL \VO :
To draw the Moment Diagram E/\i
1. MA=0
2. MB = Ma + Area in shear diagram Moment Diagram

Mg = 0 + 2/3 (L/2)(1/4 Lwg) = 1/12 Lwpg
3. Mc = Mg + Area in shear diagram
Mc = 1/12 Lwg — 2/3 (L/2)(1/4 Lwp) = 0
4. Mac is third degree because the shear diagram in AC is second degree.
5. The shear from A to C is decreasing, thus the slope of moment diagram from A to C is decreasing.

Solution to Problem 444 | Relationship Between
LLoad, Shear, and Moment

Beam loaded as shown in Fig. P-444. See the instruction.
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-

A7
A
3

Figure P-444

Solution 444

Total load = 2[ 3(L/2)(Wo)]
Total load = $Lw,

By symmetry

R, =

R, = 3 x Total load

Ry =R, = 3Lw,

To draw the Shear Diagram

Va=R1=%Lwp

VB = Va + Area in load diagram

VB =¥ Lwg — %2 (L/2)(wo) = 0

Vc = VB + Area in load diagram

Ve = 0-% (L/2)(wo) = ¥4 Lwg

The shear diagram in AB is second degree curve. The
shear in AB is from —wg (downward wo) to zero or
increasing, thus, the slope of shear at AB is increasing
(upward parabola).

The shear diagram in BC is second degree curve. The
shear in BC is from zero to —wg (downward wy) or
decreasing, thus, the slope of shear at BC is decreasing
(downward parabola)

To draw the Moment Diagram

Lo

MA=0

Mg = Ma + Area in shear diagram

Mg = 0 + 1/3 (L/2)(% Lwo) = 1/24 L?wq
Mc = Mp + Area in shear diagram

Mc = 1/24 L% — 1/3 (L/2)(% Lwo) = 0

A
— w8 v
R; = Va Lw, Ry = Va Lw,
i Load Diagram
%Lw 2

.

Shear Diagram

1
r Lw

Moment Diagram

The shear diagram from A to C is decreasing, thus, the moment diagram is a concave downward

third degree curve.

k \H\ITMD\ mmwo
v

o
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Solution to Problem 445 | Relationship Between

Load, Shear, and Mo

Problem 445

ment

Beam carrying the loads shown in Fig. P-445. See the instruction.

1180 kN/m
20 kN/m__—TT
, ﬂlﬁmmm,
el " |
im | 3m M 1im
Ri1 Rz
Figure P-445
Solution 445
Mg, = 0
F2 = 90 kN
- 2m m, 5R, = 80(3) + 90(2)
¢ B kNi _¥TTT| |soym Ry =84kN
: .rﬂ-— 4 . YYYYY
T TIAI TI AV I b by v 20 KN/m
A | A
“Tm | 3m Tm SMo. =0
R, R, R1
5R, = 80(2) + 90(3)
R, = 86 kN
Checking
y 7780 kN/m
- el
To draw the Shear Diagram I : 4
AA B : " DA
1. VA=R1=84kN >l< 3m >
2. VB = Va + Area in load diagram = :8"; - o 1='26 =3

VB =84 - 20(1) = 64 kKN
3. Vc = VB + Area in load diagram

Load -Diagram
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V¢ =64 -% (20 + 80)(3) = -86 kN
Vp = V¢ + Area in load diagram
Vp =-86 + 0=-86 kN

Vp2=Vp+R2=-86+86=0
Location of zero shear:

From the load diagram:
y/(x+1)=80/4
y=20(x+1)

VE = VB + Area in load diagram
0=64-% (20 + y)x

(20 + y)x =128

[20 + 20(x + 1)]x = 128

74 kN-m

!
X=1.72m
H 1

Shear Diagram

137.5 kN-m

3" deg
" % deg

20x° + 40x — 128 =0
52 +10x-32=0
x=1.72 and -3.72
use X =1.72 m from B

1" deg

Moment Diagram |

By squared property of parabola: . I 9‘; m >

2/ (1+x)? = (z+86) /42 . 3

16z = 7.3984z + 636.2624 : 64| A 1.28 m
8.6016z = 254.4224 Im 172m A
z=73.97 kN 86

To draw the Moment Diagram

1.
2.

3.

Ma=0

Mg = Ma + Area in shear diagram
Mp=0+% (84 +64)(1) = 74 KN-m

Mg = Mg + Area in shear diagram

Mg = 74 + Az (see figure for A1 and Ap)

For Az:
A1=2/3(1+1.72)(73.97) - 64(1) — 2/3 (1)(9.97)
A1 =635

Mg = 74 + 63.5 = 137.5 kN-m

Mc = Mg + Area in shear diagram
Mc = Mg - A2

For A2:
Ao =1/3 (4)(73.97 + 86) - 1/3 (1 + 1.72)(73.97) — 1.28(73.97)
A2 =515

Mc =137.5-51.5=86 kN-m

Figure for solving A; and A,
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5. Mp = Mc + Area in shear diagram
Mp=86-86(1)=0

Solution to Problem 446 | Relationship Between

Load, Shear, and Moment

Beam loaded and supported as shown in Fig. P-446. See the instruction.

SOKN[E—— 4m —

1m

50

1

kN

m

AAAAAAAAAAAARAAAAAAAA

Figure P-446

Solution 446

YF, =0

4w, + 2 [ 3Wo(1) ] = 20(4) + 2(50)
5w, = 180

W, = 36 KN/m

4m —>| s0kN

20 kN/m v

To draw the Shear Diagram 1m

Al

Y¥yy ALAAAA ¥'v vy

1. Va=0
2. VB =VAa + Areain load diagram

VB =0+ % (36)(1) = 18 kN

T ‘y
W, = 36 kN/m '

[IENENNENRN

VB2=VB-50=18-50
VB2 =-32 kN

3. The net uniformly distributed load in segment
BC is 36 — 20 = 16 kKN/m upward.
Vc = Vg2 + Area in load diagram
Vc=-32+16(4) =32 kN

Load Diagram

32 kN

_ |l
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Vco = Ve - 50 = 32 - 50 :
Ve = -18 kN E

5 4

4. Vp =V + Area in load diagram "—32 kN

Vp=-18+ % (36)(1) =0 . :
5. The shape of shear at AB and CD are parabolic |

spandrel with vertex at A and D, respectively.

