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CHAPTER 1

AN INTRODUCTION TO
INDETERMINATE STRUCTURES

Types of Structural Systems

Structural systems and their components are broadly divided into beam,
column, rigid frame and truss.

Determinate and Indeterminate Structures (Beam, Truss, Frame)

If the unknown forces, reactions and moments of a whole structure or it’s
components cannot be determined by the three equation of static

equilibrium, then the structure is called indeterminate. These three
equations of static equilibrium are:

> Fe=0; Y. Fp=0; > M=0

Beams are only externally indeterminate. If the support reactions are more
than the equation of static equilibrium, it is indeterminate in the order of
corresponding additional reaction more than three. The following beam has
4 unknown reactions, so it is indeterminate of (4-3) = 1°

S

>~
l4—— "0
'\D

Trusses can be statically indeterminate by both reaction and bar fort?e. If the
number of bars present in a truss is more than the minimum requirement,
the truss is indeterminate by bar force.

(@) AN (b A\
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inacy of a truss by either bar forces or external reaction or hot,

The determ
he following equation:

can be determined by t

b+r=2j
Where b is the number of bars, r is the number of external reactions and j is
the number of joints.

In the above Figure (a), the truss is determinate, because the minimum
number of bar required to form a simple trussis, b =2j—3. Soitis 13.

In Figure (b), the truss is indeterminate of 2° by bar force because there are
two additional bars present in this truss.

the truss is indeterminate of 1° by external reaction because

In Figure (c),
presents in this truss than maximum three

there is one additional reaction
(equation of static equilibrium).

So, Degree of indeterminacy of a truss can be found by, D.O./ = b+ r- 2j

if, b+r = 2j, the truss is statically determinate

b+r > 2j, the truss is statically indeterminate

b+r < 2j, the truss is statically unsta ble

Rigid Frames can resist moment at their joints unlike truss, thatis why they

are called so. A rigid frame can be statically indeterminate by both internally
and externally. The total number of unknown in a rigid frame is 3m+r, where
m is total number of members; r is the total number of external reactions.
The three equations of static equilibrium can be applied each joint in the
frame. So there are 3j number of simultaneous equations available to
determine the unknowns. There can be some special condition presented in
aframe, i.e. internal hinge, zero force member etc. Each special condition will
produce additional conditional equation. So total number of equations is 3j+s

if, 3m+r = 3j+s, the frame is statically determinate
3m+r > 3j+s, the frame is statically indeterminate

3m+r < 3j+s, the frame is unstable.
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a B =

a) () (c) (d)

In the above Figure (a), the frame has 3 members, 3 reactions and 4 joints. It
gives,

3m+r = 3j+s; (3x3+3 =4x3+0). So it is statically determinate.

In Figure (b), it has 4 members 3 reactions and 4 joints. It gives,

3m#r >3j+s; (4x3+3>3x4) So it is internally indeterminate of 3

similarly, Figure (c) is externally indeterminate of 3° and Figure (d) is 2°
Rigid and Semi-Rigid Frame

In the rigid frame, though it is called so, the joints are not completely rigid
from any rotation and translation. The joints are resisting moment with the
joint rotation and side sway. In that sense it is actually semi-rigid frame. If it
is completely rigid, it should look like Figure(b) below. For the semi-rigid
condition the coefficient of end-moment will also be less than that of fully
rigid condition as shown in Fig(c) and (d).

1,
i
'4,';:]:& i

g ‘.‘*\‘_—___ /"'— ’ ; \'
|
5 (0 ¥z (b) TN
A MR T T [L{l C WHTH T 'qull]‘ L 'IIID
wi?/12 l/ w12 winsl” NJwr/16
0.21L 0.21L 0.151 0.15L
(c) Fully rigid condition (d) Semi-rigid condition
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Elastic and Inelastic Deflection
If a deflected beam returns to its original position as soon as the |
withdrawn, the deflection of this beam is called elastic deflecti.on /;ft"':,l i
removal of load if there is some remaining deflection, then it can h;. .. _‘*Ir the
the beam underwent inelastic deflection. The remaining deflection wr:lrt iy
applied load is zero, is termed as plastic deflection. In this book it is a:r;::“"'
that all the beams frames and trusses behave elastically and as soon 1 r;;.:l
ture return to its original unloaded position.

load is removed the struc
Difference in Solution by Approximate method and Flexibility method

Consider the following both ends fixed beam. Find the unknown moment:

and reactions of this beam by different methods:

wkN/ m

9
5’_’/?:2m|unnm|||mmnuummnnmmuunmmmmmuuummnmmm
W

>
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Approximate Method
H!IIIIIHIHIIIIHll!IIIIH!IIIIlIlIIHHHIIIHrLILl# !
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Flexibility Method

LU
v, 0

-wl?/12 I/ \l wi?/12

By the conjugate beam method,

o+Mp=0 =m=2
¢

2 3

EIO = _l_gﬂL _wL

23 8 24
| L
Elp=-L = =
“ 2 2
2
M=E]9=WL
Elp 12

The Law of Reciprocal Deflection

Eﬁf’"? from the general reciprocal virtual work theorem which states that,

Q-f;r::ﬂrtual Worf( done by a P-force system is going through a deflection of a

goi € System is equal to the virtual work done by the Q-force system is
Ng through the deformation of the P-force system”

PAGE 1 05
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dp4 = Deflection at B due to unit load at A
J 4p = Deflection at A due to unit load at B

Now, by unit load method, 53,4 = 3 _ET

- Lm,m
5AB 5BA

This law of reciprocal deflection can also be true for truss as long as the

deflection remain elastic.
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CHAPTER 2

STIFFNESS METHOD OF
STRUCTURE ANALYSIS

What is Stiffness?

stiffness can be defined as the force required to produce unit deformation,
Here the deformation can be rotation or translation and the force can be
axial, shear or moment. In the following figure, one unit rotation B=1)is
applied at the near end A where the far end B is fixed. To produce this one
unit rotation, the required moment is 4€//L at end A and 2E//L at end B. So,
the rotational stiffness of end A is 4El/L and that of B is 2EI/L .

M, = 4EI/L

Mg = 2EI/L

6El/L? T l/-EEI/Lz

Degree of Freedom (DOF) and Degree of Kinematic Indeterminacy (d.o.k.i)

A supportin 2D (henceforth will be called as node/joint) can undergo three
deformations/displacements; one rotation and two translations. So each
node can have three kinematic degree of freedom. The total number of
degree of freedom of a structure is termed as degree of kinematic
indeterminacy (d.o.k.i). If the total degree of kinematic indeterminacy in a
structure is appeared to be zero, the structure is called kinematically
determinate structure. In other word fully restrained structure (FRS).

Procedure for Method of Stiffness Analysis
The steps to be followed in performing a stiffness analysis:

1) Determiria the number of unknowns displacement (d.o.k.i) at t:e
nodes/joints and label them Uy, Uy, coneenn , u_in sequence where nis the
Umber of unknowns displacement or degrees of freedom (DOF).

PAGE |1 07

Scanned by CamScanner



against all of the displacements(d.o.k.i) such that

2) Locked the structure
minate or fully restrained, i.e., the all displacemen;

is kinematically deter
in step 1 Is set equal to zero.

mber fixed-end forces (moments) (FEF, FEM) in this ful),
restrained state at the nodes/joints of the structure due to the externg
applied loads on the member. The member-end forces (moments) are
vectorially added (anticlockwise is assumed +ve) at the nodes/joints tq
produce the equivalent fixed-end structure forces (moments), which are

labeled as Py for 2.1 2
(or unit translation) at each degree of freedom

OF will remain equal to

3) Calculate the me

4) Introduce a unit rotation
identified in step 1, one at a time while all other D

sero and without any loading on the structure, i.e.,, u;=1 while u,
wesissiaiiny Uy =0, Sketch the displaced structure for each of these cases.
Determine the member-end forces (moments) introduced as a result of
each unit displacement for this fully restrained structure. These
member-end forces (moments) define the member-end stiffness
coefficients, i.e., forces (moments) per unit displacement. The
member-end stiffness coefficients are vectorially added at the
nodes/joints to produce the structure stiffness coefficients, which are
labeled k,-),- fori=1 2 ..,nand j=1,2, .., 0 [e.g. kqy IS read as the
stiffness towards DOF 1 (u;) for unit ration/translation at DOF 2 (u,)]

Write the equilibrium stiffness equation or form stiffness matrix for
d.o.ki>2

5)
(K] [u]+[Pf:| 0 i.e, Stiffness x displacement = Force

Solve the equation (matrix) for unknown nodal/ joint displacements.

6)
uilibrium

7) Calculate the member-end forces by member stiffness edq

equation,
[F1,= [& ] (K], [4],

Worked out Examples

Example 1
For the following prop cantilever beam, find the unknown force in the beam™

w kN /m

IlllllllHIIIIIHIIl||IIIHIIIHJIIIIIIHIIIHIIHIIIIHIIIIIIIIHHIIIIIIHILIU.UB

A7
iy
.

|< L
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solution

Lk
Step b do.ki=1 @ ///, R

Step 2 @ /‘Ill[]”” L A A
Fully restrained structure, u; = 0

Step 3 /j
R TR 2 22
calculate FEM/FEF | , b
Pey= wl2/12 s
fz / I PfI: 'VJLZ/IZ
W Vp1=wl/2
Step 4
Apply u; =1, and calculate joint [ 7] | -
stiffness kj and force due to 7 R g— et
stiffness W N
vl 2 1=4EL
N
6E1/L l -

Step 5 Write the stiffness equation and solve for unknown joint displacement.

wk,+P,
AEI wl?
3 ul e —
L 12
wl?
‘Hl =
48E]
Step 6 Calculate the member-end forces,
2 2 3 2
MA =£+k21u, = e + 2BL W = =
12 12 L 48E] 8
sz WL2 4F] WL3
My=——+ku =- * =
B 12 14 12 I 48EI

_WL 6EI _wL  G6EI wl 5wl
SR B S APTY A
wL 6EI  wL 6EI wL _3wL
2 T3 I 48EI 8

vV, =

B
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Draw the final S.F.D and B.M.D

Va=5w/8

g |
Ve=3w/8

W ™

M= wl%/8 MgD

More Example of Beam by Stiffness Method

Classical or Conventional method

In the classical analysis, degree of freedoms (d.o.k.i) are taken only where
they are necessary.

Example 2

Find the unknown moments and reaction of the following continuous beam
with a UDL of w kN/m.

Uy ( wkN/m )

;f%,l ST :um]mlru||1t-p:r=r'ﬂ:‘-N".’fr"l-"-f””-“-"-‘f"”‘V//:i
d-o-k-‘ =1 TN
% W

1< L

.. o
N
~

o

|
Solution
For fully restrained structure, calculate fixed end force (moment) FEF/FEM

wkN/m
u1=0 (/1HIII|IHI|fIIIIIII!IIHIIIflllflef"”'llil TS I

1
@ @ T\(rz—wl./z' Viz=wl/2

F2=0 Pry= wi2/12 Pz=-wl’/12

\‘*\ ‘\

Apply unit rotation at u;=1 and calculate the stiffness coefficient

kyg = 4EIL + 4EINL

\l/ - 8EINL
kpq= 2E/L 65;/1’ TGE;/L’
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| solve the stiffness equilibrium equation, ko, 4P, =0

S l:
=5 u‘i—*-.‘ﬂ;
L 12
i
wi,
:’ ”l — e —
96E]

calculate the unknown reactions and moments from member stiffness
equilibrium equations,
2EI wL'  wI?
L 96EI 48
4ET > =_4E] “_LJ =_'H'L:
L' L 96EI 24
wl AEI  wLl' 4El wl' _wL
BR = % u = - _
12 L ' 12 L 9E 24

M,=0+k,u =

My =0+

wl wl? 2EI wl’ 5wl
12 12 L 96EI 48
3 r
. :0+6b:1 i :_61;:1 wl _ wL
2 I} 96EI 16
' EI wl’ wL
VBL_=0+6}::I “|=6 ’ wL _w
2 I? 96EI 16

_ wi - 6EI . E = 6EI] wl’ 3 Twl
BR™ o " 2 ' o I 96EI 16
wL 6EI _ wL 6El wLl' 9wl

= + —
c= o T MTT T 96kl 16

0= —

96EI

"\“‘ C Py
B 1
B o
x SR
wl'
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Example 3 '
Find the unknown moments and reaction of the following continuous heam

with point load P on each span at the middle.

P

€ | 0NN

¢——

5
SN

doki=2
71 ) 3) ;
< - A%
Solution 5 .
7 va 52 / T vl =P/2+P2=P =P/ZT
Pp=PL/8 Pa=-PL/8+PL/B =0 Fr2=-PL/8

SN

A
Apply 7 " &”\y

us=1 fﬁ\/ ki1 = 4EIA + 4EINL 7
uz=0 TGEVL’ \L = 8EIL -6E1/12 \I,
ksy = 2El/L -6EI/L? 6EI/L? ka1 = 2EI/L
Apply g ,1/
= // 5// u =1
“2 fzz =
U1=
T ka = ZEIA lk22=4flf/£
-6EI/1?
6EI/L?
Equilibrium Equation corresponding to uy:
P kgt kg, =0 (1)
Equilibrium Equation corresponding to us:
Pf2 +kyu, + kyu, =0 (2)
Putting Eq.(1) & Eq.(2) in Matrix form:
£y + ky K, U 0
P =

f2 kz 1 k22 112

PAGE |12
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"REl  2EI |
0 L L U =0 .
__fg‘. Hogr 4Bl ||u, |~ {notice that k,, =k, |
8l L.

Find (K] tO determine unknown joint displacement,

Lo L,
[u.]z[K]—:[Pn]: TEL14EL|
u, P, E s |22
|"14Er 7E0 '8
__ PP
Y 112E1
= PI?
> 28EI

Member end forces can be found by, [F ]m =[Pf 1" +[K ]m [u]
us = 1 u,= 1

PLIf 28
8 L
_PL| 4B
- 8 || L
Myl | pp || a6 280
Myl |5\ T T
My, pLl|| 261 4EI || _PL"_
M| |73l T L || u2E
o || B | SEL o || 2B
" 2 r | 28E1
Var f -aéf‘z—y— 0
el 2| L
4| p || 6EI  6EI
2| 2 L
p || 6Bl 6EI
|z ' L
PAGE 113
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ED.S

S.F.D

B.M.D

—— e ———
oy

"8 L 112E]
_PL_4EI PL"_ PL
8 L 112E1
_PL_4Bl PC
8 L 112EI
PL 2EI PL
8 L 112EI
P 6EI PL
T9 P 112E
P 6El PL_
27 112El
P 6EI PL

]

M.=

Pﬁ
“28EI
Pz?

—
BL ZSEI

2El PL*
L 28El
L
L 28El

6EI PL

9PL
56

_9PL

T 56

=0

=25P
56
_31P
56
AP

V., =——
o. 9 PBTIZET

P 6EI PL' 6El P’

I* 28EI

56
= 19P

V.=—+
<=7 1121

l uy = PL%/112EI

I? 28El

56

l u, = PL*/28EI

25P/56

37P/56

31P/56

19pP/56

3PL/28
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Method of Systematic Analysis

Classical Vs Systematic Analysis

The classical method of structure analysis is a handy tool with
structural principles. Only the simple problem with few degree o
handled by classical method. Whereas the systematic Computer analysis is also hased
on basic structural principles but can handle a large number of degree of freedoms
The solution technique is so straight forward that the engineers do not need to Iook'
at what is going on inside a large stiffness matrix [K]. The only concern here is the end
results. But in the classical method, every step of calculation should be watched
carefully and small matrix if needed have to be developed with cautious to avoid any
mistake. At the time of systematic analysis care have to be taken only at the time of
developing the joints (nodes) and elements with the proper degree of freedom per
nodes.

the help of basic
f freedoms can pe

Steps for Systematic Analysis
Step 1 Identify node and member (henceforth will be called as element)
Step 2 Designate the node and element in global and member coordinates

Step 3 Identify and denote the appropriate degree of freedom for each node and
calculate the total number of degree of kinematic indeterminacy (d.o.k.i) u;,
Uy, Uz, Uy, Us, Ug, e in all nodes

Step 4 Generate element stiffness matrix (k); in local coordinate for all elements,
where i=1,2,3............n. and n is the total number of elements

Step 5 Assemble the element stiffness matric in global stiffness matsix (K)
Step 6 Solve the global stiffness equilibrium equation for unknown displacemént

Step 7 Solve the member stiffness equilibrium equation for unknown member end
forces

Generalized member stiffness matrix

Consider a continuous beam of having multiple spans as shown in the following
figure. For a typical span j supported by two nodes i and j, considering three degree of
freedom for each node (two translation degree of freedom and one rotational degree
of freedom), the element stiffness matrix for ith element can be formed as follows:

PAGE 1 15
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The six degree of freedoms can be identified as follows,

@ Ug
U P@ - _]v}*b Uy
Is

A
i Tuz BELdL |

1

At first let’s consider translational degree of freedom in axial direction, i.e. u; =1 while
U lg =0

- k= -AE/L
ki =AE/L | | kg

=]
Again, u, =1 while u,, u,, us, us, ug=0

' k44 = AE/L
< [EEEEe RN g >

k4 =—AE/L - 1!.4 =..f

Since, there are six degree of freedom, the element stiffness matrix [k] will be 6x6 in
dimension. Now putting the stiffness co-efficient for axial degree of freedom (v, and
u,) in appropriate address in element stiffness matrix [k], it will get the shape of;

2 3 -4 85 6
TOO—AEOO_

Now, let’s take the translational degree of freedom in shear direction i.e.u,=1,while
Up Uz sillg=0 aee

kaz = 615'/ f.z

- Q[\ kj -

ka2 = 12EI/1° ks; =-12E1/1°

PAGE | 16
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=1 “’h”e ul,uz, UB; ua; U6=U

Again, Us
kes = -GEI/1?
=GN D
.-<l: :| i ll‘jzl’
kas = -12EI/L’ kss = 12EI/L’
Now putting the stiffness co-efficient for these two degree of freedom (u, and ug) in
appropriate address in element stiffness matrix [k], it will look like;
1 2. 3 4 5 6
[~ AE _AE T
| T 0 0 -4 0 0
12E1 _12EI
2 L B
SEL _GET
[k] = 3 L2 L?.
N AE AE
4| -4 0 0 4 0 0
5 —12EL 12E1
2 r r
6 SEL —S8EL
L Z £ -

Finally, take the rotational degree of freedom, i.e. uz =1 while uy, u,, Uy Us, Ug= 0

k33 = 4EI/L
\1
4 |
| v
ko3 = 6EI/L? ks; = -6EI/L?
Again, u6=1 while Uy, Uy, Uz, Uy, ug= 0
kss = 2EI/L kag= 4EUL
(| —)
3 ug=1
: =
ks = 6EI/L’ kss = -6EV/L?