Shear Diagram

6. The location of zero shear is obviously at the O Kn-in E 6 Knm
midspan or 2 m from B. ;/\ | /\
To draw the Moment Diagram \‘/
1. MA=0 i
2. MB = Ma + Area in shear diagram -26 Kn'm
Mg =0 + 1/3 (1)(18) Moment Diagram

Mg =6 kN-m
3. Mmidspan = MB + Area in shear diagram
Mmidspan =6-% (32)(2)
Mmidspan = =26 KN-m
4. Mc = Mmidspan + Area in shear diagram
Mc = -26 + %2 (32)(2)
Mc =6 kN-m
5. Mp = Mc + Area in shear diagram
Mp=6-1/3(1)(18) =0
6. The moment diagram at AB and CD are 3rd degree curve while at BC is 2nd degree curve.

Load and moment diagrams for a given shear
diagram

Instruction:

In the following problems, draw moment and load diagrams corresponding to the given shear diagrams.
Specify values at all change of load positions and at all points of zero shear.

Solution to Problem 447 | Relationship Between
LLoad, Shear, and Moment

Shear diagram as shown in Fig. P-447. See the instruction.
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V (Ib)

€— 2 —e—— 3 —— —>ie— 2
2400
o, 1000
x (ft)
Figure P-447
—4000
Solution 447
2000 Ib 4400 b

To draw the Load Diagram

1.

2.

A 2400 Ib upward force is acting at point A. No
load in segment AB.

A point force of 2400 — 400 = 2000 Ib is acting
downward at point B. No load in segment BC.
Another downward force of magnitude 400 +
4000 = 4400 Ib at point C. No load in segment
CD.

Upward point force of 4000 + 1000 = 5000 Ib is
acting at D. No load in segment DE.

A downward force of 1000 Ib is concentrated at
point E.

To draw the Moment Diagram

Ma=0

Mg = Ma + Area in shear diagram
Mg = 0 + 2400(2) = 4800 Ib-ft
Mag is linear and upward

Mc = Mg + Area in shear diagram
Mc = 4800 + 400(3) = 6000 Ib-ft
Mgc is linear and upward

Mp = Mc + Area in shear diagram
Mp = 6000 — 4000(2) = —2000 Ib-ft
Mcp is linear and downward

ME = Mp + Area in shear diagram
MEg = -2000 + 1000(2) =0

Mpe is linear and upward

Load Diagram

..
S A S ST

1000 Ib

///////%

I

7

3

Given Shear Dlagram

6000 Ib-ft
4800 Ib-ft

I
1
|
1
|
'
|
l
I
1
|
1
|
AL
)

N

—2000 Ib-ft

Moment Diagram

Solution to Problem 448 | Relationship Between

Load, Shear, and Moment
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Problem 448

Shear diagram as shown in Fig. P-448. See the instruction.

—x(m)
\ -24

20 kN/m 20 kN

10 kN/m

WL T
.( >l< > )I

To draw the Load Diagram

1. A uniformly distributed load in AB is acting |
downward at a magnitude of 40/2 = 20 KN/m. | Sl bt R =

2. Upward concentrated force of 40 + 36 = 76 kN |
acts at B. No load in segment BC. |

3. A downward point force acts at C at a magnitude |
of 36 — 16 = 20 kN. ‘

4. Downward uniformly distributed load in CD has :
a magnitude of (16 + 24)/4 = 10 kN/m & causes !
zero shear at point F, 1.6 m from C. :

5. Another upward concentrated force acts at D at a '
magnitude of 20 + 24 = 44 kN.

6. The load in segment DE is uniform and
downward at 20/2 = 10 KN/m.

To draw the Moment Diagram

1. MA=0
2. MB = Ma + Area in shear diagram

Mg = 0 -% (40)(2) = —40 KN-m

Mag is downward parabola with vertex at A.
3. Mc = Mg + Area in shear diagram

Mc =-40 + 36(1) = —4 kN-m

Mgc is linear and upward
4. Mr = Mc + Area in shear diagram

Mg =4 + % (16)(1.6) = 8.8 kKN'-m
5. Mp = Mf + Area in shear diagram

Mp = 8.8 — %2 (24)(2.4) =20 KN-m

Mcp is downward parabola with vertex at F.
6. Mg = Mp + Area in shear diagram

Mg =-20+%(20)(2)=0

MpE is downward parabola with vertex at E.

Moment Diagram
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Solution to Problem 449 | Relationship Between
LLoad, Shear, and Moment

Shear diagram as shown in Fig. P-449. See the instruction.

Vv e
(Ib) /7 3700 "
L 1700
— x (ft)

\ oo

—4000
Figure P-449
4000 Ib 2000 Ib 600 Ib/ft
SOIUtion 449 Il l YYYVVYYVYVYYYY
A BM™MIC D £ EA
3850 Ib/ft 3100 Ib
To draw the Load Diagram T3RT2ft 3Rt aft | 8ft

1. Downward 4000 Ib force is concentrated at Lo-ad D

A and no load in segment AB.

2. The shear in BC is uniformly increasing,
thus a uniform upward force is acting at a
magnitude of (3700 + 4000)/2 = 3850 Ib/ft.
No load in segment CD.

3. Another point force acting downward with
3700 — 1700 = 1200 Ib at D and no load in

17001b;

'8
ARG
~»

segment DE. ¥

4. The shear in EF is uniformly decreasing, 2000 b 5 74/77: @ 17/6 ft -3100 Ib
thus a uniform downward force is acting e i ; :
with magnitude of (1700 + 3100)/8 = 600 ! Given Shear Duagram

Ib/ft. ;
5. Upward force of 3100 Ib is concentrated at i

end of span F. s 8 008.33 Ib-ft

To draw the Moment Diagram

1. The locations of zero shear (points G and H) \\
can be easily determined by ratio and

proportion of triangle. i le &
2. Ma =0; Mg = Ma + Area in shear diagram ! A

Mg = 0 — 4000(3) = -12,000 Ib-ft —14,077.92 Ibft .
Moment Diagram
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3. Mg = MpB + Area in shear diagram
Mg =-12,000 — %2 (80/77)(4000)
Mg = -14,077.92 Ib-ft

4. Mc = Mg + Area in shear diagram
Mc = -14,077.92 + % (74/77)(3700)
Mc =-12,300 Ib-ft

5. Mp = Mc + Area in shear diagram
Mp =-12,300 + 3700(3) = —1200 Ib-ft

6. Mg = Mp + Area in shear diagram
Mg = -1200 + 1700(4) = 5600 Ib-ft

7. MH = ME + Area in shear diagram
Mn = 5600 + %2 (17/6)(1700)

My = 8,008.33 Ib-ft

8. Mg = My + Area in shear diagram

MEr = 8,008.33 — %2 (31/6)(3100) =0

Solution to Problem 450 | Relationship Between
Load, Shear, and Moment

Shear diagram as shown in Fig. P-450. See the instruction.

le

\Y
(Ib) 900

4380
RN (R

-900
Figure P-450 \ -1380

Solution 450
900 Ib
900 Ib v 120 Ib/ft
To draw the Load Diagram
I A 4 AAAAAAAAAAAAAAR
1. The shear diagram in AB is uniformly upward, thus AMTe € D E F
the load is uniformly distributed upward at a 1860 Ib
magnitude of 900/4 = 225 Ib/ft. No load in segment 225 Ib/ft 1
BC. g

4ft 2ft 4ft  4ft  4ft

2. A downward point force acts at point C with i | Load Diagram |
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magnitude of 900 Ib. No load in segment CD.

3. Another concentrated force is acting downward at D
with a magnitude of 900 Ib.

4. The load in DE is uniformly distributed downward at
a magnitude of (1380 — 900)/4 = 120 Ib/ft.

5. An upward load is concentrated at E with magnitude
of 480 + 1380 = 1860 Ib.

6. 480/4 = 120 Ib/ft is distributed uniformly over the
span EF.

900 |

-

480 Ib

1 —900 |b

Given Shear

T
+
|
'
'
1
1
'
[
1
[

. R,

To draw the Moment Diagram 13801

iagram

D

1. MA=0

2. M = Ma + Area in shear diagram
Mg = 0 + %2 (4)(900) = 1800 Ib-ft

3. Mc = Mg + Area in shear diagram
Mc = 1800 + 900(2) = 3600 Ib-ft

4. Mp = MC + Area in shear diagram
Mp = 3600 + 0 = 3600 Ib-ft N

5. Me = Mp + Area in shear diagram —960 Ibft
MEg = 3600 - %2 (900 + 1380)(4)
MEg =-960 Ib-ft

6. MF = Mg + Area in shear diagram
Mg = -960 + %2 (480)(4) =0

7. The shape of moment diagram in AB is upward parabola with vertex at A, while linear in BC and
horizontal in CD. For segment DE, the diagram is downward parabola with vertex at G. G is the
point where the extended shear in DE intersects the line of zero shear.

8. The moment diagram in EF is a downward parabola with vertex at F.

3600 Ibft

cmme [ ece e .- - - - -

Moment Diagram

Solution to Problem 451 | Relationship Between
LLoad, Shear, and Moment

Shear diagram as shown in Fig. P-451. See the instruction.

Vv Figure P-451
(kN)

i 2™-degree curve

/ -
-2
-8

ey |(—>
3 1 1 2
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- 6 kN
To draw the Load Diagram A’l’lﬁv[.ﬂl |
. AM B Fe D’ M E
1. Upward concentrated load at A is 10 kN.
2. The shear in AB is a 2nd-degree curve, thus the 10 kN 4 kN/m
load in AB is uniformly varying. In this case, it is e T T S TR

zero at A to 2(10 + 2)/3 =8 kN at B. No load in i Load Diagram
segment BC. ! : i :

3. A downward point force is actingat C ina
magnitude of 8 — 2 = 6 kN.

4. The shear in DE is uniformly increasing, thus the
load in DE is uniformly distributed and upward.
This load is spread over DE at a magnitude of 8/2
= 4 kKN/m.

To draw the Moment Diagram

Given Shear biaqrém

1. To find the location of zero shear, F:
x2/10 = 3%/(10 + 2)

O AT T

X=274m
2. MA=0 1826 KN-m! {18 kNm |
3. MfF = Ma + Area in shear diagram 116 kNm ,
MF =0+ 2/3 (2.74)(10) = 18.26 kN-m /\'Bk% ;
4. Mg = MF + Area in shear diagram ' :
Mg = 18.26 — [1/3 (10 + 2)(3) — 1/3 (2.74)(10) - Moment Diagram
10(3 - 2.74)]
Mp = 18 kN-m

5. Mc = Mg + Area in shear diagram
Mc =18 -2(1) = 16 kN-m
6. Mp = Mc + Area in shear diagram
Mp =16 —8(1) =8 kN-m
7. Mg = Mp + Area in shear diagram
Me=8-%(2)(8)=0
8. The moment diagram in AB is a second degree curve, at BC and CD are linear and downward. For
segment DE, the moment diagram is parabola open upward with vertex at E.

Moving Loads

Moving Loads

From the previous section, we see that the maximum moment occurs at a point of zero shears. For beams
loaded with concentrated loads, the point of zero shears usually occurs under a concentrated load and so
the maximum moment.

Beams and girders such as in a bridge or an overhead crane are subject to moving concentrated loads,
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which are at fixed distance with each other. The problem here is to determine the moment under each load
when each load is in a position to cause a maximum moment. The largest value of these moments governs
the design of the beam.

Single Moving Load

For a single moving load, the maximum moment occurs when the load is at the midspan and the maximum
shear occurs when the load is very near the support (usually assumed to lie over the support).

Position for p ¢ |Position for
maximum maximum
shear moment
. @ w

3

B

PL
Mmax = T and Vmax = P

Two Moving Loads

For two moving loads, the maximum shear occurs at the reaction when the larger load is over that support.
The maximum moment is given by

_ (PL - Psd)?

M
max APL

where Py is the smaller load, Py, is the bigger load, and P is the total load (P = Ps + P}).
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Three or more moving loads

In general, the bending moment under a particular load is a maximum when the center of the beam is
midway between that load and the resultant of all the loads then on the span. With this rule, we compute
the maximum moment under each load, and use the biggest of the moments for the design. Usually, the
biggest of these moments occurs under the biggest load.

The maximum shear occurs at the reaction where the resultant load is nearest. Usually, it happens if the
biggest load is over that support and as many a possible of the remaining loads are still on the span.

In determining the largest moment and shear, it is sometimes necessary to check the condition when the
bigger loads are on the span and the rest of the smaller loads are outside.

Solution to Problem 453 | Moving Loads

A truck with axle loads of 40 kN and 60 kN on a wheel base of 5 m rolls across a 10-m span. Compute the
maximum bending moment and the maximum shearing force.