PAGE I 17
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Finally, after getting

(u, to ug)in appropriate addresses in element s

as follows;
|
] [ AE
L
21 0
[ ] 3] 0
k = E
Gx6 4| — :
51 0
6| O

If we neglect the axial degree of freedoms, stiffness matrix will be reduced to 3

2
0
a
GEL
LI
0
_12EI
LJ
GEI
Ll

=)
Sl

-

all the stiffness co-efficient for all six degree of freedoms
tiffness matrix [k], it will have 5 look

4x4 matrix.
1 2 3 4
[ 12EI  6EI 12EI 6EI |
L - B I
6EI 4E] 6EI  2EI
[k] 5 LZ £ LZ L
4 12EI  6El 12EI 6EI
-t 2 I
4| SEI 2E] 6EI  4EI
. 12 L 1? L- |

If only rotational degree of freedom is allowed a 2x2 matrix is enough.

AEI 2EI
I L

k =

[ Lﬂ 2EI 4AEI
L F7

Member Equilibrium Equation

If.the fixed end forces (FEF) are defined for an element as follows, the element
stiffness equilibrium equation will be;

| P i P,
g 46» TN 19—' Pry
P, T ELAL T
P Frs
PAGE I 18

Scanned by CamScanner



P' rAE/L ’ ) ' -“|‘ 'p“
( ) o 12E1/L  GEI/L 0 =12E1/L) 6E1/1? w | | p
f 0 GEI/L}  AEI/L 0 —6EI/ I} 2K1/1 u]' ,,“
g M
P3 Bl JElL 0 0 AE/ L 0 0 ", ! P,
f: o -12EI/L -6EI/L* 0 \2E1/ 1> ~6E1/ 12 ||, | | p
5 2 , ; /5
p| | O 6EI/L*  2EIL 0 =GEI/L4BI/L |[u,| | rf, |

Moments, the rest are forces]

Displacement Matrix

1P =[K]u) +[ P
A G

End force Matrix Stiffness Matrix

[Py and Pys are

Fixed-end force Matrix

Assemble of Global Stiffness Matrix
Consider the following two span beam. It has three nodes and two elements.

3 lP w kN/m

714 BN €

7 A .
S L Sl L N

After identifying and designating one D.O.F per node, the beam will be globally look
like as follows. Also note that there is no chance of translational degree of freedom
for this beam, so only rotational degree of freedoms have been taken to each node.

e
w2

Uz Uz

Globgl

Locally it wil| e,

Locq) __@___ @ @ @

Uj Uz u;
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Element stiffness matrix for element 1 and element 2 will be;
1 2 2 3
/ k Wk Kk
[k] _—_1 a2 oand [k]zz 2 k23
L 2\ by Ky 3Lk s

These two element stiffness matric have to be assembled in the global stiffness m'atrixm
in appropriate location as following. Note that for. both the two 'e!ement S‘flffness
matric, DOF u; is common for both k; and k. So, in the gh?bal stlffnes? matrix the
coefficient k, will be the summation of k3; from element .stlffrtness matrix k; and k,,
from element stiffness matrix k,. That is why, in the followmg.ﬁgure k'l overlap on k,
at the location of k, that is in the location of DOF u;. Ittis also interesting to npte that
the gray areas in global K matrix have non-zero coefficients and all other white areas
have coefficient of zero. So, k13 and k3 are zero coefficients.

7 1 2 3
1 kn klz k13
3 k Sho [K ]3><3 =2 k21 kzz +k22 kzs
3 i 3k, ky Ky

*1-3. 8

Worked out Examples

Example 1

For the beam shown, find out all support reaction and draw the SFD and
BMD by stiffness method. Assume E/ as constant.

10 kN
1kN/m

PAGE 1 20
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%,
Member\ .~

g I 1 |
Pp=wI? /12 Pp=-wl?/I2 Pp=PL/8 Pp=-PL/8
=+6.75 =-6.75 =+3.75 =-3.75

Since only rotational displacements occur, the element (member) stiffness matrix will

be a 2x2 matrix, _
4ET gg_{

| L %
[k]ZxZ_ Z‘E{ AET

L L |
4/9 2/9]

Stiffness matrix for element, 1 [k]{ =EI {2 /9 4/9)]

4/3 2/3]
2/3 4/3]

Stiffness matrix for element, 2 [k] , = EI l:

Now, assemble the element stiffness matrix into global stiffness matrix,

4/9 2/9 0
[K]=EI|2/9 4/9+4/3 2/3
0 2/3  4/3

Global equilibrium equation, [P]=[K][“]+[Pf]

M, 4/9 2/9 0 |y 6.75
M, |=EI2/9 16/9 2/3| u, |+|—6.75+3.75
M, 0 2/3 4/3| u, -3.75

Impose boundary conditions: M; = 0; Mz=0;u; =0

[At any point, the internal moment is equal and opposite, so M>=0,at end
*Upport M3=0, at fixed support u; = 0]

M, 4/9 2/9 o007 [6.75

0 (=EI|2/9 16/9 2/3 | u, |+| -3

0 0 2/3 4/3||u,| |-3.75
PAGE I 21
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a, =2ELu, +6.75=+6.923
For member 1, Equilibrium Equation, [Pm] = [km][”]*'l:Pf_

M, (49 209 ulf{6.75'
Mo T 279 479 u,] [675

BL

My = —6.4 [Mjgy, = internal moment just left of B]

) o ; M,, £l 4/3. 2/3||u, N 3.75
For member 2, equilibrium equation, M, = 2/3 4/3 || u, —3.75_‘

My, =64 [Mpg = internal moment just right of B]

[Here note that, Mz =Mpg which, reiterates that the enternal moments at ar
section ar equal and opposite]

A 1kN/m B 10 kN
7 i _‘_|I1l|||||I|]III|I||IlIIIIIIIIIIIIIIIIIII\III / . l gullley
M= +6.92 %’ A
| My=-64 1  Mpr=+64
R4=4.56 Rp=11.57 R.=2.87
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Example 2
For the bea
reactions an

m shown, find the rotation and deflection at B also find all support
d draw the SFD and BMD by stiffness method.

20 kN

9kN/m LN 40 kN-m

7 |Ii|l||||l|||”||||||||||l|||i|||“|1|““||||||||||||”|||I||| ’é
iﬂ; S I — = fé
2E1

[e— 4m >|< dm .|

Solution _
At section B, there is a sectional change, so an additional node is to be taken at B.

Since, at B there is no support, there will be a translational degree of freedom.

U
Member

g 7@ "o “a/@%
A

gD __
?93 SRR T
t

I }}2:““1 2
J?f} =18

S
SRR

FEF

As, both the rotational and translational degree of freedoms are concern, a 4x4
element stiffness matrix will be needed.

1 2 3 4
1 [ 12EI  6EI 12EI  6EI |

i LB Lz - L;J, Lz

5 6EI 4EI  GEI  2EI

(K], =" E 7 I L
ta 3 12EI  6EI 12EI 6EI
ey - L3 - L?. LB - LZ

4| GEI 2EI  6EI  AEI
L. & L B L
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[k],=

[k]zz

1 2
//"
1| 0375E1  0.75E1
2 0.75EI 2.E1
3| -0.375EI - 0.75EI
4 0.75EI  EI
M
3 4
(Fr-m=mmmmstommannnnnnnanss .
3|l 0.1875E 0.375EI
4|..0375m EI_
5| -0.1875EI-0.375EI
6 \_ 0.375EI 0.5EI

Assemble of global stiffness matrix,

[K]=

N b B W N e

EI

1

0.75

0.75
0
0

-0.375 -0.75 0.5625

2 3
2 —0.75

1 -0375

0 -0.1875 -0.375 0.1875 -0.375

0 0.375

3 4

- 0.

-0.

' -0.75E1 2E[ 5

-0.1875E10.375E1
-0.375EI 0.5EI

0.18

-0.375EI  EI )

4

(0375 075 -0375 0.5

1

=02375: =0.1875 —0375

3

0.5

_____________________
- -y

0.375E1 -0.75F]

375E10.75E1
75ET  ET

5 6

75EI-0.375E1

5 6
0 0
0 0

—0.375 0.5

—0.375 1

Global stiffness equilibrium equation, [.#] =|:K]|:u]+[Pf]

oV OV LU SV SV Su

El

0.375
0.75
-0.375
0.75
0
0

0.75 -0375 0.75
2 ~0.75 1

-0.75 0.5625 -0375 -0.1875 —0.375|
0375 05 |lug| | P

1 -0.375 3
0 -0.1875 -0.375
0 0.375 0.5

PAGE | 24
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boundary conditions, P3=-20; P4=+40; u; = 0; u, = 0; us = 0; Ug =0

Imposé .
i F0375 075 =037 0.75 0 0 T 0] [187

P, 0.75 2 -0.75 1 0 0 0 12

_20 - -0375 -0.75 05625 -0.375 -0.1875 -0.375 || u, . 18

a0 |° 0.75 1 -0375 3 -0375 05 |lu| |-12

A 0 0 -0.1875 -0375 0.1875 -0.375|| 0 0

3 | 0 0 0.375 05 -0.375 I J{oj [ 0|

Solving for only uz and uy,

61.09
Uy =————
EI
9.697
Uy =———
EI

Get, Py= 48.18 kN, P, = 67.51 kN.m, Ps = 7.82 kN, Pg = -18.06 kN.m.

20 kN
My=+67.51 OkN/m Vi\ 40 kN-m MCZ-IS.%

ZAuuuninie b
R E ey Clis

A
1 Ry=4818 T Rc=7.82
48.18
I\IZ;}S
| B L S.F.D
A g -7.82

17 \l B.M.D

18.06
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Example 3

For the beam shown, find the rotation and deflection at B also find o4 al
support reaction and draw the SFD and BMD by stiffness method,

10 kN
20 kN
9kN/m 40 kN-m — 2m ——I
g T T RCFRREEIY v c
: T :
_,//IA 251 IB 4Ef %
[< 4 m >|<€ m ;I

Solution

Solution procedure is same as Example 2 above, try by yourself.

20 kN 10 kN
9kN/m
S A kact c
T Ra =0 Rc=10
56

S.F.D
i \J -10

60 ,
A & 0 ]
V B.M.D
91.78
PAGE | 26
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ExemEle 4

For the following beam, support B settle 10 mm downward. Use the stiff
method to determine all the reactions at supports. Take /| = 200x106 mm4 naes;
n

E =200 GPa
4
6 kN/m 0 kN
NS [
/ ’ T AL R N e TR R s = I
7
A 2EI I
& — 2
Ag=10mm
< FF 2 _\'f_
Uy
@ " g us (3)
Global T T e i :_.\\—\ :
S
Tu3 us
6 kN 40 kN
g'/’||||||n|1i|||n|||:|m1|||||||||||||ln®% w3 l ©) N
Pp=+3 I Prn=24 I" “ I E 7
L P =24 Py=-32 Pp=+40 | Fp=20 Ps=20| Ps=40

Due to the settlement at support B, a tr

anslational degree of freedom have

to be considered there. So, a 4x4 element stiffness matrix will be needed for

all nodes.

1 2
12E1 6EI
T T
6Bl 4EL
I L
12EI  6El
N\ T
6Bl 2EL
I L
PAGE | 27
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I 2 3 4
10375 15 =0375 15
Er2) 1.5 8 ~1.5 4

[kl =% 4| 0375 -1.5 0375 -15
4l 15 4 -15 8

-

3 4 5 6

[ 0.1875 0.75 -0.1875 0.75
4] 0.75 4 =075 )]

k1= | 01875 -075 01875 -075
6| 0.75 2 -075 4

Assemble of global stiffness matrix,

1 2 3 4 5 6
(0375 1.5 -0375 1.5 0 0 7
15 8 _-15 4 0 0
~0375 -1.51 05625 -0.75!-0.1875 0.75

f= 4 s 4 i35 12 015 2

0 0 -0.1875 -0.75 0.1875 -0.75
0 0 0.75 2 -0.75 4

(=AW, B - VR R o

Global stiffness equilibrium equation, [P] = [K :”:u] + [Pf_
[P (0375 1.5 -0375 1.5 0 0 =] |~
15 8  -L5 4 0 0 ||u]| |7
Er-0375 -1.5 05625 -0.75 -0.1875 0.75 u, f}
L5 4 -075 12 -075 2 |lu| |P

0 0 -0.1875 -0.75 0.1875 -0.75 ug P,
| 7 | | 0 0 0.75 2 -0.75 4 |u| |5

g~ e BiFa e BN R
(==}

Impose boundary conditions: P, = 0; Ps=0;u;=0;uy,=0; u3=-0.01; us=0

P (0375 15 -0375 1.5 0 o o[ 24 ]
P, 15 8 -15 4 0 0 0 32
Bi_ EI-0375 -15 05625 -0.75 -0.1875 075 ||-0.01] | 24+20
0 Bl LS 4 -075 12 075 2 | u |T]|-32440
B, 0 0 -0.1875 -0.75 0.1875 -0.75|| o0 20
0 Lo 0 015 2 075 4 | u || 0 |

PAGE | 28
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solving for only u, and ug:
_61.27 _ 61.27

=-1.532x107 rad)

“ZTTE T 200%2000
185.64  185.64
—_ = :4_ -3
Us =—or = 200x2000  oH1*10 rad)

putting back the value of u, and ug in the above matrix one gets,

pq =31.26 kN; P2 = 76.37 kN.m; P3 = 39.0 kN; P5 = 17.72 kN.

Solving equilibrium equation for member 1, [P]m e [k,][u]+ [pf m

P (0375 1.5 —0375 1571 =0 ] [24]
B | 200x200[ 1.5 8§ 15 4 u, =0 .| 32
Bl 8 |-0375 -15 0375 -15|| ©,=-001 | | 24
A | 15 4 -15 8 ||-1532x107] [-32]
P4 =-18.28 kN.m
40 kN
My =76.36
: 6 kN/m L o
Z e B v C
%w i e L e e s T e |
N “
R,{=3f.26 R3=I7.72
TRB=39.0
31.26
22,28
_ C S.F.D
A B 17.72
\ 16.72 :

70.85

. /\c B
4

9634 18.28
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Example 5

For the following beam, support C settle 10 mm downwlard. Use the stiffnese
method to determine all the reactions at supports. Take ' = 200x10° mms# 3pq
E = 200 GPa

4 kN

0.6 kN/m I _IC 20 kN-m
CLLAEEHEEL DR DR DT TORE L v -
g2y _I_
o 2EI B “ '-@' \T/Ac =10mm
{( 8m <€ 8m —A’
Solution

The solution procedure is same as the above Example 4. Do by yourself.
Ans: RA =8.55 kN, MA =43.19 kN—m,

Example 6

For the beam shown below, use the stiffness method to determine all the
reactions at supports.

Take E = 200 GPa, | = 50x10°° m?.