Solution 453

R =40+ 60 = 100 kN

XR = 40(5)
X = 200/R
X = 200,/100

For maximum moment under 40 kN wheel:

R = 100 kN YMg, =0
S0KN- 10R, = 3.5(100)
R, = 35kN

Mo the Ieft of 40 kN = 3-9Ry
Mo the Ieft of 40 kn = 3-9(35)

._.
(=]
3
v
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Mo the Ieft of 40 kn = 122.5KN - m

For maximum moment under 60 kN wheel:

R = 100 kN XMg; =0
10R, = 4(100)
R, = 40kN

IVITo the right of 60 kN — 160KkN - m

Thus, Mmax = 160 KN - m answer

The maximum shear will occur when the 60 kN is over a support.

R = 100 kN 3XMg, =0
60 kN _
e 10R, =100(8)
R, = 80KkN

A T
R [€ 8m 4‘4 R

MTo the right of 60 kN = 4R2
M1, the right of 60 kn = 4(40)

Thus, Vimax = 80 KN answer

Solution to Problem 454 | Moving Loads

Repeat Prob. 453 using axle loads of 30 kN and 50 kN on a wheel base of 4 m crossing an 8-m span.

Solution 454

- R =30+50 = 80kN

30 kN X J50kN

xR = 4(30)
x =120/R
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f—am —] x =120/80
X=15m

Maximum moment under 30 kN wheel:

R = 80 kN XMy, =0
8R, = 2.75(80)
R, = 27.5kN

Mo the teft of 30 kn = 2-79R;
Mo the Ieft of 30 kn = 2-75(27.5)

IVITo the left of 30 kN — 75.625kN - m

Maximum moment under 50 kN wheel:

R = 80 kN YMg; =0
8R, = 3.25(80)
R, =32.5kN
X ; .
r] 325m 075m 3.25m "

IVITo the right of 50 kN = 3'25R2
MTo the right of 50 kN = 3-25(32-5)

Mo the right of 50 kn = 105.625kN - m

< 8m >

Thus, Mmax = 105.625 KN - manswer

The maximum shear will occur when the 50 kN is over a support.

R = 80 kN Mg, =0
30kN | 25m |15 m_lso N8R, = 6.5(80)
t P.S R, = 65kN

e 6.5m —>| 1

Ry S R Thus, Vinax = 65 KN answer
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Solution to Problem 455 | Moving Loads

A tractor weighing 3000 Ib, with a wheel base of 9 ft, carries 1800 Ib of its load on the rear wheels.
Compute the maximum moment and maximum shear when crossing a 14 ft-span.

Solution 455

R =W, +W,
W, = 1800 Ib R = 3000 b
o | o-x ., 3000 =1800+W,
" W, =12001Ib
P e —>| Rx = 9W;

3000x = 9(1200)

x=3.6ft

9—x =5.4ft

When the midspan is midway between W R = 3000 Ib

and R, the front wheel Ws will be outside the ek AR L
span (see figure). In this case, only the rear c
wheel Wy = 1800 Ib is the load. The maximum W

moment for this condition is when the load is

at the midspan. ‘<—+|<_» L—:k

1.8 ft 5.2 ft
R, =R, = £(1800) Ry R,
1 2 2 2
14ft ———m——
R, = 900 Ib — |
W, = 1800 Ib l Maximum moment under Wy
MTO the left of rear wheel — 7R1
‘:— 7ft _.I 1 MTO the left of rear wheel — 7(900)
Ry 3% Rz MTO the left of rear wheel — 6300 1b - ft

Maximum moment under Wk

XM, =
W,=18001b R=30001b  _ 1200 b re=0

|<‘3.6’~b‘l<— 5.4'—+| 14R; = 4.3R
@
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N ——— 14R, = 4.3(3000)
1 Je i e R,=921.43Ib
rd 43 ft ' 2.7ft 43 ft &
k 14ft 8 Mo the right of front wheel — 4.3R,
l\/ITo the right of front wheel = 4-3(921-43)
M =3962.11b - ft

To the right of front wheel

= MTo the left of rear wheel

Mmax = 6300 1b - ft answer

R =80kN

30 kN t 25m miso kN
777

_}‘1.5

)
1

h

R 1 RZ

Thus, Vimax = 2228.57 Ib answer

Solution to Problem 4

The maximum shear will occur when the rear wheel
(wheel of greater load) is directly over the support.

SMg, = 0

14R, = 10.4R
14R, = 10.4(3000)
R, = 222857 b

56 | Moving Loads

Three wheel loads roll as a unit across a 44-ft span. The loads are P1 = 4000 Ib and P2 = 8000 Ib separated
by 9 ft, and P3 = 6000 Ib at 18 ft from P2. Determine the maximum moment and maximum shear in the

simply supported span.

Solution 456

&

Pp=4 Py=g

20

P3=6.L

R=P,+P,+P,
R = 4%+ 8k + 6K
R = 18Kips

R = 18,000 Ibs
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f— o —k 18 1 XR=9P,+(9+18)P,
x(18) = 9(8) + (9 + 18)(6)
X = 13 ft the resultant R is 13 ft from P

Maximum moment under Py

x=13 ZMRZ = O
Plr; Pzst,‘ p,=6" 44R, = 15.5R

1“ ¥y *tf }Rzﬁﬂ 44R, = 15.5(18)

(@) L _ = Ry =6.34091 kips
[ L ~— R, =16,340.911bs

B 15.5' 6.5' 15.5'
Ry R;
|« 44 . =
IVITo the left of P, — 15'5R1
Mro the tett of p, = 15.5(6340.91)
IVITo the left of P, — 98,284.11b - ft
Maximum moment under P2
YMg, =0
o= 44R, = 20R
Pj=A P’ o =0 44R, = 20(18)
f e W} R =8.18182kips
; \ o ;'*-i.f R, =8,181.821Ibs
1 T |< ‘)
Rr 20’ 2 ! 20’ L
!j 4" \;2 Mro the teft of p, = 20R1—9P

MTo the left of P, = 20(8181-82)_9(4000)
IVITo the left of P, — 127,636.41b - ft

Maximum moment under P3

e YR, =0
E ?‘ e ijZ - 12?18)
9’ Aii 18’ 5 =
r A £R= o 1 R, = 6.13636 kips
=GV R, = 6, 136.36 Ibs
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kK I X
| 15' L R | 15' I

I " . IVITo the right of P, = 15R2
Mt the rignt of p, = 15(6,136.36)

IVITo the right of P; = 927 045.41b - ft

Thus,

Mumax = Mg the teft of P,
Mmax = 127,636.41b - ft answer

The maximum shear will occur when P1 is over the support.