Hinge 30 kN
9kN/m 1
Z AW Clz
A N 2EI B El 7
Solution

Since there is an internal hinge at support B, the deflection curve will have

two slopes at just left and just right of the hinge. So, two rotational degree of
freedoms have to be taken at node 2 as follows,

o (P ON Y

Since only rotational degree of freedom
matrix will be a 2x2 matrix,

NN

are there, the element stiffness

[4EI  2FJ]

[k]z = L L

2 | 2EI 4EJ

L L L |
PAGE | 30
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The element stiffness matric for element 1 and element 2 will be
1 2 3 4

L A[2E1 EI . 3] Bl 058
["].‘2[131 251}’ Mz‘ct[o.sm 1;1}

Now, assemble the element stiffness matrix into the global stiffness matrix

L. 223 4

1 121 0 0
[K:l:zE] 12 0 0
3 (00 1 05

4 |10 0 05 1

Global stiffness equilibrium equation, [P]= [K][u]+[Pf:

M, 21 0 07 u] [12]
My|_p 12 0 0 fla| |12
M, 00 1 05[ul |15
M, 00 05 1 |lu]| [-15]

Applying boundary conditions: M,=0; M;=0; u; =0; u,=0 and solve for
simultaneous equation,

(M, ] P2 q° 0~ 00T 12
0_E112 0 u2+—12
o |00 0.5 u | | 15
M, 0 0 05 1]0] [-15]
U, = 2 2 —— =0.0006(rad)>
2ET 2x200x50%x10™ x10
W 1o _ = 0.0015(rad)
EI 200%x50%107° %10

Now solve for M, and M,

M, = Elu, +12 = 0.0006x 200x 50+12 = 18kN.m §
M, =0.5Elu, -15 =—0.0015x200x50—15=-22.5kN.m2

PAGE | 31
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From the free-body of member 1 and member 2,

?!)kN
135 9.37 2
9kN/m l 25
fs(l_LLLLLLLLLLI.LLU.UMmﬂﬂw l% 1 TR TR
l j
22.5 133 T 2!)(;
22.87
30 kN
9kN/m >
L l S— 5%? Me =225
- B C Vﬁ
Rc=20.63
Ry =22.87
22.5
9.37
A

10.13

18.75

A

U= 0g

\IZZ.S

Us= ‘Bsn

= 0 0006 rad

Exercise 1

For the beam shown below, use the stiffness method to determine all the

reactions at supports.

Assume, E = 200 GPa, / = 50x10®m 4.

PAGE 132
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s: My =107.32 kN-m, M - =44.66 kN\.- =
e i i 6 kN-m, Ry = 44.83 Re=11.16 ky
Exercise 2
For the beam shown below, an external moment
member AB, use the stiffness method to det

supports. Assume,E =200 GPaq, | = 50x10°¢ m?.

40 |.<N-m is applied at end of
ermine all the reactions at

40 kN-m
| 9kN/m 139 kN
G
A A 2E1 B 7 e— c%
Er 9w
|« -
M~ 4m }“l( 2m )1( 2m : |

Ans: My=38 kN-m , Mc =22.5 kN-m, R, = 7.87 kN, R =20.63 kN, R, =20.63 kN
Exercise 3

For the beam shown below, an external moment 40 kNm is applied at end of

member AB, use the stiffness method to determine all the reactions at
supports. Assume, E =200 GPa, | = 50x10°¢ m4

Ans: M, =87.37 kN-m, M, =24.7 kN-m, R, = 49.85 kN, R =6.18 kN

PAGE I 33
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Analysis of Indcterminate Frames
by Dircct Stiffness Method

Introduction

Most common rigid frames are statically indeterminate. In planar frame, 4,
the members lie in the same plane and are interconnected by rigid joint,
The internal stress resultants at a cross-section of a plane frame mermpe,
consist of bending moment, shear force and an axial force, The significans
deformations in the plane frame are only flexural and axial. In this section,
the analysis of plane frame by direct stiffness matriz method is discussed, |,
some of the frames where the axial load effects are insignificant is neglected
to achieve a simpler and quicker solution. Initially, the stiffness matrix of 5
beam element of a plane frame is derived in its local co-ordinate axes and
then it is transformed to global co-ordinate system. In the case of plane
frames, members are oriented in different directions and hence before
forming the global stiffness matrix it is necessary to refer all the member
stiffness matrices to the same set of axes. This is achieved by transformation
of forces and displacements to global co-ordinate system.

Force components in local and global coordinate system

u '
5 ’
u6 —‘,"

Displacement components in local and global coordinate system

PAGE I 34
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The Member stiffness equilibrium equation for local coordinate system can be
written as,

[Pl=[K ]+ 7/

: [ I ! p"
Al 4L 0 0  -4E/L 0 o | |
P’; 0 12EI/1>  G6EI/L? 0 —~12EI/® 6EII[® | P,'z
B 0 6EI/L 4EI/L 0  -6EI/I* 2EI/L |u| |P,

| |-4EIL 0 0 AE/L 0 0 i ||
B 3 2 3 Uy 14

, 0 -12EI/L’ —6EI/L 0 12EI/L> —6EI/ I ,
5 o G6EI/I* 2EIIL 0 —6E/I* 4E/L || |

K Lug | | Prs |

Transformation from local to global co-ordinate system
Transformation of displacement matrix,
u; =u, cosO +u, sind

u, =—u,sin® +u,cosd

Uy =1
vl [ 7 m 0 0 0o 0w
w | |-m 1 0 0 0 0|
w | |0 0 1 0 0 0 |u
U 0O 0 0 I m O |lu
U 0 0 0-m I O [lus
;| L0 0 0 0 0 1 ||u

l=0059=xj.£x’; m = sin® =yj;yi; i (xj—x,-)z+(y1'_yf)2

n matr Notation, [u'] = [T] [#] ; where [T]is the transformation matrix.

PAGE | 35
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r .-
Transformation of force matrix, P = PI' cosO — 1, sin0

P, =P sin® + P, cos®

R=F
p1 [t -m 0 0 00 i
P, m | 00 o O zr
gl o o1 o 0 O f;'
pl|o o 0 1 —m Oyn
pl |0 0 0O m I 0)p
pllo o 00 0 1—_&'_

In matrix notation, [P] [T]
[P=[K T+ 5 |

again, [P] = [T ]T [P’]

T[Pﬂ . where [T]7 is the transformation matrix,

Therefore, [k |= [T]T [&][T]

[Pf]sz]T[P}]

= (77 (¥ 10T+ [F7)) Seteiald
17 [¥ I +rT [2] [PI-r] L7
; Ty [«]=[7](4]
~[7] e ]+ (7]
[I0+E)
Worked out Examples

Example 1
Analyze the rigid frame shown in below by direct stiffness matrix method. Assum
E = 200GPa; I=1.33x10"4 m*; A=0.04 m?.
48 kN
F2m— 2m -|

—T h 4 N
i .

3m
——24 kN ——»
3m
- y

AW
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Sﬂlﬂﬁﬂﬂ by Systemaﬁg analysis

pesignate the members, Supports 2nd joints by appropriate element and node
r;-;r;;bers cequentizlly.

f"-' i' f:e :,,. ; {,
N iver I e b G

O™ 11 o O[T

I
-
-

ek
——

}"—-J j :v" -~
i I

3 3
: 4 Uy 7 P,
i 5 »
? @Tu’ ? ®‘\) i
:.w---f-x :.---_.’. x
Displacement components in global aees Force components in global axes
P, .
G
FPrs ; ] P
@ e IR, . L
E ®'
¥
4.
i
Y 4--i
1
Pr,
y Pﬁp
4 /1
!
O
L

cumad %

Fized End Force (FEF) components in global axes
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Construct element stiffness matrix,
Forelement1, L=6m;q=90°;/=0;m=1

Element stiffness matrix [k ]1 in local axis:

e 125?/1,3 6EI/ I 0 ~I281110 GEI]1} |
g 6EIII? AEIL 0 —6EI[*  2EI/], ‘
(&)= AE/L 0 0 AE/! L 0 0
i 12E1/ —6EIl I? 0 12E1117  ~6EI] [?
g Pszzf/z? 2EI/L 0 —GEII>  4El][, ]
1 2 3 4 5 6
1[ 1330000 0 0 ~1330000 0 0
2 0 1480 4440 0 —1480 4440
3 0 4440 17780 0 —4440 8890
[¥1i= 4| ~1330000 0 0 1330000 0 0
5 0 —1480 -4440 0 1480 —444()
6 0 4440 8890 0 ~4440 17780 |

Now, transfer the element stiffness matrix from local axis to global axis,

[k],=[7][¥1[r]; where [T ] = transformation matrix and [T'17 = transpose of [T]

[7]-

[0 1 0 0 0 O] [0
-100 0 00 1
0 01 0 00 r |0
0 00 0 10| ™=,
0 00 -100 0
|0 00 0 0 1 0

-1 00 0 O
0 00 0O
0 10 00
0 00 ~-10
0 01 00
0 00 01

Now, multiplying this metrics we get the element stiffness matrix in global
axes for element 1,

[k:ll =

= T T S S NG T

1 2 3 4
1480 0 4440 —1480
0 1330000 0 0
—-4440 0 17780 4440
—1480 0 4440 1480
0  -1330000 o 0
| —4440 0 8890 4440

PAGE | 38
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Forelement2, L=4m; 0 =0";1=];:m=1
" 2000000 N 0] ~2000000 () 0
0 5000 10000 0 =5000 10000
Fk' il 0 10000 26600 0 =10000 13300
!. ]2# -2000000 ] 0 2000000 () 0
f] =5000 -=10000 () 5000  =10000
i 0 10000 13300 0 =10000 26600
01 0 0 0 0] 01 0 00 0]
1 00000 100000
1 001 000 r 001 0 00
73 6 0 0 0 [ o ™ [7] 0000710
0001 00 000100
000001 0000 0 I]

Now multiplying the matrices we get the elem
axes for element 2,

ent stiffness matrix in global

4 5 6 7 8 9
4[ 2000000 0 0  =2000000 O 0
5 0 5000 10000 0 —~5000 10000
' 6 0 10000 26600 0 ~10000 13300
. [ ]2'7 -2000000 0 0 2000000 0 0
8 0 5000 —10000 0 5000 —10000
9 0 10000 13300 0 ~10000 26600 |

Now assemble the these two element stiffness mat
stiffness matrix [K],

1] 1480 0 4440  -1480 0 ~4440 0 0 0
2l 0 1330000 0 0 ~1330000 0 0 0 0
3| 4440 0 17780 4440 0 8890 0 0 0
4| -1480 0 4440 2001480 0 4440 2000000 0 0
[£],.=5] o 1330000 o 0 1335000 10000 0 -5000 10000
6{-4440 8890 4440 10000 44380 0  -10000 13300
70 0 0 2000000 0 0  -2000000 O 0
8 0 0 0 0 5000 -10000 O 5000 10000
9. 0 0 0 0 10000 13300 0  -10000 26600 |

rices, i.e. [k]1 and [k]2 in global

Calculate the Fixed End Forces (FEF) for fully restrained elements,

PAGE 1 39

Scanned by CamScanner



- 48 kN

24 kN —» <
1 T
24 24
\—7 18
Establish global equilibrium equation []=[K][u]+[7]
(R [1480 0 -4440  -1480 0 -4440 0 0 o u] [r,
P 0 1330000 0 0 1330000 0 0 0 0 |l |p,
B | |-a440 0 17780 4440 8890 0 0 0 0 ||m| |7
Fy| |-1480 0 4440 2001480 0 4440  -2000000 0 o |ul |,
Fl=l o  -1330000 0 0 1335000 10000 0 -5000 10000 || s [+| P
Fs| |-aa40 0 8890 4440 10000 44380 0 -10000 13300 || Ug | | Py
B 0 0 0 -2000000 0 0 2000000 0 o ||u]| | P
5 0 0 0 0 5000  -10000 0 5000  -10000 || %s | | Ps|
LA] Lo 0 0 0 10000 13300 0 -10000 26600 L% ] PﬂJI

Apply boundary conditions,
Py=0; Ps=0; Ps=0;
ur=0; u=0; uz= 0; u7= 0; ug= 0; uo= 0
Pp=-12; Pp=0; Pp=18; Pu=-12; P;s=24; Pss=6; P;,=0; Pry=24; Pp=-24

[P [1480 0 4440  -1480 0 -4440 0 0 o |[0] [-12
) 0 1330000 0 0 1330000 0 0 0 0 0
B |-a240 0 17780 4440 8890 0 0 0 0 18
0| |-1480 0 4440 2001480 0 4340  -2000000 O o |lug| |-12
0= o ~1330000 0 0 1335000 10000 0 -5000 10000 [ s |[+| 24
0| [-a440 0 8830 4440 10000 44380 0 -10000 13300 [[ug | | ©
23 0 0 0  -2000000 0 0 2000000 0 o |[of [0
B 0 0 0 0 -5000  -10000 0 5000  -10000( 0| |24
5| | o 0 0 0 10000 13300 0 -10000 26600 0] |24

Solve for uy, us and ug

Uy =6.29 x!O'ém; us=1.7x107 m; ug=-0.13x10" rad

Now, get unknown Joint forces, .
P1=-11.42 kN ; P2 =22.59 kN; P3=16.85 kN.m; P7=-12.57 kN; Pg =25.4 kN; Pg =-25,92 kN.m

From the free body of Element 1 and Element 2, it gives,
P4=12.57 kN; P5 =22.6 kN; Pg = 20.33 kN.m;
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e

¥ agr A=W U
MNow Crew Ui

s zxizl, shear end bending moment diagrams for the whole structures.

326 L5 254
l ‘ 25.92 48
, 12.57 j\_l
- cl v 1257 B— 1 i
3 : : cl?;
:'5'__. 31 5 . o
12.58 - Axial
226 + :
2L !
- { SFD - 254
2259 : A i
3 - x i _
' 1635 20.33V ' BMD 25.92
:__:\-—— 11.42 -
12.57 20.33
B ..................................
|
|
|
24 e R SRt
+
Al L 3. 11420\ !
. Axial SFD BMD 1685
\Og\Pofnf of Contraflexure

Elastic Deftected Shape

PAGE |1 41

Scanned by CamScanner



The ébove frame doesn’t show any tendency of having side sway, | that
case the axial and shear deformation can be neglected. So the solutign
becomes much simple.

P; P
1 %3 i

e
A

U ‘P
2, N

e

TN

Since, only rotational degree of freedoms are considered, there is no need of
transformation between local and global coordinate system.
The element stiffness matrix will be in the form of 2 x 2.

4EI 2EI
- I 17780 8890 26600 13300
K] - ; [k]1=[ and [8],=

~

2El 4E 8890 17780 13300 26600
L L

The global stiffness matrix will be,

17780 8890 0
[K]=| 8890 44380 13300
0 13300 26600
The global equilibrium equation will be,

R {17780 8890 o 74 | By
L |=| 8890 44380 13300 Uy |+| P,
B 0. 13300 26600 ] | P,
Apply boundary conditions, P2 = 0; yg = O;us=0
A1 [17780 8890 o Tro7 18
0 |=] 8890 44380 13300 u, |+ 6
P, 0 13300 26600 0 | |24

Solving for u,, u, =-0.135x103 rad

(Compare the result with the u; in Previous solution, the dj

fference is only 3%)
Calculate, P1=16.8 kN.m and P> = -25.8 kN.m
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I
M,, = %_uz —18=17780(=0.135x10™) ~ 18 = —20.4kN m

BR

= ff'{"z +24 =26600(-0.135x107) + 24 = 20.4kN .m

Now, from the free body, V, =11.4kN; V. =25.35kN
Example 2

Analyze the rigid frame shown in below by direct stiffness matrix method. Assume
E = 200GPa; 1=1.33x105 m* A=0.01 m?. Draw the Axial, SFD and BMD. Show a
qualitative deflection shape.

Solution by Systematic Analysis

48 kN
10 kN > J’ _—
B C N
4dm
A D N
< 4m =
Us y' Ug ‘F:s Pﬂ'
F 9 * Py
Ug )
A_’ u4 L

& R ey R B M) ey o R e

P11
®|]$ P

Displacement components in global axes Force components in global axes

)

e

WWRRE

PAGE 1 43

Scanned by CamScanner



The following terms are common for all elements.