EMRZ = 0 x=13"

44R, = 35R Py 5 P, = 8 P; = 6*
44R, = 35(18) I&-g —17———:1;

R, = 14.3182kips X @ iR-}'
R, = 14,318.2Ibs - e

'

=
o

e

-
»

A

|4

35’
Ry
I “

Y e
~

Thus, Vmax = 14, 318.2 Ibs answer

Solution to Problem 457 | Moving Loads

A truck and trailer combination crossing a 12-m span has axle loads of 10, 20, and 30 kN separated
respectively by distances of 3 and 5 m. Compute the maximum moment and maximum shear developed in
the span.

Solution 457
i< X > R=10+20+30
10 kN 20 kN 30 kN R = 60 kN
1 "

= XR = 3(20) +8(30)
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x(60) = 3(20) + 8(30)
X=5m

Maximum moment under 10 kN wheel load

< X=5m
10 kN 20 kN

le— 3.5 m —}e«2.5m -l
I

Mo the teftof 10kn = 61-29KN - m

Maximum moment under 20 kN wheel load

X=5m ——>»
10 kN 20 kN

-
”

Maximum moment under 30 kN wheel load

SMg, = 0
12R, = 3.5R
12R, = 3.5(60)
12R, = 210

R, = 12.7kN

Mo the left of 10kn = 3-OR;

IVITo the left of 10 kN

SMg, = 0
12R, = 5R
12R, = 5(60)
R, = 25kN

IVITo the left of 20 kN
IVITo the left of 20 kN
MTo the left of 20 kN

= 3.5(12.7)

= 5R,-3(10)
= 5(25)-30
= 95kN - m

When the centerline of the beam is midway between reaction R = 60 kN and 30 kN, the 10 kN comes off

the span.

R=20+30
R =50kN

XR = 5(30)
x(50) = 150

I 777

A

X =3m from 20 kN wheel load
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fe 12m >| ZMRl =0
12R, = 5R
12R, = 5(50)
R, = 20.83 kN

MTo the right of 30 kN = 5R2

Mo the right of 30 kN — 5(20.83)
IVITo the right of 30 kN =104.17KkN - m

Thus, the maximum moment will occur when only the 20 and 30 kN loads are on the span.

Mmax = M14 the right of 30 kN
Mmax = 104.17KN - m answer

Maximum Shear
The maximum shear will occur when the three loads are on the span and the 30 kN load is directly over
the support.

X=5m —> EMR]. =0
10 kN 20 kN kv 12R, = 9R
3 5 _
7" e ] 2Rz 060)
7~ . N p. . .f,-—.\‘ R2 = 45 kN
= .- 7. B =)
£ - J] ;
12m s

R R, Thus, Viax = 45KkN answer

Chapter 5 - Stresses in Beams

Stresses in Beams

Forces and couples acting on the beam cause bending (flexural stresses) and shearing stresses on any cross
section of the beam and deflection perpendicular to the longitudinal axis of the beam. If couples are
applied to the ends of the beam and no forces act on it, the bending is said to be pure bending. If forces
produce the bending, the bending is called ordinary bending.

Assumptions
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In using the following formulas for flexural and shearing stresses, it is assumed that a plane section of the
beam normal to its longitudinal axis prior to loading remains plane after the forces and couples have been
applied, and that the beam is initially straight and of uniform cross section and that the moduli of elasticity
in tension and compression are equal.

Flexure Formula

Flexure Formula

Stresses caused by the bending moment are known as flexural or bending stresses. Consider a beam to be
loaded as shown.

Consider a fiber at a distance Y from the neutral axis, because of the beam’s curvature, as the effect of
bending moment, the fiber is stretched by an amount of cd. Since the curvature of the beam is very small,
bcd and Oba are considered as similar triangles. The strain on this fiber is

Q)

I
Saps
I
© I

By Hooke’s law, € = O'/E, then
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milQ
I
I
Q
11
I
m

which means that the stress is proportional to the distance Y from the neutral axis.

For this section, the notation fb will be used instead of 0.

Compression (fb)max

Tension (fo)mex

Considering a differential area dA at a distance Y from N.A., the force acting over the area is

dF =f,dA= LEdA = CydA
p p

The resultant of all the elemental moment about N.A. must be equal to the bending moment on the
section.

M:/MdF:/y (%ydA)

M:E/ZdA
P

butfy2 dA = Jthen
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substituting p = Ey/f},

y El
f, M
then
M
|z
I
and
Mc
(fb)max - T
The bending stress due to beams curvature is
El c
¢ = Mc  »p
T
Ec
fb =
P

The beam curvature is:
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7\_
1
I

where p is the radius of curvature of the beam in mm (in), M s the bending moment in N-mm (lb-in), fb

is the flexural stress in MPa (psi), | is the centroidal moment of inertia in mm® (in4), and C is the distance
from the neutral axis to the outermost fiber in mm (in).

Section Modulus

In the formula

Mc M
(fo)max = I =

I/c

the ratio |'/C is called the section modulus and is usually denoted by S with units of mm® (in3). The
maximum bending stress may then be written as

M
(fp)max = 5

This form is convenient because the values of S are available in handbooks for a wide range of standard
structural shapes.

Solution to Problem 503 | Flexure Formula

A cantilever beam, 50 mm wide by 150 mm high and 6 m long, carries a load that varies uniformly from
zero at the free end to 1000 N/m at the wall. (a) Compute the magnitude and location of the maximum
flexural stress. (b) Determine the type and magnitude of the stress in a fiber 20 mm from the top of the
beam at a section 2 m from the free end.
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Solution 503

M = F(3x)

y _ 1000

x 6

y = 33X

F =32xy

F = 2x(32x)

F =20

Thus

m : g%i:;z)(%x)
9

(a) The maximum moment occurs at the support (the wall) or at x =6 m.

M = 2_30)(3 = &90(63) c=75mm T
M =6000N - m ST [h=10mm
Mc _ Mc s

f = — = —
( b)max I bh3 b =50 mm

12
(F Y = Mc _ 6000(1000)(75)

P 50(150°)
12

(f,)max = 32 MPa answer

(b) At a section 2 m from the free end or at x = 2 m at fiber 20 mm from the top of
the beam:

M = 2_30)(3 = 2_30(23) —_ 1
M:LQOONm y=55mmf g
=1 mm
N.A.
c My 20%0(1000)(55) G
b = —_— = 3 t( 4
| 50(150°) b it

12
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f, = 0.8691 MPa = 869.1kPa answer

Solution to Problem 504 | Flexure Formula

A simply supported beam, 2 in wide by 4 in high and 12 ft long is subjected to a concentrated load of 2000
Ib at a point 3 ft from one of the supports. Determine the maximum fiber stress and the stress in a fiber
located 0.5 in from the top of the beam at midspan.