AE

=5x10°;

671?- =998;

12E71

4LK]

2E]

So the local stiffness matrix will be the same for all three elements,
Element stiffness Matrix [k’] in local axis:

—AE/L

[ AE/L 0 0 0 0
0 12EI/I> 6EII* 0 —12EI/C  6E/ 2
, 0 GEI/L'  4EI/L 0  —6EI/L* 2[I/[
[£] = —~AE|L 0 0 AE/ L 0 0
0 —~12EI/ I} —-6EI]I? 0 12EI/LC —6EI/ 2
0 6EI/IF -  2EL/L 0 —6EI/ I? 4E1/L
[ 500000 0 0  =500000 O 0 |
0 499 998 0 -499 998
] 0 998 2660 0 -998 1330
-500000 0 0 500000 0 0
0 —499 -998 0 499 -998
0 998 1330 0 ~998 2660 |
Transfer the element stiffness matrix from local to global axes
For Elemen t 1, f.=4m;9=90°;1:0;m=1 '
T r
[k],=[7] [¥,[T]
(0010 0 0 ¢ (0 -1 0 0 0 O
-1 00 0 o 0 1 0 00 0 O
001 0 0 9
and |T | =
000 0 1 o []0000—10
000 -109 00 01 00
L0000 0 0 1] 00 00 0 1

Now multiplying these metrics, will produce element stiffness matrix in global axes:
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-

[ 499
0
-998
-499
0

| -998

0
500000
0
0
-500000
0

-998 -499

0
2660
998
0
1330

0
998
499

0
998

For Element2: L =4 m;0=0%I=1;m=0

[7]=

o O © O = O

o o o o o =

O O O -~ 0O O

o - O © O O

-0 O O O O

o O = O O O

and [T]T =

0 —998}
-500000 0
0 1330
0 998
500000 0
0 2660 |
0 1 0 0 0 O]
100000
001000
000010
000100
0000 0 1]

Now multiplying the matrices, will produce the element stiffness matrix in global

axes,

[¥],=

[ 500000 O
0 499
0 998

~500000 O
0 —499
0 998

ForElement3: L=4m;0=270%1=1;m=-1

[r]-

[y

o o O O = O

o © O O o

;-

[ I o T o TR R e T e

[ 499

0
998
-499
0
998

L= R i = i = B = I =

- O O © O O

0

500000

0
0

—-500000

0

0 =500000 0
998 0 -499
2660 0 -998
0 500000 0
-998 0 499
1330 0 -998
[0 1 0
-1 00
r |0 01
and [T] =0 0 0
0 00
[0 00
998 —499 0
0 0 —500000
2660 -998 0
-998 499 0
0 0 500000
1330 -998 0
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0
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o
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0
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Now assemble the element stiffness matrices [k]1, [k]2 and [K]3 in global stiffness

matrix [K],
1 2 3 4 5 6 7 8 9 10 11 P
1[ 499 0 -998 499 o -99%8 0 0 0 0 0 0
2| o so0000 o 0 -so0000 O 0 o 0 0 0 o
3/-908 0 2660 998 0 1330 0 o 0 0 0 o
alass o0 o9 soo49 0 998 -soo0 O 0 000
sl o soo00 0 0 Soo9 998 0 499 98 0 0 0
loss o 330 8 o S0 0 98 1300 0 o
K= o o o0 -so00 o0 O 500499 0 998 49 0 958
slo o o o 49 98 0 500499 998 0 500000 o
sl o o o0 o 9% 1330 998  -9% 5320 998 0 133
wo o o0 0 o 0 499 0 998 49 0 9%
m o0 0 0 o 0 0 -500000 0 0 500000 0
20 o0 0o 0 0 0 99 0 1330 -998 0 2660

Fixed End Forces (FEF) for fully restrained elements, Also note that the 10 kN nodal
load at joint 2 will directly go to force vector matrix as Py,

48 kN
Pp=24 T T Pp=-24
Pr=24 Pp=24

Establish global equilibrium equation, [P]= [K][u]+[P ]
A

B ] [, | _PJ‘,l ]
A g | | Py,
A u, Py
P

4 u, Pf4
o [=KD | |+ it
7 U, Pﬁ
j:s Ug P),s
P9 Uy }:}9
10 U, Pm
il Hy ‘F}n
il L 18 L4 | _Pf|2J
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Apply boundary conditions,
p, = 10; Ps=0; Ps=0; P;=0; Py=0; Py = 0;
w =0 1= 0; u3=0; u0=0; upy=0; up;= 0
Pp=0; Pp=0; Pp=0; Pu=0; Prs = 24; Prs=24; Pp=0;
Pg=24; Pp=-24; Ppo=0; Py =0; Pp,=0;

(R o] [0]
P, 0| | 0
P 0
10 U, 0
0 ug | | 24
0 =[K] U " 24
0 u, 0
0 u | | 24
0 uy | |24
By 0
B 0
7, 0]
Solve for ug; us; ue; uz; ug and ug,
us=1.43x10° m u7=1.43x10" m
us=-3.94x10"° m ug=-5.66x10'5m
us=-8.17x10° rad up=3.86x10° rad

Now, get unknown Joint forces,

P1=1.0 kN; P2 =19.7 kN; P3 = 3.45 kN.m; P10 = -11.0 kN;
P11 =283 kN; P12 = 19.43 kN.m

From the free body of Element 1 and Element 2 it gives,

P4=11.0kN; P5 = -19.7 kN; P6 = -7.45 kN.m; P7 = -11 kN;
P8 =28.3 kN; P9 = -24.63 kN.m
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19.7

s
S 7
i s
- = 4 “ \.\\
- e \\.\\“_ . \A\\\x
1 i Y
' + Q| Q
e Ak e
! Yt m % .
1
i >
] — QL
: ru B
;| 2
1 L
1 = c
i F (=]
1 A o
1
1 f
1 Q
' e
1l b
— £
1
1 a,
| 0
. o Y o
.................................... 7 7
7 — o
“
=<V < b

48 kN

28.3

1.0

3.45

19:7

G
W&\\

Now, draw the axial force, shear force and bending moment diagrams for the whg

structures.

10 kN.

7
7
7
i
<V
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solution by classical analysis

in this frame, there will be to rotations and one side sway. So, the total
degree of freedoms will be three, d.o.k.i= 3

1 " ;=1

13==()
1
d\ = 4\ ‘3= \ » 3= =()
B[ ) ) N “t e
8EI
ki =——=5320
L
2EI
k,, =——=1330
L
6E[
k.= - =998
A D
u;=0 =1 a
I‘\ ) u§=0 u;q\ uz=0 uz=1
B C ) i B ) C )
2El 6EI
ki, :"L—=1330 iy =2
’EI k bEL o =998
k, e 25 5320 2=
P 24E] _
ks, 2 =998 b = r e
A D
Equation of equilibrium:

[Pl=[Ku]+[ 7]

(P 5320 1330 998|[« | | Pn
B |=|1330 5320 998 || u, |+| Py,
(B | 998 998 998 ||uy| | Py
(0] [5320 1330 9981[w, | | 24
0 |=[1330 5320 998 | u, |+| 24
10 998 998 998 || u, 0
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Solve for u, y = -8.]6X10‘3 vad

1y = 3.86x107 rad
wy=1.43x10° m

‘ orces,
Now apply member stiffness equation to get unknown f

MA=k1u1+k3u3+P}

= L ul LZ
—.1330x8.16x107 +998x1.43x107*
=3.42 kN.m

The rest of the forces find by you rself.

M, =ku, + kyu, + Pf

4EI  6EI
LZ
=2660x8.16x107> +998x1.43x107*
=-7.43 kN.m

u, +0

Exercise 1

Analyze the frame forA=4in2;1=200in4; E = 30 x 103 ksi

k 1%
k-
10° By 700
20t c
10f:
k
20
10t
A
SR 40
D
‘\\.\\\P\\'&\%
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Exercise 2

Analyze the frame for A = 5in2;1=400in%; E = 2.5 x 103 ksj

4 10ft

W
———

sl

10ft

2 k/fe
iy €

NN

Exercise 3

10t AN

LN

10ft

D
NS

Analyze the frame for the applied load and a rotational yield of support A
0.0016 rad clockwise. for A= 4.5 in? ; =450 in4 ; E=2.5 x 103 ksi

20k
c
777
WA
01t |7
10 ft
6=0.0016 rad
Exercise 4 il Ok
| 1 108 wr W
Ag/-/,//; 30ft 10 ft 20 ft 7,0
o 7 /
7 21 B b c 2 V%
i 20t
E F
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Exercise 5

Sftl spC 1011

B =240 in’
I=180in* 6 ft

—
AN o
RNt

=108 in’

Ans: My =-1.73, Mg = 3.96, Mg =3.47

Exercise 6

10 kip

5/ s

10 ft
ET constant
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Exercise 7
5 kip

2 kip/ft y
n. 20 ft B iy 0
1=100 in’ 20/t 1=200 in’ £ 1=100in" E
' 10 ft S
10 kip —>
— . A
51 1=300in

—

Ans: My =-47, Mp = 50, Mgy =-31.5, Mpc = -53.6, Mgp = 85.1, Mc = 1.0 (in kipft)

Exercise 8
' i
100 kip > 132
B C
15ft
% I=120in"
E= 20000 ksi
bR A LS
0= tan4/3 .
— ’.-.D
Exercise 9
20 kip
15 ft
[= 1000 in’

E= 20000 ksi

Ans: M, = -24.5, M, = 25.1, M = 22.3, Mp = 20.1 (kip-ft)
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Exercise 10

Analysis the following frame considering,
a) Axial shear and rotational deformation
b) Only rotational deformation

48 kN
- 2m T 2m A
2%
| B CW
3m
—t—24 kN =P
3m
A
Exercise 11
C 12
35 kip _14R D .
I=9000 in’
I=3000in' 1=3000in’
I5ft
E -
I'=4000 in’
I1=13000 in* 15
I=3000 in’
E= 30000 ksi
=z
|
20 ft I
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Analysis of Indeterminate Trusses |
by Direct Stiffness method

Introduction

The basic concept of the stiffness method of beam and frame analysis has
been described in the first section of this chapter. The problems were solved
with hand computation by classical method of analysis with the help of
direct application of the basic principles. The classical method of analysis is
not suitable for computer programming. It is necessary to keep hand
computation to a minimum while implementing this procedure on the
computer. The systematic analysis of structures by direct stiffness method is
developed for the very aim of computer programming. In this section, the
direct stiffness method for planar truss structure is discussed.

A plane truss is a structural system that is made up of straight, slender and
prismatic short thin members interconnected at hinges to form triangulated
patterns. A frictional pin connection can only transmit forces from one
member to another but not the moment. In a truss, the loads are applied at
the joints only. Therefore, a truss member is subjected to only axial forces
and as the forces remain constant along the length of the member, they are
called two-force member. The forces in the member at its two ends must be

of the same magnitude but act in the opposite directions for equilibrium as
shown below.
o

.-'/
o

Axial tension
Axial compression

e
v

Consider a truss member having cross sectional area A, Young’s modulus of
material £, and length of the member L. Let the member be subjected to an
axial tensile force as shown under the action of constant axial force F,
applied at each end, the member gets an elongation in the order of u.

........

F+——y [ ——d
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The axial elongation can be given by, ;;:% Now, the fj:Fe displacemep
relationship for the truss member can be written as, /===u If the stiffneg,
AE .

is defined as k ,it can be written as, 7=k« Where, k=== 15 the stiffness o
the truss member and is defined as the force required for unit deformatig,
of the structure.

In a real truss structure, there are many such members. For example,
consider a planar truss shown in figure below. For each member of th,
truss, one equation can be written of the type shown above, along its axja|
direction (which is called as local coordinate system). Each truss membe,
has different orientation with global coordinate system. To analyze a planar
truss, it is therefore required to write a force-displacement relation for the
complete truss in a coordinate system common to all members. Such 3
coordinate system is referred to as global coordinate system.

> P

[ a

e
B &
TS
A

Local and Global Co-ordinate System

node is i ifi . In this truss, each
dentified by a number enclosed in a circle and each member is

aXis and another along y-axis.

So, the degree of kinematic lacements de m.
gree of kinematic Indeterminacy (d.o.k i) of t lﬁ; e:r ::Sfrise::goht-
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iy

Uz {i\_‘ Us
> —————b—» P
@) (3)
6
y 1 B
N
Uz -
" A
X ( : )w
O u
k‘\‘&:‘\‘ 4

AR

To analyze the truss shown in the above figure, the global stiffness matrix K
need to be evaluated for the given truss. This may be achieved by suitably
putting all the member stiffness matrices into the global stiffness matrix.
Since all members are oriented at different directions, it is required to
transform member displacements and forces from the local coordinate
system to global coordinate system so that a global load-displacement
relation may be written for the complete truss.

Member Stiffness Matrix

Unlike a member of a frame, the member of a truss only under goes axial
deformation due to axial forces; they are either in tension or in
compression. So, in each node there will be a single degree of freedom in
local coordinate system, as shown in figure below. And obviously it is
displacement degree of freedom.

" =-AE/L
'ra;'ﬂﬁ‘ff,m‘/ kar
il

u=0 e

i
W
/ wh'llj:'lf‘

ku =-AE/L u 'I.! =(
PAGE |1 57
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Thus, the member (element) stiffness matrix in local coordinate syster, 3
given by, |
' AE l - [
K& ]_T[—l 1 ]

Transformation of element
stiffness matrix from local to global coordinate System

Displacement transformation matrix

A truss member is shown in the local and global coordinate system in figure
below. Let x’’ be the local coordinate system and xy be the glob
coordinate system. Let the truss member is inclined to xy axis by an angle
as shown in the figure. It is observed from the figure that #’; is equal to the
projection of u; on x’ axis plus projection u, of on x’-axis. Thus,

T EP, 4 Us

e L»tts

@

U, =u, cos® +1u, sin® ¥ -
: : cos
Uy =uycosB +u, sind In matrix form, [ '}___[ sin@ 0 0 i

u, 00 cosO sinf || u

_ul_
u, 0 0 7 m
:3 [Where, ] = cos 0:m=sind]
| Mg |

or [u']:[jr][u]
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In the above equation, [7] is the displacement transformation matrix which
transforms the four global displacement degree of freedom into two
displacement degree of freedom in local coordinate system.

Force transformation matrix

Let P, , P, be the forces in a truss member at node 1 and 2 res
producing #’;, u’, displacements in the local co-ordinate system x
P, P;, P, be the forces in global co-ordinate system at node 1 an
tively producing displacements u;, u, and u;,, u,.

pectively
y'and P,
d 2 respec-

x’
TN 4

P, =P cosO; P, =P sin0; P, =B, cos0; P, =B, sind ; i matrix form,

P cos@ 0 ]
P| |sin6 0 ||F
P | 0 cosB [Pz]
(Pl | 0 sin®

or, [P]:[T]T[PI]

Element Stiffness Matrix in Global Coordinate System
[P]=[k][w]
again, [P]= (11" [P]
=[7)" (%]
=[71" (K(7)[u]
=[k][u]
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k'
P
]

Therefore, [k]=[7] [k'][T]
[P)= 7] [
('] =[7] [
[k]=[T] [¥'][T] ; Multiplying [T] and [7]" with [k’], the member Stiffnes,
matrix [k] in global coordinate becomes,

]
]

2 . . i
cos’ @ cos@sin @ -cos? @ cos-é?jmg
A Gsiné sin’ @ —-cos@sinf  -sinl@
EA| cos ‘
[k]:T ~cos’@ —cos@sind cos’ @ cosﬁjm(}
cosf@sind  —sin? @ cos@sing sin*0 |
[ 2 Im - —Im
AE| Im  m* —=Im —m?
k=T “im P Im
~Im -m* Im P i

The global load-displacement equilibrium equations for a truss element are
therefore written as,

™ ¥ r

R I’ Im - —~Im _ul i
B| AE|Im m* —m -m* || u, (P =(K][u]
Bl L2 s 2 Iy 1,
_P-.#J | —Im -m*  Im m? e

The major steps in solving planar truss problems are:

Step 1 Watch oyt the problem ca
~ system for each element,
elements. For each element

node (node 2). This establish
element. The orientation o

refully and set up the local coordm:;Z
Identify and label the nodes and .
select a start node (node 1) and an Ech
es the local coordinate system for €3 ”
flocal x” axis should be starting fro

; le
lower node to upper node ang the local y” axis will be at right 1253
with local x’ in counter-clockwise direction. Label the two & :
DOF at each node

ding
Starting from node 1 and procee
sequentially,
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step 2 Find out the member orientation of each element. It is the angle, the
global x axis made with an element’s local X' axis in counter-
clockwise direction. Then Construct the element stiffness matrix [£]
for all the elements of the truss in global coordinate system.

step 3 Assemble the element stiffness matrices [£] into the global stiffness
matrix [K]

Step 4 Construct the stiffness equilibrium equation [7),=[K],[4),,, where i
is the total number of degree of freedom (DOF) in the truss.

step 5 Impose the boundary conditions.
step 6 Solve the system equations [7]=[£][«]for the nodal displacements u.

Step 7 For each member, using the nodal displacements, compute the
element nodal forces from element stiffness equilibrium

equation [P] =[K],[],

Example 1
Analyze the two member truss shown in figure below. Assume E4 to be
constant for all members. The length of each member is 5m.

SN
Sm
Sm
30° 30°
Solution
Uy
Ui y’
J’,\/,x’ N
1 2
u; ’ uﬁ

J" X

O u ‘ G us
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Now construct the member stfn

ordinate system,
For member 1, 6= 30° znd for member 2, & = 2207
T 075 0433 -075 -0A4%Z
E4l 0433 025 0423 -0.25
)= 5| 075 -0433 075 0AZ
| 0433 025 0472 025
075 -0433 -075 0422
F4l—0433 025 0432 -0.25
[£],= 51 _075 0433 075 0432
| 0433 025 0423 025 _
The global stiffness matrix of the truss can be obtzined Oy 2s22miing Te

two element stiffness matrices. Thus,

[ 075 0432 -075 0432 G 6
0432 025 -0432 -025 O g
EAl -075 -0433 13 6 675 0432
(%] “51-0433 025 o0 05 0432 -025
0 0 075 0432 075 -04%2
L0 0 0432 -035 -0432 0325

The global stiffness equilibrium equation can be given zs,

[P [ 075 0433 075 -04322 ¢ 0 Hwnl
P 0433 025 -0433 -025 ¢ 0 |u
B| E4| 075 -0433 15 0 -075 0432 u
P| 5|-0433 -025 o 05 0433 -025
P 0 0 075 0433 075 -0432 u
B 0 0 0433 -025 -0433 025 4

Applying boundary conditions,

U =0;u,=0; u=0; u, = () and
P;=5:P,=0
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P [ 075 0433 -0.75 -0433 0 0 “0}
A 0433 025 0433 -025 0 0 0
5 _E4 -0.75 -0.433 1.5 0 -0.75 0.433 U,
0 51-0433 -0.25 0 05 0433 025 ||y,
P 0 0 -0.75 0433 075 -0.433

A L0 0 0433  -025 -0433 025 || 0|

Solving for 4 and uy,

Solve for unknown nodal force, P;, P,, Psand Pg

(P) [ -25)
B| |-1443 '
WPS =\ 9% { kN
B |+1.443)

Now force in each member can be calculated by either solving the element
load-displacement equilibrium equation [P'] = [k'][u'] or just static nodal
analysis.

For member 1, L =5m; [=0.866, m = 0.5

[P]=[¥][u']=[K][T][x]
I A

B|_ 4E[1 -1][0866 0.5 0 0 2
Bl 5|-1 1]l 0 o o866 05)16667,
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AE
T==— 5 —0.866 —0.5
[A]==[o866 05 ] 16667/
L. 0 -
= -2.88 kN [T]
For member 2, L = 5m; | = 0.866, m =- 2.5
"
p'| AE|P ~1|[7 m 0 0]|u
P‘;__I-,_—I 1{10 0 [ m||us
_ o
16667/ |
Vi
pl 4e[1 -1][0.866 0.5 0 o} 0
g7 5| 1]l o o 0866 -05]| o
0
16.667/ |
Vs
[H:'=£[—0.866 +0.5 +0.866-05] °
> 0
0 -

=2.88 kN [C]

0
0

1-1.433 kN
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Example 1 (alternate solution)

solution by classical method

T e
AN
RINEEE

In classical method, the drgree of freedoms are only taken where there will be
nodal translations. So, at node 2 there are two degree of freedoms.

P

d.o.k.i. =2

Uz

e R
RN Pl

Apply unit displacement along one DOF at a time, and calculate the stiffness

coefficients;
u, =0

T > ;=1
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if—sin_?OcosBO

ﬁgt:os3(]

5 \
; 1y=1 " 5
[A;! & i;—:cos’m A

14-5£5in 30cos30

k, =i45£ca:=s2 3(]+f:-;£|::os2 30=0.34E

\":f;\:\‘\\
k =fﬁsin30cosso—-=’§£siu30cos30=0
5

2l

AE
=) 5 wp=I ™,
—sin30cos30 5
“;—Esin 30cos30 5

AE .
k, =—5sin 30cus30—'—45£sin 30cos30=0

AE .
ky = —S—Sin2 30+ ﬁsgsin1 30=0.14E

The stiffness equilibrium equation can be written as,

[P1=[k][«]

P{=AEO.3 0 ||«

F, 0 0.1 u,

Apply boundary conditions, P, =5; P, =0,
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5 03 0 ||
=AE
0 0 0.1},

Solving for u; and uy, TR 16;? o, =0

calculation of bar forces,

AE AE . _AE 16.667
FAB_«:_S—-cosBOxu, +?sm30><u2 = cos30x7—2.88(7’)
Fo= ——5—-00830}(1;l +£5€sin 30xu, = —£c0530x 10:5h =-2.88(C)

The external reaction can be found by simply static analysis of the truss,

——
SRR
S

1433

1433™%
Example 2

Analyze the following indeterminate truss and find the unknown reaction
and bar forces by direct stiffness method. Figure in parenthesis gives the
corresponding bar cross-sectional area in mm2. Assume E as constant.

B

AN (200) A
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Solution:

N 3

=
RN

Now member stiffness matrix for each member in global co-ordinate System,

For member 1, 6=30° A =350 mm?, L= 7m.

1 2 3 4

1[ 37.5 2165 -375--2165]
E 22165 125 -21.65 -125

[k]lzl_d"ﬁ"s 355 2165 375 21.65

42165 -125 2165 125

For member 2, 6=330° A =450 mm?, L= 7m.

3 4 5 6

3[ 4821 -27.84 —482] 27.84 ]
2 K] _E4-278 16 2784 _i5
%572 1095|4821 2784 4821 -27.84
6[27.84 -16 2784 16

For member 3, 8=0° A =209 mm?, =

12.12m
1 2 5 ¢
11165 0 165 0
[k],=L2% 0 0 0o o
P 10°5(-16.5 o 165 0
6L 0 0 0o o
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The global stiffness matrix of the truss can be obtained by assembling these
three element stiffness matrices. Thus,

| z 3 4 5 6
1[ 54  21.65 =375 -21.65 -165 0
2| 21.65 12.52 -21.65 -12.5 0 0
[K]=£_3 ~37.5 -21.65 85.75 —6.19 -4821 27.84
10° 4| -21.65 -12.5 -6.19 285 2784 -16
5| -16.5 0 —4821 27.84 6471 -27.84
6| 0 0 27.84 16 -27.84 16
The global stiffness equilibrium equation can be given as,
i [ 54  21.65 -37.5 -21.65 -16.5 0 %]
B 21.65 12.52 -21.65 -12.5 0 0 |lu
B| E|-375 -21.65 8575 -6.19 -4821 27.84 || us
P |T10°|-21.65 -12.5 -6.19 285 2784 -16 |u
B ~16.5 0  -4821 27.84 64.71 - -27.84 | us
F | 0 0 2784 -16 -27.84 16 | ug]

Applying boundary conditions, u;= 0; uz = 0; us= 0; us=0and P; = 10; P4=12

B T <4 2165 -37.5 -2165 -165 0 |0
I 21.65 1252 -21.65 =125 0 0 0
10| E|-375 -21.65 8575 ~6.19 _48.21 27.84 ||u
2| 10°| —21.65 -12.5 —6.19 285 2784 16 |tk
K -16.5 0 -4821 27.84 6471 _27.84( 0
5 ] 0 0 2784 -16 -27.84 16 1LO.
Solving for uzand uy,
0.149x10° 0.453%10°
Uy = s Us = E
E
PAGE | 69
—

Scanned by CamScanner



Solve for unknown nodal force, P;, Ps, Psand Pg

R] (-15.39]

P| |-8.88
“i%esd r kN

Bl |-542

£ 1313

Now force in each member can be found out by either solving the elemep;
load-displacement equilibrium equation [P’] r—[k'][u'] or just static nodj|
analysis.

By static analysis,

L0606 ’;6'06 =1539= F, =17.79(1)
F,.x6.
.L_’;ﬁoﬁ =542 F,, = 6.26(T)

F,.=0
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Example 3

For the following indeterminate truss, assemble the global stiffness matrix
and find the bar forces and external reactions. Figure in parenthesis gives
the corresponding bar cross-sectional area in in2, Assume £ as constant.

10°
A

I 8

Solution

@ “s
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Now member stiffness matrix for each member in global Co”ordinate

system,

cor member 1,80 = 70.53% A=7- in?, L= 12 ft.
1 2 3 4

([ 0069 0.196 —0.069 ~0.196

52| 0196 0556 -0.196 —0.556

[k} =1a73| —0.069 —0.196 0.069  0.196

4l 0196 -0.556 0.196  0.556

Ferrigmber 2, @ = 289475, A= 7.5in%, L= 12 ft.

3 g ke B 6
al 0.069 —0.196 —0.069  0.196
£ 4]-0196 0556 0.196 —0.556
k), =1a25| —0.060 0.196 0.069 —-0.196
6| 0.196 -0.556 —0.196 0.556

For member 3, 8 =150°A =5 in’, L= 4.62 ft.

5 6 7 8
5[ 0.812 -0.469 —0.812 0.469]
-0.469  0.271 0.469 -0.271
1447/ -0.812 0.469 0.812 -0.469
8 0.469 -0.271 -0.469 0.271]

PAGE |72

Scanned by CamScanner



4,0=270 ,A=10 in L=9H.

For membe
3 4 7 8
3[0.000 0.000 0.000 0.000
_E 4{0.000 1.111 0.000 -1.111
(k),=122710.000 0.000 0.000 0.000
| 80.000 —1.111 0.000 1.111

For member 5, 8=30%A=35 in?, L= 4.62 ft.

1 2 7 8
17 0.812 0469 —0.812 —0.469]
[Fl= _E 2| 0469 0271 -0.469 -0.271

5~ 1447|-0.812 —0.469 0.812 0.469
8| -0.469 -0.271 0.469 0.271!

The global stiffness matrix of the truss can be obtained by assembling these
five element stiffness matrices. Thus,

1 2 3 4 5 6 7 8
110.881 0.665 —0.069 —0.196 0.000 0.000 —0.812 —0.469]
210665 0827 —0.196 —0.556 0.000 0.000 -0.469 -0.271
3| —0.069 —0.196 0.139 0.000 —0.069 0.196 0.000  0.000
K]=-E 4/ -0.196 -0.556 0.000 2222 0.196 -0.556 0.000 —l.111

1445/0.000 0,000 -0.069 0.196 0.881 —0.665 -0.812 0.469
6/0.000 0000 0196 -0.556 —0.665 0.826 0.469 —0.271
71 -0.812 -0.469 0.000 0.000 -0.812 0469 1.624 0.000
8| -0.469 -0.271 0.000 -1.111 0469 0271 0000 1.653

The global stiffness equilibrium equation can be given as,

0.881 0.665 -0.069 -0.196 0.000 0.000 -0.812 -0.4691[ u,
0.665 0.827 -0.196 -0.556 0.000 0.000 -0.469 —0.271|u
~0.069 -0.196 0.139 0.000 -0.069 0.196 0.000 0.000 |
_E|-0.196 -0.556 0.000 2.222 0.196 -0.556 0.000 —1.111}u
144/0.000 0.000 -0.069 0.196 0.881 -0.665 —0.812 0.469 ||
0.000 0.000 0.196 -0.556 —0.665 0.826 0469 —0.271
-0.812 -0.469 0.000 0.000 -0.812 0469 1.624 0.000 |
|-0.469 -0.271 0.000 -1.111 0469 -0.271 0.000 1.653 ||t ]

EEEEREEE)
t

e

r
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Applying boundary conditions, u;, = 0, ;= (), u5 = 0, u; = ¢
and P, =20, P, =10;P, =0, P, =0

R 0.881 0.665 -0.069 -0.196 0.000 0.000 -0§> ~0.46977
P, 0.665 0.827 -0.196 0556 0.000 0.000 0469 oy |
20 ~0.069 -0.196 0.139  0.000 -0.069 0.196 0.000 (00
0|_ £ [-0.196 -0.556 0.000 2222 0196 -0.556 0.000 ;|
R |144[0.000 0.000 -0.069 0.196 0.881 -0.665 -08]2 0.469 | d
P, 0.000 0.000 0.196 0556 -0.665 0.826 0.469 g7, ol
0 -0.812 -0.469 0.000 000 0-0812 0469 1.624 0.000 |, |
0 0469 -0271 0.000 -1.1 110469 -0.271 0.000 153 |

Solving for 3, uy, 3 and u 4

20719.42 1008 720
Z{3=T; 314';“]5—; Zf7 =0, 2{8 2?

Solve for unknown nodal force, Pr, P, Ps and Py

(B feqn ]

JP2 J=33.25
r= rkN
£ ~6.5

LPﬁj L+23.25J

The bar forces can also be found by simply do a static analysis of the truss.

10"
*

A 20*

wY +2.5 \ -26
D

+2.5 +25
5 c
l 33.25 T 23.25
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Exercise 1

Analyze the following truss by direct stiffness method and find the bar forces
Assume AE constant.

X

Ans: Jo*N

B e
25— &7~
lz.s l 7.5

Exercise 2
Analyze the following truss by direct stiffness method and find the bar forces.

Assume AE constant.
100 kN

A% L —> 50kN )i

Sm
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Exercise 3

Assemble the gl ‘
bar forces. Figure in parenthesis give
respective bar in in?. Assume E is constant.

obal stiffness matrix for the following truss and find oyt the
s the cross sectional area (4) of the

10%7
5 3} 7.5) Ve
(12‘ 5) m
(10) 200
(10)
(12.5)
(7.5) D

A
& 1507

S TETRA S

(Ans: Fyp = -6.1%; Fpc = 11.86"; ; Fep =2; Fap =3.14% F4c = 6.23% Fap=-4.88%)

Exercise 4

Analyze the following indeterminate truss and find the unknown reaction
and bar forces by direct stiffness method. Assume E = 30000 ksi

10°%
i -..C L -
= (10) § &
(10) (10 350"
(10)
(10V2)
A (10) B
[By 300" T

(Ans: Fyp =?; Fye =-7.07%; ; Fep = -15% Fup =2 Fyc=7?; Fep= -6.67k)
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Exercise 3
yze the following indeterminate truss and find the unknown reaction

nal _
:\nd bar forces by direct stiffness method. Assume £ = 30000 ksi
20k
18 B
(10) %
10v2 ’
(102) (10) A0V 59
(10)
(1042)
i E o b
m 200 | 200” —
10
Exercise 6

Analyze the following indeterminate truss and find the unknown reaction
and bar forces by direct stiffness method. Assume E = 30000 ksi

J'OHP

A l 10%7
72) 160"
/ 5y @
B : € ==
a (2.4) 72
@ ) 160"

REY
D
|
|

L
|

120" 120"

(Ans: Fup =5.47*. Fpe=7?;;Fecp=2;Fap=2; Fsc= -11.16% Fgp=?)
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Exercise 7

Analyze the following truss by direct stifness method and find

the
forces. Assume AE constant. bar

Ans.
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Moment Distribution Method
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CHAPTER 3
MOMENT DISTRIBUTION METHOD

General
Moment Distribution is an iterative method of solving an indeterminate

structure. It was originally developed by Prof. Hardy Cross in the US in the
1932 in response to the highly indeterminate skyscrapers being built. It is
the method normally used to analyze all types of statically indeterminate
beams and rigid frames in which the members are normally subjected to
bending. The method of moment distribution can be applied to structures
composed of prismatic or nonprismatic members with or without joint

translation.

While the advancement of computer based analysis continues to grow
exponentially within the field of structural engineering, the tools that are
used to analyze structures by hand are no less important. Many would
argue that such tools are even more vital today than they have ever been if
we are to fully understand the output of analysis applications.

Moment distribution is a method by which statically indeterminate
structures are analyzed elastically. It’s based on the relative stiffness of
elements that make up a structure and shifts bending moments from one
section of the structure to another until they become balanced. Once this
balance has been achieved, the shear forces and bending moments within

the structure are drawn.

Analysis principles

The principle of moment distribution is based on creating fixed end
moments at joints in a structure and then releasing them sequentially in
order to derive the bending moments within it. This is done via an iterative
process that relies on achieving equilibrium as the joints in the structure are
released. Consider Fig. 1, which illustrates a 2 span beam that has fully fixed
supports at each end. This is an indeterminate structure, which can quite
easily be analyzed using the moment distribution method. This is done by
placing artificial fixity at the point where the structure can rotate such as B
(Fig. 2). The unbalanced bending moment Mo generated at these fixed
ends, is distributed between both of the spans. These additional moments
are then distributed again until they are dissipated to the point where
equilibrium is achieved.
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M, = M- Myc

lP P l
THIHHHIHHHIHHHIHHHIHHH|HH 7

HF% - \|

V7

<
L
Fig.1 Two span continuous beam

lp Pl
:-{/;3]|1||||||||||1|||||H]||||I|||H|||||||| IV’/
A 4 /(B

A\

My My, Mpc

Fig.2 Fixed end moments with fixity at joint B

. z 5
eﬂl l

ﬁ%ﬂﬂHlHHHlHHIHHHIHHHIHHH[L/’///’B: |7

% ﬁﬁh\xhxﬂmah__,//////1;j%

JA Op B
MW

Fig.3 Elastic deflection of the beam after equilibrium is achieved

Steps of analysis

The moment distribution method essentially involves the following steps to
find the end moments of all members:

Step1 Lock all joints against rotation and find out the fixed end moments
(FEM) corresponding to the joints. (Use Table 1)

Step2 Calculate relative stiffness factors (K)

Step 3 Calculate distribution factors (DF)

Step4  Calculate the distribution moment (DM)
Step5 Find the carryover factor (COF)

Step 6 Calculate the carryover moment (COM)
Step 7 Repeat step 4-6 unti| equilibrium is achieved

Step8 Sum up all the moment
s at each e .
moments, end will give the final end
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step 1 The fixed end moments (FEM) is calculated usin
for different loading conditions. The counter-
taken as positive.

g the following table
clockwise moment will be

Table 1 Fixed end moments for different loading conditions

Mz Load case Mp 4

P
PL : -LL
g %JE 2. e 3%

I~

7’]
w 2
sz LT L E T L = wL
12 [V L ~1
1< =
? 2
Pab? l Pa“b
i3 2 ’ - 2
L a <. b \I L
g ~

2PL

. Pa(L—a)(L-2a
&

L

sz
20
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Table 1 Continued

e e s
Loadcase MB y

Find by yourself
SwI’
96
P
+3PL l
16 B
1/2 Sl L/Z I b
IS 21
wl? ALl
* B
8 L/z bl Pl L/Z ~ |
Fagl B rd

|, Pab(2L—-a)
2L
SR
" 6EIA
I? 6EIA
+
L2
e
3EIA
7
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Step 2

stiffness of all members meeting at a joint js formulated first Th _
stiffness of those members are evaluated by vanishing the C0|;1me relative
For a member of uniform section and rigidity (Constant El, the :’Orltgrms.
stiffness Kis defined as the end moment requireg to produce: a unit ra:lo.nal
at one end of the member while the other eng is fixed. Consic?e?t‘lﬁn
following where moment My is applied at the end 4 in such an amouni
that it will produce unit rotation at that end. S

It can be written,

Mg

The displacement of A with respect to B is zero. From the 2nd area moment

theorem, the tangential distance of A from the tangent drawn at B is also
Zero, SO we can write,

M,
1 1 1 2 B4
EI\—M,L-—L——M,L-~L|=0
[2 AT 3T g 3)
1
MBAzaMAB (1)

Again, df,, =6,-0, =86,

From 1¥area moment theorem,

1 1 1 11 =MABL
Eldo,, =EMABL_5MBAL =EM8L _E'EMABL 4

PAGE 183
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L

0, =‘E AB
4E1
M,,=—0
AB L A
If @, =1, for unit rotation a joint 4,
4E1
Myp=K;z=— (2)

L

K, is called the stiffness of member 4B.