Solution 504
EMRZ — 0 2000 Ib
12R, = 9(2000) — 3“1« o ——
R, = 1500 Ib fs ; 2
& ; %

= 1
EMR]. = 0 Rl ; R2
12R, = 3(2000) il §
R, =500 Ib

-500 Ib

Maximum fiber stress: . Shear Diagram

| 4500 Ib-ft

c=2in
— [ b=4in ;
N.A. | M
Moment Diagram
b=2in
(f ) = Mc _ 4500(12)(2)
O 2
12

(fy Jmax = 10,125 psi answer
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Stress in a fiber located 0.5 in from the top of the beam at midspan:

0sins .

y=15in

N.A.

b=2in

f, =5,062.5psi answer

b=4in

Mm _ 4500

6 9
Mpy =30001b - ft

My
fb:l_

. _ 3000(12)(L5)
PIVE
12

Solution to Problem 505 | Flexure Formula

A high strength steel band saw, 20 mm wide by 0.80 mm thick, runs over pulleys 600 mm in diameter.
What maximum flexural stress is developed? What minimum diameter pulleys can be used without
exceeding a flexural stress of 400 MPa? Assume E = 200 GPa.

Solution 505

Flexural stress developed:

El
M=—
p

_ Mc _ (El/p)c
b= =
Ec _ 200000(0.80/2)

f.=— =
b ) 300

f, = 266.67 MPa
Minimum diameter of pulley:
. _ Ec

b= —

P
~200000(0.80/2)
p

400

20 mm
77777777773 0.80 mm
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p =200mm

diameter, d = 400 mm answer

Solution to Problem 506 | Flexure Formula

A flat steel bar, 1 inch wide by ¥ inch thick and 40 inches long, is bent by couples applied at the ends so
that the midpoint deflection is 1.0 inch. Compute the stress in the bar and the magnitude of the couples.

Use E = 29 x 10° psi.

Solution 506
(p-1)? + 202 = p?
p2—2p +1+400 = p2 777 114
2p =401 Cross Section
p=200.5In p - \ -,
M ’ E ? M
20" 20 -

M=o (=————t—)

p

Mc _ (El/p)c
b= =
¢ Ec (29 X 106)(1/8)
") 200.5

f, =18079.8 psi
f, = 18.1Kksi answer

gl (29%107) 1%4)3

M= —
P 200.5
M =188.31b-in answer
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Solution to Problem 507 | Flexure Formula

In a laboratory test of a beam loaded by end couples, the fibers at layer AB in Fig. P-507 are found to

increase 60 x 10 mm whereas those at CD decrease 100 x 10~ mm in the 200-mm-gage length. Using E
=70 GPa, determine the flexural stress in the top and bottom fibers.

200 mm
l<——— >

Z>> g — 30 M=)

| .
' /\\' - = 120 mm Q
L// 5. 30 mm >

N
Figure P-507
Solution 507
200 mm
& 7 Stop
p = E— ?60x10'3mm
—-N.A.
@ C @t [) r100x10’3mm
X _120—-x
60 x 103 100 x 103
X = 0.6(120-x)
X +0.6x = 0.6(120)
16x=72
X =45mm

5top _ 60 x 1073

x+30 X ]

60 x 10~
5t0p = T (4530)
5top = 0.1 mm lengthening
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Spottom 100 x 1073

195 —x 120—x3
100 x 10~
Opottom = 750 g5~ (19°49)

Ipottom = 0.2 MM shortening

From Hooke’s Law

fb = Ee

Lo E

"L
70000(0.1

(fh top = # = 35MPa tension answer
_70000(0.2)

(fb )bottom - 200

= 70 MPa compression answer

Solution to Problem 508 | Flexure Formula

Determine the minimum height h of the beam shown in Fig. P-508 if the flexural stress is not to exceed 20

MPa.

5 kN
2 .
2.5 kN/m I " \Q
r%lvivvvvv LA \MrrlLvmvwvlw v ¥ \ h
A A
I1m —fe 3IMm ————— &
80 mm
Ri R2
Figure P-508
Solution 508
— SkN
|

2.5 kN/m

|« 2m -
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3R, = 2(5) + 2(2.5)(4) TTTTT I

—_— ‘VVVVV\VVVV‘LV ¥ v V\\{V‘VVVV\LV‘V\VV
R, = 10kN > :§
1m e 3IM —ee»

Ry = 10 kN R =5kN

YMg, =0 . 7.5kN
3R, = 1(5) + 1(2.5)(4) | \‘ L
R, = 5kN

_2.5 kN \/

Shear -5 kN

Mc
fb:l_

Where: 5 kN-m

fb=20MPa | /\
M = 5kN - m = 5(1000)2N - mm

bh3 80h3 o -1.25 kN-m ~

h 3 Moment

0= 5(1000)2(—%h)
G
h? = 18 750
h =137 mm answer

Solution to Problem 509 | Flexure Formula

A section used in aircraft is constructed of tubes connected by thin webs as shown in Fig. P-509. Each

tube has a cross-sectional area of 0.20 in?. If the average stress in the tubes is no to exceed 10 ksi,
determine the total uniformly distributed load that can be supported in a simple span 12 ft long. Neglect
the effect of the webs.
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ey

5.

30°

e,

@

@.-

Figure P-509

Solution 509

Ry =Ry = 3(12)(w)
R, =R, = 6w

f, = 10ksi = 10, 000 psi
M =18wlb - ft
cC=6

Centroidal moment of inertia of one tube:
A=7xr2=0.20
r =0.25231n hollow portion of the tube was neglected

_qar* _ 7(0.2523%)

|
c4 4
I, = 0.0032in*

Moment of inertia at the center of the section:

d; =6sin30° = 3in

|, = I, + Ad,?
|, =0.0032 +0.2(3%)
|, =1.8in’

Shear Diagkl

—w
18w

y X

Moment Diagram
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l, = Iy + Ad,?
l, = 0.0032 + 0.2(6%)
l, =7.2in*

| = 41, + 21, = 4(1.8) + 2(7.2)

| =21.6in*
M
f = I—C
_18w(12)(6)
10,000 = 16

w = 166.7 Ib/ft answer

Solution to Problem 510 | Flexure Formula

A 50-mm diameter bar is used as a simply supported beam 3 m long. Determine the largest uniformly
distributed load that can be applied over the right two-thirds of the beam if the flexural stress is limited to
50 MPa.