Member stiffness for different end conditions

1. Rotation at near end 4 while far end B is fixed, K, =

2. Rotation at near end while far end is hinged (or roller), K, 3ET
L

Mg

If, A:I’
6E]
K, .= —
o= Reu=
PAGE | 84
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|

- b |

4. When one end is fixed and far end is hinged but one end is displaced
perpendicularly at a distance A with respect to other, the stiffness at

fixed end is,

_3ELA
AB LZ
if, A=,
_ 3EI
KAB - L2

e
S

5. If the concerned member is symmetrical in nature in terms of loading,
geometry and support conditions.

2ET
Kpe=Keg=—-

I i |

N
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6. If the concern _
but the structure is symmetrica

PQP
L]

;/ 4
& -
G B =
i !
M A :
1
T H
_

Step 3, STEP 4

S

od member is anti-symmetrical in nature in terms of loa.
| in geometry and support Condiﬁonzd'

Calculation of distribution factors (DF) based on relative stiffness of those

members meet at a joint.

B B
B A
Iip
Lip
~ 8/
” Iy F \ Lic i ” 2
Ly J M JC " 2
3]
Iip ‘
Ljp
5 >
i
B
<l
Mg
o M Mjc
24 WA YY" g
VAR M lz ) \ c F
M;4 :
~—1-7
i Mjp
D
wn
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The applied moment M will be resisted by the four members me

eting at

joint J. The resisting moment My, Mz, Myc and M, will be induced at the
ends of the four members to balance the effect of the external moment M

a5 shown in the Figure above.

Equilibrium of the joint requires that,
M, + My, + M +M, =M
Now, 0,=06,;=0,=0,,=0
My, My _ M _ M, M

Hence, 0= = = =
K, Ky K. K

From the above relationship, it can be written that,

—”i-M=DF:,A-M

2

K
K
K :
—Z—J;{-M:DFJB-M
KJC
K
K
K

2
2

M, =
M, =
M, = M =DF,.-M
MJD:

<2 .M=DF,-M

K

D KJA+KJB+KJC+

= M
KJD ZK

In the above equation, the ratio Y K is defined as distribution factor
DF, (I=A4, B, C, D). Thus, a moment resisted by a joint will be distributed
among the connecting members in proportion to their distribution factors,
DF. In determining the distribution factors, only the relative K values forthe
connecting members are needed as the common terms are cancelled out
from the equation. It is important to note that the summation of all stiffness
at a joint is called joint stiffness i.e Y K in the above equation. If the end

span is supported by hinge, the DF will be =1 and if it is fixed the DF =0
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Step 5, Step 6

The moment distributed at the near end will be carried over to far end in 5,
amount equal to one-half of that at near end. The induced moments at o
ends named as carryover moment (COM) are therefore given by,

1

M, =—M
1
Mgy =—Mp
2
1
Mcy =EMJC
1
Mpy= EMJD

In the above equation the carry over factor (COF) is equal to /2. If the far end
is hinged, the carryover factor is zero. Similarly no moment will be carried
over to far end if the near end is originally fix supported. Following

examples will further illustrate these matters.

Worked out Examples
Example 1

Find the end moments and draw the bending Moment diagram for the

following prismatic beam.

100N

v \\\:\3

2m

:

— W
N5

B
2m < — 4dm

Solution
Step 1
Lock the joint B and find out the fixed end moments (FEM)
10N
ZA 4 D = B
I<_‘— 2m —l—— 2m ——)I% 4dm >
PL

FEM,; = +—8— =+50kN.m

PL
FEMgy = —===-50kN.m
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Since, joint B was originally fre.e to rotate and there was no fixity at this
joint, the internal moment at joint B should be equal and opposite in sign to
maintain equilibrium. After imposing artificial clamped at joint B, a moment
of -50 kNm has been induced at this joint. For the sake of equilibrium and to
allow the joint for rotation, this -50 kN.m moment have to be distributed
along the each of the two members i.e B4 and BC in accordance to their
relative stiffness and distribution factors.

Step 2
Calculate the relative stiffness of member B4 and BC.

S

Ky, =£=ﬂ=l

L
4E]

Kjp =—=

i [assuming E/= 1]
4,
4

The summation of stiffness of these two members,

ZK =Ky, + Kpc =14+1=2, which is also called the stiffness of joint B.

Step 3

The unbalanced -50 kN-m moment induced at joint B due to artificial fixity
have to be distributed in a ratio of distribution factors (DF) in opposite sign.

So,

K 1
DFBA = ZB;{ =-i=0.5

K 1
DFBC = ZB[C;T =§:05

Step 4

DM can now be calculated using the DFs given

The distributed moment
rm below.

above. The rest of the steps are shown in a tabular fo
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100 kN

[

<£&— 2m ——|—— 2m )i( dm —_—]
Joint A B c
Member AB BA | BC CcB
DF 0 05|05 0
FEM +50 -50
) I / ek \

) | 125
coM +12.5. ) +
+12.5

Final Moment=X | +62.5 -25 | +25

A B =

25
62.5
100 kN v
7
/EDS
4 D B
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Example 2

find the end moments and draw the bending Moment diagram for the
following prismatic beam.

[ = 1249 % 104 m?; Ipc = 2.497 % 10-* m*. I is constant for all members,

3.5 kN-m
L C

6.1 m ———‘
solution (Method 1)

Fixing the end joint C and calculate the fixed end moment (FEM) and
distribution factor (DF)

A B

N

Tew

L 4.6m

Step 1
Lock the joint B and C and find out the fixed end moments (FEM)

48028
A ”//,_/;
7 7
ZA WL
. Wl
ki
S

, CV
i, i,
Frir? eie
,,,,,

Mz Mg
2 2
MBC:+‘“;’; =4 33X0 1 1085 kv —m
wl* _ 3.5x6.1% .
=— =— =-10.85 kN-m
Mes="73 12

Step 2
Calculate the stiffness factors of member B4 and BC.

_4EI _4E.1.249x10™

E =1.086x10" (Assume E=l)
"L 4.6 assan
-4
KBC _ 4E] _ 4E.2.46971><10 :1.637X10"1
L ;

Step 3

Find the distribution factors (DF). o
Since, the left of support A is fixed, the stiffness of left of Ais |r-1ﬁn|ty.
Similarly the right of support C has no member, therefore the spffnes:s
of right of C is zero. Also note that the summation of DFs at 2 joint Is
equal to 1. So, DFp4 +DFpc =1 .
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Kn‘b’
DFy =248 .
Al 00+KAB
Ky Ka 1.086

= = '-—"0.4
> K K, +Kp 1.086+1.637
KBC _ K_BC s 1.637 —-06
YK Ky +K, 1.086+1.637
Kes  _
Ko +0

DF,, =

DF,, =

DF,. =

Step 4

The distributed moment DM can now be calculated using the DF given
above. The rest of the steps are shown in 3 tabular form below,

Table for Method 1
Joint T A B c
Member AB BA | BC - cB
DF 0 0.4 |06 1
FEM +10.85 -10.85
DM -4.34 | -6.51 +10.85 Il
com 217 / +5.425 >< -3.255 I
DM -2.17 | -3.255 +3.255
COM -1.085 / +1.628 >< 1628 | l
DM -0.651 | -0.977 +1.628 i
com -0.326 / +0.814 >< -0.488 %
DM -0.326 | -0.488 +0.488 )
COM -0.163 4// +0.244 >< -0.244
DM -———_—‘—_‘__m 70.146 +0.244
com -0.049 / SAgn >< -0.073
DM s -0.049 | -0.073
Fa T —— ]
Moment = £| .3 8 -7.634 | +7.734 0
S |
e
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Method 2 (Modified Method)

Keeping the end joint C as hinged and calculate the fixed e

nd
(FEM) and distribution factors (DF). moment

Step 1

Lock only the joint B (C'will remain free against rotation) and calculate the
fixed end moments (FEM).

AL
7AB
Mpc N

2 2
M, =+wL =+3.5:»(6.1

i} .
3 3 +16.28 kN —m

M,p=0
Step 2

Calculate the stiffness factors of member B4 and BC. Since far end is free
for member BC, the stiffness factor will be 3El/L (see Table 1)

_4El 4Ex1.249x10™

K =1.086x10™* (Assume E=1
2 F 4.6 ( )
ol
R 3EI _ 3E%x2.497x10 _1.228x10™
L |
Step 3
Find the distribution factors (DF).
DF,=—2#__
o+K
_ Ky _ K, 1086 .
Py = K Ky +K, 1086+1228
DF.. — Kin _ Ko _ 1.228 ~0.53
ONK Ky +Ky, 108641228
K
DF, . =—%_=]
5 Ky +0
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Step 4

The distributed moment DM can now be calculated ysjp,
above. The rest of the steps are shown in a tabular form p
the difference between method 1 and method 2 is obvioys,
treated as free for method 2, no distributed moment wil| 8O to the
and hence has reduced the calculation time and effort to a great EXteer?tdf .
or

& the DF given

elow. Note thatll
As the joint Cis 3

method 2.
Table for Method 2
Joint
n A B c
Member AB BA [ BC CB|
DF 0 047 | 0.53 1
FEM o +16.28
DM / -7.652 | -8.628
COM -3.826
Final Moment=X% | -3.826 - -7.652 | +7.652 0
3.5 kN-m
By ©

PAGE | 94

Scanned by CamScanner



gxample 3
Find the end
following

moments and draw the bending Moment diagram for the
priSmatiC beam.

A
5

kN
l BIlH||ll|11|||l|||Ul|||1||I|IHIII!IIII|IllIIlIlIFIHIHIIII!HHIID
2El m 3EI %,C 3EI ‘
|4. 4m ——I—— 4m >l( 8m = 8m S|

Solution
FEM _
3PL wL LA VA
= i =4—= % = = —— i , =4—==
=L =15, Myc =17 =426.67; Moy == o= +g
3EI
DF DFy =—pt - 4 2ol i
Ko +Kpe 3Bl +4EL7 6412
4EIl
P R /fEI e 0 66
Ky +Kpe 35%4, A 6+12
4EI
DF_, = Kepe = A’Ef n«i=0.5?;
For.
Kep+Kep 4E%+3A’ 7
3EI
DF. = Ko /L 3043
P KeptKep 4E%+3E% 7
Joint A B C D'(J:
Member AB BA | BC CB | CD
1
DF 1 0.33 | 0.67 0.57 | 0.43
Applied Moment e T |
COM 16.75
FEM -15 | +26.67 2687 | x40 .
DM 385|182 ><+1.95 +1.47
-3.91
COM +0.98
68
DM '0.32 -0.66 %-‘-2.23 +1 6
-0.33
CoM +1.11 ol
- 14
DM 037 -0.74 +0.19 | +01
COM 037
LFinal Moment=3 [0 -36.04 [ -13.87 8T |
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10 kN /'ﬂ S50 kN-m 5 kN/m

A B wip
FAY 261 o B @C gy )
[y

(SN

|€" dm —I— 4m }‘f( Sm } Sm -————_}l

M/\ /X
/\ B (& BMD
A \J \/ D

36 43.6

l //"“150ﬁmm 5 KV/m

A BFIIHHIlH||HH||H|IHIHIJIIIIHHHIIHILIIHIII D
ﬁEMH“\\\H_/,///ZSE\\\E_d’,;;%g EDS

Mw e =

10 kN

Example 4
10 kN 40 kN
{/"HSUHWm
w l 10 IkN/m l
;j BIIIIHIHIIHHIHIIrHIIIIHIIIJHHHIIIIHHHJIII C D
MA gy & El @
e 3m | 3m | 9m | 3m )
™~ ] | |
Solution

In this problem the overha
40 kN load can be 3

120 kN-m moment is
The rest of the soluti

10 kN

nging part is determinate and the moment due t.o
pplied at support C as shown in figure below. This

treated as external applied moment at this support C.
on is same as Example 2,

50 kNeom
%\J' C HIIIIJIlllillj;?!!‘ﬁzl\fl/mllllilIlilillhfzokN'm
A4 Ey é El @

Im 3m

1 Im }
FEM
M, -+PL_ 40x¢

—_— o i Pr, 40X6 WLZ 10:(92_ 101 25
+——._.____+ - : _ =+ .
8 ) 30, J%A—---g—.:i-.——_s__—-__SO’% =t —— 3

PAGE 1 96

Scanned by CamScanner



DF

4x2E]
i K,, / 4x2E] / g
DFa =% 1Ky 8E/+3E/ 8E/+3E/ D =0.3
6 9

DFBC - -—0.8 = 0.2

Joint A C
_I'_L[;mber AB BA | BC CB
DF 0 08102 1
Applied Moment / +40 | +10 -120
FEM +30 -30 | +101.25

DM -9 |-225

COM 45 /

Final Moment=X | +45.5 +1 | +49 -120

10N 40N

g B c D

a4 m &2 E &

le3m | 3m | 9m ! m__ |

s : 1 1 2

AV/\B /—\ \Cl'/ D BMD

45.5 49 120
10kN 40N

/—SOkNm

10kN/m

c J EDS

I'L\l/ Q\/ a\
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Examples of Beam with Support Settlement

Example 5 !
For the following beam, support B settles 10 mm downwarq. Use the

moment distributions method to determine all the unknown mome

nts
supports. Take [ = 50x70° mm” and E = 200 GPa &
: 15 kN-m
12 kN-m  20kN -
3 kN/m
A B LV g
| i '.
A 2E1 3E[ ijc ,
N o
A= 10 mm
- o |
[e—— 8m e — dm —)
Solution
FEM
For support settlement:
6
MBA=+3E£A 3><2x200x20x10 x10 = 49375kN - m
L 8
- EIA 6 0 ;
MBC=MCB=‘6L2 e x3x%20 ZEOXIO XI0=—28.125kN-m
For External loading
3PL L2 sz
Joint A B C
Member
DF

Applied Moment

COM

[FEM],
[FEM]Loaq

DM +12.788 | +25.96
COoM \ -

Final Moment=3 | -12

-8.72 | +23.72 -26.2
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15 kN-m

’/—\ 3 kN/m
B COLLLLLLL ey
o
—g $A3=10mm
=38
}‘I{ 8m —%‘ |

12 /\
2t N_ € opyp
4 8.72\\/ \l
29.73 26.2
AT 20 kN 15 kN-m
]2 AN m P 3 kN/m o
ﬁ B LTS EDS
I—_ _ . = i e S b AT L

Example 6

For the following beam, support A settles 10 mm downward. Use the
moment distributions method to determine all the unknown moments at
supports. Take / = 50x106 mm* and E = 200 GPa ‘

12 IN-m
6 kN/m
_IIIIIIHIIIIIIIIHIIHI_1_|II|1IIH|11|
1B 2E] C 1.5EI
b
S im Sl sm —3|
Solution

Since at pojnt C th
support at C, The
following two beams,

PAGE 1 99
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equivalent structure will be the summation of the
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Beam 1

=

[ Beam 2
+

Re

——
Rc
At first inbeam 1, find the reaction Rc,
FEM
For support settlement,
3EIA 3%1.5%200%50x10° x10
My =+——=+""2 - =+50kN - m
L 3
I} 6x9
For Bxternalloading, M, =+~ =+ g =+ 675kN-m
DF
DFcp= 8/12.5 = 0.64; DFcy = 4.5/12.5 = (.36
Joint B . C A
Member BC CB [ CA AC
DF 0 0.64 | 0.36 1
Applied Moment +12
COM ......... ; .6../
[FEM]a +50 -
[FEMLoag +6.75
DM ' -40.16 | -22.59
Final Moment=3 | -20.08 -40.16 | +40.16 +12
PAGE 1 100
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20.08 40.16 40.16

/ -\1 Y -&{2

C‘k LI_I_I_lllflliIlIIIil!III!rIIIIJL{ \
B TC Al
20.08 (40.16+20.08)/3 26.39 8.39
=20.08 |

40.16 40.16
»/l“ D
[

20.08 ‘ﬁf:‘ 26.39
Rc=20.08+26.39 = 46.47

Now, apply Rc on Beam 2,
Rc=46.47

FEM for vertical displacement at C,

M, =+M,, :+%A =+ 6"? 0 _ 120 A
Mm=_.3_§I_&:_3><1:”42><90=_45
Joint B C A
Member BC CB | CA AC
DF 0 0.64 | 0.36 1
IFEM], +120 +120 | -45
DM -48 | -27
COM 24 /
@t =3 |+96 +72 | -72 B
PAGE | 101
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¥ T | ~<=
T 5 & l Lf ; A4
50 (96472)/3 56 2 24
/572 70
=
O

56 — 24
Re=56+24 = &0

So, the real moment will be, Mpc = 96x46.47/80 = 55.76;
Mcy =72x46.47/80 = 41.82 = Mcy

The resultant moment will be the moment of Beam 1 + moment of
Beam 2 as follows,

-20.08 K+12
C I ,) - -
3 C¥.ppis Y 4
N +47.82 -41.82 (
[ ] i '
+55.76 \| B C ) G 4

) r+1.66 -1.66
it e [ ]
+35.68\ p c ¢ 4

12 kN-m

6 kN/m
ullllliJililllmzlllllfll|1i|||lu|Hullumﬁn}\A

=

Il
+
—
[N

R

35.68
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geam with support settlement and support rotation
Example 7

Find support moment for the following continuous beam, Given that:

0, =0.001 radian clockwise
A, =0.12 in downward
A, =0.48 in downward

A, =0.21 in downward

Assume E =30x10° ksi and I = 1000 in’

K & B 3EI C >
@ D
4 =0.I2r’n$ o Y .
R = | do=0sein Bl
“ .
0,=0.001 rad
k 10f1 I I5fi —|_ St 9|

Solution

Note that the support 4 undergoes a clockwise rotation, so the induced
moment due to this rotation is negative and the resultant settlement

between support 4 and B is Us- 4s) and induced moment due to this
settlement is positive. e

FEM
M

A=

4EI 6EI(A,-A,)  4x30x10°x1000x0.001  6x30x10°x1000(0.48-0.12)
+ =- * .
7 2 10x144 102 x 144x12
=-83.34+375=+291.7 k-ft

M, =_2E10 6EI(A,-A,) _2x30x10°x1000x0.001 6x30x10°x1000(0.48-0.12)
BA — =

L I? 10x144 " 10 x144x12
=—41.65+375=4333.4 k-fi

M, =_3x3EI(a2.,, —Ag) __3x3x30x10°x1000(0.48-0.21) _ _;¢7 5.t
L 157 144 12
PAGE | 103
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Dr

4 Lf%

o K
[),‘H.fl [ K ”j{ — 4[(', '}y":}lﬁ[ = 4[(_'! ()[;'[ = 2 5 3 — 04
17 + e o / ofu 2 A'/L J/]O + %5 SN
y 5
DFy. =1-0.4=0.6
Joint A B C
Member AB BA | BC CB
DF 0 04 | 0.6 1
[FEM]a +291.7 +333.4 | -187.5
DM -58.36 | -87.57
COM -29.18
Final Moment =X | +262.52 +275 | -275 0
g —
A =0!2 f’!‘@ < =~ A = i
! ' R dy= 048 in S A= 0dlin
EDS
T et
h‘_\-‘:—-—- T
275

262.5
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Exercise 1

80 kN
B c U
Iy —m | dm L dn

rt C, M =49.23, at support D, M= 8.79 and support E, M = 75.61

Ans: At suppo
Exercise 2
200 kN 200 kN
4 l B C T D
5 A A 2
P 2x5 m 15 m | 2%x5m S)
I~
Ans: At point B, M= 213.75
Exercise 3
. 6 kN/im 12 f.”_’"\
R S A R -,«,::_._‘,;;__l.!!l_!llII_I__IJIIII!!lf__!!I__\III|_I_I:|___I!_I_I_I!II_!I\I_I_I'_!IrII_lg A
7 B 2El 1.5EI &
= AN A dg=10mm
A4
i‘( 3m }I( 3m -———)[
Ans: My = -2 kN-m, M = 40.16 kN-m
PAGE 1 105
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Analysis of Indeterminate Frame by Moment Distribution Methogq

Examples of frame without side way

If the frame does not experience any joint translatiqn or sid.e sway, the
solution method is as simple as beam. No, special consideration js
necessary. Following examples will show the step-by-step solution

procedure.

Example 1 -
Analyze the following frame by moment distribution method, and find a||

unknown support moment

e

A
T | =144 in°

sft *__ sp o
D
T LR 1=180in" ¢ I=240in’ &
12 2:—|—’k
ft =108 in®
6ft
AL R
Iﬂft ES\‘?.:: 10 ff
Solution
FEM
Pl PL
MBC = —,—8* =-5.0; MCB =+5.0; MCE = "f‘? = +30, MEC =-3.0
Relative Stiffness
4EI 4FE144 4EI 4FE180
sl ; 8 ) 0 -
3EI 3E240 4EI 4FE108
s ; 10 ) 12 !
DF
DFHC = KBC = 2 =05
Kp+Kpe 2+2
2
.DF == DF = —
=M=y om0
1
DFCE = _5' = 0.2
PAGE | 106
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For this type of frame problem, it is advantageous to solve the problem on
the frame itself rather than in a separate table.

w8l 4
3% 7 12
+0.66
i i
© +3.89
-c’.: i P C 0.4 D
B |05 Bl we. 8 8 | s
5.0 5.0 YEL.E L N
+32
e —
B
s 1056
010 T 008 7 & = 2%
+0.03 E Rl
+3.47 28 TS
A y
B c 1.05 - D
A e
3.47 /// %//%///// == S
/////‘?

Bending moment dizgram
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> £

2k,

Elastic deflection shape

=4

Example 2
Analyze the following frame by moment distribution method, and find all unknown

support moments.

B 1.2kt €
LD

10 ft

A D
N\ =

f———- 0 ——]

Solution

This frame is symmetrical about its centerline. So, it is prudent to
analyze half of the frame, considering the stiffness factor for symmetri-
cal case and find the unknown moments. The moments on the other half
of the frame will be exactly the same in value but opposite in sign of that
of the left-hala, as shown in the moment diagram below. For brevity,
detail of the calculation of relative stiffness and distribution factors are
not shown here, and they are the same calculation procedure as were in
the previous examples.

PAGE 1108

Scanned by CamScanner



g
|

||[ LRI ]|||.HIIIIIIIIIIIH{HIII!

BA BC
2/3 1/3
+10
-6.67 -3.33
-6.67 +6.67
~3.34 4 D
——— 10fi —
B \\\\\\\\\\\\\\\ \\\\\\ C
-0.67 +6.67
+6.67 -6.67
A D
-3.34 S _
BMD
B G
A « D
EDS
PAGE 1109
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Example 3

Analyze the following frame by moment distribution method, and find all unknown

support moments.

60 k 60 k

; ’ - 30 fi
3 20 10 +—— —
— 30t —— 10 {; ~I -

4 2 - ]
= 5/ B 21 ¢ 21

20 /i

y L L
ﬁ'ﬁ Mt

Solution

This frame is anti-symmetrical about its centerline. So, it is prudent to analyze half
of the frame considering the stiffness factor for anti-symmetry case, and find the
unknown moments. The moments on the other half of the frame will be exactly the

same in value and same in sign of that of the left-half, as shown in the moment

diagram below.

FEM
My = Pa(L—cI:;(L-—Qa) _ 60><104>(<)230><20 — 1295 k-ft
Relative Stiffness
K _4E] 4Ex2I _ 8
BA — = = AR
L 30 30
K _6EI 6Ex2I _ 9
BC ™ = R
L 40 30
4EI 4ExI 6
KBE -_—T: 20 .'—_%
DF
K 8
DFye = = = =0.348
DFy = Rac . =0.391

Kps+Kpo+Kpe T8+9+6
DFy; =1-(0.348+0.391)=0.261

PAGE 1110
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A E\f B | L ”I :
2| B4 BE BC | !
-390 348 0.261 0.391
+225
782 -58.6 -88.2
782  -58.6 +136.8
293 |E F
T T
+136.8

-39.1

6 / _\mi- 2r
~—] L C /-58.6\r

N

Hm\_\“ '
o
4
Co

-39.
-78.2 -39.1

-29.3

(o5
"

/f\<2

B!

=
1

Elastic Deflection Shape

PAGE | 111
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Example 4
Analyze the following frame by moment distribution method, and fing
unknown support moments.

48 kN
40 kN-m 8 kN/m
A l B L Ryt C -
r:%a 2.5EI N 2.5E1 iy
3EI im
D
NS T e

I*Sm I 5m—|

Solution
Joint A B D C
Member | AB BA | BC BD | DB CB
DF 1 0.25 ] 0.25 050 1
Applied M -10 | -10 -20
COM -10
FEM -45 | 425
DM +5 | +5 i +10
COM +5
TotalM,Z |0 ) -50 | +20 <10 | -5 0

EDS

PAGE 1112
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Examples of frames with inclined leg and side sway

Many indeterminate frames experience joint translation along with joint
rotation, and therefore, the process of moment distribution, described
previously, cannot be applied directly without certain adjustments and
operations.

consider the following frame (a), where the frame undergoes certain
amount of joint translation along with the joint rotation, due to the applied
load. A two-stage analysis procedure is required to account for the
additional moments caused by the sway of the frame. In the first stage of
analysis procedure, an artificial holding or prop is applied at the joint where
the sway is assumed to happen. The whole purpose of the artificial holding
is to prevent side sway as shown if figure (b). While this artificial restraint is
in place, the frame is analyzed as usual by moment distribution method.
The artificial holding force R can then easily be found from its static analysis
and free-body. As the frame was restrained against lateral sway with the
help of this holding force R, equal and opposite force have to be applied on
the frame to ensure original behavior of the frame. Figure (c) below shows
the frame with the holding force R. Now, the frame is analyzed again by
moment distribution method for this joint load R, and this is the second
stage of the analysis. The resultant moments M of the frame will then be
the summation of moment M; and M, from figure (b) and (c) respectively,
based on the principle of superposition. The principle of superposition can
also be applied to get the resultant deformation of the frame (figure d, e, f).
Following examples will explain the technique more clearly. :

! b A
— - i
T, T T ) 100 mm T
M = M‘, + Mz
. S i e i e
= = 7 + j
b, w
“ (@) (e) i L)
0 = 61 + 02
PAGE 1113
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Example 5 (Frame with joint load)
Analyze the following unequal legged frame by moment distribution

method, and find all unknown support moments.

10ft

v
0

30k
B
101t

1

20 D
f Ve

A
Vo

Solution
Since only the joint load is present here, the second stage of solution alone

will be necessary to get the final moment. A tentative joint translation
of the frame will be as follows (without joint rotation). An arbitrary

lateral displacement (sway) 4 = 40000 will induce the following fixed-end

moments,

A Al
B[ cTi e
." D |/
i w
/A
T
FEM
M,=M =+6EIA:6EIA=
AB BA 12 200 +100

6EIA 6EIA
—— =+400

Mep = My =+ =
7 100

PAGE | 114
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tribute this fixed-end moment to get all the end moments.

Now, dis
Joint ___|A B C D
Member | AB BA | BC CB|cCD DC
il
OF 0 0.33 | 0.67 0505 0
FEM +100 +100 +400 +400
oM / 333 -66.?><-200 -200
coM | -167 100 333 N 4100
DM / *+33.3 +66-7><+16.6 +16.7
COM +16.7 +8.3 +33.3 +8.3
oM / 28| 55 ><-16.6 16.7
COM 1.4 83 28 S~ 83
- / 128 | 455 14| +14
COM 1.4 +0.7 >< +2.8 S~ +0.7
DM 02 |-05 14|14
F‘“ak'_f’;"zf;e“‘* +100 +100 | -100 -200 | +200 +300

From the free-body, the lateral force P is found to be 60 k. Due to arbitrary
lateral displacement (4 = 40000), an arbitrary lateral force P = 60 k is
generated here. As, the original lateral joint force was 30 k, the exact
moment can simply be the moment got by moment distribution in the

above table multiplied by the ratio of 30/60 as shown in figure below.

P=60k %
— 30k —»—
B c \
T T s
— 30/60
D
T
(——
(200+300)/10 e
4 % =50k Sl 2
N (100+100 A
i )/20 V0
=10k
PAGE 1115
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Analyze the following inclined legged frame by moment distributig,,

Example 6
method, and find all unknown support moments
s IS —
100 kip > 3 3K C
2K
ISt | e
4 2511
: 3
Y/
e

Solution .
A tentative joint translation of the frame will be as follows (without joint
rotation). An arbitrary lateral displacement (sway) 4 = 250 will induce the

following fixed-end moments,
I L R L 54/4
34/4
‘ 4 C

N
Y

PAGE 1116
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FEM GEIA  GEI 1.
M=M=+ =4 A—-+—6]A

L;;_ LL - 15 :+IOU
6EIA 6-2-2A
MBC=MCB=_ 2 = 154 =-150
6EIA 6:2-2A
Mo =My =+ I =+ 254 =+150

[Note that flexural stiffness, k = EI/L]

Distribute the FEM
Joint A B D C
Member AB BA | BC CB | CD DC
DF 0 0.33 | 0.67 05|05 0
FEM +100 +100 | -150 150 | +150 +150
16.7 | +33.3 e |0
i / " \
COM +8.35 0 +16.6
DM / -83|-83 \
COM 42 42
DM +1.4 | +2.8 \
COM 407 e 14
DM 07|07
COM -0.35 “ ™~ 035
DM +0.15 | +0.2
rinel Loment | 403 +118.2 | 118.2 141 | +141 +145.5

from the free-body, calculate the lateral force, P for arbitrary lateral sway.

0
| \ 141
P=425k ,-’Q
ETN
118.2
_— 11.5
A5 4=
=7 109.1 3?1 o
PAGE 1 117
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As, the original lateral joint force was /00 k, the exact moment can simply
be the moment got by moment distribution in the above table multiplied by
the ratio of 100/42.5 as shown in figure below.

B

b‘—--"»
= 100/42.5

278.5

a Y

4

EDS

PAGE 1118
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Example 7

Analyze the following equal legged portal frame by moment distribution
method, and find all unknown support moments.

l 16 kip
B 21 C
1.2 K/ ft 31 37 107
1
4 D
T Ve
L sp —— s —

Solution

In this frame the loads are applied on the member, unlike the previous
problems, where the load was applied at the joint. So, two stage solution
procedure is needed for this problem, as discussed earlier. At the first stage
of the solution, put an artificial hoiding at the top of the frame at C to
prevent side sway. With this holding in place, find out the end moments
(M) by moment distribution procedure.

l]6kip

////f/ﬂ
=

B ) B

1.2k ft 31 31

A D

7 ST
FEM
wi? wil?
MBC :+££=+20;MCB _—.'—-28‘!:'—:'—20
PAGE 1119
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Distribute this fixed-end moment by moment distribution method,

| soint A B G

X

i D
Member AB BA | BC CB | CD De |
—_—
DF 0 0.6 |04 04|06 ol
SO
FEM +10 -10 | +20 20 |
3 ; —

DM 6| -4 8 |[+12

COM & +4 2

DM -24 |-1.6 +0.8 | +1.2 \ |

COM -1,2/ +0.4 -0.8 +06

DM -0.24 | -0.16 +0.32 | +0.48

COM 0.12 / +0.16 -0.08 \‘ +0.24
Final Moment, k-ft=3 | +5.7 -18.6 | +18.6 -13.7 | +137 +6.9

From the free-body and from the static analysis, find the lateral holding
force R at joint C. Apply the force R at joint B in opposite direction and
again calculate the end moments (A4) for side sway as follows.

16 kip
/ l " (R=5.23k
3‘& = S 523k >
pan B ¢

ff‘ 7= Z&’ 3

’ 18.6 13.7
1.2k/ft

A D
W 5.7 T 6.9
oy ‘-..____:7 A D
4;-;— 4—2;6— WM T
M;
Assume an arbitrary joint translation, 4 = 71800
FEM
6EIA 6-3-A
M =M =t—= =
B B4 7 100 +324
6EIA  6.3.A
M. =M =4———= =
PAGE 1120
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Distribute the FEM

Joint A B c D

Uerbar | AB BA | BC CB | cD DC
T oF 0 0.6 | 0.4 04 |06 0

FEM +324 +324 +324 +324

=~ /-194.4 1296 1296 | -194.4

COM 97.2 -64.8 >< 64.8 \ 972

ol / +38.0 | +25.9 +25.9 | +38.0

COM +19.5 - +13 >< +13 \+19.5

- 78|52 . 52]|-7.8

COM 3.9 ‘/ 28 >< 26 \ 3.9

DM +1.6 | +1.0 +1.0 | +1.6

COM +0.8 — 105 >< +0.5 \ +0.8

DM 0.3 | -0.2 >< -0.2|-0.3

COM 015 — 0.1 0.1 ey 015
Fi"i‘_:‘:‘gf‘;e"‘r +243 +162 | -162 -162 | +162 +243

The exact moment M, will be the distributed moments found in the above
table multiplied by the ratio of 5.23/81 as follows,

81k 2

EE b
\
v
[
’

162

\_ 7T

s P

40.5

— 5.23/81

243

PAGE I 121

A
A
A

B\, e
Lj'—- "‘*-.,‘:\ LB’- e
10.46 10.46
A D
7w 15.69 15.69 . 77w
\\“‘—-q N =y
M,
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The resultant final moment, M =M; + M

Bi\ ’!: C'
8.14 24.16
y D
. 21.4 Ve 22.6
...... =7 R 4

A D
7 Vi

Elastic deflection shape of the frame

PAGE | 122
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Example 8 o
Analyze the following both legged inclined frame by moment distribution method,
and find all unknown support moments.

20 kip

L Sft 20 ft

I=3800in’ I =600 in’

Solution

Put an artificial holding at the top of the frame at C to prevent side sway.
With this holding in place, find out the end moments A; by moment
distribution procedure as shown in figure below. (Detailed tabular value is
not shown here, do it by yourself)

PAGE 1123
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t the lateral holding force R at joint C, Apply

Draw the free-body and find ou
direction and find out the end moments

the force R at joint C in opposite
M for side sway as follows.