Solution 510

SMg, =0 o

3R2 = 2W(2) I 1m Y v AN

R2 = %W T 3m A
Ri=(2/3)w R;=(4/3)w

SMp, = 0 ' @mw

3R, = 2w(1) A

Ry = 4w | 5 |
E x=2/3!

Shear Diagram ~a/3) w
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(fb Jmax = M—C 5(8/9)w

I L @3)w
Where Moment Diagram
(fy )max = 50 MPa
M=3%N-m
c=25mm
| = r _ m(25%)
4 4

| = 97656.257 mm*

_ 3w(1000)(25)

97656.25m
w = 690.29 N/m

Solution to Problem 511 | Flexure Formula

A simply supported rectangular beam, 2 in wide by 4 in deep, carries a uniformly distributed load of 80
Ib/ft over its entire length. What is the maximum length of the beam if the flexural stress is limited to 3000
psi?

Solution 511
By symmetry: b/
—_ _ 80
R1:R2:40L YYVYYVVYVYVY vwvvw}LwVV\
) L A
R, = 40L R, = 40L
Mc ! :
f = — ‘
( | )max | m’L\ 3
ey —i
Where

Shear Diagram 40L

(fy Jmax = 3000 psi
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M =10L2 b - ft | 107

c=h/2=2in
b2 g g

12 12 3 _
Moment Diagram
o h=4in
l')"z 2‘in
2
3000 = 0L (12)(2)
32/3

L =11.55ft\\ answer

Solution to Problem 512 | Flexure Formula

The circular bar 1 inch in diameter shown in Fig. P-512 is bent into a semicircle with a mean radius of 2 ft.
If P =400 Ib and F = 200 Ib, compute the maximum flexural stress developed in section a-a. Neglect the
deformation of the bar.

Figure P-512

Solution 512

4R, = 2(4005sin 60°) + 2(200 sin 30°)
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R, = 223.21b

P =400 Ib P =400 Ib

Ra=2232b

M = 2(223.2)-2(400 cos 60°)

M =46.41b - ft
Mc Mr
(o = - = 77
(F e = AM _ 4(46.4)(12)
oM 3 7(0.59)

(fy Jmax = 5671.52 psi answer

Solution to Problem 513 | Flexure Formula

A rectangular steel beam, 2 in wide by 3 in deep, is loaded as shown in Fig. P-513. Determine the
magnitude and the location of the maximum flexural stress.

450 b

M = 3600 Ibft
3ft 1 3t 3ft
& = &

Figure P-513
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Solution 513

9R, = 6(450) + 3600
R, = 7001b
9R, + 3(450) = 3600
R, = 250 1b
3ft l 3k =T 3ft
%
Ry =700 Ib
700 b
256 Ib
Shear Diagram
' : 2850 Ibft
2100 Ibft*
—750 |bft
Moment Diagram
Mc
(fb Jmax = |_
Where
M =28501b - ft
c=h/2=3/2=1.5in
_ bh® _ 2(3%)

= =45in*

| 12 12
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(5 e = 28501(1.152)(1.5)

(fy )max = 11400 psi @ 3 ft from right support answer

Solution to Problem 514 | Flexure Formula

The right-angled frame shown in Fig. P-514 carries a uniformly distributed loading equivalent to 200 N for
each horizontal projected meter of the frame; that is, the total load is 1000 N. Compute the maximum
flexural stress at section a-a if the cross-section is 50 mm square.

Figure P-514 and P-515

Solution 514

By symmetry
R, =500N
Rz = 500N
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At section a-a:

X 4
cosh = == =

3 5
X=24m

M = xR,—200x (x/2)
M = 2.4(500)-200(2.4)(2.4/2)
M =624N-m

. _ Mc _ 624(1000)(50/2)

" 50(50%)
12

f, = 29.952 MPa

Solution to Problem 515 | Flexure Formula

Repeat Prob. 524 to find the maximum flexural stress at section b-b.

Solution 515

At section b-b:

z 3

oy sinf=—-=—

' 2 5
z=15m

50 mm "‘:‘: o3 b

6

< ZT M = ZRB—ZOOZ (2/2)
Re=500N M = 1.5(500)-200(1.5)(1.5/2)
M =525N-m
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. _ Mc _ 525(1000)(50/2)
=T

~ T 50(509)

12
f, =25.2MPa answer

Solution to Problem 516 | Flexure Formula

A timber beam AB, 6 in wide by 10 in deep and 10 ft long, is supported by a guy wire AC in the position
shown in Fig. P-516. The beam carries a load, including its own weight, of 500 Ib for each foot of its
length. Compute the maximum flexural stress at the middle of the beam.

Figure P-516 C

Solution 516
X = 10cos15°
X = 9.66 ft
z =10sin30°
z=5ft

YMg =0

ZT =500(10)(x/2)
5T =500(10)(9.66/2)
T =4829.631b
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At midspan:

|\/|t = Tp(z/2)—500(5)(X/4)

M = 4829.63(5/2)-500(5)(9.66/4)
M =6036.581b - ft

b=6in

h=10in

12
_ 6036.58(12)(10/2)

o 6(10°%)
12
f, = 724.39psi answer

Solution to Problem 517 | Flexure Formula

A rectangular steel bar, 15 mm wide by 30 mm high and 6 m long, is simply supported at its ends. If the
density of steel is 7850 kg/m3, determine the maximum bending stress caused by the weight of the bar.

Solution 517

w = (7850 kg/m®)(0.015 m x 0.03 m) ool S T 15/}"

w = (3.5325 kg/m)(9.81 m/s?) phyy vy vy yvivy vy / e

w = 34.65N/m 6m 3 3
T E

RL=103.96 N Rr = 103.96 N

R, = Rg = 6w/2
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R, = Ry = 6(34.65)/2
R, =Ry = 103.96N

For simply supported beam subjected to uniformly distributed load, the maximum moment will occur at
the midspan. At midspan:

M = 3(103.96)-34.65(3)(3/2) oL
3m
R, = 10396 N
_ Mc _ M(h/2)
(fb )max - |_ - bT
12
(F Yo = 155.955(1000)(30/2)
b /e 15(30°)
12

(fy Jmax = 69.31 MPa answer

Solution to Problem 518 | Flexure Formula

A cantilever beam 4 m long is composed of two C200 x 28 channels riveted back to back. What uniformly
distributed load can be carried, in addition to the weight of the beam, without exceeding a flexural stress
of 120 MPa if (a) the webs are vertical and (b) the webs are horizontal? Refer to Appendix B of text book
for channel properties.