Here, R = 8.11 kip . 50, an equal a

joint C. A 10 kip joint force is alrea
joint Cwill be = 10-8.11 = 1.89 kip. Now end mom

for the side sway produced by this joint force at R.

nd opposite force have to be applied at
dy there. SO the resultant joint force at
ents have to be calculateqd

20 kip
+30.2 -14.] 4 8.11 kip
B c
-30.2 +ld1
-15.1 +6.9
2 3.62k
11.73k A ¢
Li(‘ﬂk T 4.19k

Assume an arbitrary joint translation 4 = 10.4 is induced due to this joint
force of 1.89 kip, as shown in figure below,

-
&
...... 5 - y
' {

'

BJ,‘ ) B
0.5774 1.1544 r,’ ‘|"\ \'\‘.
B’ B <« ) : "-‘
\ ]ll' .‘l

B 4

1.1544
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FEM 6EIA _800x1.154A

Myy=Mpy, =~ /2 20° =24
6EIA  1000x2x0.577A
My =My =+ I i 20 =+30
6LEIA  600x1.154A
M. = M = — —! :—18
) DC I 202
+25.1 +22.3 8.05k
B C
-22.3
-20.1
D &=
+5.9 +5.3

- 1.89/8.05
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The final moment will be, M = M, + M,

12.73 k

EDS
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Example 9

Analyze the following two story frame by moment distribution method, and

find all unknown support moments.

2~
L 10 - 20 ft _J
-T— C Dd———]OK
I=450in’
25 ft
I=1000in* I=500in"
2.0%%
| [ B L e o &
I= 600 in*
15
20"
—>
I=1200in’ 1= 600 in’
I5f
Solution

Put artificial restrains at !oint D and E and find out the end moments M;
without side sway. From ‘he free body calculate the holding forces R; and

RyatDand E respectively.
The FEM are given in the following figure,
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lZOk

PAGE 1128

“ 10 k
& D
+88.90 -44.5
+150 -150
5 LU LT L] E
=75
20k
+75
A F
FEM
lek
+73.2 -42.3 -
c D<]E: R;=1.21
g +42.3
+58.1
576 | +160.8 -107.6
E i :
5 T E,‘ R,=7.74
-103.2
+49.5
20k
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Now, release the artificial holding at joint D while t
place and apply the R; =1.2] in opposite directio

he holding at £ will be at

n. Th .
be (10-1.21) = 8.79 k. Find out the end moments 1. C"c 2t D wil

M,.
c', C b 8.79
-60 ‘\\ -30 \ D
\ i
\ “
\\\ ‘\
\ \
|4 ‘\
\“ \‘
'.‘. “‘
l‘ “
-60 B“\ -30 ‘1\ E -
A F
+17.4 +15.2 ’
17.4 2 e
E -15.2
26.9 s
e +11.2 +10.7 | g
N\—> 4.2
B <N—4
+
15.7 67
+
7.9 +3.3
A F
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Next, release the holding at joint E and find out the end moments M;,

o? D
oL PSR c ;
: EJ i E
B’ I‘ B -_‘
-60 ‘,“ ‘30 \‘
30 .\
60_14 o
V 2777
3.7 -2.6
C 5 > 1.35
+3.7 126
+7.5
+19 | 417.2 +142 | o
S
i 21.7
F| -25.9
M,
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since the moment after release of holdings at joint D and £ were arbitrary
moments induced for the arbitrary side sway at D and £, a multiplying
factor X and Y have to be equated to find out the exact moment as follows:

1.21+3.08X -1.35Y =10
7.74—-4.20X +5.74Y =0

Solving these two simultaneous equation will result, X =+3.34 and Y = +1.1.
The final moment diagram will be as follows.

For example, the moment at joint A, = + 60.9 —+7.9x3.34 -48x1.1 = +34.4 k-ft

+127 +5.1
a D
127 -3.1
7.7
21257 | 42157 . <S50
i E
90 | +48.2
+34.4
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Exercise 1

Analyze the following frame by moment distribution method, ang find 4
unknown support moment.

20 kN/m
B ™~~~y C

‘ 6EI
2m
4EI 4EI
50 kN —»
2m
ko : =
A
7 7
———— 6m

Ans.Mp=31.87,Mc =67.93, Mp = 63.87 kN-m

Exercise 2

Analyze the following frame by moment distribution method, and find all
unknown support moment.

100 kN

B 2EI C |l -
& EI im
< g EI
S
o
A D
7 =
L2m § 4m | 3m |

Ans. My = +63.2 M =34.35, Mc =56.03, Mp =+44.32kN-m
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Exercise 3
Analyze the following frame by moment distribution method, and find al|
unknown support moment.

100 kN

!

il

By ‘}
Taaas

3

A

Ry

S
b
e
A

.
o

Fabi
\\I

b
R

)

b
BNy
s

|I‘ 4m | Sm |
| | |

Ans. My =+164.73 Mg =130.68 kN-m
Exercise 4

Analyze the following frame by moment distribution method, and find all
unknown support moment.

20 kN/m

I 4m | 10m : 4m |
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Exercise 5

Analyze the following frame by moment distribution method, and find all unknown
support moment.

10kN
30kN/m
l B II||IIII|II!IIIIIIIIIITIlIIII!III'I![IFIIIII;I.I/éZ
4m
p 1
| 735 I 7m i

Exercise 6
Analyze the following frame by moment distribution
support moment.

method, and find all unknown

10 ft
30k b= =
10t
20 /1 D|_1_
LN
A
Ans:
7 \ 174
30k > !
b 121
AN
D17
\ 132
S
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CHAPTER 4

[NFLUENCE LINE OF STATICALLY
INDETERMINATE STRUCTURES

What is influence line?

An influence line is a graphical representation of how the movement of a
unit load across a structure influence a force effect (Reaction, Shear,
Bending Moment, Axial load, deflection) at one point of the structure.

The main purpose of influence lines for both statically determine and
indeterminate structures is to determine where to position moving loads to
cause the maximum effects of a design function. For example, an influence
line can be used to forecast where the design live load should be placed on
3 continuous beam of a building floor system to cause maximum positive
bending moment; another influence line can be made for a bridge truss
member to determine where to place the live loads that will result in
maximum member force.

Maxwell’s law of Reciprocal Deflections
The law state that, 412 =421
Where, 41, = the deflection at point 1 due to load P at point 2

A1 = the deflection at point 2 along the original line of action of
load P at point 2 due to load P at point 1 which is applied along the original
deflection at point 1

This come from the derivation of Betti’s law. The law state that,

“The virtual work done by a force system P through the deflection caused
by force system P; is equal to the virtual work done by a force system P
through the deflection caused by force system P;”

Zplalz = ZPZBZ!
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If P; = P, = P, then it proves the Maxwell’s law of reciprocal deflection

P l
I 2 / A ! 2

1
M,m
A — _Z_Id\
12 'OI. EI

!
Ay =I%dx

0
but M= Pm and M,= Pm,

I / ! !
M,m Pm,m (Pmy)m, M m
Therefore, A, = | —2—Ldx= L= |—2dr= L2 = A
Y EI ! ET OI EI !EI z

Special case when, P =/
012 =024

Miiller-Breslau principle

“The ordinates of the influence line for any action (Reaction, Shear, Bending
Moment, Axial load) of any structure are proportional to those of the
deflection curve that is obtained by removing the restraint corresponding to
that action from the structure and introducing in its place a corresponding
deformation into primary structure that remains”
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rinciple of consistent deformation and deformation superposition,

- -
From e pi

0:5Rs —650=0
R _-_-§@_
ax
B3

£rom the Maxwell law of reciprocal deflection, 8, =9,

Ops
4

BB

" Ry =

B

Since, point D locates at a distance x from the origin,

8+ czn be written as 8,5 or &g,

65';
533

RBX =

Now find the 6xg and 6a8

2n zll the ordinates of Ray can easily be calculated from the above
uztion.

in
eqt

To get the influence line for moment, put an imaginary hinge at the point
w‘-;ere the IL should be evaluated and then the above equation will be,

f: _ rotation at hinge B due to unit load at x

M, = =
. rotation at B due to unit couple at B

z=2

From the law of reciprocal deflection,
rotztion 2t hinge B due to unit load at x = deflection at x due to unit couple

-
-

n

4
1,

s D _ deflection at x due to unit couple at B _ s
.M, == =
s rotation at B due to unit couple at B " O
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Worked out Examples
Example 1

Draw the influence line for the vertical reaction at B- shear at /£ and bendinp
moment at G. >

Plot the ordinate at every 2 m interval. EI is constant

D E F

C
d@2m=8m |

Solution

Draw the Influence line of Rp by Muller Breslau Principle. Pull the beam

upward at support B by unity. The deflected shape will be the qualitative
shape of the influence line for Rp.

To get the ordinate at G, D, E and F calculate the &g and corresponding

deflection at those points 8xz. The ratio of 9:s

5 will give the ordinate at
the respective points. .

Find &8 and &xs by conjugate beam method.

B
JAN
lA
1
2/3
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W T T I Aaw _'Zf_

80/9 8/3

Elastic load,L.,= M/EI

Assume, EI =]

So,L.= M
From A-B
=%x
2x? 2x* 80
V.=|Ldx=\|%xdx=—"-+C="———
= hde= % 6 6 9
3
M, = [V,dx= ;___ 2
18 9
at x=4m= 633=—£96
132
atx=2m=— SGB "—-‘—T
From C-B
L.=¥x
=|Ldx=|) 4:1’x—lx2 C—ﬁ—@
=[Lde= [ fmde ="+ C=20=
x> 64 X 64
= =|| ———|dx=———x+
[ ax J(ﬁ 9)x 18 9
256
at x=8m= 853=—T
at x=2m= 5F3=*%—4
at x=4m= BEB=—-—2—3i
at x=6m= 5DB=—ﬁ
) 9
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8,
Point * x (m) Oxn " 8.1 Ry ]
'__—T—— 0 0 0 0 —__J:*“ —TI
G 2 -152/9 152/256 0.594 0;;—:;;,_
B 4 -256/9 256/256 1 —
D 6 -276/9 2761256 1.078 e
E 8 -224/9 224/256 0.875 P
F 10 -124/9 124/256 0.484 -0.156
C 12 0 0 0 -
x 8RR,
In the above table, R, =1~E—-ﬁ—

R,=1-R,—R,

Check, at any point R, + R, + R, =]

Shear at E

1 unit load is on left of E,

VE = —RC

1 unit load is on right of E,

VE = ]—RC

Check, Shear at left of E+ Shear at right of E= 1

0.625+0.375=1

Moment at G

1 unit load is on left of G,

Mg=2R,+ (x—2)x1
1 unit load is on right of G,

Mg = 2R,
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v m
: s &,
; o3
% \H\m\\%
IL for R \\_A
R S D E F T
A ‘B*‘ ‘\L.'ﬁ C:I
iLforRa o ;rd Q il
o - S S =
= L8
N
R ©
5 u |
j§~#ﬂf””$L##’J##- Q
IL for Re A e e

IL for Vi )

0.87 0.0312 K -0.0312 0.437 &
' 7 Z

0.141

0.625

HMHMMH\\E s
iL for Mg <
S £ =
Q "
S 9 &

Example 2

Draw the influence line for, a) the vertical reaction at 4 and B, b) shear at C,
c) bending moment at 4 and C

Assume, E is constant . Plot numerical values in every 2 m.

R T AT T SFSOT, T o
¥ e S Sl e ks A

|
I

PAGE | 141

Scanned by CamScanner



Solution
Influence line of Ry

h N
o
o

AN

2m

1
Now, find éxB, by conjugate beam,
6 4 C D B Real Beam

D e T e e e R
] ; F 3

Yy ! 2m I 2m | 2m 1

| |
§ s | i
6/EI | : i E
i ' X (—f
' 1] Conjugate Beam
] l 72/EI
18/ET

Elastic load, L, = M/EI = x/EI

Assume, EI =1

So, L,=x
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-18

3

x
2
x 1854 O™

= X+ =—6—-18x+72

2
M =]gdx=j[i2-_18]dx=
atx=0m= 8,, =+72
112

at x=2m=> 593:“*—3—

at x =4m= SCB=+%%-

atx=6m= 0,=0

Point | x (m) OxB 8% Rsa Ra Ve Ma Mec
BB
B 0 72 1 1 0 0 0 0
D 2 123 | 0518 | 0518 | 0482 | 0482 0,892 0.072
c 4 3213 0448 | 0448 | oss2 | (0148 | 4442 0.592
0.852
A 6 0 0 0 1 0 0 0

In the above table,

Shearat C

1 unit load is on left of C,

Ve=-Rp
1 unit load is on right of C,
Vc=1-Rg

Check, Shear at left of C+ Shear at right of C=1 -
0.148+0,852 = 1
Moment at A

1 unit load is on beam,

MA =x-6 +6RB
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Moment at C
1 unit load ison left of C,

Mc = 4Rp
1 unit load is on right of C,

Mc=x-4+4Rp

A

2m

e ——
—)

1518

IL for Rg ,@,—

IL for R 4

IL forV,

IL for M4

IL for M¢

Example 3

For the beam shown below,
(a) Draw quantitative influence lines for the reaction at supports A and B,
and bending moment at B. Shear at B and C and bending moment at C.

(b) Determine z_sll the reactions at supports, and also draw its quantitative
shear, bending moment diagrams, and qualitative deflected curve for
- Only 10 kN downward at 6 m from A

- Both 10 kN downward at 6 m from A and 20 kN downward at
4 m from A,

PAGE | 144
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I
10 kN

10 kN

37
2m

20 kN
20 kN

2L
4 m

Influence line of R4

Solution

B

[ ]

g S
S S
. o
= ;mm .m..
- S aa s S
=~ =
o ,,M nm
e ~ o
%{Y ..............
=,
=
4 NI B
= 1
=
oy
=
o L | S R ——
5 = 110
~y
-
Sl <Y A

Find fx, by conjugate beam
1
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For .1':0—94,1.0:% [Assume £/ =1]
|4 :IL dr=f£dr=fj+C=-Jc—2—12
¢ ¢ 2 4 4

2 3 3
M, =J'gdr=j(i——12Jdr=f—2—12x+C=:—2—]2x+60.45

at x=0m= 6, =+60.45
at x=2m= §,, =+37.11
at x=4m= 8., =+17.78

For x=4-8,L, :%% [Assume EZ =1 and origin of x at C]

2 2 3 2 3
M, :szx=J ﬂ+x_..g dx=4i+x——8x+C=4i+x——8x+l7.78
3 6 6 18 6 18

at x=2m (6m from A)= &,, =+4.89
at x=4m (8m from A)= §,, =+0.00

Point | x (m) Oxd S%M Ry Rg Mg Ve Ve f Mc
A 0 60.45 1 1 0 0 0 o | o
D 2 37.11 0614 | 0614 | 0.386 -1.088 0.385 0386 | 04%
c 4 | 1778 | o204 | 0204 | 0706 | 1648 | 0706 | Tae | 176
E 6 489 | 0081 | 0081 | 0919 | -1.352 0919 | 0081 | 032
B 8 0 0 0 1 0 4 | o | 0

In the above table, R,=1-R,
Moment at B

1 unit Ioad is on beam,
Mp =x-8 +8R4

Shear at B

Vg =-Rp

Shear at C

1 unit load is on left of C,
VC = ’RB

1 unit load is on right of C,
Vc = 1~RB
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Moment at C

1 unit load is on left of C,

Mc=x -4 +4R 4

1 unit load is on right of C,

MC = 4!\’/]‘

-

)

#6270/
= /
™ /
U
M /
™9 /

a7

ko
=
=

by
b

11, for Ry

- =n
[TTTTTTTTTTREED
POLO™ 91T/ __
_9880-_ 95%0
................ A\H-A

IL for Me:

For 10) kN load at 6m from 4,

From the Influence Line diagram (or from the tabular value) above,

Rp=0.081710=0.81 kN

Ry

10-R4 = 9.91 kN
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For 10 kN load at 6m from 4 and 20 kN load at 4m from 4,

R, = 0.081x10 + 0.294x20 = 6.7 kN

R = 30-R, = 23.3 kN

Find all other'quantities by yourself from the IL and draw the shear force

and bending moment diagram.

Exercise 1

For the beam shown below,

(a) Draw the influence line for the shear at D for the beam

(b) Draw the influence line for the bending moment at D for the beam E js

constant, Plot numerical values every 2 m.

4 D B
K | e

SEosh

S

Exercise 2

Draw the influence line for the reactions at supports for the beam shown in
the figure below. El is constant. Plot numerical values every 5 m.
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Most Useful conversion

Length Pressure —
1in=25.4mm 1 kN/mZ2 = 20.885 psf
] m.= 3.28 ft 1 MPa=1N/mm2= ]45]')31
I'mile =1.61 km IMPa = 10.197 kg/cm?2
1 tsf = 95.76 kN/m2 (kPq)
1 bar = 14.5 psi
Area Force
1 m2=10.76 sft 1 kN =224381b
1 acre = 4840 sq yard 1 fon = 2000 Ib = 2 kip

1 hactare = 10000 m?2
1 Dec = 435.6 sft
1 Katha = 720 sft

Mass . Moment
1kg=22Ib 1 kN.m = 0.737 kip-ft
1lb =453 gm

1 ounce = 28.35 gm

Volume Unit Weight
1 US gallon = 3.78 liter Steel
] m3g= 100 liter 488 |b/ft3 = 78 kN/m3 =7850
1 cft =28.32 liter I;:g/miete
3 = 35. ft onc -
I = SsIte 150 Ib/ft3 = 24 kKN/m3 =2400
kg/m?3 -
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