Solution 518

Relevant data from Appendix B, Table B-4 Properties of Channel Sections: SI Units, of text book.

Designation | C200 x 28
Area 3560 mm?
Width 64 mm
180 x 10°
Sx-x 3
mm
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| 0.825 x 10°
Y-Y 4
mm
X 14.4 mm
Y
v.az%
é
X=-=#P+ ==X
—| « x
v Webs are Vertical
a. Webs are vertical
M
(fb )max = §M
120 =
2(180 x 109)
M =43,200,000N - mm
M =43.2kN - m
From the figure:
M =4w(2)
w kN/m
, o o
E%é-vy\ Y ¥V ¥ N rwvl 432=8W
,.! — — w = 5.4KkN/m
£ w = 550.46 kg/m

w = dead load, DL + live load, LL
550.46 = 2(28) + LL
LL = 494.46 kg/m answer

b. Webs are horizontal

.

g
A
A
7

N

//IIII/II//I/III///////IA

§\\\\\\\\\\\\\\\\\\\\\\\\\\‘
N

Webs are horizontal

2
7
7

N
\
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Iback = IY—Y +AX2

oo = (0.825 x 10°) + 3560(14.42)
lpack = 1563 201.6 mm*

| = 21, = 2(1563201.6)

| =3126403.2mm*

Mc
(o Imax = |_
_ M(64)
120= 3126 403.2

M =5862006 N - mm
M =5.862kN - m

From the figure:

M =4w(2)

M = 8w

5.862 = 8w

w = 0.73275kN/m
w = 74.69 kg/m

w = dead load, DL + live load, LL
74.69 = 2(28) + LL
LL = 18.69 kg/m answer

Solution to Problem 519 | Flexure Formula

A 30-ft beam, simply supported at 6 ft from either end carries a uniformly distributed load of intensity wg
over its entire length. The beam is made by welding two S18 x 70 (see appendix B of text book) sections
along their flanges to form the section shown in Fig. P-519. Calculate the maximum value of wy if the
flexural stress is limited to 20 ksi. Be sure to include the weight of the beam.
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A S,
STTTIN ST
i
|
|

|

Figure P-519

Solution 519

Relevant data from Appendix B, Table B-8 Properties of I-Beam Sections (S-Shapes): US Customary
Units, of text book.

Designation S18 x 70

S 103 in®
s M
L ) 4 ¥ Load (fb)mang
Diagram
:6& T 18 ft T 6ft: g 20 = M
| R=15w R = 15w | 2(103)_ _
- T M =4120Kip - in

1 ! _ 1030 i
'\, OWD_ | Shear M = 3 kip - ft
\j‘—ﬁw \\ Diagram
s ’ ow

22.5w

5 From the moment diagram:

! Moment M = 225w

\//\\/ Diagram &go — 29 Gw

e i w = 15.26 kip/ft

w = dead load, DL + live load, w,
15.26(1000) = 2(70) + w,

W, = 15120 Ib/ft

Wo = 15.12 Kip/ft answer
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Solution to Problem 520 | Flexure Formula

A beam with an S310 x 74 section (see Appendix B of textbook) is used as a simply supported beam 6 m
long. Find the maximum uniformly distributed load that can be applied over the entire length of the beam,
in addition to the weight of the beam, if the flexural stress is not to exceed 120 MPa.

Solution 520

Relevant data from Appendix B, Table B-4 Properties of I-Beam Sections (S-Shapes): Sl Units, of text
book.

Designation | S310 x 74

3
s 8333>< 10
mm
From the shear diagram:
w I : | Mmax = _2(3)(3W)
Y 4 b sh & A '\V¢Y‘1 y*l MmaX:4.5WN'm
A 6m A
3w 3w
| (fy o = =
w3t b /max = °g

SR = ]-w qpp o 45W(1000)

Shear Diagram 833 x 103
w = 22,213.33N/m

w = 2,264.36 kg/m

w=DL+LL

2264.36 =74+ LL

LL =2,190.36 kg/m
LL = 21.5kN/m answer
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Economic Sections

From the flexure formula fb = My/1, it can be seen that the bending stress at the neutral axis, where

y= 0, is zero and increases linearly outwards. This means that for a rectangular or circular section a
large portion of the cross section near the middle section is understressed.

For steel beams or composite beams, instead of adopting the rectangular shape, the area may be arranged
S0 as to give more area on the outer fiber and maintaining the same overall depth, and saving a lot of
weight.

(a) Rectangular (b) Wide flange (c) I-beam
(W Shape) (S Shape)

When using a wide flange or I-beam section for long beams, the compression flanges tend to buckle
horizontally sidewise. This buckling is a column effect, which may be prevented by providing lateral
support such as a floor system so that the full allowable stresses may be used, otherwise the stress should
be reduced. The reduction of stresses for these beams will be discussed in steel design.

In selecting a structural section to be used as a beam, the resisting moment must be equal or greater than
the applied bending moment. Note: (f, )max = M/S.

I\/Ilive—load
Srequired > SIive—Ioad OrSrequired > f
( b)max

The equation above indicates that the required section modulus of the beam must be equal or greater than
the ratio of bending moment to the maximum allowable stress.

A check that includes the weight of the selected beam is necessary to complete the calculation. In
checking, the beams resisting moment must be equal or greater than the sum of the live-load moment
caused by the applied loads and the dead-load moment caused by dead weight of the beam.
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I\/Iresisting > I\/Ilive—load + |\/Idead—load

Dividing both sides of the above equation by (f},)max, we obtain the checking equation

Sresisting = Slive-load + Sdead-load

Floor framing

In floor framing, the subfloor is supported by light beams called floor joists or simply joists which in turn
supported by heavier beams called girders then girders pass the load to columns. Typically, joist act as

simply supported beam carrying a uniform load of magnitude |0 over an area of SL, where

P = floor load per unit area

L = length (or span) of joist

S = center to center spacing of joists and

Wy = SP = intensity of distributed load in joist.

Column [‘ )\ Girder _Column

f N
SubﬂLor S
/ /
| .
| - - - - \
[ 7] @ @ )
L= [8f |8 s ( |
\| \
l |
# (
\ 2
Column Girder|  Column
!4 > J
s s s !

Typical Floor Framing Plan
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